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The axion thermalization rate is a crucial input to determine the hot dark matter bound of axions,
resulting from the scattering processes in the thermal bath of early Universe. We demonstrate that the
commonly employed axion thermalization rate by including the ax <> 7z channel alone is significantly
underestimated for the temperature 7" above 100 MeV. This is obtained through the systematical calculation
of the axion-light flavor meson scattering amplitudes within the framework of the chiral unitarization
approach, paying special attention to the aK <> 7K reaction. Hadron resonances appearing in aK <> zK
amplitudes significantly enlarge the cross sections, which turn out to be much bigger than that of az <> zz.
The axion thermalization rate is then substantially enhanced by the aK <> 7K channel for 7 = 100 MeV.
Especially at T ~ 130 MeV, the contribution from the aK <> 7K reaction to the axion thermalization rate
exceeds the ar <> zz one. Obviously more stringent constraints on the axion parameters are obtained,
when confronting the number of extra relativistic degrees of freedom AN from Planck’18.
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Introduction. The Peccei-Quinn (PQ) mechanism elegantly
resolves the strong C'P problem in quantum chromodynamics
(QCD), by introducing the axion, a pseudo-Nambu-Goldstone
boson (pNGB) arising from the spontaneously breaking of the
global U(1)p, symmetry [1-4]. Interestingly, the intriguing
axion particle kills two birds with one stone, because it also
supplies a well motivated feasible dark matter candidate,
compromising the whole or part of the dark matter compounds
[5-7]. Consequently, tremendous efforts have been made to
search for the imprints of axion, across many disciplines of
physics, such as the astronomy, cosmology, the fifth-force
detection, quantum spin sensors, haloscope cavity, etc. [8—15].

The characterized axion interaction is given by the aGG/ f,,
term, being G and G the gluon field tensor and its dual, due to
its featured role in explaining the absence of CP violation in
strong interaction. Due to the experimental constraints from
beam dump facilities and rare meson decays [16-21], the
invisible axion scenario, viz. requiring the axion decay
constant f, > vgw =~ 246 GeV, remains a feasible frame-
work. This however indicates that axion would faintly interact
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with the Standard Model (SM) particles, which makes the
quest for axion in terrestrial experiments quite challenging.
Cosmological observations can play important roles in
probing the axion dynamics. In spite of diverse production
mechanisms of the axion dark matter, relativistic relics of
axions can be abundantly generated through their scattering
with SM particles in the thermal plasma in early Universe.
The relativistic axions contribute to additional dark radi-
ation, the amount of which can be conveniently quantified
by ANy, viz. the effective number of extra relativistic
degrees of freedom (d.o.f.). The surveys of cosmic micro-
wave background (CMB) by the Planck Collaboration
[22,23] can probe such quantity to a high precision, which
can be then exploited to set constraints on the axion decay

constant f, or its mass m, ~5.7 eV(lOéfﬂ) [24]. The

a

axion decoupling temperature Tp, at which the axions
dissociate from the primordial thermal bath and stream
freely until today, plays the decisive role. When axions
decouple early at high temperatures well above
T.~ 160 MeV, i.e., the critical temperature of QCD phase
transition, the population of such axions will be much
diluted and leave faint imprint, which may reach the
sensitivity of the future CMB-S4 measurement [25]. On
the other hand, the current CMB results from Planck’18
[22,23] are more relevant for the situation with 7, < T,.
Below T, the relevant thermalization channels of axions
are the processes involving hadrons, such as az < 7,
aK < 7K, aN < zN, etc.,, as quarks and gluons are
confined in hadrons in this circumstance.
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As the lightest hadron, pion exhibits the largest particle
number density in the thermal bath, whereas contributions
from heavier hadrons to the axion thermalization rate suffer
exponential suppression due to their dilute number densities.
Thus, existing works [26—35] primarily assume the az — 7z
reaction as the dominant thermalization channel below 7.
The validity of this assumption comes with a caveat: there is
no large enhancement for the axion amplitude involving
heavier hadrons compared to the az — zz case. Such
assumption has never been seriously examined in any
previous study. In this work, we reassess the approximation
of exclusively considering ar — 7z scattering by investigat-
ing contributions from heavier channels. We expect the most
promising channel from the aK — zK scattering, due to
these arguments: (1) kaon is the next-to-lightest hadron after
pion; (2) the overall small isospin breaking (IB) factor
appearing in the azx — 7z amplitudes is absent in the
aK — nK process [34]; (3) prominent hadron resonances
in the zK system, such as K*(892) and K{(700), can
particularly enhance the aK — zK reaction rate.
Regarding the channels involving #, such as an — 7z,
ar — 1, an — KK, aK — Kn and so on, either the broad
feature of the scalar resonance f(,(500) or the heavier masses
of a((980) and f,(980) or the higher thresholds are expected
to make these channels subdominant, compared to the
aK — nK process. To properly account for the resonance
effects in both az — zzx and aK — zK processes, the
nonperturbative hadronic interactions will be systematically
incorporated via the unitarization procedure, which takes the
results from chiral perturbation theory (yPT) as inputs. Our
study shows that the inclusion of the aK — 7K scattering
substantially enlarges the axion thermalization rate at tem-
peratures above 100 MeV, in contrast with the situation by
only including the az — zz channel, which in turn leads to
an obviously more stringent constraint to the axion param-
eters when confronting with the Planck’18 measurement
on AN .

