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S matrix principles and symmetries impose constraints on three-particle scattering amplitudes, which
can be formulated as a class of integral equations for their partial wave projections. However, these
amplitudes are typically expressed in an asymmetric basis, where one of the initial and final state particles is
singled out, and all quantum numbers are defined relative to this spectator. In this work, we show how to
construct symmetric partial wave amplitudes, which have been symmetrized over all possible spectator
combinations, using their asymmetric counterparts and sets of recoupling coefficients. We derive these
recoupling coefficients for arbitrary angular momentum and isospin for arbitrary systems of spinless
particles with SU(2) flavor symmetry. We propose a simple intensity observable suitable for visualizing the
structure of three-body dynamics in Dalitz distributions. Finally, we provide some numerical examples of
Dalitz distributions relevant for future lattice QCD calculations of 37 systems and provide numerical
evidence that the symmetrization procedure is consistent with expected symmetries of Dalitz plots.

DOI: 10.1103/xwht-8kft

I. INTRODUCTION

One of the major challenges of modern-day nuclear and
particle physics is finding a systematically improvable
procedure for studying few-hadron dynamics directly from
the Standard Model. This is motivated by intertwined goals.
On the theoretical side, many features of the strong
interaction remain unexplained, and only a handful of
the hadrons seen in experiments—including all light nuclei
beyond the proton—have been directly reproduced from
quantum chromodynamics (QCD). The theoretical chal-
lenges with reproducing the spectrum of QCD include the
fact that they appear as either bound states or unstable
resonances coupling to few-hadron states [1]. On the
experimental side, searches for physics beyond the
Standard Model, whether they involve nuclear targets as
in Deep Underground Neutrino Experiment (DUNE) [2] or
rare heavy-hadron decays [3—13], often run into the same
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problem. Namely that it is hard to interpret new signals
without a precise understanding of the QCD “background.”
The nonperturbative nature of QCD has, until recently,
prevented the community from achieving such a goal. A
program to connect hadronic and nuclear processes directly
to QCD is being built on two complementary and powerful
tools: scattering theory and lattice QCD [14-16].
Scattering theory principles, such as unitarity and ana-
lyticity, provide strict constraints on the properties of
scattering amplitudes. Motivated by progress in lattice
QCD, there has been a resurgence of studies aimed at
finding such constraints for three-hadron systems [17-27].
Generally, one can show that S matrix unitarity imposes
that the scattering amplitude satisfies a set of linear integral
equations in the physical scattering region. These integral
equations involve a class of real-meromorphic functions in
the physical region for which they are defined, commonly
referred to as K matrices, which are otherwise uncon-
strained by unitarity. Such functions can, in principle, be
determined experimentally, but as first pointed out in
Refs. [28,29], can also be determined via lattice QCD.
In practice, lattice QCD calculations are performed in a
finite, discretized spacetime, where scattering observables
cannot rigorously be defined. As has now been established
by a large body of work [18,23,28,30-58], one can de-
velop nonperturbative relations between the finite-volume
energy spectrum as computed from lattice QCD and the

Published by the American Physical Society
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FIG. 1. Shown is the workflow for computing physical observables from the key inputs (X/", G'") to the integral equations that three-

body scattering amplitudes, M’ ", must satisfy. A detailed description of each step is described in the text, and the main references

include Refs. [19-22,92].

infinite-volume K matrices, which are used to reconstruct
the scattering amplitudes of interest. By combining high-
precision lattice calculations [59-90] with these finite-
volume formalisms, it is indeed possible to extract two-
and now also three-hadron scattering information from first
principles, bridging the gap between QCD and experimen-
tal observables for at least some kinematic regions.

This work falls into this program by providing the final
components of the now-understood workflow for determin-
ing three-body observables from lattice QCD. Our focus
here is on 3 — 3 scattering amplitudes of spinless particles
of any species, including the scenario where the hadrons
respect strong isospin symmetry. The first step, which we
do not discuss in any detail, is constraining K matrices from
three-body finite-volume observables [62,63,90,91]. The
rest of the workflow is depicted in Fig. 1, which we describe

here. These K matrices, denoted by K’ " when projected to
definite spin-parity, serve as input to the integral equations
governing the three-body scattering amplitudes, M”" . If the
hadrons respect isospin symmetry, as one often assumes or
imposes in lattice QCD calculations, then the K matrices
and scattering amplitudes are projected to total isospin and
spin-parity quantum numbers, I(J?). The other key input to
the integral equations is the one-particle exchange (OPE)
amplitude, G. The OPE, required by unitarity, depends
entirely on kinematics associated with an exchange of a
particle between two-body scattering subprocesses.2 In
Ref. [22], we showed how the OPE can be partial-wave
projected for arbitrary three-particle systems with no
intrinsic spin, which we labeled as G'*.

Given these kinematic and dynamical inputs, the partial
wave amplitudes can be reconstructed. In Ref. [92], we

"Here n — m refers to reactions of QCD stable hadrons, n
incoming and m outgoing.

Constraining the two-body scattering amplitude from lattice
QCD spectra is well known, see Ref. [14] for a review.

derived the integral equations that the asymmetric ana-
log of M’" must satisfy using K/* and ¢’" as input. The
resultant amplitude, labeled as MU" is asymmetric
because we have singled out one particle, called the
spectator, and have defined all angular momenta with
respect to this particle. Specifically, the remaining two
particles, called the pair, are projected to definite angular
momentum S, and this resulting state is subsequently
coupled with the spectator to some orbital angular momen-
tum L. Amplitudes of definite J¥ are then formed by the
usual rules of angular momentum addition. The j and j

indices in MU represent the spectator choice in the
initial and final state, respectively. In Sec. II, we review the
kinematics and definition of three-body scattering ampli-
tudes and give a detailed description of their partial wave
projection.’

In this work, we complete an outstanding key step in this
workflow. We show in Sec. IIl how to go from MU/} " to
an amplitude that is independent of the choice of the
spectator, but still projected to a definite J”. Heuristically,
one can do this by introducing recoupling coefficients, R,
defined such that

M" = "RyMUIIR, (1)
7

These recoupling coefficients are defined for a particular
partial wave channel and can include isospin recoupling
coefficients if the system is symmetric under SU(2) flavor
symmetry. In Sec. IIl A, we derive a detailed and explicit
form of Eq. (1) when only considering angular momentum
recoupling. We generalize this result for systems with

3Note, since this work builds from Refs. [22,92], we use
notation introduced in those works. We recommend the reader
first familiarize themselves with those works.

014019-2



SYMMETRIZING RELATIVISTIC THREE-BODY PARTIAL WAVE ...

PHYS. REV. D 113, 014019 (2026)

isospin quantum numbers in Sec. III B to form symmetrized
amplitudes of definite /(J7).*

To aid in the analysis of three-body systems from lattice
QCD, we provide a set of simple observables closely
related to experimental cross sections in order to study
features of the partial wave amplitudes. Previously,
Refs. [19-21] had explained how the asymmetric ampli-
tudes can be used to study spectral properties, e.g., bound
state and resonances poles and couplings. Here we provide
a definition for intensity distributions, Z” " which can be
qualitatively understood as the helicity/channel-average
modulus squared of the symmetrized amplitudes. These
distributions can be used to visualize kinematic and
dynamic enhancements of the amplitude using, among
others, Dalitz plots as those shown in Ref. [62]. For a fixed
initial state, the Dalitz plots for 3 — 3 amplitudes satisfy
the same symmetry properties of Dalitz regions known in
the literature for three-body decays. This provides a robust
check on numerical investigations performed in Sec. V,
where we provide detailed examples of relevance for 3z
systems.

We provide two Appendices, A and B. In Appendix A,
we present the recoupling coefficients to construct sym-
metric amplitudes in the spin-orbit basis. In Appendix B,
we summarize some key expressions from Ref. [22] needed
to construct the asymmetric amplitudes in the spin-orbit
basis that appear in our numerical examples.

II. KINEMATICS AND AMPLITUDES

Consider a system of three spinless particles, denoted by
@; where j € Z5 = {1,2,3} labels the particle. Let m; and
1 be the mass and intrinsic parity of particle j. Partlcle j

carries a momentum p; and an energy E; = \/m; + p3
where p; = [p /| Let |p;) represent a single-particle state

which is normalized as

(pilp;) = 6,;(27)*2E;6%) (p, — p;). (2)

where 6;; enforces that the species are the same. As is
customary, we keep the particle mass and parity implicit in
the particle state. We make no restriction on the species of
the particles involved, and for the moment assume that the
particles have no additional quantum numbers. In
Sec. III B, we extend the results to systems of hadrons
with flavor SU(2) symmetry, i.e., isospin.

*Recent work has defined symmetrized amplitudes of definite
J?, but that still carry angular dependence [91]. Those amplitudes
are the Jth term in a particular partial wave expansion, which
includes the angular functions. In contrast, the amplitudes derived
here are independent of the angular degrees of freedom.

*We work with natural units, z = ¢ = 1, in a spacetime with
signature diag(+1,—-1,—1,—1).

A state of three particles is denoted [{p})=
Ip1.p2. p3).° In general, a three-particle state could have
(i) all three particles identical, (ii) two of the particles
identical, and (iii) all three particles distinguishable. We do
not restrict the species of the particles involved, and the
main results are valid for any of these cases. If any or all
particles are identical, one has further symmetries of the
system under interchange of any pair of particles, which
imposes constraints on their allowed quantum numbers.
Unless otherwise noted, we work in the three-particle CM
frame, i.e., the frame with zero total momentum,

S p; =0, (4)
j=1

Consequently, only two of the three momenta are inde-
pendent, and the invariant mass of the three-particle system,
\/s, is its total energy,

SE,

Jj=1

Vs. (5)

Thus for physical kinematics, m; + m, + m3 < /s < 0.

