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We show that a simple qubit-regularized SU(3) lattice gauge theory on a plaquette chain admits a
continuum limit with massive gauge-invariant excitations, providing a minimal toy model of strong
interactions without quarks. By mapping the plaquette-chain Hamiltonian to the three-state quantum clock
model in a magnetic field, we demonstrate that the theory can be tuned to a continuum limit governed at short
distances by the Z5; parafermion conformal field theory, which serves as the UV fixed point. A small relevant
magnetic perturbation then drives the system to a massive continuum quantum field theory in the IR, featuring
relativistic particles. In this continuum theory, we compute two universal ratios: the mass ratio of the lightest
massive particles with opposite charge conjugation, m~/m* = 1.459(2), and \/o/m™ = 0.2648(2), where
o denotes the string tension between a static quark and antiquark.
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Gluons mediate the strong force between quarks, binding
them into hadrons such as protons and neutrons. Unlike
photons, gluons also interact among themselves and, in the
absence of quarks, can form massive bound states known as
glueballs. Their dynamics are described by SU(3) Yang-
Mills (YM) theory, a non-Abelian gauge theory in the
continuum with eight gluons as fundamental degrees of
freedom. Despite its conceptual simplicity, determining the
glueball spectrum is notoriously difficult. The standard
approach is to discretize the theory on a lattice, following
Wilson, and compute the energy eigenvalues of the result-
ing Hamiltonian while taking the thermodynamic and
continuum limits [1].

Recently, a new class of lattice gauge theories (LGTs)
with finite-dimensional local Hilbert spaces has been
proposed using the monomer-dimer tensor-network
(MDTN) basis of conventional LGTs [2]. We refer to such
constructions as qubit regularizations [3], since they can be
encoded in qubits and potentially solved on a quantum
computer [4]. In the philosophy of qubit regularization, a
gauge theory is constructed from microscopic lattice quan-
tum degrees of freedom that transform under local gauge
transformations. The dynamics are then restricted to the
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gauge-invariant physical Hilbert space. This construction
makes it clear that gauge symmetry is not really a symmetry
of the theory, but rather a constraint on the local degrees of
freedom in a given basis. Indeed, examples abound in highly
supersymmetric theories in which the same theory can arise
from distinct descriptions using different gauge groups, a
property that is probably related to deeper mathematical
structures [5]. From this perspective, the gauge group itself
is not a fundamental characteristic of the physical theory.
Rather, gauge theories are defined using a set of quantum
degrees of freedom associated with connections between
different points in space. These degrees of freedom trans-
form nontrivially under a gauge group, whereas the physical
content resides in the gauge-invariant sector.

Itis well known that LGTs are not uniquely determined by
their gauge symmetry alone [6]. Qubit regularization high-
lights a previously underappreciated source of this non-
uniqueness, beyond the lattice geometry and the
Hamiltonian couplings: the choice of representation of the
gauge group carried by the local lattice fields. Since every
second-order critical point defines a continuum quantum
field theory, qubit-regularized gauge theories suggest the
existence of a richer landscape of possible continuum limits.

Because the space of consistent continuum quantum
field theories is expected to be smaller than the space of
LGTs, it is natural to expect that distinct lattice formula-
tions may flow to the same continuum theory. One exciting
possibility is that a sufficiently simple qubit-regularized
theory could provide an alternative route to studying
(3 4 1)-dimensional YM theory. Equally plausible, how-
ever, is the possibility that qubit-regularized LGTs do not
generically admit nontrivial continuum limits. Even when
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they do, the resulting continuum theories may belong to
universality classes distinct from that of conventional
continuum YM theory. Our work represents a small step
toward understanding this broader landscape.

