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We study the purely gravitational signatures of dark matter from the ultralight to the ultraheavy mass
range in proposed long-baseline atom gradiometers, focusing on terrestrial designs, such as AION-km and
MAGIS-km, as well as space-based concepts, such as MAGIS-space, AEDGE and AEDGE+. Due to its
exceptional acceleration sensitivity and depending on astrophysical backgrounds, a detector similar to
AEDGE+ could detect a dark matter subcomponent which constitutes O(10%) of the local dark matter
energy density and is populated by compact clumps of mass between 10° kg and 10'0 kg (1072M <
M < 1072'M ) in an otherwise unexplored region of dark matter model space. Furthermore, because the
gravitational observable depends on the relative gravitational time delay measured by spatially separated
atomic clouds, we find that atom gradiometers are parametrically more sensitive than laser interferometers,
such as LIGO and LIS A, to fast-oscillating spacetime perturbations sourced by energy density and pressure
fluctuations of ultralight dark matter. Depending on astrophysical backgrounds, a detector akin to
AEDGE+ could probe a DM overdensity of O(10) times the local dark matter energy density for masses

m <1077 eVv.
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I. INTRODUCTION

Dark matter (DM) remains one of the most important and
unsolved problems in fundamental physics. Assuming a
single species, its mass could range from approximately
102! eV [1] to asteroid masses [2], and its existence is
currently inferred exclusively through gravitational inter-
actions with Standard Model particles on galactic, astro-
physical and cosmological scales.

Because of DM’s crucial influence on the evolution of
our Universe, it is imperative to explore the vast phenom-
enological landscape of models and interactions. Indeed,
significant effort has been dedicated to the detection of
DM in the lab across a wide range of masses, spins and
couplings. Nevertheless, it is natural to consider whether
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any DM candidate may be detected exclusively via gravi-
tational interactions with a laboratory probe. For example,
compact clumps of DM would induce transient distortions
of spacetime, giving rise to transient accelerations on test
masses and corrections to the propagation of photons, and
therefore to measurable effects in accelerometers [3—5] and
laser interferometers [6—13]. These clumps, which would
also give rise to observable effects in pulsar timing arrays
[14-22], could be primordial black holes [23-25], or
composite states of nonbaryonic matter [26-31], provided
that the latter are sufficiently dense and stable. At much
smaller masses, ultralight dark matter (ULDM) candidates
would also give rise to purely gravitational signatures in the
lab. Aside from being potentially observable in pulsar
timing arrays [32-34] and precision astrometry [35,36],
ULDM energy density fluctuations would induce time-
dependent spacetime fluctuations, and therefore to observ-
able effects in laser interferometers [37].

Aside from these probes, it is natural to ponder whether
ground-breaking quantum sensing techniques, which are
expected to become key in the push towards the precision
frontier (see Ref. [38] for a comprehensive review), could
provide the prospect of detecting DM via purely gravita-
tional interactions.

Atom interferometers (Als) are versatile quantum sen-
sors that can be employed in different configurations for a
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wide variety of precision measurements. In particular, atom
gradiometers (AGs), which consist of two spatially sepa-
rated Als that are referenced by common lasers, are poised
to play a key role in uncovering the nature of DM. For
example, future large-scale terrestrial AG experiments (see
Refs. [39,40] for recent reviews), such as AION [41],
MAGIS [42], MIGA [43], ELGAR [44], and ZAIGA [45],
and proposed space-based experiments such as MAGIS-
space [46], STE-QUEST [47], AEDGE [48] and AEDGE+
[49], the latter being based on the AGIS proposal [50], will
become powerful probes of ULDM with masses between
107" eV and 1072 eV. Scalar ULDM with dilatonic
couplings to Standard Model operators would give rise
to time-varying oscillations in atomic transition frequencies
[51], and therefore to an observable signal in AGs [52-55].
In light of their exquisite sensitivity to accelerations,
colocated interferometers operating with atomic species
with different neutron number would also be sensitive
to the time-varying force mediated by a U(1),_, gauge
boson [56]. Furthermore, via collisional decoherence, it
may be possible to constrain sub-GeV DM via spin-
independent DM-nucleon interactions [57,58]. Recently,
it has been suggested that AGs could also be used to
constrain Lorentz-invariant and Lorentz-violating models
of spin-2 ULDM [59].

Proposed long-baseline AGs are also poised to become
the best probe of gravitational waves in the mid-frequency
band (i.e., between 1073 Hz and 1 Hz). It is expected that
these experiments could probe gravitational waves origi-
nating from exotic compact objects [60], intermediate-mass
black holes, phase transitions in the early Universe and
networks of cosmic strings [49,61-67]. This follows from
the fact that the AG observable depends on two indepen-
dent timescales: the photon round trip time, which depends
on the spatial separation between the two Als in an AG, and
the interferometric time, which depends on the duration of a
single interferometric cycle. The latter also approximately
sets the peak response of a detector. Therefore, by choosing
interferometric sequences with a long baseline and long
interferometric time, an AG can effectively close the gap
between LISA and LIGO.

In light of their projected sensitivity to weak gravita-
tional signals in an unexplored frequency band, could
proposed atom gradiometers be used to detect DM via
gravitational interactions? If so, what DM masses could be
detected or ruled out? To address these questions, we take a
bottom-up approach: we first study the purely gravitational
phase shift induced by transient and compact clumps of
DM, whose size is negligible relative to all experimental
length scales; subsequently, we explore the phase shift
induced by energy density and pressure fluctuations of
ultralight dark matter. To compute these effects, we utilize
the framework developed in Ref. [68], which decomposes
the gravitational AG phase shift into Doppler (i.e., tidal
displacement of the atoms along the baseline), Einstein

(i.e., gravitational redshift or time delay measured by the
atoms), and Shapiro (i.e., time delay accrued by the
propagation of photons along the baseline) contributions,
similarly to the decomposition of the observable in laser
interferometers [69,70] and pulsar timing arrays [71].

Notably, we find that, depending on astrophysical back-
grounds, a space-based detector akin to AEDGE+-, which
was not considered in Ref. [11], could detect the purely
gravitational and transient signal induced by an O(0.1)
fraction of DM populated by compact clumps in the
unexplored 10 kg <M <100 kg (1075My <M <
1072'M ) mass window. Furthermore, because they can
access the relative gravitational redshift induced by such
fast-oscillating fluctuations, AGs are found to be para-
metrically more sensitive than laser interferometers with
comparable strain sensitivity to metric perturbations
sourced by the fast-oscillating fluctuations in the energy
density and pressure of ULDM. Depending on astrophysi-
cal backgrounds, this enhanced sensitivity could allow a
detector like AEDGE+ to probe a DM overdensity of
O(10) times the local DM energy density for masses
<1077 eV.

This paper is structured as follows. In Sec. II, we review
the basics of atom gradiometry and provide a brief
summary of the general relativistic framework developed
in Ref. [68] for computing phase shifts. In Sec. III we
investigate the discovery potential of terrestrial and space-
based gradiometers to dark clumps, while in Sec. IV we
study the sensitivity of these experiments to energy density
and pressure fluctuations of ULDM. We summarize our
results in Sec. V. Appendixes A—C support the discussions
and calculations in Secs. II-IV.

