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This paper investigates the landscape of models based on modular S; symmetry that predicts the
trimaximal TM; mixing pattern for leptonic flavor mixing, and explores their parameter spaces with

constraints from the latest high-precision measurement on €, and Am%1 given by the JUNO experiment. We
review how the mixing pattern arises from residual symmetries after the spontaneous breaking of a flavor
symmetry, via an appropriate vacuum alignment of modular fields and flavon fields. We show three different
models that realize the TM; in three approaches with the same symmetry structure. Due to different model
building strategies used, predictions on the relations between the lightest neutrino mass and the effective
Majorana mass in neutrinoless double beta decay are different, making them distinguishable.
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I. INTRODUCTION

Leptonic flavor mixing remains a mystery in particle
physics. Following decades of sustained and systematic
efforts, three mixing angles and two mass-squared
differences have been measured [1]. The coming goals
are the determination of neutrino mass ordering (normal
m; < my < my or inverted ms < m; < m,) and measure-
ment of the Dirac phase . JUNO [2], Hyper-K [3], and
DUNE [4], the three representative large-scale neutrino
oscillation experiments of this stage, aim to achieve these
goals. Meanwhile, measurements of other oscillation
parameters with precision at subpercent level will be
performed. After less than two months of running, JUNO
released the first data on the measurement of Am3, and
sin? @, with best-fit values 16 given by [5]

sin%0,, = 0.3092 4 0.0087,
Am3; = (7.50 £0.12) x 1075 eV?, (1)

for the normal mass ordering scenario, which has already
shown a better precision than the previous global fit for all
past measurements [6].
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To explain the observed neutrino oscillation parameters,
various simple mixing ansatzes for the lepton flavor mixing
were proposed. Due to their simplicity in describing
experimental data and predictability from flavor sym-
metries, they have been widely studied in neutrino theories
(see, e.g., reviews [7-11] and a recent paper [12]). A
particular example is a constant mixing pattern called tri-
bimaximal (TBM) mixing [13,14], although it has been
excluded by the observation of a relatively large 65 in
reactor neutrino experiments [15,16]. Among various
preexisting simple mixing patterns in the literature, the
trimaximal TM; mixing (proposed by [17] and further
discussed in [18-22]), a partially constant mixing that
inherits the first column of the TBM form, offers an elegant
description for the observed lepton mixing.

For better understanding the trimaximal TM; mixing
pattern, non-Abelian discrete symmetries were introduced
as origins of flavor mixing, and a particular mixing pattern
arises from the spontaneous breaking of flavor symmetry.
For example, the TBM pattern can be realized from the
permutation group S,. It is enforced if the charged lepton
mass term keeps a Z symmetry and the neutrino mass term
is invariant under Z§ and Zéf symmetries, all of which are
residual symmetries after S, breaking [23]." Relaxing the
residual symmetry in the neutrino sector to be Z3V gives rise
to TM; mixing [24,25]. In the traditional flavor symmetry
approach, the symmetry breaking is achieved via vacuum
expectation values (VEVs) of a series of scalar fields that are

'T, S, and U are generators of S, satisfying 72 = §2 = U2 =
(SU)* = (TU)* = (ST)* = (STU)* = 1.
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FIG. 1. A few approaches to realize TM; mixing in modular flavor models. Here ¢,, ¢, denote flavons associated with the charged-
lepton and neutrino sectors, respectively, while 7, 7, denote modular fields.

called flavons, and the flavor texture succeeds the special
direction of the VEV alignment.

Modular symmetries, as a nonlinearly realized approach,
provide an alternative explanation that the flavor texture
might arise from modular forms of a modular symmetry
[26]. Here, a modular form is a holomorphic function of the
modular field z, and the symmetry breaking as well as the
special pattern of modular forms are achieved via the VEV
of the modular field. In the minimal setup (e.g., [27,28]), it
only needs a modular field, which has only 2 real degrees of
freedom, acquiring a VEV, without the necessity of
introducing many flavon fields aligned in some specific
ways (e.g., [29]), to achieve the desired phenomenology.
Thus, this approach reduces physical degrees of freedom
very efficiently.

A modular field may gain the VEV at a fixed point, which
is invariant under certain modular transformations. The
lepton mass matrix at the fixed point preserves a residual
symmetry as a subgroup of the modular symmetry.
Implications of residual modular symmetries were sug-
gested in the derivation of simple structures of modular
forms [28]. However, the minimal setup is not enough to
accommodate the observed lepton mixing because a single
modular field cannot achieve the misalignment of different
residual symmetries in the charged lepton sector and
neutrino sector [30]. Necessary extensions must be consid-
ered in realistic models. For example, by introducing a
minimal set of flavons in the modular symmetry, the
modular symmetry can be broken either in the charged
lepton sector or in the neutrino sector via the flavon and
modular field [31]. Another approach is to include distin-
guishable modular fields in the framework of multiple
modular symmetries [32]. This approach allows different

residual symmetries from fixed points, e.g., 7; = —% +1i ‘/75
respecting Z} and 7, = — %+ respecting Z5Y, predicting

exactly TM; mixing [33].

The present paper aims to investigate the landscape of
modular S; models that realize the TM; mixing and
explore their parameter spaces with constraints from the
latest precision measurements in JUNO. We sketch three
possible approaches with modular symmetries in Fig. 1. In
these approaches, ¢; and ¢, denote the flavon fields
associated with the charged-lepton and neutrino sectors,
respectively. Their role is distinct from that of the modular
fields 7; and 7,, as the VEVs of ¢, and ¢, provide flavor
symmetry breaking through vacuum alignment, whereas
the VEV of 7 fixes the values of the modular forms
and, when located at a fixed point, determines the resi-
dual symmetry preserved in the corresponding sector.
Therefore, in the realizations sketched in Fig. 1, different
combinations of modular fields and flavons are considered
to obtain the desired residual symmetries in both sectors
that can realize the TM; mixing.

