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We propose a new scotogenic type model based on a global Z4 symmetry involving dark matter
candidates. After the symmetry breaking as Z4 to Z2 via the singlet scalar vacuum expectation value (VEV),
the lightestMajorana fermionworks as a viable thermal freeze-out darkmatter (DM) candidate, and themass
terms for active neutrinos are generated as a finite quantum correction at the one-loop level. A key point of
realizing our scotogenic structure is to introduce two types of Majorana fermions (heavy right-handed
neutrinos) and inert Higgs doubletswith oppositeZ4 parities. Since a largeVEV for the singlet scalar is not so
harmful in an appropriate realization of the Higgs mechanism for the SM gauge symmetry, we can naturally
realize a TeV-scale fermionic DM candidate, where constraints via direct detection experiments are less than
those for sub-TeVDM.Our scenario involves theHiggs-portal DM interactions, which help the realization of
the correct DM relic abundance. Relying on the structure of the model, it is possible to find a natural partner
for coannihilation. Our scenario can be investigated via the measurement of the Higgs trilinear self-coupling
at the Large Hadron Collider. The simplest way to evade the domain-wall problem, by adding a tiny soft Z2

breaking term, works, keeping a sufficient longevity of the decaying DM lifetime.
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I. INTRODUCTION

It is well known that the original form of the Standard
Model (SM) should be upgraded, at least in the sector
associated with neutrinos, due to the observations of
neutrino oscillations, which originate from minuscule but
nonzero masses of the neutrinos in the SM. Over the last
two decades or more after the confirmation of the neutrino
oscillations [1,2] (refer to review [3]), the experimental
developments in neutrino oscillation have been significant,
and now provide relevant constraints on the CP-violating
phase of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
matrix [4–6]. The measurements of the three mixing angles
and the CP phase will be significantly upgraded in the
coming next-generation experiments, e.g., DUNE [7] and
Hyper-Kamiokande [8]. Given this situation, it is becoming
increasingly important to consider the structure of the
neutrino sector in depth. Furthermore, it should be noted
that the neutrino sector significantly impacts the possible
scenarios in the early stages of the Universe in conjunction
with dark matter and other matters.

A key question is: What is the origin of the tiny masses of
the neutrinos? The simplest scenario relies on the Yukawa
terms with the Higgs doublet, the doublet lepton fields, and
the newly added right-handed singlet neutrinos, where the
Dirac mass terms for the neutrinos are successfully gen-
erated via the Higgs mechanism, but we should allow to
introduce tiny Yukawa couplings, at least Oð10−12Þ or
smaller. A relaxation in the tuning of Yukawa couplings
is realized by adopting the see-saw mechanism, where the
Yukawa structure of the sub-eV neutrino masses (and also
mixings) involves connections with other heavy particles
(see review [9]). Depending on how the left-handed active
neutrinos couple with heavy particles, see-saw scenarios are
classified as canonical/type-I [10–15], type-II [16–20], type-
III [21], inverse [22,23], linear [23–25], and others. Note
that a seminal application of the right-handed neutrinos,
which can appear in the see-saw texture, is the baryogenesis
via leptogenesis [26].
There are interesting variations of the see-saw scenario,

suggested by the quantum nature of neutrinos. The above
scenarios considered the case where neutrino mass terms
exist at the lowest order of perturbation, but it is also
possible that these are produced quantumly via loops of
heavy new particles. As suggested by the results of the
operator analysis [27,28], if active neutrino mass terms are
represented as higher-dimensional operators of the SM
fields in a gauge-invariant way (before the electroweak
symmetry breaking), no divergences emerge in such loop-
induced neutrino mass terms. We list early-stage concrete

*Contact author: nj702@snu.edu.in
†Contact author: kenji.nishiwaki@snu.edu.in

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 112, 115009 (2025)

2470-0010=2025=112(11)=115009(35) 115009-1 Published by the American Physical Society

https://orcid.org/0000-0001-6526-6799
https://ror.org/05aqahr97
https://ror.org/05aqahr97
https://crossmark.crossref.org/dialog/?doi=10.1103/xwv3-239s&domain=pdf&date_stamp=2025-12-03
https://doi.org/10.1103/xwv3-239s
https://doi.org/10.1103/xwv3-239s
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


models based on this idea [29–34] (see also review on this
kind of models [35]). A branch of such scenarios called the
scotogenic model is a fascinating arena in particle physics,
where additional symmetry/symmetries (imposed on such a
model) ensure the loop origin of the active neutrino mass
terms but also the stability of a new particle, which behaves
as dark matter (DM) [36]. In this type of scenario, neutrino
physics is mutually connected with dark matter physics, and
the model predictability will be enhanced. Many studies
have been done on such ideas in several contexts based on
various kinds of symmetries; We can find various examples
based on global Z2 symmetry [37–101], based on other
kinds of global discrete symmetries [102–124], and other
embedding varieties, including those based on continuous-
symmetry cases [125–190].1
However, it should be noted here that the ordinary weakly

interactingmassive particle (WIMP) DMparadigm based on
the thermal freeze-out scenario has recently reached a
crossroads due to significant progress with null observations
in the LUX-ZEPLIN (LZ) direct observation experiment
[202,203]. Several ideas to evade the tight bounds in the
freeze-out DM scenario include, e.g., fermionic DM with
pseudoscalar mediator [204–209], and pseudo-Nambu-
Goldstone boson (pNGB) DM [210–214] (see also [215–
217] for embeddings to grand-unified scenarios).We can find
other scenarios, for example, two-component dark matter
(see e.g., [218]) and freeze-in production (see e.g., [219]).
Another simple scenario is to rely on the enhancement of

the DM pair annihilation near a resonance of a mediator in
an s-channel, where we can keep the coupling between DM
and its mediator sizably small, and thereby, it is not difficult
to suppress the (spin-independent) cross section in DM

direct detections. A favored region of the DM-mass range
would be a TeV region since more severe bounds have been
imposed in the sub-TeV domain [202,203]. We propose a
new scotogenic scenario based on the global Z4 symmetry,
where the vacuum expectation value (VEV) of an addi-
tional singlet scalar breaks it to Z2. The residual Z2

symmetry ensures the stability of DM, and a large VEV
of the singlet scalar naturally realizes a TeV-scale Majorana
fermionic DM.
This paper is organized as follows. In Sec. II, we

introduce our scotogenic model based on a Z4 global
symmetry and derive the form of the one-loop induced
neutrino mass terms. In Sec. III, we provide constraints on
our scenario, namely, the lepton flavor violation, the oblique
correction, and the stability of the scalar potential. In
Sec. IV, we summarize our formulas for calculating the
dark matter relic abundance and direct detection. In Sec. V,
we provide our results of numerical calculations and show
that we can reproduce the observed neutrino texture at one-
loop level and the observed dark matter relic abundance
consistently. In Sec. VI, we discuss the current constraint
and future prospects of the constraint on our scenario via the
measurement of the Higgs trilinear self-coupling at the
Large Hadron Collider (LHC). In Sec. VII, we comment on
possible prescriptions to evade the domain-wall problem in
our scenario. In Sec. VIII, we summarize our results and
provide some comments. In Appendix A, the decay width of
the SUð2ÞL-singlet scalar is provided, and in Appendix B,
the results of the numerical scans without the coannihilation
effect are shown.

II. A Z4-BASED SCOTOGENIC MODEL

A. Model setup

Here, we introduce our model, which is a scotogenic-
type model based on a discrete Z4 symmetry, where no
extension of the gauge groups from those of the Standard
Model. Table I shows a summary of the matter contents we
introduced, where we introduce one real SUð2ÞL-singlet
scalar S, two complex SUð2ÞL-doublet scalars ηA and ηB,
and six (two kinds of three-generation) SUð2ÞL-singlet
right-handed neutrinos NAiR and NBiR (i ¼ 1, 2, 3). Note
that for the scalar doublets and right-handed fermions,
type-A and type-B particles take opposite Z4 parities as þi

TABLE I. Matter contents added to this model are summarized. SUð3ÞC, SUð2ÞL, and Uð1ÞY represent the
degrees of freedom of the color, weak-isospin, and hypercharge, respectively. All Standard Model fields take þ1 of
the Z4 parity. The index i takes one to three and discriminates three generations.

New particle SUð3ÞC SUð2ÞL Uð1ÞY Z4 Spin

S 1 1 0 −1 0 (real)
ηA 1 2 1 þi 0 (complex)
ηB 1 2 1 −i 0 (complex)
NAiR (i ¼ 1, 2, 3) 1 1 0 þi 1=2 (right handed)
NBiR (i ¼ 1, 2, 3) 1 1 0 −i 1=2 (right handed)

1Scenarios with bound-state dark matter are discussed in
[191,192]. Another fascinating class (without DM candidates)
is loop-induced neutrino masses under extra colored scalars; see
e.g., [193–195] as early works. A recently related development is
neutrino mass generations from generalized symmetry breaking
and under noninvertible selection rules, see e.g., [196–198] (also
refer to [199]). Another recent direction is to investigate precise
calculations of how to probe a scotogenic model through flavors
and electroweak precision measurements, see e.g., [200]. See also
[201] as a scotogenic scenario in the so-called composite Higgs
framework, alleviating the electroweak hierarchy problem.
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and −i, respectively. The trivial Z4 parity (þ1) is assigned for all of the SM particles.
In our scenario, the possible leptonic Yukawa terms are as follows:

−LYukawa ¼ Yiα
A N

0
AiR

ηTAðiσ2ÞLαL þ Yiα
B N

0
BiR

ηTBðiσ2ÞLαL þmNij

2
ðN0

AiR
ÞcN0

BjR

þmNij

2
ðN0

BiR
ÞcN0

AjR
þ yAij

2
SðN0

AiR
ÞcN0

AjR
þ yBij

2
SðN0

BiR
ÞcN0

BjR
þ H:c:; ð2:1Þ

and the possible scalar potential terms are written down as

V ¼ þm2
HðH†HÞ þm2

ηAðη†AηAÞ þm2
ηBðη†BηBÞ þ

m2
S

2
S2 þ λHS

2
S2ðH†HÞ

þ λH
2
ðH†HÞ2 þ λS

4
S4 þ λ2a

2
ðη†AηAÞ2 þ

λ2b
2

ðη†BηBÞ2 þ
λ2c
2

ðη†AηAÞðη†BηBÞ

þ λ2d
2

ðη†AηBÞðη†BηAÞ þ λ3AðH†HÞðη†AηAÞ þ λ3BðH†HÞðη†BηBÞ

þ λ4AðH†ηAÞðη†AHÞ þ λ4BðH†ηBÞðη†BHÞ þ 1

2
½λ5ðH†ηAÞðH†ηBÞ þ λ6ðη†AηBÞ2 þ H:c:�

þ μSSðη†AηBÞ þ μ�SSðη†BηAÞ þ
λSηA
2

S2ðη†AηAÞ þ
λSηB
2

S2ðη†BηBÞ; ð2:2Þ

where H denotes the SUð2ÞL Higgs doublet to trigger the spontaneous electroweak symmetry breaking; i and α run from
one to three, representing the three generations of the right-handed neutrinos and left-handed lepton doublets LαL,
respectively. σ2 is the second Pauli matrix.
In the following analysis, we will assume that μS is a real parameter and mNij

, yAij
, and yBij

are real and diagonal for
simplicity. Also, we will take λ6 ¼ 0 to remove unnecessary complexity from the discussion without compromising the
essence of the model, as the term does not contribute to mass terms under the inert condition for ηA and ηB. The fermion with
the superscript ðNRÞc denotes the charge conjugation of NR.
The SUð2ÞL doublets are parametrized as2

LαL ¼
�
ν0α
l0−α

�
L

; H ¼
 

0
1ffiffi
2

p ðvH þ h0Þ

!
; ηA;B ¼

 
η0þA;B
η00A;B

!
¼
 

η0þA;B
1ffiffi
2

p ðη0RA;B
þ iη0IA;BÞ

!
; ð2:3Þ

and the singlet scalar,

S ¼ ðvS þ s0Þ; ð2:4Þ

where we took the unitary gauge and the prime symbol for components, representing that they are gauge eigenstates. We
focus on the following configuration of the VEVs of the scalars:

hHi ¼
�

0

vH=
ffiffiffi
2

p
�
; hSi ¼ vS; hηAi ¼

�
0

0

�
; hηBi ¼

�
0

0

�
; ð2:5Þ

where the Z4 symmetry is spontaneously broken down to Z2 due to the nonzero VEVof S (around the electroweak scale),
and therefore, the lightest particle with þi or −i Z4 parity is protected by a residual symmetry and becomes a dark matter
candidate. The inert condition for ηA and ηB is necessary to keep the residual Z2 symmetry. Note that the situation in
Eq. (2.5) with nonzero VEVs vH and vS are valid after the spontaneous electroweak symmetry breaking.