In the CM frame, the momenta of the three-particle system
are constrained to lie in a plane. The orientation of the three-
particle plane with respect to some space-fixed Cartesian
coordinate system (xyz) can be specified by the polar and
azimuthal angles of a unit normal, i = n/n, and some angle
specifying the rotation of the plane about the normal. While
n can be fixed unambiguously, the rotation about the unit
normal is dependent on the choice of the origin. The
arbitrariness of the origin illustrates the need for a convention
in defining the three angles specifying the three-particle
plane. To specify the orientation, we define a body-fixed
coordinate system (x;y;z;), where the subscript j indicates
that this system is defined with respect to the jth particle.
The choice of particle j is arbitrary, but one must choose to
fix the orientation. We call the chosen jth particle the
spectator, while the other two form a pair. To specify the
ordering of the pair, we adopt a cyclic convention when
labeling particles and their associated quantities. Therefore,
we denote the first and second particle of the pair associated
with the jth spectator as j 4+ 1 and j + 2, respectively, where

®Such a state is defined as

o)) zé

(Z & by ) ()

where the N is the number of sets of distinct particles for the
scattering channel (N =1, 2, or 3) and n; is the number of
identical particles in each set, with the sum over z indicating
permutations within that set. The three cases are then: (i) N = 1
with n; = 3, (ii) N =2 with either n; =1, n, =2 or n; =2,
n, = 1, and (iii) N = 3 with n; = n, = n;3 = 1.
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FIG. 2. Three-particle plane formed by p; + p;y1 +pj;0 =0
for any spectator choice j € Z3. By convention, the body-fixed
axes are specified by spectator particle j and the cyclic notation as
discussed in the text. The angle between momenta p; and py is
denoted «; ., here shown for the case where k = j + 1.

we implicitly assume arithmetic modulo 3. For example, if
i = 2 is the spectator, then j+1 =3 and j+2 = 1.

Choosing j as the spectator, the body-fixed (x;y;z;)
coordinate system is then defined such that the z; axis is
aligned along the —p; direction, the x; axis is such that
P11 -X; >0, and y; is perpendicular to the plane formed
by p; X p;;» (see Fig. 2). We then specify the orientation
by a set of Euler angles, £; = {¢;,6;,y;}, defined with
respect to the space-fixed coordinate system and dependent
on the choice of body-fixed system. These angles are
defined within the usual zyz convention [93], with the plane
initially lying in the xz plane with z;||z and x,||x. We call
this configuration the standard configuration with respect
to the jth particle, or SC;. The standard configuration is
then rotated about the z axis by an angle y; € [0,27),
followed by a rotation about the y axis by 6, € [0, ), and
finally another rotation about z by an angle ¢; € [0,2x).
This sequence is illustrated in Fig. 3.

A three-particle state can then be described by the three
Euler angles, the total invariant mass 4/s, and the three
invariant masses of each pair NG which are defined in the
CM frame as [23,94]

Z; T2
Pj+2 Pj+1
P
pj /
' Yj
Pj+1°\g Yi :
S~
x < a; T W; .

oj=(Vs—Ej)*-pj. (6)

which is bounded as m; | +m;, < /6; < /s —m; for
physical kinematics. Therefore, we specify [{p}) =
[{c}.&;), where {6} = {0),0,,03}, and we suppress the
s dependence for notational convenience. Notice that the pair
invariant mass is labeled by its corresponding spectator. For
a given s, we may trade the pair invariant masses for the
corresponding spectator momenta by solving Eq. (6) for p;,

1
p;= —21/2(s,mf,aj), (7)

NG

where A(x,y,z) = x>+ y*> + 22 = 2(xy + yz +zx) [94].

This in turn relates the energy of particle j to
Mandelstam invariants,
1 2
E-7:2\/E(s+mj_6-7)' (8)

The relative orientations of the three momenta within the
three-particle plane are entirely fixed by kinematics. We
denote the CM frame separation angle between particle
J and k by a;;, which is defined for 0 < a;; < x. The
cosine of this angle is defined by

Pj P«
cosa;, = . 9
T pipk ©)

For j # k, we express the cosine of the separation angle as

2 2_ 2
P3_jk = Pj— Pk
2p;pk

cosa;y = , (10)

which can be found by squaring p; + p; = —p3_j_, Where
P3_j— represents the momentum of the particle that is
neither j nor k, reminding the reader that we implicitly use
arithmetic modulo 3. For example, if j = 3 and k = 1, then
P3_3—1 = P_; = P>.- When j = k, we get the trivial identity

27 (2%

A
Tj T ©j Zj

FIG. 3. Euler angles £; = {¢;.0,.y;} defining the three-particle plane. Euler angles are defined by the sequence: (i) Begin with the
standard configuration j, (ii) rotate the plane about the space-fixed z-axis by v, (iii) rotate the plane about the space-fixed y-axis by 0,

and (iv) rotate the plane about the space-fixed z-axis by ¢;.

014019-4



SYMMETRIZING RELATIVISTIC THREE-BODY PARTIAL WAVE ...

PHYS. REV. D 113, 014019 (2026)

a; ; = 0. One may further express a; ; in terms of invariants
by using Eq. (7).

For a fixed s, energy-momentum conservation imposes
the Mandelstam relation

Zajzs—l—

j=1

ng = A(s), (11)

which can be verified by direct evaluation using Eq. (6).
The Mandelstam relation imposes a constraint that one of
the pair invariant masses is fixed for a given s, leaving only
two independent. The physical region, or Dalitz region, at
fixed s is defined by ®({s}) > 0 [94,95], where ® is the
Kibble cubic defined as

3
o(fo}) = [[ o; - o (12)
j=1
where the ¢; coefficients are given by
cj= (mj2+1m3+2—m?s)(mf+l +m12-+2—m12—s). (13)

We consider a generic 3 — 3 reaction of spinless particles,
where the initial and final states need not be the same. The
corresponding scattering amplitude M is defined as the fully
connected piece of the S matrix element [23],

{p'}SHpHre = Pin)iM({p'}; {p}),
(14)

(2”)46(4) (Pout -

where the Dirac delta distribution enforces total energy-
momentum conservation and “f.c.” emphasizes that only the
fully connected piece is considered.” The amplitude is a
function of eight kinematic variables formed from the initial
and final sets of momenta, {p} = {p;,p,.p3} and
{p’} = {p).. py. P} }, respectively. Note that primes denote
final state variables throughout this work, and we emphasize
that the final particle species j' € {1’,2’,3'} need not be the
same as the initial set. The first variable we choose is s,
which we leave implicit in all expressions throughout this
work. The sets of initial and final pair invariant masses,
{6} ={01.03,03} and {0’} = {0/, 0%, 0, }, respectively,
serve as four additional variables given that two are fixed by
their respective Mandelstam relations, Eq. (11). The remain-
ing three variables are chosen to be the set of Euler angles
that describe the orientation of the final state plane with
respect to the initial state plane. We denote these Euler angles
as £y; ={@;;,0y;.wy;}, which are defined as follows. If
R(&;) =R.(e;)-R,(6;)-R (1//]) represents the Euler
rotation matrix for the initial state with the jth chosen

Fully connected means there are no interactions where one or
more of the particles remain unscattered, cf., Ref. [23].

$Here R, (0) represents a Euclidean rotation matrix of a
positive rotation @ about the n-axis.

spectator, and R(E;.,) is the Euler rotation matrix for the final
state with jth spectator, then RT(E;;) = RT(S},) -R(&;) is
the combined Euler rotation matrix with Euler angles &;.

The combined angles are given by the usual relations from
spherical trigonometry [93],

cot(@y;+y;)=cosf;cot(¢/, — ;) —cotd sind;
JJ J J J J J Sln((ﬂ}/—lp,)
. p ) 0, sin®,
cot(w; —y',) = cos@, cot(¢, — cot
Wii—w)) ' cot(¢y — ;) — (e, )

— / : P
cosfy; = cos@, cosd; 4 sin@), sin 0, cos((pj/ -9;),

sin(y 1 — ')
sin®;

sin(gy; + ;) _

_ Sin(fﬂ}/ - ;)
sin 9}, N '

stj,j

(15)

Note that in the special case where the initial state plane
is aligned with the space-fixed coordinate system, &; =
{0.,0,0}, then &£;; = 5;., identically.

A. Partial wave expansion

We expand the three-particle system in terms of definite
total angular momentum, J, states through the formalism
introduced in Ref. [96],

o) e32 30 3 Heddmat) TFIDL )

J=0 my;

(16)

where m; is the projection of J along the space-fixed
7 axis, Whlle A; is the projection of J along the body-fixed
Z; axis. Slnce we consider spinless particles, J is restricted
to non-negative, integer values. For any J, the projections
lie within the range —J <my,4; <J. Notice that the
definition of 4; depends on the chosen spectator, while
my is independent of this choice. The state |{c}.Jm ;)
then describes a three-particle state with total angular
momentum J. The orientation of the three-body system

is encoded in the Wigner D matrix elements, pY (&) =

myi;

Dfr{,),lj (¢j,9j,wj).10 As this expansion makes explicit the
variables used in Dalitz plots for 1 — 3 decays, we refer to
Eq. (16) as the Dalitz partial wave expansion [97].

*We define the state up to some irrelevant normalization which
is absorbed into the definition of the amplitudes.

"“The Wigner D matrices are defined as Dfﬁ’?m((p, 0,y) =
emmed") (9)e ™ where d) () = (jm'|e”0|jm) is the
Wigner little d matrix with 7, the y component of the angular

momentum operator and |jm) are the usual SU(2) eigenstates
[93].
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The partial wave expansion of the amplitude is then
given by expanding the states in Eq. (14) with (16),

M{phphH =) > (@ +1)D my (&)

Jm/i i

Loy ey, (€)). (17)

() SISl e). T
M, ({0'}; {o}) defines the partial wave amplitude.

where & 876 m, X

We have used the fact that rotational invariance ensures
that J and m; is conserved and the amplitude is indepen-
dent of m;. However, the body-fixed projection quantum
numbers 4; and /1}, are not generally conserved as they are

not invariant under global rotations. The inverse relation of
Eq. (17) is

My, (o} {o)
‘@Z / A / dE;D,,) (€, M({p'}: {p})

x DY)} (£)), (18)

where we have used the orthogonality of the Wigner D
matrices,

2J +1

87[ /ngm’/l’ (5)D£,‘3 (5) = 5]’15m’m51/ﬂ7 (19)

with the integration measure being defined as d€ =
dpdcosOdy over the domain ¢€l0,2x), 0€(0,x),
and y €0, 27).

While the Dalitz partial wave amplitude depends on all
two-body invariant masses, there remains residual spectator
dependence due to the choice of the body-fixed angular
momentum projections, 4; and A, and the orientations
from their associated standard confi 1gurations. This residual
dependence on spectator choice cannot be removed, as it
reflects the freedom in how a plane is oriented with respect
to another. That is, the angle between two planes can be
defined, e.g., by the angle between their normal vectors.
However, any arbitrary rotation about each normal vector
will have the same orientation. This contrasts the case in
2 — 2 scattering, where the orientation is completely fixed
by the scattering angle between initial and final states.
Therefore, we cannot have partial wave amplitudes inde-
pendent of the body-fixed coordinates and must choose
some spectators as references for the standard configura-
tions. We can see this more explicitly by adding the two
rotations in Eq. (17),

ZDmJ 3 (€D

with £, = {401],9,/],1//”} as defined in Eq. (15). Using
this in Eq. (17), we find

DL EN=DIE, ()

’
I

M({p'}:{p}) =) (2 +1 ZM ({o'}:{e})

J)x
x DY) (7). (21)
with an inverse relation,

()i {o)) = / L) (€r) MDY )

(22)

Again, we find dependence on the initial and final state
spectators as they define the origins for the respective body-
fixed coordinate systems. The resulting Dalitz partial wave
amplitudes depend on five independent kinematic varia-
bles, which are s, two initial state invariant masses, and two
final state invariant masses.

