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A systematic way to constructing optimized interpolating operators for two-hadron systems is developed
by incorporating interhadron spatial wave functions. The wave functions can be obtained from an iterative
process with an appropriate initial guess. To implement these operators, a novel quark smearing technique
utilizing Z5 noise vectors is proposed, which allows for effectively incorporating interhadron spatial wave
functions at the source without using all-to-all quark propagators. Proof-of-principle application to the
Q... Q... system using physical-point lattice configurations with a large size La ~ 8.1 fm demonstrates
that optimized operators outperform combinations of limited plane wave operators in the variational
analysis, enabling clear identification of states around 2mq_ =~ 9700 MeV with the energy gap as narrow
as ~5 MeV. A comparison on correlation functions, effective energies, and HAL QCD potentials between
unoptimized operators and optimized operators is given, with a special emphasis on the effects from nearby
elastic scattering states. Potential applicability of the optimized operator to various two-hadron systems and
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its relation to the variational method are also discussed.

DOI: 10.1103/xypg-12nz

I. INTRODUCTION

Lattice quantum chromodynamics (QCD) provides a
nonperturbative approach through numerical simulations to
ab initio calculations of QCD, the theory of the strong
interaction of quarks and gluons in Standard Model. In
recent years, lattice QCD becomes more and more impor-
tant in understanding low-energy aspects of QCD, relevant
to hadron structures, spectra, and interactions, thanks to
rapid developments in both theoretical and computational
sides [1].
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A lattice QCD calculation typically involves evaluations
of hadronic correlation functions, such as the two-point
function (B(¢)B(0)) relevant to hadron spectroscopy,
which receive contributions from a tower of states that
the creation operator B can excite out of the QCD vacuum.
The ground state hadron can be identified when contribu-
tions from all higher states are strongly suppressed
O(e™®F") at large Euclidean time t>> 1/AE*, with the
typical energy gap to the nearest higher state AE* ~ m or
AE* ~ Agep- Although any operators with given quantum
numbers in principle can be used to calculate hadronic
correlation functions, some strongly couple to the ground
state hadron while largely suppress inelastic excited states,
leading to better signal. To obtain such operators for single
hadrons, the smearing technique is employed, in which the
quark field is smeared in a way that the hadron operator B
constructed from it mimics the spatial profile (“shape”) of
the target hadron [2]. (See Refs. [3-7] for advanced
smearing techniques and construction of extended hadronic
operators.) Using these operators, lattice QCD has deter-
mined single hadron spectra that agree remarkably with
experiments [8—11].

Published by the American Physical Society
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In two-hadron systems, which are crucially important for
understanding hadron interactions, finite nuclei and nuclear
matter, the presence of elastic scattering states poses
significant challenges to lattice QCD calculations. This

is because the energy gap between neighboring elastic
4’
mBLZ’

shrinking with larger lattice sizes L and heavier hadron
mass mpg. Such dense states make state identification

particularly difficult, as contributions from nearby states
—AE®t

scattering states is approximately given by AE® ~

decrease slowly as e and only become negligible at
sufficiently large Euclidean time ¢ > 1/AE®. Usually, by
this time, the signal-to-noise ratio has deteriorated signifi-
cantly due to growing statistical fluctuations, in particular
for nucleon systems [12,13]. This difficulty indeed led to
serious problems on two-nucleon systems in practice:
bound NN states (in both isospin channels) were claimed
by early lattice calculations [14-20] at heavy pion masses,
where two-nucleon correlation functions constructed using
compact operators (two nucleon operators are placed in the
same/close spatial positions) were used to extract finite
volume energies at Euclidean time region f~ 1-2 fm,
which is too short to sufficiently suppress contributions
from nearby states and thus, leads to a high chance of
misidentification of states, as pointed out in Refs. [21-23].
Subsequent calculations [24—27] using operators from the
variational method found large modification of finite
volume energies compared to those obtained from compact
operators, leading to the absence of NN bound states at
heavy pion masses claimed before. The variational method
[28,29] improves the coupling of two-hadron operators to
specific states by linearly combining a set of operators with
low-momentum mode such as {B(p)B(-p)} with
2L—”f7 =(0,0,0),(0,0,£1), - - -, making state identification
possible at relatively short Euclidean time.

In analogy with operator optimization in single-hadron
case, one may also consider optimizing two-hadron
operators by making them more accurately represent
the “shape” of specific states. Intuitively, two-hadron
states exhibit distinct spatial profiles in coordinate space.
In quantum mechanics, the stationary scattering wave
functions of two particles in the center-of-mass (c.m.)
frame with different energies are indeed orthogonal to
each other. Early efforts in this direction include two-
hadron operators with fixed displacement [20,30,31] and
with exponential dependence [26]. In this paper, we make
a serious attempt to optimize two-hadron operators by
incorporating interhadron spatial information. This is
achieved by addressing two fundamental questions:
how to systematically construct such information, and
how to effectively incorporate it. Since conventional quark
smearing fails to encode the relative spatial structure
between composite hadrons, incorporating this informa-
tion typically requires the use of computationally expen-
sive all-to-all propagators.

This paper is organized as follows. In Sec. II, we explain
how to optimize the two-hadron operators by incorporating
interhadron spatial wave functions. Section III discusses the
construction of these spatial wave functions. To implement
these optimized operators at the source, we propose a novel
quark smearing method in Sec. IV. After showing details
of our calculation setup in Sec. V, we demonstrate our
method through a proof-of-principle application in Sec. VI.
Section VII is devoted to the summary and discussions.
Details relevant to the content of the main text are given in
Appendixes A-D. A companion Letter summarizing these
results has been published alongside this work [32].

II. OPTIMIZED TWO-HADRON OPERATORS

To study two-hadron systems on the lattice, typically,
one can measure a correlation function of generating two
hadrons at ¢, and annihilating them at 1, i.e.,

-

F(?snk’tv rsrc’to)’
1 - o s A= = =
= W Z <B(x + Tsnk» Z‘)B(X, t)B(y + Tsres tO)B(y’ t0)>‘
IyeA

(1)

Here, we consider a system of two identical baryons for
simplicity, and generalization to distinct hadron pair cases
is straightforward. The summation for spatial indices X
(sink) and ¥ (source) over all lattice sites A with volume V
places the system into the c.m. frame. Transferring to the
moving frame with total momentum Pis given by multi-

plying with appropriate factors e’’¥ and e~""* at the source
and the sink, respectively.

In practice, it is useful to consider the R correlation
function defined below, which isolates the effects of the
interhadron interactions by subtracting the two-hadron
threshold energy. It also exhibits clear signals compared
to those from F in Eq. (1) and can be decomposed as
contributions from elastic scattering states as well as
possible bound state(s) when the time separation between
sink and source is large ¢ — 1y > ﬁ with AE* being the

energy gap to the nearest inelastic states.

f<7snk» L 7srcv Z‘0 = O)
Cp(1) - Cy(t)

N
= v R Wi (Fae) e 4 O(e™E),
n=0

(2)

R(?snlv N 7/')src) =

where the two point function Cg(¢) for the baryon B with
mass my is defined as
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Co(1) = 55 3 (BENBG1y = 0)),
IyeA
= Zye 4 O(e), o)

with the wave function normalization factor /Zz =
¥ > 2eA(0[B(X,0)|B,p = 0), and mp- being the mass of
the possible 1st excited state of the baryon B.

The equal-time Nambu-Bethe-Salpeter (NBS) amplitude
w,(7) is defined as

1

wa(r) = 7,V (01B(x +

XeA

7,0)B(X,0)]2B.E,), (4)

where |2B, E,,) is the two-baryon state below the inelastic
threshold E, < E* with E* lying approximately 2m, ~
280 MeV higher. The NBS amplitude represents nothing
but the amplitude to find one baryon at X and another at X + 7,
acting as quantum field theory analogy of the stationary
scattering wave function in quantum mechanics [33].

A key difference between two-hadron systems in Eq. (2)
and single hadron systems in Eq. (3) is the presence of
elastic scattering states (labeled by n) in the former. These
states complicate spectral identification, as the energy gaps

scale as AE®! ~ 47 S

heavier mass mp. To address this challenge, we exploit y,,
as a function of 7, /7y to enhance contributions from
states of interests while suppressing others. This leads us to
introducing a set of dual functions {¥,(7)} for each state,
satisfying,

shrinking with larger lattice sizes L or

re/\

= Sum- (5)

A set of highly optimized two-hadron operators {O,, (1)}
can be defined accordingly as follows:

> BFE+FOBENY(F).  (6)

XFEA

1
On(t) = W

which strongly couples to the state |2B, E,,). This results in
the correlation functions R,(Fgy,?) dominated by the
W, (Fau)e 2Er" term when such an operator is employed
at the source,

Ro(Faier 1) = = S (B + Fan DB(E. 1)0,,(0))/ C3 (1),
1%

XeA

=1 Z R rsnlwt rsrc’ ) (7src)

Vm eA
= Wn(rsnk)e_AE"[a (7)

and the correlation function R, () dominated by the e=2Fn!

term when the operator is employed at both the source and

the sink,

R, (1) =< 2(1)0,(0))/Cy(1).
:_ Z an rsnk R (?snk’t)

rsnk eA

— e—AEnt’ (8)

where the contribution from inelastic states is neglected.
The effective energy of nth state can be derived from R,,(¢),

R, (1) ]

AES () = In|—"—|.
0 =g

©)

The dual function ¥, (7) can be obtained by using the
kernel IC of the NBS amplitudes as follows:

N

W (7) =D wn(P Ko, (10)
m=0

,Cmn = <l//m|l//n>’ (11)

which satisfies the orthogonal relation (¥, |y,,) = &,,,,- The
exact determination of ¥, requires a complete knowledge
of all NBS amplitudes {y,(7)} below the inelastic thresh-
old, which are difficult to be obtained in general. In
practice, being lack of accurate ¥, (7), conventional oper-
ators can only provide approximate reconstructions of the
genuine wave function:

(i) W,(7) ~ (7). This setup was widely used in early
studies [14-20], in which a local smearing function
was first tuned according to single baryon, and then
applied to two-baryon systems. Intuitively, the delta-
like function places two baryon directly on top of
each other, which generally does not match with
profiles of the low-energy states. The observation
that the two-baryon operator constructed with §(7)
receives nearly equal contributions from all elastic
states in the weak interaction limit suggests sub-
stantial contaminations from high-energy elastic
states, which make isolating low-energy states par-
ticularly challenging [21-23].