2Note that

ðN0
AiR

ÞcN0
BjR

¼ ðN0
BjR

ÞcN0
AiR

:

Yiα
A N

0
AiR

ηTAðiσ2ÞLαL þ H:c: ¼ Yiα
A N

0
AiR

½ν0αLη00A − l0−αLη
0þ
A � þ ðYiα

A Þ�½ν0αLðη00AÞ� − l0−αLη
0−
A �N0

AiR
:
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The tadpole conditions,

∂V
∂h

����
h¼s¼0

¼ 0 ¼ ∂V
∂s

����
h¼s¼0

; ð2:6Þ

lead to the forms

λH
2
v2HþλHS

2
v2S ¼−m2

H;
λHS

2
v2HþλSv2S¼−m2

S; ð2:7Þ

which are solved as

v2H ¼ 2½2ð−m2
HÞλS − ð−m2

SÞλHS�
2λHλS − λ2HS

;

v2S ¼
2½ð−m2

SÞλH − ð−m2
HÞλHS�

2λHλS − λ2HS
; ð2:8Þ

where the Higgs VEV vH should take ≃246GeV. After the
application of the tadpole conditions in Eq. (2.7), the mass
matrix squared for h0 and s0 in this order reads

M2½h0; s0� ¼
�

λHv2H λHSvHvS
λHSvHvS 2λSv2S

�

¼
�
cα −sα
sα cα

��
M2

h 0

0 M2
s

��
cα sα
−sα cα

�
; ð2:9Þ

where h is the SM-like Higgs boson with Mh ¼ 125 GeV
and s an additional CP-even scalar boson. The mixing
angle α is determined as

sinð2αÞ ¼ −
2λHSvHvS
M2

h −M2
s
; ð2:10Þ

where the gauge eigenstates and the mass eigenstates
(denoted without the prime symbol) are related as

�
h0

s0

�
¼
�
cα −sα
sα cα

��
h

s

�
: ð2:11Þ

Next, we see the mass structure of the other scalars.
Under our assumption that μS is real, the mass matrices
squared for η0RA

and η0RB
, and η0IA and η0IB yield

M2½η0RA
; η0RB

� ¼
"
m2

RAA
m2

RAB

m2
RAB

m2
RBB

#
¼ UR

"
M2

R1
0

0 M2
R2

#
U†

R;

ð2:12Þ

M2½η0IA ; η0IB � ¼
"
m2

IAA
m2

IAB

m2
IAB

m2
IBB

#
¼ UI

"
M2

I1
0

0 M2
I2

#
U†

I ;

ð2:13Þ

where the components are defined as

m2
RAA

¼ m2
IAA

¼ m2
ηA þ

λ3A
2

v2H þ λ4A
2

v2H þ λSηA
2

v2S; ð2:14Þ

m2
RBB

¼ m2
IBB

¼ m2
ηB þ

λ3B
2

v2H þ λ4B
2

v2H þ λSηB
2

v2S; ð2:15Þ

m2
RAB

¼ μSvS þ
λ5
2
v2H; ð2:16Þ

m2
IAB

¼ μSvS −
λ5
2
v2H: ð2:17Þ

The matrices diagonalize the mass matrices,

UR ¼
�
cθR −sθR
sθR cθR

�
; UI ¼

�
cθI −sθI
sθI cθI

�
;

"
η0RA

η0RB

#
¼ UR

"
ηR1

ηR2

#
;

"
η0IA
η0IB

#
¼ UI

"
ηI1
ηI2

#
; ð2:18Þ

tanð2θRÞ ¼
2m2

RAB

m2
RAA

−m2
RBB

; tanð2θIÞ ¼
2m2

IAB

m2
IAA

−m2
IBB

;

ð2:19Þ

where their mass eigenvalues are given as

M2
R1

¼ 1

2

�
m2

RAA
þm2

RBB
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m4

RAB
þ ðm2

RAA
−m2

RBB
Þ2

q �
;

ð2:20Þ

M2
R2

¼ 1

2

�
m2

RAA
þm2

RBB
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m4

RAB
þ ðm2

RAA
−m2

RBB
Þ2

q �
;

ð2:21Þ

M2
I1
¼ 1

2

�
m2

IAA
þm2

IBB
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m4

IAB
þ ðm2

IAA
−m2

IBB
Þ2

q �
;

ð2:22Þ

M2
I2
¼1

2

�
m2

IAA
þm2

IBB
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m4

IAB
þðm2

IAA
−m2

IBB
Þ2

q �
: ð2:23Þ

Note that the expressions from Eq. (2.20) to Eq. (2.23) hold
at the tree level. This also applies to the following
Eqs. (2.29), (2.30), (2.34), and (2.35). Similarly, the mass
matrix for the charged scalars yields

M2½η0þA ; η0þB � ¼
2
4 m2

ηþA
m2

ηþAB

m2
ηþAB

m2
ηþB

3
5; ð2:24Þ

with
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m2
ηþA

¼ m2
ηA þ

λ3A
2

v2H þ λSηA
2

v2S; ð2:25Þ

m2
ηþB

¼ m2
ηB þ

λ3B
2

v2H þ λSηB
2

v2S; ð2:26Þ

m2
ηþAB

¼ μSvS; ð2:27Þ

M2½η0þA ;η0þB � ¼Ucs

2
4M2

ηþ
1

0

0 M2
ηþ
2

3
5U†

cs;
�
η0þA
η0þB

�
¼ Ucs

�
ηþ1
ηþ2

�
;

Ucs ¼
�
cθcs −sθcs
sθcs cθcs

�
: ð2:28Þ

Deriving the formulas for mass eigenvalues and tanð2θcsÞ is
straightforward as

M2
ηþ
1

¼ 1

2

�
m2

ηþA
þm2

ηþB
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

ηþAB
þðm2

ηþA
−m2

ηþB
Þ2

q �
; ð2:29Þ

M2
ηþ
2

¼ 1

2

�
m2

ηþA
þm2

ηþB
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

ηþAB
þðm2

ηþA
−m2

ηþB
Þ2

q �
; ð2:30Þ

tanð2θcsÞ ¼
2mηþAB

2

mηþA
2 −mηþB

2
: ð2:31Þ

For the mass terms of the heavy fermions, to eliminate
unnecessary complexity from the phenomenological dis-
cussion of neutrinos and dark matter—our subject of
interest—and to make the essence of the model more
transparently understandable, we manually constrain the
degrees of freedom of the coupling constants under the
following assumptions: all of mNij

, yAij
, and yBij

(i, j ¼ 1,
2, 3) are real and diagonal. Also, since physics involving
CP violation (beyond the SM) is not the subject of this
paper’s discussion, physical complex coupling constants
are not necessarily required. Note that, as we will see in
Eq. (2.45), the Yukawa couplings with the two inert
doublets (Yiα

A and Yiα
B ) should be complex to generate a

nonzero CP-violating phase of the PMNS matrix.
The mass terms of the right-handed neutrinos decompose

into each generation as follows:

−
1

2

X3
i¼1

h
ðN0

AiR
Þc; ðN0

BiR
Þc
i
MNii

"
N0

AiR

N0
BiR

#
þH:c:; ð2:32Þ

where a (complex) orthogonal matrix diagonalizes the
symmetric Majorana mass terms as

MNii
¼
�
yAii

vS mNii

mNii
yBii

vS

�
¼ UNi

�MNAi
0

0 MNBi

�
ðUNi

ÞT; UNi
¼
� cθNi

−sθNi

sθNi
cθNi

�
; ð2:33Þ

with

MNAi
¼ 1

2

�
yAii

vS þ yBii
vS þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

Nii
þ ðyAii

vS − yBii
vSÞ2

q �
; ð2:34Þ

MNBi
¼ 1

2

�
yAii

vS þ yBii
vS −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

Nii
þ ðyAii

vS − yBii
vSÞ2

q �
: ð2:35Þ

The diagonalized basis (without the prime symbol) of the Majorana mass terms is defined as

�N0
AiR

N0
BiR

�
¼ UNi

�
NAiR

NBiR

�
: ð2:36Þ

We introduce the following compact notation for clarity in the mass eigenbases:

LYukawa ⊃ −
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2

h
Yðs0Þ

Aiα
NAiRναLs

0 þ Yðs0Þ
Biα

NBiRναLs
0
i

þ
X

sþ¼ηþ
1
;ηþ

2

h
YðsþÞ

Aiα
NAiRl

−
αLs

þ þ YðsþÞ
Biα

NBiRl
−
αLs

þ
i
þ H:c:; ð2:37Þ

with
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Y
ðηR1 Þ
Aiα

¼ þ Yiα
Affiffiffi
2

p cNi
cθR þ

Yiα
Bffiffiffi
2

p sNi
sθR ; Y

ðηR1 Þ
Biα

¼ −
Yiα
Affiffiffi
2

p sNi
cθR þ

Yiα
Bffiffiffi
2

p cNi
sθR ;

Y
ðηR2 Þ
Aiα

¼ −
Yiα
Affiffiffi
2

p cNi
sθR þ

Yiα
Bffiffiffi
2

p sNi
cθR ; Y

ðηR2 Þ
Biα

¼ þ Yiα
Affiffiffi
2

p sNi
sθR þ

Yiα
Bffiffiffi
2

p cNi
cθR ;

Y
ðηI1 Þ
Aiα

¼ þi
Yiα
Affiffiffi
2

p cNi
cθI þ i

Yiα
Bffiffiffi
2

p sNi
sθI ; Y

ðηI1 Þ
Biα

¼ −i
Yiα
Affiffiffi
2

p sNi
cθI þ i

Yiα
Bffiffiffi
2

p cNi
sθI ;

Y
ðηI2 Þ
Aiα

¼ −i
Yiα
Affiffiffi
2

p cNi
sθI þ i

Yiα
Bffiffiffi
2

p sNi
cθI ; Y

ðηI2 Þ
Biα

¼ þi
Yiα
Affiffiffi
2

p sNi
sθI þ i

Yiα
Bffiffiffi
2

p cNi
cθI ;

Y
ðηþ

1
Þ

Aiα
¼ þYiα

A cNi
cθcs þ Yiα

B sNi
sθcs ; Y

ðηþ
1
Þ

Biα
¼ −Yiα

A sNi
cθcs þ Yiα

B cNi
sθcs ;

Y
ðηþ

2
Þ

Aiα
¼ −Yiα

A cNi
sθcs þ Yiα

B sNi
cθcs ; Y

ðηþ
2
Þ

Biα
¼ þYiα

A sNi
sθcs þ Yiα

B cNi
cθcs ; ð2:38Þ

where the relative sign originates from the iσ2 matrix in Eq. (2.1).

B. Loop-induced neutrino mass terms

In our scenario, as in the original scotogenic model, the left-handed active neutrino mass terms are radiatively generated
at a one-loop level, where we adopt the parametrization

Lthis model ⊃ −
1

2
Mν

αβðν0αLÞcν0βL þ H:c: ð2:39Þ

The calculation of the one-loop diagrams in Fig. 1 with the dimensional regularization brings us the result,

Mν
αβ ¼ −

X
s0¼ηR1 ;ηR2 ;ηI1 ;ηI2

X3
i¼1

MNAi
Yðs0Þ

Aiα
Yðs0Þ

Aiβ

ð4πÞ2
�
1

ε
− γ þ logð4πÞ −

Z
1

0

dx log
h
xM2

s0 þ ð1 − xÞM2
NAi

− iϵ
i	

−
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2

X3
i¼1

MNBi
Yðs0Þ

Biα
Yðs0Þ

Biβ

ð4πÞ2
�
1

ε
− γ þ logð4πÞ −

Z
1

0

dx log
h
xM2

s0 þ ð1 − xÞM2
NBi

− iϵ
i	

¼ −
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2

X3
i¼1

MNAi
Yðs0Þ

Aiα
Yðs0Þ

Aiβ

ð4πÞ2
�
−
Z

1

0

dx log
h
xM2

s0 þ ð1 − xÞM2
NAi

− iϵ
i	

−
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2

X3
i¼1

MNBi
Yðs0Þ

Biα
Yðs0Þ

Biβ

ð4πÞ2
�
−
Z

1

0

dx log
h
xM2

s0 þ ð1 − xÞM2
NBi

− iϵ
i	

; ð2:40Þ

FIG. 1. The topology of loop-induced mass generation is depicted in gauge eigenstates. Note that all of the Feynman diagrams in this
manuscript were drawn by TIKZ-FEYNMAN [220].
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where 1=ε and γ represent a divergent pole and the Euler-
Mascheroni constant. As expected from the nature of
higher-dimensional operators, the divergences in the
active-neutrino mass terms are canceled out in each of
the A and B parts by use of Eq. (2.38). Note that this matrix
is nondiagonal due to the degrees of freedom of α and β (α,
β ¼ 1, 2, 3). Ignoring the iϵ term in the loop integral of
heavy particles Eq. (2.40) we get,

Z
1

0

dx log
h
xM2

s0 þ ð1 − xÞM2
NAi

i

¼ −1þ
M2

NAi
logðM2

NAi
Þ −M2

s0 logðM2
s0Þ

M2
NAi

−M2
s0

: ð2:41Þ

As is apparent from the summation of the neutral scalars
in Eq. (2.40), Mν

αβ is dependent on the mass difference

between the real and imaginary scalars, since their con-
tributions are opposite to each other. If MR1

¼ MI1 and
MR2

¼ MI2 all mass contribution to Mν
αβ vanishes. The

difference in their masses is parameterized by the coupling
λ5 as seen in Eqs. (2.16) and (2.17). vS must also be
nonzero for a finite mass contribution.
Hereafter, we restrict the Yukawa parameter under the

condition for further simplicity,

Yiα
A ⟶ Yiα⟵Yiα

B ; ð2:42Þ

where Mν
αβ becomes

Mν
αβ →

X3
i¼1

YiαX iYiβ; ð2:43Þ

where the derivation of X i is straightforward as

X i ≔ þ
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2

MNAi
ðYðs0Þ

Aiα
=YiαÞðYðs0Þ

Aiβ
=YiβÞ

ð4πÞ2
Z

1

0

dx log
h
xM2

s0 þ ð1 − xÞM2
NAi

i

þ
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2

MNBi
ðYðs0Þ

Biα
=YiαÞðYðs0Þ

Biβ
=YiβÞ

ð4πÞ2
Z

1

0

dx log
h
xM2

s0 þ ð1 − xÞM2
NBi

i
; ð2:44Þ

and this form follows the Casas-Ibarra parametrization [221],3

Yiα ¼
ffiffiffiffiffiffiffiffiffi
X−1

p
Rν

ffiffiffiffiffiffiffiffiffi
Mm̂ν

p
U†

PMNS; ð2:45Þ

and where the following 3 × 3 matrices are introduced:

X ≔

2
64
X1 0 0

0 X2 0

0 0 X3

3
75; ffiffiffiffiffiffiffiffiffi

X−1
p

¼

2
64
ðX1Þ−1=2 0 0

0 ðX2Þ−1=2 0

0 0 ðX3Þ−1=2

3
75; ffiffiffiffiffiffiffiffiffi

Mm̂ν

p ¼

2
6664

ffiffiffiffiffiffiffi
m̂ν1

p
0 0

0
ffiffiffiffiffiffiffi
m̂ν2

p
0

0 0
ffiffiffiffiffiffiffi
m̂ν3

p

3
7775: ð2:46Þ

m̂νi (i ¼ 1, 2, 3) are the mass eigenvalues of the three active neutrinos. Also, Rν andU
†
PMNS are an arbitrary 3 × 3 orthogonal

matrix and the PMNS matrix, respectively. As the only condition on Rν is that it is orthogonal, it provides the physical
degrees of freedom in the Yukawa couplings after realizing the observed masses and mixings of the active neutrinos.
While any orthogonal matrix Rν may be used in the Casas-Ibarra parameterization, we scanned for an instance that

produced a favorable Yukawa texture, i.e., high Yukawa for the third generation Majorana neutrinos (DM and
coannihilating candidate). In the following analysis, we focus on the choice of Rν,

4

Rν ¼

2
64

0.11641348 0.78579266 0.60743542

−0.74517440 −0.33523731 0.57648163

0.65663005 −0.51975555 0.54652643

3
75: ð2:47Þ

3A systematic generalization of this parametrization is found in [222].
4The Rν form in Eq. (2.47) was adopted in our analysis as a preferred example based on our empirical understanding from numerical

scans, which showed that a form where all components are highly mixed more readily satisfies all phenomenological requirements in our
model.
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Also, we assume the normal ordering of the three neutrino masses. Based on the data [223], we determine m̂ν1 ¼ 0.01 eV,
m̂ν2 ¼ m̂ν1 þ

ffiffiffiffiffiffiffiffiffiffiffi
Δm2

21

p
¼ m̂ν1 þ 8.6 × 10−3 eV ¼ 0.0186 eV, and m̂ν3 ¼ m̂ν1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

32 þ Δm2
21

p
¼ m̂ν1 þ 0.05 eV ¼

0.060 eV. For the mixing angles, we follow the parametrization

UPMNS ¼

0
BBB@

c12c13 s12c13 s13e−iδCP

−s12c23 − c12s13s23eiδCP c12c23 − s12s13s23eiδCP c13s23
s12s23 − c12s13c23eiδCP −c12s23 − s12s13c23eiδCP c13c23

1
CCCA;

where cij ¼ cos θij, sij ¼ sin θij, and δCP the CP-violating phase, and we will adopt the best-fit result for the normal mass
ordering in Table 1 of [224]; θ12 ¼ 33.68°, θ23 ¼ 43.3°, θ13 ¼ 8.56°, and δCP ¼ 212°; we set the two possible Majorana
phases as zeros because we do not address the physics related to CP violation in this manuscript.

