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We introduce a universal evolution equation for elastic scattering of hadrons, derived from Reggeon field
theory and solved in closed analytical form. The equation has a complex logistic structure and evolves
initial amplitude profiles from existing models at a fixed energy, reproducing both differential cross
sections and integrated quantities over a broad energy range. It admits a unique solution for each initial
condition and rigorously satisfies unitarity, the Froissart–Martin bound, and dispersion relations. The
dynamics are governed by two physically meaningful parameters: the effective Pomeron mass ϵP and the
nonlinear coupling λ, both fitted at a single energy. By decoupling the nonperturbative input from the
universal energy evolution, the framework enables model-independent extrapolations and provides a
minimal predictive alternative to eikonal resummation. Moreover, the structure of the equation—featuring
rapidity evolution, saturation, and impact-parameter dependence—shares qualitative features with non-
linear QCD equations at small-x, such as Balitsky-Kovchegov and Jalilian-Marian, Iancu, McLerran,
Weigert, Leonidov, and Kovner, suggesting a possible bridge between Regge-based and QCD-based
approaches to high-energy scattering.
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I. INTRODUCTION

Understanding hadronic interactions at high energies
remains one of the central challenges of strong-interaction
physics. While perturbative QCD provides a systematic
framework for processes with a hard scale, elastic scattering
lies firmly in the nonperturbative regime. In this context,
effective descriptions such as Regge theory [1,2] and the
eikonal formalism have played a key role in modeling total
and differential cross sections. However, these approaches
often rely on phenomenological inputs and face limitations
in satisfying key theoretical constraints such as unitarity
and the Froissart–Martin bound [3,4] at asymptotic
energies.
In this work, we propose an alternative approach: we

formulate high-energy elastic scattering as a nonlinear
evolution equation in energy, grounded in Reggeon field
theory (RFT). Our starting point is the observation that
traditional single-Pomeron exchange models [5,6] lead to
amplitudes that grow too rapidly with energy, violating
unitarity and failing to capture saturation effects observed
at the LHC and beyond. While eikonalization is a common

remedy, it introduces ambiguities and model dependence in
the treatment of multiple scatterings.
Instead, we propose a minimal nonlinear generalization

of the linear Regge evolution equation, featuring a complex
logistic structure. The equation admits a closed-form
solution and describes how an input amplitude profile in
impact parameter space evolves with energy. The dynamics
are controlled by only two physically meaningful param-
eters: an effective Pomeron intercept ϵP, and a nonlinear
coupling λ, related to triple-Pomeron interactions. This
simplicity contrasts with more elaborate models that
require fitting many energy-dependent parameters.
Importantly, the evolution respects the key theoretical
principles:
(1) Unitarity, ensured by the saturation of the imaginary

part of the amplitude.
(2) Froissart-Martin bound, satisfied for a wide class of

initial profiles.
(3) Analyticity, confirmed via dispersion relations and

Cauchy-Riemann conditions.
(4) Uniqueness, guaranteed by Lipschitz continuity of

the evolution flow.
A central feature of the formalism is the decoupling of

model dependence from energy evolution: the initial
amplitude profile Tðs0; bÞ can be taken from any phenom-
enological model that fits data at a reference energy s0 [e.g.,
KFK [7], BSW [8], DL [9], RealBB [10] ], while the
subsequent evolution in energy is universal and governed
solely by the nonlinear equation with only two dynamical
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parameters, ϵP and λ. This enables model-independent
extrapolations to higher energies—from intersecting stor-
age rings (ISR) to large hadron collider (LHC)—without
refitting or adding arbitrary terms.
The use of existing phenomenological models for

Tðs0; bÞ is not a limitation but a deliberate choice to test
the universality of the evolution: once the profile is fixed at
one energy, the subsequent energy dependence is a genuine
prediction of the nonlinear equation. In this sense, the
nonperturbative transverse structure is supplied by the
initial profile, while the evolution law captures the univer-
sal saturation dynamics.
This separation of roles between the input profile and

the evolution law is directly analogous to the treatment
of parton distribution functions (PDFs) in perturbative
QCD: PDFs are fitted to experimental data at an initial scale
Q2

0 and then evolved to other scales via universal, process-
independent evolution equations such as Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi [11] or Balitsky-Kovchegov (BK)
[12–14]. In our case, the impact-parameter profile Tðs0; bÞ
plays the role of the PDF, and our nonlinear RFT-inspired
equation is the analog of the evolution operator. Once the
initial condition is fixed at one energy, the energy depend-
ence of elastic observables is a genuine prediction of the
formalism.
Moreover, the evolution equation shares structural simi-

larities with nonlinear diffusion-type equations that appear
in the context of QCD small-x physics, such as the BK and
Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov, and
Kovner (JIMWLK) [12,15–22] equations. While our focus
is on soft, nonperturbative scattering, this analogy points to
a deeper connection between saturation dynamics and the
evolution of elastic amplitudes.
In our framework we focus on elastic scattering of

identical hadrons (e.g. pp or pp̄) at high energy. The
expressions derived in the present work are intended to
apply to forward elastic scattering dominated by vacuum
quantum number exchange, for which the impact-param-
eter representation provides a natural and transparent
description.
This paper is organized as follows: In Sec. II, we derive

the nonlinear evolution equation from phenomenological
arguments, and obtain a closed-form solution in the
diffusionless limit. Section III is devoted to the math-
ematical properties of the solution, including unitarity,
analyticity, uniqueness of solution and asymptotic
bounds. In Sec. IV we implement our equation and
present numerical results using data-driven models as
initial conditions, demonstrating the power and generality
of the formalism. We conclude in Sec. V with a summary
and future perspectives. In Appendix A we present the
kinematical factors, the definitions of the amplitudes and
the connection with the experimental quantities, in
Appendix B we derive our evolution equation from
RFT and in Appendix C we present useful integrals.

II. AN EVOLUTION EQUATION FOR ELASTIC
SCATTERING

In problems with spherical symmetry, such as scattering,
it is well known that the amplitude can be expressed
through a partial wave expansion. For axially symmetric
cases, the scattering amplitude takes the form

AðθÞ ¼ 16π
X∞
l¼0

ð2lþ 1Þ e
iδl

k
sin δlPlðcos θÞ: ð1Þ

Here, θ denotes the scattering angle and δl represents the
phase shift. Geometrically, the angle of θ is related to the
impact parameter between the two colliding objects, while
the phase shift δl encodes the effect of the interaction
potential between the colliding particles. Although com-
monly used in quantum mechanics, this decomposition is a
general result that applies to wave phenomena governed by
spherical symmetry, including classical wave scattering.
In relativistic scattering, the Mandelstam variables s, t,

and u are used to describe the kinematics. Moreover, the
scattering amplitudes must be symmetrized to account for
the exchange symmetries of the system. The partial wave
expansion can be analytically continued into the t-channel
and reformulated as [23]

A�ðs; tÞ ¼ 16π
X∞
l¼0

ð2lþ 1ÞAlðtÞð1� e−iπlÞPlðcos θtÞ;

ð2Þ

with cosðθtÞ ¼ 1þ 2s
t−4m2 and AlðtÞ carrying the phase shift

information. The sign � refers to even and odd angular
momentum in the sum. In high-energy limit the Legendre
polynomial approximates to PlðcosðθtÞÞ ∼ sl. The analytic
continuation of l is necessary in order to have a convergent
series. This is the well-known Regge formalism, and the
angular momentum is replaced by the Regge trajectory [24]

l ¼ αðtÞ ¼ α0 þ α0t; ð3Þ

describing the position of the poles in complex l-plane. For
center-of-mass energies from 1 to 20 GeV, the collision
energy is considered high enough to apply Regge phe-
nomenology but not sufficiently high to be classified as a
hadronic high-energy process, since resonances and bound
states could still contribute to the total cross section. For the
elastic scattering experiments performed within this range,
the Regge phenomenology describes relatively well the
behavior of total cross sections and the differential cross
section near the origin, where the scattering angle is close
to zero. The coefficients of the Regge trajectories found
by the phenomenology give negative intercepts, leading to
a decreasing total cross section with increasing energy,
since in this framework the total cross section scales as
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σt ∼ sα0−1. Typically the Regge amplitude is written as

A�ðs;tÞ∼16π
X
k

β�k ðtÞð1�e−iπα
�
k ðtÞÞ

�
s
s0

�
α�k ðtÞ

; ð4Þ

where the sum runs over the specific family of Reggeons,
β�k ðtÞ is the residue function describing how strongly the
Regge pole contributes to the scattering amplitude and
η�k ¼ ð1� e−iπα

�
k ðtÞÞ is the signature factor.

By the end of the 1960s, the prevailing view was that the
total cross section should either saturate to a constant or
vanish asymptotically [25]. This view was supported by
both experimental trends and the Pomeranchuk theorems.
However, the Froissart-Martin bound [3,4], establishing an
upper bound for the total cross section at asymptotic
energies, gave an indication that an increasing cross section
with increasing energy would be acceptable, at least if the
strong interactions were considered a short-range interac-
tion and the quantum probability of all possible scattering
channels was conserved. Some experts, like Cheng and
Wu, based on field theory of high-energy quantum electro-
dynamics, summing ladder diagrams predicted that the total
cross section should increase with increasing energy [26],
paving the way to the Pomeron interpretation. Three years
latter, the experiments conducted by Tevatron at
FERMILAB and ISR at CERN [27,28] were able to access
energies above 20 GeV and showed that the total cross
section σtot was indeed increasing. To explain the exper-
imental data, the phenomenology required a different kind
of Regge trajectory, the Pomeron. This object has even
parity across the channels pp and pp̄, and its Regge
trajectory contains a positive intercept and a smaller slope
compared to the standard Regge trajectories. The simple-
pole Pomeron amplitude is a complex function:

APðs;tÞ¼gaðtÞgbðtÞβPðtÞ
�
i−cot

παPðtÞ
2

��
s
s0

�
αPðtÞ

; ð5Þ

where αPðtÞ ¼ 1þ ϵP þ α0t is the standard linear Pomeron
trajectory with the intercept ϵP and the slope α0 and positive
parity ηþP ¼ − sinðπαPÞ½i − cotðπαP

2
Þ�. The functions giðtÞ

are the hadronic form factors and βPðtÞ is the Pomeron
residue function, which gives the coupling of the Pomeron
with the external particles.
Despite the initial success, traditional soft Pomeron

amplitudes, which grow as a power of energy and lack
transverse dynamics, face serious limitations at LHC and
asymptotic energies. They violate unitarity constraints and
as a consequence, the Froissart bound; fail to account for
multiple scattering effects; and cannot describe the impact-
parameter structure or saturation phenomena observed
experimentally. These shortcomings motivate the search
for alternative formulations that incorporate nonlinear

dynamics, unitarization mechanisms, and an explicit trans-
verse space treatment.
To better understand the high-energy behavior of elastic

scattering amplitudes in impact parameter space (b-space),
we analyze a simplified form of the soft Pomeron
exchange. The phenomenological values of ϵP and α0 (in
the GeV−2 scale) are typically small, and since we are
interested in forward scattering where t is also small, it is
reasonable to expand the signature factor in powers of
ϵP þ α0t. In particular,1 we approximate

cot
παPðtÞ

2
∼ −

π

2
ðϵP þ α0tÞ: ð6Þ

This simplifies the form of the amplitudes, avoiding
trigonometric functions. Assuming the typical form factors
and the residue function as pure exponential forms

gkðtÞ ¼ Akeβkt k ¼ fa; bg ð7Þ

and

βPðtÞ ¼ β0eβP t; ð8Þ

then Eq. (5) can be analytically Fourier transformed to the
impact parameter space:

T̃ðs; bÞ ¼ 4π

s

Z
d2q⊥
2π

e−iq⃗⊥·b⃗⊥Aðs;−q2Þ

¼ ĀsϵP
e−b

2=4BðsÞ

2BðsÞ
�
iþ π

2

�
ϵP þ α0

ðb2 − 4BðsÞÞ
4BðsÞ2

��
;

ð9Þ

where Ā¼4πAaAbβ0 and BðsÞ¼ðβaþβbþβPþα0 logsÞ.
The transformation to impact-parameter space in Eq. (9) is
performed in the center-of-mass frame, where the beam
axis defines the longitudinal direction and b is the trans-
verse distance between the projectile and target trajectories.
This representation is not manifestly Lorentz covariant,
since it singles out a preferred frame, but it is physically
meaningful in the high-energy (Regge) limit, where longi-
tudinal and transverse degrees of freedom are kinematically
well separated. It has long been used in Regge theory,
eikonal models, and Glauber formalisms. This transforma-
tion by itself does not affect the fundamental analyticity or
unitarity properties of Aðs; tÞ, which remains the funda-
mental Lorentz-invariant object. The b-space formalism is
thus an effective tool for analyzing the transverse structure
of high-energy scattering without contradicting these fun-
damental principles.
Redefining τ ¼ log s, one can then show, after straight-

forward algebra, that Eq. (9) obeys a diffusion equation

1Noting that cotðπ
2
αPðtÞÞ ¼ − tanðπ

2
ðϵP þ α0tÞÞ.
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with a linear term,

ð∂τ − α0∇2
b − ϵPÞT̃ðτ; bÞ ¼ 0; ð10Þ

where the Laplacian in 2-dimensions is

∇2
b ¼ ∂bb þ

1

b
∂b: ð11Þ

The diffusion equation draws an analogy with the
Schrödinger equation in imaginary time, with τ playing
the role of the logarithm of the scattering energy (the
rapidity).
However, the linear term ϵPT̃ leads to a power-law

growth of amplitude, which ultimately violates both the
Froissart bound [3] and the unitarity at asymptotic energies.
That is, the simple-pole amplitude grows faster than it
spreads in b-space. In a sense, at high energies the simple-
pole Pomeron-like amplitude Eq. (5) is not appropriate to
describe elastic scattering and must be replaced by some-
thing else. This behavior indicates that the linear evolution,
although analytically tractable and phenomenologically
useful at moderate energies, becomes insufficient to
describe the dynamics at high energies where unitarity
constraints become significant. To account for these effects
and ensure a more realistic asymptotic behavior, it is natural
to seek a nonlinear extension of Eq. (10) that can tame the
unbounded growth of the amplitude. Motivated by the fact
that at high energies the density of Pomeron increases and
eventually reaches saturation, which in elastic scattering
cases can be interpreted as the unitarity constraint, we
propose the following nonlinear generalization:

�
∂τ − α0∇2

b − ϵP

�
1þ i

λ

ϵP
T̃

��
T̃ ¼ 0; ð12Þ

and look for solutions of this equation. Separating it into the
real and imaginary parts we arrive at a set of two coupled
partial differential equations:

∂τT̃R ¼ α0∇2
bT̃R þ ϵP

�
1 − 2

λ

ϵP
T̃I

�
T̃R; ð13Þ

∂τT̃I ¼ α0∇2
bT̃I þ ϵP

�
1 −

λ

ϵP
T̃I

�
T̃I þ λT̃2

R: ð14Þ

We presented the above complex evolution equation for
scattering amplitudes in a recent work [29], based on RFT,
changing the standard approach in elastic scattering, turn-
ing it into an initial value problem.
The imaginary part Eq. (14) resembles the well-known

Fisher-Komolgorov-Petrovsky-Piscunov (FKPP) equation
[30,31] with an additional nonlinear term from the real part
which usually is subdominant. Disregarding the quadratic
term T̃2

R the imaginary part of the equation has some

well-established properties, and under specific conditions
it can be solved analytically [32]. This kind of equation was
vastly explored in different scientific domains, biology,
chemistry and physics. Recently, this equation has attracted
interest in the high-energy physics community, since it maps
the energy evolution described by an integro-differential
equation for the gluon density [33]. The imaginary part
resembles the BK equation [12–14] and the real part the
Kovchegov-Szymanowski-Wallon equation [34].
There is no justification for neglecting the quadratic term

T̃2
R, which leads to a system of coupled partial differential

equations. The initial conditions required to solve this
system do not yield closed-form analytic solutions. In fact,
analytic solutions are only possible under the assumption of
a traveling wave with a specific speed, as shown in
Ref. [32]. In our previous work [29], we began our analysis
by using models defined in b-space as initial conditions for
the evolution equation.

A. Closed-form solution in the diffusionless limit

In the Regge framework, the diffusion term in b-space
associated with a non-zero Pomeron slope α0, first dis-
cussed by Gribov [35], is responsible for the transverse
spreading of the interaction region and for the shrinkage of
the diffraction cone. However, at sufficiently high energies,
the scattering amplitude in impact parameter space is
expected to approach the unitarity limit in the central
region, small b, where nonlinear effects become dominant.
In this regime, the evolution is driven primarily by the

interplay between the growth term ϵP and the nonlinear
saturation term λ, which locally unitarizes the amplitude.
As a consequence, the role of transverse diffusion may
become subleading in shaping the core of the interaction
region, while still may contributing to its periphery.
The α0 ¼ 0 limit considered in the present work should

therefore be understood as an effective approximation that
isolates this nonlinear-dominated regime. This simplifica-
tion transforms the evolution equation into a local nonlinear
equation in rapidity, allowing for an analytic solution in
closed form. In this way, the essential features of saturation
dynamics can be investigated without the additional com-
plexity introduced by diffusion.
This interpretation is further supported by the fact that

key qualitative features of the evolution, such as the
emergence of a propagating front, can still be reproduced
in the absence of an explicit diffusion term, as illustrated by
the comparison with FKPP-type dynamics discussed
below. A more complete treatment including both diffusion
and nonlinear effects is left for future work.
In this diffusionless limit, the evolution equation reduces

to a first-order nonlinear differential equation

�
∂

∂τ
− ϵP

�
1þ i

λ

ϵP
T̃

��
T̃ ¼ 0 ð15Þ
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with a complex analytic solution:

T̃ðτ; bÞ ¼ T̃0ðτ0; bÞ�
1þ i λ

ϵP
T̃0ðτ0; bÞ

�
e−ϵPðτ−τ0Þ − i λ

ϵP
T̃0ðτ0; bÞ

;

ð16Þ

where T̃0ðτ0; bÞ is the b-profile at a given energy and τ0
plays the role of initial value. As mentioned in the
introduction, the use of phenomenological profiles for
T̃ðτ0; bÞ at a fixed energy is not a limitation, but a way
to test the universality of our evolution equation. Once the
initial profile is set, the energy dependence is fully
determined by the nonlinear dynamics, much like the role
of parton distribution functions in QCD, where nonpertur-
bative input evolves through universal equations.
Although the evolution equation studied in this work is

formulated directly at the level of the elastic amplitude in
impact-parameter space, it is not introduced as a purely
phenomenological ansatz. As shown in Appendix B, it can
be derived within an effective RFT framework, where it
emerges as the mean-field reduction of a nonlinear
Reggeon hierarchy with triple-Pomeron interactions. The
present approach should therefore be understood as an
effective high-energy collective description, consistent with
S-matrix unitarity and analyticity constraints, rather than as
a fundamental QCD derivation.
In Appendix B we show how to obtain Eq. (15) from

RFT, where the Pomeron intercept ϵP is interpreted as an
effective mass and the nonlinear term λ is interpreted as
the interaction coupling of the triple-Pomeron vertex. The
formalism can be generalized to α0 ≠ 0, although the
analytic solution is then lost.
To find the solution Eq. (16) we change the function

T̃ðτ; bÞ to uðτ; bÞ ¼ 1=T̃ðτ; bÞ and the differential equation
transforms into a linear relaxation equation

�
∂

∂τ
þ ϵP

�
uðτ; bÞ ¼ −iλ; ð17Þ

with the solution given by the sum of the homogeneous and
the particular parts

uðτ; bÞ ¼ AðbÞe−ϵPτ − i
λ

ϵP
; ð18Þ

where AðbÞ is an integration constant with respect to τ but
with a b-dependence. The amplitude is then

T̃ðτ; bÞ ¼ 1

AðbÞe−ϵPτ − i λ
ϵP

: ð19Þ

Using T̃ðτ0; bÞ ¼ T̃0ðbÞ as initial condition we obtain AðbÞ,
and as a consequence the solution Eq. (16).

The logistic-type nonlinear evolution of the elastic
amplitude in b-space can be mapped onto a dissipative
(damped) system, where the nonlinear term functions as a
regulator of the dynamics, ensuring unitarity, much like
damping enforces equilibrium in mechanical systems. This
invites an analogy with damped classical systems, such as
RC circuits or overdamped harmonic oscillators, where
damping plays the role of a mechanism that conducts the
system toward equilibrium. In this dual representation,
unitarization emerges either as nonlinear damping in T̃ or
as linear relaxation in u, providing both conceptual and
computational insights into the dynamics of high-energy
elastic scattering. This analogy may also open the door to
analyzing stability, fixed points, and relaxation times using
tools from dynamical systems theory.
Equation (16) is remarkably simple and can quantita-

tively describe the experimental data from the ISR to the
LHC energies (also the cosmic ray energies) using only two
physical quantities. However, the values of the parameter ρ,
which is represented by the ratio between the real and
imaginary parts at jtj ¼ 0, as coming from the experimental
analysis are not sufficiently described and a reinterpretation
of this quantity may be necessary. To account for a
flexibility in the description of the real part of the amplitude
we can simply promote ϵP to a complex effective mass
ϵ̃ ¼ ϵR þ iϵI:

�
∂

∂τ
− ϵ̃

�
1þ i

λ

ϵ̃
T̃

��
T̃ ¼ 0; ð20Þ

introducing one more parameter in the equation, holding
the same analytic structure for the complex solution. It is
interesting to express the real and imaginary parts of the
differential equation to understand their behavior:

∂T̃R

∂τ
¼ ϵR

�
1 −

2λ

ϵR
T̃I

�
T̃R þ ϵIT̃I; ð21Þ

∂T̃I

∂τ
¼ ϵR

�
1 −

λ

ϵR
T̃I

�
T̃I þ ϵI

�
1 −

λ

ϵI
T̃R

�
T̃R: ð22Þ

Taking ϵI → 0 and λT̃2
R → 0, Eqs. (21) and (22) approxi-

mate to

∂T̃R

∂τ
≃ ϵR

�
1 −

2λ

ϵR
T̃I

�
T̃R; ð23Þ

∂T̃I

∂τ
≃ ϵR

�
1 −

λ

ϵR
T̃I

�
T̃I; ð24Þ

respectively.
The evolution of the imaginary part of the amplitude in

impact parameter space, T̃I , follows a logistic growth
pattern for a given initial profile. This behavior naturally
emerges from the nonlinear term and reflects a saturation
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mechanism as energy increases. At low energies, the
amplitude grows linearly with τ, passing by a region where
nonlinear effects become significant, leading to a saturation
of the amplitude.
The saturation effect can be interpreted in the language

of Regge theory by associating T̃I with the Pomeron
density profile in b-space. As the energy increases, the
Pomeron density also increases, until nonlinear interactions
among Pomerons become important and lead to a limiting
behavior, effectively “absorbing” Pomerons and saturating
the density. In Fig. 1, we display the evolution of the pure
logistic equation, which corresponds to the imaginary part
of the amplitude T̃ðτ; bÞ. For any fixed value of the impact
parameter b, the amplitude undergoes an initial linear
growth at low τ, followed by a nonlinear transition region,
and asymptotically approaches a saturation plateau dictated
by the unitarity constraint.
Such a mechanism resembles the gluon saturation

phenomenon in QCD, as described by the nonlinear
evolution equations such as BK [12–14] and B-JIMWLK
[12,15–22], where gluon recombination slows down the
growth of the gluon distribution at large rapidity,
when gluons carry small momentum fraction of the incident
hadron (small-x physics). This connection is not entirely
unexpected, as gluon saturation arises from ladder-type
gluon interactions, precisely the building blocks of the
QCD Pomeron [36]. In fact, it has been shown
that the JIMWLK evolution can be reinterpreted as
Reggeon field theory in its own right, where Pomerons
and their interactions emerge dynamically from QCD
[37,38].
An interesting aspect of Eq. (15) is the stability of the

traveling wave due to the interplay between the nonlinear
and the dispersive linear terms, behaving as a kink soliton
solution. The two solutions are (T̃ ¼ 0 unstable) and

(T̃ ¼ i ϵPλ stable). Assuming a nonzero initial condition
T0, we can describe a kink soliton obtained from the
solution Eq. (16) passing from τ ¼ −∞ to τ → ∞. At
asymptotic energies the amplitude is purely imaginary and
the scattering is dominated by the inelastic processes. On
the other hand, if we take the complex parameter ϵ̃ in
Eq. (16) the asymptotic solution becomes

lim
τ→∞

T̃ðτ; bÞ → −ϵI þ iϵR
λ

ð25Þ

and the real part of the elastic processes is still asymptoti-
cally preserved.
Note that the diffusion term is the main difference

between the QCD evolution equations and the evolution
equation (20). In perturbative QCD, for instance, the BK
equation, mapped as the FKPP equation, the diffusive term
is usually attributed to the propagating front of the traveling
wave. However, the FKPP equation also presents the
nonlinear term.
To understand similarities and differences we compare a

real logistic solution with FKPP type using a pure Gaussian
as an initial condition in both cases. For FKPP we set the
diffusion coefficient to D ¼ 0.1. Of course, increasing this
coefficient we increase the speed of the wave front. We
show that even without a diffusive term in logistic equation
we still have a propagating wave front, due to the tail of the
Gaussian provided as an initial condition, with the advan-
tage of having an analytic solution in closed form. The
equations are as follows:

∂F ðx; tÞ
∂t

¼ ϵ

�
1 −

λ

ϵ
F ðx; tÞ

�
F ðx; tÞ; ð26Þ

a logistic equation with an analytic solution

F ðx; tÞ ¼ F 0ðxÞeϵt
1þ λ

ϵF 0ðxÞðeϵt − 1Þ ; ð27Þ

and the FKPP equation

∂Gðx; tÞ
∂t

¼ D
∂
2Gðx; tÞ
∂x2

þ ϵ

�
1 −

λ

ϵ
Gðx; tÞ

�
Gðx; tÞ ð28Þ

solved numerically. The initial conditions are, respectively,

F 0ðxÞ ¼ F ðx; t0Þ ¼ Ae−
x2
β ð29Þ

and

G0ðxÞ ¼ Gðx; t0Þ ¼ Ae−
x2
β : ð30Þ

The common parameters are ϵ ¼ 1, λ ¼ 1, A ¼ 0.01, β ¼ 1
and (D ¼ 0.1 exclusively for FKPP). In Fig. 2 we compare
the two equations using similar conditions. We plot the time

FIG. 1. Evolution of the pure logistic equation for three
different initial conditions corresponding to the imaginary part
of the elastic amplitude T̃ðτ; bÞ with three different values of b as
function of τ. The amplitude grows linearly at low energies, but
saturates due to nonlinear effects, in analogy with gluon satu-
ration in QCD. The plateau corresponds to the unitarity bound.
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evolution from 0 to 4 in equally spaced steps, where we see
qualitatively the similar behavior.

III. MATHEMATICAL PROPERTIES AND
ASYMPTOTIC THEOREMS

In this section, we demonstrate that the proposed
evolution equation satisfies the fundamental mathematical
and asymptotic properties expected of high-energy
scattering amplitudes. We show explicitly that the equa-
tion preserves unitarity, rigorously respects analyticity
and the associated dispersion relations, and admits a
unique, well-defined solution under physically motivated
conditions. These rigorous results establish that the
framework is not only phenomenologically motivated
but also mathematically consistent with the key theorems
that govern the high-energy regime of quantum field
theory.

A. Unitarity

Throughout this work, the physical elastic S-matrix in
impact-parameter space is defined as

Sðs; bÞ ¼ 1þ iT̃ðpÞðs; bÞ; ð31Þ

the physical amplitude is denoted as T̃ðpÞðs; bÞ and all
unitarity constraints refer to this definition. With this
convention, elastic unitarity implies

jSðs; bÞj2 ≤ 1; ð32Þ

which defines the unit disk in the ðT̃ðpÞ
I ðs; bÞ—T̃ðpÞ

R ðs; bÞÞ
complex plane.
Equivalently, elastic unitarity at fixed impact parameter

can be written in the standard S-matrix form:

2 Im T̃ðpÞðs; bÞ ¼ jT̃ðpÞðs; bÞj2 þGinelðs; bÞ; ð33Þ

where Ginelðs; bÞ ≥ 0 is the inelastic overlap function. The
inequality jSðs; bÞj ≤ 1 is therefore fully equivalent to the
usual unitarity condition.
The boundary of this disk is given by

½T̃ðpÞ
I ðs; bÞ − 1�2 þ ½T̃ðpÞ

R ðs; bÞ�2 ¼ 1: ð34Þ

This equation represents a circle centered at (0, 1) with unit
radius.
Solving Eq. (34) for the imaginary part of the amplitude,

one finds

T̃ðpÞ
I� ðs; bÞ ¼ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ½T̃ðpÞ

R ðs; bÞ�2
q

: ð35Þ
The upper branch corresponds to

1 ≤ T̃ðpÞ
Iþ ðs; bÞ ≤ 2; ð36Þ

while the lower branch satisfies

0 ≤ T̃ðpÞ
I− ðs; bÞ ≤ 1: ð37Þ

The latter is the physically relevant branch, which ensures
jSðs; bÞj ≤ 1 at each impact parameter.
To analyze the nonlinear energy evolution, we introduce

an auxiliary amplitude T̃ðs; bÞ governed by the complex
logistic equation (15). The auxiliary amplitude has no
direct unitarity interpretation. The physical amplitude is
obtained through the constant rescaling

T̃ðpÞðs; bÞ ¼ λ

ϵP
T̃ðs; bÞ; ð38Þ

which leaves the structure of the evolution equation
unchanged.
The evolution equation (15) admits two fixed points for

the auxiliary amplitude, T̃ðminÞ
I ¼ 0 and T̃ðmaxÞ

I ¼ ϵP=λ.
Using Eq. (38), the corresponding fixed points of the
physical amplitude are

FIG. 2. We compare pure logistic and FKPP solutions using a
pure Gaussian as the initial condition. The upper panel shows the
simple logistic equation without the diffusion term, whereas the
lower panel shows the FKPP equation with the diffusion
coefficient set to 0.1. Notice that the diffusive part spreads out
the solution faster than the diffusionless part. Increasing the
diffusion parameter increases the speed of the spread.
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T̃ðpÞ
I ¼ 0 and T̃ðpÞ

I ¼ 1; ð39Þ

so that the nonlinear evolution dynamically drives the
amplitude toward the unitarity bound (37) at fixed impact
parameter.
The exact solution of the evolution equation (16) for the

physical amplitude can be written as

T̃ðpÞðτ; bÞ ¼ T̃0ðbÞ
ð1þ iT̃0ðbÞÞe−ϵPðτ−τ0Þ − iT̃0ðbÞ

; ð40Þ

where T̃0ðbÞ is an arbitrary complex initial profile.
The corresponding S-matrix takes the exact form

Sðτ; bÞ ¼ S0ðbÞe−ϵPðτ−τ0Þ
S0ðbÞðe−ϵPðτ−τ0Þ − 1Þ þ 1

; ð41Þ

with

S0ðbÞ ¼ 1þ iT̃0ðbÞ: ð42Þ

Equation (41) defines a fractional linear (Möbius) trans-
formation acting on the initial S-matrix. We now assume

ℜðϵPÞ > 0; ð43Þ

so that

je−ϵPðτ−τ0Þj ¼ e−ℜðϵPÞðτ−τ0Þ ≤ 1: ð44Þ

For fixed b, the evolution thus maps S0ðbÞ into Sðτ; bÞ
through a Möbius transformation with contraction factor of
modulus smaller than unity. It follows that the unit disk in
the complex S-plane is mapped into itself. Therefore, if the
initial condition is physical, i.e.

jS0ðbÞj ≤ 1; ð45Þ

then the solution satisfies

jSðτ; bÞj ≤ 1 for all τ and b: ð46Þ

Hence, the exact solution of the nonlinear evolution
equation preserves unitarity for arbitrary complex initial
profiles, provided that ℜðϵPÞ > 0.

B. Froissart-Martin limit

Another key ingredient in hadronic scattering is the
short-range behavior of strong interactions. Together with
unitarity, these two ingredients allow one to derive the
Froissart theorem, establishing an upper bound for the

asymptotic growth of the total cross section [3] leading to
the bound

σtotðτðsÞ → ∞Þ ≤ Cτ2 ¼ C log2 s: ð47Þ

From local and massive field theory Martin [4] proved that
constant C ¼ π

m2
π
≃ 172 mb where mπ is the pion mass.

From a theoretical perspective, the total cross section is
determined by the extrapolation of the imaginary amplitude
at the optical point. Up to now, Regge phenomenology was
a successful approach to describe the energy dependence of
the total elastic scattering of hadrons. In the seminal work
from Donnachie- Landshoff, the Regge trajectories and the
Pomeron trajectory were able to describe the hadronic
scattering data in a broad energy range [5]. However, the
positive power in the energy dependence due to the single-
Pomeron intercept violates the Froissart bound. The uni-
tarization of such a model was captured later by the
introduction of a double Pomeron interaction.
We propose an evolution equation that, given a profile

amplitude in b at a fixed energy, is able to describe all
energy dependence of the scattering processes up to one
physical quantity to be determined. To assess whether this
evolution respects the Froissart-Martin bound we use the
optical theorem and Fourier transform the imaginary part of
the scattering amplitude from the b to the t space and we
take the limit where t → 0.