(ii) W, (7) ~ 1. This setup, which assigns equal weight to
all spatial separations 7 between two baryons, is
expected to be a reasonable approximation to the
two-baryon system with zero relative momentum
B(p = 0)B(p = 0). The wall source operator shares
a similar equal-weighting characteristic in the sense
that all spatial positions are weighted equally,
although wall source is too extended to have well
defined local baryons.

(iii) ¥,(7) approximated by a few leading terms in its
Fourier series. The optimized operator in Eq. (6) can
be defined in momentum space as well,
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0.0 = 32 3 B.0BG.Y

XreANpgel
X TP AT (F)
1 L~ i B3
:WZB(p’t)B(_p’t)Zan(r)e’p”
peA rev
1 N
=3 > B(p.1)B(=p.1)P;(—p). (12)
peA

where W(p) and B(p) are Fourier transformation
of w(7) and B(7), respectively. An approximation
is given by a truncation of the summation over p
into a few low-momentum modes ZL—” p=(0,0,0),
(0,0,£1),---. This approach has been commonly
adopted in the variational framework [28,29], in
which a set of two-hadron operators, typically
constructed from those with low-momentum modes
{B(p)B(—=p)}, is linearly combined through diag-
onalization of the hadronic correlation function
matrix to optimize operators.

III. DUAL FUNCTIONS FROM THE HAL
QCD METHOD

As discussed in the above section, a crucial component
of constructing optimized two-hadron operators is the dual
functions {¥,(7)}. In this section, we develop a systematic
way to constructing {'¥,(7)} through iterative application
of the HAL QCD method.

A. HAL QCD method

The HAL QCD method [33-37] exploits the fact that the
NBS amplitude in Eq. (4) encodes the information of the
scattering matrix, or equivalently, the partial wave scatter-
ing phaseshift §, once projected to specific channels,

roo €01(P1) In
Wn,l(r)_) p Sin pnr_7+5l<pn) > (13)

n

with p, = \/E%/4 —m3. This allows for introducing a
local energy-dependent potential, or a nonlocal but energy-
independent potential as follows [33]:

<v_2+p_z>%(7) _ / FroUF Fwa(Ry).  (14)

mp Mg

The potential U(7,7,) by construction gives the correct
scattering phase shift §; at the momentum p,,.

The energy-independent nature of U(X,y) suggests
that it governs all elastic scattering states, and conse-
quently, state identification is not required anymore. This
nice property leads to the time-dependent HAL QCD
equation [34],

1 0 o V2
( ; —) Ry(F.1) = / P roU(F. Fy)Ry (7o 1),

4m3¥_5 mp
(15)

where R, (7, 1) is the R correlation function calculated with
a given (unoptimized) source operator J(0) (such as the
wall source operator, the conventional smearing source
operator, etc.),

1 -
R;(7,1) = v Z(B()_c' + 7, 1)B(X,1)J(0))/C%(t), (16)
XeA
and receives contributions from multiple elastic scattering
states.

To study low-energy scattering properties, the derivative
expansion to the nonlocal potential U(7, 7)) is employed in
practice.1 In the spin-singlet case, the leading order (LO)
expansion is given by,

U(F—7y) = VIO(F)8(F - 7y), (17)
with a local potential,

- - 1 # o V? .
VLO(V):R;l(r,t><mﬁ—a+m—B>RJ(r,t). (18)
Here, VLO(7) should be understood as VLO(7) with the
subscript J stressing the source-operator dependence of the
potential. We note that this potential provides an approxi-
mated description to all states contained in R;(7,7). The
accuracy of the description for a particular state improves
with that state’s relative contribution to R;(7,t). In par-
ticular, if R;(7,¢) is dominated by a single state, the
potential becomes exact to that state.

The effect from the high-order terms in the expansion
can be estimated by the variation of V'O(F) extract at
different ¢, as the relative contribution of v ,,(7) to R, (7, 1)
evolve with Euclidean time f. Alternatively, one can
estimate the effect by extract higher order terms explicitly
as follows [38]:

U(F=7y) = [V + VNIOFVS(F - 7)., (19)
where each potential is given by,

Vi°() - ViE(

1% N2L0(7) _ VLO(;:) + .
0 J D, —1

(20)

"The derivative expansion also fixes a scheme of the nonlocal
potential U(7, 7), since it is not uniquely determined in Eq. (15),
as shown in Ref. [36]. Theoretically, potentials from different
schemes result in exact same physical observables below the
inelastic threshold E*.
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VIO - V()

2 -
VzN LO(’”) D,

(21)

Here, VYO(7) and VLO(F) are the leading order potentials
calculated from R, (7, t) with the source operator J(0) and
R, (7, 1) with the source operator J'(0), respectively. D,
and D, are defined as follows:

RJ(I", t)szJ/(?, t
— 22
"Ry (ROVER, (R 1) (22)

2 = 2 I
D2:VRJ(r,t)_V Rj(r,t)‘ 23)

RJ(;:, t) RJ/(?, t)

B. Eigen equations on a finite box

Once the potential is obtained by using the time-dependent
HAL QCD method, one can calculate eigenfunctions and
eigenvalues on a finite box with the obtained potential. As
proposed in our previous studies in Refs. [23,39], we shall
utilize these eigenfunctions to extract information about the
underlying NBS amplitudes {y,(7)}.

Specifically, let us consider the following Schrodinger
equation defined on a three-dimensional finite box with the
periodic boundary condition (PBC) as an eigenvalue
problem,

{_V_z i V(O)(;;)] wO(F) = kn (7). (24)

mp mp

2, . S
where r’;—; is the eigenvalue, which is related to the energy as

en:2<\/m%+k%—m3>, (25)
(0)

and v, (7) is the eigenfunction. Here, V() (7) may be
chosen as the LO potential V'O (7) in Eq. (18) calculated
from the hadronic function R,(7,t). These eigenfunctions
provide good approximation to underlying NBS amplitudes
{y,(F)} and can be used to define optimized two-hadron
operators in Eq. (6). More specifically, the optimized two-
hadron operators can be obtained through an iterative
process as follows.

(i) Calculate the hadronic correlation function R;(7, 1)
using a given source operator J(0) such as a wall
source operator. This initial result is denoted as
RO(7,1).

(i) Solve the eigenfunctions in Eq. (24) with the
potential V(©)(7) derived from R(®) (7, ¢). The result-
ing eigenfunctions {1//,(10> (7)} serve as good approxi-
mation to {y,(7)} and can be used in Eq. (10) to

define dual functions {‘Pff)(?)}.

(iii) Using dual functions {‘I‘,(lo)(?)}, construct the opti-
mized two-hadron operators as in Eq. (6), and
compute the corresponding hadronic correlation
functions {RE,D(?, 1)}.

(iv) Verify whether obtained {RSZI)(?', 1)} are dominated
by their respect states, as indicated by a stable spatial

profile of {R,(f)(?, 1)} against Euclidean time 7.
If not, define a new set of local potentials {Vﬁl) (r)}
from {RE,I)(?’, 1)} using Eq. (17), and return to step

(i) to calculate {yjﬁ,l) (7)}, which should be better
approximation to the NBS amplitudes {y,(7)} than
{1//5,0) (7) }, and subsequently, to steps (ii), (iii), and (iv).
This process can be repeated iteratively until con-
vergence is achieved.
Once the convergence is achieved, the resulting optimized
two-hadron operators O,,(¢) can be used to compute corre-
lation functions in Egs. (7) and (8), and to derive the effective
energies in Eq. (9), which should exhibit stable plateaux
against ¢. In particular, these energies should also agree with
the energies €, in Eq. (25) derived from the potentials.

IV. IMPLEMENTATION

The optimized operators in Eq. (6) can be used as both
source and sink operators. In this section, we discuss how
to calculate hadronic correlation functions using the opti-
mized operators.

A. Novel quark smearing for the source operator

A key challenge to implement the optimized operators
comes from the fact that they contain a spatial wave
function factor ¥} (7) between two local baryon operators
separated by a distance 7. In typical lattice QCD calcu-
lations, the spatial index of quark propagators is implicitly
contracted with source smearing functions, while the
spatial index at the sink remains explicitly open. As a
result, application of optimized operators is straightforward
at the sink but challenging at the source. A naive way to
implement the optimized operators at the source requires
computationally expensive all-to-all propagators [40].