The rest of the paper is organized as follows. We begin
with a review of the trimaximal TM; mixing pattern in
Sec. II. We revisit the mathematical correlation between
TM, and residual symmetries Z%, Z5V of S, regardless of
the traditional flavor symmetry approach or modular
symmetry approach. This implies that one can take
approaches in Fig. 1 to build concrete models featuring
the TM; mixing. In Sec. III, we present explicit models
with modular S, flavor symmetry, which feature TM; but
give different predictions on other observables. We perform
numerical scans to fit these models in Sec. IV. The
summary and conclusions are presented in Sec. V.
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II. TRIMAXIMAL TM,; MIXING

A. TM; mixing in light of recent data

We begin by reviewing the trimaximal mixing used to explain the neutrino mixings in the literature. The Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix can be parametrized as [1]

C12€13

_ i5
Upmns = | —$12C23 — C12S138523€"

i5
$12823 — C12813C3¢€

where s;; = sin6;;, ¢;; = cos8;; for three mixing angles
015, 013, 0y3; 6 is the Dirac phase; and a,;, a3 are
irremovable Majorana phases for Majorana neutrinos. A
particular mixing pattern, giving 53, = 1/3, s, =0, and
53, = 1/2, is the so-called TBM mixing pattern [13,14],
with each entry, up to a phase difference, being constant,

0
(3)

UTBM =

ST
S S Sk
Sl S

This mixing ansatz is apparently excluded due to the
nonzero mixing angle 6,3, but still well approximates
the observed values of 0, and 0,3 in the 30 regimes.
An extension of the TBM ansatz was thus proposed to
incorporate the small but not tiny reactor angle 6,3 [21],
where the lepton mixing matrices still preserve the first
column of the TBM ansatz and leave the rest of the
parameters unfilled, which is now called the trimaximal

0.36 +
™,
0.34} — |
0,32< ™,
a
>
oL 030} NuFIT1g JUNOTO
'5 30’ 30
0.28 +
026; NO NUFIT 10|& 30
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sinZ6;3

is
C12C23 — S12813523¢€"

is
—C12523 — §12513C23€

$12C13 S13€_i5 1 0 0
C13523 0 = 0 |, (2)
731
C13C73 0 0 e
|
mixing ansatz, TM;,
% X X
-1
Umm, = | & X X (4)
=1
& X X

up to phase differences, where the unfilled parameters can
be fixed once the reactor angle 6,5 is specified. The TM;
mixing leaves two sum rules between mixing angles and
the CP phase,

. 2
TM]:SIHZGIQ =1 ——3(1 sin29 )’
- 13
03 ~ 45° 4+ /20,5 cos 5. (5)

The first sum in the above equation is enforced by the
constant absolute value |(Ury, ), = 2/v/6, and the sec-
ond sum rule is derived perturbatively for small 8,5 after a
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FIG.2. Sumrules between 6, and 6,3 in TM; and TM, mixing. Best-fits, 16 and 3¢ ranges from NuFIT 6.0 (blue) [6] and the first run

of JUNO (red) [5] are shown as comparison.
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2-3 unitary matrix is taken into account [29]. Another
widely studied mixing pattern is the TM, mixing, which
preserves the second column of TBM,

Umm, =

up to phase differences, and predicts sum rules between
mixing angles and the CP phase [29]

1
™, :sin’0;, = ——————,
250012 Z 30 Zsin20,5)
1
03 ~ 45° + — 0,5 cos 6. (7)

V2

Correlations between 6, and 6,3 in both TM; and TM,
are presented in Fig. 2. Given the values of 6,5 from reactor
experiments, the trimaximal TM, mixing ansatz predicts
0, ~ 36°, which is not consistent with JUNO data in 3¢
region, as seen in the figure, even including the renorm-
alization group (RG) effect running from a very high
energy scale of the Standard Model [34]. On the other
hand, TM, predicts 6, ~ 34° for 6,3 ~ 8.5° This margin-
ally touches on the 1o boundary of JUNO data, where
sin 0}, = 0.309 £ 0.009 [5], as shown in Fig. 2. It can fit
the JUNO data better if the small RG running effect is
included [34]. Therefore, in the following sections, we will
mainly focus on the TM; mixing. For the sum rules
between 6,; and the CP phase § in light of the recent
data, we refer to Ref. [35].

B. TM,; mixing predicted in flavor symmetries

Three different approaches presented in Fig. 1 show the
connection between those discrete residual symmetries
and the mixing pattern of the PMNS matrix. In this
section, we show a general symmetry-based deduction
that the same mixing pattern can be achieved regardless of
the different approaches taken. Before turning to realistic
models, we give a brief review on how leptonic mixing
arises from residual symmetries of a flavor symmetry
and, in particular, how TM; mixing arises from residual
symmetries of Sy.

Let us start by considering the complete Lagrangian at a
high energy scale that is invariant under a flavor symmetry
Gy, which is spontaneously broken either by the VEV of a
flavon field in the traditional flavor symmetry approach or
by the VEV of a modular field in the modular symmetry
approach. In both approaches, the residual symmetries after
symmetry breaking, denoted as G, and G, respectively, in

the charged lepton and neutrino sectors, are usually sub-
groups of Gf.2

At a low energy scale, the effective Lagrangian of
charged lepton and neutrino mass terms with a sponta-
neously broken G, can be expressed as

_ 1 )
~Linass = CLMeCr + 57 Mwy + Hee., (8)

where it is assumed that neutrinos are Majorana particles.

The residual symmetries G, and G, ensure that the
operators £; M, and v M,v5 should be invariant under
the transformation of g, € G, in the charged lepton sector
and g, €G, in the neutrino sector, respectively. In the
charged lepton sector, left-handed and right-handed charged
leptons in their flavor space transform as ¢, — p; (9.)¢;,
r = pr(gs)€x under g,, leading to the mass term trans-
forming as £ Ml — ZPZ(QK)MK/)R<9L’)£R’ where
pr(gs) and pr(g,) are representation matrices of g, in
the basis of £; and £, respectively. The invariance of the
mass term under G, thus implies

Pr(9,)Mpr(9s) = M. 9)

It is convenient to introduce a Hermitian matrix H, =

MM ; to avoid unphysical rotation in the flavor space of
right-handed charged leptons, whose invariance implies

pi(90)Hepr(9¢) = Hy. (10)

This condition transmits to the restriction on the
unitary matrix U, diagonalizing H,, U,H,U, = H,=
diag{m?2, m>, m?},

H,[Ulp(9,)Us) = [ULpL(9,)UslH,. (11)

To recover nondegenerate charged lepton masses,

U;pL (9,)U, must be diagonal,
Uip(90)U, = diag{e'™, e, e’} (12)

Therefore, G, must be an Abelian symmetry and the values
of phases a; (for i =1, 2, 3) depend on which residual
symmetry is selected.

In the neutrino sector, the invariance of v; M, v§ under
the transformation v; — p; (g, )v; requires

pz(gu)MDPZ(gu) =M,. (13)

’In a realistic model, sometimes the residual symmetries also
include some additional accidental symmetries, but will not be
considered in this work.
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Similarly, given a unitary U, to diagonalize M,,
UM, U = M, = diag{m,, m,, m;}. The above equation
is rewritten as

M, [Ulpr(9.)U)" = [Ubpr(g.,)U,)M,.  (14)

The condition requires [Ujp;(g,)U,] to be real and
diagonal, and thus the only choices could be

[UlpL(9.,)U.] = diag{(=1)"", (1), (=1)5},  (15)

where kj,3 =0, 1. This conclusion leaves only Z, or
Z, x Z, allowed as residual symmetry in the neutrino
sector for Majorana neutrinos.