The first step in determining whether a qubit-regularized
LGT yields a nontrivial continuum quantum field theory
(QFT), potentially in the universality class of the conven-
tional YM theory, is to establish the existence of a relativistic
quantum critical point. Properties such as asymptotic free-
dom can arise at such quantum critical points through
standard renormalization group (RG) flows or through more
exotic RG flows, as discovered recently [7,8]. Assuming
such a quantum critical point exists in a pure qubit-
regularized LGT without matter fields in 3 + 1 dimensions,
a relevant perturbation would naturally yield massive rela-
tivistic particles in the continuum limit. Identifying these
immediately as the glueballs of conventional YM theory
would be premature without detailed quantitative compar-
1sons. Nevertheless, such relativistic massive excitations can
be defined operationally as “glueball-like” particles: they are
massive gauge-invariant particle excitations that emerge near
a relativistic continuum limit of a microscopic pure non-
Abelian LGT without matter fields. This terminology
emphasizes that the excitations are generated purely by
gauge fields of the microscopic lattice theory. We emphasize
that glueball-like states are not necessarily identifiable with
glueballs of conventional YM theory.

Since studying 3 4+ 1 dimensions is difficult, in the
present work we focus on constructing an example of
a continuum limit in a qubit-regularized SU(3) LGT in a
tractable setting. The model we consider is defined on a
plaquette chain. We show that it possesses a UV fixed point
and use it to define a massive relativistic continuum limit
with glueball-like particles as defined above. We compute
the ratio of the lowest charge-conjugation-odd and charge-
conjugation-even masses and, in the presence of static
matter fields, determine a dimensionless ratio involving the
string tension.

A similar massive continuum limit was recently identi-
fied in a qubit-regularized SU(2) LGT [9]. The present
work shows that analogous ideas extend to an SU(3)-
motivated construction with the corresponding changes in
global symmetry. These results motivate the conjecture that
continuum limits of qubit-regularized gauge theories in
higher dimensions may emerge as quantum critical points
separating confined and deconfined phases.

Although our model is defined on a ladder geometry, its
continuum limit should not be identified with pure YM
theory in one spatial dimension, which has no local
propagating degrees of freedom. By contrast, the pla-
quette-chain geometry retains a finite transverse structure
consisting of two longitudinal chains connected by rungs.
The rung links carry information about the transverse gauge
degrees of freedom, which can also be interpreted as adjoint
scalars. Gauge-invariant operators involving both the rung

and longitudinal links can therefore create local excitations
that propagate along the longitudinal direction. Such exci-
tations are present in both the conventional Kogut-Susskind
LGT and its qubit-regularized counterpart; they are not
artifacts of the qubit regularization. It is possible that both
theories can be tuned to a continuum limit described by a
YM theory coupled to adjoint scalar fields in one spatial
dimension.

There is an interesting aspect of these adjoint matter
degrees of freedom as additional chains are coupled and
the transverse direction becomes more fully resolved. The
microscopic transverse gauge degrees of freedom of the
lattice theory, which are interpreted as adjoint scalars in the
finite-width geometry, become the true transverse gauge
degrees of freedom of the higher-dimensional theory. For
example, in electromagnetism, these scalar-like degrees of
freedom can be identified with the fundamental modes
propagating along a thin transmission line, or along
waveguides with appropriate boundary conditions, whose
quanta are often referred to as one-dimensional photons
[10]. In this sense, the adjoint matter fields can be viewed
as remnants of the gauge bosons of the higher-dimensional
theory. Since these lowest-energy modes remain unaffected
by the smallness of the extra dimension, the connection of
these adjoint scalar modes with the gauge bosons of the
higher-dimensional theory can persist even when all the
other modes are pushed to energies near the UV cutoff
scale. Thus, in our calculations on the plaquette chain, the
rung degrees of freedom retain remnants of the transverse
gluons. Such remnants are also familiar in Kaluza-Klein
settings. For example, five-dimensional YM theories com-
pactified on S! describe a four-dimensional gauge theory
coupled to a scalar field in the adjoint representation of the
gauge group [11]. Bound states of such remnants in non-
Abelian theories are then expected to capture rudimentary
glueball-like physics of the higher-dimensional theory.
This interpretation has been discussed previously in a
different context [12].