The partial wave states in Eq. (16) do not possess definite
parity, which is a conserved quantum number in strongly
interacting processes. To form definite spin-parity, J*, states,
we take the linear combination [96],

{o}, JPm,4;) = % “{U}Jmﬂj‘)

—nP(=1/ (o} Imy (<3|, (23)

where P is the target parity and 7 is the product of the
intrinsic parities of the three particles, n = #,7,13. Partial
wave amplitudes of definite J¥ are then given by

1Y
M;,f = [M (=1 Mg, i

- P (DML a1y ).
(24

where 7’ is the product of the intrinsic parities of the final
state particles. Notice that for any J with 4; = /1;., =0, the

amplitude Még is nonzero only when #' = 7 and the target
parity is P = n(=1)’.

B. Connecting to spin-orbit amplitudes

In Refs. [22,92], an alternative partial wave expansion
was used, which was useful for reconstructing amplitudes
via sets of integral equations involving the three-particle K
matrix. The amplitudes were projected to definite J” in the
spin-orbit, or LS, basis. In this basis, the pair and spectator
are treated as a quasi-two-body system, where the pair has
an angular momentum S and L is the orbital angular
momentum between the pair and the spectator. Here, we
summarize the procedure presented in Refs. [22,92] and
show the connection to the Dalitz partial waves as defined
by Eq. (16).

014019-6



SYMMETRIZING RELATIVISTIC THREE-BODY PARTIAL WAVE ...

PHYS. REV. D 113, 014019 (2026)

(13]‘
Pj+1
Qjj+1

&—C\‘ Zj

Pj+2
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X g

*
Pj+1

*
p; / 5o

<€ [ ) <

/,

Pji2 =
Pair CM frame

*
—Pjt+1

FIG. 4. Kinematics in the pair CM frame.

We consider a coupling scheme where, for a given
spectator, the first and second particle of the pair is
determined cyclically. That is, we specify a three-particle
state |{P}j>,“ where {p}; = {p;. pj+1.Pj:2} where p; is
the spectator momentum and p ;| (p;») is the momentum
of the first (second) particle in the pair. We first expand the
pair into definite angular momentum S j,n

{p})) \/_Z Z p)> S;

0 4;==5;

Y5, 07 0), (25

where ﬁ; ", 1 18 the orientation of the first particle in the pair,

in the pair CM frame (as indicated by the x superscript on
the momentum). We define the quantization axis gz;
coincident with —p;, so that 1; may be interpreted as the
helicity of the pair when boosted back to the three-body
CM frame. Notice that this quantization axis is identical to
the body-fixed axis in the Dalitz decomposition, and we
may identify the projection 4; in Eq. (16) with the helicity
label in Eq. (25).

The orientation of the first particle in the pair, i.e., the
(j + D)th particle, is specified by a polar angle 19}* defined
with respect to the z; axis (see Fig. 4) and an azimuthal
angle w7 that measures rotations about z;. The remaining
angles are specified by the orientation of the z; axis
(equivalently, the negative of the spectator momentum)
with respect to the space-fixed coordinate system. We
define the polar and azimuthal angles of Z; = —p; with
respect to (xyz) as 6; and ¢, respectlvely With these
definitions, note that under a Lorentz boost along z; from
the pair CM frame to the three-body CM frame, the angle
y/;.* =y is invariant as well as the helicity 4, and we have
identified this azimuthal angle as the first Euler angle for
the three-particle plane, cf., Fig. 3.

Next, we expand the quasi-two-body pair-spectator state
into total angular momentum states using the helicity basis
of Ref. [98],

"Note that |{p} ;) = [{p}) identically, the subscript merely
points out a spectator choice.
In Ref. [22] we referred to S; as ;.

AT T T
|Pj,Sj,/1j> & Z'pj7JvaSj/1j> 2]+ lD,(n,)zj((l’j»@j,O),

J.my

(26)

where J and m; are as before. The combined expansions
Egs. (25) and (26) can be expressed in terms of the Euler
angles &; as defined in Eq. (16) as follows. First, we use the
known relation between spherical harmonics and Wigner D
matrices [93],

. e D)
VarYs, (B7) = /25, + 1D, (w}. 87.0)
= /25, + ldﬁjé)(ﬁj*)e‘“ﬂ/’./. (27)
Next, we combine the phase e~*¥i from Eq. (27) with
DY), (9;,6;,0) of Eq. (26) to form D}, (£;). Therefore,

comblmng both expansions we find that l{p},) can be
expanded as

()
{p};) « ZZW]J’”J’ A28+ 1d; 5 (97)

J.my S;A;

x V2T + 1Df,{jlj((pj,9j,y/j). (28)

We make an identification of Eq. (28) with the Dalitz
expansion (16) by first arguing that the sum of 4; bounded
by —=§; < 1; < §; can be extended to the range in Eq. (16),
if §; < J. Notice that for a fixed S; that if 4; is chosen

outside the boundary that dgf(’)) is identically zero. Thus, we

may trivially extend the range knowing that these addi-
tional states will not contribute. Therefore, we have found
that the Dalitz state is related to the quasi-two-body angular
momentum state as

(S;)
o} dmyd) = |pj.Jmy. S;d;)\/25; + 1d; 5 (97).
S;

(29)

It is important to note that 97 can be written in terms of
invariant masses. This can be seen by first writing the
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energy of the j+ 1 particle in three-body CM frame in
terms of the kinematics of the j pair CM frame,

Ej+1 :7j<E;+l +p;+lﬁjC0519;)v (30)

where y; = (/s — E;)/,/G; is the Lorentz factor and

= p;/(\/s —E;) is the boost velocity between the
two frames. Furthermore, both p j and E ; are defined in
terms of Lorentz scalars in Eqgs. (7) and (8), respectively.
The energy of the (j + 1)th particle in the three-body CM
frame is given by Eq. (8) with the replacement j — j + 1.

Next, we express both p¥,; and E7, in terms of Lorentz
scalars. This can be shown by observing that in the j pair
CM frame, the momentum p;‘ﬂ is defined by [94],

Pin = 2\[—/11/2(01’”1/2+17m;+2)- (31)

Given this, one can then use the definition of the energy
Ef =/ (Pf1)® + mjy, to find

EY | = : 2 2 32

1 —%(Gj—'_mjﬂ _m,i+2)- (32)

Therefore, 19}* is entirely fixed by the kinematics s, o s and
0,1 through Eq. (30).

This quasi-two-body angular momentum state does not
possess definite parity. To form states of definite spin-parity
J?, we form linear combinations of the partial wave helicity
states as

|y Imy. §;A;) = Z pjs dmy, LiS;) Py, (51 (L)),
L,=0

(33)

where the parity of the state is 7(—1)575 with n = 51,13,
L; is the orbital angular momentum of the pair-spectator
system, and S; is now interpreted as the intrinsic spin of the
pair-spectator system. We emphasize that the subscripts on
the quantum numbers are defined with respect to the

MY, (o} {o}) =

L’S’LS

xMi,‘,s,_l;L,_S/_(p};pj)\/ZS +1
I ?

where the final state parity is defined as P/, = #'(—1 )L;’+

spectator j. The spin-orbit coupling coefficients'® are
defined as [22,98],

2L + 1
Pi(SHLy) =/ N—Jrlcﬁ);sp (34)
where C] /

oy amy, = (Jmjljimy, jamy) is an SU(2) Clebsch-
Gordan coefficient [93]. Inserting Eq. (33) into (29) gives
the relation

|{5}7Jm1/1j>

L;.S;
S; .
xdyg (9P, (5 (Ly),). (39)

The abundance of subscripts is essential in discriminating
which pair-spectator system is used to define quantum
numbers and kinematic variables. We will see in Sec. III
that this is necessary when we symmetrize over all possible
pair-spectator combinations.

Finally, we take the linear combinations of Eq. (35) as
shown in Eq. (23) to form definite parity states. Usmg the
Wigner d symmetry property d® /1)0(19*) = (- l)ldgo)(ﬁ*) as
well as the symmetry relations for Clebsch-Gordon coef-
ficients to write P_,(3TL;) = (=1)/=L=5P,(*5*'L,)
(cf., Eq. (34) and Refs. [22,93]), one can show that
Dalitz states of definite J” are related to spin-orbit states
through
{o}. I my2;)

LS
(s) ,
X dy o (97)Py, (¥ (L) ,)opp,.  (36)

Here, 6pp, restricts the sum to enforce the parity of the spin-
orbit state, P;=n(—1)5"5,
parity P.

Taking appropriate S matrix elements in the basis given
by Eq. (36), we find the connection between the definite-
parity Dalitz partial wave amplitudes and the spin-orbit
amplitudes,

to be equal to the target

SN2 ld, 9’ Py, (25 ), )5,,,)/

dyd 03Py, (L)), )b, (37)

Sy with ' = nnyny. The LS partial wave amplitude is defined, up

to an overall momentum conserving delta function, through the S matrix element,

(Pl dmy LSy |S|pj. Jmy. L

Silte. Mi;,s’]_,;L,s,(p}';pj)' (38)

In Ref. [22] we denoted Z; as the angular momentum of the pair, and §; as the intrinsic spin of the system, with an additional label of

the spin-orbit couplings, i.e., P
this redundant notation for brev1ty throughout this article.

)(25+1L,). Since we exclusively work with spinless particles, we have identically S; = ¢}, so we drop
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III. SYMMETRIZING PARTIAL WAVE
AMPLITUDES

We have thus far concentrated on the total 3 — 3
amplitude, meaning that all possible dynamical processes
are encoded in the resulting partial wave amplitudes given
by Eq. (24). In applications to phenomenology or lattice
QCD, it is convenient to work first with amplitudes of
definite pair-spectator systems, ignoring all other possible
combinations [18,23,47,92]. We call these asymmetric
amplitudes and denote them by M), where the super-
scripts inform which spectators have been chosen. These
amplitudes are the primary objects that are reconstructed by
sets of integral equations given a three-body K matrix
[22,99]. The full 3 - 3 amplitude is then given by
summing all pair-spectator combinations,

M({p'}. {p}) = ZM<f/'f>({P’},f/;{p},f), (39)

where we remind the reader that {p}; represents a set of
momenta where we have singled out momentum p; to be
the spectator momentum, while the other two are the
momenta of the pair. We call the processes given by
Eq. (39) symmetrizing the amplitude, and emphasize that
it does not refer to constructing a state of identical particles.