Together, Egs. (12) and (15) lead to the partial depend-
ence of U, and U, on p;(g,) and p;(g,), and eventually
result in restriction on the Ileptonic mixing matrix
Upvns = U}UU. It is convenient to choose a flavor basis
that p;(g,) is diagonal, then U, is also diagonal, and
Upmns appears to be the unitary matrix to diagonalize

pL(9)s
UbnsPr(9,) Upwins = diag{(=1)*1, (=1)%, (=1)%}. (16)

With the help of residual symmetries, we further show in
detail the realization of the TM; mixing pattern from
residual symmetries of S,. S, is the permutation group
of four objects, which is also isomorphic to the octahedral
group. It has 24 elements, generated by three generators
satisfying [29]

S?=T3=U*=(ST)> = (SU)* = (TU)* = (STU)* =1,
(17)

where T is an order-3 generator, and S and U are order-2

generators. The group has two irreducible three-

dimensional representations 3 and 3’, in which T, S, and
U are represented as

1 0 O
p3(/)(T) = 0 0)2 0 5
0 0 w
-1 2
1
p(S) =752 -1 :
2 -1

1 0 0
paa(U)==|0 0 1], (18)
0 1 0

where a basis of diagonal 7 has been chosen with
w = ¢*/3 [33]. The symmetry Z} = {1, T, T?} is chosen
as the residual symmetry in the charged lepton sector to

guarantee a diagonal U,. Then, the mixing matrix is only
determined by the residual symmetry G, in the neutrino
sector. There could be a few choices on the possible G,,
such as the following:
(i) Taking G, to be Z5 = {I, S}, diagonalizing p5, (S)
fixes the second row of |Urgy|, i.e., TM, mixing.
The first and third rows cannot be fixed since both of
them refer to the degenerate eigenvalue —1 of
P30 (S). Realization of the pattern requires only an
A, symmetry since the generator U is not necessary.
Realizations in modular A, symmetries are pre-
sented in [36,37].
(ii) Taking ZY = {1, U}, diagonalizing p5) (U) fixes the
third row of |Upgy|, leading to 0,3 =0 and
6,3 = 45°. This case has already been excluded.
(iii) The third choice is to take G, to be Z5V = {I, SU}.
Here representation matrices of SU in 3 and 3’ are
explicitly written as

e
py(SU)=%5| 2 2 1] (19)
2 -1 2

The vector (2, —1, —1) is the eigenvector respecting
the nondegenerate eigenvalue of p33(SU). There-
fore, TM; is achieved once the residual symmetry
is Z3Y.
The prediction of the TM; mixing pattern is thus obtained
via the structure of residual symmetries assigned as
G, = Z! and G, = Z3Y, which is independent of model
details and regardless of realizations in traditional flavor
symmetry or modular symmetry.

III. MODELS BASED ON MODULAR S,
SYMMETRY

In this paper, we study phenomenological modular S,
constructions for the lepton sector at a very high energy
scale that realize trimaximal mixing through different
residual-symmetry breaking patterns. Depending on the
setup, the residual symmetries are implemented either by
assuming flavon vacuum alignments or by choosing modu-
lar fields at fixed points. We do not attempt to derive the full
vacuum dynamics or a UV-complete origin of these con-
structions. We will first review the necessary ingredients for
model building based on the modular S, symmetry, and then
follow the approaches given in Fig. 1 to construct explicit
models featuring TM; mixing.

Let us begin with the definition of modular S, symmetry
following [32,33,38]. A modular group I is the group of
linear fraction transformations acting on the complex
modulus 7 in the upper half complex plane [Im(z) > 0]:

— (20)
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witha, b, c,d € Z and ad — bc = 1. When represented by a
two by two matrix, I" can be expressed as

f:{(a Z)/(il),a,b,c,dez,ad—bc: 1}. (21)

Cc

The modular group is isomorphic to the projective special
linear group PSL(2,7Z) = SL(2,2Z)/Z,, and it possesses
two generators S,: 7 — —1/rand T,: 7 — 7 + 1 satisfying
§? = (S,T,.)> = 1. By requiring a,d = 1(mod N) and
b,c =0(mod N) with N =2,3,4,..., we can get a
subset as

- {(2 2)fermen(: )

S(10) moam], -

The quotient group I'/T'(N) can then be defined as the
finite modular group I'y, which can be obtained by
imposing a constraint 7Y =1 in addition to S? =
(S,T.)? = 1. The finite modular group I'y with the first
few levels is isomorphic to a permutation group. In
particular, it was shown that I, ~ S5, I3 ~Ay, Ty~ S,
for N =12, 3, 4 [39].

For our purpose, we only care about the modular group
S, satisfying §? = (S,T,)3 = T* = 1. In literature it is
more common to use Eq. (17) to generate the group Sy,
which is related to the generators of the finite modular
group I'(N) as

S =12 T=S5,T,, U=T,S.TS,. (23)

The Clebsch-Gordan (CG) coefficient of the S; group is
listed in the Appendix of [40].

In the upper complex plane with the requirement
7 =7+ 4, the generators S, 7, and U can be represented
by 2 x 2 matrices, which are not unique due to the
identification. For later convenience, we only list the
representations of 7" and SU here [32,33]

T:(_O1 _11) SU:<_21 _11> (24)

If a modulus 7, is invariant under a nontrivial SL(2, Z)
transformation y, # I, then this modulus 7, is known as a
fixed point which gives yz, =1,, with y known as a
stabilizer of z,. For the y generated by the representations
given in Eq. (24), it is straightforward to compute the fixed
points:

| B
——4-. (2
TSU 2+2 ( 5)

Under the modular invariance I'y, a chiral superfield
¢;(z) transforms nonlinearly as a function of 7 as

$i(7) = ¢i(rr) = (ct + d)ip, (r)bilr).  (26)

Due to the holomorphicity of the superpotential, the
Yukawa coupling transforms as

Y, (x) = Yy, (re) = (et + )M p, ()Y, (2). (27)

where ky must be non-negative, with the weight-zero case
corresponding to constant singlet couplings.

If the modular field r acquires a VEV at a fixed point
such that (z) = 7,, an Abelian residual symmetry generated
by y is preserved, leaving Y,(yz,) = Y,(z,), and thus a
characteristic equation can be written

p1(n)Y(z,) = (ct+d)™*Y,(z,). (28)

with the eigenvalues (cz + d)~2* for the representation
matrix p;(y) [38,41]. Now, given a representation matrix of
Sy, it is straightforward to use the above equation to
determine the eigenvectors for the modular form Y/,(z,).
For example, at the fixed point 7, = 77, the modular forms
are [32,33]

0 0
Ya e |1, Y e« (o],
0 1
1
Yé?,{%)(rT) x| 0], (29)
0

where j is a non-negative integer.