Axion-light meson scattering. In order to consistently high-
light the impact from the aK — 7K scattering, compared to
the ar — nz contribution, we will stick to the model-
independent axion interaction operator a,aGG/(8zf,),
as widely used in previous works for the calculation of
the ar — nz amplitude [26,33-35]. SU(3) yPT [36] is
needed to account for the axion-kaon interactions.
Following the standard procedure to perform the axial
transformation of the quark fields, ¢ — e’ﬁ“Qaq, with the
constraint on the trace (Q,) = 1, one can obtain the LO yPT
Lagrangian with axion

2
L, :T’Wa UotU' + y(a)U" + Uy’ (a

A’

(1)

where U = e% with ¢p = Z?:l Ai¢; the octet matrix of light
pseudoscalar mesons and A; Gell-Mann matrices, and the
pion decay constant F, = 92.1 MeV. The axion-dressed
scalar source is y(a) = 2Bye” 7% M qe"ﬁQa, with M, =
diag(m,, my, my) the diagonal quark mass matrix. It is
common to take Q, = M;'/(M") [37], so that the a-7°
and a-ng mass mixing terms disappear at LO. The LO axial-
vector current accompanied by coefficient C; = (Q,4;) is
=it (/1 {0#U, U™}). Since the singlet component of
axial currents is related to the QCD U,(1) anomaly that
cannot be systematically addressed in SU(3) yPT and plays a
marginal role in the 7, K sector [36], such effect is neglected.
The coefficients of the nonisosinglet components of the axial
currents are

z(1-7)
2r+z(1+7r)%

2(14+7)>—4r
V32r +z(1+ )]

3= 3= (2)

i ="M Although the above two
terms cause a-7° and a-ng kinetic mixing, their effects on

axion interactions can be neglected as long as we only keep
the terms up to O(i) The lowest order nonderivative axion

. _om,
w1thz—— r=aks

interaction relevant to the aP; — P, P5 process from Eq. (1)

”Cs<U U™) with Cg —<Bj>:ﬁ+%.

One can then calculate all the relevant aP; — P, Pz ampli-
tudes at LO, the calculation detail is given in the Appendix.

Several recent works [32-35] have independently con-
firmed that the realistic ar — zz amplitudes are clearly
underestimated by the LO yPT results. The hadron reso-
nances appearing in those reactions can obviously enlarge
the axion thermalization rate. It is quite plausible that such
enhancements will also happen in the aK — 7K scattering.
To consistently account for the hadron resonances in all the
relevant aP; — P,P; reactions, we adopt the unitarization
recipe in Refs. [38,39] that has been successfully applied to
incorporating the nonperturbative interactions in the two-
meson scattering processes by relying on the perturbative
xPT as inputs. The unitarized two-meson partial-wave
(PW) scattering amplitudes are given by

turns out to be

2) -1

i = 7)) - 7o -

2
Ty -G T 1), (3)

where TE? denotes the O(p?) yPT PW amplitude with

isospin / and angular momentum J, T<4)LEC> stands for the
polynomial parts with O(p*) low energy constants (LECs)
[36] and G is the two-point one-loop function evaluated in
dimensional regularization with unknown subtraction con-
stant [40], whose imaginary part is Im G = ¢/ (8x+/s) for
/s above the two-meson threshold, with ¢ the three-
momentum in the center of mass (CM) frame. In the
coupled-channel case, all the quantities in Eq. (3) should be
understood as matrices. It is then straightforward to verify
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the unitarity relation obeyed by the unitarized amplitudes
(3), viz. ImT = T" - q/(87+/s) - T. Regarding the aP, —
P, P reaction, its PW amplitude M should fulfill the
unitarity relation of ImM =T - ¢q/(87/5)-M. Following
this principle, one can similarly construct the unitarized
aP, — P,P; PW amplitudes via