The physical Hilbert space of the SU(3) plaquette chain is
constructed in the MDTN basis [2], where gauge degrees of
freedom reside on links connecting neighboring sites and are
labeled by dimer tensor (equivalently, color-flux) states |4)
with 1 =1,3,3, the irreducible representations of SU(3).
A representative physical basis state is shown in Fig. 1.

The ladder geometry of the plaquette chain allows us to
distinguish links along the chain and those along the rungs,
which we denote by ¢, and 7Z,, respectively. Elementary
plaquettes P are defined as the squares formed by four such
links. Owing to this geometry, the physical Hilbert space of
the theory naturally splits into three topologically distinct
sectors. The first sector, Hj, consists of basis states in which
the top and bottom chain links of every plaquette P are
either [1,1), |3,3), or |3,3). The second sector, H,
contains plaquettes in the states |3,3), |1,3), or |3,1),
while the third sector, Hyyy, contains plaquettes in the states
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FIG. 1. Physical basis state of the qubit-regularized SU(3) LGT
on a plaquette chain in the MDTN basis. Links are represented by
dimer tensor states, which may equivalently be viewed as color
flux states |4), where 4 =1 (blue), 3 (red), and 3 (yellow) are
irreducible representations of SU(3). The two indices of each
tensor are associated with the lattice sites connected by the link
and transform in the irreps 4 and its conjugate 1. Gauge invariance
enforces that the irreps meeting at each site combine to a singlet.
For a trivalent site, the allowed combinations are (i) three singlet
indices, (ii) a singlet, a triplet, and an antitriplet index, (iii) three
triplet indices, or (iv) three antitriplet indices (top). An equivalent
representation in terms of color fluxes is shown in the bottom
panel, where a dashed line denotes the state |1), arrows pointing
to the right or upward denote |3), and oppositely oriented arrows
denote |3).

13,3), |1, 3), or |3,1). Under charge conjugation C,3and 3
are exchanged. Consequently, H; is invariant under
charge conjugation, whereas the sectors Hy and Hyy are
exchanged into one another. Thus, charge conjugation is
not a symmetry within either of the latter two sectors
separately.

Plaquette chains have been used as a simplified class of
quasi-one-dimensional lattice geometries for studying
LGTs, particularly in work motivated by quantum compu-
tation [13—17]. Specializing to SU(3), the above simple
Hilbert space has also been explored previously [18-20].
Most earlier work has focused on models based on the
conventional Kogut-Susskind Hamiltonian [6], which typ-
ically suffer from sign problems. This makes it difficult to
study continuum limits using Monte Carlo methods
in higher dimensions. To overcome this difficulty, in
Ref. [2] we proposed a class of simple gauge-invariant
Hamiltonians for SU(N) LGTs that are free of sign
problems. Here, we adapt that construction to the SU(3)
plaquette chain, introducing additional couplings to dem-
onstrate the existence of a nontrivial continuum limit. Our
plaquette-chain Hamiltonian is given by

Hpc = Kc;‘éf( + Kr;‘éf, - gZP:(Z:{P + Z:{;’)’ (1)

where &, is diagonal in the link basis |1) associated with
link #, with eigenvalue (1 — &, ;). It assigns equal energies
to the 3 and 3 irreps, which are typically higher than the
energy assigned to the 1 irrep on each link, implying

ol~{ai~{el~{ ]
(@] OIES N

FIG. 2. Action of the plaquette operators I and Z:{}: on a
representative MDTN state. Traversing the plaquette clockwise or
counterclockwise updates the links according to the cyclic rule
1 - 3 - 3 = 1, applied to the irrep at the first site of each link;
the irrep at the opposite end is then fixed.