Similarly, at the fixed point 7, = zgy, one can solve for
the eigenvector of py (SU) with respect to the degenerate
eigenvalue 1, to obtain the modular forms with weight
<4 as

1
1
vy (r5y) o Uk Y (rsy) o | 1-v6 |,
1+6
| V2
Bese| | W« | v2-v3 [ (30
V2+V3

With the above knowledge at hand, we can build
concrete models based on modular S; symmetry.
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Assuming that at low energy, the charged lepton sector and
the neutrino sector have different residual flavor sym-
metries G, and G,, respectively, as was discussed in
Sec. II B, there are at least three approaches to do model
building as shown in Fig. 1: (1) the symmetry of the
charged lepton sector is broken down to a ZI residual
symmetry by a flavon ¢;, while the residual symmetry in
neutrino sector is a Z5U guaranteed by the VEV of modular
field z,; (2) the symmetry of the charged lepton sector is
broken down to a Z1 residual symmetry due to the modular
field 7;, while a Z3U residual symmetry remains in the
neutrino sector due to the VEVs of flavons ¢, that only
couple to neutrinos; (3) the sectors of charged leptons and
neutrinos are dependent on two different modular fields,
and the final trimaximal mixing pattern is achieved by
choosing specific VEVs for the modular fields. In the
following subsections, we will proceed with analyzing
three different models explicitly with the mentioned
approaches, and see how they result in similar neutrino
mass matrices and phenomenology.

A. Model A

The first model realizing the TM; mixing from modular
S4 symmetry can be achieved by adding flavons in the
lepton sector that breaks the flavor symmetry to the residual
7T, while adding a modular field 7, in the neutrino sector
whose VEV is chosen at (z,) = 75y to ensure the residual
Z35Y. By this setup, all neutrino couplings are promoted to
modular forms, making the neutrino sector more economi-
cal at the phenomenological level.

However, the most economical realization of this setup,
following directly the schematic construction in Fig. 1(a), is
already quite restrictive and requires additional auxiliary
ingredients because of the following two reasons. First,
there are only two flavor singlets under Sy, either 1 or 1/, so
it is hard to embed three right-handed charged leptons
within the two nondegenerate flavor singlets, unless an
auxiliary symmetry like a Z,, is introduced to separate the
charged leptons. Though this problem may be avoided by
introducing a modular weight to one of the degenerate
charged leptons, Z,, charges are still needed if one requires
the absence of trivial neutrino mass terms. Second, the
contraction between a flavon ¢; ~3 and left-handed
charged leptons L ~ 3 cannot contract with the singlet 1/
as the decomposition of representation products gives
3x3—->1+2+3+3". This means that one needs to
introduce an extra flavon, such as 7 ~ 2, to make them
contractible. These couplings will inevitably be higher-
order operators as can be checked from the superpotential
in Eq. (31). To cancel all lower-order couplings while
keeping all the first three terms in Eq. (31), there will be a
constraint on the charge of the auxiliary discrete sym-
metry Z,,.

TABLE I. The S, representations and the modular weights of
different superfields and Yukawa couplings in Model A.

Fermions S, 2k Scalars S; 2k Modular forms S, 2k
1 0 @ 3 42 Y,(z,) 2 42

x
o

o

U 1 0 n 2 42 Yy(z,) ¥ 2
7€ 1 0 13 1 +6
L 30 H, 1 +4
L 3 4 H, 1 -4

Now we can write down a simple toy model by assigning
the S, representations and modular weights as shown in
Table I, together with suitable auxiliary Z, charges, so that
the following operators are the leading terms in the
superpotential:

y
A_ez(L¢12)leCHd +

Yz
e

1 1
+§Y2(Tu)(l/c”c)2§+§Y3’(Tu)(’/cl/c)3‘§v (31)

Y c
A_ﬂg (L ((Pzﬂ)s’)l’ﬂ H,

(L(@m)3)17°Hy + ypLv°H,

W:

where L is the left-handed charged lepton doublets; e€, u¢,
7¢ are right-handed charged leptons; v¢ are right-handed
neutrinos; and a few flavons ¢;, #, £ are introduced to make
them contractible.

The nonrenormalizable terms in Eq. (31) should be
understood in an effective-field-theory sense. In particular,
they can be generated after integrating out heavy vectorlike
messenger superfields with masses of order A, in close
analogy with Froggatt-Nielsen constructions. A more
complete UV realization including these vectorlike fields
may require more auxiliary Abelian symmetries to remove
those unwanted lower-order operators, but specifying such
a unique completion is not the purpose of the present
phenomenological study.

At the phenomenological level, we therefore adopt the
flavon VEVs (¢;) = v7(1,0,0)", (n) = (v,,,v,,)", and
(€) #0 so as to preserve the residual Z! symmetry in
the charged lepton sector, following the standard residual-
symmetry approach in the S; flavor-model literature
[25.29]. Likewise, we choose (7,) =75y =—3+4 to
preserve the residual Z5V symmetry in the neutrino sector.
From a UV-complete perspective, the above alignment can
in principle be derived by introducing driving fields with
suitable modular weights and constructing the full flavon
superpotential, so that the vacuum alignment follows from
vanishing driving-field F-terms, as in conventional super-
symmetric S, models [40,42]. Nevertheless, a fully explicit
construction that uniquely singles out the required oper-
ators may still require a sufficiently large auxiliary
Z, symmetry together with suitable modular-weight
assignments (see the Appendix as an example). Since this
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model-building aspect lies beyond the scope of the present
work and does not affect the subsequent low-energy
analysis once the alignment is taken as an input, we do
not attempt a unique complete vacuum construction here,
and we will give a possible realization including the flavon
sector in the Appendix for reference.

As an illustrative consistency check relevant to Eq. (31),
one possible minimal choice is a Zs symmetry with
Zs(L) = Zs(p) = 1, Zs(e®) = Zs(§) =2, Zs(n) =3,
and Zs(v°) =4, while all other fields are neutral. This
assignment keeps the three 1/A? charged-lepton operators
as the leading terms and forbids all other lower-order and
same-order competing terms.

In the charged lepton sector, the mass matrix includes a
U — T mixing as

VU 0 0
« _ Ualr
Mf = Az 0 y,ﬂ)m yT”’?] ’ (32)
0 =yuvy, YeUp

where v, = (H,) and the charged lepton mass matrix is
defined in the left-right convention to be consistent with the
convention used in Eq. (8), which gives an additional
complex conjugation [43]. Thus, a unitary matrix U,

1 0 0
Uy,= |0 cosfe? sin@,
0 —sinf, cos@ye ¥
et 0 0
= 0 cos@ e sinf e
0 —sinfse? cos@e
e 0 0
x| 0 e 0 (33)
0 0 e

should be included to diagonalize M, M bp where ¢ and ¢,
can be absorbed by redefining the right-handed charged
leptons.

In the neutrino sector, the Dirac mass matrix in the flavor
basis, i.e., the basis of charge lepton mass eigenstates, is
given simply by

1 0 0
Mp=ypo Ui 0 0 1. (34)
01 0

where v, = (H,) and U} is inserted to diagonalize the
charged leptons.