My =T (1)) =Ty =T -G T g (@)
where M ﬁ) stands for the O(p?) yPT PW amplitude of the
aP, — P,P; process, with I the isospin number of the
P, P; system. Note that axion interaction associated with
C; in Eq. (2), behaving roughly as (m; — m,,)/(m, + m,),
breaks the isospin symmetry, and it serves as the largest
source of IB in aP; — P,P; reaction. Since the IB
correction in the hadron system is generally expected at
the level around 2%, so the IB effect in the final-state strong
interactions (FSIs) of the meson-meson system will be
ignored. One can easily prove that the unitarized ampli-
tudes in Egs. (3) and (4) satisfy the strict unitarity relation
aforementioned.

Given charge-conjugation symmetry, we only need to
calculate four independent types of ar — zz and aK —
K processes, whose FSIs can be resummed by the above
unitarization procedure. We incorporate the contributions
from both S and P waves, and elaborate the interactions
separately for the four kinds of reactions below:

(1) an® = at 72—, 2%2°. The isospin of 7z final states can

only be I = 0, 2 due to C-parity conservation. Only
S wave needs to be considered. The IJ = 00 channel
contains the f,(500) and f;,(980) resonances, while
the IJ =20 is a nonresonant channel. The next
heavier KK coupled state is also included for the
proper description of FSIs with /J = 00. In /J = 20
sector, the elastic zz interaction is sufficient for
our study.

(2) ar* — 7" 7°. Final state 77 7° can be decomposed
into IJ =11 and IJ =20 channels. The former
includes the prominent p(770) resonance. K*K°
coupled state is further introduced to describe FSIs
in this channel. The IJ = 20 channel shares the
same FSIs with that in az® case as we neglect the
tiny IB effect in the two-meson FSIs.

3) aKt - 7tK° z°K*. zK in final states can be
decomposed into the channels with 1J =10, 11,

0

%O, and %1. The former two are resonant channels
which comprise K((700)/x and K*(892), respec-
tively. We additionally introduce the coupled state
nK to describe the FSIs in the scattering processes
with 7J = 10, 1 1. Excellent description for the IJ =
%O sector can be achieved by using zK single-
channel scattering. The interaction in the nonreso-
nant channel with /J =31 is rather weak, and we
will neglect its effect.

4) aK® - 7°K° z~K*. The situation of the FSIs in

this case is the same as that of aK™*.

The parameters in the unitarized amplitudes include the
subtraction constants ag in G and the O(p*) LECs L; in
Tﬁ)LECS. Their values are determined through fitting the
various meson-meson scattering data, including phase
shifts and inelasticities. The uncertainty analyses are
performed within the framework of bootstrap approach,
by fitting the numerous pseudodatasets generated via the
random Gaussian sampling of the experimental scattering
data. The large samples of refitted parameters resulting in
this procedure are then used for later uncertainty studies
throughout. The values of all the relevant parameters used
in this work, together with their error bars, are presented in
the Appendix. The fitted results are shown in Fig. 1.

The unitarized aP; — P,P; scattering amplitudes have
many merits, such as respecting chiral symmetry at low
energies, satisfying exact unitarity relations and the con-
straints from the scattering data, and incorporating the
dynamics of heavy d.o.f. by properly generating the relevant
resonance states. These features ensure that the unitarized
amplitudes correctly capture the key dynamics of aP; —
P, P5 processes. By taking those sophisticated unitarized PW
amplitudes as inputs, we show the cross sections of az — 7z
and aK — zK processes in CM frame in Fig. 2, evaluated
through

_ 1 Pyl [+
32zs |pil J-i

oins(s) dcosO|M;_ ¢(s.cos0)]>, (5)

where p; , stand for the three momenta of the initial and final
states and @ is the scattering angle in the CM frame. The low-
lying resonances appearing in these reactions, particularly
p(770) and K*(892), significantly enlarge the cross sections.
The corresponding cross sections with LO amplitudes
denoted by dashed lines in Fig. 2 are only shown for the
purpose of comparison, and they are invalid in the resonance
energy regions. We take the reliable results from the uni-
tarized amplitudes to proceed the following discussions.
Strikingly, the sum of various aK — zK cross sections is
obviously much larger than that of axr — zz. In the left panel
of Fig. 2, we also show the result of az™ — z* z° calculated
by the inverse amplitude method (IAM) [33], denoted by
green dotted line. Our result is almost coincident with the
TAM one, which serves as a crosscheck of the correctness of
our approach.