III. NON-DM CONSTRAINTS ON THE MODEL

This section will discuss constraints other than DM physics on our Z4-based scotogenic scenario.

A. Lepton flavor violation

We present the formulas involved in calculating the branching ratios of lα → lβ þ γ (l1 ¼ e, l2 ¼ μ, l3 ¼ τ), as shown in
Fig. 2. The general form of the decay amplitudes squared is given by

jMαβj2 ¼
e2m6

lα

4ð4πÞ4
�����
X3
i¼1

X
sþ¼ηþ

1
;ηþ

2

"

YðsþÞ

Aiβ

��
YðsþÞ

Aiα

M2
sþ

F2

 
M2

NAi

M2
sþ

!
þ


YðsþÞ

Biβ

��
YðsþÞ

Biα

M2
sþ

F2

 
M2

NBi

M2
sþ

!#�����
2

; ð3:1Þ

where α and β represent the initial and final lepton external states, assumingmlα > mlβ and the function F2ðxÞ is defined as

F2ðxÞ ¼
1 − 6xþ 3x2 þ 2x3 − 6x2 ln x

6ð1 − x4Þ : ð3:2Þ

The decay width can be calculated using [225],

FIG. 2. The Feynman diagrams contributing to lα → lβ þ γ are shown in mass eigenstates.
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Γlα→lβþγ ¼
p�

8πm2
lα

jMαβj2; p� ¼ 1

2mlα

ðm2
lα
−m2

lβ
Þ: ð3:3Þ

Using the total decay width Γμ, the branching ratio of lα →
lβ þ γ is estimated as

Brðlα → lβ þ γÞ ¼ Γlα→lβþγ

Γα
: ð3:4Þ

We will use the lifetimes τμ ¼ 2.1969811 × 10−6 s and
ττ ¼ 2.903 × 10−13 s [223] and the experimental con-
straints on the three processes, summarized in Table II.

B. Oblique constraint

Following the prescription in [228], we define two
matrices U and V having dimensions nd × n and
nd ×m. Here, ndð¼ 3Þ is the number of SUð2ÞL doublet
scalars. In terms of the numbers of ncð¼ 0Þ and nnð¼ 1Þ,
which are the numbers of complex SUð2ÞL-singlet and real
SUð2ÞL-singlet scalars with zero hypercharge, n and m are
defined as n ≔ nd þ ncð¼ 3Þ and m ≔ nn þ 2ndð¼ 7Þ,
which represent the singly charged and neutral

components’ numbers (including the would-be Nambu-
Goldstone (NG) degrees of freedom), respectively.U and V
must satisfy,

2
64
Gþ

η0þA
η0þB

3
75¼U

2
64
Gþ

ηþ1
ηþ2

3
75;

2
64

h0 þ iG0

η0RA
þ iη0IA

η0RB
þ iη0IB

3
75¼ V

2
6666666666664

G0

h

ηR1

ηI1
ηR2

ηI2
s

3
7777777777775
; ð3:5Þ

where Gþ and G0 are the would-be NG bosons of the SM
Higgs doublet, corresponding to the longitudinal degrees of
freedom, respectively. The structures of U and V are
identified as

U ¼

0
B@

1 0 0

0 cθcs −sθcs
0 sθcs cθcs

1
CA; ð3:6Þ

V ¼

0
B@

i cα 0 0 0 0 −sα
0 0 cθR icθI −sθR −isθI 0

0 0 sθR isθI cθR icθI 0

1
CA: ð3:7Þ

From this setup, we can calculate the deviation of the ρ
parameter Δρ using the general formula in [228],

Δρ ¼ g2

64π2M2
W

"Xn
a¼2

Xm
b¼2

jðU†VÞabj2Fðm2
a; m2

bÞ −
Xm−1

b¼2

Xm
b0¼bþ1

½Im ðV†VÞbb0 �2Fðm2
b; m

2
b0 Þ

− 2
Xn−1
a¼2

Xn
a0¼aþ1

½ðU†UÞaa0 �2Fðm2
a; m2

a0 Þ þ 3
Xm
b¼2

½Im ðV†VÞ1b�2½FðM2
Z;m

2
bÞ − FðM2

W;m
2
bÞ�

− 3½FðM2
Z;M

2
hÞ − FðM2

W;M
2
hÞ�
#
; ð3:8Þ

where g is the SUð2ÞL gauge coupling, andMW andMZ are
the W-boson and Z-boson masses. ma (also ma0) and mb

(also mb0 ) denote the masses of the charged scalars and
neutral scalars in the mass eigenstates, respectively. The
two states identified by a ¼ 1 or b ¼ 1 are unphysical;
therefore, they are not considered in Eq. (3.8). Equa-
tion (3.8) is simplified in the models with no SUð2ÞL-
singlet charged scalars, as in our model, where the third
term proportional to U†U vanishes as U†U in unity, and
since the summation is over off-diagonal elements, the term

has no contributions. The function Fðx; yÞ in Eq. (3.8) is
defined as

Fðx; yÞ ¼
(
0 if x ¼ y;
xþy
2

− xy lnðx=yÞ
x−y otherwise:

ð3:9Þ

To compare with observational results [229], we use the
parameter T,

TABLE II. Lepton flavor violation observational bounds at
90% confidence level (CL).

Channel Observational upper limits

Brðμ− → e− þ γÞ < 3.1 × 10−13 [226]
Brðτ− → μ− þ γÞ < 4.4 × 10−8 [227]
Brðτ− → e− þ γÞ < 3.3 × 10−8 [227]
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T ¼ Δρ
αðMZÞ

: ð3:10Þ

We consider the case when U ¼ 0, and we use the central value of αðMZÞ ¼ ð127.951� 0.009Þ−1, which is the quantum-
electrodynamical fine structure constant defined in the MS scheme with five quark flavors [229]. We will target the
following value via statistical analysis [223]:

T ¼ 0.01� 0.12: ð3:11Þ

C. Vacuum stability

1. Boundness from below

For the constraints via bounded from below, we need to look at the quartic part of the potential Vð4Þ defined as

Vð4ÞðH; ηA; ηB; SÞ ¼
λHS

2
S2ðH†HÞ þ λSηA

2
S2ðη†AηAÞ þ

λSηB
2

S2ðη†BηBÞ

þ λH
2
ðH†HÞ2 þ λS

4
S4 þ λ2a

2
ðη†AηAÞ2 þ

λ2b
2

ðη†BηBÞ2 þ
λ2c
2

ðη†AηAÞðη†BηBÞ

þ λ2d
2

ðη†AηBÞðη†BηAÞ þ λ3AðH†HÞðη†AηAÞ þ λ3BðH†HÞðη†BηBÞ

þ λ4AðH†ηAÞðη†AHÞ þ λ4BðH†ηBÞðη†BHÞ þ 1

2
½λ5ðH†ηAÞðH†ηBÞ þ H:c:�; ð3:12Þ

where we took λ6 ¼ 0 [refer to Eq. (2.2)]. Assuming fields are real, we can rewrite the potential Vð4Þ as described in [230],

Vð4Þ ¼ xTΛx; ð3:13Þ

with

x ¼

0
BBBBBB@

H2

η2A
ηAηB

η2B
S2

1
CCCCCCA
; ð3:14Þ

and

Λ ¼

0
BBBBBBBBBBBB@

λH
2

λ3Aþλ4A
2

λ5
2

λ3Bþλ4B
2

λHS
4

λ3Aþλ4A
2

λ2a
2

0
ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λSηA
4

λ5
2

0 c


λ2c
2
þ λ2d

2

�
0 0

λ3Bþλ4B
2

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
0 λ2b

2

λSηB
4

λHS
4

λSηA
4

0
λSηB
4

λS
4

1
CCCCCCCCCCCCA
: ð3:15Þ

c is an arbitrary constant due to the ambiguity in ðηAηBÞ2 terms.
The requirement of stability means demanding that the quartic part of the potential Vð4Þ > 0 as the fields ϕi → ∞. To find

the conditions for Vð4Þ > 0 we can impose the positivity condition on Λ [230]. We use the Sylvester criterion for the
positivity of Λ, assuming ϕiϕj ∈R. We must apply the Sylvester criterion to all permutations of the basis vector x.
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Sylvester’s criterion states that a n × nHermitian matrixΛ is positive-definite if and only if all the following matrices have a
positive determinant: the upper left 1 × 1 corner of Λ, the upper left 2 × 2 corner of Λ, and so on. This sequence continues
till Λ itself.
We can then write down the general conditions,

λii > 0; ð3:16Þ

λiiλjj − λ2ij > 0 for i ≠ j; ð3:17Þ

��������
λii λij λik

λji λjj λjk

λki λkj λkk

��������
> 0 for i ≠ j ≠ k;

����������

λii λij λik λil

λji λjj λjk λjl

λki λkj λkk λkl

λli λlj λlk λll

����������
> 0 for i ≠ j ≠ k ≠ l; ð3:18Þ

Det½Λ� > 0: ð3:19Þ

λij’s are the elements of matrix Λ where i, j, k ¼ 1, 2, 3, 4, 5 represent the element position of the matrix.
We get five constraints from the 1 × 1 matrix,

λH > 0; λ2a > 0; λ2b > 0; cðλ2c þ λ2dÞ > 0; λS > 0: ð3:20Þ

We get the following independent constraints from the 2 × 2 matrices:

λHλ2a − ðλ3A þ λ4AÞ2 > 0; λHλ2b − ðλ3B þ λ4BÞ2 > 0; ð3:21Þ

2λ2aλS − λ2SηA > 0; 2λ2bλS − λ2SηB > 0; ð3:22Þ

2λHλS − λ2HS > 0; cλHðλ2c þ λ2dÞ − λ25 > 0; ð3:23Þ

4λ2aλ2b − ð1 − cÞ2ðλ2c þ λ2dÞ2 > 0; ð3:24Þ

where 10 constraints appear from them if we do not remove redundancies. We get the following independent constraints
from the 3 × 3 matrices:����������

λH
2

λ3Aþλ4A
2

λ5
2

λ3Aþλ4A
2

λ2a
2

0

λ5
2

0 c


λ2c
2
þ λ2d

2

�

����������
> 0;

����������

λH
2

λ3Bþλ4B
2

λ5
2

λ3Bþλ4B
2

λ2b
2

0

λ5
2

0 c


λ2c
2
þ λ2d

2

�

����������
> 0; ð3:25Þ

���������

λH
2

λHS
4

λ3Aþλ4A
2

λHS
4

λS
4

λSηA
4

λ3Aþλ4A
2

λSηA
4

λ2a
2

���������
> 0;

���������

λH
2

λHS
4

λ3Bþλ4B
2

λHS
4

λS
4

λSηB
4

λ3Bþλ4B
2

λSηB
4

λ2b
2

���������
> 0; ð3:26Þ

�����������

λH
2

λ3Aþλ4A
2

λ3Bþλ4B
2

λ3Aþλ4A
2

λ2a
2

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λ3Bþλ4B

2

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λ2b
2

�����������
> 0;

�����������

λS
4

λSηA
4

λSηB
4

λSηA
4

λ2a
2

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λSηB
4

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λ2b
2

�����������
> 0; ð3:27Þ
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���������

λH
2

λHS
4

λ5
2

λHS
4

λS
4

0

λ5
2

0 λ2b
2

���������
> 0; ð3:28Þ

where 10 constraints appear from them if we do not remove
redundancies. We get the following independent constraints
from the 4 × 4 matrices:

���������������

λH
2

λ3Aþλ4A
2

λ5
2

λ3Bþλ4B
2

λ3Aþλ4A
2

λ2a
2

0
ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λ5
2

0 c


λ2c
2
þ λ2d

2

�
0

λ3Bþλ4B
2

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
0 λ2b

2

���������������
>0;

ð3:29Þ

�������������

λH
2

λ3Aþλ4A
2

λ5
2

λHS
4

λ3Aþλ4A
2

λ2a
2

0
λSηA
4

λ5
2

0 c


λ2c
2
þ λ2d

2

�
0

λHS
4

λSηA
4

0 λS
4

�������������
> 0; ð3:30Þ

�������������

λH
2

λ3Bþλ4B
2

λ5
2

λHS
4

λ3Bþλ4B
2

λ2b
2

0
λSηB
4

λ5
2

0 c


λ2c
2
þ λ2d

2

�
0

λHS
4

λSηB
4

0 λS
4

�������������
> 0; ð3:31Þ

��������������

λH
2

λ3Aþλ4A
2

λ3Bþλ4B
2

λHS
4

λ3Aþλ4A
2

λ2a
2

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λSηA
4

λ3Bþλ4B
2

ð1−cÞ
2



λ2c
2
þ λ2d

2

�
λ2b
2

λSηB
4

λHS
4

λSηA
4

λSηB
4

λS
4

��������������
> 0;

ð3:32Þ

where five constraints appear from them if we do not
remove redundancies.
We must also constrain the value of c as described in

[230], from the second constraint of Eq. (3.23) requires
jcj ≥ jc0j,

c0 ¼
1

ðλ2c þ λ2dÞ
�
λ25
λH

�
: ð3:33Þ

The extrema solutions of the left-hand side of the inequality
Eq. (3.29) with respect to c are cþ, c−. We check which
solution gives the maximum value for the inequality of
Eq. (3.29) by substituting for c in its second derivative.
Finally, we have constraints,

c ¼

8><
>:

maxðc0; cþÞ if ðλ2c þ λ2dÞ > 0;

maxðc0; c−Þ if ðλ2c þ λ2dÞ < 0;

0 if ðλ2c þ λ2dÞ ¼ 0:

ð3:34Þ

We can compare and check our results with [231] for the Z4

three doublet model if we turn off coupling with the S field
and take its mass to zero. Our result is a match.