Considering the Majorana neutrino mass matrix, we start
with the simplest case by including only weight-2 modular

forms, Y5(z,) ~ 2 and Y3(z,) ~ 3'. Apparently, making the
modular weights higher than 2 will increase the number of
free parameters that will fit with the data eventually, which
is the reason why we only check how the model can be built
with the least number of free parameters. Using Eq. (30) the

value of Ygz) (zsy) and Y g%) (z5y) for the weight 2k, = 2, the
Majorana mass matrix is

0 Y21 Ya
Y1 Ya 0

Y3, 0 -Y

2y, Yy,

+ | Y33 2Y3,

Yy, =Yy,

My =

—Y3,
=Yy |. (35)
2Y3/’3

It is more convenient to reparametrize the above
Majorana mass matrix into the following form:

0 1 2 -1 -1
Mg=a,| 1 0 +ay|l -1 2 -1
1 1 -1 -1 2

1
1
0
0 1 -1

—a3\f6(1 2 0 |. (36)

*

2 2 *
where a, = [ﬂzYé?(TSU)] and a; = [/13Y(3,’)1 (zsy)]* are
complex coefficients.

Finally, by applying the standard neutrino seesaw

formula
M, = —MDMEIM,T), (37)

it is straightforward to compute the mass matrix for the
active neutrinos and then proceed with the diagonalization
to find the PMINS matrix, which will be discussed in details
in the next section.

B. Model B

An alternative approach to the previous scenario is to use
the VEV of the modular field to achieve ZI in the charged
lepton sector, and then introduce additional flavons in the
neutrino sector to get the residual Z3Y symmetry. This
scenario should be similar to the method discussed in [25].
The superfield assignments of Model B are listed in
Table II.

The superpotential that is invariant under this superfield
assignment is
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TABLE II.  The superfields and Yukawa couplings with differ-
ent representations and weights in Model B.

Fermions S, 2k Scalars S; 2k Modular forms S; 2k

1 -4 g, 3 +4 Y. (7)) 3 +6

x
o

o

U U -2 ¢, 3 +3 Y, (7)) 3 +4
¢ 1 0 n 1 +1 Y. (7)) R
L 30 & 1 42
Ve 3 2 H, 1 42

Hy 1 -2

W =Y, (t)Le‘Hy+ Y, () LuHy+ Y (1;)L1°H,
y
+ yp(Lv) H, + ﬁfz(ycyc)l

ﬂ ” - l’ C,,C
+§(Pu(VLVL)3 +E¢Z(V )y (38)

As in Model A, the higher-dimensional terms are
interpreted within a flavor EFT with cutoff A. To forbid
the leading Majorana mass terms like My (v°v°),
Yy (1v°0°)3€, and Y, (1v°1°)s¢), an auxiliary Z, symmetry
is required with nontrivially charged neutrinos. In the
Appendix, we give an explicit realization of the super-
potential from the flavon driving fields using a minimal Zj
symmetry.

When the VEV of a modular field is set to the fixed point
77, the charged leptons will be put into the Altarelli-
Feruglio basis [33], implying

1 0 0
Y (opr)x [ O |, Y, (zp)x | O], Y(zp)ox| 1],
0 1 0

so that the lepton mass matrix is diagonal.

In the neutrino sector, the Dirac neutrino mass matrix has
the same form as in Eq. (34). In the Majorana terms, the
right-handed neutrino triplets (¢°2) in this model should be
contracted following the S; product rule 3 x3 =1-+2+
3 + 3. However, as shown in [25], if we have only one
flavon field that is a triplet 3 of S, the deduced Majorana
mass matrix leads to only a tri-bimaximal mixing with
013 = 0 predicted. Therefore, an economical choice is to
introduce only two flavons in either a 3 or a 3’ representa-
tion of §4. Following the standard residual-symmetry
model-building strategy, we adopt the flavon alignments

1 0
<(pl/> = USU 1 ’ <(pl/,> = U{S‘U 1 ’ (40)
1 -1

which preserve the residual symmetry Z5U. A possible
realization of such vacuum alignment, including the flavon
sector consistent with the auxiliary Z, charge assignment
that guarantees the operators in Eq. (38) are the leading
ones, is provided in detail in the Appendix.

Expanding the superpotential, the Majorana mass matrix
for the right-handed neutrinos now reads

1 00 2 -1 -1
Mp=b [0 0 1 |+b|-1 2 -1
01 0 -1 -1 2
0 1 -1
+b5 1 2 o0 |, (41)
-1 0 -2
.

with by = (5", by = (Avgy)", and by = (25£")", Due
to the suppression of a higher-dimensional operator, b5 is in
general much smaller than b,. Similar to Model A, the
complex conjugate appears because of a matching to the
Mp defined in the left-right convention. To this point, all
the mass matrices have been written so the seesaw equation
Eq. (37) can be applied again to find the mass matrix for the
active neutrinos.

C. Model C

The previous two scenarios contain only one modular
field in either the lepton or the neutrino sector, and a few
flavons with particular VEVs alignment to obtain the
desired residual symmetry. It is also possible to use two
modular fields, z; and 7,, in both the lepton and the neutrino
sectors, so that all Yukawa couplings can be expressed as
modular forms. The generalization from one modulus to
multiple moduli was given in [32,33], where a bi-triplet
flavon @ was introduced to break the modular S} x S4
symmetry down to a diagonal S, subgroup through the
VEV of ®. The two modular fields can get different VEVs
at different fixed points that then result in different residual
symmetries in the lepton or neutrino sectors. A minimal
model realizing the above picture requires the superfields to
be assigned according to Table III [33].

The superpotential for these superfields is given by

W =Y, (t))Le‘Hy+ Y, () LuHy + Y (1))LT°Hy

1
+ 2 LOH b 4 2 My (5,) (1),

A 2
3 Ma(n) (W) + 5 My () (), ®2)

In our paper, the two modular fields 7; and 7, are taken as
independent inputs whose VEVs are chosen at fixed points
associated with the residual symmetries in the charged-
lepton and neutrino sectors. Multiple-moduli frameworks
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TABLE III. Representations and modular weights for leptons,
flavon, Higgs fields, Yukawa couplings, and Majorana masses in
Model C.

Fields Si 8% 2k, 2k, Yukawas/masses Si Sh 2k, 2k,

e* Y 1 -6 -2 Y, (%) Jy 1 46 0
ue 1 -4 -2 Y, (7)) Iy 1 +4 0
¢ r 1 -2 =2 Y. (7)) Iy 1 42 0
L 31 0 +2 M(t,) 1 1 0 +4
o1 3 0 -2 M, (z,) 1 2 0 +4
D 3 3 0 0 Mj(z,) 1 3 0 +4
Hg, 1 1 0 0

and explicit stabilization mechanisms have been discussed
in the literature [32,33,44-46], but deriving the vacuum
structure and any relation between 7; and 7, from com-
pactification of extra dimensions is outside the scope of the
present phenomenological analysis. This scenario gives the
same Yukawa matrices for charged leptons when the
modular field 7; is chosen at (z;) = 77 and thus will not
be repeated.