Axion thermalization rate. The average rate of thermal
production and annihilation of axions in the thermal bath,
i.e., the axion thermalization rate, via the scattering channel
denoted as ch, is given by

1 -
Co() = ez [ iMooy (Ema(E2)

X [1+np(E3)][1 + np(Ey)], (6)
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FIG. 1. Results of the fits to scattering data. In the first row: the first panel shows the zz — zz phase shifts of J = 00 (solid line) and
20 (dashed line) with the data from [41-45]; the second panel shows 59[?[_} KE with data from [46,47]; the third panel shows the zz — KK

inelasticity of 1J = 00 with data from [46,48]. In the second row: the first panel shows &
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with data from [53,55,56]. The shaded areas surrounding each line stand for the uncertainties from the bootstrap method and this rule

with data from [49-51]; the second panel

applies to all the figures below, see the text for details.

where ng(E) = 1/(e/T = 1), ng? =¢(3)T3/* is the
axion number density in thermal equilibrium, and the

phase space integral is given by

— {H@;ﬁ} (271')454(]91 + Po— P3— p4) (7)

Due to rotational invariance, the integrand in Eq. (6) only
depends on five independent kinematic variables.
Accordingly, the 12-dimensional phase space integral in
Eq. (7) can be reduced to a numerical integration over these
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five variables, with the detailed reduction procedure given
in our previous work [35].

The phase space integral in Eq. (7) spans the entire energy
region. However, the unitarized amplitudes are expected to
be reliable for /s < 1.2 GeV, since we do not include
scattering data at higher energies. This necessitates an
evaluation of the reliability of axion thermalization rates
computed using the unitarized amplitudes. We quantify this
by computing the partial contribution ryssi? GCV(T)
obtained by imposing a cutoff at /s = 1.2 GeV. We verify
that for temperatures below 150 MeV, the /s < 1.2 GeV
region contributes over 96% of the total thermalization rate.
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FIG. 2. Cross sections for ar — 7z processes (left) and aK — zK processes (right). Solid lines represent our central results by taking
unitarized amplitudes, while dashed lines from LO amplitudes are only shown for comparison. In the left panel we also show the cross
section of az™ — " x° scattering calculated by IAM amplitude [33], denoted by green dotted line.
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FIG. 3. Magnitudes of the thermalization rates (left) and the relative contributions in percentage from ar — zzx and aK — 7K
components (right). Solid lines represent our central results from unitarized amplitudes, while dashed lines from LO amplitudes are
shown for comparison. For the regions above QCD crossover temperature, i.e., 7 > 155 MeV, which are shaded in gray, the chiral
amplitudes are no longer reliable, and they are simply shown to illustrate the growing trends of the kaon channels when increasing the

temperatures.

This dominant fraction substantiates the robustness of our
results within this temperature regime.

At temperatures below T, axions thermalize primarily
through interactions with light-flavor hadrons in the SM
thermal bath. In this temperature region, the axion-pion
interaction is long assumed to be the only dominant channel
in all the previous works [26-35]. The significantly large
aK — nK cross sections as revealed in Fig. 2 clearly
challenge this assumption. The magnitudes and also relative
contributions in percentage to the axion thermalization rate
from ar — zx and aK — nK as a function of temperature
are given in the left and right panels of Fig. 3, respectively.
Notably, the aK — 7K process starts to contribute more than
40% of the total rate for 7 = 110 MeV, and it exceeds the
ar — nz contribution around 7' = 130 MeV.