On the other hand, the summation of 7y, in Eq. (6)
implies that explicit spatial disentanglement at the source
may not be necessary, if we can design suitable smearing
functions at the source such that the summation over 7y, is
automatically handled through spatial index contraction
when computing the quark propagators. To this end, we
introduce the following two smearing functions to be used
for each hadron, respectively:

G(7) = f(7), (26)
o 3 2GR GG, 2)

sub 7y € Agp

Fy(F) =

014506-5
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FIG. 1. Setup for the novel quark smearing in Eq. (27). Each of
the multiple supports distributed on a sparse lattice grid (red
points) contains a local smearing function f(7) (blue) fine-tuned
according to single hadron together with an independent Z; noise
vector (arrows). Different supports are weighted differently
according to the cubic root of interhadron spatial wave functions

¥/ (7) in Fig. 8.

where f(7) is a local smearing function (such as the
exponential form, the Gaussian form, etc.) fine-tuned for
single baryon. This construction gives G(7) a single
support at the origin, while F,(7) has multiple supports
distributed on a sublattice Ag,, with volume V,; see
Fig. 1. (A reason for a use of the sublattice will be explained
later.) Each support of F, (7) is weighted by the cubic root
of the wave function W) 3(%,) and is multiplied by an
independent Z; noise vector [41], which takes values from
the following set:

Z3 c {1, ei2/3”, ei4/3n}’ (28)
and satisfies

(Z5(70)Z5(71)Z3(F2) )z, = 6(Fo — 71)8(Fg — 72),  (29)

with (- - - )2, representing the average for the noise vector.
This property of Z; noise vector ensures that when
combining three propagators calculated with F,(7), only
terms from identical supports survive while cross terms
between different supports vanish statistically. Therefore,
the optimized source operator O, is achieved by combining
three quark operators smeared with G(7) and another three
smeared with F,,(7),

where the smeared quark operators are defined as
dc = > _ren 4(7)G(7), similar for gr , and are assumed
to be suitably combined in color and spinor spaces to form
two baryon operators. The sublattice Ay, may be defined
through sparsening the original lattice grid A of size L, e.g.,

Ay = {IF7F€Z3,0 < ey <L/}, (31)

where an integer / must be a divisor of L. As discussed in
Refs. [42,43], the summation over the full lattice A can be
well approximated by a summation over a sublattice Ay,
due to the strong correlation among the nearby lattice
points.

The above proposal provides an efficient way of imple-
menting optimized two-hadron operators at the source.
Here, we list some comments for the purpose of practi-
cal use:

(i) The difference between a summation over sub lattice
Agup and that over full lattice A in Eq. (30) comes
from contaminations of high momentum modes,
which can be seen clearly from the following
identity:

3 ...:‘llzzei%a.., (32)

1
Viub FE A merrfeA

with I' = {m e Z*|0 < m,,, < [}, where contribu-
tions from m # O still remain. Therefore, one should

make sure that the Euclidean time ¢ is sufficiently

. . 2
large (in particular > 'thé) to suppress these

contamination. Alternatively, one may consider
constructing sublattice Ay, by randomly selecting
sites in A.

(i) Combining three propagators calculated with the
smearing function F,(7) in Eq. (27) results in Vg,
terms (those with identical supports) acting as signal
and remaining Vgub — Vi terms (those with differ-
ent supports) acting as noise. The latter together with
fluctuations of the lattice gauge configurations
contribute to the final statistical uncertainties e,

2 2

Oy 0%,
€ = + ) 33
Ng NZsNg ( )

where o7 (7,) is the variance associated with gauge
conﬁguratioﬁs (Z3 noise), and N, (Nz,) is the
number of gauge configurations (Z; noises). In
practice, Ay, should be fine enough to minimize
contaminations from high momentum mode shown
in Eq. (32), while at the same time sparse enough to
reduce the variance a%g. A concrete variance analysis
is given in Appendix‘A.
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(iii) The coordinate 0 in Eq. (30) actually represents the
reference coordinate y in Eq. (1). While the sum-
mation over X at the sink combined with a con-
servation of the total momentum is enough to place
the two-hadron system into the c.m. frame, the
additional summation over y enhances total statis-
tics. To achieve this summation, one can randomly
shift the reference coordinate for each configuration,
and the sublattice is constructed subsequently ac-
cording to the reference coordinate.

B. The calculation of correlation functions

The hadronic correlation functions are calculated with
the “block algorithm” combined with the unified contrac-
tion algorithm (UCA) [44]. The block algorithm constructs
a baryon sink by combining three quark propagators into a
single block, which enables an efficient calculation of
> seaB(X + 7, t)B(X,t) at the sink via the convolution
technique. The UCA performs the evaluation of hadronic
correlation functions by simultaneously handling quark
permutations and color/spin index contractions through a
unified index list, significantly reducing computational
costs. Since the UCA assumes identical quark smearing
for all quarks of the same flavor at the source, which does
not hold in our case due to the distinct smearing functions
in Egs. (26) and (27). To address this, we classify the
quark permutations into two categories: those involving
quark exchanges between the two baryons and those
without. Similar classifications for NA are discussed in
Refs. [45,46]. By constructing appropriate index lists for
each case, we adapt the UCA framework to accommodate
the different smearing functions while maintaining com-
putational efficiency. See Appendix B for more details.

V. LATTICE SETUP

We adopt the HAL-conf-2023 lattice QCD gauge con-
figurations in this study, newly generated by the HAL QCD
Collaboration using the supercomputer Fugaku at RIKEN
[11]. The nonperturbatively improved Wilson action with
stout smearing is employed for (2 4 1) light quarks at the
physical point (m, ~ 137 MeV), together with the Iwasaki
gauge action. The lattice size is L* = 96* with the lattice
spacing a~! ~2338.8 MeV, leading to La ~ 8.1 fm, which
is large enough to accommodate two-hadron systems on the
lattice. The key properties of HAL-conf-2023 are summa-
rized in Table L.

As will become clear in the following section, we take
Q... System in 'S, channel as an typical example
throughout this paper to demonstrate how our method
works. To simulate this system, we employ the relativistic
heavy quark action for the charm quark [47] in order to
remove the cutoff errors associated with the charm quark
mass up to next-to-next-to-leading order. The charm quark
mass is set to be very close to its physical value [48], which

TABLE I.  Properties of the HAL-conf-2023 lattice QCD gauge
configurations. Data taken from Ref. [11].

a [fm] L
0.0844(1) 96

m, [MeV]
137.1(3)

myg [MeV]
501.8(7)

La [fm] m,L
8.10(1) 5.63(1)

results in a spin-averaged 1S charmonium mass M,, =

(m, +3m;;,)/4~3102 MeV (1% large than the physical

value [49]), and the Q.. mass mq = 4847.3(1) MeV.
A local baryon operator is adopted at the sink as,

Qccc (x) = EZman(X)C}/ka (x)Cn,a(x)’ (34)

where [, m, and n stand for color indices, y; being the Dirac
matrix, @ being the spinor index, and C = y,y, being the
charge conjugation matrix. On the other hand, the baryon
operator at the source is constructed by the smeared quark
with the Coulomb gauge fixing. We replace ¢(x) in Eq. (34)
by c(X,1) = Y 5en f(X = Y)c(, t), where we employ two
types of smearing functions f(7), the wall smearing and the
exponential smearing, defined as

) =1, (35)
fEPO(F) = e8I (36)

The wall smearing f¥¥!!(7) is used as the initial input to start
the operator optimization procedure outlined in Sec. II,
while the exponential smearing f*P°(7) is adopted as the
smearing function in Egs. (26) and (27).2 The parameter B
is setto be B = 0.475a~!, fine-tuned in order to achieve the
ground state saturation for the single Q... at early
Euclidean time ¢. See Fig. 2 for the smearing parameter’s
determination. With the fine-tuned smearing parameters,
the mass of Q... is determined with high precision as
shown in Fig. 3.

The projection to spin zero state is performed at both the
sink and the source by

1 . .
[QccQcccly = 5 (QUEQEL — Qul2uel?

+QPQIE—QRPQYY,  (37)

with Qg being the spin 3/2 interpolating operator with its
z component s.. The A] projection of the cubic group

*Strictly speaking, the NBS amplitude v, (7) defined with the
pointlike baryon operator in Eq. (34) is different from that defined
with the baryon operator constructed from smeared quarks.
However, the difference is expected to be non-negligible only
at short range || < +/(r?) with /(r?) being the root-mean-
square radius of single baryon. For Q..., the previous lattice
calculation in Ref. [50] shows \/(r?) ~0.28 fm, implying the
difference is likely very small in practice.
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FIG. 2. Determination of the smearing parameter in Eq. (36).
The effective mass of single Q... obtained with the smearing
parameter B = 0.475[a™'] exhibits early plateau. Results from
the wall source are also shown by black triangles for reference.
The black dashed line represents the mq = 4847.3 MeV
obtained from Fig. 3.

SO(3,7) is also employed as

73/%*1{(7,;):i Z R(E[7]. 1). (38)
48

E€S0(3.2)

The Misner’s method for the approximate partial wave
decomposition on a cubic grid is used for the S-wave
potential [51,52]. As for the choice of the sublattice Ay, in
Eq. (31), we choose [ = 8[a| to implement the optimized
two-baryon operators at the source. We confirm that this
choice results in a relatively small variance 0%3 in Eq. (33)

associated with Z; noises. For details, see Appendix A.

4860
[ ]
<4850
[0}
Z
S
5 .
£4840 4847.3(1) |1
. 4847.3(2)
PS
. ss
4830 . ' '
0 10 30 40

20
t[al
FIG. 3. The effective mass of Q..., where the “PS” represents
results from point sink and smeared source, while the “SS”
represents those from smeared sink and smeared source. The
exponential-type smearing function in Eq. (36) is used with the
smearing parameter determined in Fig. 2. Although both provide
consistent results, the “PS” provides better signals than the “SS.”

The red (blue) band is from the single-state fit to the “PS” (‘SS”)
correlator.

TABLE II.  Summary of the statistics, where N, and N, are
number of configuration and numbers of time slices, respectively,
while N, is the bin size for jackknife analysis, and should be
understood as N, configurations. The “compact” source operator
represents the local smeared hexa-quark operator, and O, or O
are optimized two-baryon operators in Eq. (6) for the ground state
or the first excited state, respectively. The plane wave operators
with relative momentum |p| = 0 and || = 2 are denoted as O,

and O, respectively.

Source operator N, N, N,
Wall 120 32 20
Compact 320 80 40
Optimized (0,) 960 80 160
Optimized (0,) 320 80 40
Momentum (O,) 320 80 80
Momentum (O) 320 80 80

We use N, = 120-960 configurations. To reduce the
statistical fluctuation, the forward and backward pro-
pagations are averaged for each configuration, the hyper-
cubic symmetry on the lattice (four rotations) is employed,
and N, = 32-80 measurements are performed by shif-
ting the temporal coordinate of the source position. The
total number of measurements is Ny, X N; X 2 X 4 =
30720-614400. The quark propagators are calculated by
the Bridge++ code [53] with the PBC for all directions. The
statistical errors are evaluated by the jackknife method, and
the bin-size dependence is confirmed to be small. Details
about the calculation are summarized in Table II.