2. Inert condition via Hessian

The potential in Eq. (2.2) should not develop a VEV in
the inert direction. We find these constraints by construct-
ing the Hessian matrix H described in [231],

ðHÞij ¼
∂
2V

∂ϕi∂ϕj

����
ϕi¼hϕii;ϕj¼hϕji

; ð3:35Þ

where ϕi;ϕj ¼ fH; ηA; ηB; Sg assuming ϕi ∈R. We consider the minimum case fvH; 0; 0; vSg,

H ¼

0
BBBBBBB@

2m2
H þ 3v2HλH þ v2SλHS 0 0

ffiffiffi
2

p
vHvSλHS

0 2m2
ηA þ v2Hðλ3Aþ λ4AÞþ v2SλSηA

λ5v2h
4

0

0
λ5v2h
4

m2
ηB þ v2Hðλ3B þ λ4BÞþ v2SλSηB 0ffiffiffi

2
p

vHvSλHS 0 0 m2
S þ v2H

2
λHS þ 3v2SλS

1
CCCCCCCA
:

ð3:36Þ

The Hessian must be positive; therefore, we impose the Sylvestor criterion to get the following constraints:
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2m2
H þ 3v2HλH þ v2SλHS > 0; 2m2

ηA þ v2Hðλ3A þ λ4AÞ þ v2SλSηA > 0;

2m2
ηB þ v2Hðλ3B þ λ4BÞ þ v2SλSηB > 0; m2

S þ
v2H
2
λHS þ 3v2SλS > 0: ð3:37Þ

ð2m2
ηA þ v2Hðλ3A þ λ4AÞ þ v2SλSηAÞðm2

ηB þ v2Hðλ3B þ λ4BÞ þ v2SλSηBÞ −
�
λ5v2h
4

�
2

> 0;

ð2m2
H þ 3v2HλH þ λHSv2SÞ

�
m2

S þ
v2H
2
λHS þ 3v2SλS

�
− 2ðvHvSλHSÞ2 > 0: ð3:38Þ

Here, we have simplified and removed redundant constraints of the criteria.

IV. DARK MATTER PHENOMENOLOGY

As we discussed in Sec. II A, the lightest fermioin that
possesses the Z4 parityþi or −i is stabilized by the residual
Z2 parity, and it can be a dark matter candidate χ. In this
paper, we focus on the scenario that one of the heavy
Majorana neutrinos NAi

or NBi
(i ¼ 1, 2, 3) is a dark matter

candidate. Which one is appropriate will be debated later.
We will consider the ordinary thermal freeze-out sce-

nario in our scotogenic model. First, we will briefly
summarize the scenario of dark matter. We follow the
procedure in [232] in our implementation.

A. Relic density through thermal freeze-out

1. Thermal averaging

We first calculate the unpolarized annihilation rate,

Wij→kl ¼
pkl

16π2gigjSkl
ffiffiffi
s

p
Z

jMij→klj2dΩ;

jMij→klj2 ≔
X

internal d:o:f:

jMij→klj2; ð4:1Þ

where
ffiffiffi
s

p
is the total energy of the center-of-the-mass

system and dΩ is the solid angle for the final state.P
internal d:o:f: jMij→klj2 is the square amplitude of the

process ij → kl averaged over initial internal degrees of
freedoms (d.o.f.) and summing over final d.o.f. [233]. The
subscripts i, j in Eq. (4.1) represent different species of
initial dark matter particles and k, l are final SM particle
species. The indices k and l discriminate particles in final
states, and pkl is the final center-of-mass momentum,
which is defined as

pkl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − ðmk þmlÞ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − ðmk −mlÞ2

p
2
ffiffiffi
s

p ; ð4:2Þ

where gi is the degrees of freedom for the dark matter
particles (g1 ¼ 2 for Majorana-fermion dark matter), and
Skl is the symmetry factor Skl ¼ 2 for identical final
particles and Skl ¼ 1 otherwise. If we focus on a single
DM candidate with no coannihilation, i and j take only one,

the effective unpolarized annihilation rate is

Weff ¼
X
k;l

W11→kl: ð4:3Þ

Weff is the annihilation rate summed over all final state SM
particles (k, l).
At equilibrium, we approximate the momentum distri-

bution of the dark matter candidate to follow the Maxwell-
Boltzmann distribution. We now integrate the annihilation
rate over the momentum distribution of the dark matter
population,

A ¼ g2T
4π4

Z
∞

0

dpeffp2
effWeffK1

� ffiffiffi
s

p
T

�
; ð4:4Þ

peff ¼ p11 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4M2

χ

q
; ð4:5Þ

where T describes the temperature, peff is the incoming
momentum of the DM particle (in the center-of-mass
frame) and K1ðxÞ is a modified Bessel function of the
second kind of order one. Equilibrium number density of
the dark matter neq is

neq ¼
T
2π2

gχM2
χK2

�
Mχ

T

�
; ð4:6Þ

where K2ðxÞ is a modified Bessel function of the second
kind of order two. The thermalized cross section can then
be put together,

hσeffvi ¼
A
n2eq

: ð4:7Þ

In the case of coannihilating dark matter, there is an
additional normalization for the case of coannihilation. We
calculate the effective unpolarized annihilation rate,

Weff ¼
X
i;j

X
k;l

pij

p11

gigj
g21

Wij→kl; ð4:8Þ
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p11 is the initial center-of-mass momentum when the two
initial-state particles are the dark matter (i ¼ j ¼ 1), while
pij is that when the initial-state particles are the ith and jth
dark matter candidates, defined as

pij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − ðMχi þMχjÞ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − ðMχi −MχjÞ2

q
2
ffiffiffi
s

p : ð4:9Þ

Also, the equilibrium number density in Eq. (4.6) is
modified as

neq ¼
T
2π2

X
i

giM2
χiK2

�
Mχi

T

�
; ð4:10Þ

where the summation over i in Eq. (4.10) is taken over the
dark-matter candidates relevant in the coannihilation.5

To calculate the thermal cross section in Eq. (4.7), we
approximate T ¼ Tfi and x ¼ xf in the equilibrium num-
ber density as the different particles decouple at different
temperatures,

Tfi ¼
Mχi

xf
: ð4:11Þ

In the momentum integration of Eq. (4.4), we replace T
with Tf1 as it is integrated over dark matter temperature.

2. Boltzmann equation

Let us consider the quantity Y; it is the ratio of
dark matter number density n to entropy density of the
universe s,

Y ¼ n
s
: ð4:12Þ

Y is the measure of dark matter number density; solving the
following Boltzmann equation allows us to compare Y∞
after the freeze-out mechanism as measured by Planck
[234] Ωh2 ¼ 0.120� 0.001:

dY
dx

¼ −
ffiffiffiffiffiffiffiffiffi
π

45G

r ffiffiffiffiffi
g�

p
Mχ

x2
hσeffviðY2 − Y2

eqÞ; ð4:13Þ

and the distribution of Y in the thermal equilibrium is
represented as

Yeq ¼
neq
s

¼ 45x2

4π4heff
g1K2ðxÞ; ð4:14Þ

where we introduced the dimensionless inverse temper-
ature x as

x ≔
m1

T
: ð4:15Þ

g� is the energy density degrees of freedom, heff is the
entropy density degrees of freedom of the Universe, G is
the gravitational constant. We use the scaling trick sug-
gested by [235] to rescale the Boltzmann equation (4.13) by

multiplying it with a constant (MPLð8π
2g�
45

Þ1=2), and we make
the required changes to the Boltzmann equation,

dy
dx

¼−hσeffviMχ

ðy2−y2eqÞ
x2

; yðeqÞ≔MPL

�
8π2g�

45

�
1=2

YðeqÞ;

ð4:16Þ

yeq ¼
MPL

ffiffiffiffiffi
g�

p
x2ffiffiffiffiffi

90
p

heffπ3
g1K2ðxÞ; ð4:17Þ

where yðeqÞ is the new rescaled abundance and MPL is the
reduced Planck mass defined by MPL ¼ ð8πGÞ−1=2. This
modification prevents numerical instabilities, which are
common while solving the Boltzmann equation.
To solve Eq. (4.16), we approximate T ¼ Tf and x ¼ xf

when we calculate Eq. (4.7) which makes < σv >eff a
constant within the region of integration, where Tf and xf
represent the temperature at which dark matter decouples or
freezes out of the thermal bath ðxf ¼ Mχ=TfÞ. xf typically
ranges from 20 to 25, so we use xf ¼ 20 for our numerical
analysis. Above 100 GeV, the degrees of freedom g� ≃
heff ≈ 100 and significantly decreases only at QCD phase
transition (150–214 MeV) [236]. Since we are considering
TeV-scale dark matter mass, we can use the typical value of
g� ≃ heff ≈ 100 as a constant throughout the integration
range of the Boltzmann equation because decoupling will
occur before a significant change in g� and heff .
To obtain relic density analytically, we need to integrate

the Boltzmann equation from x ¼ 0 to x∞ ≔ Mχ=T0 where
T0 is the present photon temperature of the Universe
(T0 ∼ 10−4 eV). We also have a boundary condition that
is imposed Yeq ¼ Yðx ¼ 0Þ, but practically, this is outside
of the range of validity of the nonrelativistic expressions
used. In our analysis we take Yeq ¼ Yðx ¼ 1Þ and integrate
from x ¼ 1 to x ¼ 103. We have verified there is no strong

5Furthermore, we should modify the variable Y [defined in
Eq. (4.12)] in the thermal equilibrium, appearing in the Boltz-
mann equation to describe the thermal freeze-out DM scenario in
Eq. (4.13) for the coannihilation case as [232]

Yeq ¼
45x2

4π4heff

X
i

gi

�
Mχi

Mχ1

�
2

K2

�
x
Mχi

Mχ1

�
:

We make the same scaling modification to the rescaled variable
[defined in Eq. (4.16)] as described earlier; the new yield at
equilibrium is

yeq ¼
MPL

ffiffiffiffiffi
g�

p
x2ffiffiffiffiffi

90
p

heffπ3
X
i

gi

�
Mχi

Mχ1

�
2

K2

�
x
Mχi

Mχ1

�
:
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dependence on x for small x for the lower limit of the integration. We also check that x ¼ 103 is sufficiently large, beyond
which the changes in relic density are insignificant. At x ¼ 103, we obtain the final abundance of dark matter, which can be
plugged into the following formula to get the present dark matter relic density [232]:

Ωh2 ¼ 2.755 × 108 ×
Mχ

GeV
× Y∞; ð4:18Þ

where Y∞ is defined as Yðx ¼ 103Þ.

3. Lepton-portal contributions

In our scenario, where one of the heavy Majorana neutrinos is a thermal dark matter particle χ, through the Yukawa
interaction in Eq. (2.37), the pair-annihilation channels χχ → lαlβ and χχ → νανβ ðα; β ¼ 1; 2; 3Þ contribute. We get the
following scattering amplitudes contributing to the relic abundance in the freeze-out scenario; Mt and Mu are the total t-
channel and u-channel amplitudes, respectively,

4jMðLÞ
t j2 ¼

X
α;β¼e;μ;τ

h

t −M2

χ −m2
lα

�

t −M2

χ −m2
lβ

�i������
X

sþ¼ηþ
1
;ηþ

2



YðsþÞ

χα

��
YðsþÞ

χβ

t −M2
sþ

������
2

þ
X

α;β¼e;μ;τ

h

t −M2

χ −m2
να

�

t −M2

χ −m2
νβ

�i������
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2



Yðs0Þ

χα

��
Yðs0Þ

χβ

t −M2
s0

������
2

; ð4:19Þ

4jMðLÞ
u j2 ¼

X
α;β¼e;μ;τ

h

u −M2

χ −m2
lα

�

u −M2

χ −m2
lβ

�i������
X

sþ¼ηþ
1
;ηþ

2



YðsþÞ

χα

��
YðsþÞ

χβ

u −M2
sþ

������
2

þ
X

α;β¼e;μ;τ

h

u −M2

χ −m2
να

�

u −M2

χ −m2
νβ

�i������
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2



Yðs0Þ

χα

��
Yðs0Þ

χβ

u −M2
s0

������
2

; ð4:20Þ

4


MðLÞ†

t MðLÞ
u þMðLÞ†

u MðLÞ
t

�
¼ −

X
α;β¼e;μ;τ

2ðs −m2
lα
−m2

lβ
ÞM2

χRe

2
64 X
sþ
1
¼ηþ

1
;ηþ

2

0
@Y

ðsþ
1
Þ

χα ðYðsþ
1
Þ

χβ Þ�

t −M2
sþ
1

1
A X

sþ
2
¼ηþ

1
;ηþ

2

0
@ðYðsþ

2
Þ

χα Þ�Yðsþ
2
Þ

χβ

u −M2
sþ
2

1
A
3
75

−
X

α;β¼e;μ;τ

2ðs −m2
να −m2

νβÞM2
χRe

2
64 X

s0
1
¼ηR1

;ηR2
;