K., K, > 0. In contrast, the plaquette operator U p and its
Hermitian conjugate are off diagonal in the MDTN basis
and modify the irreps on the four links of a plaquette while
preserving gauge invariance. Their action is illustrated in
Fig. 2. By restricting to g > 0, we can avoid sign problems
and study the model with Monte Carlo methods. Finally,

we note that [H ., C] = 0, where C is the charge-conjuga-
tion operator introduced earlier. Since the Hamiltonian is
local and gauge invariant, it does not mix the three Hilbert
spaces ‘Hj, Hy, and Hp;. We identify H; as the vacuum
sector. Introducing heavy static quarks and antiquarks at
two sites generates a string of plaquettes connecting them
that necessarily lies in one of the other two sectors. Thus,
while the Hamiltonian retains the same form as in Eq. (1),
the presence or absence of static charges alters the
accessible Hilbert space and consequently affects the
energy spectrum.

Since the plaquettes admit only three quantum states
within each Hilbert space sector, the SU(3) plaquette chain
is equivalent, in each sector, to a one-dimensional three-
state quantum clock model [20]. The latter is defined in
terms of the operators

010 1 0 0
X=10 0 1|, Z=]0 &3 0o |, (2
1 00 0 0 e/

which act on the three states associated with each
plaquette P. Restricting the Hamiltonian in Eq. (1) to
the sector H; yields

A A - h 4
H{]cm = _Z{JZPZ;+I +gXP+§ZP+HC}, (3)
P

with J =«,/3 and h = 2k,, up to an overall constant
energy shift E. In the remaining sectors Hy; and Hyy, the
Hamiltonians H{,, and Hy., take the same form, except

that 4 is replaced by h = —«..
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The quantum clock model defined in Eq. (3) is critical
at J=¢g=1 and h =0, where its quantum critical
behavior belongs to the universality class of the 2D
three-state classical Potts model [21]. At this lattice critical
point, the IR physics is described by a relativistic Z;
parafermion conformal field theory (CFT) with central
charge ¢ =4/5 [22]. Via the mapping from Eq. (1) to
Eq. (3), the same quantum critical point is realized in the
qubit-regularized SU(3) plaquette chain at x, =3, g =1,
and k. = 0, where we interpret the parafermionic degrees
of freedom as describing the emergent continuum gauge
degrees of freedom.' Relevant perturbations of the paraf-
ermion CFT, in the form of a thermal coupling z > 0 with
7= ¢—1 and a magnetic coupling 4 > 0, generate mas-
sive QFTs [23]. Once the critical theory is perturbed to
define a massive continuum limit, the same CFT serves as
the UV fixed point of the resulting continuum QFT. In this
work, we focus on the case = 0 and /& > 0 (equivalently,
k. > 0), which arises naturally in the vacuum sector of the
plaquette chain.

Since the correlation length associated with the magnetic
perturbation diverges as &~ h~1%/2% for h — 0 [23-25],
universal quantities in a finite system of L plaquettes
arranged on a circle are functions of the dimensionless
variable y = h'3/?3L. One particularly interesting universal
quantity is the mass ratio m~/m™*, where m~ and m*

denote the masses of the lightest stable C-odd and C-even
particles, respectively. This mass ratio can be extracted
from the eigenvalues of Eq. (3) as a function of y from the
UV regime where y — 0 to the IR regime where y — 0.
We will be interested in the IR regime where the lattice
model describes the massive QFT.

In this work, we use the density matrix renormalization
group (DMRG) to determine m~/m™ as a function of u. We
compute the low-energy spectrum of Eq. (3) at J = g =1
for various values of u. For each u, we consider five lattice
sizes L = 32, 48, 64, 80, and 96, which enables a controlled
extrapolation to the thermodynamic limit. In each case, # is
tuned to realize the desired value of . We denote the ground-
state energy at fixed (L,u) by Ej(L,u), and the excited
energies by ES(L,u), where C = =+ labels the charge-
conjugation eigenvalue and i = 1,2, ... orders the states
by increasing energy within each sector. Our DMRG
computation was performed using the ITensor software library
in Julia [26,27]. Further details of the calculation can be found
in the Supplemental Material [28].