II. REVIEW OF ATOM GRADIOMETRY

A. Description of the interferometric sequence

Atom interferometers (Als) measure the phase between
coherent, spatially delocalized quantum superpositions of
atomic wave packets. This can be achieved by constructing
a two-level system, composed of an excited state and a
ground state with energy splitting @, . In single-photon Als,
individual laser pulses control both the transitions from
ground to excited state, and vice versa, and the motion of
the wave packets’ center-of-mass via Rabi oscillations [72].
A laser pulse that interacts with the atom over a quarter of a
Rabi cycle (i.e., a w/2-pulse) takes an atom in one state to
an equal superposition of two states with relative velocity
fixed by the laser wave vector; hence, such a pulse acts as
a “beam splitter”. A pulse over half of a Rabi cycle (i.e., a
m-pulse) reverses the state of the atom and, depending on
the initial state of the atomic wave packet, either adds or
subtracts momentum from the atom’s center-of-mass; thus,
such a pulse acts as a “mirror” [73].

Atom gradiometers (AGs) are sets of spatially separated
Als operated by common and counterpropagating laser
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pulses, which are emitted by sources on opposite ends of a
baseline of length L. These configurations enable differ-
ential phase shift measurements that are largely insensitive
to laser phase noise [63,74], thereby enabling these devices
to operate near the quantum shot-noise limit, as recently
demonstrated in Refs. [75,76].

Since the leading order phase shift scales with the
spacetime area enclosed by an interferometer [77], it is
advantageous to use multiple photon kicks, commonly
referred to as large-momentum-transfer (LMT) kicks, to
increase the spatial separation between the two wave
packets in an Al, i.e., the distance between the two “arms”
of the interferometer [78]. Adopting the convention of
Ref. [64], a configuration with n LMT kicks consists of a
total of 4n — 1 laser pulses: two z/2-pulses and 4n — 3
z-pulses. In Fig. 1 we illustrate an example of such a
gradiometer configuration for n =4. The two x/2
(i.e., beam splitter) pulses, which are shown with
green solid lines, are applied at the beginning and at
the end of the interferometric cycle, i.e., we consider a
7/2—nmn—---—x—n/2 scheme. The initial and final
stages of the interferometric cycle, known as the “beam
splitter sequence”, contain n — 1 z-pulses each, which we
display with dotted yellow lines. These pulses are tuned to
interact with only one arm of each Al. Depending on the
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FIG. 1. Spacetime diagram of a single-photon LMT atom

gradiometer with n =4. Coordinate time and position are
displayed along the vertical and horizontal axes, respectively.
The laser worldlines are shown with gray solid lines. The
worldlines of the wave packets’ center-of-mass are shown with
solid blue and dashed red lines for ground and excited states,
respectively. Beam splitter (z/2) pulses are shown in green, while
mirror () pulses are shown in yellow; mirror pulses that affect
one (two) arm(s) of an Al are shown with dashed (solid) lines.
Atom-light interactions are marked with black dots. The meas-
urement pulse is shown with a brown line.

internal state of the atom, these pulses add or remove
momentum to the wave packet’s center-of-mass along the
direction of the baseline as a result of momentum con-
servation. For example, after interacting with a laser pulse,
a wave packet in the ground state, whose worldline we
display with a solid blue line, transitions to the excited state
and recoils in the direction parallel to the laser’s wave
vector; instead, after interacting with a laser pulse, a wave
packet in the excited state, whose worldline we display with
a dashed red line, transitions to the ground state via
stimulated emission and hence recoils in the direction
opposite to the laser’s wave vector. At time 7', which is
referred to as the interrogation time and approximately
marks half of the cycle’s duration, 2n — 1 z-pulses are used
to redirect the atomic wave packets, thus forming the
“mirror sequence”. In this case, one of these pulses, shown
with a solid yellow line, interacts with both arms of
each AL

In this work, we specialise to single-photon AGs
employing LMT. A large number of LMT kicks can be
achieved by using a two-level system with a long-lived
excited state, such as the clock transition in 8Sr [79]:
the ground and excited states correspond to 5s”!S, and
5s5p°P,, respectively, w,~2.697 x 10" rad/s and the
natural linewidth of the transition is ~10~> Hz [80,81].
Furthermore, we consider a terrestrial experiment and two
space-based proposals. For the Earth-bound detector, we
consider a 1 km baseline with two Als at either end of
the baseline. The chosen interferometric parameters allow
the atomic wave packets to remain within the extent of the
baseline, as discussed in Ref. [54]. This design, which is
consistent with the AION-km and MAGIS-km proposals,
is a broadband detector with optimized reach to mid-
frequency gravitational waves and ultralight dark matter.
For space-based proposals, we consider two distinct and
ambitious configurations. In both cases, two satellites in
mid-Earth orbit house the laser optics system used for
manipulating and measuring the atomic wave packets, and
each Al is operated in broadband mode. The difference
between the two designs lies in the spatial extent of
the interferometric region: in one case, the atoms are
confined within the satellite; in the other case, the atoms
are allowed to evolve in the spacecraft’s local environment.
Consequently, the lattermost design can accommodate
much larger spatial separations between the two arms of
a single Al, i.e., a much longer interrogation time and a
larger number of LMT kicks. Importantly, the design with a
much smaller interferometric region, denoted as “‘space-
based (inside)” in Table I, is based on the MAGIS-space
and AEDGE proposals. The parameters ensure that the
wave packets can remain in free fall within a region ~1 m
in length. The other configuration, which we define as
“space-based (outside)”, is based on the AEDGE+ pro-
posal, which is the single-photon version of the AGIS
proposal. Importantly, in the angular frequency range set
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TABLE L

Parameters of the AG experiments considered in this work. The three designs are as follows: a terrestrial experiment with a

km-long baseline [“km-baseline”’] [54], whose parameters are compatible with those of the MAGIS-km [90] and AION-km proposals
[41]; a space-based experiment, which is based on the MAGIS-space [46,90] and AEDGE proposals [48], consisting of two Als that are
confined within two satellites in mid-Earth orbit [“space-based (inside)”]; and a space-based gradiometer that enables the free evolution
of the atoms outside each satellite [“space-based (outside)”’], which is akin to the AEDGE+ proposal [49] (the single-photon version of
AGIS [50]). Here, L is the length of the baseline (which is a good approximation of the gradiometer length), n is the number of LMT
kicks, T is the interrogation time, and S, is the shot-noise limited power spectral density. We assume that the experiments are shot-noise

limited between wp,;, and @, ,x-

Design L (m) n T (s) VS, [1/+v/Hz] Win /27 (Hz) Omax /27 (Hz)
km-baseline 103 2500 1.7 10735 {107,107} 10
Space-based (inside) 4.4 x 107 2 100 10~ {107°,1073} 10
Space-based (outside) 4.4 %107 250 150 10~ {107,103} 10

by @, and @, we assume that the gradiometer is
shot-noise limited. In every realization, @, is set by the
repetition rate of the experiment. Due to the noise sources
considered in this work, @, > 27/T;,, where T, is the
integration time (i.e., the duration of the measurement
campaign). For the terrestrial experiment, w,;, is based on
estimates of seismic [54] and atmospheric [82] gravity
gradient noise (GGN). The smallest (optimistic) and largest
(benchmark) values of w,,;, assume significant and min-
imal noise mitigation via, e.g., passive or active noise
mitigation strategies, respectively. For both space-based
proposals, the largest value of w,;, is set by the largest
frequency at which the instrumental noise budget is
anticipated to be shot-noise limited [50], and the smallest
value of w,,;, is estimated from asteroid GGN [83]. Note,
however, that astrophysical foregrounds due to, e.g.,
unresolved galactic and extragalactic binary mergers
[84-89], may dominate the “space-based (outside)” pro-
posal’s noise budget between ~107° Hz and ~1072 Hz
(cf. Appendix A for a detailed discussion). For simplicity
and in light of existing uncertainties, we do not consider
these backgrounds in our projections, but we comment on
the impact of astrophysical foregrounds on our results in
Secs. III C and IV C.