σtotðτÞ ¼ 2TIðτ; t ¼ 0Þ ¼ 4π

Z
∞

0

bdbJ0ð0ÞT̃Iðτ; bÞ: ð48Þ

For specific forms of function T̃Iðτ; bÞ the equation above
can be calculated in closed form. Geometrically, the
interaction range is described by the imaginary profile in
b-space given by the initial conditions, provided by models
at fixed energy. In many models, the imaginary part of the
scattering amplitude is one order of magnitude greater than
the real part. For this reason, many authors simplify their
models focusing only on the aspects of the imaginary
amplitude. In general, the behavior of the profiles is smooth
and decrease with increasing b. In what follows, to obtain
an analytic solution for the total cross section, we consider
two extreme purely imaginary profiles: the Gaussian profile
and the exponential one. The Gaussian profile is
given by

T0ðτ0; bÞ ¼ iBe−βb
2

; ð49Þ

with B and β given as constant parameters. The amplitude
in t-space has an analytic solution, and the total cross
section is given (the integral is calculated in Appendix C):
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σGausstot: ðτÞ ¼ 4πðℏcÞ2
Z

∞

0

bdb
Be−βb

2�
1 − λ

ϵP
Be−βb

2
�
e−ϵPðτ−τ0Þ þ λ

ϵP
Be−βb

2
;

¼ 4πðℏcÞ2
eϵPðτ−τ0Þ log

�
ϵP−BλþBλeϵP ðτ−τ0Þ

ϵP

�
2βλðeϵPðτ−τ0Þ − 1Þ : ð50Þ

For an exponential profile function

T0ðτ0; bÞ ¼ iB0e−β0b; ð51Þ

with B0 and β0 as constant parameters the total cross
section is

σexptot ðτÞ ¼ 4πðℏcÞ2
ϵPeϵPðτ−τ0ÞLi2

�
−B0ðeϵP ðτ−τ0Þ−1Þλ

ϵP

�
β02λðeϵPðτ−τ0Þ − 1Þ : ð52Þ

For the Gaussian profile, the asymptotic limit when
τ → ∞, is given by

lim
τ→∞

σGausstot ðτÞ
τ

¼ ϵ2P
2βλ

; ð53Þ

showing that the total cross section will behave as simply as
τ ¼ log s at asymptotic energies, whereas for the exponen-
tial profile we have

lim
τ→∞

σexptot ðτÞ
τ2

¼ ϵ3P
2β2λ

; ð54Þ

which means that the total cross section behaves as

(τ2 ¼ log2 s). In the second case, the coefficient
ϵ3P
2β2λ

≪ C

for all the reasonable values of the parameters ϵP , β and λ,
meaning that it satisfies Martin’s bound coefficient.
This simple exercise shows that profiles with functional

forms from Gaussian to exponential b, lead to the total
cross sections consistent with the Froissart-Martin limit,
since Gaussian profiles fall much faster than exponential
profiles with increasing b. As a conclusion, functions with
b-dependence larger than exponential could lead to a
violation of the Froissart bound, being considered long-
range interactions.

1. Regge interpretation and Froissart saturation

The present framework does not assume a linear Regge
trajectory of the form αðtÞ ¼ αð0Þ þ α0t, and in particular
we set α0 ¼ 0. In standard Regge phenomenology, the
energy dependence of the total cross section is governed by
the intercept αð0Þ of the leading trajectory, while the slope
α0 controls the transverse structure of the interaction, such
as the shrinkage of the forward diffraction peak and the
logarithmic growth of the interaction radius. In the present

framework, the transverse growth of the interaction region
does not originate from Regge diffusion associated with a
nonzero α0, but emerges dynamically from the nonlinear
energy evolution of the scattering amplitude in impact-
parameter space. The parameter ϵP controls the effective
pre-unitarization energy growth, while the nonlinear
dynamics enforces saturation at fixed impact parameter.
In the language of complex angular momentum, satu-

ration of the Froissart bound is known to correspond to an
enhanced singularity at l ¼ 1 in the t ¼ 0 channel. It has
long been established in the unitarized Regge literature that
eikonal or similar unitarization mechanisms can transform
a leading Regge singularity into an effective higher-order
pole at l ¼ 1, producing log2 s behavior for the total cross
section. Although a full analytic continuation of the present
amplitude to complex l is beyond the scope of this work,
the asymptotic behavior derived here is fully consistent
with this Regge interpretation of Froissart saturation and
with analyticity in spin.

C. Forward real amplitude

The parameter ρ is defined as the ratio between the real
and imaginary parts of the forward elastic scattering
amplitude in t-space

ρðsÞ≡ TRðτ; t ¼ 0Þ
TIðτ; t ¼ 0Þ : ð55Þ

While the imaginary part at t ¼ 0 is directly related to the
total cross section through the optical theorem, the deter-
mination of the real part requires additional dynami-
cal input.
In order to estimate the possible range of ρ within the

present framework, we adopt a simplified model for the
initial complex profile T̃0ðτ0; bÞ, which allows for an
analytic calculation of the forward real amplitude. As
discussed in Refs. [39,40], the real and imaginary parts
of the scattering amplitude generally exhibit different t-
dependences. However, since the present analysis is
restricted to the forward region t ≃ 0, we assume for
simplicity that both components share the same functional
dependence in this limit.
As in the previous section, if the profile is a complex

function with a Gaussian b-dependence

T0ðτ0; bÞ ¼ ðAþ iBÞe−βb2 ; ð56Þ
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the Fourier transform of the real amplitude at t ¼ 0 is

TRðτ; t ¼ 0Þ ¼
Z

∞

0

bdbT̃0Rðτ; bÞ

¼ ϵPeϵPΔτ

4βλðeϵPΔτ − 1Þ
�
π þ 2tan−1

�
ϵP − Bλþ BλeϵPΔτ

Aλð1 − eϵPΔτÞ
��

; ð57Þ

and the imaginary part is

TIðτ; t ¼ 0Þ ¼
Z

∞

0

bdbT̃0Iðτ; bÞ

¼ ϵPeϵPΔτ

4βλðeϵPΔτ − 1Þ log
�
1þ 2Bλ

ϵP
ðeϵPΔτ − 1Þ þ ðA2 þ B2Þ λ

2

ϵ2P
ðeϵPΔτ − 1Þ2

�
: ð58Þ

The solutions of the above integrals are given in Appendix C. The ratio of the real and imaginary parts at the origin
becomes ρ:

ρgaussðτÞ ¼
π þ 2tan−1

�
ϵP−BλþBλeϵPΔτ

Aλð1−eϵPΔτÞ
�

log
h
1þ 2Bλ

ϵP
ðeϵPΔτ − 1Þ þ ðA2 þ B2Þ λ2

ϵ2P
ðeϵPΔτ − 1Þ2

i : ð59Þ

Taking the limit when τ goes to infinity

lim
τ→∞

ρgaussðτÞ → 0: ð60Þ

From Eq. (60) it becomes clear that the energy dependence
of ρ depends on the magnitude of the real and imaginary
profiles as well as the parameters λ and ϵP . More realistic
and physically acceptable profiles may keep similar proper-
ties.

D. Uniqueness

Equation (15) provides a unique solution for each
different initial condition. To prove the uniqueness it is
sufficient to prove that it is Lipshitz continuous, which is an
essential condition for the Picard–Lindelöf theorem which
guarantees the existence of uniqueness. Let us recall the
Lipshitz theorem:
A function fðzÞ is called Lipschitz continuous on a

domainD ⊂ C if there exists a constant L > 0 such that for
all z1 and z2 ∈C we have

jfðz1Þ − fðz2Þj ≤ Ljz1 − z2j: ð61Þ

From Eq. (20) we can rewrite the differential equation as

∂T̃
∂τ

ðτ; bÞ ¼ fðT̃ðτ; bÞÞ; ð62Þ

where

fðT̃Þ ¼ ϵPT̃ þ iλT̃2; ð63Þ

with fðT̃Þ being our field of T̃ ≡ T̃ðτ; bÞ.
Theorem. The function fðT̃Þ is Lipschitz continuous.
Proof. Let us take two points fðT̃1Þ and fðT̃2Þ

fðT̃1Þ − fðT̃2Þ ¼ ϵPðT̃1 − T̃2Þ þ iλðT̃2
1 − T̃2

2Þ
¼ ðϵP þ iλðT̃1 þ T̃2ÞÞðT̃1 − T̃2Þ: ð64Þ

As a consequence the norm of the above equation is

jfðT̃1Þ − fðT̃2Þj ¼ jϵP þ iλðT̃1 þ T̃2ÞjjT̃1 − T̃2j; ð65Þ

and the triangular inequality gives

jfðT̃1Þ − fðT̃2Þj ≤ ðjϵP j þ jλjjT̃1 þ T̃2jÞjT̃1 − T̃2j: ð66Þ

Assuming T̃1 and T̃2 inside a bounded set jT̃1j; jT̃2j ≤ M,
we have jT̃1 þ T̃2j ≤ 2M that implies

jfðT̃1Þ − fðT̃2Þj ≤ ðjϵP j þ 2jλjMÞjT̃1 − T̃2j; ð67Þ

where L ¼ jϵPj þ 2jλjM. We thus prove that

jfðT̃1Þ − fðT̃2Þj ≤ LjT̃1 − T̃2j ð68Þ

and the function f is Lipschitz continuous. Since the vector
field fðT̃Þ ¼ ϵP T̃ þ iλT̃2 is continuous and locally
Lipschitz continuous on C, the Cauchy-Lipschitz
(Picard–Lindelöf) theorem applies. Therefore, for any
given initial condition T̃ðτ0; bÞ ¼ T̃0ðbÞ, there exists a
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unique solution T̃ðτ; bÞ to the differential equation in a
neighborhood of τ0. In addition, because the vector field
has polynomial growth and no singularities, the solution
can be extended globally for all values of τ.
However, if we reach an infinity value of τ it is

impossible to return back to smaller values of τ without
passing by singularities. This phenomenon means that the
saturation state limτ→∞ T̃ðτ; bÞ → iϵP=λ is a terminal
attractor of the system, characterizing a physical limit of
the evolution of the amplitude with respect to the energy. In
Fig. 3 we show several solutions T̃ðτ; bÞ, running with the
variable τ, corresponding to different complex initial
conditions, leading to the saturated value iϵP=λ. This
property unveils the universality of the saturation behavior
in high energy independent of the initial fluctuations.