Following the construction of Ref. [33], the symmetry
breaking S} x S4 — S, is naturally achieved via the VEV of
a bi-triplet scalar field ® ~ (3,3) of S} x 4. By minimiz-
ing the superpotential, the scalar gains a VEV along the
direction of (®),; = ve(Pa3), With

- O O

1 0
0 0

Expanding the Dirac Yukawa coupling % L®OH ¢ after the
breaking of S} x S — S, and the Higgs H, acquiring a
VEV, we get

Yulo

with  yp = - (44)

Mp = y*DP23Uw

The Majorana neutrino sector includes three modulus-
dependent couplings M,(z,) with r = 1, 2, 3 that in general
give a Majorana mass matrix with the following form®:

My 0 O 0 My, My,
My=|0 0 M |+|My My 0
0 My O M;, 0 My,
M3, M3 —Mj,
+ | -M33 2M;, -Mj, |. (45)
Mz, Mz, 2Mj;

*Note that there is no M 3 term since it vanishes because of its
antisymmetric nature.

Assuming that the modular field 7, is fixed at the fixed
point (z,) = 75y, we can use the modular forms given in
Eq. (30) to rewrite the Majorana mass matrix M, and then
parametrize it into the following form [33]:

100 011
Mg=c;|0 0 1 |4+c|1 10
010 101
2 -1 -1 0 1 -1
+e3vV2l -1 2 -1 |-e3v3] 1 2 0 |,
-1 -1 2 -1 0 =2
(46)
where ¢ = [My(z5y)]", ¢ = [My;(zsy)]*, and c¢3 =

1
Va2 [M3,1(TSU)]*'
Thus, the active neutrino mass matrix becomes

M, = —MpMg' M}, = —(y},)?viPyMg' Py (47)

IV. FIT WITH JUNO DATA

A. Parametrization

With the lepton and neutrino mass matrices given in the
above models, it is now straightforward to compute the
experimental predictions for Majorana mass matrices and
mixings. In particular, since all three models exhibit a
similarity in their mass matrices, it is convenient to first put
them into a block diagonal form by applying a TBM
mixing matrix,

n 0 O
U%BMMRUTBM = 0 a y R (48)
0 vy p
where it can be shown that
Model A:np = —a + f, Yy =a—2p,
with  a = 2a,, p = a, + 3as, (49)
Model B:n =2a+f,
with a=b,, f=-b, +3b,, y=+6b;, (50)

ModelC:np = —f — 2y,
B=—ci+c+3V2e;,
Y= —3\/§C3, (51)

with a = ¢ + 2¢,,

where the parameters a;, b;, and ¢; with i = 1, 2, 3 are free
parameters defined for Models A, B, and C in Egs. (36),
(41), and (46), respectively. Therefore, we can always
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simplify the computation by reparametrizing those free
parameters in the original My into the above form with
either two complex parameters (a, f for Model A) or three
complex parameters (a, 3, y for Models B and C).

On the other hand, the Dirac mass matrix takes a similar
form except for a unitary matrix U, particularly for Model
A in the charged lepton flavor basis. Using the type-I
seesaw formula in Eq. (37), we can write

M, = —m3ULP,;Mz' PLU; (52)

with an overall factor m3 = (y},)?v2.
The above neutrino mass matrix in the flavor basis can be

diagonalized by the PMNS matrix defined as Upyng =
U;UTM] with U, and Ury, given in Egs. (33) and (4)

T * _ 2
UpmnsM Upyns = =g

where a phase factor of # can be extracted to reduce one
free parameter, and the unitary matrix V is used to
diagonalize the bottom-right block defined as

V = gia | €08 Ore™i®
= ¢l .
sin Ope™'*

sin Qge'®

. 54
—cos Ope'™ > (54)

Under this parametrization, the general form of Ury, can
be expressed in terms of the TBM matrix defined in Eq. (3)
multiplied by a unitary matrix:

e—i()z’3 0 0
U, =Urpm| 0 cosOre™™  sinOre=@ |, (55)
0 —sinfge® cosOre™™
where o} = Jarg(n).

As a result, the predictions of observables under the
above parametrization, such as the mixing angles and the
CP-violating phase, can be computed explicitly. Since an
overall phase of y can be dropped, there are at most five free
parameters for all three proposed models to fit with the five
observables in neutrino experiments including three mixing
angles and two mass differences.

B. Predictions of observables and sum rules

A straightforward result from the above parametrization
gives the predictions:

. sin gR
sinf3 = , (56)
V3
cos Ox
tan 912 = . (57)
V2

These correlations recover sum rules between mixing
angles shown in Eq. (5).

In Model A, the mixing angle 0,3 and CP-violating
phase ¢ will depend on the two physical parameters 6, and
¢, in the mixing matrix U, so they will not be expanded
here. The condition y = a — 2§ reduces the original five
parameters in Eq. (48) to three parameters including |a|, |],
and arg(f) in M. After reparametrizing them by 6, @, a5,
and m; = mjM;! for i =1, 2, 3, two strong correlations
were found between the mixing angle sin6;; and three
eigenvalues of neutrino mass matrix:

(5m3 — 2m7)m3

sin (20g) cos (@) —ay) = 1 + w2 (2 = 1) (58)
[ _[AmB,_ Amb(2-ssint0y) 1]
4m3 8m3 8
m3 20(Ams3,)* + 6m]
m (Am3,)*sin®(20r)
N m3 22m3Am3,
mi \ (Am3y)*sin? (20g)
4Am3, —2m3(3sin’0g — 4) (59)
Am3,sin’(26)

Given the 3¢ range of sin 0,3, Am3,, and Am2, from the
NuFIT data [6], Egs. (56)—(59) can be solved together.
The normal ordering (NO) case is clearly excluded because
the right-hand side of Eq. (58) gives a value larger than 1.
For the inverted ordering (I0) case, m3 —m3 <0 so
Eq. (58) implies

, 3m3
1 —sin (20g) cos (a; — ay) & m (60)
2 3

where the approximation Am3, < m, ~ m, was applied.
Therefore, the first correlation [Eq. (58)] bound the
mass m3 within the range of 0.4 x 107%eV? < m3 <
1.3 x 1073 eV2. Meanwhile, the second correlation
[Eq. (59)] can be solved numerically for m% within
the given range of 6. The numerical results give
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2.9 x 1073 eV? < m3 < 3.1 x 107® eV2, which shows no
overlap with the range predicted from Eq. (60).

Therefore, the free parameters in Model A are not
enough for fitting 6,3, Am3,, and Am3, simultaneously.
Thus, Model A is overconstrained and excluded. As was
mentioned in Sec. III A, modifying to a higher modular
weight of 7, can fit the data with the price of introducing
more free parameters, rendering Model A less predictive
and thus will not be considered any more in this work.