ANLMT 1

2

~ 1
Adgnie(w) = Ekefszwz i

~ 1
Adghis(@) = Ekefszwz

_K+(w)AT§(w, Xp, > XA1) = K_(a))A’f'g(a),xLZ,xAI)rA[:xM',

B. Coordinate-invariant phase shift calculation

To compute leading-order general relativistic phase
shifts in an atom gradiometer, we use the simplified general
relativistic framework introduced in Ref. [68], which is
valid to leading order in the metric perturbation £, < 1
and the atom’s recoil velocity. In this framework, the
observable (i.e., the difference between the phase shifts
recorded by each Al) is decomposed as a sum of three
distinct (and separately not diffeomorphism-invariant) con-
tributions: the phase shift caused by the tidal displacement
of the atoms along the baseline (i.e., the Doppler phase
shift), the phase shift due to the gravitational redshift
measured by the atoms (i.e., the Einstein phase shift)
and the phase shift due to the delay in the arrival time
of photons at atom-light interaction points (i.e., the Shapiro
phase shift)." Focusing on LMT configurations, and quot-
ing results from Ref. [68], the Fourier transform (FT)2 of
the leading order total gradiometer observable is given by

AP = APt + Adiide + APLNTs. (1)
where the Doppler (D), Einstein (£) and Shapiro (S)
contributions can be expressed as

LT (@) = 5 ket 7202 167 (0, x01) (K (@)0870) 4 K_()easa) ) [0

XAI=XAL,

XAI=XAL

e | |
———hgo(@, xa1) (K+ (w)elw(XAI_XL] ) _K_ (w)elw(xLz —Xa1) ] ’

YAI=XAL,

XAI=XAL,

'Note that there exist alternative methods for computing general relativistic effects in Als, e.g., Refs. [91-94].

*We use the conventions %(w) = [, dix(t)e7" and x(t) = (2

)7 [®, dwi(w)e'", where o is the angular frequency [95].

063014-4



DETECTING GRAVITATIONAL SIGNATURES OF DARK MATTER ...

PHYS. REV. D 112, 063014 (2025)

respectively.3 Here, T is the interrogation time, k. = nw,
is the effective momentum transferred after the beam
splitter sequence, i = n' is the unit vector defining the
orientation of the baseline, x,;, and x4, are the positions
of the Als along the baseline, and x, and x;, are the

|

positions of the lasers, with L = x; | — x; being the length
of the baseline. Here we have conveniently chosen a
noninertial frame where 1 is time-independent. The detec-
tor response kernels are defined in terms of experimental
parameters as

K, () = ﬁ sinc <“’7T> sinc <“’;L> sinc (“’(T - (; - 2>L)> (1 _n _Tz)L>,

K_(w)

where the sign depends on whether the photons are
traveling from x;, to x;, (+) or vice versa (—).4 While
the Einstein phase shift only depends on the 00-component
of the metric perturbation, the Doppler phase shift depends
on the O(h) displacement of the atoms initially at a
spacetime point (7, x), namely,

) ot ! 1
o (r.x) == ['ar [ df"(aohjow,x)—g%hoow,x))
Iy 1y

+ O(hkegs/my), 4)

where 7, is the coordinate time at which the sequence is
initiated and m,, is the mass of the atom. The Shapiro phase
shift depends on the O(h) correction to the photon
propagation time between emission (i.e., the laser at
coordinate position x;) and absorption (i.e., the relevant
atomic wavepacket at coordinate position x,), namely,

ATE(1,x1.x) / Ho(t £ (X —x),x)dx', (5)

where we defined

H = (l’loo + 2holn + h l’l n’) (6)

| =

In Secs. III-IV we will use these master equations to
derive the leading-order phase shift caused by DM-induced
spacetime perturbations.

III. DARK CLUMPS

Before proceeding to a detailed signal and sensitivity
analysis in Secs. III B and III C, respectively, we begin by
providing a heuristic estimate of the signal induced by a
dark clump. In Sec. III A, we provide a nonrelativistic
estimate for the induced signal, which can be understood in

*We work in natural units (i.e., h=c=1) and use the
conventlon N = diag(=1,1,1,1) for the flat spacetime metric.
*Here and elsewhere in this paper, sinc(x) = sin(x)/x.

- ﬁ sinc (%T> sinc (C"ZL> sinc (w(T 5 nL) ) (1 = %) : (3)

|
terms of forces acting on the atoms and is similar to the
arguments found in Refs. [7-11]. As shown in Sec. III B,
this is in agreement with the full general relativistic
calculation in Newtonian gauge: the AG observable is
dominated by the Doppler time delay, i.e., the time delay
due to the tidal displacement of the atoms along the
baseline.

A. Heuristics

A transient clump of nonbaryonic matter induces a time-
varying acceleration on test masses. Since the atoms in an
AG of baseline length L are in free-fall, we may model an
AG as an accelerometer. The maximal relative acceleration
that can be induced by an effectively pointlike clump of
DM of mass M is given by

GM 2L
AaN?min (1,7), (7)

where G is Newton’s constant and b is the impact parameter
(i.e., the minimum distance between the clump and one of
the two Als). For a DM clump traveling at speed v ~ 1073,
as would be expected for virialized DM in our Galaxy, the
relative acceleration will inherit a nontrivial time depend-
ence. In turn, the FT of the relative acceleration is flat at
angular frequencies smaller than w.,; ~ v/b and falls off
at higher frequencies. By further invoking signal power
conservation, one can estimate the induced relative accel-
eration as |Ad|~ |Aa|/w.,. Since the Al phase shift
induced by forces acting on the atoms is approximately
ket T?a [77,96], where a is the atom’s acceleration, the
amplitude of the FT of the AG phase shift for frequencies
@ S Wpegx ~Min(1/T, o) can be approximated as

~ N GM . 2L
|AParad| ~ ket T?|AdE| = keffTZWmln <17> (8)

Here, 1/T is approximately the largest frequency to which a
detector is sensitive: indeed, since AGs integrate signals
over a time ~27, these devices act as a low-pass filter
for frequencies w < 1/T. The signal-to-noise ratio for a
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shot-noise limited device with phase noise power spectral
density (PSD) S, can then be estimated as

|A§Egrad|2 Aw
SNR ~ [————
S, 2r

oM [1 [re 2L
= kg T2 | /2 min (1,22
b\, 2;:“”“(’19)’ ©)

where the bandwidth is given by A®w = @peax — @pin = 0.