E. Analyticity, dispersion relations, and causality

In high-energy elastic scattering, the analytic structure of
the scattering amplitude reflects fundamental principles of
quantum field theory. In particular, causality—the require-
ment that no signal propagates faster than light—implies
analyticity of the amplitude in the complex energy plane.
These analyticity properties allow for the use of dispersion
relations, such as the Kramers–Krönig relation, which link
the real and imaginary parts of the amplitude at fixed
momentum transfer.
Here we analyze these aspects for the impact-parameter

amplitude T̃ðτ; bÞ, where the evolutionvariable τ ¼ logðs=s0Þ
plays the role of complexified energy. Our starting point is the
general solution of the nonlinear evolution equation Eq. (16):

T̃ðτ; bÞ ¼ T̃0ðτ0; bÞ	
1þ i λ

ϵP
T̃0ðτ0; bÞ



e−ϵPðτ−τ0Þ − i λ

ϵP
T̃0ðτ0; bÞ

;

ð69Þ

where T̃0ðτ0; bÞ is a complex initial profile at some fixed
energy τ0.
To check for possible singularities, we analyze the

denominator:

DðτÞ ¼
�
1þ i

λ

ϵP
T̃0ðτ0; bÞ

�
e−ϵPðτ−τ0Þ − i

λ

ϵP
T̃0ðτ0; bÞ:

ð70Þ

We decompose T̃0ðτ0; bÞ into real and imaginary parts:

T̃0 ¼ T̃0R þ iT̃0I:

Then Eq. (70) becomes

�
1 −

λ

ϵP
T̃0I þ i

λ

ϵP
T̃0R

�
e−ϵPðτ−τ0Þ ¼ i

λ

ϵP
ðT̃0R þ iT̃0IÞ:

ð71Þ

Equating real and imaginary parts, we find

�
1 −

λ

ϵP
T̃0I

�
e−ϵPðτ−τ0Þ ¼ −

λ

ϵP
T̃0I; ð72Þ

λ

ϵP
T̃0Re−ϵPðτ−τ0Þ ¼

λ

ϵP
T̃0R: ð73Þ

Equation (73) implies that if T̃0R ≠ 0, then e−ϵPðτ−τ0Þ ¼
1, i.e., τ ¼ τ0.

2 Plugging this into Eq. (72), the equation
cannot be satisfied unless T̃0I ¼ 0, which again leads to a
trivial case.
If T̃0R ¼ 0, one finds

�
1 −

λ

ϵP
T̃0I

�
e−ϵPðτ−τ0Þ ¼ −

λ

ϵP
T̃0I: ð74Þ

This has no real solution for τ > τ0 if T̃0I is bounded and
λ; ϵP > 0. Therefore, the solution T̃ðτ; bÞ is analytic in the
physical region, with potential singularities only for com-
plex values of τ outside the physical sheet.

1. Causality and dispersion relations

Causality in relativistic field theory implies analyticity in
the physical (first) sheet of the complex s-plane. In
particular, the amplitude must be analytic in the upper-
half plane of

ffiffiffi
s

p
. Translating this to τ ¼ log s, one obtains

FIG. 3. Several solutions T̃ðτÞ corresponding to different
complex initial conditions. The curves describe the τ evolution.
Despite the divergent initial trajectories as initial conditions in the
complex plane, all the solutions converge asymptotically to the
same value iϵP=λ. We chose the parameters: ϵP ¼ 0.1, λ ¼ 0.1,
and τ0 ¼ 1.

2Of course we disregard ϵP ¼ 0 since this is a trivial solution.
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ImðτÞ > 0 ⇒ T̃ðτ; bÞanalytic: ð75Þ

This justifies the use of standard dispersion relations,
such as

ReT̃ðs; bÞ ¼ 1

π
P
Z þ∞

−∞

Im T̃ðs0; bÞ
s0 − s

ds0; ð76Þ

which follow from the analyticity properties of causal
amplitudes.
To verify this explicitly, one may apply the Cauchy–

Riemann conditions. Writing τ¼ τRþ iτI and T̃¼TRþ iTI ,
one obtains

∂ReT̃ðτR; τIÞ
∂τI

¼ ∂ Im T̃ðτR; τIÞ
∂τR

ð77Þ

and

∂ReT̃ðτR; τIÞ
∂τr

¼ −
∂ Im T̃ðτR; τIÞ

∂τI
; ð78Þ

confirming local analyticity in the complex τ-plane.

2. Analyticity in t and b-space structure

The analyticity in momentum transfer t is reflected in the
asymptotic behavior of the impact-parameter amplitude.
Since our formalism assumes that T̃0ðbÞ falls off exponen-
tially or faster at large b, the transformed amplitude Tðs; tÞ
will inherit analyticity in t as ensured by the Paley–Wiener
theorem. In particular, the decay encodes the presence of a
mass gap in the crossed channel, consistent with analytic
structure in t near t ¼ 0.
Although we do not model the t-channel singularities

explicitly, they are effectively encoded in the profile of
T̃0ðbÞ and preserved under the nonlinear evolution. This
structure allows us to make phenomenological predictions
at the level of differential cross sections without introduc-
ing unphysical artifacts.
We conclude that the evolved amplitude T̃ðτ; bÞ is

analytic in the physical domain, both in τ and in t via
its b-space properties. The absence of singularities ensures
that dispersion relations hold and causality is preserved.
Thus, the formalism respects fundamental analytic con-
straints required by relativistic quantum field theory.

IV. NUMERICAL IMPLEMENTATION AND
PHENOMENOLOGICAL ANALYSIS

Although the present work focuses on the theoretical
structure of the complex nonlinear evolution equation, its
application to phenomenological models is promising. As
an evolution equation our solution requires a complex
b-profile in a fixed energy, T̃0ðτ0; bÞ, to evolve the
scattering process along rapidity. In this section we briefly

describe our results in the Fourier-transformed space in two
regimes: the full t-range (corresponding to full b-profiles)
and the forward scattering (corresponding to large
b-profiles). Realistic b-space profiles extracted from elastic
scattering data can serve as initial conditions for a broad
t-range. Some examples:

(i) Kohara-Ferreira-Kodama (KFK) model [7]—based
on the stochastic vacuum model [41]—uses asymp-
totic forms of Wilson loop correlators to describe the
scattering amplitudes.

(ii) Bourrely-Soffer-Wu (BSW) model [8]—an eikon-
alized model inspired in the crossing symmetry of s
and u Mandelstam variables from field theories.

(iii) Donnachie-Landshoff (DL) model [9]—based on
single-Pomeron exchange plus double-Pomeron ex-
change (to account for unitarity) in the t channel in
the Regge formalism.

(iv) Białas-Bzdak model (BB) [10]—based on the mode-
lization of the proton as a pair of quark and di-quark,
distributed according to a Gaussian probability
density. The model evokes Glauber techniques to
superpose the interactions. The model was extended
by Csörgő and Nemes to account the real part of the
amplitude [42,43]. This is the so-called RealBB
model.

Our preliminary studies show that the evolution of full
t-profiles captures the main features of the energy depend-
ence of the total cross section and elastic differential cross
section. To capture the Coulomb interference details we use
forward amplitudes based on data-driven models. A
detailed phenomenological analysis, including fitting pro-
cedures and predictions for LHC energies and beyond, will
be presented in a forthcoming publication.
The models above discussed can be represented in b-

space, where the real and imaginary parts of their ampli-
tudes can be decoupled to be injected into our equation.
The four models described in full t-range have both the b
and s dependencies, albeit for our purposes we take each of
these models at a single energy, where it has a good match
with a specific experimental dataset. The similarities
between the four models lie in the behavior of the
amplitudes. In momentum space, the real parts fall to zero
faster than the imaginary part, crossing zero according to
Martin’s theorem [44], becoming negative and then reduc-
ing again to zero, whereas the imaginary parts fall to zero
later constraining the position of the dip. The interplay
between real and imaginary parts around the dip gives its
magnitude.
The model for the forward scattering is based on

exponential forms in t for real and imaginary amplitudes
with a linear t-term to account for the passage of the real
amplitude through zero. This model was described in our
previous works [39,40] with its extension to account the
energy dependence [45] and the analytical connection
between real and imaginary parts. This model describes

ANDERSON KENDI KOHARA PHYS. REV. D 113, 116041 (2026)

116041-12



accurately the behavior of the real amplitude in the forward
regime up to t ≃ 0.2 GeV2.
To determine the physical quantities λ and ϵ̃ adequate for

each model, we use the real T̃0RðbÞ and imaginary T̃0IðbÞ
profiles in a given energy from a specific model and we fit
our solution in a different energy. To avoid bias, we usually
take a large energy gap, for instance, if we give as an input
an ISR energy we fit a LHC energy where the distributions
were measured in a broad momentum range. Of course
different methods of fitting would be possible, but we chose
the simplest χ2 method. The differential cross section is
written as the absolute square of our evolution equation
given by the solution of Eq. (20):

T̃ðτ; bÞ ¼ T̃0ðτ0; bÞ�
1þ i λϵ̃ T̃0ðτ0; bÞ

�
e−ϵ̃ðτ−τ0Þ − i λϵ̃ T̃0ðτ0; bÞ

; ð79Þ

with a complex ϵ̃. We anticipate that for long t we consider
ϵI ¼ 0, since this quantity is relevant only in the very
forward scattering where the real amplitude can be deter-
mined with accuracy. Since the long-t models are aimed to
describe the global structure of the data they are more
insensitive to ϵI . In the very forward scattering this
parameter shows to be relevant to describe the values of ρ.

A. From impact parameter to differential cross section

To compute the physical observable dσ=dt, we perform a
Fourier transform of the evolved amplitude in impact
parameter space. The scattering amplitude in momentum
transfer space is given by (see Appendix A)

Tðs; tÞ ¼
Z

∞

0

dbbJ0ðb
ffiffiffiffiffi
−t

p ÞT̃ðs; bÞ; ð80Þ

where J0 is the Bessel function of the first kind, and T̃ðs; bÞ
is the complex amplitude3 obtained from Eq. (79). The
normalization is consistent with the convention used in
Regge theory and ensures unitarity when integrated over t.
The differential elastic cross section is then given by

dσ
dt

¼ πjTðs; tÞj2: ð81Þ

1. Coulomb interference

In the very forward region, the electromagnetic—
Coulomb—interaction plays a non-negligible role and must
be taken into account in the amplitude. The full amplitude
is composed of the nuclear amplitude Tðs; tÞ and the
Coulomb amplitude TCðs; tÞ with a relative phase ϕðs; tÞ:

Tfullðs; tÞ ¼ Tðs; tÞ þ eiϕðs;tÞTCðs; tÞ: ð82Þ

The Coulomb amplitude for proton-proton scattering, in
the one-photon exchange approximation, is given by

TCðs; tÞ ¼∓ 2α

jtj F
2ðtÞ; ð83Þ

where α is the fine-structure constant and FðtÞ is the proton
electromagnetic form factor, commonly parametrized by
the dipole form

FðtÞ ¼ 1�
1 − t

Λ2

�
2
; Λ2 ¼ 0.71 GeV2: ð84Þ

The relative phase ϕðs; tÞ is the West–Yennie phase,
approximated by

ϕðs; tÞ ¼ �
�
ln

�
Bjtj
2

�
þ γ

�
; ð85Þ

where B is the slope parameter of the nuclear amplitude at
small jtj, and γ is the Euler–Mascheroni constant. The sign
depends on the particle charges: negative for pp and
positive for pp̄ scattering.
Finally, the differential cross section including the

Coulomb interference is

dσ
dt

¼ πjTðs; tÞ þ eiϕðs;tÞTCðs; tÞj2: ð86Þ

2. Practical implementation

In practical terms: T̃0ðbÞ is taken from a chosen model at
energy

ffiffiffiffiffi
s0

p
; T̃ðb; τÞ is computed at new energy

ffiffiffi
s

p
using

Eq. (79); Tðs; tÞ is obtained by numerical integration of
Eq. (80); dσ=dt is calculated from Eq. (81) or Eq. (86)
depending on the t range.
This set of steps allows for the reproduction of results

using any input model for the initial amplitude. Parameters
λ and ϵ̃ are fitted only once to match the evolution from

ffiffiffiffiffi
s0

p
to

ffiffiffi
s

p
, allowing fully predictive interpolation and extrapo-

lation in energy.
In Appendix A we give the kinematical factors, the

definition of the invariant amplitudes and its connection
with the Tðs; tÞ amplitude as well as the normalizations of
the differential and total cross sections used in our work.