We extract the lowest particle masses in the charge-
conjugation-even and -odd sectors as

'Pure Yang-Mills theory in one spatial dimension has no local
propagating degrees of freedom. Our model has rungs connecting
two chains, and allows transverse gauge degrees of freedom that
are expected to be described as adjoint one-dimensional scalars.
The parafermions in the UV presumably describe the physics of
these bosons.
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FIG. 3. Plot of the mass ratio R(u) in Eq. (5) as a function of the
scaling variable u = h'>/?8L. The data points are obtained by
extrapolating the DMRG data at each fixed value of y to the joint
limit L — oo and & — 0. The UV and IR regimes correspond to
u — 0and y — oo, respectively. In the UV limit, the degeneracy
of the lightest spin primaries related by charge conjugation at the
Z5 parafermion CFT leads to the result that R(0) = 1 [23,31]. In
the IR limit, no closed-form expression for R(eo) is known since
the theory is nonintegrable.

mC(L,pu) = E (L, pu) — Eg (L. ). (4)

To obtain the dimensionless ratio m~/m™ in the large-L
limit, we assume that for sufficiently large L,

where R(p) and A(u) are p-dependent coefficients. This
ansatz provides a good fit at all values of u [28]. The
extracted R(u) is shown in Fig. 3. We observe non-
monotonic behavior at intermediate u, while for 4 > 8, the
ratio begins to saturate toward its IR value. Although we
do not have a simple explanation for this nonmonotonicity,
similar behavior has been observed in conventional lattice
calculations of glueball masses, where it is attributed to
the presence of a critical point in the fundamental-adjoint
coupling plane at which the scalar glueball mass vanishes
[29]. The extracted coefficients in the large u regime are
listed in Table I, yielding the estimate

m~/m" ~ 1.459(2). (6)

This ratio was previously computed numerically using the
truncated conformal space approach in Ref. [23], since the
massive QFT emerging in the IR is nonintegrable [30].
Because the earlier results were presented graphically,
extracting a precise numerical value is difficult; however, a
rough estimate indicates consistency with our result.
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TABLE 1. Fixed-u scaling-limit estimates of A(u) and R(u)
appearing in Eq. (5). The corresponding dimensionless string-

tension ratio, v/6/m™", is also shown. The extrapolations use
L =32, 48, 64, 80, and 96.

H A(u) R(u) Vo/m*
8.0 1L1(1) 1.452(4) 0.2676(4)
10.0 1.3(1) 1.459(3) 0.2649(2)
12.0 1.57(8) 1.459(2) 0.2648(2)
14.0 1.83) 1.458(9) 0.264(1)

To confirm that the massive continuum QFT emerging in
the IR is relativistic, we study the dispersion relation of the
low-energy spectrum of Eq. (3). Since the system is
invariant under discrete translations, its energy eigenstates
with energies ES (L, 1) can be chosen to have definite lattice
momenta p, = 2zn/L. Single-particle excitations of dis-
tinct particle species below the two-particle threshold can be
identified as nondegenerate states at zero momentum. Using
this insight, we reorganize the low-energy spectrum
ES€(L,u) by relabeling the index i as a pair (j,n). We
assign the vacuum energy Eg(L,u) the label
(j =0,n =0). The higher-energy states (in both sectors)
correspond to the jth massive particle with lattice momen-
tum p,. We denote the corresponding energies by
EC, (L.) [28].

We then define the single-particle excitation energies by
subtracting the vacuum energy,

€€, (L, p) = ES,(L.u) — E§ (L. p). (7)

The mass of the jth particle is then defined as

m§ = €S,(L, u). The dispersion relation

(€5,)° = (m§)* =2(1 —cos p,)0* + O(n*L™), (8)
where { is a constant (independent of n, L, and j) that plays
the role of ¢ converting inverse lattice spacing into energy
units, is a hallmark of a relativistic particle. As shown in
Fig. 4, our data are well described by this dispersion
relation, yielding ¢ = 2.5907(2).