It is advantageous to consider the largest impact param-
eter that would leave a detectable imprint on the experi-
ment’s data stream for fixed clump mass, speed » and
experimental parameters. For one such event to occur
during the measurement campaign, which we assume lasts

for a time T}, i.e.,

Pcl
Mcszimv ~1, (10)
where py = fpmppm and fpy is fraction of DM composed
of clumps, one can estimate the maximum impact param-

eter’ as
M 1
by ————. (11)
pomSom VT ine

Using Eqgs. (9) and (11) and solving for fpy, one can then
estimate the minimum fraction of dark matter composed of
dark clumps of mass M. Crucially, the smallest dark matter
fraction that can be probed by an AG scales with the clump
mass as

M~'  for b <oT,L  (A)
M3 forvT <b<L (B)
oo MO for L<b<oT (C), (12)
M5 for bz wT.L (D)
M for b ~v/wy, (E)

where condition (E) is derived from the requirement that
the signal be contained in the experimental bandwidth.
Note that regimes (A) and (E) can also be observed in the
sensitivity curves of PTAs [16]. For a more detailed
comparison, see the discussion at the end of Sec. III C.
From Eq. (12) and Table I, one can straightforwardly
estimate the scaling behavior of the projected reach for
specific experiments. The projected sensitivity curve of any

>We neglect the effect of the Sun’s and Earth’s gravitational
potentials on the local DM speed and energy density. By
Liouville’s theorem, such effects induce only O(1%) corrections
to the local DM density ppy and subpercent corrections to the
DM mean velocity distribution [97]. Consequently, the impact
parameter is modified at the O(1%) level, which is negligible for
our purposes.

terrestrial experiment (i.e., L < vT) is then characterized
by a clump mass dependence exhibited by regimes (A), (C),
(D) and (E). This is to be contrasted with space-based
experiments (i.e., L = vT), whose sensitivity curves display
the scaling behavior of regimes (A), (D) and (E). For both
types of detector the maximum reach is therefore expected
to occur at b ~ L. From Eq. (12), one can also gain insight

into the qualitative behavior of fl()nﬁj[m in the limits M — 0
and M — oo. In the small mass limit, a clump leaves a
detectable signal if its maximum impact parameter is small,
which in turn implies that dark clumps would constitute a
large DM overdensity. In the large-mass limit, instead, a
heavy clump leaves a detectable signal in the detector for
much larger impact parameters; however, encounters with
heavier clumps are less likely to occur during an experi-
ment’s run, unless a large DM overdensity is populated by
such bound states.

Furthermore, one can also easily estimate the peak
sensitivity of proposed experiments. Using Egs. (9)—(11)
and assuming a SNR ~ 1, the peak sensitivity occurs at
clump masses,

150 s\ 2 L v
M) ~O(10° kg)< T > (44 x 107 m)

250 S, 1/2
(%) (o) 13

and dark matter fraction,

(0 oo (150 512 (250Y (108 §
i~ oo (F22) (29) (-

44 x 107 m\ /2 12
X H % ’ (14)
L 1078 Hz™!

where 7 is the number of LMT kicks. Interestingly, the peak
occurs at clump masses that lie outside of the mass range
accessible to complementary laboratory probes (e.g., laser
interferometers and optomechanical sensors). In light of the
promising reach and unique mass range, in the following
subsections we calculate the full AG phase shift signal
using the formalism introduced in Sec. I B. As we show in
the following subsections, the estimate provided here is in
excellent agreement with the full calculation and can be
used to understand the qualitative features of the reach plot
(cf. Sec. IIIC).

B. Full signal calculation

In this subsection, we compute the full general relativistic
contributions to the AG observable to leading order in the
metric perturbation and the atom recoil velocity. As we
explicitly show, the signal is dominated by the Doppler
gradiometer phase shift, which accounts for the time delay
due to the tidal displacement of the atoms along the baseline.

We begin the general relativistic calculation by
computing the metric perturbation sourced by a transient
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DM clump. Assuming that the clump radius is much
smaller than all the relevant length scales in the
problem, we model the bound state as a point-like
particle. In an inertial frame where the clump is moving
at nonrelativistic speeds, the leading-order nonzero
entries of h,, read as

hop = =20, hy; = —205, ho = —4v; @, (15)

e
where @ is the weak Newtonian potential sourced by the
body (with a mass M) and v»; = v is the clump velocity
(see Appendix D of Ref. [68] for a derivation). For a
clump moving with impact parameter b relative to the
origin, the value of the potential at x* = (¢,x) can be
expressed as

GM
b+v(r—1,) — x|

- GM | (16)

7 (x) + R (1)

D(t,x) =

where 7, is the time at which the body is closest to
the origin. In this expression, G is Newton’s constant,
r(t,x) =b +v(t—1t,)—x, and r, and r| are the mag-
nitude of the comgonents of r perpendicular and parallel
to v, respectively.” Explicitly, these components may be
expressed as

Q’s ! X){’, (17)

from which one can immediately note that only the
component of r parallel to the clump’s velocity is time-
dependent. Using Egs. (1) and (2) and working in the
limit in which the distance from the Al to the nearest
laser is negligible with respect to the length of the
baseline [i.e., setting x;, = xa;, and x;, = xpj, in
Eq. (2)], the three contributions to the total atom
gradiometer phase shift read as

~ 1 N . i 5 —iw ioL &
A gﬁng(w) = 5keffTZn (V= 4iov)[(K, + LK _)® (0, Xa1,) — (K, 4 e7LK ) D (w, XaL )],

~ i . - . L~
A Igffgg(w) = —Ekefszw[(K+ — LK )®(w, xp1,) — (K — e LK)t D (w, X a1, )],
. 1 _ -
Adihas(@) = _EkeffT2a)2[K+AT§(a)7 XAl Xap,) + K_AT 5(@, Xar,, Xar,)], (18)

where for brevity we omitted the
VO (w.x,1,) = VO(w,X)

Eq. (16), namely,

explicit

[,

= 2GM
-—e

D(w,x) =

and its spatial gradient,

w-dependence of the
. The phase shift takes inputs from the FT of the Newtonian potential defined in

response kernels and defined

_ia)(l.‘+0;_vx)K0 <rj_(x) a)), (19)
v

N 2GM
Vo (w,x) = -2
v

a)e—iw(tsﬂ;—}‘) [f'J_ (X)Kl (VLz(]X)

o) -iska (22, 0

where Ky(x) and K;(x) are modified Bessel functions of the second kind. Moreover, the Shapiro gradiometer phase
shift depends on the Shapiro time delays, which read as

L/2 L
AT;([, XAI]’XAIZ> = —2(1 + 2v - ﬁ)/ q><t+_+xl, Xmid +X/ﬁ> dx’,

L)2 2
L/2 L
ATE-(I, XAIZ’XAI]> = —2(1 —2v- ﬁ)/ q)<t+§ —.X/,Xmid +X’ﬁ> dx’, (21)
-L/2

®By definition, b - v = 0.
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where Xpiq = (Xaj, +Xa1,)/2 is the midpoint of the
baseline. To make progress, let us introduce the vector
n,=hFv with n)/=|n/|#1, such that the
Newtonian potential in Eq. (21) may be expressed as

GM
W[ =22+ ()
(22)

L / /4
0] t+§ix,xmid+xn =—

where ¥ = (b+v(t—1,+ L/2) —Xpq)/n., and ril =
(r'-A) )} and r| =r—r are the components of r’
|

GMr

!
+

+

AT =4

where bT, xi,, and vT are defined using the rule

At =A— (A0, A,

1. Frequency-dependence

Because of the nontrivial frequency-dependence of the
three AG phase shift contributions, we now study the
behavior of the signal at low and high frequencies, and
the hierarchy between the Doppler, Einstein and Shapiro
phase shifts. As anticipated at the beginning of this
subsection, we show that the signal is (i) power law and
exponentially suppressed for w > 1/T and w = v/b,
respectively, and (i) dominated by the Doppler phase
shift, whose spectrum is flat for @ < v/b.