B. t-dependence of elastic scattering:
Forward and large-jtj behavior

In the present work we do not aim to make the full
phenomenological study of our equation, but we outline the
basic steps to compare it with the data. The determination
of the parameters of the evolution equation is performed in3To simplify the notation we assume T̃ðτ; bÞ ¼ T̃ðs; bÞ.
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a two-step procedure, reflecting their distinct physi-
cal roles.
The parameter ϵP, which governs the energy dependence

of the scattering amplitude, is determined using a phe-
nomenological profile taken as initial condition at a
reference energy (

ffiffiffi
s

p ¼ 52 GeV for pp). In practice, ϵP
is determined by fitting Eq. (48) to the available total cross
section data, while keeping λ fixed. While this profile fixes
the normalization at the initial scale, ϵP controls the
evolution with energy. Its value is obtained by requiring
that the evolution equation reproduces the observed energy
dependence of the total cross section over a wide range of
energies. This procedure ensures that ϵP is constrained by
the global energy behavior of the data, rather than by a local
fit at a single energy.
The parameter λ, associated with the nonlinear saturation

effects, is constrained using high-energy data. In practice, λ
is adjusted using Eq. (86) to reproduce the behavior of the
amplitude at LHC energies (

ffiffiffi
s

p ¼ 13 TeV for pp), while
keeping ϵP fixed. We also tested to determine the parameter
λ in energies

ffiffiffi
s

p ¼ 7 and 8 TeV, and we obtain consistent
results. The same procedure applies to pp̄, but due to the
lack of experimental data in both energy and momentum
transferred-t we are limited to choosing an initial energy
scale. In this case, we use the CERN/SPS data at 540 GeV
[46] as the initial scale and we adjust the parameter λ at
53 GeV [47].
It is worth emphasizing that the determination of ϵP and

λ relies on different observables: the total cross section for
ϵP , and the differential cross section for λ. This separation
naturally leads to their effective independence and justifies
the sequential determination procedure adopted in
this work.
An important feature of the present framework is that the

parameter λ is not freely adjustable. Its value is strongly
constrained by the requirement of a stable and physically
meaningful evolution. In particular, λ plays a crucial role in
controlling the position of the dip in the differential cross
section.
In particular, for a wide class of initial conditions,

including different phenomenological parametrizations,
only a relatively narrow range of λ values leads to
acceptable solutions, avoiding unphysical behavior such
as oscillations in momentum-transfer space or inconsis-
tencies with experimental data (as can be seen in
Table I).
This indicates that λ plays the role of a genuinely

dynamical parameter, rather than a simple free fitting
parameter, and suggests a certain degree of universality
of the nonlinear effects encoded in the evolution equation.
The physical parameters are given in Table I. For full-t

models, the imaginary contribution of the mass ϵI seems to
be insensitive and we set it to zero. For the forward model
used as initial condition, ϵI becomes sensitive and adjusts
the real part. As show in Table I the effective mass and

coupling are equal for the forward model, leading to further
simplification to the evolution equation.
In Fig. 4 we show our preliminary results for the

differential cross section of pp and pp̄, using KFK model

TABLE I. Parameters ϵR, ϵI and λ are presented separately for
KFK, BSW, DL, RealBB and the Forward models used as initial
conditions.

ϵR λ ϵI

KFK 0.125 0.098 � � �
BSW 0.124 0.092 � � �
DL 0.128 0.103 � � �
RealBB 0.135 0.095 � � �
Forward 0.15 0.15 0.014

FIG. 4. The first figure shows the descriptions of the pp
differential cross section data from ISR to LHC energies using
the KFK model as the initial condition at 52 GeV. It is interesting
to observe that below 30 GeV the position of the dip starts to
deviate from the data, which could be explained at the low energy
range by the Regge trajectories, not taken into account here. The
second figure shows the pp̄ data from ISR/CERN to TEVATRON/
FERMILAB energies. The initial condition is taken at 540 GeV
SPS/CERN experiment. The shallow dip structures are remark-
able in all the three energies.
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as initial condition. In the first figure, we show pp
predictions using KFK at 52 GeV as an input energy scale.
It is interesting to notice that the evolution equation
captures the main features of the differential cross section
data in a wide energy range. For lower energies, say below
30 GeV, the devations around the dip could be possible
explained by the standard Regge trajectories, not taken into
account in the current work. The second figure are the
predictions for the pp̄ data. The initial energy scale is
540 GeV from SPS/CERN experiment. Since this set of
data was given in terms of dN=dt we assume the normali-
zation given in [48] to construct the differential cross
section data. We stress that the results shown in Fig. 4 are
not obtained from fits to the differential cross section data,
but correspond to genuine predictions of the evolution
equation once the parameters are fixed. We observe that the
structure of the dip and bump are naturally reproduced by
the evolution equation from ISR to LHC energies. The
other models played as initial conditions give similar
description with local changes in different t regions,
reflecting the differences from the initial conditions.
In Fig. 5 we show the comparison between pp and pp̄

according to our evolution equation using two different
profiles as initial conditions; one for pp and another for pp̄.
At 52 GeV we represent both pp and pp̄ experimental
points with our predictions. While the dashed lines re-
present pp̄ solutions, the solid lines are pp representation of
our evolution equation. It is interesting to observe that even
when the initial condition are given at different energies and
different profiles, the positions of the dips do not change
with respect to pp and pp̄ at the same energy. Moreover, at
higher energies—13 TeV—the magnitude of the dip and
bump structure are similar. The visible changes happen at
large-t domain.

In Fig. 6 we show our results for the differential cross
sections in the range (0 < jtj < 0.2 GeV2) for the forward
profile given as IC at 52.8 GeV. In this figure we add the
Coulomb amplitude to the real part. In Fig. 7 we show the
real part of the forward amplitude coming from our
evolution equation at 13 TeV as an example and we
compare it with the Coulomb amplitude, given by the
electromagnetic interaction of the charged hadrons. We
observe that the real part of the amplitude crosses zero
twice. The first zero arises from the interference with the
Coulomb amplitude, which is negative in the case of pp
scattering. The second zero, known as the Martin zero,

FIG. 5. We compare pp and pp̄ curves from our evolution
equation using two different profiles as initial conditions. The
dashed curves represent the pp̄ solution whereas the solid lines
represent pp. It is interesting to note that the profiles for pp and pp̄
evolve and the position of the dip follow the same behavior. At
high energies the magnitude of the dips are similar.

FIG. 6. Differential cross sections in the forward region
(0 < jtj < 0.2 GeV2), obtained from the evolved forward scat-
tering profile with initial conditions at 52.8 GeV. The real part of
the amplitude includes the Coulomb contribution.

FIG. 7. The real nuclear amplitude at 13 TeV with the Coulomb
part. The dashed-dotted line represents the sum TN

R þ TC, solid
line is TN

R and the dotted line is the Coulomb amplitude. Note that
the nuclear and Coulomb amplitudes interplays creating two
zeros near the origin. The first zero is the pure compensation of
the nuclear part with the imaginary negative Coulomb interaction
and the second zero is the so called Martin’s zero.
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originates purely from the nuclear interaction.
Qualitatively, the behavior of the amplitude in the very
forward region resembles that of the large-t models;
however, in those models, the Martin zero typically appears
at larger values of jtj, shifted further to the right in
momentum transfer.

C. Total cross section σtot
The imaginary part of Eq. (79) into Eq. (48) determines

the total cross section up to two physical quantities: ϵ̃ and λ.
We notice that the total cross section is mainly influenced
by the effective real mass ϵR, while the other quantities do
not affect qualitatively the energy dependence of σtot. For
large-tmodels as initial conditions the effective real mass is
ϵR ∼ 0.12, describing accurately the experimental data from
ISR to LHC energies and being extrapolated to the very
high energy cosmic rays. In Fig. 8 we represent our solution
using the KFK model as an example to describe the total
cross section data. The other models lead to similar
description.

D. The ratio ρ

The ratio ρ is a physical parameter determined at the
origin. In most of the experimental analyses, this quantity
comes from simplified exponential forms where the real
and imaginary amplitudes have the same t dependence. It is
important to stress that this procedure of extracting ρ is
already an assumption and as a consequence it is model
dependent.
The dispersion relations connect the real and imaginary

parts of amplitudes. Since the total cross section is given by
the pure imaginary part at the origin, its behavior,
up to asymptotic energies could give us the value of the
parameter ρ. Many studies have been conducted to

predict ρ from the parametrization of the total cross section
[49–53]. It is important to stress that in order to calculate ρ
from dispersion relations we need the knowledge of the
entire σtot. which for very high energies may be not
realistic. Extrapolations are always used and dispersion
relations are not universal in this sense. Since our equation
connects analytically the real and the imaginary parts in the
entire s domain, the dispersion relations constraints are
automatically satisfied.
For the long-t initial conditions we observe that ρ is

almost constant in a broad energy range with an asymptotic
decreasing trend and from Eq. (25) when τ → ∞ and ϵI ¼
0 the amplitude is pure imaginary and ρ → 0. However, for
forward scattering initial conditions, which is based on a
data-driven model, the trend of ρ approaches the exper-
imental behavior and the imaginary part of the effective
mass ϵI plays an important role.
Our conclusion is that ρ should not be treated as an

experimental value since it is hidden behind the imaginary
part, which is ten times larger than the real part at the origin,
and a slightly change in the parametrization of the
amplitudes could lead to strong modifications in the
numerical values.
As signalized before, other interesting interference

effects on the real part could be potentially observed at
LHC energies [54,55], constraining the behavior of the real
amplitude showing a clear interference pattern. If this is the
case, as a natural consequence, the values of ρ would be
more realistic.