For sufficiently large L and yu, we can also compute the
string tension between a static quark-antiquark pair by
placing the quark at site x = 0 and the antiquark at x = w,
both on the lower chain. Although the Hamiltonian remains
that of Eq. (1), the Hilbert space is modified: the plaquettes
between x = 0 and x = w are forced into sector II, while
the remaining plaquettes remain in the vacuum sector I. In
the effective quantum clock model of Eq. (3), this corre-
sponds to a modification of the coupling h: on the
plaquettes between x =0 and x =W, & is reduced by a
factor of 2 and changes sign relative to its value on the
remaining plaquettes.

The heavy quark-antiquark potential is defined as
V(w) = Ej (W) — By, ©)

where Ej(w) denotes the ground-state energy in the
presence of a static quark-antiquark pair separated by w,
and EJ is the vacuum ground-state energy. In the confined
phase we expect a linear potential,

V(w) = a+ow, (10)
where & is the string tension (energy per unit length).
Figure 5 illustrates how we extract 6 from our data when
L =96 and u = 14.

Defining ¢ = 6{, which has dimensions of energy
squared, and using the value of { extracted from the
dispersion analysis, we compute the dimensionless ratio
\/o/m™ for each u and L. Assuming the finite-size correc-
tions are of the form L~!, we extrapolate to the thermody-
namic limit [28]. The resulting estimates of /o/m* are
listed in the fourth column of Table I, from which we obtain

Vo/mt = 0.2648(2).

Our work demonstrates that simple qubit-regularized
SU(3) LGTs can exhibit nontrivial continuum limits with
massive relativistic excitations. A similar massive con-
tinuum limit was recently identified in a qubit-regularized
SU(2) theory [9]. To the best of our knowledge, the
continuum limits of the conventional Kogut-Susskind

207

0.0, . . R
0.0 0.1 0.2 0.3
2(1 — cosp,)

FIG. 4. Plot of the relativistic dispersion relation defined in
Eq. (8). The straight line is a linear fit to all 87 data points shown,
including lattice sizes 48 < L < 96 and values of y in the range
10.0 < u < 14.0. The data include particles from both C = +
sectors with quantum numbers 0 < j <2 and 0 < n < 3. The
slope of the fitted line is ¢2, yielding ¢ = 2.5907(2) with
y*/d.of. = 1.73. The data underlying this plot, including all
points used in the fit, are tabulated in Ref. [28].
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FIG. 5. Static quark potential V(w) versus separation w for

L =96 and u = 14.0. The solid line is a linear fit whose slope
gives & = 0.009500(3).

LGT on the plaquette-chain geometry have not yet been
investigated. An important open question is therefore
whether the continuum limit identified in this work can
also be realized within the conventional Kogut-Susskind
formulation. In the Euclidean spacetime formulation, the
Wilson action contains independent couplings multiplying
the temporal-chain, temporal-rung, and purely spatial
plaquette terms. Exploring the continuum limits obtained
by tuning these plaquette couplings would determine
whether the conventional and qubit-regularized LGTs
can flow to the same continuum theory or instead belong
to distinct universality classes.

The continuum limits that we have discovered here and in
Ref. [9] can be viewed as arising from confinement—
deconfinement transitions. For small nonzero A, the ground
state of Eq. (3) lies in the ordered phase with g/J < 1, where
h selects one of three degenerate vacua, corresponding to
confinement. For g/J > 1, the ground state is disordered and
largely insensitive to &, corresponding instead to deconfine-
ment. It is plausible that analogous quantum critical points

associated with confinement—deconfinement transitions exist
in higher dimensions. Identifying such points in simple
qubit-regularized SU(3) gauge theories and determining
whether they give rise to massive continuum QFTs would
be an important next step. In three spatial dimensions, such
theories would presumably correspond either to conven-
tional YM theory or to a more exotic variant enabled by
qubit regularization.
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