Using Egs. (19)-(24), one can infer the parametric
scaling of the signal induced by a transient clump.
Firstly, we shall focus on the high-frequency regime.
Since Ky, (w7) x e™/\/w for wr=1, ®, V& and
AT§ are all exponentially suppressed at frequencies
> 1/z ~min(v/b,v/L).” As anticipated in the heuristic
estimate in Sec. III A, this follows from the transient nature
of the signal: from simple dimensional analysis, the only
timescales that can appear in the problem depend on the
velocity of the clump, and on the distance scales b and L.
Furthermore, for @T,wnL > 1, the detector response
kernels [cf. Eq. (3)] scale as K, «n™'/(wT)?. This
power-law suppression is a direct consequence of the fact
that an AG integrates a signal on a timescale ~7', making an
AG a low-pass filter for signals oscillating at v < 1/T.
Consequently, at sufficiently high frequency, the modulus
of all contributions to the gradiometer phase shift is
exponentially and power law suppressed.

"More precisely: ®(wz) and AT?DE(wf), the latter in the limit
b > L, are proportional to ™7 /\/w; VO (w7) x e™"y/w and, in
the limit b < L, AT §(w7) < e™% /.

e—i@(t,=L/2) pio(bT=xy | )BT /0] p=ol(bT—xTy | )31 |/vF ,

parallel and perpendicular to n’_. Following the steps in
Refs. [13,14] and neglecting the (parametrically sup-
pressed) contribution proportional to +v-n, the ana-
lytical form of the Fourier transform of the Shapiro time
delays may be compactly expressed in two limits: as

El

Aj'§ _ 4GML o0t AXnia ¥/v=L/2) Ko <r 1L (Xmia) w)
v v
for b> L, (23)

and as

for b < L, (24)

At low frequencies, the hierarchy between the different
contributions to the gradiometer phase shift is manifest.
Since @K (w7)~1/r and @"Ky(wr) ~ —@" In(wz) for
wt < 1 and n > 0, the FT of the spatial gradient of the
potential sourced by the clump is dominated by K; and is
therefore constant. For example, setting the origin of the
coordinate system at one of the Als, |V®| ~ GM/vb for
®w < v/b, which agrees with our earlier estimate.
Furthermore, in the limit wnL, T < 1, the gradiometer
phase shift contributions depend on two combinations
of the detector response functions, namely K, — K_ ~
2L/T<land K, +K_~2(1 —(n—1)L/T)) ~2 forall
experimental configurations considered in Table 1. The
former appears in the Doppler and Shapiro gradiometer
phase shifts, when neglecting the subdominant (v-1)-
dependent term in the Shapiro time delay, while the latter
only appears in the Einstein term. Notably, this implies that,
in the limit » > L, the modulus of the Einstein and Shapiro
phase shifts are parametrically suppressed by ~wL?/T
and ~@’Lb|In(wb(1 + L/b)/v)|, respectively. In the limit
b <« L, instead, these contributions are parametrically
suppressed by ~wbL|In(b/L)|/T and ~wwvb, respectively.

In light of the w-dependence of the phase shift, we now
investigate the maximum contribution of the Einstein and
Shapiro phase shifts to the total gradiometer observable.
Note that the global maximum of @"Ky(wz) and we™**
occurs at w ~ 1 /7. Hence, we shall focus on w ~ v/b. In the
regime nL, T < b/v and relative to the Doppler contribu-
tion, the gradiometer phase shift contributions depend on
the two combinations of the detector response functions
previously discussed. Hence, the Einstein term is always
suppressed by ~wvL/T, while the Shapiro term is sup-
pressed by ~»> min(1, L/b). In the regime nL, T > b/v,
however, the detector response kernels scale as 1/(wT)?;
hence, the suppression of the Shapiro term is unchanged,
while the Einstein term is now only v-suppressed relative to
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the Doppler contribution. Since nL. < T in all experiments
considered here (cf. Table I), we now consider the regime
nL < b/v < T. In this case, the detector response kernels
are also power-law suppressed, and the FEinstein and
Shapiro contributions are similarly suppressed relative to
the Doppler part.

Since the Einstein and Shapiro contributions are para-
metrically suppressed in all of the regimes of interest, we
conclude that the gradiometer observable will be domi-
nated by the Doppler term, i.e., by the phase shift
associated with the tidal displacement of the atoms along
the baseline.

C. Sensitivity analysis and projected reach

As shown in the previous subsection, a nearby and
massive transient dark clump induces a time-dependent
phase shift, which can therefore be analyzed in the
frequency domain. To extract small signals from the
background, we use the matched filtering prescription [95],
a procedure that is commonly employed by the gravita-
tional wave community to analyze transient gravitational
wave signals. Assuming that the time interval between
successive measurements is much shorter than the duration
of the signal, which we take to be much shorter than the
total measurement (:ampaign,8 the square of the signal-to-
noise (SNR) ratio is given by

CUmaxd AN'LIXIT 0 2
SNR2—4/ dor | Adyaa (@) (25)

2 Sy(w)

'min

where Ag ()M is the total gradiometer observable

[cf. Eq. (2)] and S,, is the power spectral density (PSD)
of the gradiometer phase noise; here, we assume that the
gradiometer phase noise is shot-noise limited between @,
and w,,,, (cf. Table I). Since shot noise is Gaussian, the
probability density function of the SNR? in the absence of a
signal is given by a chi-squared distribution with one
degree of freedom [71]. Setting the probability of false
alarm at 5%, the threshold value of the SNRZ, which we
define as SNR?, is approximately 4.

To estimate the projected reach, we apply a statistical
procedure previously presented in the context of pulsar
timing arrays [15,16,21] and laser interferometer searches

These conditions allow us to neglect finite-sampling and
finite-time effects. If the time interval between successive
measurements satisfies Ar < b/v, the spectral content of the
signal is not affected by spectral distortions due to aliasing. If the
duration of the total measurement campaign satisfies 7', > b/ v,
the signal does not peak in the zeroth frequency bin, which is
degenerate with static effects. Although the latter is easily
satisfied, the former criterion requires interleaved interferometer
sequences [98,99].

of DM clumps [13]. We perform Monte Carlo simulations
to sample the DM initial conditions, namely the DM clump
position and velocity vector.” We describe the distribu-
tion of DM clump velocities using the Standard Halo
model (SHM) [100]. This model yields a Maxwell-
Boltzmann distribution whose velocity dispersion is
set, at the solar position, by the value of the local
standard of rest vy ~ 238 km/s; furthermore, the distri-
bution is boosted by the average speed of the Earth
relative to the halo rest frame v,y ~ 252 km/s, and
truncated at the escape velocity v, = 600 km/s [101].
The spatial clump distribution is assumed to be homo-
geneous and isotropic. For each choice of the dark matter
fraction and clump mass, we generate 200 simulations in
a volume centered around the baseline. Since events with
minimal impact parameters induce maximal phase shifts
(cf. Sec. III B), in each simulation we compute the phase
shift induced by the nearest encounter. From the dis-
tribution of minimum impact parameters for a given
choice of M and fpy, we compute the 90th percentile,
which we define as b,;,. The 90% upper limit on the
dark matter fraction for a given clump mass is then
determined by computing the smallest dark matter
fraction for which the gradiometer phase shift at b;,
exceeds the signal-to-noise ratio threshold SNR,. For a
detailed discussion on the analytical derivation of the
minimum impact parameter, see Appendix B.