In Models B and C, since the charged lepton mass matrix
is diagonal, simple forms can be written down for the
mixing angle 8,3 and Dirac-type CP-violating phase using
the above parametrization [33]:

cos O + \/ge"(“l‘”@) sin @y

tan 923 = s (61)
cos g — \@e"(“l‘“ﬁ sin Oy
6 = arg[(5(cos 20 + 1) cos(a; — ay)
—i(cos20g + 5) sin(a; — ay)], (62)

which recover the sum rules between mixing angle and CP
phase shown in Eq. (5).

The lightest eigenvalue of M, under this parametrization
is given by myjgheq = my for NO and myjgheq = ms3 for 10.

2

Meanwhile, since M, is fixed by #, which is dependent on
a, B, y in our models, there should be a correlation between
M, M,, and M5 that can be solved by diagonalizing the
bottom-right 2 x 2 block in Eq. (53). Using # = 2a + f in
Model B, we get

r__r
my [2a+p|

272 08?0, + e 2 %sin’Oy

my

e*cos?Op + 2% sin’O

ms

(63)

For Model C, the correlation is different because now we
have n = —f —2y:

1 B 1 B e—2i SinlgR 4 g—i<0’1 +) sin 29R
my |+ 2y e
e2ir1|CO829R — ei((l]+(lz) sin 2913

. (64)

ms

Furthermore, the effective neutrino mass parameter m,,
in neutrino-less double beta decay experiments (see [47] for
a review) can be solved for Model B

s

2
32a+h) " Nap-1)

2m2m3

3m, (¥ cos?Og + 2% sin?fg) + 3ms (e 2 sin’fy + 2e7%% cos?Oy)

1 ) .
+§ (mye*®cos’g + mye 2 %sin0g) |, (65)
and for Model C
2 p
My, = m3|(Mz! = m -
0|( R,C)(l,l)| 0 3(ﬂ+2y) 3((1ﬂ_7/2)
. 2m2m3
[ 3my (20520, — /(@) sin 20 + 3ms (e~ 2% sin20, 4 (@1t sin 20,)
1 . .
-3 (m,e* ™ cos?Og + mye%sinOg)|. (66)

C. Numerical results

In this section, we perform a numerical analysis for the parameters of Models B and C by applying the analytical
expressions given in Egs. (62)—(66). Though being expressed originally by five independent free parameters in the set
(| 7|, arg(a), arg(f)), it is more convenient to reparametrize the predictions of neutrino oscillation observables using
parameters a;, @,, Oz. The ranges for parameter 8 can be found by applying Eqgs. (56) and (57) with the 16 or 36 bounds of

9’ )
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FIG. 3.
for reference.

0,3 and 8, from JUNO [5] and NuFIT [6]. There are
additional parameters m; (i = 1, 2, 3) left as predictions of
our model. The parameters m, and m5 can be reduced by
substituting the experimental values of Am3; and Am3; into
their definition in either the NO or the IO scenario, and then
m; can be solved numerically from Egs. (63) or (64).

In total, fixing Eqgs. (62)-(66) to the experimental
observed values within a certain range of uncertainties
can reduce the number of free parameters from 5 to 2,
including the two phases @; and a,. We can now perform
our numerical computations by freely sampling the two
parameters «; and @, within the ranges (0, 2x) to fit the
remaining two observables, sin 6,3 and §, within their 1o
and 30 ranges.

We also note that the minimal supersymmetric standard
model renormalization group running does not qualitatively
modify the TM, analysis used here when tan f is small. The
leading correction to 0, is controlled by the tau-Yukawa
contribution and becomes significant only for the large
tan # regime [48-50]. For modest tan# and away from
quasidegenerate neutrino masses, the induced RG shifts
remain small and are not expected to qualitatively affect the
low-energy TM, correlations used in our fits.

The numerical results for the prediction of the effective
neutrino mass parameter m,, in a neutrinoless double beta
decay experiment with respect to the mass of the lightest
NEutrino myjgpeeq are shown in Fig. 3 for Model B and Model
C. These figures show the 1o and 3¢ ranges of oscillation
parameters given by NuFIT 6.0 [6] (in blue) and JUNO
(in red) for the NO assuming #mygpeq = m; and the
IO assuming myjgpeq = m3. We also show the current
upper limit of KamLAND-Zen experiment (1., )ypper =
0.028-0.122 eV [51] (in gray) and future sensitivities in

1
0.100 | KamLAND-Zen Upper Limit
o 0
;é 0.010 £ yuno-sot VSensitivity ~ /N o
0.001; — ; ]
Model C |
10—4 PR | SR MR P
107 0.001 0.010 0.100 1

mlightest(ev)

Mijghtest VETSUS M, predicted in Models B and C. Current experimental upper bounds and future sensitivities on m,, are shown

JUNO-50T (¢, ) ypper = 0.005-0.012 eV [52] (in green), in
the figure. For the correlation between the mixing angles
and the CP phase 6, no additional model-specific features
are predicted in Models B and C beyond the sum rules in
Eq. (5), and thus a separate plot is not shown here.

As a complementary cosmological test, we also compare
the allowed Model B and Model C point sets with the recent
upper bounds on the sum of neutrino masses, »  m, <
0.0642 eV (95% C.L.) from CMB + DESI DR2 BAO and
> m, <0.112 eV (95% C.L.) from CMB + DESI DR2
BAO + NuFit-6.0, as shown in Fig. 4 [53-56]. For Model
B, the sampled NO solutions remain compatible with the
CMB + DESI DR2 BAO + NuFit-6.0 bound, whereas the
IO case is almost entirely above 0.112 eV, with only a small
edge of the 36 sample touching that bound. For Model C,
the sampled IO solutions lie above 0.112 eV, while only a
fraction of the NO solutions remain below this bound.
Therefore, the cosmological comparison further disfavors
the IO regions, especially in Model C, and also imposes
pressure on the NO regions.

V. CONCLUSIONS

This paper investigates the landscape of models based on
modular S, symmetry that predict the TM; pattern for
neutrino mixing, and explores their parameter space com-
pared with the latest, high-precision neutrino oscillation
data from the JUNO experiment. We first show the
consistency of TM; mixing with JUNO data, and then
briefly review its realization by flavor symmetry. Starting
from the permutation group S4, we showed that when the
residual symmetry is assigned to be ZI in the charged
lepton sector and Zﬁ U in the neutrino sector, the model will
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FIG. 4. Predicted Y m, versus Myjghiest i Models B and C for NO and I0. The lower and upper gray lines indicate, respectively, the
95% C.L. upper bounds Y m, < 0.0642 eV from CMB + DESI DR2 BAO and }_ m, < 0.112 eV from CMB + DESI DR2 BAO +

NuFit-6.0 [53-56].

predict the TM; mixing pattern. The result holds in both the

traditional flavor models and the modular flavor models.

We then explore three possible approaches for concrete

model building in modular symmetries, as shown in Fig. 1.

(1) In Model A, in the charged lepton sector, the breaking

of S, — ZI implemented by adopting a flavon align-

ment (@;) ~ (1,0,0)7, while in the neutrino sector,

the residual Z3Y was due to the modular field 7,
stabilizing at the fixed point (z,) = 7gy.