VI. RESULTS

To demonstrate the efficiency of the optimized operators,
we take Q...Q.. system in 'S, channel as an typical
example for three reasons: (i) the heavy Q... results in
dense spectral of two baryons on a large lattice box,
necessitating highly optimized operators for state identi-
fication; (ii) the previous lattice calculation [54] has shown
that this system supports a (shallow) bound state, allowing
us to test our method on both bound and scattering states;
and (iii) the system exhibits smaller statistical fluctuations
than baryons containing light valence quarks, making
optimized operator effects more visible.

We shall start with two commonly used operators: the
(extended) wall source constructed using the smearing
function in Eq. (35), and the (local) compact source
constructed using the smearing function in Eq. (36). As
discussed in Sec. II, both are not optimized operators in the
sense that spatial information between two hadrons is
approximated by some simple functions. Nevertheless,
these results provide us with initial input for the optimi-
zation of two-baryon operators. The results from optimized
operators will be presented subsequently, followed by a
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FIG. 4. The correlation function R(7, t) calculated with the wall source (left) and the compact source (right) at multiple Euclidean time

t. Results are shown with the normalization -, R*(7, 1) = 1.

comparison with the conventional variational analysis
using plane wave operators.

A. The wall operator and the compact operator

1. Hadronic correlation functions

We first examine the spatial profile of the hadronic
correlation functions R(7, 1) defined in Eq. (16). Shown in
Fig. 4 are R(7, t) with the normalization Y ;  R*(7,1) = 1
at Euclidean time ¢/a = 15, 20, 25, and 30 calculated using
the wall source and the compact source, respectively. The
spatial profiles exhibit distinct behaviors, and show sig-
nificant ¢ dependence over a long Euclidean time range of
t/a = 15-30, which indicates that ground state saturation
is not achieved within these time slices in either of the
cases. If the ground state saturation were achieved, the
spatial profile of R(7, r) would be given by the ground state
NBS amplitude w((7) in Eq. (4), so that it should be
independent of source operators used in the calculation and
stable against .

The time evolution of R(7, 1) in Fig. 4 reveals intriguing
behaviors. For the extended wall source, R(7,t) gradually
becomes narrower, evolving from an approximately flat/
constant profile into a more localized distribution. In
contrast, R(7,t) from the compact source exhibits the
opposite trend: the spatial profile broadens over time,
evolving from a deltalike configuration into a more
extended one. (A similar trend was observed in the EE
potential [38].) This observation is in line with intuitive
expectations, as the extended wall source and the compact
source represent two limiting cases, while the true profile of
the ground state NBS amplitude y(7) lies somewhere in
between.

The elastic state contamination also manifests itself in
the effective energies extracted from temporal correlation
functions. As first pointed out in Ref. [21], achieving
ground-state saturation becomes particularly difficult when
nearby states are present. Unoptimized operators, which

80 T T
8 ; ¥ wall src.
6ok i i $ compact src. ]
— $
3 ts
= 407 H t] ] 1
= bt
%o 20 |
W
<
0
-20 : . . .
15 20 25 30
t[al
FIG. 5. The effective energies extracted from temporal corre-

lation functions in Eqgs. (39) and (40) calculated using the wall
source (purple) and the compact source (blue), respectively. The
red band represents the genuine ground state energy determined
in Fig. 12.

fail to suppress contaminations from these states in general,
may lead to a misidentification of states, likely observing a
misleading “fake plateau” in the corresponding effective
energies.

In Fig. 5, we show the effective energies extracted from
respective temporal correlation functions R(?),

Rwall(t) = ZRwall(?’ t)’ (39)
FEA
Rcompact<t) = Z Rcompact(?’ [)' (40)
|

Fl<rg

To make sink operators resemble the source operators, the
summation over A is performed for R,y (7, r) which leads
to an extended sink operator. By contrast, the summation is
restricted to [7| < rp for Regmpae(7.1) with rg = 4[d]
determined by the smearing parameter in Eq. (36) resulting
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FIG. 6. The LO potentials calculated using the wall source (left) and the compact source (right) at Euclidean time ¢/a = 25. “Lap” and
“D,” represent the Laplacian component R~! (7, t) Z—Z R(7.1), and the time-derivative component R~! (-2 — 2)R(F, 1) of the total

potential in Eq. (18).

in a compact sink operator.’ The effective energy extracted
from Eq. (39) displays a plateau near zero, while that from
Eq. (40) shows rapid decreasing before reaching a plateau
at 1/a = 25-30. To explain the difference, we note that the
extended operators in Eq. (39) represent zero-momentum
mode in the free theory limit and therefore, is expected to
be dominated by low-energy states, while the compact
operators in Eq. (40) receives approximately equal con-
tributions from all elastic scattering states at t = 0,4 and
contributions from those high energy states quickly
decrease with Euclidean time ¢. As mentioned above, while
the degree of elastic contamination depends on the source
operators, the ground state saturation is not achieved in
either case. As a result, both effective energies in Fig. 5
deviate from the true ground-state energy (determined from
the optimized operator later).

2. Potentials from the time-dependent HAL QCD method

To overcome the issue of elastic contamination discussed
above, let us perform the time-dependent HAL QCD
analysis in this subsection.

Using the R(7,t) shown in Fig. 4, we extract the LO
potentials using Eq. (18). Shown in Fig. 6 is a comparison of
the LO potential calculated using the wall source and that
using the compact source at Euclidean time ¢t/a = 25. The
total potential is shown together with each of its Laplacian

component R~ (7, ) %R(?, t) (denoted by “Lap”), and its

time-derivative term R~! (ﬁg—; —9)R(7, 1) (denoted by “D,”).

*Here, the effective masses depend on the choice of rp.
Increasing r from the current value to rz = v/3L/2[a], that is
when the summation is taken over all A in Eq. (40), the resulting
plateau gradually shifts from approximately 30 [MeV] to —30
[MeV].

“The compact operator with the 5-like function can be written
as s> 5ex B(P.1)B(=p.1) in the momentum space. See
Eq. (12) for a comparison with the optimized operator.

Amg o ot

We find that the total potentials from both sources are
quantitatively agree with each other except for small deviations
at short range ( < 0.3 fm), unlike the huge difference
observed in effective energies in Fig. 5. However, the con-
tributions from the Laplacian term and the D, term to the total
potential differ significantly in two cases. For the wall source,
the Laplacian term is similar to the total potential in shape while
the D, term contributes a relative small portion, and both terms
vanish at long distance. In the case of the compact source,

150 150
tla=15 i tla=15
100 t/a=20 100 t/a=20
g t/a=25 t/a=25
H H
— 50 { tla=30 = 504 { tla=30
> 1= ’
) )
= oft = of4
= - = L
S . K S |
> _s0 . > _s0 &
. L
100 -\ N wall src.(Total) 100 W compact src.(Total)
- o _
0505 10 15 20 25 30 %0 05 10 15 20 25 30
r[fm] r[fm]
150 - 150
tla=15 tla=15
100 t/a=20 100 t/a=20
tla=25 H tla=25
H H
= 50 t tla=30 — 50 t ta=30
: | 3 i
2 opdeg Z o0 -
T | s |, F
S _ o S :
s0f L 50 L
100 wall src.(Lap) 100 B _.' compact src.(Lap)
- - ¥
05 o5 10 15 20 25 30 %0 05 1o 15 20 25 30
r[fm] r[fm]
150 150
tla=15 tla=15
100 t/a=20 100 t/a=20
i tla=25 i ta=25
= 50 t ta=30 — 50 t tla=30
3 3 [
=z o Z o ;
E - = o,
S _gofi= S 5 h,
100 wall src.(Dy) 100 "% compact src.(D)
0% o5 10 15 20 25 30 %0 05 0 15 20 25 3.0
r[fm] r[fm]

FIG. 7. The time dependence of the total potential (top), of
its Laplacian component (middle), and of its D, component
(bottom) calculated with the wall source (left) and the compact
source (right).
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FIG. 8. The dual functions Wy ; () for the ground state (left) and the first excited state (right) constructed using the LO potential VIO of

the wall source, with the normalization condition in Eq. (43).

however, the Laplacian term strongly increases with |7| while
the D, term decreases sharply. The cancellation between these
two terms results in a total potential that is quite similar to the
one obtained from the wall source.

To further disentangle how elastic states appear in
potentials extracted from the time-dependent HAL QCD
method, we show in Fig. 7 a comparison of potentials (the
total potential, the Laplacian term, and the D, term) from
each source at multiple Euclidean time ¢. We observe that
the total potentials calculated using the wall source are
almost unchanged with respect to ¢, while those obtained
with the compact source exhibit sizable 7-dependence at
t = 15 and 20 before stabilizing. By contrast, the Laplacian
term and D; term for each source show significant ¢
dependence, particularly pronounced in the case of the
compact source.

The above observations lead to
conclusions.

(i) The nearly identical potentials from two sources and
their weak ¢ dependence suggest that different combi-
nations of elastic scattering states are governed by the
same underlying (nonlocal) potential, which is well
approximated by the LO potential extracted from the
time-dependent HAL QCD method.

(i1) The time-dependent HAL QCD method’s ability of
utilizing both temporal and spatial information of
elastic scattering states is crucial to extract correct
information without disentangling each elastic state.
In fact, the stability of the total potentials arises from
the cancellation of the #-dependent contributions
between the Laplacian term and the D, term.