In Fig. 2, we plot the 90% upper limit on the dark matter
fraction saturated by clumps as a function of the clump
mass, focusing on the projected reach of the broadband AG
experiments described in Table I. For each experiment we
plot the projected reach assuming a benchmark and
optimistic experimental bandwidth, which we display with
dots and crosses, respectively. Since the Doppler phase
shift is the dominant contribution to the gradiometer
observable in the entirety of parameter space, we find that
the qualitative scaling of the projected sensitivity curves,
which are based on the full calculation presented in
Sec. III B, agrees with the heuristic estimate from
Sec. III A. For example, we find that the projected reach
of space-based proposals peaks at b,;, ~ L, while the reach
of the Earth-based experiment features a flat spectrum,
since L <« vT, where v ~ vy~ 1073. Furthermore, since
the leading order gravitational phase shift scales like
kotT?a, where a is the atom acceleration, we find that
the space-based proposal enclosing the largest spacetime
area (i.e., ~kqT?) sets the strongest constraints. For all AG
proposals, note that the optimistic and benchmark curves
scale with M'/> and M, respectively, when b > L. This
agrees with regimes (D) and (E) in Sec. IIT A. This should

°For related works on Monte Carlo-based sensitivity studies
for DM clump detection using interferometers, see Refs. [8,11].
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FIG. 2. MC-generated projected 90% upper limits on the
fraction of DM (fpy) composed of transient clumps of mass
M. We assume an experimental observation time Tj, = 108 s,
pom = 0.46 GeV/cm® and a signal-to-noise ratio threshold
SNR, =~ 2. We consider three (broadband) AG concepts: a
terrestrial experiment with a km-long baseline (blue), a space-
based experiment consisting of two Als that are confined within
two satellites in mid-Earth orbit (orange), and a space-based
gradiometer that enables the free evolution of the atoms outside
each satellite (green). The parameters for these experiments are
summarized in Table I. For AG experiments, we present projec-
tions for both optimistic (marked by crosses) and benchmark
(marked by dots) scenarios. Projections for laser interferometer
experiments, including LIGO and LISA, as derived in Ref. [13],
are also plotted (gray) for comparison. We also plot regions of
parameter space where b, as estimated in Eq. (11) and carefully
computed in Eq. (B2), is equal to L.

come as no surprise: since benchmark scenarios assume
much larger red noise than optimistic scenarios, the
peak frequency of the signal ~v/b in benchmark
scenarios becomes comparable to @,,;, for smaller values
of b; given the dependence of b on M [cf. Eq. (11)],
the reach transitions from regime (D) to (E) at smaller
clump masses.

Although a terrestrial proposal would only probe a signal
in the presence of a large DM overdensity, we find that the
space-based proposal analogous to AEDGE+ may be able
to probe an O(10%) subcomponent of DM in the 10° kg <
M < 10'° kg (or equivalently 107°Mgy <M < 10721M )
mass window. Remarkably, there exist no other probes
which could constrain a DM subcomponent in this
mass window exclusively via gravitational interactions.
In fact, existing and proposed laser interferometers such
as LIGO and LISA are only expected to probe DM
fractions much greater than unity at lower and higher

clump masses [9,13]."° Arrays of quantum-limited
mechanical impulse sensors (e.g., Windchime [5]) would
probe clump masses much smaller than 1 kg (or equiv-
alently 1073°M) [3]. Proposals based on asteroid-to-
asteroid ranging [102] would instead probe O(10) dark
matter overdensities in the 10'3 kg <M < 10" kg mass
range [11]. Pulsar-timing arrays and the Square Kilometer
Array would instead probe an O(1%) DM subcomponent,
albeit at clump masses larger than 10%° kg (equivalently
107" M) [16].

The impressive reach of proposed space-based AGs
stems from their acceleration sensitivity. To quantify this,
we introduce the square root of the one-sided PSD of the

differential acceleration noise, 1/S,(w), which we define as

VS,

ke T?|K (@) + P K _(@)

V@) =

. (26)

1
2

for AGs, and as /S, (®) = Lo*+/S,(w) for laser inter-

ferometers, where S,(w) is the strain noise PSD [11].
In Fig. 3 we plot the smoothed envelope of +/S,(®)
using the replacement sinc?(w/@*) — 1/(1 + 2(w/w*)?).
For the two space-based AG proposals considered
in this work, /S, ~6x 107 ms~2/y/Hz and /S, ~
3x 107" ms=2/y/Hz for w/2x <1073 Hz. For LISA
[103,104], instead, \/S,(w)~2 x 10~'* ms~2/+/Hz for
5x10™* Hz <w/27x <3 x 1073 Hz.

Parametrically, the frequency dependence and hierarchy
of the acceleration sensitivity of space-based AGs and
LISA can be understood as follows. For Michelson
interferometers, such as LISA, the square root of the strain
noise PSD is related to the phase noise PSD S,(w) by
VSi() = \/Sy(®)/2Lw,, where w, is the laser fre-
quency [71]. For w/2x 2 3 x 1073 Hz, LISA is shot-noise
limited and /S, = Vo,/zP =3 x 107/ vHz, where P
is the effective laser power [105]. Hence, in this frequency
range, LISA’s acceleration noise spectrum scales with ?.
Due to instrumental noise, \/S « 1/w? for5 x 107 Hz <
/27 <3 x 107 Hz, while /S, x 1/o* at lower frequen-
cies. Consequently, in these frequency bands, LISA’s
acceleration noise spectrum is flat and scales with 1/w,
respectively. This is in contrast to the frequency depend-
ence of the acceleration noise spectrum of AGs. Since,
by assumption, the experiments are shot-noise limited, /S,

"We note that an alternative approach is to assume fpy = 1
and present the projected event rate as a function of the clump
mass, as done in Refs. [6-8,10-12]. These studies find that the
number of detectable events with sufficiently large SNR is less
than unity over the anticipated lifetime of laser interferometers
such as LIGO and LISA. As a result, these works indirectly
conclude that such experiments would only be sensitive to large
overdensities of DM clumps.
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FIG. 3. Acceleration sensitivity of LISA (solid gray) and the

two space-based AG proposals (green and orange) considered in
this work (cf. Table I) to three events (dashed purple) with
identical geometry and impact parameter b = 4.2 x 10° m, but
different masses. The solid and dotted lines refer to the bench-
mark and optimistic sensitivity of proposed AGs. By associating
b to the minimum impact parameter defined in Eq. (B2), these
events correspond to (M =107 kg, fpm =2x 10", (M = 10° kg,
fom =2 x 10%) and (M = 10'° kg, fpm = 2 x 10*) in Fig. 2.

is flat for @ < 1/T and grows as @” at higher frequencies.
To compare the hierarchy of the acceleration sensitivities,
we use the ratio of the LISA and AG acceleration noise
spectra, which is given by

Vo =) (5)

< |K. (o) + et K_(o)].  (27)

Since LISA’s shot-noise limited phase noise is compa-
rable to that of proposed AGs and k¢ /@, = n, in the high-
frequency limit, where (wT/2)?|K, + ¢“K_| — 1/n,
the acceleration sensitivity of space-based AGs becomes
asymptotically independent of n and therefore compa-
rable to LISA’s. Below ~3 x 1073 Hz, instead, the accel-
eration sensitivity of space-based AGs is parametrically
enhanced by the large number of LMT kicks and small
phase noise.