A. Angular momentum

The full amplitude on the left-hand side of Eq. (39) is
expanded into partial waves through Eq. (17) for some choice
of spectators. Like the full amplitude, the asymmetric ampli-
tudes admit a partial wave expansion similar to Eq. (17),

MUY Ap) = 30 @7+ DDL) ()

ij/l Aj

(oY {eh)D}y), (€),
(40)

where now the Euler angles are defined with respect to the
spectator involved in the symmetrization of Eq. (39). While
symmetrizing is a straightforward operation, the procedure
for projecting to partial wave amplitudes requires care, as
each combination is defined with its own set of Euler angles
to define orientations. The key idea is that no matter which
SC is chosen to define the Euler angles, the final orientations
of the three-particle planes are identical. Therefore, we can
always find a sequence of rotations relating Euler angles
defined with respect to some SC to another.

Explicitly, consider an initial state |{c},Jm,,4,) for
some chosen spectator a. We call a the farget spectator. By
inverting the expansion given by Eq. (16), we find the
projection

Jiph).  (41)

o amy,20) o Y2 /

d&, D (€

Since the orientation of the three particles described by
|{p}) is independent of the spectator choice, we now
expand the state in basis with Euler angles defined by SC;,
giving the relation

Z o} 'm0y VI+ 12 +1)

872

{o}.Jm;a,)

S 2

J J)*

X / dEDY), (€D (ED. (42)
The integral relates how a three-particle state defined with
Euler angles with respect to SC; to those of the target from
SC,. In the subspace where the invariant masses are fixed,
this integral defines the helicity-basis angular momentum
recoupling coefficients for the three-particle system,

(o Im) Ai{ o} ImyAs) = 878 m, (R

=)y, (43)

where R

J—a

( j—a /I’l 8 22:/'(15 Dm /1’

In the following paragraphs we show that Rf_m is diagonal
in J, independent of m, and depends only on the kinematics

of the particles, ie., R, =R’ ({c}). Notice that if

j—a j—a
a = j, then the recoupling coefficient is the identity in
helicity space, i.e.,

is defined by

mJﬂ (5 ) (44)

(RI)),

=i ua, = Ok
which can be seen by the orthornormality of Wigner D
matrices, Eq. (19).

We evaluate the integrals of Eq. (44) by connecting £; to
&,. We recognize that the Euler angles £; depend on the
three-particle plane being defined with respect to SC;,
while &, is defined with respect to SC,. As illustrated in
Fig. 5, the three standard configurations are related by
rotations about y, and we use this fact to reduce the integral
over &, in Eq. (42). If R(E;) represents the Euler rotation
matrix corresponding to SC;, and R(&,) to SC,, then we
may use the composition of rotations to relate the two sets
of angles as

R(g/) = R(gu) : Ry(wj—»a)’ (45)
where R, (w;,_,,) represents a positive rotation by an angle
wj_, about the +y-axis. This rotates the three-particle
system from SC; to SC,.

First, notice that if @ = j, then identically w;_,; = 0, as
expected. For a # j, one must consider if a is cyclic or
anticyclic with respect to j, as we have explicitly defined
Eq. (45) by a positive rotation about the +y-axis. If
a = j+1,ie., the cyclic case, then w;_, ;| = @; ;| with
@; ;1 being defined in Eq. (9) (see Fig. 5). However, if
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Tz z z
Zj  Pj+2 Zj+1 p; Zj+2
Pj+1 Pj
Wjj+2 = 27 — Q42
x T T T+l T T2
«— [ 47_/0) «— 0§\) pj+1
Pj+2 l Wj—jt+1 = O j+1
A i1
Pj Pj+ .
Pj+2
SC; SC; - SC,, SC; = SC;y,
(@) (b) (©

FIG. 5.

a = j+ 2 (equivalently, a = j — 1), which is the anticyclic
case, then w; ., =2r—aq;;», with a;;,, being the
interior angle between j and j+ 2 also defined by
Eq. (9). One can also think of the rotation from SC; to
SCj,, as two successive rotations: one from j to j+ 1,
followed by a rotation j + 1 to j + 2. Therefore, the angle

wj_,, is given by
0, a=j,
Wjna =\ X jt1s a=j+1, (46)
2r—aj i, a=j+2.

Representations of Eq. (45) in the angular momentum
basis yield

ZDmJﬂ 5 )d ,1’ (a)j—m) (47)

m,l’

Therefore, the integrals of Eq. (42) can be evaluated
directly as

VEIF DRI +1) " (£)DY"
8”2 dgaDEn’J?/l} (gj)DinJ)/la

- 5J’J5m’

(€a)

(J
i (@0):

(48)
We conclude that the j — a helicity recoupling coefficient,
Eq. (44), is simply

()
(Ri-)y, = )

(49)

(wj—m)'

Lk o)) = 2’“2222

JJm J g

v 7 J)x
<ML ()ste)) [ aganll, e)pL);

Three standard configurations for the three-particle plane.

Noticing the order of the helicities, we emphasize that this
is the recoupling coefficient from SC; to SC,. Moreover,
since w;j_,, is determined by a; ,, the recoupling coefficient
is thus a function of the invariants {c}. Given this result,
Eq. (42) reduces to

{o}, Imyda)

J
= > ok dmz)d)) (@;-,). (50)

P :
As expected, the recoupling coefficient is the identity when
=0, and d;) (0) = 8y, We
can also use the symmetry properties of the Wigner d
matrix elements [93] to write the recoupling coefficient in
terms of a;, directly at the cost of an index-dependent
phase that depends on the cyclicity of the recoupling For

j(27r_aj,a) ( 1)2#”1" A]d ( /a)

so that the helicity recoupling coefficient is

e J
(Ri~a);,, = (=1)dy) (a0).

J

a = j. In which case, w;_,;

j=a+2, we use dflj%

where the phase ¢;_,, =0 if a =j or a=j+ 1 (cyclic

coupling), and ¢;_,, = 2J + 4, — y jifa = j + 2 (anticyclic
coupling).

With the helicity-basis recoupling coefficients identified,
we now apply them to the partial wave expansion of the
symmetrized amplitude. We project the left-hand side of
Eq. (39) as given by Eq. (18) with initial and final target
spectators a and d’, respectively, and insert the expansion in
Eq. (40) for each asymmetric amplitude, giving

() )
[ ae.n); €l €

(€a)- (51)

Each of the integrals is a recoupling coefficient; thus, using the result in Eq. (48), we find for the symmetrized partial wave

amplitude
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PASCE {6})
i )T J
= Z D i (@ )M (o b (oD, (0)00),
TN !
(52)
where wj,_, , is the angle which brings SC; to SC,. We

emphasize that the angles ;_,, and @',

g A€ given entirely
by s and invariant masses via Egs. (46) and (9).

In computing the final state recoupling coefficient in
Eq. (52), we have

(e} Imydol{a}. Im;2;) = (R;

a—ﬂ)/{ 2’ ’

(53)

|{U} Jijll

atj

J
= o} IPmad) (w;-.).
A

In going to the second line we take 4; — —4; in the second

term and used the symmetry relation d( /1) = (=1 dy
(see Ref. [93]) to form a Dalitz state of definite parity
defined with respect to SC;. Therefore, the helicity-basis
angular momentum recoupling coefficients for definite-
parity states are identical to those for Eq. (50). Applying
this basis transformation to Eq. (52), the symmetrization

procedure for definite J© amplitudes is then

2> diy

JJ )“//4]

,{o'h o)) =

]—>a

(Y oD d), (@5-a).

(56)

7

Our final step is to relate the symmetric J” amplitudes

given by Eq. (56) to the spin-orbit amplitudes /\/l L) S, LS,

which are the primary objects analyzed in reactlon phe-
nomenological studies and lattice QCD. Since the asym-
metric amplitudes admit identical partial wave expansions
to the fully symmetrized amplitude, we can further express
the asymmetric amplitudes of Eq. (56) in terms of spin-
orbit amplitudes via Eq. (37), which gives the main result of
this work,

5, {o'h{o}) = (R)_.

j—d L’ S’/_,;A;,

IIDIDI

B LSy LS

X ML’ S’ LS, (P /’pj)(lR’{—Hl)L Siida’
(57)

[Zuo} Imag)d) (@;0) = nP(

which is for transformations from SC, to SC;. Following

the steps outlined above, we find (R _ = dﬁ,j/)l (@4 )
o '
However, note that o,_, i = " ®jnas thus
J J
A (~0i-) = d (@,-0). (54)

which follows from the symmetry properties of the Wigner
d matrices [93]. From this, we find that R ; = (R7_,)T
as a matrix in helicity space.

We form definite parity relations by inserting Eq. (52)
into (24). Using states of definite parity given by Eq. (23)
and substituting Eq. (50), we find

1)]+@Z|{g}’ Jm.]lj>d(—‘]/1>a/1j (wj—>a) s
4j

(55)

[
where (R‘}:a)LS;A are  helicity-to-spin-orbit  angular
momentum recoupling coefficients,

(RJJ—W L;S;ihg —51’1’ V25 + Zdlu D))
X d,,,é (97)P,, (35 (Ly),). (58)

One can also form spin-orbit-to-spin-orbit recoupling

coefficients to form a symmetric M{f amplitude.

S iLySa
These amplitudes are not necessary for the observables we
examine in the following section. However, as these
amplitudes are important for other studies, (e.g., analytic
continuation), we provide their definition and the associ-
ated recoupling coefficients in Appendix A.

B. Flavor symmetry—SU(2) isospin

We extend the above symmetrization procedure to
accommodate three particles with flavor symmetry.
Specifically, we consider particles that respect SU(2) strong
isospin symmetry, which is a common scenario in many
lattice QCD calculations of the hadron spectrum. Other
extensions, such as to systems with SU(3) flavor symmetry,
i.e., degenerate light and strange quarks in QCD, follow a
similar procedure. Let a single particle state with mass m;,
momentum p;, isospin i;, and projection z; be denoted
Ipj.7;) = [p;) ® |r;), where the particle’s isospin quantum
number is implicit. The isospin states have unit normali-
zation, (7'|7) = 8;;6,,. A three particle state is then denoted
by
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{p}) ® [{z}),  (59)

with |{7}) = |71, 75, 73) being defined similarly to |[{p}) as
above. Since the Hilbert space factorizes, we focus on the
flavor isospin states, as we have already formulated the
relations for symmetric partial wave amplitudes.