(iii) The wall source results are dominated by low energy
states, whereas the compact source results receive
large contributions from higher energy states, as
evidenced by the larger D, term observed for the
compact source. This implies the potential calcu-
lated using the wall source provides better descrip-
tion to interactions at low energy, and the difference
between potentials from two sources are relevant to
higher energy scatterings.

the following

1.0

i |
o
= o

0.8 ¢
0.6
0.4+t

o2 :\
0.0

v, [fm43/2]

-0.2

2
r[fm]

FIG. 9. The radial projection of the dual functions W (7) in
Fig. 8.

3. Eigenfunctions on a finite box

Using the LO potential VO calculated with the wall
source, we solve the eigen equation in Eq. (24) on the a
three-dimensional discrete finite box under PBC with a and
L being same as our lattice setup.

The obtained eigen energies defined in Eq. (25) for the
ground state and the first excited state are given by

gy = —4.6(4) MeV, (41)
e = 0.6(1) MeV. (42)

The obtained eigen functions provide good approximation to
underling NBS amplitudes5 and can be used to construct dual
functions in Eq. (10). Shown in Fig. 8 are resulting ¥, (7) and
¥, (7) in the A| representation with a normalization,

Y ¥ (AP =1. (43)

FEA

These eigenfunctions are orthogonal to each other, as they are
eigenmodes with different eigenvalues of a Hermitian operator.
Using them as initial approximation of the underlying NBS

amplitudes results in the dual functions ‘Pfqo)(?) = 1/1510)(?).
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FIG. 10. The R(7,t) correlation function calculated with the optimized two-baryon sources for the ground state (left) and the first
excited state (right) at multiple Euclidean time . Results are shown with the normalization > ;. s R%(7, 1) = 1.

Their radial profiles are shown in Fig. 9. We find W((7) is
very localized, consistent with typical bound state wave
functions, while ¥, (7) is extended and has one node as
expected from the quantization condition given by the PBC.

B. Optimized operators

1. Hadronic correlation functions

Using the dual functions in Fig. 8, we construct
optimized two-baryon operators defined in Eq. (6) and
use them as source operators according to Sec. IVA to
compute hadronic correlation functions given in Eq. (7).

The hadronic correlation function R (7, t) for the ground
state and R, (7, t) for the first excited state are shown in Fig. 10
with the normalization >z, R*(F, 1) = 1 at t/a = 15, 20,
25, and 30. Unlike the case of the wall/compact sources where
clear ¢ dependence is observed in correlation functions in
Fig.4, Ry (7, t) here display very stable spatial profiles over a
long Euclidean time period #/a = 15-30. To further quantify
how stable the spatial profile of R(7, 1) is with respect to 7, we
define a residue factor,

R(F.0)/R(0.1)

LR(F 1) = R(7.1)/R(0, t;)

(44)

V?eA

with #;/a = 30. The residue factor £[R(7, t)] vanishes when
the single state domination in R(7, ) is achieved. Shown in
Fig. 11 are corresponding residue factors for Ry(7,7) and
R, (7, 1), together with those from the wall source and the
compact source for comparison. Small residue factors are
observed for Ry | (7, t), which indicates Ry (7, t) and R, (7, )
are dominated by the ground state and the first excited state,
respectively. These observations lead to a conclusion that the
iterative process for operator optimization proposed in
Sec. III B is converged at this step.

The spatial profiles of R (7, t) and R, (7, 1) closely match
with the dual functions W,(7) and W,(7) in Fig. 9,
respectively. This agreement suggests that the underlying
NBS amplitudes y(7) and y (7) are nearly orthogonal to

2.0
{  wall src.
! compact src.
1.5} % opt. src. (Og) !
¢ opt. src. (07)
=
TC]..O'T T } I ‘ { f
x
k)
05f,
+ . N
+ . R . ,
0.0 ’ L] L] [ ) ] '] L 5. 5 ». : : $ (3
16 20 24 28
t[a]
FIG. 11. The residue factor L[R(7,t)] defined in Eq. (44) for

quantifying stability of the spatial profile of R(7, ) against
Euclidean time ¢. Results calculated using the wall source, the
compact source, and the optimized sources for the ground state
(Op) and the first excited state (O;) are presented together for
comparison.

each other. This observed near orthogonality also explains

the rapid convergence in the iterative optimization process:

the initial eigenfunctions 1//(()(’)1)(?), derived from the wall

source LO potential, preserve their orthogonal relationship
and thus provide a good approximation to the genuine NBS
amplitudes. In general cases where NBS amplitudes are
merely linearly independent (but not orthogonal); however,
more iterations would be required for convergence. Typically
in such cases, the resulting converged dual functions ¥, (7)
display spatial profiles different from the converged corre-
lation functions R, (7, ) (proportional to the NBS ampli-
tude), and {¥, (7)} would not be orthogonal to each other.”

We expect, however, that orthogonality of {¥,(F)} is recov-
ered in the infinite volume limit as long as the interaction is short-
ranged.
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FIG. 12. The effective energies AEST (f) = In [RR(Ht(Ql)} calculated

with optimized two-baryon operators for the ground state (n = 0)
and the first excited state (n = 1), respectively. Results from a
single-state fit to Ry () are shown by the red and green bands.
The energies from solving 3D Schrodinger equation using the
HAL QCD potentials are shown by the gray bands. The inner
bands represent the statistical errors, while the outer bands are
obtained by adding the systematic uncertainties in quadrature.
Exact values are provided in Eqgs. (45) and (48). Noninteracting
spectra are shown by black dashed lines for reference.

Having hadronic correlation functions R, (7, 7) with
least nearby state contamination, we should be able to
identify each state in their spectra. Shown in Fig. 12 are the
effective energies AEST (1), derived from Ry, (7) in Eq. (8)
obtained by further applying the optimized operators at the
sink. Effective energies AEg! (1) are found to exhibit stable
plateau against a long period of 7. A single-state fit to R()
leads to

(t) [MeV]

AEy = —4.6(9)(13) [MeV], (45)
15 r .
i opt. snk. (Op)
1ol f  opt. snk. (01) ||
%‘ wall src.
s 5
)
T e e e e e
Wy
<
_5-'-ll-llllIllIl'-'-I_
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FIG. 13.

AE, =0.6(2)(1)) MeV], (46)
which are consistent with the energies obtained from
solving the 3D Schrodinger equation using the HAL
QCD potentials (to be shown in the next subsubsection),

AEPAL = —4.4(7)(13) MeV], (47)

AEMAL = 0.6(1)(1)) MeV]. (48)
In both determinations for AE,, the central value and
statistical error are obtained by a fit for #/a € [15, 32|, while
the systematic uncertainties are estimated by comparing
results from different fit windows ¢/a€[20,32] and
t/a€[15,25]. These results demonstrate our optimized
operators clearly disentangle the ground state and the first
excited state, both lying around 2mg_  ~ 9700 MeV with
the energy gap as narrow as ~5 MeV. Contrary to the naive
expectation, AEST(¢) in Fig. 12 shows large statistical
errors than AEST (7). Our interpretation is as follows. The
ground state wave function is more localized than the first
excited one. Hence, the number of space points contrib-
uting to the signal in Eq. (30) is effectively less for the
ground state than for the first excited state.

To further explore the ability of optimized operators
Oy, we apply them as sink operators in the cases of the
wall source and the compact source, namely, we compute
the following temporal correlation functions:

R{.1(1) = (00.1(1)J(0)),

1 - >
S AGLAGHE

FEA

(49)

where J being the wall/compact sources, and R;(F,1)
are the hadronic correlation functions shown in Fig. 4.

80 r .
¥ ; t  opt. snk. (Ogp)
6ol ¥ . {  opt. snk. (07) |
ii
a0t compact src. by i } { { } } } }
e 20fs
g .':i’i
REESEENEERTRE RN
0 G
=20 15 20 25 30
t[a]

The effective energies for the ground state (red symbols) and the first excited state (green symbols) derived by the temporal

correlation functions with the optimized sinks operators and the wall (left)/compact (right) sources defined in Eq. (49). The red and green
bands are the genuine AE, and AE; obtained from the plateaux in Fig. 12, respectively. Results in Fig. 5 are also shown by gray symbols

for comparison.
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FIG. 14. The LO potentials calculated using the optimized sources O, for the ground state (left) and O, for the first excited state (right)
at Euclidean time #/a = 25. “Lap” and “D,” represent the Laplacian component R~ (7, ) Z—Z R(7, 1), and the time-derivative component

R! (ﬁ% —9)R(7,t) of the total potential in Eq. (18).

Using them, we can derive the effective energies for the
ground state and the first excited state, which are shown in
Fig. 13. We find that obtained effective energies match well
with the genuine AE,, though those from the compact
source contain large uncertainties.

2. Potentials from the time-dependent HAL QCD method

Let us now perform the time-dependent HAL QCD
analysis using the Ry (7, f) in Fig. 10. In Fig. 14, we show
the LO potentials extracted at Euclidean time t/a = 25 by
using Eq. (18). The total potentials in both cases are
dominated by the Laplacian terms, with small contributions
from the D, terms, which show weak r dependence and
become nearly constant at long range. As shown in Fig. 15,
the time dependence of the total potentials, of the Laplacian
terms, and of the D, terms all are weak. These observations
are natural consequences of the dominance of a single state
in Ry(7,t) or R (7, 1), namely the ground state or the first
excited state, respectively.

We have made a further test using the Laplacian terms.
Figure 16 compares long range behaviors of the Laplacian

2
terms (multiplied by —1) with %‘ where p; are the finite
volume momentum for the ground state and the first excited
state extracted from the plateaux of the effective energies in

Fig. 12. In the asymptotic region, the NBS amplitudes
satisfy the Helmholtz equation,

V2 2 .
(— + P ) wa(F) =0,
mp  Mmp

if the volume is large enough. The consistency between the

2
Po.1
i

(50)

in

long-range plateaux of the Laplacian terms and n—B
Fig. 16 means that (i) the volume is large enough to have
the asymptotic region; and (ii) R (7, 7) is dominated by a

single state, whose finite volume momentum is py ;.