(ii) In Model B, the residual symmetry Z% in the lepton
sector was realized by the modular field z; stabiliz-
ing at the fixed point (z;) = 77, giving rise to a
diagonalized charged lepton mass matrix, while the
residual symmetry Z3Y was enforced by the VEVs
of two flavons aligned as {(¢,)~(1,1,1)T and
(@) ~ (0.1, =1)".

(iii) In Model C, the modular symmetry acts on both the
charged lepton and the neutrino sectors; thus, a
flavon @ is needed to break the modular S5 x S
symmetry to a diagonal S, subgroup. The
two modular fields are then fixed at (7;) = 77 and
(7,) = 75y to realize the TM; mixing.

Each model has five free parameters to fit five observables,
including two mass-squared differences and three mixing
angles, while the Dirac CP phase is regarded as a
prediction. For each model, we parametrize the explicit
Majorana neutrino mass matrix by Eq. (48), which is then
used to derive analytical predictions and perform numerical
fits to neutrino oscillation data.

Model A shows an overrestricted correlation between

6,5 and neutrino masses and is thus excluded. However, it
can be saved by arranging different modular weights to

right-handed neutrinos with the price of more free param-
eters. We perform numerical scans for Models B and C
using the analytical expressions derived in Eqs. (56), (57),
and (61)—(66). Parameter regions consistent with the latest
JUNO and NuFIT constraints are explored, and the
predicted correlations between mjgp s and m,, are shown
in Fig. 3. A complementary comparison with the cosmo-
logical baseline > m, < 0.112 eV further disfavors the IO
regions, especially in Model C, while the NO region of
Model B remains allowed. Overall, Model B provides the
best fit among the three constructions considered here.
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APPENDIX: VACUUM ALIGNMENT FROM
DRIVING FIELDS

In this appendix, we give an explicit driving-field
realization of the flavon alignments assumed in Models
A and B. The construction follows the standard super-
symmetric alignment mechanism used in conventional Sy
flavor models [40,42]. We introduce driving fields with
vanishing VEVs and assign the U(1), charges such that
matter fields have R = 1, flavons and Higgses have R = 0,
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TABLE IV. Transformation properties of the flavons and
driving fields used for the vacuum alignment in Model A.

TABLE V. Transformation properties of the flavons and driving
fields used for the vacuum alignment in Model B.

» n & n° 1 1 R R - Y A 4 S O S
S, 3 2 1 2 1 Y s, 3 ¥ v 1 3 1 1 1 1
2%k 12 12 16 —4 -6 6 2% 44 43 +1 42 -8 -7 -9 -6 -8
Zs 1 3 2 3 4 3 0z, 4 1 3 2 2 0 4 1 3

and driving fields have R = 2. The driving superpotential is
then linear in the driving fields, and the desired alignments
follow from the corresponding F-term equations. We only
present one possible realization; it is not meant to be a
unique UV completion of the flavon sector.

1. Vacuum alignment in Model A

For Model A, we introduce the driving fields " ~2,
fO~1, f§~1'. One possible set of auxiliary charges is
given in Table I'V. Modular forms are taken to be neutral
under the auxiliary Z5 symmetry.

The matter-sector charges may be chosen as

(A1)

with u¢, ¢, H,, H, neutral. This assignment keeps the
operators in Eq. (31) as the leading terms and forbids lower-
order competing terms.

The leading driving superpotential can be written as

v 4
WY = ui f3¢ + /‘ZM;(;’>(TSU>f(1)§01 + 911°(191)2
+ G2 Y<22) (TSU)f(l)<m7)2 + g3 Y£2> (TSU)fg((PWz)z

+ 93V (250) 01903, (A2)

where p’s and g¢’s are the usual quadratic and trilinear
couplings, while Mg}) and Y, £2k) denote the modular mass
and modular Yukawa couplings with modular weight 2k. In
particular, M (tgy) « (2,-1,-1)T.

Writing
(A3)

P = (401,(/’2’(/)3)T, n= (’717’72)77

and expanding the superpotential using the CG coefficients,
the vanishing F-term of #° gives

93+ 2919, =0,

93 + 20193 = 0. (Ad)
These equations admit the solution

(1) = vr(1,0,0)". (A5)

With this solution, the F-terms for the other two driving
fields reduce to

—92(m} +m3) + 2upvp = 0, (A6)

&+ 29407 =0, (A7)
where the modular forms have been expanded using
Egs. (30). Therefore, the constraints on vacuum are

= = M (ag
" &) =—— v (A8)

Thus, the required alignment

(1) =v7(1,0,0)7, £ #0 (A9

(n) = (Um ) Unz)rv
can be obtained. The direction of 7 is not fixed at this order,
which is sufficient for the phenomenological charged-
lepton structure used in Model A. Other stationary points
related by the flavor symmetry or lifted by soft terms may
exist, as in the standard driving-field construction.

2. Vacuum alignment in Model B
For Model B, we denote

o, = (01.02.03)", @, =(.x203)".  (AlO)

A possible realization for its vacuum alignment can be
obtained by introducing one triplet driving field ¢° ~ 3 and
four singlet driving fields fY ~1' (i = 1, ...,4). A possible
minimal auxiliary symmetry is Z5, with charges shown in
Table V.

With e€, u¢, 7¢ neutral, the matter-sector charges may be
chosen as

Zs(Hg) =~1,

With these assignments, the leading driving superpoten-
tial may be written as

WS = h®(0,9,)3 + haf (0,0, y
+ thgG)(rT) S0, + h4M§3) (zr) 39,
+ hs Y2 (o) £ @3 + heY 2 (e1) £ (00l )2
+ Yy (20 [ 0hgl)s + hsME (xp) €. (A12)
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The last line involves ¢, ), not ¢ ¢, . This is required both
by the auxiliary charge assignment and by the F-term
equations below.

The F-term equations from ¢° give

@} — 23 =0,
3 — @13 =0,
93— 19, = 0. (A13)
For nonzero ¢, these equations admit
(p,) = vsu(1,1,1)7, (A14)

up to the usual degenerate solutions related by the flavor
symmetry.
The F-term equations from f9 and f9 give

vsy (1 +x3 +x2) =0,

X1 = 0, (A15)

where Eq. (A14) has been substituted and, therefore,

(@l) = vy (0, 1,=1)T. (A16)

The remaining two F-term equations fix the VEVs of
the flavon singlets # and &. After absorbing nonzero
modular-form components into the coefficients, they
may be written as

hy@s + hsnys =0,

(he + 2h7)x3 + 2(he — hy)x 103 + hgé = 0. (A17)

Substituting Eqgs. (A14) and (A16), the above equation
reduces to

he -+ 2h;
hyg

hyvsy
= 0’
() hsvly #

(&)= (Vsy)* #0,  (A18)

which exactly reproduces the flavon vacuum alignments
assumed at the beginning of Model B.
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