We form states of definite total isospin I using a similar
procedure as what is done for angular momentum states in
Sec. IIB. For a given spectator j, we first couple the
particles j + 1 and j + 2 in cyclic order to a total isospin /;
and projection n; . Then, the pair and spectator are coupled
to a total isospin and projection / and m;, respectively. This
coupling scheme is written as

I;m
Imy 1j
|{T} § E | /+llj+2 I] ijmI>C1 ;s i r/Cz/Hr/H ij42Tj2”

Im; I; my;

H{p.7}) = |P171. P272. P373) =

(60)

where C’s are Clebsch-Gordan coefficients. The sums are
over all allowed quantum numbers. That is, for the pair, we
have [ij | —ij0| <1;<ijy +ijn and —I; <m; <1},
while for the total system we have |I; —i;| << I +1;
and -1 <m; <1I.

The scattering amplitude, defined similarly as in Eq. (14),

{p". 7} SHp. 7})se,
= (20)*8W (Pow = Pin)iMzy o ({P'}: {P}).  (61)

can then be block diagonalized in the space of total isospin as

; I'my
_ my : J
MWM_Eipmﬂﬂhfﬁﬁ
[mlll F J 1 2
I:m
I Imy I
x M },[jclfm,j,ijrj U1 Tjg1ljpaTjpn” (62)

where we have used the fact that total isospin is conserved in
the reaction and the amplitude is independent of the
projection m;. Note that the projections of the pair are fixed
such that my, = =7 r T +2 and mp =7+ 70 for the

initial and ﬁnal state, respectively. Thus, the amplitude
depends on the individual particle isospins implicitly, and
1,1 Iz and / explicitly.

Expressmg the amplitude as a sum over pair-spectator
combinations,

M{r’} {7} ({p'}:{p}) ZM{T} {r},; {P/}j/;{P}j)’ (63)

we can construct definite isospin amplitudes from individ-
ual pair-spectator amplitudes by using the expansion in
Eq. (62) for each asymmetric amplitude and projecting the
full amplitude to definite isospin /. This procedure leads to
isospin recoupling coefficients, which transform states
defined in one coupling scheme to another. Again, we

denote the target spectators as a and a’ for the initial and
final states, respectively.

To construct the recoupling coefficients, we focus on the
initial state and consider the inverse of Eq. (60) for some
target spectator a and subsequently expand the state |{z})
in terms of a spectator j. This leads to

|(ia+1 ia+2)1ala’ Im1>

_E:E:HT}CM' Clema
Iamla i aTa lu+l7:a+] lu+27a+2

my, {z}
= Z'(ij+lij+2)7jij’Iml>(R5—>a)1»Ia’ (64)
7

where (R}_m);,_ 1, 18 the isospin recoupling coefficient from
the j coupling scheme to the a coupling scheme, defined
via the matrix element

(i) i Imyl(iagriag) Laia, Imyp)

= 5716m7m1 (Rg—m)ijla‘ (65)
Explicitly, following the procedure above, we find
Im,
(Rizain, = 57772= 2= 2Cim i,
2[+ 1 ", ml T, {T} 1j25 %)

I,m;j Im; Lamy,

lat1Tat1sta+2Tay2’

(66)

L1 TitsdjaTipa Loy, iaT,

where we have used the fact that the expression is indepen-
dent of my, as it is fixed from the projections {z}. Thus, we
averaged over its values, resulting in the 27 + 1 factor. Note
thatif @ = j, we obtain the trivial case (R_, P11, = 01,4, for
all 1. We can see this from Eq. (66) by evaluating a = j and
expressing it as

I _ Im Im
(Rj_’/) _21_’_122 1;«:11 lej Inil lj/

mp mp;,

1:mj. Iim;.

X c ¢l
G Tisn BiinTs L Tt diinTisn?
JHUE 0420 542 St j 10 2T 42

mi; Tji+1:Tj+2

(67)
Im Im
21—1—122 I’:lllT] I”I’I ’/T/Z 115’”1’”1 (68)
mp mp;.t; my;
= 57/-lj7 (69)

where, in going to the second and last lines, we used the
orthonormality of Clebsch-Gordan coefficients [93].

A computationally efficient form for calculating the
isospin recoupling coefficient is given by expressing them
in terms of Wigner 6j symbols [93]. To do so, let us
examine the two nontrivial cases: a = j+ landa = j + 2.
For a = j + 1, that is, when we have a cyclic recoupling,
we find from Eq. (66)
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1

Im, iMi; Im; I/+1m1j+1
(Rl—>j+1)1,1/+1 2I+ 1 Z Z Z 1m;],.i/-rjcinTjH.l'j+2Tj+zclj+|m1jH,ij+|Tj+|Cij+sz+z,ijTj' (70)

my ml

1M {r}

Comparing Eq. (70) to Eq. (9.1.8) in Ref. [93], we find

Z i
Ry i)y, = (st ol 4 0@t + 1) {27

jri+1

iz 1 } (71)
1 Lin )

Lj j

J

where the {- - -} represents the Wigner 6 symbol, see Ref. [93]. Similarly, for @ = j + 2, which is the anticyclic case as

j+2=j—1mod 3, we have

lm,

(RﬁﬁH»Z)IIIﬁz 21+12 Z Z Im;j,i_,-rfc

my m1/+2 m, {1}

Limi; Im; Ljvamy,

Ljit1Tj+150 42T 42 Ij+2m1/-+2v’j+27j+2 LjTjslje1Tjs1

1 I

S - i i I;
(=D, \/ (I, + 1)(21 5 + 1){ oo e } (72)
Lj+2

J

Using symmetry properties of Wigner 6 symbols [93], all of these cases can be written as

- i,
(Rl = (1) 2rtonay fol vt + 1)

where 6,,, =0if a = jor a = j+ 1 (cyclic coupling), and 5,_,, =

) 73
1 1, } (73)

1, if a = j + 2 (anticyclic coupling).

J

l.j"‘ij—la

Applying these definitions to the scattering amplitude, we find that projecting Eq. (63) to definite isospin / via Eq. (64),
where the initial and final state target spectators are a and a’, respectively, and expanding the pair-spectator amplitudes into
definite isospin with Eq. (62), the definite isospin symmetrized amplitude is given by

M’f ({r'}:{p}) =

2> (R

JJ T I;,

For the final state, we used the fact that a — j recoupling
coefficients are related to the j — a coefficients through a
transposition, thatis R! . = y (RL_ )T, or component-wise

j—a
(Rie)ys = (Rima)r, (75)

To see that Eq. (75) is true, consider the recoupling

coefficient (R!_ i) L) written similarly to Eq. (73),

(/R’zll—q) <(l +lla+2>1a a’1m1|< +1lj+2)1j j’1m1>

(1)t 2t \/ (21, + 1)(21, + 1)

{ l/ i3—j—a Ia }
X = El
i 1 I

— (_ 1 ) i+l j=ig—1 64 j=8a (

R, (76)

In going to the last line, we used the Wigner 6 symmetry

relation,
{a b c}_{d b f}
d e f la e ¢

]—’“ I’ I’

PR ph(R jai, (74)

|
Trivially, if a = j, we find R _ . = y (RL = I. Now, if
the original a — j coupling is cyclic, then the j — a
coupling is anticyclic. Therefore, 6,.; =0 but 4,,, =
i+ I —1,. Thus, the phase of Eq. (76) reduces to
umty If 1nstead the coupling a — j is anticyclic and j — a
cyclic, then &,.; =i, +1,—i;—1; and 5,., =0, and
again the phase of (76) is unity. We have verified
Eq. (75), therefore concluding that R} ; = (’R,f_m) for
every j and a. Alternatively, we can see this by shifting
j—=Jj+1in R ;. of Eq. (72), and recognizing that
j+ 3 =j mod 3, yielding R,+1—>y
the transposition above.

These recoupling coefficients can be interpreted as
representations of the cyclic group of order 3. From

R!_,=(R._)T, as well as recognizing that an anti-

J—a a—)]

/—>u)

which is equivalent to

cyclic permutation is equivalent to permuting the system

twice, we find (’R,j_)jﬂ) Rj_,ﬁ_z = (qu,ﬂ) and
(R§—>]+l)

= (’Rj_U +»)? = L The coefficients presented
here are a generalization of those presented for three pions,
which have i; = 1 for each j, as discussed in Ref. [46].

J
However, Ref. [46] primarily considers the cyclic group to
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generate the coefficients. Indeed, by explicit evaluation of
Eq. (73) (see the next section), we recover the results shown
in Ref. [46].

We can now combine the results of Egs. (57) and (74) in
a straightforward manner. We find

MﬁF’Q”,,({a/};{a})
=2 > 2 (R

J.J L’ S’,I,LJSIII

(DIUP) . 1(J7)
x ML’ S, 1iLS T, (P P))(Ri2a )Ljsjij;la/ln’ (77)

—adlyr o oo g
/ L Sj,Ij,,Ia,/lu,

where the 7(J”) recoupling coefficients are defined as

1(J7) I J"
(Rj—m )L/S 1 A ouhy (R]—m) (Rj—m)L S; A’

(78)
with the isospin coefficient being given by Eq. (73) and the
J? from the spin-orbit-to-helicity basis coefficient given by
Eq. (58). Of course, one could construct similar relations
for symmetrizing helicity amplitudes or for projecting the
symmetrized amplitude into the spin-orbit basis. See
Appendix A for this scenario.

To facilitate this, as well as reduce the notation of
Eq. (77), we define a target channel index ¢, which is
either the spin-orbit set {L,,S,,I,} or the helicity set
{44, 1,}, and a set of target quantum numbers q = 1(J¥). A
summed channel index for each pair-spectator channel is
denoted ¢;, and again can either be helicity or spin-orbit
quantum numbers. If additional quantum numbers are
required to specify the reaction, e.g., flavor quantum
numbers like strangeness, then these can be included
trivially by extending the channel index. For a nonzero
contribution, each channel ¢; must have a nonzero overlap
with q. Therefore, the symmetrization procedure is

q _ q
My, (k) = S S R,

M) (R, - (79)

('".j
X ME;,E i j—a
Here «; (and similarly K ,) represent the set of kinematic
Varlables for the channel involved. That is, if using the
helicity basis, then k; = {¢}, while for the spin-orbit basis,
we have k; = p;.