ηI1
;ηI2

0
@Y

ðs0
1
Þ

χα ðYðs0
1
Þ

χβ Þ�

t −M2
s0
1

1
A X

s0
2
¼ηR1

;ηR2
;

ηI1
;ηI2

0
@ðYðs0

2
Þ

χα Þ�Yðs0
2
Þ

χβ

u −M2
s0
2

1
A
3
75;

ð4:21Þ

where Re½X� represents the real part of X, and we introduced the notation about the suffix for the Yukawa couplings in
Eq. (2.37),

YðsÞ
χα ≔ the corresponding one fromYðsÞ

A1α
;YðsÞ

A2α
;YðsÞ

A3α
;YðsÞ

B1α
;YðsÞ

B2α
;YðsÞ

B3α
: ð4:22Þ

In the case of coannihilation, there are additional diagrams associated with the coannihilating particle; we use the
convention χ1 for the DM candidate and χ2 for the coannihilating particle. In addition to the t-channel diagrams for
χ2χ2 → lαlβ that is added to dark matter annihilation, we will also have χ1χ2 → lαlβ as described above. The u-channel and
mixed interaction only contribute to χiχi → lαlβ since χ1 and χ2 are not identical particles. The corresponding amplitudes
squared for the coannihilation are written down as
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4ðjMðL;coÞ
t j2Þij ¼

X
α;β¼e;μ;τ

h

t −M2

χi −m2
lα

�

t −M2

χj −m2
lβ

�i������
X

sþ¼ηþ
1
;ηþ

2



YðsþÞ

χiα

��
YðsþÞ

χjβ

t −M2
sþ

������
2

þ
X

α;β¼e;μ;τ

h

t −M2

χi −m2
να

�

t −M2

χj −m2
νβ

�i������
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2



Yðs0Þ

χiα

��
Yðs0Þ

χjβ

t −M2
s0

������
2

; ð4:23Þ

4ðjMðL;coÞ
u j2Þii ¼

X
α;β¼e;μ;τ

h

u −M2

χi −m2
lα

�

u −M2

χi −m2
lβ

�i������
X

sþ¼ηþ
1
;ηþ

2



YðsþÞ

χiα

��
YðsþÞ

χiβ

u −M2
sþ

������
2

þ
X

α;β¼e;μ;τ

h

u −M2

χi −m2
να

�

u −M2

χi −m2
νβ

�i������
X

s0¼ηR1 ;ηR2 ;ηI1 ;ηI2



Yðs0Þ

χiα

��
Yðs0Þ

χiβ

u −M2
s0

������
2

; ð4:24Þ

4


MðL;coÞ†

t MðL;coÞ
u þMðL;coÞ†

u MðL;coÞ
t

�
ii

¼ −
X

α;β¼e;μ;τ

2ðs −m2
lα
−m2

lβ
ÞM2

χiRe

2
64 X
sþ
1
¼ηþ

1
;ηþ

2

0
B@Y

ðsþ
1
Þ

χiα



Y

ðsþ
1
Þ

χiβ

��
t −M2

sþ
1

1
CA X

sþ
2
¼ηþ

1
;ηþ

2

0
B@


Y

ðsþ
2
Þ

χiα

��
Y

ðsþ
2
Þ

χiβ

u −M2
sþ
2

1
CA
3
75

−
X

α;β¼e;μ;τ

2ðs −m2
να −m2

νβÞM2
χiRe

2
64 X

s0
1
¼ηR1

;ηR2
;

ηI1
;ηI2

0
B@Y

ðs0
1
Þ

χiα



Y

ðs0
1
Þ

χiβ

��
t −M2

s0
1

1
CA X

s0
2
¼ηR1

;ηR2
;

ηI1
;ηI2

0
B@


Y

ðs0
2
Þ

χiα

��
Y

ðs0
2
Þ

χiβ

u −M2
s0
2

1
CA
3
75: ð4:25Þ

4. Higgs-portal contributions

In our scenario, the six heavy right-handed neutrinos NAi
and NBi

couple with the singlet scalar S, and after the
spontaneous symmetry breaking with a nonzero VEV for S, the residual Z2 symmetry remains, and the quantum fluctuation
of S (s0) mixes with the physical Higgs field h0 [refer to Eqs. (2.3), (2.4), and (2.5)]. Therefore, χχ →
½a pair of SM particles� is also possible as a Higgs portal.
We introduce the following compact notation for clarity to the relevant part of our calculation:

−LHiggs Yukawa ⊃
X3
i¼1

X
h0¼h;s

h
Yðh0Þ

Ai
ðNAiRÞcNAiRh

0 þ Yðh0Þ
Bi

ðNBiRÞcNBiRh
0

þ Yðh0Þ
ABi

ðNBiRÞcNAiRh
0 þ Yðh0Þ

ABi
ðNAiRÞcNBiRh

0
i
; ð4:26Þ

with

YðhÞ
Ai

¼ yAii

2
c2Ni

sα þ
yBii

2
s2Ni

sα; YðhÞ
Bi

¼ yAii

2
s2Ni

sα þ
yBii

2
c2Ni

sα;

YðsÞ
Ai

¼ yAii

2
c2Ni

cα þ
yBii

2
s2Ni

cα; YðsÞ
Bi

¼ yAii

2
s2Ni

cα þ
yBii

2
c2Ni

cα;

YðhÞ
ABi

¼ yAii

2
sNi

cNi
sα −

yBii

2
sNi

cNi
sα; YðsÞ

ABi
¼ yAii

2
sNi

cNi
cα þ

yBii

2
sNi

cNi
cα; ð4:27Þ

where the six Yukawa couplings yAii
and yBii

(i ¼ 1, 2, 3) do not appear in the active-neutrino mass formula and the lepton
flavor violation, as shown in Eqs. (2.43), (2.44), and (3.1). So, these couplings are not constrained through these phenomena
and play an important role in the Higgs-portal freeze-out DM scenario. Note that, in our current parametrization, the six
effective couplings in Eq. (4.27) are real.
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The following part of the SM Higgs couplings is relevant for our study:

LHiggs; SM ¼
X
h0¼h;s

h0
�
Cðh

0Þ
W Wþ

μ W−μ þ Cðh
0Þ

Z
1

2
ZμZμ

�
−
X
h0¼h;s

Yðh0Þ
f h0f̄f; ð4:28Þ

with

CðhÞW ¼ 2M2
Wcα
vH

; CðhÞZ ¼ 2M2
Zcα

vH
; YðhÞ

f ¼ Mfcα
vH

;

CðsÞW ¼ −
2M2

Wsα
vH

; CðsÞZ ¼ −
2M2

Zsα
vH

; YðsÞ
f ¼ −

Mfsα
vH

; ð4:29Þ

where Mf is the mass of a SM fermion f.6

Under the interaction in Eq. (4.26) and Eq. (4.28), we get the s-channel scattering amplitudes as follows:

4jMðHÞ
s j2 ¼

X
f

16½ðs − 4M2
χÞðs − 4M2

fÞ�
�����
X

h0¼h;s

Yðh0Þ
χ Yðh0Þ

f

s −M2
h0þiMh0Γh0

�����
2

þ 8

�
ðs − 4M2

χÞ
�
2 −

ðs − 2M2
WÞ2

4M4
W

�������
X

h0¼h;s

Yðh0Þ
χ Cðh

0Þ
W

s −M2
h0þiMh0Γh0

�����
2

þ 8

�
ðs − 4M2

χÞ
�
2 −

ðs − 2M2
ZÞ2

4M4
Z

�������
X

h0¼h;s

Yðh0Þ
χ Cðh

0Þ
Z

s −M2
h0þiMh0Γh0

�����
2

; ð4:30Þ

where f is summed over all SM fermions (coupled with the Higgs boson) and Γh0 represents the decay width of h0.7 The
first term represents dark-matter pair annihilations into SM fermions, and the second and third terms represent those to SM
massive gauge bosons W and Z, respectively.
In addition to the s-channel diagrams, we include t-channel and u-channel diagrams for χχ → hh, mediated via the

Majorana fermions; this can be the dark matter particles and heavier ones. The following forms will be used for our
numerical calculations:

4jMðHÞ
t j211 ¼ 4

X
l;m¼1;2

�
1

2
ðM2

χ1 þMχ1Mχl þMχ1MχmÞðsþ u − t − 4M2
χ1Þ þ

1

2
MχlMχmðs − 4M2

χ1Þ

þ 1

2
M2

χ1ðu − tÞ −M4
h

2
þ 1

2
ðM2

χ1 − tÞðM2
χ1 − uÞ

� 
YðhÞ

χlχ1Y
ðhÞ
χlχ1

t −M2
χl

! 
YðhÞ

χ1χmY
ðhÞ
χ1χm

t −M2
χm

!
; ð4:31Þ

4jMðHÞ
u j211 ¼ 4

X
l; m¼1;2

�
1

2
ðM2

χ1 þMχ1Mχl þMχ1MχmÞðsþ t − u − 4M2
χ1Þ þ

1

2
MχlMχmðs − 4M2

χ1Þ

þ 1

2
M2

χ1ðt − uÞ −M4
h

2
þ 1

2
ðM2

χ1 − tÞðM2
χ1 − uÞ

� 
YðhÞ

χlχ1Y
ðhÞ
χlχ1

u −M2
χl

! 
YðhÞ

χ1χmY
ðhÞ
χ1χm

u −M2
χm

!
; ð4:32Þ

4




MðHÞ
t

�†
MðHÞ

u þ


MðHÞ

u

�†
MðHÞ

t

�
11

¼ −4
X

l;m¼1;2

½−M4
h þ ðM2

χ1 − tÞðM2
χ1 − uÞ −Mχ1ðMχl þMχmÞðu − tÞ

− ðs − 4M2
χ1ÞðM2

χ1 −Mχ1Mχl þMχ1Mχm −MχlMχmÞ�

×

" 
YðhÞ

χlχ1Y
ðhÞ
χlχ1

t −M2
χl

! 
YðhÞ

χ1χmY
ðhÞ
χ1χm

u −M2
χm

!#
; ð4:33Þ

6In the following analysis in Sec. V, we will consider the top, bottom quarks (if kinematically accepted) as the final state f in our
numerical scans for the DM mass ≳102 GeV.

7We will provide the calculation of Γs in Appendix A.

Z4 SCOTOGENIC MODEL WITH A HIGGS PORTAL PHYS. REV. D 112, 115009 (2025)

115009-17



where we put the condition that only the second-lightest Majorana fermion χi¼2ð¼ χ2Þ and the lightest as a dark matter
χi¼1ð¼ χ1 ¼ χÞ are taken into account. Also, we introduced similar notations for the Yukawa couplings as for the lepton-
portal channels in Eq. (4.22) [refer to Eqs. (4.27) and (4.29)],

YðhÞ
χ1 ≔ the corresponding one from YðhÞ

A1
;YðhÞ

A2
;YðhÞ

A3
;YðhÞ

B1
;YðhÞ

B2
;YðhÞ

B3
; ð4:34Þ

YðhÞ
χ1χ2 ¼ YðhÞ

χ2χ1 ≔ the corresponding one from YðhÞ
AB1

;YðhÞ
AB2

;YðhÞ
AB3

: ð4:35Þ

Similar to the lepton portal, we ought to consider additional diagrams involved in the coannihilation processes in the
Higgs-portal scenario, too; χ2χ2 → ff̄, χ1χ2 → ff̄ as well as χ2χ2 → bb̄, χ1χ2 → bb̄ contribute to the relic in the
coannihilation scenario. Here, f and b are the standard model fermions and bosons, respectively,

4jMðH;coÞ
s j222 ¼

X
f

16½ðs − 4M2
χ2Þðs − 4m2

fÞ�
�����
X

h0¼h;s

Yðh0Þ
χ2 Yðh0Þ

f

s −M2
h0þiMh0Γh0

�����
2

þ 8

�
ðs − 4M2

χ2Þ
�
2 −

ðs − 2M2
WÞ2

4M4
W

�������
X

h0¼h;s

Yðh0Þ
χ2 Cðh

0Þ
W

s −M2
h0þiMh0Γh0

�����
2

þ 8

�
ðs − 4M2

χ2Þ
�
2 −

ðs − 2M2
ZÞ2

4M4
Z

�������
X

h0¼h;s

Yðh0Þ
χ2 Cðh

0Þ
Z

s −M2
h0þiMh0Γh0

�����
2

; ð4:36Þ

4jMðH;coÞ
s j212 ¼

X
f

16½ðs − ðMχ1 þMχ2Þ2Þðs − 4m2
fÞ�
�����
X

h0¼h;s

Yðh0Þ
χ1χ2Y

ðh0Þ
f

s −M2
h0þiMh0Γh0

�����
2

þ 8

�
ðs − ðMχ1 þMχ2Þ2Þ

�
2 −

ðs − 2M2
WÞ2

4M4
W

�������
X

h0¼h;s

Yðh0Þ
χ1χ2C

ðh0Þ
W

s −M2
h0þiMh0Γh0

�����
2

þ 8

�
ðs − ðMχ1 þMχ2Þ2Þ

�
2 −

ðs − 2M2
ZÞ2

4M4
Z

�������
X

h0¼h;s

Yðh0Þ
χ1χ2C

ðh0Þ
Z

s −M2
h0þiMh0Γh0

�����
2

; ð4:37Þ

where Yðh0Þ
χ2 is defined as similar as Yðh0Þ

χ1 in Eq. (4.34).
In the coannihilation scenario, we replace the mass difference between the two species with δMij ¼ jMχj −Mχi j, where

i ¼ 1, 2 and j ¼ 1, 2, and δMii ¼ 0:

4jMðH;coÞ
t j2ij ¼ 2

X
l¼1;2

X
m¼1;2

�
−M2

hðs − δM2
ij − ð2Mχi þMχl þMχmÞδMijÞ

þ ðs −M2
χi −M2

χjÞðM2
χi þMχiMχl þMχiMχm þMχlMχmÞ

þ ð2Mχi þMχl þMχmÞðMχjðM2
χi − tÞ −MχiðM2

χj − uÞÞ

þ 1

2
ðM2

h þM2
χi − tÞðM2

h þM2
χj − uÞ

� ðYðhÞ
χlχiÞYðhÞ

χlχj

t −M2
χl

! 
ðYðhÞ

χiχmÞYðhÞ
χjχm

t −M2
χm

!
; ð4:38Þ

4jMðH;coÞ
u j222 ¼ 4

X
l¼1;2

X
m¼1;2

�
1

2
ðM2

χ2 þMχ2Mχl þMχ2MχmÞðsþ t − u − 4M2
χ2Þ

þ 1

2
MχlMχmðs − 4M2

χ2Þ þ
1

2
M2

χ2ðt − uÞ −M4
h

2

þ 1

2
ðM2

χ2 − tÞðM2
χ2 − uÞ

� ðYðhÞ
χlχ2ÞYðhÞ

χlχ2

u −M2
χl

! 
ðYðhÞ

χ2χmÞYðhÞ
χ2χm

u −M2
χm

!
; ð4:39Þ
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4ððMðH;coÞ
t Þ†MðH;coÞ

u þ ðMðH;coÞ
u Þ†MðH;coÞ

t Þ22 ¼ −4
X
l¼1;2

X
m¼1;2

½−M4
h þ ðM2

χ2 − tÞðM2
χ2 − uÞ −Mχ2ðMχl þMχmÞðu − tÞ

− ðs − 4M2
χ2ÞðM2

χ2 −Mχ2Mχl þMχ2Mχm −MχlMχmÞ�

×

 
ðYðhÞ

χlχ2ÞYðhÞ
χlχ2

t −M2
χl

! 
ðYðhÞ

χ2χmÞYðhÞ
χ2χm

u −M2
χm

!
: ð4:40Þ

Note the other possible processes with s in the
final state, χ þ χ → hþ s and χ þ χ → sþ s. As we will
discuss, we focus on the kinematic region in 2Mχ ≲Ms,
where the two processes are kinematically suppressed
and may not contribute significantly. Therefore, we ignore
them.