The significant enhancement of axion thermalization rate
due to the inclusion of the aK — zK process inevitably

0.40 T T T T
3 %
S o)
0.35 < <
@ 0.30r : )
>
Z i
4 0.25

an—->nn

020r grsrn&aK-n

1 2 3 4 5
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FIG. 4. The constraint on the axion parameters f, and m, from
AN 4 of Planck’18 [22]. The dashed and solid lines represent the
results obtained by LO and unitarized amplitudes. The red curves
only include az — zz contribution, while the black curves
include the additional aK — zK contribution.

intensifies the hot dark matter (HDM) bound of axions. As a
first application of this important result, we extract the axion
decoupling temperatures 7' through I',(Tp) = H(Tp) by
taking different values of f,, where I',(T') is the total axion
thermalization rate and H(T) is the Hubble rate. The
contribution of thermal axions that decouple at 7', to the
effective number of extra relativistic d.o.f. is denoted by
AN (Tp). The pertinent cosmological inputs used
here are taken from [57], which are also used in
Refs. [32,33,35]. The bound of AN from Planck’18 [22]
on the axion decay constant f, is shown in Fig. 4. The
enhanced axion thermalization rate resulting from both
contributions of az — 72z and aK — 7K leads to
fa = 3187003 x 107 GeV, compared to the bound f, >
2.457093 x 107 GeV obtained by only including az — zx.
Clearly the additional contribution from the aK — 7K
channel tightens the lower limit of f, by approximately
30%. Such lower limit of f, can be converted to the upper

bound of m,, through m2 = Jf—;z‘ Cy at LO accuracy, and the

corresponding results are also indicted in Fig. 4. When using
the next-to-leading order expression of m, [58], the bounds
on m, will shift downward by about 2%.

Summary. By properly implementing the nonperturbative
two-meson interactions in the chiral unitarization procedure,
we calculate the azr — zzw and aK — zK scattering ampli-
tudes that contain the prominent resonance contributions.
The axion thermalization rate acquired by taking the uni-
tarized aK — zK amplitudes is substantially enhanced for
T Z 100 MeV, in contrast to the situation with only the
ar — nz process. Our calculation invalidates the assumption
that the az — zz is the only dominant channel below T.
Consequently, the HDM bound of axion parameter obtained
by the Planck’18 constraint on AN is tightened by about
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30% after taking into account the aK — zK contribution,
compared to only including ax — zz channel.
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Appendix: Supplementary details about “prominent
enhancement of axion thermalization rate from axion-
kaon interactions”. The axial-vector coupling terms in
Eq. (1) give a-7* and a-ng kinetic mixing at LO, and
there is also the #°-pg mass mixing due to IB.
Neglecting the (’)(j%) effects, the bilinear terms with

neutral boson fields read

1 1 1
Emix = Eaﬂaaﬂa + Eaﬂﬂ'3aﬂﬂ3 +§0ﬂn86”178
+ epC{™0,a0'n + epC}"0,a0"ng

12331

A
——my U — Em(z)ngl’]gﬂg +71§7t3778, (A1)

2

with Er :%, Czﬂ(m = %C3(8)’ m%” = BO(mu + md)’m(z)r/g =
1Bo(m, +my+4mg) and A; = By(my —m,). The z-ng
mixing is a typical IB effect in strong interaction. We
take A; as an expansion parameter and keep terms up to
O(A;). The mixing can be eliminated through the
following field redefinitions:

— an an 0
a = apny — €p(C{" = AC Xy ) 1y

— EF(CZ" + AICz”X,m)r]phy, (A2a)
7 = 1l A A X oy (A2b)
18 = Nphy — AImeﬂ,O,hw (A2c)
with
Xpy= = (A3)

V3(mg, = mi,)

Substituting Eqs. (A2a)-(A2c) into Eq. (Al), we can
obtain the diagonal canonical quadratic form with
masses unaffected by mixing up to O(]%) and O(4;).

The masses at LO are

2 _ Iz 2 _ 2 2 _ 2
my = — Cyg, my = mg,, my, = mg,

(A4)

and my. =By(m,+m,), mr,=Bo(my+my). Note that
we neglect axion mass in the scattering amplitude as
m2 ~ O(f—lg)

Substituting Eqs. (A2a)—(A2c) into Eq. (1), one acquires
the lowest order interaction Lagrangian for aP; — P,P;
processes

1
Line = — m aﬂaphy
X Y Cilhi(0'pd? — 200 b + ¢* b))
i=38
1
+ 6F—fa CSaphy<¢3>’ (A5)
where
8
b= ity = Aithi + (A = Ay X )1l
=1 i=12.4-7
+ (’18 + AIXM//IS)nphy- (A6)

Defining Mandelstam variables for a(p;)P(p,) —
Py(p3)P3(ps) scattering: s = (py + p2)*, t = (p1 — p3)*,
and u = (p, — p4)?, the relevant LO amplitudes for aP, —
P, P5 processes can be calculated and we give their expres-
sions in the mathematica file [59].