E. Crossing symmetry

It is noteworthy that our evolution equation, without
introducing any explicit dynamical distinction between pp
and pp̄ scattering, is able to reproduce the main qualitative
features observed in the experimental data over a wide
energy range, starting from initial conditions to ISR pp data
at 52 GeVand SPS pp̄ data at 540 GeV, as shown in Fig. 5.
Within our framework, both pp and pp̄ profile amplitudes

are evolved using the same nonlinear equation. No channel-
dependent ingredients are introduced in the evolution
dynamics. As a consequence, any differences between
pp and pp̄ observables at higher energies originate solely
from the initial conditions at the ISR and SPS scales and
from the nonlinear nature of the evolution.
In particular, the evolution leads to a non-trivial modi-

fication of the dip-bump structure in the differential cross
section as energy increases. At intermediate energies, such
as 540 and 1800 GeV, the dip appears less pronounced,
while at LHC energies it becomes sharper again. This
behavior emerges dynamically from the interplay between
nonlinear saturation effects in impact-parameter space and
the spatial structure of the initial profiles, rather than from
any explicit energy-dependent modification of the model.
This suggests that the observed differences between pp

and pp̄ differential cross sections in the Tevatron energy

FIG. 8. Fit of the experimental data from PDG (COMPETE)
compilation [49] from ISR to cosmic ray energies.
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range may be understood, at least qualitatively, within the
same universal evolution dynamics, without invoking addi-
tional dynamical mechanisms beyond those already
encoded in the nonlinear equation and the initial conditions.
A more stringent test of this picture would require

reconstructing both pp and pp̄ amplitudes at ISR energies
using a fully data-driven parameterisation, and evolving
them independently to higher energies. This would allow a
quantitative assessment of whether the observed differences
at intermediate energies are fully generated by the evolu-
tion, or whether additional charge-conjugation odd con-
tributions (e.g. an Odderon-like component) are required.

V. COMMENTS AND CONCLUSIONS

In this work, we derive a universal evolution equation for
elastic scattering of hadrons, rooted in RFT and structurally
similar to QCD small-x evolution equations. Although the
nonlinear evolution equation employed here is not derived
directly from small-x QCD, its structure shares qualitative
features with nonlinear evolution equations such as the BK
equation, in particular the presence of a linear growth term
and a nonlinear saturation mechanism. In the present work
we do not attempt to establish a quantitative mapping
between the two frameworks. Rather, the connection
should be understood at a phenomenological level, where
the nonlinear dynamics in impact-parameter space plays a
role analogous to gluon saturation in small-x QCD. Future
work may clarify whether a more quantitative correspon-
dence can be established in specific kinematic regimes.
Our formalism reveals that the unitarity constraint

naturally emerges from a logistic-type mechanism in
rapidity space. Unlike traditional perturbative QCD
approaches that rely heavily on transverse diffusion, we
demonstrate that in the elastic regime, the diffusive term
becomes redundant. Its role is effectively taken over by the
intrinsic nonlinearity of the strong interaction. As a result,
our formalism respects key high-energy constraints, includ-
ing unitarity, the Froissart bound, and dispersion relations.
Although the evolution equation is formally local in the

impact parameter b, as the underlying Regge-inspired
Lagrangian includes rapidity (τ ¼ log s) derivatives but
no spatial gradients, the structure of the amplitude T̃ðτ; bÞ
reflects a non-trivial interplay between its linear and non-
linear components, both explicitly dependent on b. This
dependence effectively couples different regions in b-space
through their shared evolution dynamics, inducing an
emergent non-locality. As a result, the amplitude evolves
towards a saturation regime where each b-dependent
component asymptotically approaches the unitarity (black
disk) limit, but the full profile retains a spatially correlated
structure.
This framework not only enables predictions from

existing input profiles but also serves as a diagnostic tool:
if a given model leads to unphysical behavior or incorrect
predictions under energy evolution, this signals problems in

its b-space structure (e.g., lack of a mass gap, excessive
localization). Thus, the evolution equation can help con-
strain the class of phenomenological models compatible
with nonperturbative QCD dynamics.
Importantly, we find that the real part of the Pomeronmass

(Pomeron intercept) governs the total cross section, while the
nonlinear coupling λ controls the energy evolution of dip and
bump structures in the differential cross section. Our results
naturally explain the transition from pronounced dips at ISR
energies to shallower structures at higher energies, such as in
pp̄ scattering at 540 and 1800 GeV.
Regarding the forward scattering regime, we argue that the

ρ parameter (the ratio of real to imaginary parts at t ¼ 0)
should not be treated as a direct observable. Instead, it is more
robust to analyze features of the differential cross section that
signal nontrivial interference between real and imaginary
parts. The existence of such structures can place meaningful
constraints on the real part of the amplitude, providing amore
solid foundation for modeling initial conditions.
The logistic-type nonlinear term leads to a dynamical

saturation of the scattering amplitude, ensuring unitarity
and preventing unbounded growth with energy. This results
in an effective suppression of large impact-parameter
contributions, thereby shaping the transverse profile of
the interaction region. This behavior reflects the role of
nonlinear unitarized evolution in impact-parameter space in
controlling the spatial structure of the scattering amplitude.
Finally, the evolution equation admits a natural inter-

pretation within the framework of dynamical systems
theory. The nonlinear saturation term, analogous to a
damping force, ensures the system’s convergence toward
a finite asymptotic amplitude, respecting unitarity. The
equation features two fixed points: a trivial one at zero
amplitude and a non-trivial saturated solution, proportional
to iϵP=λ, which represents the unitarity limit. A linear
stability analysis reveals that the zero-amplitude fixed point
is unstable, while the saturated state is stable, confirming
that the system dynamically evolves toward saturation. This
behavior mirrors classical damped systems, where dissi-
pation drives the system to equilibrium. Moreover, the
structure of the equation aligns with reaction-diffusion
models such as FKPP, suggesting that elastic scattering
evolution may belong to a broader universality class of
nonlinear systems characterized by saturation and wave-
front propagation. These dynamical features strengthen the
robustness and predictive power of our framework, offering
a physically transparent mechanism for unitarization.
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APPENDIX A: KINEMATIC FACTORS AND
AMPLITUDE CONVENTIONS

We consider 2 → 2 elastic scattering of equal-mass
hadrons (pp or p̄p) in the high-energy limit (s ≫ m2).
The S-matrix is written in momentum space as

Sfi ¼ δfi þ ið2πÞ4δð4Þðpf − piÞAfi; ðA1Þ
Aðs; tÞ is the invariant amplitude. In the center of mass
frame, the differential cross section reads

dσ
dt

¼ 1

64πsp2
cm

jAðs; tÞj2; ðA2Þ

with pcm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s=4 −m2

p
≃

ffiffiffi
s

p
=2 at high energies. In this

limit,

dσ
dt

≈
1

16πs2
jAðs; tÞj2: ðA3Þ

It is convenient to factor out the leading s dependence by
defining the reduced amplitude Tðs; tÞ via

iTðs; tÞ ¼ Aðs; tÞ
4πs

; ðA4Þ

so that

dσ
dt

¼ πjTðs; tÞj2: ðA5Þ

The impact-parameter amplitude T̃ðs; bÞ is then defined
by the Fourier–Bessel transform:

Tðs; tÞ ¼
Z

∞

0

bdbJ0ðb
ffiffiffiffiffi
−t

p ÞT̃ðs; bÞ; ðA6Þ

with inverse

T̃ðs; bÞ ¼
Z

∞

0

qdqJ0ðbqÞTðs; t ¼ −q2Þ: ðA7Þ

The optical theorem in impact-parameter space follows as

σtotðsÞ ¼
ImAðs; 0Þ

s
¼ 4π

Z
∞

0

bdb ImTðs; bÞ: ðA8Þ

APPENDIX B: DERIVING THE EVOLUTION
EQUATION FROM RFT

1. Scope and assumptions

We work in the framework of RFT for elastic hadron
scattering at high energies (s ≫ m2). The aim is to derive
an effective nonlinear evolution equation for the impact-
parameter amplitude T̃ðs; bÞ starting from an RFT
Lagrangian with triple-Pomeron interactions. The deriva-
tion presented here follows the operator formalism of
Alessandrini et al. [56], but with modifications suited to
our phenomenological goals. The main assumptions are

(i) one-channel elastic scattering of equal-mass particles;
(ii) evolution variable τ ¼ lnðs=s0Þ;
(iii) Pomeron intercept αPð0Þ ¼ 1þ ϵP ;
(iv) diffusionless limit α0 ¼ 0 to isolate nonlinear ef-

fects; and
(v) semiclassical truncation, neglecting higher-order

correlators.

2. Brief historical context

RFT extends Regge phenomenology into a quantum
field-theoretic setting, treating Reggeons as quantum fields.
It was pioneered by Gribov in his seminal work on Reggeon
Calculus [2], and developed in the 1970s by Alessandrini,
Amati, Ciafaloni, and collaborators [56–59]. In this
approach, the Pomeron is the dominant Reggeon at high
energies, and its field plays the role of the fundamental
degree of freedom. The RFT Lagrangian incorporates
Reggeon propagation, Reggeon–Reggeon interactions
(notably triple-Pomeron vertices), and respects the analytic
structure of scattering amplitudes in the complex angular
momentum plane.

3. Starting Lagrangian and effective form

We start from the 2þ 1 dimensional RFT Lagrangian
density proposed in the 1970s:

L ¼ −
1

2
Ψ̄∂

↔

τΨ − α0∇bΨ̄ · ∇bΨþ ϵPΨ̄Ψ − iλΨ̄ðΨþ Ψ̄ÞΨ;
ðB1Þ

where Ψ and Ψ̄ are the Pomeron field and its conjugate,
α0 is the Pomeron slope, ϵP the intercept, and λ the
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triple-Pomeron coupling. The interaction term has a neg-
ative sign dictated by the hybrid Feynman rules of RFT
[57], and the vertex is purely imaginary.
In this work, we introduce two phenomenologically

motivated modifications:
(1) In order to isolate the nonlinear dynamics respon-

sible for saturation effects, we consider the diffu-
sionless limit α0∇2

b, which reduces the transverse
dynamics to a local evolution in impact parameter.
This corresponds to focusing on the dominant non-
linear interaction regime while neglecting sublead-
ing transverse diffusion effects. In addition with
α0 → 0 we avoid oscillatory artifacts in the Fourier-
transformed amplitude.

(2) At the effective level, and motivated by the require-
ment of stable nonlinear evolution for the elastic
amplitude, we consider a modified interaction term
that preserves the polynomial structure of the RFT
Hamiltonian while allowing bounded solutions for
the one-point function.

The resulting 0þ 1 dimensional effective Lagrangian
reads:

Leff ¼ −
1

2
Ψ̄∂

↔

τΨþ ϵPΨ̄Ψþ iλΨ̄ðΨþ Ψ̄ÞΨ: ðB2Þ

Rescaling the fields q ¼ iΨ̄, p ¼ iΨ makes the Lagrangian
purely real:

Leff ¼
1

2
q∂
↔

τp − ϵPqp − λqðpþ qÞp; ðB3Þ

with q and p depending on b and τ.

4. From Lagrangian to Hamiltonian

The Hamiltonian density follows from

H ¼
X
i

πiQ̇i − Leff ; πi ¼
∂Leff:

∂Q̇i
; ðB4Þ

with Qi ¼ q, p. Integrating over b⃗ gives

HðτÞ ¼
Z

d2b⃗ðϵPqpþ λqðpþ qÞpÞ: ðB5Þ

Upon canonical quantization, q and p become creation
and annihilation operators obeying

½p̂ðb⃗; τÞ; q̂ðb⃗0; τÞ� ¼ −δð2Þðb⃗ − b⃗0Þ: ðB6Þ

5. Coherent-state formalism and correlation hierarchy

The imaginary-time Schrödinger equation reads:

∂

∂τ
jψi ¼ −Hjψi; ðB7Þ

where the state jψðτÞi is expanded in terms of an infinite set
of correlation functions Gkðb⃗1;…; b⃗k; τÞ through a gener-
alized coherent state:

jψðτÞi ¼ e−M̂ðτÞjψð0Þi; ðB8Þ

where the evolution operator M̂ðτÞ is

M̂ðτÞ¼
X∞
k¼1

1

k!