In lattice calculations of two-body systems, it is gen-
erally difficult to evaluate the finite-volume effects on the
obtained spectrum. A qualitative assessment can be made
by checking whether the dimensionless parameter m L is
sufficiently large, or by examining physical observables
extracted from spectra at multiple volumes to verify their
expected behavior. These are all indirect and empirical
assessments. We emphasize that the above test provides
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FIG. 15. The time dependence of the total potential (top), of its

Laplacian component (middle), and of its D, component (bottom)
calculated with the optimized sources O, for the ground state
(left) and O, for the first excited state (right).
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FIG. 16. Numerical confirmation of Eq. (50). The red and green

~V2Ry, (F.1)

mgRy 1 (F.1)

and O, at Euclidean time t/a = 25, respectively. The red and
P

green bands are —** with p(; being the finite volume momenta
mg s

symbols are calculated using the optimized sources O,

from the effective energies.

direct evidence that the finite volume effect on the spectrum
is well under control.

C. Comparison with variational analysis using plane
wave operators

The exceptionally large overlap of the optimized oper-
ators with targeted states lies in the nontrivial spatial wave
functions incorporated in their constructions. To demon-
strate this point more explicitly, here we performed a
variational analysis using plane wave operators as a
comparison.

Within the current framework, the plane wave operator is
just a special case in Eq. (6), where the realistic wave
function is replaced by a plane wave ¢5(7),

O(p.1) = B(p.1)B(—p.1)

- % > BE+FOBE 0¢5(F),  (51)

X reAN

=2
Hob(7) :Z—quﬁ(?), (52)

where B(p) is the Fourier transform of B(7), the free
Hamiltonian is defined as Hy, = —V?/my, and the (dis-
cretized) relative momentum p is given by the PBC,
P =27 with 7i€ Z3. Operator O(p, 1) in different irreps
(irreducible representations) can be constructed by projec-
ting ¢;(7) appropriately. Shown in Fig. 17 are the first two
free wave functions ¢ ; (r) projected to the A| irrep, which
are obtained by solving Eq. (52) on a 3D box with the same

0.4

s 3]
o
= o

0.3f !
0.2t

0.1

¢n [FMm—372]

0.0

_0.1 L

-0.2 L . ; :
0 2 4 6
r[fm]

FIG. 17. The free wave functions ¢ ; (r) in the A| irrep derived
from the Eq. (52).

geometry as our lattice and PBC. For later convenience, we
denote operators constructed using ¢ ;(r) as Og (2).

1. Symmetric source and sink operators

According to the newly proposed calculating strategy
using Z5 noise and sparse field summation in Egs. (26) and
(27), we implemented the plane wave operators Oy, (1) at
source, and obtained the following correlation functions:

1

Fou(0) = 3 S (BE +7.0BE003, (0). (53
Ry (7.1) = Loal D) (54)

 Cy(t) - Cp(r)

In contrast to the asymmetric choice in the previous
calculations (pointlike B at the sink, smeared B at the
source), smeared B operators are adopted at both the
source and sink. This symmetric setup ensures a
Hermitian correlation matrix for the subsequent analysis.
In Fig. 18, we show the spatial profile of R(7, ¢) over a long
range of Euclidean time, which is normalized with the
condition > ;. A R*(F,t) = 1 [Note, R(7, ) and F(7, 1) are
same under this normalization condition]. Both correlation
functions have not yet achieved single-state dominance, as
evidenced by their clear time-dependence. We also note
that the correlation function from the zero-momentum
source in Fig. 18 (left) resembles the one from the wall
source in Fig. 4 (left).

To proceed with the variational analysis, let us define the
following 2 x 2 Hermitian matrix of temporal correlation
function using F (7, ¢) in Eq. (53),

Con(1) = (0, (00,0) = 3 S (PFA(F ). (59)

where m,n € [0, 1], and then solve the following general-
ized eigenvalue problem (GEVP),
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The correlation function R(7, t) in the A] irrep calculated using the plane wave operators at source with relative momentum

p = 0 (left) and p = 1 (right) in the unit of 2z/L. The smeared B operator are adopted at both the source and sink. Results are shown

with the normalization Y ;. R2(7,1) = 1.

C(TD)vn = lnC(TO)vn' (56)
The obtained eigenvectors form a rotation matrix with each
column being a eigenvector, V = [vg, v,], which can be
used to diagonalize the C(r) matrix as

C(t) =Vvic@)v. (57)
We chose 75/a =12 and 7p/a =20 to construct the
rotation matrix V, and confirmed that the results shown
below have very little dependence on the choice of 7, and
7p. The effective energy E°(¢) and its difference with
respect to the two-baryon threshold AEST(f) can be
obtained using the diagonal element C,, () as

AE™ (1) =In [R—(t)] :

Rt + 1) 59)

where R,,, (1) is defined as R,,,(f) = #&)m As shown in

Fig. 19 (left), the extracted effective energy E§ exhibits a
monotonic decrease. In the initial phase (t/a < 10), it falls
rapidly toward the noninteracting energy level (dashed
lines). This time range is consistent with the saturation of
the single-baryon ground state shown in Fig. 3, which
indicates that inelastic states contamination in C(f) has
been significantly suppressed over this time region, leaving
elastic states to dominate thereafter. After this initial drop,
the decrease slows significantly, with no visible change
over an extended time range. Figure 19 (right) further

ES(r) = In [ _ Con(?) ] ’ (58) reveals a clear discrepancy between AE{{‘; and the genuine
Con(t+1) energy levels (shown by bands) for t/a < 25. At larger time
9760 T T 30 T
¥ n=0 + n=0
o7a0f 1} bon=1] ol b n=1
S 3
g 9720 gg F - E 10} { l_
.y — LIPS R P ] i
E ; i 33 z -.":3 ) : ek Ti-fizvii'.;']T[»l J
50700 ”iia’jf;ﬂ-é‘h ;u HH} g O i R R j“]Hi
w FTUTEW lT; fﬂiﬁl 1 g !
9680 -10¢t
9660 - - - v -20 . * y ; y
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t [a] t[a]

FIG. 19. The two-baryon effective energy ES(¢) and its difference with respect to the two-baryon threshold AEST(7) defined in
Egs. (58) and (59). Dashed lines are noninteracting energy levels, while bands are genuine energy levels determined from our wave-
function-optimized operators.
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FIG. 20. Same as Fig. 18, but calculated using pointlike B operator at the sink.

slices, the data are dominated by statistical uncertainties,
precluding any definitive statement.

Based on results shown above, we conclude that conven-
tional variational analysis using plane wave operators O,
and O, is insufficient to strongly couple to the first two
lowest states and therefore, fails to achieve single-state
dominance over a substantial range of Euclidean time.

2. Asymmetric source and sink operators

In the above study, we used smeared B operator at both
source and sink sides. Empirical evidence, however, indi-
cates that adopting a pointlike B operator at the sink (while
keeping the smeared source) yields a clearer statistical
signal, which motivated the use of a pointlike sink in our
main results. To ensure a fair comparison with those results
and to better guide the interpretation of data at larger ¢ in
Fig. 19, we have performed additional calculations using
pointlike B operators at the sink while keeping all other
setup same as before. The drawback of using asymmetric
source and sink operators is that the resulting correlation
matrix is no longer strictly Hermitian. Consequently,
ES(¢) does not show monotonic falloff. Keeping these
limitations in mind, we proceed with the analysis as
described above.

The obtained R(7, ) correlation functions are shown in
Fig. 20, which exhibit very similar profiles to those in
Fig. 18. Visible difference only appears at short distances
r < 0.3 fm, which is consistent with the size of single Q...

V/(r?) ~0.28 fm as calculated in Ref. [50]. Then, we
define correlation matrix as Eq. (55) and perform GEVP
analysis’ as Eqgs. (56) and (57). The resulting E§ () and
AE (1) are shown in Fig. 21, which clearly shows that the
Ei (1) and AE§" (1) descend very slowly and are still far
from the genuine energy levels (bands) even when
t/a =31. These results together with results shown in

"Such an analysis of diagonalizing a non-Hermitian correlation
matrix is analogous to the study in Ref. [24].

Fig. 19 further strengthen our conclusion that plane wave
operators Oy and O, are not enough to form optimal
combinations achieving large overlap to the ground and
first excited states.

To improve the overlap to targeted states, the number of
operator basis used in GEVP must be increased. Since
increasing the number of source operators requires addi-
tional computation, we leave such additional computations
to future work. Instead, we estimate the required number of
operators by enlarging the sink basis while keeping the
source operators fixed, which can be carried out based on
our current results.

To this end, we define effective operators O} (#; n) for
the ground and first excited states, which are constructed as
a weighted combination of the first n + 1 plane wave
operators in Eq. (51) projected to the A irrep. The weights
are given by the optimized wave functions in momentum
space W, (p), obtained from the Fourier transform of
Wy 1(r) shown in Fig. 9. Thus explicitly, we have

Offi(tn) = Y O(p.0)%1(P),
|Pl<p,

(60)

where p, is the relative momentum corresponding to the
n + 1-th eigenvalue in Eq. (52), and the summation is
restricted to all momenta within the sphere with radius p,,.
For instance, O (#; n = 1) contains seven momenta within
pi =% {(0,0,0), (0,0, 1), (0, £1,0), (£1,0,0)} 2.
Using such operators at the sink, we calculate the following
correlation functions:

Co(rn) = (O (1:1)05(0)). (61)

Cy(1:n) = (O (1:1)07(0)). (62)
The corresponding effective energy Angﬁ (t) can be derived
in a similar manner as Eq. (59) using Cy ; (#; n). As shown in
Fig. 22, AEf’ffl (1) converge to the respective true energies at
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earlier ¢ as the number of operator (N,,) used at sink
increases. Similar results are obtained even if source
operators in Eqgs. (61) and (62) are replaced with the
combinations of 08 and O] identified in the previous
GEVP analysis. Results in Fig. 22 also indicate that, in
order to match the exceptionally large overlap of our
wave-function-optimized operator with the targeted
state, which achieve single-state dominance as early
as t/a=~15, the number of operator basis in GEVP
should satisfy Ny, 2 10 (corresponding to 147 momen-
tum modes or more). Given the dense spectrum of the
system, with a typical level spacing e =FE, | — E,~
5 MeV, a set of ten or more plane wave operators is
indeed needed to cover an energy region up to 50 MeV
or higher above the threshold.
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Same as Fig. 19, but calculated using pointlike B operator at the sink.