We decompose the meson-meson final states of the
aP, — P,P; scattering amplitudes into the isospin basis
with the conventions: |z7) = —|I = 1,1, = +1), |[K™) =
—|I =1.1, = 1), and then construct the unitarized ampli-
tudes according to Eqs. (3) and (4) in terms of the PW
amplitudes. The PW convention used in this work is

1 +1
Aij_’f(s)_m/—l dcoséP,(cos0)A;_ ¢(s,cosb),

(A7)

where @ is the scattering angle in CM frame and P, (x) is
Legendre polynomial. When the initial(final) state contains
identical particles, N;(N;) =1, otherwise N;(N;) = 0.
The parameters in the unitarized amplitudes include the
O(p*) LECs L; in T®ses and the subtraction constants in
the matrix G = diag(G,, G,,, - - -), with

L031701-6
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TABLE L

The fitted values of the parameters in unitarized amplitudes with y?/ng s = 683.44/(279 — 13).

Subtraction constant

Low energy constants

a0 —-0.491034 Ly % 10° 0334002
a0 —L5157 L, x10° 0.97+0%
ail ~1.38%033 Ly x 10° 2717010
at 0.152557 L4 % 10° —0.77-099
: 70 3 1.39
a 1.53+076 Psx 10° 3511139
Lgx 10° ~14750%
Ly x 103 —0.77+024
Ly x 10° 4.05+037

1 2o omi —mi s ml

G,(s) = Glag, s,m, ,m,,) = — al. —1+1o 4+ —1— 2 o !

n( ) ( * " n2> (471')2 ¥ g 2S g m%z

ﬂ(s,m,%l,mﬁz)

m%,l—l—m%,z—s—l—

As, m%,l , m%z)

- log
s

being A(x,y, z) the standard Killén function. The coupled
channels in our construction are elaborated in the main text.

Accordingly, the subtraction constants include: ag 00 and

aﬁKOO in IJ = 00, ™% in IJ = 20, aZ*"" and aKK“ in

K10 Ao 7K 11 KAl .
17 =11, a2 and "2 in 1J =10, ag 2 and ™2 in

1J=1 5 L aSCK 0, inlJ =32 50. We adopt the relations between

subtractlon constants to reduce the number of parameters in

- 3 1 1
.11 zr 1l KK.11 20 #K350 50 7K50
the fits: ay. _asc =dsc —asc =ds *,a5c=asc * =
K 10 KA1 K1 51 .
aZC 2 and aSC =ds * = aZc . In the Mathematica file

[59], we also give the expressions of the PW amplitudes of
meson-meson scattering used in the unitarized amplitudes.

We use the unitarized meson-meson scattering PW
amplitudes to fit the scattering data shown in Fig. 1. The
PW § matrix in our convention reads

. q i q
Sy =142 L _.qui. |1
7 +2 8r /s 1 87 /5

(A9)

2m,, m,,

from which we can extract the phase shifts and inelasticities

by (Siy)u = €lfe

i€y ¢ for k # j. The independent 13 parameters and their

w (k is not summed) and (S;,);; =

fltted values to describe the scattering data are shown in
Table 1.

In the numeric calculations, we do not distinguish the
charge and neutral kaon masses. The meson masses are
taken as follows: m, = 138 MeV, myg =496 MeV,
m, = 548 MeV. The renormalization scale x in G is taken
to be 770 MeV. We retain the 73-77g mixing up to O(4A;) in
the LO axion-meson amplitudes, where A; is estimated
as: AI = (M?(O)cxp (M?(i)exp [(M,zro)exp (M2 )exp]
4982 — 494% — (1357 — 140°)MeV? = 5343 MeV?2. We
adopt the FLAG average of Ny =2+ 1 lattice results
for the quark mass ratios [60] with r =0.485 and z =
27.42 to estimate the values of C;, Cg, and Cj, yielding
C; = 0.341, C3 = 0.550, and Cg = 0.216m2.
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