B. Constraints via direct detection

1. Lepton-portal contributions

We define AS as the anapole moment; it is the effective
coupling between a photon and the dark matter candidate
(Majorana fermion) [237] via a charged scalar-SM lepton
loop,

AS¼−
e

96π2M2
χ

X
sþ¼ηþ

1
;ηþ

2

X
α¼μ;τ

jYðsþÞ
χα j2F

�
mlα

Mχ
;
Msþ

Mχ

�
ð4:41Þ

−
e

32π2M2
χ

X
sþ¼ηþ

1
;ηþ

2

jYðsþÞ
χe j2F e

� ffiffiffiffiffiffiffiffi
jqj2

p
Mχ

;
Msþ

Mχ

�
: ð4:42Þ

This calculation assumes the mass of the electron to be
negligible; hence α is only summed over μ and τ, the
second line in Eq. (4.42) is the electron loop contribution.
The formula holds only when momentum transfer from
dark matter to the target nucleus q2 is greater than the
lepton mass squared (q2 > m2

l ), as in our case. We use
shorthand notations, μ ≔ Msþ=Mχ and ϵ ≔ mlα=Mχ below,

F ðμ; ϵÞ ¼ 3

2
log

�
μ2

ϵ2

�
−

1þ 3μ2 − 3ϵ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ2 − 1 − ϵ2Þ2 − 4ϵ2

p Arc tanh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ2 − 1 − ϵ2Þ2 − 4ϵ2

p
μ2 − 1þ ϵ2

�
; ð4:43Þ

F e

� ffiffiffiffiffiffiffiffi
jqj2

p
Mχ

; μ

�
¼

−10þ 12 log

� ffiffiffiffiffiffi
jqj2

p
Mχ

�
− ð3þ 9μ2Þ log ðμ2 − 1Þ − ð3 − 9μ2Þ logðμ2Þ

9ðμ2 − 1Þ : ð4:44Þ

We quote (the relevant part of) the spin-independent differential cross section of dark matter scattering off a nucleus having
atomic number Z formula from [237],8

dσLχ
dER

¼ 4A2
S

�
αEMZ2

�
2mT −

�
1þ mT

Mχ

�
2 ER

v2

�
F2
Zðq2Þ

�
; ð4:45Þ

where ER is the recoil energy, αEM the fine-structure constant in electromagnetism, Z is the nuclear charge of the detector
atom,mT is the detector nucleus mass, and v is the velocity of the dark matter particle relative to that of the nucleus. FZðqÞ is
the nuclear charge form factor [237],

8Note that the full form of Eq. (4.45) is as follows:

dσLχ
dER

¼ 4A2
S

�
αEMZ2

�
2mT −

�
1þ mT

Mχ

�
2 ER

v2

�
F2
Zðq2Þ þ d2A

�
J þ 1

3J

�
2ERm2

T

πv2
F2
Sðq2Þ

�
;

where the second term in the cross section describes the scattering with the magnetic dipole moment of the nucleus. This is subdominant
in the xenon detectors, which is relevant to our paper. Hence, it is dropped going forward. dA, J, and FSðq2Þ are the nuclear dipole
moment, the spin form factor, and the spin of the target nucleus.
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FZðqÞ ¼ 3e−
q2s2

2
ðsinðqrÞ − qr cosðqrÞÞ

ðqrÞ3 ; ð4:46Þ

where s ¼ 1 fm, r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − 5s2

p
, R ¼ 1.2A1=3 fm (with

the nuclear mass number A). The (squared) momentum
transfer from dark matter to the target nucleus q2 takes

q2 ¼ 2mTER: ð4:47Þ

To compare with the latest dark matter direct detection
experiments [203], we must write down the total DM-
nucleon spin-independent cross section. We can express the
DM velocity relative to the nucleus in terms of nucleus
recoil energy [238],

v ¼
�

mTER

μ2χTð1 − cos θÞ
�
1=2

; ð4:48Þ

where μχT is the reduced mass of the dark matter-nucleus
system. As described in [238], we integrate Eq. (4.45) over
the solid angle and the recoil energy the detector is sensitive
to. In the case of the LZ detector, we integrate from 5.5 to
55 KeV recoil energies, in which region the detector
efficiency is > 50% [203].
We can now compare the latest results of the LZ cross

section per nucleon [203] with our calculated cross section

σLχp ¼ σLχ
A
; ð4:49Þ

where A ¼ 129 for Xenon. The detector uses a mixture of
isotopes of which Xe129 has the largest contribution. In
Eq. (4.49), we have used a conservative, simple way to
convert our calculated total cross section into cross section
per nucleon.

2. Higgs-portal contributions

We quote the spin-independent cross section of dark
matter scattering off a nucleon, having the formula from
[239],

yχH ¼
8<
:

yAii
2
c2Ni

þ yBii
2
s2Ni

if χ is NAi
ði ¼ 1; 2; 3Þ;

yAii
2
s2Ni

þ yBii
2
c2Ni

if χ isNBi
ði ¼ 1; 2; 3Þ;

ð4:50Þ

σHχp ¼ μ2χp
π

yχH2s2αc2αm2
p

v2H
FHðMχ ;Mh;Ms; vÞf2p: ð4:51Þ

We define coupling yχH between the neutral singlet S
(gauge basis) and DM candidate χ (mass basis) as is
described in [239],

FHðMχ ;MH1
;MH2

;vÞ

¼ 1

4M2
χv2

"X
i¼1;2

�
1

M2
Hi

−
1

4M2
χv2þM2

Hi

�

−
2

ðM2
H2

−M2
H1
Þ
X2
i¼1

ð−1Þi−1 log
�
1þ 4M2

χv2

M2
Hi

�#
; ð4:52Þ

μχp ¼ mpMχ

mp þMχ
; ð4:53Þ

where we took MH1
¼ Mh and MH2

¼ Ms. Here, proton
massmp is assumed to be nucleon mass, μχp is dark matter-
nucleon reduced mass. v is dark matter velocity in the
laboratory frame and fp ≈ 0.326 is the nucleon form factor.
To compare with the results of the LZ Collaboration [203],
we input the dark matter velocity v in Eq. (4.51) for the
spin-independent cross section per nucleon. The mean
velocity of the dark matter halo is v ¼ 220 km=s ¼ 73.5 ×
10−5 ≈ 10−3 in natural units is used in our analysis.

V. NUMERICAL ANALYSIS

We will discuss the dark matter phenomenology of the
current scenario, taking into account the observed active
neutrino texture, and constraints via the lepton flavor
violation (lα → lβ þ γ), T parameter oblique constraint,
and the stability of the scalar potential. For simplicity, we
focus on the normal ordering in the active neutrino mass
matrix below.9

A key parameter of our dark matter scenario is the mixing
angle α between the Higgs doublet and the singlet, which
determines the magnitudes of the Higgs-portal channels in
the relic abundance and constraints via the direct detection.
Note that α ¼ 0 corresponds to the pure lepton-portal
scenario. We choose the Majorana fermion NB3

ð¼χ1¼χÞ
as a dark matter candidate, where under the texture in
Eqs. (2.37) and (4.26). NA3

ð¼ χ2Þ is an efficient partner of
coannihilation. As shown in Eqs. (4.27) and (4.50), the
relevant Yukawa couplings to the gauge singlet among
them, namely yA33

and yB33
, play a primary role in relic

abundance and direct detection. We take the other yAii
and

yBii
as zero (yA11

¼ yA22
¼ yB11

¼ yB22
¼ 0). Another

important parameter is the mixing angle for the “third”-
generation Majorana fermions θN3

, which modulates the
interactions for relic abundance and direct detection.
Finally, we should point out that the dark matter candidate
can hit the pole of the (mostly singlet) scalar s if the mass is
around half of it. The resonance enhancement in the

9All numerical calculations except for Fig. 5 in this paper were
performed using Python3 [240] with the following packages:
MATH [241], NumPy [242], PANDAS [243], RANDOM [241], and
SciPy [244]; also MATPLOTLIB [245] for plotting. For Fig. 5,
Mathematica was used.
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annihilation (without large couplings) helps dark matter
phenomenology.
As a benchmark, we choose Ms ¼ 3 TeV, ΔM ≔ Mχ2−

Mχ1 ¼ 10 GeV, α ¼ 0.05, where the Higgs-portal channel
is switched on and the coannihilation mechanism may
work. Figure 3 provides the results of our numerical scans

for θN3
¼ 0.1 (left panel) and θN3

¼ 0.01 (right panel),
where other relevant parameters are scanned.
For each scan, we randomly selected the parameters

Mχ1ð¼ MNB3
Þ, MNA1

, MNB1
, MNA2

, MNB2
, Mηþ

1
, Mηþ

2
, MR1

,

MR2
, θR, λ5, yA33

, while the following other independent
relevant parameters are fixed; Ms, Mχ2ð¼ MNA3

Þ, θN1
, θN2

,

FIG. 3. Results of the relic abundance calculations under Ms ¼ 3 TeV, Mχ2 −Mχ1ð¼ ΔMÞ ¼ 10 GeV, α ¼ 0.05; θN3
¼ 0.1 (left

panel) and θN3
¼ 0.01 (right panel), taking account of coannihilation. The horizontal blue line depicts the experimental observation of

the DM relic abundance (Ωh2 ¼ 0.120� 0.001) [234]. Note that each point of the panels is consistent with the observed neutrino
profiles, the constraints via the lepton flavor violation (lα → lβ þ γ), and T parameter. The colors of the points indicate the magnitudes of
yA33

, while we take yB33
¼ 0. The details of the two benchmark points are available in Table III.

TABLE III. The values of the relevant parameters for the seven benchmark points in Figs. 3 and 4 and realized relic abundances (Ωh2)
are shown. Note that they are consistent with the observed neutrino profiles, the lepton flavor violation (lα → lβ þ γ), T parameter, and
DM direct detection.

Parameters BP1 BP2 BP3 BP4 BP5 BP6 BP7

Ωh2 0.1019 0.1119 0.1075 0.1042 0.1039 0.0830 0.1041
Ms (TeV) 3.0 3.0 2.0 2.0 2.0 2.0 2.0
Mχ1ð¼ MNB3

Þ (GeV) 1274 1169 978 748 1230 965 778

Mχ2ð¼ MNA3
Þ (GeV) 1284 1179 988 758 1240 975 788

Mηþ
1
(GeV) 2199.48 2795.66 2015.27 1299.27 2138.41 2157.74 1393.35

Mηþ
2
(GeV) 2006.75 2405.21 1173.00 897.00 1814.11 1706.14 933.00

MR1
(GeV) 2235.39 2808.58 2056.27 1305.33 2182.50 2206.11 1408.59

MR2
(GeV) 2019.67 2414.53 1190.37 857.16 1819.99 1716.45 962.39

MNA1
(GeV) 1534 1408 1179 903 1482 1164 939

MNA2
(GeV) 1533 1407 1178 902 1481 1163 938

MNB1
(GeV) 1535 1409 1180 904 1483 1165 940

MNB2
(GeV) 1532 1406 1177 901 1480 1162 937

θR 0.5859 0.5484 0.6322 0.6864 0.5482 0.6958 0.7500
θN1

ð¼ θN2
Þ; θN3

0.7, 0.1 0.7, 0.01 0.7, 0.1 0.7, 0.01 0.7, 0.01 0.7, 0.1 0.7, 0.01
θcs 0.6 0.6 0.6 0.6 0.6 0.6 0.6
α 0.05 0.05 0.1 0.1 0.1 0.05 0.05
log10ðλ5Þ −6.0307 −6.1558 −6.8970 −6.7433 −6.1206 −6.4266 −6.6757
λ6 0 0 0 0 0 0 0
yA33

2.8509 3.8996 1.5849 3.8393 4.9502 3.7451 5.2354
yB33

0 0 0 0 0 0 0
MI1 (GeV) 2235.39 2808.58 2056.27 1305.33 2182.50 2206.11 1409.59
MI2 (GeV) 2019.67 2414.53 1190.37 857.16 1819.99 1716.45 962.39
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θN3
, θcs, α, λ6ð¼ 0Þ, and yB33

ð¼ 0Þ. Note that the values of
MI1 and MI2 are determined by the parameters above, but
we show the corresponding digits for convenience. Also,
the two differences betweenMRi

andMIi (i ¼ 1, 2) are not
observed within the shown digits in Table III, but they
should be nonzero to produce the minuscule mass
differences of the active neutrinos (see Sec. II B). Due to
the same reason, θI (not shown in Table III) becomes
extremely close to θR. See Table III for concrete
information.10