Several remarks concerning the conventional variational
approach based on plane wave operators and our wave-

function-based operator optimization are list here.

(1) While plane wave operators are a simple and widely
used choice, they are not intrinsically superior to
operators constructed using other interhadron wave
functions, except in the weakly interacting limit.
From this perspective, our wave-function-optimized
operator is a natural generalization of the plane wave
approach. It reduces to plane wave operators in the
weak-interaction limit, while allowing the incorpo-
ration of more realistic spatial wave functions in
nontrivial interacting systems.

(i) Our wave-function-optimized operators and the
variational analysis are mutually informative.
10
% L i ] i i1 o & } ;
) -.-i;;;iiii"giiﬁii%;{
= 9
B
w
<
—5F
_10 1 1 L
0 5 10 20

15
t [a]

FIG. 22. The effective energy AE®T(¢) for the ground state (left) and first excited state (right) derived from correlation functions in
Egs. (61) and (62) using the sink operator O (; Nop — 1) in Eq. (60), where the first N, plane wave operators are explicitly included in
the sink operator construction. The bands are the genuine energies determined from our wave-function-optimized operators.
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A comparison of the LO potentials calculated using each source at t/a = 25 Left. The three-range Gaussian fit to the

potential from the optimized source for the ground state O, (Right).

On the one hand, operators constructed using
realistic wave functions provide a superior varia-
tional basis than the plane waves for variational
studies. On the other hand, the optimal linear
combinations of basis functions a la plane waves
identified by variational studies can provide a better
initial guess for constructing more realistic wave
functions.

In practice, our calculation strategy also offers
important computational advantages. In conven-
tional calculations, plane wave operators are typi-
cally constructed using advanced techniques such as
distillation. For lattice volumes with La < 4 fm, the
typical number of quark propagators required is
0(100) (spatial only), scaling approximately as L?.
This rapidly becomes computationally demanding
for larger volumes, such as the La ~ 8.1 fm lattice
used in the present work.

In contrast, for an N x N correlation matrix with
N ~ O(1-10) in most cases, our calculation strategy
requires only N + 1 quark propagators, one com-
puted using Eq. (26) and the remaining N using
Eq. (27). Importantly, this cost does not scale with L.
This feature is crucial for enabling the variational
analysis presented in this subsection on large-vol-
ume lattices.

Using the R(7,t) correlation functions in Figs. 18 and
20, we also investigated the sink-operator dependence of
HAL QCD potential in Appendix C.

(iif)

D. Analysis of scattering properties

1. Results from LO potentials

Shown in Fig. 23 is a comparison of the local potentials
extracted from R\ (7, 1), R, (7, t) and those calculated using
the wall and compact sources at Euclidean time ¢/a = 25.

These potentials show almost identical behaviors except
only a slight deviation at short distances for the compact
source from others. To determine scattering phase shifts,
we fit the potentials by three-range Gaussian functions (the
right panel in Fig. 23 for the one from O),

Viu(r) = Z ae” ),

i=123

(63)

and then solve the Schrodinger equation in infinite volume.
The resulting scattering phase shifts calculated from the O
source are displayed in Fig. 24. We confirm that potentials
from each source at different ¢ give consistent results; see
Appendix D. For comparison, Fig. 24 also includes two

1.0 T T
0.5k opt. src. (Og) il
0.0

kcotbo/my

(k/mg)?

FIG. 24. The scattering phase shifts calculated using the LO
potential from Ry (7, ) at t/a = 25. Two thick black line seg-
ments represent the scattering phase shifts converted from finite
volume spectral in Fig. 12. The black solid line —+/—(k/m,)? is
the bound state condition.

014506-19



YAN LYU et al.

PHYS. REV. D 114, 014506 (2026)

200 T T T : .

} i VONZLO
2oy i V00 |
100 = 1

T 50
= :
—_— 0 —
< P
50+ * &
A |
5. (t/a = 25)
—100 §'§§
W
—-150 = . . . . .

0.0 0.5 1.0 1.5 2.0 2.5 3.0

r[fm]

N2LO 42
E V2 mn

4t (t/a = 25)
-6 L . . . . .
0.0 0.5 1.0 1.5 2.0 2.5 3.0
r[fm]

FIG. 25. The N2LO potentials obtained using Ry (7, ) and Ry (7, 1) at t/a = 25. VN'10 is shown together with VO computed from

Ry (7. 1) for comparison (left). V,N'LO

phase shifts (thick black line segments) converted from the
finite-volume spectra in Fig. 12 using the finite-volume
formula. As theoretically expected, we observe an excellent
agreement between the phase shifts obtained from the
potentials and those derived from the finite-volume spectra.
These results demonstrate that the LO potentials provide an
accurate description to low-energy scattering processes.

2. Results from N*LO potentials

To see the effect of high-order terms in the derivative
expansion to observables, we derive the N2LO potentials
according to Sec. III A by using two hadronic correlation
functions Ry (7, t) and R (7, ). This is because the former
is dominated by the ground state, while the latter includes

scattering states moderately above the two-particle
3 T T T T T
2L (t/a=25)
=
£ 1t .
o
b
g o
-l m N2LO []
LO
-2 1 1 1 I I
-2 0 2 4 6 8 10 12
(k/mp)?

FIG. 26. The scattering phase shifts calculated using the N*LO
potentials in Fig. 25. Those computed using the LO potential are
also shown for comparison.

is multiplied by m2 (right).

threshold, which are absent in R,(7,¢). Consequently,
the resulting N’LO potentials are expected to accurately
describe scattering both near and moderately above
threshold.

The obtained N2LO potentials® VN'1O(7) and VN0 (7)
are shown in Fig. 25 alongside the LO potential VO ()
derived from Ry(7,t) for comparison. The potentials

VNLO(7) and VIO (F) are identical at long distances, with
visible differences only emerging at short distances
(r < 0.4 fm). The VNLO(7) potential is highly localized
and exhibits a small magnitude. Using these potentials, we
compute the scattering phase shifts, as shown in Fig. 26,
and the scattering phase shifts obtained with VO(7) are
also included for comparison. We observe that the N’LO
corrections have an almost negligible effect on low-energy
scattering, with only minor differences appearing at higher
energies.

VII. SUMMARY AND DISCUSSION

In this paper, we have presented a systematic approach
for constructing optimized two-hadron operators in lattice
QCD by incorporating inter-hadron spatial wave functions.
We argued that realistic spatial wave functions allow for
highly efficient state preparation/identification in lattice
QCD calculations. To implement the optimized operators at
the source, we have proposed a novel quark smearing
technique, which assigns an interhadron wave function
factor together with an independent Z; noise vector into
quark. By doing so, the interhadron spatial wave function

¥To avoid numerical instabilities caused by the nearlyzf vanish-
ing D, appearing in the denominator in Eq. (21), V)N''O(¥) is
determined by a fit of VNO(7)D; to VIO(F) — VLO(7) with the
fit function being Gaussian type.
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can be properly included without using computational
expensive all-to-all quark propagators.

As an explicit demonstration, we applied the method to
Q,.cQ.cc System in 'S, channel. We first determined the
interhadron spatial wave functions using the HAL QCD
potential derived from the wall source. With these wave
functions, we constructed the optimized two-hadron oper-
ators for the ground state and the first excited state at the
source. Correlation functions calculated using the opti-
mized two-hadron operators show stable spatial profiles
against a long range of Euclidean time, leading to clear
identification of spectra with an energy gap as narrow as
~5 MeV, although both spectra are around 2mg =~
9700 MeV. These operators, when applied at the sink of
the correlation functions from the wall/compact source, are
also found to be able to identify respective states out of a
tower of states. As a comparison, we performed a varia-
tional study using the plane wave operators, and found that
the wave-function-optimized operators outperform combi-
nations of limited plane wave operators.

Our method for operator optimization is sufficiently
flexible to incorporate wave functions obtained from some
model or EFT calculations instead of ones from the HAL
QCD potential. These approximated wave functions, how-
ever, may not be accurate enough to generate/identify
certain states, but they in general form better basis functions
than simple plane wave functions for the variational
method. In addition, the novel quark smearing technique
enables an independent treatment of single-hadron and
two-hadron systems. It can be adapted to various localized
smearing schemes (such as distillation) for single hadrons,
and can accommodate different interhadron wave func-
tions, including those with higher partial waves, for a wide
range of two-hadron systems.

Operator optimization plays a pivotal role in lattice QCD
calculations. The method presented in this paper provides a
new paradigm for operator optimization by incorporating
spatial information, and it can be applied to both spectral
and matrix-element calculations. In particular, it enables
systematic studies of light nucleon—nucleon systems at the
physical point with reasonable computational cost. Such
efforts are currently underway.
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APPENDIX A: VARIANCE ESTIMATION

Here, we perform a variance estimation, which is crucial
for designing optimal calculation strategies in practice. As
shown in Eq. (33), the total statistical fluctuations receive
contributions from both gauge configurations as well as the
crossing terms associated with Z; noise. When implement-
ing the novel quark smearing technique proposed in
Sec. IVA, we need to ensure that the introduction of Z3
noise does not significantly increase the total fluctuations
of the quantities of interest.