To illustrate how the acceleration sensitivity of an
experiment translates into projected bounds on the DM
fraction as a function of the clump mass, in Fig. 3 we plot
with dashed curves the square root of the differential
acceleration spectrum induced by three sample events.

These events share the same geometry11 and impact
parameter, which we set to 4.2 x 10° m, but differ in
clump mass, which we fix to M = 107 kg, M = 10° kg,
and M = 10'° kg. By identifying b with the minimum
impact parameter [cf. Eq. (B2)], these events correspond to
points in Fig. 2 where the DM fractions are fry = 2 x 10!,
fom =2x 103, and fpy = 2 x 10*, respectively. Since
b < L for both LISA and the space-based AGs, the
differential acceleration spectrum induced by such transient
clumps applies to each experiment and may be approxi-
mated as |[V®|/w/2z, where V® is defined in Eq. (20).
Consequently, the detectability of a given event may be
inferred by integrating the area between the signal curves
and /S, for each experiment. From Fig. 3, it is then clear
that the first event would only be observable by the space-
based AG with the best acceleration sensitivity, the second
event would also be observable by the less sensitive AG,
while the third event would also induce a SNR > 1 in
LISA. This agrees exactly with Fig. 2: the first, second and
third events correspond to points in parameter space that lie
between the projected upper limits on fpy; set by the two
space-based proposals, between the upper limits set by the
“space-based (outside)” proposal and LISA, and above the
LISA curve, respectively.

It is important to note that the promising projections for
the “space-based (outside)” proposal are based on noise
curves that neglect astrophysical foregrounds. As shown in
Fig. 5 (Appendix A), gravitational waves from unresolved
galactic and extragalactic binary mergers can significantly
degrade the experiment’s strain sensitivity. In this case, we
expect a substantial reduction in sensitivity across the
frequency range ~107> — 1072 Hz, which corresponds to
DM clump signals with impact parameters in the range
5% 10°m < b <5x10° m. Given this, and in light of
Figs. 2 and 5, we anticipate that an AEDGE+-like detector
would still achieve stronger (though comparable) con-
straints on fpy than the “space-based (inside)” proposal
for clump masses between ~107 kg and ~10'! kg.
However, we would still expect this setup to probe fpy ~ 1
for clump masses around M ~ 10° kg. Due to uncertainties
in the modeling of astrophysical foregrounds, especially
in the 1073 — 1072 Hz band (see Appendix A), values of
fom < 1 could still be accessible for M > 10° kg.

Finally, we comment on the complementarity of dark
clump searches with AGs and PTAs. To facilitate the
comparison, we interpret PTAs as laser interferometers:
the far mirror is replaced by a pulsar, the baseline length
is set by the Earth-pulsar distance, and the photons travel
only once along the “baseline”. With this picture in mind,
PTAs can be interpreted as pseudo-interferometers with
L ~ kpc. PTAs probe frequencies between O(10~° Hz) and

""We assume that the DM clumps travel perpendicularly to the
baseline.
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O(107° Hz), where the range is set by the observation time
and the time interval between measurements, respectively.
As a result, the PTA observable is most sensitive to events
caused by very heavy clumps with impact parameters
smaller than the baseline, b = v/wy, ~ 10" m < L.
This differs from the AG case, where events with b
comparable to the baseline length give rise to the best
sensitivity. Consequently, the Shapiro time delay (which,
by contrast, dominates the PTA signal in Newtonian gauge
at even larger clump masses where b < L), never exceeds
the Doppler contribution in the AG case. Furthermore,
when the Doppler time delay dominates the signal in
PTAs, the reach scales as M~! and M, corresponding to
regimes (A) and (E) in Eq. (12).

IV. ULTRALIGHT DARK MATTER

In addition to detecting gravitational signatures from
transient DM clumps, atom gradiometers could also mea-
sure pressure and energy density fluctuations of ultralight
dark matter (ULDM). Before proceeding to a detailed
signal and sensitivity analysis in Secs. IVB and IV C,
respectively, we begin by providing a heuristic estimate of
the induced signal.

A. Heuristics

In light of its large occupation number per de Broglie
volume, small mean velocity and velocity dispersion,
ultralight dark matter can be described as a temporally
and spatially oscillating nonrelativistic classical field with
frequency largely set by its mass m and amplitude propor-
tional to ~,/p/m, where p is the DM energy density.
Since gravity couples universally, fluctuations in the
energy density and pressure of this field give rise to
time-dependent effects on test particles, regardless of
nongravitational interactions between DM and Standard
Model fields. These density fluctuations, which arise from
the DM’s velocity dispersion, can be modeled as quasi-
particles with an effective mass Mg ~ 7°/%8pA2, with
Ac ~ 1/muv the coherence length (or equivalently the de
Broglie wavelength) [106]. Neglecting slow-varying con-
tributions, &p ~ v?p cos(2mt — 2kx), so that the effective
particle’s mass oscillates at frequency ~2m. From Poisson’s
equation, the potential sourced by these fluctuations, as
experienced by a test mass at a distance L + A, from the
center of the quasiparticle, is given by

7T3/2GMeff

L
P O(Z)

~ sz cos(2mt) + (’)(/15) (28)

c

Since h ~® and ® is almost monochromatic, one can
estimate the signal by replacing the strain induced by a
transient GW with @ as determined in Eq. (28). Using the

amplitude of the phase shift induced by a transient GW,
as derived in Refs. [64,68], we find

|Adgraa| ~ %ﬂ3/2Gpmin (1,m>T?) min (1, mnL). (29)

Note that the ULDM is phase coherent within a coherence
time 7, ~ 1/mv?, which in turn implies that the signal will
have nonzero support in a band Aw ~2x/7.. In what
follows we assume that the experiment is shot-noise
limited. If T;,, < 7., the experiment cannot resolve the full
spectral features of the signal, and the signal is contained
within a frequency bin of size Aw ~ 27/ T}, and, because
of power conservation, |A¢ | ~|Aga > T If Tin 27,
the experiment can resolve the full frequency content of the
signal. In this case, the SNR can be estimated via Bartlett’s
method [53,107]. This procedure consists of cutting the
data stream into segments of duration 7. and averaging the
PSDs for each chunk. In this case, the signal is contained
within a single frequency bin of size Aw ~ 27/7, and the

noise PSD is suppressed by a factor of
of power conservation, |Adga|? ~ |Adgra|*72. Therefore,
the SNR can be estimated as

|A$grad|2 Aw
SNR~ | —— 5=
S, 27

Tini/7.- Because

_ |A¢grad| Tlln/[2 for Tint s T (30)
VS | (Tir,)V* for Tiy 2 7.