Note that each point of the panels is consistent with the
observed neutrino profiles, the constraints via the lepton
flavor violation (lα → lβ þ γ), and the T parameter. The
colors of the points indicate the magnitudes of yA33

, while
we take yB33

¼ 0 to evade the direct-detection constraint.
These results show that if we introduce an order-one
Yukawa yA33

(keeping yB33
¼ 0), our model can explain

the TeV-scale dark matter remnant simultaneously with the
preferred neutrino mass terms. The effective area extends
over a wide range, not only in the vicinity of the resonance
around 1.5 TeV. It can also be read that θN3

affects the valid
range of the parameters; as shown in Fig. 3, a smaller θN3

is
slightly more significant for a small value of α. We provide
the full sets of model parameters for the two benchmarks
(BP1, BP2) in Table III. Note that for a sizable choice of α,
the Higgs-portal interaction increases rapidly, and the direct
detection discards such a point.
We provide our investigations for a lighter s of

Ms ¼ 2 TeV, keeping ΔMð¼ Mχ2 −Mχ1Þ ¼ 10 GeV, tak-
ing into account coannihilation. The results are available in
Fig. 4, where we focus on the four choices of ðα; θN3

Þ ¼
ð0.1; 0.1Þ (left upper), (0.1, 0.01) (right upper), (0.05, 0.1)
(left lower), and (0.05, 0.01) (right lower), respectively.
Here, as a general trend, it becomes more difficult to

avoid various restrictions because the masses of heavy
particles tend to be smaller, compared with those in the scan
for Ms ¼ 3 TeV (refer to Fig. 3), in effective parameter
points. As seen in the previous scans forMs ¼ 3 TeV (refer
to Fig. 3), the smaller θN3

tends to yield more effective
configurations. Furthermore, even with the same θN3

, a
smaller nonzero α tended to result in more effective
configurations. We provide the full sets of model parameters

FIG. 4. Results of the relic abundance calculations under Ms ¼ 2 TeV, Mχ2 −Mχ1ð¼ ΔMÞ ¼ 10 GeV; ðα; θN3
Þ ¼ ð0.1; 0.1Þ (left

upper), (0.1, 0.01) (right upper), (0.05, 0.1) (left lower), (0.05, 0.01) (right lower), respectively, taking account of coannihilation. The
other parameter choices and conventions are the same as those of Fig. 3. The details of the five benchmark points are available in
Table III.

10As mentioned above, the vital parameters for the residual
amount of dark matter have been identified through phenom-
enological discussions, namely Mχ1, Mχ2 , Ms, α, and θN3

, other
than couplings such as yA33

. We determined that fixing these
parameters for comparison would clarify the characteristics of the
models. In addition, several parameters that are not expected to
affect the overall phenomenon significantly, such as θN1

and θN2
,

have been fixed appropriately.
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for the five benchmarks (BP3, BP4, BP5, BP6, BP7) in
Table III.11

The scan results in Figs. 3 and 4 clearly show that this
scenario can still correctly reproduce the coordination of
active neutrinos and the relic abundance of thermal WIMP
dark matter while avoiding the latest direct search limi-
tations on dark matter and other theoretical limitations,
where active-neutrino masses and mixings are induced at
one-loop level as shown in Fig. 1, and the Yukawa coupling
yA33

tends to be Oð1Þ. We provide a few comments:
(i) If we choose Mχ2 sizably above Mχ1 , coannihilation

is disactivated and most of the relevant parameter
points addressing the DM relic abundance are gone,
see Appendix B for checking this point.

(ii) If we switch off the Higgs portal coupling by α ¼ 0,
only the lepton-portal coupling remains. As far as
we checked, no valid parameter point for addressing
the neutrino masses/mixings and the DM relic
abundance (even with coannihilation), also evading
the latest bound on the DM direct detection [203]
and other constraints.12

(iii) Since, as shown in Table III, also Figs. 3 and 4, the
masses of the dark matter candidate and the other
new fermions and scalars tend to be above (or
around) 1 TeV, and thus to investigate the current
scenario at the LHC by focusing on events with large
missing ET is uneasy. However, as we will debate in

Sec. VI, we can investigate the current scenario with
the help of the LHC by focusing on the measurement
of the trilinear Higgs self-coupling.

In the previous numerical scans in Figs. 3 and 4, also in
Table IV, we did not include the constraints on the shape of
the scalar potential: the bounded from below [from
Eq. (3.20) to Eq. (3.32)] and the inert condition [from
Eqs. (3.37) and (3.38)].13 To confirm this point, in Table IV,
for each of the seven benchmark points (BP1 to BP7) of
Figs. 3 and 4, we provide a set of valid parameters
describing the potential (also not being relevant for the
phenomena considered in the numerical scans), where, in
any one of the sets, all of the conditions for the bounded
from below [from Eq. (3.20) to Eq. (3.32)] and the inert
condition [from Eqs. (3.37) and (3.38)] are satisfied. Here,
at some benchmark points, some quartic couplings are quite
large, but they still satisfy a naive perturbation limit of 4π.
From the above discussion, it can be said that our model
tends to maintain the stability of the potential perturbatively
while keeping the stability of dark matter by appropriately
selecting the parameters of the potential.

VI. BOUNDS ON HIGGS TRILINEAR
SELF-COUPLING

The ATLAS experiment places stringent constraints
on the Higgs trilinear self-coupling [247,248]. The
parameter κ3 quantifies the deviation from the

TABLE IV. For each of the seven benchmark points (BP1 to BP7) of Figs. 3 and 4, we provide a set of valid parameters describing the
potential (also not being relevant for the phenomena considered in the numerical scans). In any one of the sets, all of the conditions for
the bounded from below [from Eq. (3.20) to Eq. (3.32)] and the inert condition [from Eqs. (3.37) and (3.38)] are satisfied.

Parameter BP1 BP2 BP3 BP4 BP5 BP6 BP7

λSηA 0.7105 0.9196 0.5929 0.4385 0.6829 0.6594 0.4845
λSηB 0.6551 0.8175 0.4982 0.3963 0.6030 0.6052 0.3879
λ2a 2.8 3.7 4 3.5 4 3.5 3.5
λ2b 3 4 4 3.5 4 3.8 3.6
λ2c 1 1 3 0.1 4 4.8 2.5
λ2d 1 1 3 0.1 4.4 5 2.5
λ3A −3.5287 −4.3015 −0.3693 4.0333 −5.7771 1.7173 −8.6457
λ3B −1.4539 2.4240 −4.5045 −0.2452 0.7748 −7.8595 7.3934
λ4A 4.5287 5.3014 1.3693 −3.0333 6.7771 −0.7173 9.6456
λ4B 2.4539 −1.4240 5.5045 1.2452 0.2252 8.8595 −6.3934
mηA (GeV) 2048.17i 2048.69i 2048.30i 2048.54i 2048.72i 2048.13i 2048.18i
mηB (GeV) 1964.41i 1964.48i 1964.47i 1964.56i 1965.08i 1964.62i 1964.71i
λHS 0.3646 0.36461 0.3218 0.3218 0.3218 0.1617 0.1617
λH 0.6290 0.629044 0.9144 0.9144 0.9144 0.4227 0.4227
λS 0.1796 0.179551 0.0792 0.0792 0.0792 0.0798 0.0798

11For the shift of the peak from the naive location Ms=2 ¼
1 TeV, see Chapter 6 of [246] for details.

12Note that we found parameter points with the correct amount
of the DM relic abundance in the pure lepton-portal case (α ¼ 0)
with coannihilation, being consistent with the previous LZ
constraint on the direct detection [202], and the others.

13In our model, the potential has many parameters, making it
structurally impossible to uniquely determine the potential
parameters based solely on the information on the scalar’s
VEV, masses, and mixings. Due to this circumstance, we adopted
the approach of separating the discussion of potential stability
from other discussions.
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Standard Model prediction for the trilinear Higgs self-
coupling, defined as

κ3 ¼
λhhh
λSMhhh

: ð6:1Þ

The current bound by ATLAS on κ3 [247] is

−0.4 ≤ κ3 ≤ 6.3 ðat 95% confidence levelÞ: ð6:2Þ

In the SM, the trilinear Higgs coupling arises from the
scalar potential:

VSM ⊃
λH
2
ðH†HÞ2;

⊃
λHvH
2

h03 ¼ 1

3!
3λHvHh03 ¼

1

3!
λSMhhhh

03;

where the Higgs doublet is expanded around its VEV as
shown in Eq. (2.3) [see also Eq. (2.4)]. Therefore, the
SM trilinear coupling is fully determined by the electro-
weak symmetry-breaking scale vH ¼ 246 GeV and the
Higgs mass Mh ¼ 125 GeV,

λSMhhh ¼ 3λHvH; λH ¼ M2
h

v2H
≃ 0.26: ð6:3Þ

In our model, additional contributions to the trilinear
coupling arise from the scalar singlet S, leading to the
extended scalar potential:

V ⊃
λHS

2
S2ðH†HÞ þ λH

2
ðH†HÞ2 þ λS

4
S4;

⊃
1

2
fvHðλHc3α þ λHScαs3αÞ þ vSð2λSs3α þ λHSc2αsαÞgh3;

¼ 1

3!
λhhhh3: ð6:4Þ

After spontaneous symmetry breaking and mixing between
the Higgs and singlet scalars, the physical trilinear coupling
becomes

λhhh ¼ 3fvHðλHc3α þ λHScαs3αÞ þ vSð2λSs3α þ λHSc2αsαÞg;
ð6:5Þ

where we remind the reader of the mixing angle,
sα ¼ sinðαÞ, cα ¼ cosðαÞ, namely, s0 ¼ sαhþ cαs, h0 ¼
cαh − sαs. Here, λhhh can be completely determined if we
specify the Z4 symmetry breaking vS, mass of the new
singlet Ms, and Higgs mixing angle α via

λH ¼ M2
hc

2
α þM2

ss2α
v2H

; λS ¼
M2

sc2α þM2
hs

2
α

2v2S
;

λHS ¼ −
ðM2

h −M2
sÞ sinð2αÞ

2vHvS
: ð6:6Þ

We pin down the corresponding points of the seven
benchmark points discussed in Sec. Vas a function of α and
Ms under the choice vS ¼ 5 TeV, and the result is
summarized in Fig. 5.14 Note that all of the benchmark
points are consistent with the latest ATLAS result [247],
and the five benchmark points (Nos. 1, 2, 3, 4, 5) are
located near the current boundary. The 95% confidence
level combined ATLAS and CMS HL-LHC projection
under the SM hypothesis was estimated as κ3 ∈ ½0.1; 2.3�
[249], and the benchmark points will be indirectly inves-
tigated in the future.

VII. COMMENTS ON THE DOMAIN
WALL PROBLEM

The authors of [250] make the observation that when a
discrete symmetry is spontaneously broken, multiple
degenerate ground states become available. As there is
no requirement for the Universe to select a particular choice

1000 2000 3000 4000 5000
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BP1, BP2

BP3, BP4, BP5

BP6, BP7

FIG. 5. The gray-shaded region shows the 95% CL disfavored
region on the ðMs; αÞ plane (under the choice vS ¼ 5 TeV) by the
ATLAS constraints on the trilinear Higgs self-coupling [247].
The dashed curve represents the 95% CL future prospect of the
ATLAS and CMS HL-LHC projection under the SM hypothesis
[249]. Red points represent the benchmark points discussed in
Sec. V (see Figs. 3 and 4, and Table III for details).

14As recognized from Eq. (6.6), if vS is notably greater than
vH , the disfavored region is not sensitive to the value of vS.
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of ground state, we will have causally disconnected spatial
regions having different ground states. The different ground
state regions will be separated by stable domain walls
(DWs). The energy density of these domain walls scales as
ρDW ∝ 1=R, where R is the radius of the Universe, ρDW
decreases more slowly than normal radiation or matter
energy density dominating the energy density of the
Universe, which can lead to disagreement with observation.
In our model, the Z4 symmetry is spontaneously broken

when the singlet field S acquires a VEV, to a Z2 subgroup.
We consider two possible mechanisms to address this issue
in our model.15

A. Domain wall production before inflation

The simplest way is to consider the symmetry-breaking
scale to be higher than the inflation scale. If the domain
walls are produced before inflation, the resulting domain
walls are inflated away. Low-scale inflation models with
V1=4 ≃ 10—104 TeV [251–253] offer a viable setting in
which domain walls produced by discrete symmetry break-
ing can be inflated away. Though our model benchmark
points have VEV ∼Oð10 TeVÞ, we can increase the VEV
above the inflation scale without altering the particle
physics phenomenology discussed in this article to dilute
away domain walls produced by discrete symmetry
breaking.