To quantify the variance from both sources, we employ
two complementary approaches. For estimating the vari-
ance from the Z; noise, we perform multiple measurements
under the same gauge configuration while randomly vary-
ing Z; noise. For estimating the gauge configuration

variance, we conduct measurements across different
gauge configurations without introducing Z; noise.
L]
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FIG. 27. A comparison on the relative error [defined as the ratio

between standard deviation to the mean value Z(—f()] of the Q...
two-point function from Z; noise and that from gauge configu-
rations. The sublattice is chosen with [ = 8a] in Eq. (31).
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This decomposition allows us to systematically evaluate
and control both sources of statistical uncertainty in our
calculations.

Shown in Fig. 27 is a comparison on the relative error
(defined as the ratio between the standard deviation to the

mean Value ) of the Q... two-point function from the Z5

noise and that from gauge configurations. The sublattice is
chosen with / = 8[a] in Eq. (31). We observe that fluctua-
tions from the Z; noise are smaller than that from gauge
configurations by a factor of 3 ~ 10 for ¢/a > 10. A parallel
analysis of the R(7,) correlation function shows similar
results, with the Z3 noise-induced fluctuations remaining
comparably smaller relative to gauge variations.

APPENDIX B: THE CALCULATION
OF CORRELATION FUNCTIONS

The calculation of the correlation function in Eq. (7)
boils down to performing the Wick contraction and color-
spinor indices summation with two Q... baryons located at
distinct spatial positions at the source. To this end, we
consider the following expression:

<Qia([—)}) ]/3(
X Qég(W»F

)Qg’ ()’)ng()’)ng )Qgg(W)Qgg(W)

i'dj'p (é 56) <B1)
Here, Q;,(p) is the Q... sink operator projected to momen-
tum p, which is used to perform >z Q(X + Fo ) Q(X)
summation at the sink in a convolution framework. &; =
(¢, ;) is an abbreviation of the color index ¢; = 0, 1,2 and
the spinor index @ = 0, 1 (only consider two components
for simplicity), & = ¢; +3a; =0, ...,5. A summation is
implied for repeated indices, namely, &|,...,&. Two
hadrons are located at y and w at source. (---), means
the Wick contraction, namely permutations among quarks
with the same flavor. Here, we have six Q quarks (Q
denotes for heavy quark, which is the charm quark in our
current context), meaning the number of permutation is
6! = 720. The coefficient tensor F is defined as

*7:1 ' j'B [5 56] =€ ’ c ’3 [C},T’]a’] (éa(zg(iec;c' [C}/ ](1/ a. 6{16/3"
(B2)

For given i'd/j/f, the 6-rank tensor F has 6° = 46656
entities, out of which only (6 x 2)> = 144 entities are
nonvanishing given the sparse nature of € and Cy,.

We categorize all 720 permutations in Eq. (B1) into two
subsets, dubbed as D (direct) and C (cross). The former
contains D; and D, terms, and the latter consists of
Cy,--Cig terms. Each term itself is a combination of
two fully permuted baryon blocks and therefore, has
6 x 6 = 36 permutations. For instance,

Dy = —(Qit(P) Q¢ () O, (v) O, (¥))
X (Qjs(=P) Qe (w) Qg (W) O, (W) p x F (B3)
D; = +{Qiy(P) O, (W) Qe (W) O, (W)
X (Qjp(=P) Q¢ (v) s, (v)Og, () r x F,  (B4)
Ci = HQia(P) Q¢ (v) O, (¥) Qe (W))
< (Qjs(—P) Qg (v) 0, (W) Qg (W) x F. (BS)
Co = +<Qm(l—5)Q§’2 (3)0e ()0 (W) p
< (Qjs(—P)0g (v) e, (W) Qg (W) p x F. (B6)
Cio = —<Qm(13)Q_§; ()’)in; (W)Q:g (W) r
X (Qjs(=P)0g, (v) s, (v) Qg (W) p x F.  (BT)
Cis = —(Qia(P) 0, (v) Oz, (W) O (W)
x (Qj(—P) 0 ()Qéz( )Qé’( w))px F. (B8)

For notational simplicity, the indices of F defined in
Eq. (B2) and those of D and C are omitted. To calculate
these terms, we need to prepare the following four fully
permuted hadron blocks:

by = (Q(P) Q¢ (¥) 0z (¥) Qe (¥)) - (B9)
by = (Q:(P) Qe (w) Qe (W) Qg, (W), (B10)
by = (Q(P) Q¢ () Q¢ (v)Q¢, (W), (BI1)
by = (Q:(P) Qs (v) Q¢ (W) Qg (W))r.  (BI2)

for all jn'eli, £=0,...,5. Each hadron block has three
open color-spinor indices &; ;, at the source, which can
properly be assigned as &} 4 according to each of 20 terms.

Finally, we perform the color-spinor indices summation
with the coefficient tensor Fyyp(8).....& defined

in Eq. (B2).
(i) D, term
bi[£1. &, 8] X b8y &5, &) X Fp, [1. - &l
with ‘FD] = _Fi'a/j/ﬂ/[gll’ ’5/6]
(i) D, term
bal€1, &5, &3] X b1 (84, 5. 6] X Fp, €1, . &5,
with sz = +Fi/(l/j//;/[§£1’§/59§/67 /1’5/2’ 5/3]
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(iii) C_g terms

bs[£1. &, &3] X b4[€y. &5. &) x Felé). ... &l

with Fe = F¢, + -+, +F,. Here the coefficient
tensor is defined as

fC] = +fi’a’j’/3/[ /175/2’5217 /375/575/6]’
fCZ = _fi/(lj’ﬂ/[ /]’512’5235/5751576/6]:
(B13)

(iv) Cjo_ig terms

bal¢). 63, €3] X b3[Cy, &5, S X Ferlgh - &l

with Fer = Fe, + -+, +F¢,. Again, the coeffi-
cient tensor is defined as,
‘7:Clo = _-Fi’a’j’ﬂ’[ /1’ al’ 5/5’ 5/2’ 5/3’ 5/6]’
‘7:C11 = +‘7:i/a’j’ﬂ’ [5/13 gﬁlv 5/57 5/27 5/67 5/3],
(B14)
After the Wick contraction and color-spin indices sum-
mation, each term has indices i, a, j, B, p at the sink. For

instance, D; and D, have the following contributions to the
final correlation function:

DI,Z(La’jvﬁv ?snk) = ZDI,Z(i’a’j’ﬂi [_5) S eiﬁ.ank‘
p

(B15)
150 [~
100 }
S 50t
(O]
s
0] S— ! "
k &
5 &%ﬁgﬁgﬁ"g
S -50p
< . snk. (t/a=15)
100 “f}# smr. sn a
¥4
—150 b : : : : :
00 05 10 15 20 25 3.0
rfm]

Note that D, (i, @, j, f, p) = =D»(j, B, i,a, —Pp), so that we
have

D1<i’a’j7ﬁ77snk) = _D2<j7ﬂ’ i,(X, _7snk)' (B16)

The spin-projection to s=0 is performed as
Zi,a,j,/} Dl (l, a, j’ ﬂ, fsnk)fs:O(i’ a, j! ﬂ)’ with the coeffi-
cient fo_o(i,a,j,p) =—fs—0(j, B, i,a). Therefore, we
have

Dizo (Fonk) = DEZO(_?snk)- (B17)
After A} projection, D; and D, will be exactly same. The
above arguments also apply to C; and Cg, C, and C,5, etc.
Eventually, we find that contributions from C;_y equal to
those from C;(_;3. Therefore, it is sufficient to calculate D,
and C;_g in practice.

In summary, the calculation requires constructing four
hadron blocks defined in Egs. (B9)—(B12) and performing
contraction/summation associated with D; and C,_g. The
computational cost is approximately twice that of the
conventional calculation with identical source positions
(y = w), where D; and C,_q can be calculated in a unified
framework.

APPENDIX C: SINK-OPERATOR DEPENDENCE
OF THE HAL QCD POTENTIAL

The correlation functions R(7,¢) in Figs. 18 and 20
calculated using smeared sink and point sink allow us to
investigate the sink-operator dependence of the HAL QCD
potential.

150 -
100 |
> 50,
0]
z ° YL YVey
— O T
- 0F-= ‘..ﬁ:::__q:ﬁ“‘-
S " e
ST
.‘.'. pt. snk. (t/a =15)
_100 r ®®
-150 b : - - . .
0.0 0.5 1.0 1.5 2.0 2.5 3.0
r[fm]

FIG. 28. The LO potentials calculated from the zero-momentum source together with the smeared-sink (left) and point-sink (right),

respectively.
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FIG. 29. The scattering phase shifts calculated using potentials in Fig. 28.

Figure 28 presents the LO potentials obtained from the
zero-momentum source with the smeared sink (left) and
the point sink (right), respectively. Both Lap term and D,
term in the two potentials are very similar except in the
region r < 0.3 fm, where the total potential from the
smeared sink exhibits attraction while that from the point
sink shows repulsion. The sink-operator dependence of
the potential observed r < 0.3 fm is natural, since the size

of Qeee, /(r?) =20.28 fm [50], is comparable with this
distance. Thus, the two baryons strongly overlap in this
region. As is well known, although the potential pro-
vides important information for understanding the under-
lying dynamics, it is not itself a physical observable.
Therefore, despite the differences at short distances,
the two potentials should yield consistent physical

observables. As shown in Fig. 29, we confirm that the
scattering phase shifts extracted from the two potentials
are indeed consistent with each other, although the
statistical uncertainty is larger in the smeared-sink case
than in the point-sink case.

APPENDIX D: SCATTERING PHASE SHIFTS

In Fig. 30, we show the scattering phase shifts calculated
using potentials from each source at multiple Euclidean
time. Results from the wall source show least statistical
fluctuation, while those from the compact source exhibit
large uncertainties in particular at 7/a = 30. We find all
results are consistent with each other within statistical
fluctuations.
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FIG. 30. The scattering phase shifts calculated using the LO potentials for each source at multiple Euclidean time ¢/a = 20, 25, and
30. Two thick black line segments represent the scattering phase shifts converted from finite volume spectral in Fig. 12. The black solid

line —/—(k/m,)? is the bound state condition.
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