Z
d2b⃗1…d2b⃗kq̂ðb⃗1Þ…q̂ðb⃗kÞGkðb⃗1;…; b⃗k;τÞ;

ðB9Þ

and jψð0Þi is the perturbative vacuum state of the theory
such that

p̂ðbkÞjψð0Þi ¼ 0 ðB10Þ

for any k. Note that the n-point correlation function is

Gkðb⃗1;…; b⃗k; τÞ
¼ hψð0ÞjT fqðx⃗1Þ…qðx⃗kÞpðy⃗1Þ…pðy⃗kÞgjψð0Þi; ðB11Þ

where the impact parameter is defined as b⃗k ¼ x⃗k − y⃗k.
Expanding Eq. (B8) we obtain

jψðτÞi ¼
�
1 − M̂ðτÞ þ 1

2!
M̂2ðτÞ − 1

3!
M̂3ðτÞ…

�
jψð0Þi

¼
�
1 −

�Z
b
q̂ðb⃗ÞG1ðb⃗; τÞ þ

1

2!

Z
b1;b2

q̂ðb⃗1Þq̂ðb⃗2ÞG2ðb⃗1; b⃗2; τÞ þ � � �
�

þ 1

2!

�Z
b
q̂ðb⃗ÞG1ðb⃗; τÞ þ

1

2!

Z
b1;b2

q̂ðb⃗1Þq̂ðb⃗2ÞG2ðb⃗1; b⃗2; τÞ þ � � �
�

2

þ −
1

3!

�Z
b
q̂ðb⃗ÞG1ðb⃗; τÞ þ

1

2!

Z
b1;b2

q̂ðb⃗1Þq̂ðb⃗2ÞG2ðb⃗1; b⃗2; τÞ þ � � �
�

3

þ � � �
�
jψð0Þi: ðB12Þ
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The lowering and raising operators in principle depend on b and τ, but in what follows we disregard the τ dependence. The
idea is to replace Eq. (B8) in Eq. (B7) and regroup all the terms with the same order in q̂. The left-hand side of the
Schrödinger equation leads to

∂

∂τ
jψðτÞi ¼

�
−
Z
b
q̂ðb⃗Þ ∂

∂τ
G1ðb⃗; τÞ −

1

2!

Z
b1;b2

q̂ðb⃗1Þq̂ðb⃗2Þ
�
∂

∂τ
G2ðb⃗1; b⃗2; τÞ −

∂

∂τ
ðG1ðb⃗1; τÞG1ðb⃗2; τÞÞ

�

þ −
1

3!

Z
b1;b2;b3

q̂ðb⃗1Þq̂ðb⃗2Þq̂ðb⃗3Þ
�
∂

∂τ
G3ðb⃗1; b⃗2; b⃗2; τÞ −

3

2!

∂

∂τ
ðG1ðb⃗1; τÞG2ðb⃗2; b⃗3; τÞÞ

−
3

2!

∂

∂τ
ðG1ðb⃗3; τÞG2ðb⃗1; b⃗2; τÞÞ þ

∂

∂τ
ðG1ðb⃗1; τÞG1ðb⃗2; τÞG1ðb⃗3; τÞÞ

�
þ � � �

�
: ðB13Þ

The first term in the Hamiltonian on the right-hand side of Eq. (B7) gives

−ϵP
�Z

b
q̂ðbÞG1ðb⃗; τÞ þ

Z
b1;b2

q̂ðb1Þq̂ðb2Þ½G2ðb⃗2; b⃗1; τÞ −G1ðb⃗1; τÞG1ðb⃗2; τÞ� þ
1

3!

Z
b1;b2;b3

q̂ðb1Þq̂ðb2Þq̂ðb3Þ½…� þ � � �
�
:

ðB14Þ

The interaction part leads to

λ

�
−
Z
b
q̂ðbÞ½G2ðb⃗; b⃗; τÞ −G1ðb⃗; τÞG1ðb⃗; τÞ� þ

Z
b1;b2

q̂ðb1Þq̂ðb2Þ½G1ðb⃗1Þδðb⃗1 − b⃗2Þ þ G3ðb⃗2; b⃗1; b⃗1Þ − 2G1ðb⃗1ÞG2ðb⃗1; b⃗2Þ

þ −G1ðb⃗2ÞG2ðb⃗1; b⃗1Þ þG1ðb⃗2ÞG1ðb⃗1ÞG1ðb⃗1Þ� þ
1

3!

Z
b1;b2;b3

q̂ðb1Þq̂ðb2Þq̂ðb3Þ½…� þ � � �
�
: ðB15Þ

Regrouping order-by-order leads to an infinity set of coupled differential equations. To derive the above equations the
commutator (B6) was used. The first two coupled differential equations are

∂

∂τ
G1ðb⃗; τÞ ¼ ϵP

�
1þ λ

ϵP
G1ðb⃗; τÞ

�
G1ðb⃗; τÞ − λG2ðb⃗; b⃗; τÞ ðB16Þ

and

∂

∂τ
G2ðb⃗1; b⃗2; τÞ ¼ 2ϵPG2ðb⃗1; b⃗2; τÞ þ 4λG1ðb⃗1; τÞG2ðb⃗1; b⃗2; τÞ − 2λG1ðb⃗1; τÞδðb⃗1 − b⃗2Þ − 2λG3ðb⃗1; b⃗1; b⃗2Þ: ðB17Þ

This structure is analogous to the Balitsky hierarchy in
small-x QCD [12,15,20].

6. Semiclassical truncation and
identification with Tðb; τÞ

Neglecting higher-order correlators corresponds to a semi-
classical (mean-field) truncation of the Reggeon hierarchy,
analogous in spirit to theBalitsky–Kovchegovapproximation
in small-x QCD. In this approximation, the nonlinear evo-
lution of the one-point function effectively resums multi-
Reggeon interactions in a closed form. We obtain

∂

∂τ
G1ðb⃗; τÞ ¼ ϵP

�
1þ λ

ϵP
G1ðb⃗; τÞ

�
G1ðb⃗; τÞ: ðB18Þ

Identifying

G1ðb⃗; τÞ ∼ iT̃ðb; τÞ; ðB19Þ

with complex T̃, yields the complex logistic equation
[Eq. (15) in the main text].
The resulting complex logistic equation should therefore

be understood as an effective nonlinear evolution equation
emerging from Reggeon interactions under controlled
approximations, rather than as a fundamental microscopic
theory.

APPENDIX C: INTEGRALS FOR TOTAL CROSS
SECTION FOR PURE IMAGINARY

AMPLITUDES

To calculate the forward imaginary amplitude from a
purely Gaussian imaginary profile we have
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K1 ¼
Z

bdb
Be−βb

2

CþDe−βb
2 ¼ −

B
2Dβ

logðCþDe−βb
2Þ: ðC1Þ

The forward imaginary amplitude for a purely exponential profile is given by the integral

K2 ¼
Z

bdb
Be−βb

CþDe−βb
¼ −

1

β2

�
Li2

�
De−βb

C
þ 1

�
þ log

�
−
D
C

�
logðCþDe−βbÞ

�
: ðC2Þ

1. Integrals of the real and imaginary parts of the amplitudes at t= 0 for Gaussian profiles

To calculate the forward real and imaginary amplitudes in t space we need the integral

I1 ¼
Z

bdb
Ae−βb

2

ðBe−βb2 þDÞ2 þ C
¼ −

A

2B
ffiffiffiffi
C

p
b
tan−1

�
Be−βb

2 þDffiffiffiffi
C

p
�
: ðC3Þ

The second kind of integral is

I2 ¼
Z

bdb
A

ðBe−βb2 þDÞ2 þ C

¼ A

2βððBe−βb2 þDÞ2 þ CÞ

�
Dffiffiffiffi
C

p tan−1
�
Be−βb

2 þDffiffiffiffi
C

p
�
− log

ðBe−βb2Þ
ðCþ ðBe−βb2 þDÞ2Þ12

�
: ðC4Þ

Separating the real and imaginary parts of Eq. (16), and applying Eq. (56) as the initial condition, we calculate

TRðτ; t ¼ 0Þ ¼
Z

∞

0

bdbT̃0Rðτ; bÞ

¼
Z

∞

0

bdb
T̃0RðbÞ

h�
1 − λ

ϵP
T̃0IðbÞ

�
e−ϵPΔτ þ λ

ϵP T̃0IðbÞ
i
þ λ

ϵP
T̃0RðbÞT̃0IðbÞðe−ϵPΔτ − 1Þh�

1 − λ
ϵP
T̃0IðbÞ

�
e−ϵPΔτ þ λ

ϵP
T̃0IðbÞ

i
2 þ λ2

ϵ2P
T̃0RðbÞ2ð1 − e−ϵPΔτÞ2

¼
Z

∞

0

bdb
A
h�

eβb
2 − λ

ϵP
B
�
e−ϵPΔτ þ λ

ϵPB
i
− λ

ϵP
ABð1 − e−ϵPΔτÞh�

eβb
2 − λ

ϵP
B
�
e−ϵPΔτ þ λ

ϵP
B
i
2 þ λ2

ϵ2P
A2ð1 − e−ϵPΔτÞ2

¼ ϵPeϵPΔτ

4βλðeϵPΔτ − 1Þ
�
π þ 2tan−1

�
ϵP − Bλþ BλeϵPΔτ

Aλð1 − eϵPΔτÞ
��

; ðC5Þ

TIðτ; t ¼ 0Þ ¼
Z

∞

0

bdbT̃0Iðτ; bÞ

¼
Z

∞

0

bdb
T̃0IðbÞ

h�
1 − λ

ϵP
T̃0IðbÞ

�
e−ϵPΔτ þ λ

ϵPT̃0IðbÞ
i
− λ

ϵP
T̃0RðbÞ2ðe−ϵPΔτ − 1Þh�

1 − λ
ϵP
T̃0IðbÞ

�
e−ϵPΔτ þ λ

ϵP
T̃0IðbÞ

i
2 þ λ2

ϵ2P
T̃0RðbÞ2ð1 − e−ϵPΔτÞ2

¼
Z

∞

0

bdb
B
h�

eβb
2 − λ

ϵP
B
�
e−ϵPΔτ þ λ

ϵPB
i
þ λ

ϵP
A2ð1 − e−ϵPΔτÞh�

eβb
2 − λ

ϵP
B
�
e−ϵPΔτ þ λ

ϵP
B
i
2 þ λ2

ϵ2P
A2ð1 − e−ϵPΔτÞ2

¼ ϵPeϵPΔτ

4βλðeϵPΔτ − 1Þ log
�
1þ 2Bλ

ϵP
ðeϵPΔτ − 1Þ þ ðA2 þ B2Þ λ

2

ϵ2P
ðeϵPΔτ − 1Þ2

�
: ðC6Þ
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