IV. DALITZ DISTRIBUTIONS

As highlighted in the introduction, partial wave 3 — 3
amplitudes are an essential component in analyzing many

3/

1

physically interesting phenomena such as heavy flavor
decays, the excited hadron spectrum, or the structure of
nuclear forces. While genuine 3 — 3 reactions are difficult
to prepare and observe, one could define a reaction rate or
cross section which depends, in the usual way, on the
modulus-squared scattering amplitude [100]. Computing
proper reaction rates or cross sections requires one to
ensure that a physically meaningful probabilistic interpre-
tation can be made. However, defining such rates for3 — 3
processes is known to contain subtleties due to physical-
energy singularities in both disconnected contributions in
T matrix elements and the OPE amplitude, which is an
essential feature of three-body processes [101,102]. In this
work, we present a simple intensity distribution which is
meant illustrate dynamically and kinematically enhanced
structures of 3 — 3 amplitudes. This distribution function
closely resembles physical reaction rates and cross sec-
tions.'* To circumvent the difficulty of working with eight
independent kinematic degrees of freedom, as well as
charge states specified by isospin projections, we reduce
the number of kinematic degrees of freedom by defining the
intensity as an average over the angular and isospin degrees
of freedom. This intensity function can then be used to
construct Dalitz distributions over the remaining kinematic
variables.

Assume the initial state kinematics are physical and
specified through either their invariant masses or CM frame
momenta. After the reaction, the final state CM frame
kinematics lie in a plane that is oriented according to a set
of Euler angles with respect to the initial state plane. We
define an intensity Z as the angular and isospin average of
the modulus-squared of the fully connected 3 — 3 scatter-
ing amplitude. To compute the angular average, we first
choose a set of space-fixed coordinate axes with which we
define the Euler angles that orient the initial and final state
reaction planes, as discussed in Sec. II. Our symmetrization
procedure is performed by choosing some target standard
configurations SC, and SC, for initial and final target
spectators a and «’, respectively. Therefore, we define the
Euler angles of the initial and final state planes with respect
to these configurations. As discussed in Sec. II, we
combine initial and final state orientations such that the
reaction is described by the Euler angles of the final state
plane relative to the initial state plane, £,,,. This reduces the
angular dependence within the 3 — 3 amplitude to the form
of Eq. (21). See Fig. 6 for an illustration. Therefore, the
angular average is over the Euler angles £,,,. It is important
to note that, by averaging over £ ,,, the choice of @ and a’ is
immaterial to the intensity and serves only to define relative
coordinates. The intensity Z is then given by

I({o'}. {o}) = O(@({o'})) ljzl i 1

/ 1/

2ip + 1

> o [ Mo (@) R (50)
{rad A7}

"One can view this simple intensity distribution as a piece of the complete 3 — 3 reaction rate, see Refs. [101,102].
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initial state plane

fixed-target frame

center-of-momentum frame

FIG. 6.
three-body reaction.

The intensity is a scalar function of the five Mandelstam
invariants and is independent of the charge state of the
particles since we average over all isospin states. Assuming
the initial kinematics are physical, the Heaviside step
function of the Kibble cubic, Eq. (12), ensures that the
final state is bounded by the physical region fixed by +/s.

We expand the amplitude in Eq. (80) into Dalitz partial
waves using Eq. (21), which in turn allows us to write the
angular average as an infinite sum over total angular momenta,

/ A€y

(27 +1
JJ

Mgy (00 o))

Z Z M (11,1 M

aﬂ/ﬂa

{7/}!/411{7}

27 + 1 ,
X I /dgaaD,l ¥, (5 )D(J)’ (Ea’a),

872 Hatt

P 2
:ZQH1)2\Mg,/{,wf}({aa,},{aa}) . @81
J X, 2 “

Equation (19) was used to evaluate the angular integrals in
going to the second line. For a particular J, the helicity sums
run over —J < 1,, 4/, < J. Furthermore, since parity is con-
served in strong interactions, we can break the sum over J into
definite J* sectors. We then expand the amplitude into terms
of total isospin amplitudes using Eq. (62), and subsequently
use the orthogonality of Clebsch-Gordan coefficients as in
Eq. (67) to write the isospin average as

’M,v {7} {T}({U '} {%}))

{m}{f,}
P 2
=S er+ Y |M% L (oo (82)
7 I,, 1,, a a

/1t
pa’+2

final state plane

Tlustration of the momentum configurations in the fixed-target frame of particle a and the center-of-momentum frame of the

The pair isospin sums run over |[—i,|<[I,<I+1i,
and |1 —i,| <T), <T+1,.

Combining Eqs. (81) and (82), we write Eq. (80) as a
sum over I(J?) sectors,

:Z(

I(J‘") j=1 j’=1’

7' ({o'}. {o}). (83)

w

3/

I({e'}. {o})

2+1

where the definite 7(J”) intensity is defined as

I’(’P>({6’}, {c})
=0 MY So[ME L () ohf' @

1 ﬂ

In Sec. V, we use Eq. (84) to study the structures of the
symmetric partial wave amplitudes in Eq. (77) for a simple
model amplitude of 3z elastic scattering. This serves as a
test for future amplitude analyses of lattice QCD 3 — 3
amplitudes. The initial state kinematics {c} will be fixed
using a specific configuration as detailed in the following
subsection.

A. Initial kinematic configuration

Consider a configuration where the initial state is pre-
pared such that particle a is at rest, while particles a + 1
and a + 2 are directed toward the target with momenta
p'., and p' ., respectively. The t superscript indicates that
kinematic quantities are taken in this fixed-target frame.
The angle between the beams is fixed, denoted by at, and
defined via cosa' = p!,, | - p!_,. The initial state plane is
defined by a z,-axis given by 2, x p',, +p,, and a
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yq-axis given by §, o« p', x pl, ;. Aboost , = —P! /E!,
takes the system from the fixed-target frame to the overall
center-of-momentum frame. Here, P!, =p' , +p!,, is
the total momentum of the initial state while E!, is the total
energy. In the CM frame, the final state plane with spectator
a’ is oriented with a set of Euler angles £, with respect to
the initial state plane.

In the fixed-target frame, the total energy of the system is

Ely=mytfmd o+ (0l )y mes + (0 0)% (85)
while the magnitude of the total momentum is

(Pi)* = (Plhyy +Phn)?
= (ph )+ (Phyn)?
+2(pl 1) (p,) cosal. (86)

The three-body invariant mass-squared is then
s = (B2 = (PL)?
2
= <ma + \/mZH + <P2+1)2 + \/miﬂ + (PL+2)2>

= 2(Pai1)(Pysn) cosal.  (87)

t )2 t )2
- (pa+1) - (pa+2)
while the pair invariant masses can be computed from

o, = (El, —m,)* = (P},),

1

Oyl = (E51+2 + mu)2 - (p51+2)2’ (88)

with 6,,, being fixed from the Mandelstam condition
Eq. (11), e.g., 6440 = A(S) =0, — 6y -

In the next section, we fix /s, p'.,, and a' to some
chosen values, with p! 4 being determined by solving the
nonlinear equation (87). Once p,,, is determined, the
initial state invariant masses are then computed using
Eqgs. (88) and (11). Note that in this scheme, o,,, is
constant irrespective of p'_, as both p}, = 0 and p!,, | are
fixed. Therefore, the initial state is completely fixed and
physical, giving ®({c}) > 0 identically, with the final state
variables being constrained to +/s.

A special case of this configuration is worth commenting
on. Consider p!,,, = p'. . When boosted to the CM frame,
the initial momenta p', and p!,, form bisectors of an
isosceles triangle, and this was one configuration used in
Ref. [91] for studying maximal isospin 37", 3K™, 2Kz,
and 2z amplitudes. If one now chooses p'., such that
when boosted to the overall CM frame all momenta are
equal, i.e., p, = p,.1 = Pa.2, then the momenta geomet-
rically form the sides of an equilateral triangle, where the
interior angles are all 27z/3. We call these configurations the
isosceles configuration and the equilateral configuration,

respectively. As noted in Ref. [91], when working with
identical particles, the equilateral configuration forbids
certain quantum numbers from having nonzero amplitudes.
For nonmaximal isospin contributions, we find that the
isosceles configuration can also forbid certain quantum
numbers from having nonzero amplitudes for identical
particle systems, e.g., I(J”)=0(0"). Therefore, in
Sec. V we choose more generic values for our initial state
configuration to ensure a wide variety of quantum numbers
are accessible.

V. APPLICATIONS TO THREE PIONS

We apply the symmetrization framework discussed in
Sec. III to form elastic 3z partial wave amplitudes and use
the intensity distribution defined in Sec. IV to plot Dalitz
distributions and illustrate key features of the correspond-
ing amplitudes. We work in the strong isospin limit, so the
pseudoscalar pion is a triplet under SU(2),. The particle

masses, parities, and isospins are thus m j= Mg, = -1,
and i; =1 for each j, respectively. The product of the
intrinsic parities of the pions is then 7 = ' = (=1)3 = —1.

The physical three-particle CM energy is bounded as
3m, < /S < \/Sipel.» Where sj,q. is the first inelastic
threshold.

The 27 isospin combinations can be reduced to seven
irreducible representations. The allowed 3z total isospins
are [ =0, 1, 2, 3, with multiplicities dictated by the allowed
2z subchannels. For I =3, only 27z states with [; =2
contribute. For I = 2, the pion pair can be in both /; = 2
and I; =1, while for I =1 the pair can be in all three
isospins states, /; =2, 1, and 0. Finally, / = 0 has only
2z isovector states (/; = 1) populating the system.
Generalized Bose symmetry restricts the allowed partial
waves for each isospin channel, cf., Table I of Ref. [22] for
a list of low-lying partial wave contributions. The isospin
recoupling coefficients are determined from Eq. (73). As a
matrix in the pair isospin space, the cyclic recoupling
coefficients are

3 _
Rj_,jﬂ 1
_1 B
2 2 2
T\,'j—’JJFl V3 1
—2 T2
1 _. /5 5
6 12 3
I 5 1 1
Rj—>j+1 1 ) —73 s
V5 al 1
3 V3
0 _
Rj—>j+1 =1, (89)

while for the anticyclic recoupling coefficients we find
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3 —
R, =1
_1 _\3
2 2
R . = ,
joj+2 ﬁ 1
2 2
1 5 W5
6 12 3
I 5 11
R]—»]Jrz ~\/12 -3 ﬁ )
Vi _ 11
3 V3 3
0 _
R, =1. (90)

In these expressions, the first entry of each matrix represents
the maximal pair isospin component, and the pair isospins
descend by one as you move across the matrix. The
expressions are identical to those presented in Ref. [46].

Given some dynamical input, one could solve the
integral equations for the asymmetric partial wave ampli-
tudes [92] and use the symmetrization procedure above to
form complete partial wave amplitudes. Here we choose a
simple amplitude model to illustrate the symmetrization
procedure without worrying about the dynamical complex-
ity required to solve the integral equations. We choose to
take the partial wave OPE amplitude [22] as our elastic 3z
scattering amplitude,

("DIET) /
ML'/_,S_’/_,I_’/,;L]-S,II. (P pj)

!