B. Domain wall decay in a Uð1ÞX-embedded scenario

Another way to address this issue is the use of the gauged
discrete symmetry prescription described in [254,255]. We
embed our Z4 symmetry into a continuous gauge symmetry
such as Uð1ÞX; in this new scenario the Universe first
breaks the continuous gauge symmetry at some high scale
v1 to our Z4 discrete symmetry forming strings and then
subsequently Z4 is broken to Z2 at scale vS forming domain
walls bounded by strings,

Uð1ÞX⟶
v1 Z4⟶

vS Z2:

Inflation must occur before the high symmetry-breaking
scale v1, so that the strings produced are not diluted away.
These domain walls are metastable and collapse in time
tc ∼ μ=σ ∼ v21=v

3
S (from dimension analysis in [256]),

where μ and σ respectively denote the string mass per
unit length and wall mass per unit area. If we assume scales
of symmetry breaking v1 ∼ 1016 GeV and vS ∼ 10 TeV or
∼1 TeV, the domain-walls collapse in time tc ∼ 10−4 s or
tc ∼ 10−2 s.16 The homogeneity and isotropy of our
Universe requires that the domain walls disappear quite

early in the evolution of our Universe. The most stringent
bound is from the big bang nucleosynthesis (BBN), the
domain wall must disappear before BBN T ∼ 1 MeV [223]
if we assume there is not a domain wall dominated era in
the Universe evolution the temperature corresponds to
t ∼ 1 s; therefore, the bound on the domain-wall collapse
is tc ≲ 1 s [250]. This method was also used by the authors
of [257] to analyze the gravitational signal resulting from
the collapse of this metastable string-bounded domain-wall
system. While a detailed discussion of this process is not in
the scope of our article, we show that we are able to
overcome the domain-wall issue within reasonable exten-
sions of our model and its parameters while preserving our
original result.17

C. Explicit soft Z2 breaking

As a final mechanism to address the domain-wall
problem, we consider introducing a soft, explicit breaking
of the discrete symmetry, which avoids the domain-wall
problem. The softly broken Z4 symmetry lifts the degen-
eracy of the VEV, triggering domain-wall collapse. Most
studies illustrating this mechanism typically use Z2 as a
starting point [258–261]. For ZN with N > 2, the breaking
is typically considered in the context of complex scalar
fields [262,263], where the vacuum structure becomes
elaborate. Nonetheless, heuristically, the arguments dis-
cussed may still be valid for our model. Let us begin with
our potential for the S field,

V0ðSÞ ¼ þm2
S

2
S2 þ λS

4
S4; ð7:1Þ

with parameterization S ¼ ðvS þ s0Þ. Though the Z4 sym-
metry seems to allow four degenerate solutions for the
VEV,

vS ¼ v0e
Nπ
2 ; N ¼ 0; 1; 2; 3: ð7:2Þ

These are only consistent if S were complex; if not, the
imaginary solutions of the VEV lead to a complex potential
which is unphysical. For a real scalar field S with Z4 charge
−1, only the two real minima are allowed. Therefore, in our
setup, S is effectively charged under a Z2 symmetry and can
only take VEV,

vS ¼ �v0: ð7:3Þ

An explicit Z4 symmetry-breaking term is added which
introduces a bias in the vacuum structure and generates a

15We may mention that while some works [111,113,122] have
proposed scotogenic scenarios based on Z4 to a Z2, no comments
on the domain-wall problem were found in them.

16Note that for a lower/higher v1, we get a looser/tighter bound.

17While a description of the formulas for μ and σ is given in the
original paper [254], it contains a version of the formulas in
Eqs. (12) and (13), which is a model-specific formula. A more
general case is studied in [256], and the formulas can be found in
Eqs. (4) and (11).
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pressure on the domain walls,

δV ¼ ϵS3 ⟶ ϵv30e
Nπ
2 : ð7:4Þ

Here ϵ is a dimensionfull parameter controlling the strength
of the explicit breaking and N ¼ 0, 2 corresponding to the
real field configuration of our setup. The energy difference
between the two vacua reads

ΔV ¼ VðþvSÞ − Vð−vSÞ ¼ 2ϵv3S: ð7:5Þ

This energy difference between the two vacuum states
provides a pressure leading to domain-wall collapse. We
require that the domain walls disappear before nucleosyn-
thesis [258]; therefore, the pressure must satisfy

ΔV
σ

>
1

1010 cm
∼ 10−24 GeV; ð7:6Þ

which leads to the lower bound on ϵ

ϵ≳ 5 × 10−25 GeV: ð7:7Þ

Here σ is the domain-wall tension σ ∼ v3S.
On the other hand, the explicit soft-breaking term

disables the absolute stability of the fermionic DM candi-
date, which becomes a very long-lived particle. A possible
decay channel of χ is χ → νSMhh (νSM is a SM neutrino),
and the magnitude of the corresponding total decay width
of a decaying χ is very roughly estimated through naive
dimensional analysis and the 3-body phase space factor (for
massless final states) as

Γdecaying-χ ∼
3

192π3
× ðϵcinertÞ2 ×

M3
χ

M4
med

; ð7:8Þ

where the factor 3 comes from the three SM neutrinos, the
violation of the inert condition in the terms ðH†HÞðη†AηAÞ
and ðH†HÞðη†BηBÞ is parametrized as ϵcinert with a dimen-
sionless constant cinert, Mmed represents a mass of the
scalar mediator into a pair of the SM Higgs boson, and here
we assumed that all of the dimensionless coupling con-
stants are Oð1Þ. The corresponding mean lifetime is
estimated as

τdecaying-χ ¼ Γ−1
decaying-χ

∼ ð4 × 1030 sÞ ×
�
5 × 10−25 GeV

ϵ

�
2
�

1

cinert

�
2

×

�
Mmed

1 TeV

�
4
�
1 TeV
Mχ

�
3

; ð7:9Þ

where, if this value is longer than the age of the
Universe ∼ 1017 s, this decaying DM can explain the relic
abundance correctly. Via Eq. (7.9), we can conclude that,

for a very wide region of fϵ; cinertg, the effect of the soft
explicit breaking of the Z2 symmetry is harmless for the
existence of a suitable DM candidate. This means that the
simplest option for evading the domain-wall problem
works fine in our setup.

VIII. SUMMARY

We have constructed a new scotogenic type model based
on a global Z4 symmetry involving dark matter candidates.
After the symmetry breaking of it as Z4 to Z2 via the singlet
scalar VEV, the lightest Majorana fermion works as a
viable WIMP DM candidate and the mass terms for active
neutrinos are generated as a finite quantum correction. A
key point of realizing our scotogenic structure is to
introduce two types of Majorana fermions (heavy right-
handed neutrinos) and inert Higgs doublets with opposite
Z4 parities. Since a large VEV for the singlet scalar is not so
harmful in an appropriate realization of the Higgs mecha-
nism for the SM gauge symmetry, we can naturally realize a
TeV-scale fermionic DM candidate, where constraints via
direct detection experiments are less than those for sub-TeV
WIMPs. For the case that NB3

is the DM candidate, we find
a natural coannihilation partner NA3

. By taking “asymmet-
ric” profiles in the Yukawa couplings to the singlet scalar S
as yA33

∼Oð1Þ but yB33
¼ 0 and small but nonzero α and

θN3
, a “well-tempered” situation is realized, where the

direct-detection cross section is relatively suppressed, and
the decent-sized Higgs-portal interaction (with coannihila-
tion) naturally leads to a correct amount of the relic
abundance of the fermionic thermal WIMP DM. Our
scenario has lots of parameter points where the observed
DM relic abundance is explained under the correct reali-
zation of the active neutrino masses and mixing angles
(refer to Figs. 3 and 4).
The current scenario, above-TeV DM and its mediators,

are favored to evade the severe constraint via direct
detection. At the LHC, such cases are hard to investigate
via events with large missing transverse energy, but the
development in the measurement of the Higgs trilinear self-
coupling enables us to survey the validity of our scenario
indirectly. As summarized in Table IV and Fig. 5, in our
scenario, valid parameter points for the active neutrino
profiles and the correct amount of WIMP DM tend to be
located near or a bit away from the current boundary
provided by the ATLAS experiment. The future ATLAS-
CMS investigation at high-luminosity LHC will survey
such benchmark points.
Since our scenario predicts the transition of the global

discrete symmetry Z4 → Z2, the formation of domain walls
at an early stage of the Universe can lead to a mismatch
with observations. We proposed three possible solutions,
where the two require some extension of the model, while
the last, simplest one, introducing an explicit soft Z2-
symmetry-breaking term, can be addressed within the
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present scenario. We checked that the simplest prescription
works fine, where the lifetime of the decaying DM easily
becomes longer than the age of the Universe.
We focus on a significant property of our scenario. As

shown in Tables III and IV, the Yukawa coupling to the
singlet scalar yA33

and some of the scalar quartic couplings
tend to be Oð1Þ at valid benchmarks. If they follow the
running through the renormalization group equations, the
running couplings may blow up or blow down at an energy
scale that is not so far from the TeV scale. Therefore, if we
attempt to explain the properties of neutrinos and dark
matter in this scenario, the scale of inflation must be quite
low. It looks like an interesting future study to investigate
which low-energy inflation scenarios are consistent with
our scenario. Furthermore, our scenario includes numerous
right-handed neutrinos and numerous new scalar fields,
including SUð2ÞL inert doublets. It is an interesting
challenge to consider various TeV-scale leptogenesis sce-
narios under such circumstances. Also, the feature of Z4 to
Z2 symmetry breaking with a real scalar field can also be
studied in the future through gravitational wave production.
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APPENDIX A: DECAY WIDTH OF s

We begin with the scalar potential:

V ⊃
λHS

2
S2ðH†HÞ þ λH

2
ðH†HÞ2 þ λS

4
S4: ðA1Þ

After acquiring VEV, the SM Higgs and singlet scalars are
parametrized as

H ¼
 

0

1ffiffi
2

p ðvH þ h0Þ

!
; S ¼ ðvS þ s0Þ;

s0 ¼ sαhþ cαs; h0 ¼ cαh − sαs:

To compute the decay width Γs, we first isolate the
interaction term in the potential that contributes to the
decay of the singlet scalar s into two Higgs bosons hh:

V ⊃
1

2
λshhshh:

The effective trilinear coupling coefficient cshh is

λshh ¼ −3λHvHc2αsα þ
λHS

4
fvSðcα þ 3c3αÞ

þ vHð−sα þ 3s3αÞg þ 6λSvScαs2α: ðA2Þ

The square amplitude for this process is

jMshhj2 ¼ λ2shh: ðA3Þ

The decay width of a particle of massMs decaying into two
identical Higgs particles is

Γs→hh ¼
1

2!

p�

32π2M2
s

Z
jMshhj2dΩ; ðA4Þ

FIG. 6. Results of the relic abundance calculations under Ms ¼ 3 TeV, α ¼ 0.05; θN3
¼ 0.1 (left panel) and θN3

¼ 0.01 (right),
without coannihilation. The horizontal blue line depicts the experimental observation of the DM relic abundance
(Ωh2 ¼ 0.120� 0.001) [234]. Note that each point of the panels is consistent with the observed neutrino profiles, the constraints
via the lepton flavor violation (lα → lβ þ γ) and T parameter. The colors of the points indicate the magnitudes of yA33

, while we take
yB33

¼ 0. The details of the two benchmark points are available in Table V.
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p� ¼ 1

2Ms

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

s − 4M2
hÞM2

s

q
≃
Ms

2
; ðA5Þ

where we used the approximation Mh ≪ Ms for our
focused parameter region,

Γs→hh ¼
jMshhj2
32πMs

; ðA6Þ

where the decay width of s is dominantly described by
s ⟶ hh as Γs ≃ Γs→hh.

APPENDIX B: DM RESULTS WITHOUT
COANNIHILATION

Here, we provide the numerical scans similar to those in
Sec. V, but without coannihilation by taking the mass of
the coannihilation partner Mχ2ð¼ MNA3

Þ as 20% larger

than the DM mass Mχ1ð¼ MNB3
Þ, while the other schemes

are the same. For each scan, as before, we randomly selected
the paramters Mχ1ð¼ MNB3

Þ, MNA1
, MNB1

, MNA2
, MNB2

,

Mηþ
1
,Mηþ

2
,MR1

,MR2
, θR, λ5, yA33

, while the following other
independent relevant parameters are fixed; Ms,
Mχ2ð¼ MNA3

Þ, θN1
, θN2

, θN3
, θcs, α, λ6ð¼ 0Þ, and

yB33
ð¼ 0Þ. We chose the three significant parameters

Ms, α, and θN3
as 3 TeV, 0.05, and 0.1 or 0.01,

respectively. The results of the scans are available in
Fig. 6, where left and right panels correspond to θN3

¼
0.1 and θN3

¼ 0.01. It is apparent from the results, no
valid points for addressing the DM relic and the active
neutrino profiles are found, except for very near the
narrow resonance of s.18 The details of the two focused
points A and B are available in Table V.19 While the
choice of asymmetric Yukawa couplings is not optimal in
the noncoannihilation regime, the inferences remain
unchanged, i.e. only the narrow resonance region can
produce the correct relic abundance.

TABLE V. [Top] The values of the relevant parameters for the
two benchmark points without coannihilation in Fig. 6, and
realized relic abundances (Ωh2) are shown. Note that they are
consistent with the observed neutrino profiles, the lepton flavor
violation (lα → lβ þ γ), T parameter, and DM direct detection.
[Bottom] For each of the two benchmark points (A and B) of
Fig. 6, we provide a set of valid parameters describing the
potential (also not being relevant for the phenomena considered
in the numerical scans). In any one of the sets, all of the
conditions for the bounded from below [from Eq. (3.20) to
Eq. (3.32)] and the inert condition [from Eqs. (3.37) and (3.38)]
are satisfied.

Parameters A B

Ωh2 0.1107 1.2359
Ms (TeV) 3.0 3.0
MX1

ð¼ MNB3
Þ (GeV) 1415 1873

MX2
ð¼ MNA3

Þ (GeV) 1698 1883

Mηþ
1
(GeV) 3135.74 3645.31

Mηþ
2
(GeV) 3131.73 3478.74

MR1
(GeV) 3171.44 3611.76

MR2
(GeV) 3084.18 3469.54

MNA1
(GeV) 1704 2253

MNA2
(GeV) 1703 2252

MNB1
(GeV) 1705 2254

MNB2
(GeV) 1702 2251

θR 0.3529 0.3270
θN1

ð¼ θN2
Þ; θN3

0.7, 0.1 0.7, 0.01
θcs 0.6 0.6
α 0.05 0.05
log10ðλ5Þ −6.7201 −7.2654
λ6 0 0
yA33

8.0394 5.5746
yB33

0 0
MI1 (GeV) 3171.44 3611.76
MI2 (GeV) 3084.18 3469.54

Parameter A B

λSηA 1.1854 1.1480
λSηB 1.3617 1.1564
λ2a 5 5
λ2b 7 5
λ2c 7 5
λ2d 8 8.5
λ3A −4.5508 −0.0226
λ3B 8.8775 12.1819
λ4A 5.5508 1.0226
λ4B −7.8775 −11.1819
mηA (GeV) 2203.44i 1199.68i
mηB (GeV) 2733.92i 1530.95i
λHS 0.36461 0.36461
λH 0.629044 0.629044
λS 0.179551 0.179551

18In our scan for θN3
¼ 0.01, due to a suppressed DM

interaction owing to the smaller value of θN3
, we were not able

to find a point near the resonance of s.
19Note that the values of MI1 and MI2 are determined by the

parameters above, but we show the corresponding digits for
convenience. Also, the two differences between MRi

and MIi
(i ¼ 1, 2) are not observed within the shown digits in Table III, but
they should be nonzero to produce the minuscule mass differences
of the active neutrinos (see Sec. II B). Due to the same reason, θI
(not shown in Table V) becomes extremely close to θR.
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