I; 1\l UT) / 1
= My (090 510,50, Py P M5 (0), - (O1)

where Méqs is the two-pion partial wave amplitude and

G'") is the partial wave projected OPE propagator. The
two-pion partial wave amplitudes used in this work are
discussed in Sec. VA.

The partial wave projected OPE propagator is defined in
Ref. [22], where we refer the reader to Appendix D of that
work for details and explicit expressions for the quantum
numbers we study here. It is well known that the OPE, and
3 — 3 amplitudes in general, contain kinematic singular-
ities associated with the exchange of on-shell particles
[17,23]. For partial wave amplitudes, this singularity
manifests as a logarithmic singularity within the physical
kinematic domain. For kinematics near this singular region,
the amplitude behaves as

-1
é'j/j—Fl

Glvn) ~f’<JP)(C/j) 10g( ), as §p;— +1, (92)

where /") is some function which depends on quantum
numbers and {; is a function of energies and momenta,
with {y; — +1 coinciding with the cosine of the pair-
spectator scattering angle when the exchange is physical.
For S wave pairs, it can be shown that f/V/ ") approaches a

constant as {;; — +1 for fixed /s and o [22]. Pairs in
P wave which recoil against the spectator in P wave
produce a functional dependence which vanishes polyno-
mially as {;; — +1, which softens the singularity. For the
reader’s convenience, examples of Eq. (91) are shown in
Appendix B for the quantum numbers in this study.

A. Two-pion amplitudes

Assuming that the 37 amplitude is given entirely by the
OPE amplitude, Eq. (91), the only dynamical information
needed for this study is the elastic 7z scattering amplitudes.
Throughout this section, we drop the spectator notation;
thus, the two-pion amplitude is written as ./\/lé S(U), with
the understanding that when this is embedded in the larger
37 — 3z amplitude, the spectator index will follow. From
generalized Bose statistics, / = 0 and 2 systems can scatter
only in even § partial waves, while I = 1 systems scatter in
odd waves [103]. We represent the elastic zz partial wave
amplitudes through real energy-dependent phase shifts &5,

8n\/o 1
& g*cotdh —ig*

M} (o) = : (93)

where & =1/2! is the symmetry factor for identical
particles and ¢* is the momentum of the first particle in

the pair CM frame,
| 2
q” = =1\/0— 4mﬂ. (94)

The normalization of Eq. (93) is fixed from our normali-
zation of single-particle states, Eq. (2), and our definition of
amplitudes from S matrix elements, Eq. (14).

In principle, symmetrizing spin-orbit amplitudes in
Eq. (77) involves summing over an infinite number of
L and S quantum numbers for a target J? . However,
higher angular momentum states are suppressed for ener-
gies near threshold since M, ¢~ (¢*)*> when ¢* — 0
[104]. As our focus involves only elastic zz scattering, we
include only the lowest-lying partial waves, thus truncating
the infinite sum. To that end, we include only S and P wave
two-pion amplitudes, assuming that all higher waves are
negligible.16 Thus we set M} ¢ =0 for § > 2 throughout
this work.

In our applications, we take the parameters for elastic 7z
scattering to be approximately consistent with ones for
quark masses, where m, ~ 400 MeV as computed by the
Hadron Spectrum Collaboration. At this pion mass, the first
inelastic threshold is KK for all two-pion quantum num-
bers, thus 2m, < \/o < 2myg with mg ~ 500 MeV.

BFor example, if J = 0, then states with L = S will result in a
nonzero overlap with the target state.

"This is supported phenomenologically and by lattice QCD
results [66,105-108].
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FIG.7. Input phase shifts for the elastic zz scattering amplitudes
as a function of the zz invariant mass. Parameters are taken from
lattice QCD analyses at m, ~ 400 MeV, see Refs. [66,73,108].

05 /°

For S-wave scattering, we parametrize the phase shift by
a second-order effective range expansion,

1 1
q* cotdh = — —+ 3 rhq*?, (95)
ay

where for the isotensor channel we use for the scattering
length and effective range m,a} =0.296 and rj =0,
respectively [108]. For the isoscalar channel, we use
m,a) = 1.84 and r) = —2.13m,, which results in a bound
state ¢ meson with mass m, =~ 760 MeV ~ 0.95m, [73].
The isovector P wave amplitude is parametrized by a Breit-
Wigner phase shift,

mi, —o
Vol (o)’

where the Breit-Wigner mass and coupling are fixed to be
My, = 2.18m, and g, = 5.80 [66]. At m, ~ 400 MeV,
the P wave amplitude has a narrow p meson resonance with
a pole mass and width m, ~ 860 MeV ~2.15m, and
7, ~ 10 MeV ~ 2.5 x 1072m,, respectively [66]. All zx
phase shifts used in this work are shown in Fig. 7.

2
(o) = Jbw g2 (96)

*cotdl = =
9 ! 6ro

B. Numerical results

Here we showcase various J” to illustrate features of the
Dalitz distribution for elastic 3z scattering, verify results
known from the literature, and highlight various nontrivial
cases for the interested reader to reproduce. Since S = 0
and 1 are the only allowed two-pion amplitudes, the
number of contributing partial waves is limited for a fixed
J. In this work, we consider J =0 and 1; therefore,
3z orbital angular momenta are limited to L <?2. The
reader can consult Table 1 of Ref. [22] for the allowed
partial waves within these limits. The partial waves which

enter the symmetrized amplitudes are labeled by

([ﬂﬂ]gjl_ﬂ) 1;» Where both §; and L; will be labeled by their
spectroscopic label, i.e., S for Sj, L;= 0, P for Sj, LJ- =1,
and D for L; = 2. In each of the cases shown, we plot the
intensity distribution, Eq. (84), for the OPE amplitude
Eq. (91). For all cases, we choose target spectators
a=ad =1. We fix the initial state as described in the
next paragraph and create Dalitz distributions in the final
state variables ¢} and o).

Given m, =~ 400 MeV, the first inelastic threshold (taken
as 7KK) is \/Sipel = m, + 2mg ~ 1,400 MeV ~ 3.5m,,.
Therefore, we take kinematics bounded within 3m, <
NEBS 3.5m,r.17 The initial state is fixed according to the
discussion in Sec. IVA. In the fixed-target frame, the
momentum of particle a + 1 is p! 41 =0.7m,, and we
choose a' = 7/4 for the separation angle between particles
a+1 and a+ 2. We fix the kinematics for CM frame
energies +/s/m, = 3.3, 3.4, and 3.5. For these three CM
energies, the momentum of a + 2 in the fixed-target frame
is computed to be p'.,/m, =1.07, 1.35, and 1.60. The
pair invariant masses are then {c} = {4.52,4.93,4.44}m?
for /s = 33m, {c} = {4.76,5.36,4.44}m%  for
Vs = 3.4m,, and {o} = {5.03,5.78,4.44}m2 for
\/s =3.5m,. The boundary of the physical region for
the final state given by Eq. (12) simplifies to
®({0'}) = 0)0h(s + 3m2 — ; — a5) — md(s — m2)? 2 0.

First, we show the Dalitz distributions for the I =3
sector in both J* =0~ and J = 1+ at \/s = 3.5m,. The
asymmetric spin-orbit amplitudes contain physical singu-
larities associated with the exchange of a physical pion, see
Fig. 13 in Appendix B. Upon symmetrization with Eq. (77),
the singularities form triangular structures throughout the
Dalitz region. The location of the OPE singularities in o7 , 5
depends on both s and {c}; however, they are independent
of the two-body subchannel dynamics. See Appendix B for
further discussion on their locations.

As shown in panel (a) of Fig. 8, besides the OPE
singularities, the J¥ = 0~ distribution is relatively flat in
the center of the plot. This is expected since the only
contributing partial wave is ([zz]37)s, and the isospin and
angular momentum recoupling coefficients are simply the
identity, cf., Egs. (58), (89), and (90). Near the Dalitz
boundary, the amplitude increases in magnitude since the
S wave OPE diverges at threshold. For J* = 17, although
still only [zz]3 pairs, they couple in a relative P wave with
the spectator pion. Thus, nontrivial structures occur in the
Dalitz distribution as seen in Fig. 8(b). Notably, there exist
regions where the distribution vanishes (shown in red). It
should be noted that the locations of vanishing intensity

Some channels in total / = 0 and 1 can couple to KK, e.g.,
the ¢(1020) meson in I(J¥) = 0(17) can decay to both KK and
3z modes [1]. We ignore such 2 <> 3 couplings here for
simplicity.
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FIG. 8.
are shown with initial state kinematics as described in the text.
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Dalitz distributions for the OPE amplitude in the I = 3 sector at \/s/m, = 3.5 for (a) J* = 0~ and (b) J* = 1*. Distributions
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FIG. 9.

correspond directly with Zemach’s work on three pion
Dalitz distributions in 37z decays, see Fig. 2 of Ref. [109]."®

Next, we examine /(J¥) = 0(07). Restricting the allowed
partial waves to be S < 1 means that there is only a single
contributing amplitude, ([zz]b7)p — ([z7]b7)p. We com-
pute the Dalitz distributions for each /s = 3.3m,, 3.4m,,
and 3.5m,. Notable features in the distribution are bands
corresponding to the p resonance at 0’1’2‘3 ~ 4.75m2, which
is the highest density save for the OPE singularities. This is
most easily seen for /s = 3.5m, due to the large phase
space. Other notable features in Fig. 9 are lines of vanishing
intensity. These are requirements from symmetry of three
identical pions assuming exact SU(2) isospin symmetry, cf.,
[109]. Another I = 0 case we examine is J© = 11, shown in
Fig. 10. Here, there are two waves which contribute,

([zz)br)s and ([zz]px)p. There are four regions where

"8A small caveat in comparing our results to Ref. [109] is the
fact that they present separated charge modes, not isospin
averaged decay amplitudes.

Dalitz distributions for the /(J*) = 0(0~) OPE amplitude at \/s/m, = 3.3, 3.4, and 3.5. The initial state is fixed as in Fig. 8.

the intensity is expected to vanish, at the center and near each
of the three thresholds, as expected from the analysis of
Ref. [109]. Prominently featured are the three bands of the
p meson.

For I = 1, we consider J© = 0~. Here there are three
contributing waves, ([zz|3x)s, ([z7]37)g, and ([zz]bz)p.
For some fixed initial and final kinematics, this means there
are (3 x 3)? = 81 terms in the symmetrization sum. The
Dalitz distributions shown in Fig. 11 have heavy interfer-
ence effects at the p bands due the isospin symmetry
suppressing the events at the center of the plot.

For I =2, we consider J¥ = 17, where again only a
single partial wave enters, ([z7]h7) ». Here, we find that the
Dalitz distribution vanishes at the physical boundary, as
indicated in red in Fig. 12. Additionally, the distribution
also vanishes at the center, which is required by isospin
symmetry [109]. Bands corresponding to the p meson are
clearly visible. Notably, no OPE singularities are featured.
This is due to the fact that for pure P wave systems, that is
S;=L;=1, in JF =17, the factor multiplying the
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FIG. 10. Same as Fig. 9 except for I(J¥) = 0(17).
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logarithm in the OPE amplitude, as discussed with Eq. (92)
and shown in Ref. [22], vanishes as the function approaches
the singularities. Thus, the OPE singularities are integrable
for this case.

VI. SUMMARY

We have presented an analysis framework to construct
3 — 3 partial wave amplitudes which include all possible
pair-spectator amplitudes. The result is valid for arbitrary
JP, as well as definite isospin I if the particles have flavor
symmetry, so long as the reacting particles are spinless. We
show that these amplitudes are useful for constructing
three-body Dalitz plots where one can examine structures
of the amplitude in invariant mass or energy variables. As
our motivation stems from lattice QCD, this work gives a
methodology to compute 3 — 3 hadronic observables from
QCD, which have some resemblance to distributions
studied in many experiments.

We give numerical examples for elastic 37 scattering in
various quantum numbers, showing resonance structures
like the p. These examples also exhibit symmetry features
in the distributions, which are consistent with what is
known from the literature.

As emphasized in the introduction, this work completes a
workflow for accessing scattering observables for three-
body systems starting from key inputs into their defining
integral equations. However, there remains some outstand-
ing challenges in constructing a general framework for
studying any three-body scattering amplitude in low to
medium energies. Examples include extending the formal-
ism to include reacting particles of nonzero intrinsic spin

and allowing two- and three-body systems to couple.19
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APPENDIX A: SPIN-ORBIT RECOUPLING
COEFFICIENTS

In addition to symmetrized amplitudes in the Dalitz
basis, one can also form symmetrized amplitudes in the
spin-orbit basis. Here, the amplitudes are a function of only
three kinematic variables, /s, one initial state variable
(either p; or o), and one final state variable (either p;., or
6;.,). These amplitudes would be useful in looking at certain
classes of integrated distributions, e.g., similar to those
studied by the COMPASS experiment [111,112], as well as
investigating the spectral properties of the amplitudes. To
construct these class of symmetrized amplitudes, we must
form spin-orbit angular momentum recoupling coeffi-
cients.*
ience,

Starting from Eq. (36), repeated here for conven-

{o}, Jmyaa)

= pandmy. LS )\/2S, + 1d3) (9%)
La!Sa
x Py, (3 (Ly),),

we find the inverse relationship

= /25, + 1) P, (3F(L,),)
Aa

|pqumJ’LaSa>

1 1
x3 / deos 95 [{a}, Jm;2,)dy 5 (9%).

(A1)

Asin Sec. I[II A, we connect the Dalitz state on the right-
hand side of Eq. (A1) to the corresponding state in SC; by
applying Eq. (50),

Z / dcos9;|{c}, Jm,,uj> (wj_m)d( )(19*)

ZP 25 +1 J)P,,J_(ZS}H(Lj-)J)

D0 (@,-)d) (97).
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where in going to the second line we used Eq. (36) to
convert the Dalitz state back to an LS state. Note that p;,
97, and w;_,, depend nontrivially on 87 when a # j, which
can be most easily seen by considering the Lorentz trans-
formation between the three-body and pair CM frames. For
example, when j = a + 1 (see Fig. 4), the Lorentz trans-

|

1
|pu7jmJ1LaSa> = Z /1 dCOSSZ(R;:a)L;S},LHSG(pa"9;)|pj(pa’8:)7JmJ’L}S9>7

! '
LS

where the LS basis recoupling coefficient is given by

(R;:a)L}S},Lan (pa’ 82)

1
= §5PP,5PPa \/(25a +1)(28; +1)

x Y Py, (S (L) )P, (5 H(L)),)

Aartt j

. (57)
X d3) (92)dy), (@-0)d, (7).

(AS)

The symmetrization of the LS amplitude is then given by

P

J !
Mg 1,5, (Pa Pa)

1 1
:Z Z Z/_ldcos%,*/_ldcos&;

JJ' LS LpS;
JP o x "I /.
X (Rj’—ya’)L/_,S;,;L;,S;/ (pa/, 19(1/ )ML/,S/,;L/'S/'(pj/’ p])
I JFT

X (R;ia)L,Sj;LaSa (pa’ '9:1()’ (A6)
where p; = pj(pa,&;*) and p}, = p},(p;,,Sil,*) according
to Eq. (A3).

When j = a, Egs. (AS5) and (A4) simplify since p, is
independent of 9}, thus Clebsch-Gordan sum rules of and
Wigner d matrix orthogonality can be used to reduce the
relationship to the identity. For j # a, this is not the case
due to the complicated dependence between the p; and 97.
This differs from the Dalitz states discussed in Sec. III A as
those state completely separate the invariant masses {o}
(which do not depend on a spectator choice) from the
angular kinematics which dictate the global orientation of
the three-particle configuration in a single frame of refer-
ence. This convenience in the recoupling scheme illustrates
the advantage of using the Dalitz basis in studying the 3 —
3 reaction amplitude. In contrast, Eq. (A5) is formed from
the spin-orbit states which involve two references frames
which result in the nontrivial angular-kinematic relation-
ship Eq. (A3), see Sec. A and Ref. [22] for more details.

APPENDIX B: ASYMMETRIC SPIN-ORBIT
AMPLITUDES

The purpose of this appendix is to provide the reader the
amplitudes used in intermediate calculations to produce the

formation gives
Pa+1 COS(” - aa,aJrl) = 7j(p:+l cos '921( +ﬂaEZ+l>’ (A3)
with Ya = (\/—_ Ea)/\/a and ﬂa = pa/(\/—_ Ea)' To

capture this nontrivial dependence on 9%, we define the

recoupling from one LS basis to another to be

(A4)

symmetrized amplitudes and, subsequently, the intensity
distributions of Sec. V. We focus on elastic 3z scattering
and the kinematics discussed in Sec. V, showing the
amplitudes for the target /(J”) quantum numbers shown
there. For some target J”, we truncate the spin and orbital
angular momentum sums in Eq. (57) such that only
L;.,, L; <2 and S;.,, S; < 1 terms are included. This leaves
o

(LJ;,Q,II(;{ ;L) S (0. 05),
that contribute to the symmetrized amplitude in Eq. (77).
For elastic 37 scattering, the choice of j and j' in the
asymmetric amplitudes is irrelevant as all three spectators
and associated quantum numbers are identical.

In this section, we denote the partial wave amplitudes

contributing to the truncated sum by (**!L;,); —

28, +1 i iti
( i L},J) r (see Sec. II B for a reminder on the definition
j/

only a few asymmetric amplitudes, M

of these quantum numbers). Refer to Table I of Ref. [22] as
well as Sec. V for a list of partial waves that contribute to
each set of target quantum numbers /(J%) of interest. For a
given /s and associated ¢; (or p;), we plot each asym-
metric partial wave amplitude as a function of physical
O';., = ¢/, that is 2m, < V¢’ < \/s —m,. The initial state
kinematics are fixed as discussed in Sec. V, where
Vs/m, = {3.3,3.4,3.5}, with o' = z/4, p}H/m,[ =07,
and p} = 0 for each of these values. This configuration
gives aj/m,z, = {4.52,4.76,5.02} for each of our chosen
values of /s. The initial spectator in the three-pion
CM frame is then computed by Eq. (7), which gives
p;/m, = {0.50,0.56,0.62} for each /s.

The asymmetric OPE amplitude is shown in Figs. 13-18,
with the definition of the OPE given by Eq. (91) and
repeated here for convenience,

(' )I1UP) 1
ML;,s;,I;_,;L,sjlj(pj” P;)

I/., 1(JP .

_ / ") / 1

= _sz,s", (O-j’>gL’,,S’,,1",;LjS,<Ij (Pj" pj)sz,S,-("/)’
J Jo7

where Mé,s is the two-body amplitude given in Sec. VA
and G is the partial wave exchange propagator as defined in
Ref. [22]. The specific form of G for each I(J*) considered
is given in Ref. [22] (Appendix D of Ref. [22] summarizes
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Real and imaginary parts for the asymmetric spin-orbit amplitudes as a function of ¢’ for (a) I(J©) =3(0") and

(b) I(J?) = 3(1") both at /s = 3.5m,,. Important kinematic points are indicated as described in the text. In our restricted wave set, only
isotensor zzz S wave pairs are allowed, which couple to the spectator pion in both (a) S wave and (b) P wave.
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FIG. 14. Real and imaginary parts for the asymmetric spin-orbit amplitudes as a function of ¢ for (a) I(J*) =0(0") and
(b) I(JP) = 2(17). With the restricted wave set, both amplitudes have only a single contribution from isovector zz in P wave, which
couples to the spectator pion in an orbital P wave. Each amplitude is shown for /s/m, = 3.3, 3.4, and 3.5. Notable kinematic points are

indicated for each /s as described in the text.
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FIG. 16. Real and imaginary parts for the asymmetric spin-orbit amplitudes as a function of ¢’ for I(J¥) = 1(07) at /s = 3.3m,.
Three channels are allowed in our restricted wave set, (1S4), (*Py);, and (1S;),. Important kinematic points are indicated as discussed
in the text.
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the results.zl) and will not be restated here. However, the
general structure of the amplitude is given by

G (p', p) = Kg" (0 p) + TV (0, p)QulE(P', ),
(B1)

*'Note that T is used as total isospin throughout Ref. [22].

where g and 7 are analytic functions of energies in the
physical region, Qy(z) is the Legendre function of the

second kind,
1 z+1
R
7 —

1 (B2)

and {(p/, p) is a function of kinematics (see Ref. [22]). An
important feature of the exchange function is that it has

014019-25



JACKURA, CHAMBERS, and BRICENO PHYS. REV. D 113, 014019 (2026)

singularities associated with the exchange of an on-shell particle, which occur at {(p’, p) = £1 in Eq. (B1). For fixed,
physical values of s and 6 = 6; as well as equal particle masses m,, the singularities ¢/, = ¢’.(s, 6) are located at

4m,2r

1
a’i:E 3m2+s—o+ A2 (s,m2,0)\/1 - (B3)

o

For the s values chosen, we find numerically o /m2 ~ {4.13,5.24} for \/s/m, =3.3, ¢/,/m%~{4.14,5.67} for
Vs/m, =34, and ¢, /m? ~ {4.14,6.09} for \/s/m, = 3.5.
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