Setting p = fpmppm and using Egs. (29) and (30), the
reach of an AG scales with the DM mass in the limit
Tint 5 T, as

[=]

form <1/T,1/nL  (
for I/nL <m S 1T (
for 1I/T<m<1/nL (C
form=1/T,1/nL  (

fin o

S 3 % 3

w

where these relations only hold for @, < m < w,. and
L <« A.. In the limit T;, 2 7., the rhs of each regime is
multiplied by m'/*. Note that regime (D) also features in
PTA searches [32]; we elaborate further on the similarities
and differences in Sec. IV C.

From Eq. (31) and Table I, one can straightforwardly
estimate the scaling behavior of the reach for specific
experiments. Since 7 > nL in all proposals considered in
this work, the sensitivity curves will display the scaling
behavior of regimes (A) and (C). Regime (A) gives the best
reach, and regime (D) would only be displayed by space-

based experiments. Importantly, from Eq. (31), we can also

(min)

gain insight into the qualitative behavior of fp,,,” in the
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limits m — 0 and m — oco. In the large mass limit, the
density fluctuates on very short timescales, so that the
gravitational influence on the Als averages to zero. In
the small-mass limit, instead, the quasiparticles increase in
both mass and size, eventually settling into configurations
that, on experimental length scales, resemble the average
energy density of dark matter at a fixed and nonzero dark
matter fraction.

Using Egs. (29) and (30) and assuming a SNR ~ 1, the
peak sensitivity occurs at

108
m® <107V eV( S), (32)

int

and dark matter fraction,

" 150 5\ 2 250\ [10° s
~O(10 =
15 O<>(T) (%
4.4 % 107 1/2 S 1/2
w (3o 1Y m o )T (33)
L 10-8 Hz!

Remarkably, proposed detectors could probe a DM over-
density of O(10) times the local DM energy density via
purely gravitational interactions. Moreover, AGs would
measure the local DM density on a much shorter length
scale compared to complementary probes. For instance,
measurements using planetary ephemerides set an upper
limit of fpy < 10* [108], while lunar laser ranging and
the LAGEOS geodesic satellite set an upper bound of
fom < 10 [109]. The Doppler tracking data from the
Cassini spacecraft [110] excludes fpy = 10® for m ~
1072! eV and DM overdensities larger than ~10® the local
DM energy density for m ~ 1071 eV [111], while tracking
of binary systems (e.g., millisecond pulsars, the Earth-
Moon system via lunar laser ranging and Earth-satellite
system via satellite laser ranging) may probe DM over-
densities fpy = 10° for 1072 eV <m < 10719 eV [112].
PTAs probe fpy ~1 for m <10” 3 eV and large dark
overdensities up to ~1072% eV [113].

In light of these observations, in the following subsec-
tions we calculate the full AG phase shift signal using the
formalism introduced in Sec. IIB. As we show in the
following subsections, the estimate provided here is in
excellent agreement with the full calculation and can be
used to understand the qualitative features of the reach plot.
In particular, in Newtonian gauge, we find that the leading
order contribution to the observable originates from the
gravitational redshift measured at two distinct spacetime
points, i.e., the Einstein phase shift.

B. Full signal calculation

For simplicity, let us assume that DM is a free massive
real scalar field ¢, which is only minimally coupled to
gravity. We model the scalar as

h(1,%)

where ¢, is the slow-varying amplitude of the field,
k = mv is the momentum of the field and 6 is a random
phase. Since scalar DM can be understood as an incoherent
superposition of Fourier modes with velocity v sampled
from the DM velocity distribution, ¢ is phase coherent
within a coherence time 7, = /27Erf[v/20ps / v0] /10 Vps

and coherence length 1, = \/ﬂ/ muvy, where we used the
convention recently introduced in Ref. [114]. Furthermore,
in this model, the amplitude of the field is a Rayleigh-
distributed random variable with (¢3) = 2fpmppm/m>,
which is sampled every coherence length and coherence
time."

To determine the gravitational influence of this field
on test masses, we compute the field’s energy-momentum
tensor 7T, and then solve the linearised form of Einstein’s
equations. As we derive in Appendix C, in Newtonian
gauge the leading order and fast oscillating nonzero entries
of hy,, read as

= ¢gcos(mt —k -x +0), (34)

hoy = G cos(2mt — 2k - x + 20)

Using Egs. (1) and (2), working in the limit in which the
distance from the Al to the nearest laser is negligible with
respect to the length of the baseline [i.e., setting x;, = x,y,
and x;, = xp;, in Eq. (2)] and assuming that L/1. <1,
the three contributions to the total atom gradiometer phase
shift read as

1
Adgnip(@) = Ekefszﬁ k(K (0) - K_(w))

X (1 1wL) (a))’
AP () = ~ kPP K., (0) + K_(0)
X (1 = e“F)hog (),
AP s(w) = 0. (36)

Notice that in this gauge the Shapiro gradiometer phase
shift is exactly zero, which follows from the relative
minus sign between the Ay, and h;; components of the
metric tensor [cf. Eqgs. (5) and (6)]. This may also be
understood at the level of the action. Gravity couples to
matter and radiation via the operator h,,T". In
Newtonian gauge, we found that fluctuations in the
energy density and pressure of ultralight dark matter
give rise to spacetime fluctuations given by h,, = ®z,,,,

Here, we neglect corrections to the amplitude of the DM field
due to gravitational focusing, which would give rise to a
<O(10%) and time-varying correction to the dark matter energy
density at a distance of 1 AU from the Sun [115].
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where ® = —7Gg3 cos(2mt — 2k - x +26). Hence, @
couples to test particles as ®TY. Since the trace of the
energy momentum tensor of electromagnetism is zero at
the classical level and in the absence of external currents,
® does not interact affect the free evolution of photons
along the baseline. Furthermore, the Doppler term is k-
suppressed, since the tidal displacement of the atomic
clouds in the AG is DM velocity suppressed [cf. Eq. (4)].
Additionally, the Doppler term depends on the combi-
nation of detector response functions K, — K_, while the
Einstein term depends on the combination K, + K_;
consequently, in the limit wnL,wT <« 1, the Doppler
contribution receives a suppression ~2L/T < 1 relative
to the Einstein contribution. Therefore, at leading order
the signal amplitude is given by

4nG
(lAQgNd 1P) = L?M'ODMsin (mT) sin (mnL)
m

x sin (m(T — (n—1)L)). (37)

A reader familiar with GW and DM phenomenology at
AGs may notice that Eq. (37) can be mapped directly to
the signal induced by transient GWs [64,68] and linearly
coupled scalar ULDM [52,53]. In the former case, the
results match under the replacement m — w/2 and
fom = @*h/(87Gppy ), whilst in the latter case we have
m — m/2 and fpy — d,, m/\/28Gppy, Where h is the
strain and d,, is the coupling to electron masses. This
should come as no surprise: in the limit where the field is
phase-coherent over the spatial extent of the AG, the
induced gravitational signal is identical to that induced by
a gravitational wave oscillating with angular frequency
@ = 2m. The similarities between this effect and the
signal induced by linearly-coupled scalar ULDM can
be understood from the choice of gauge. In Newtonian
gauge, we found that the leading-order gravitational
contribution can be traced back to the Einstein phase
shift term. This term accounts for the gravitational red-
shift measured by each atomic wave packet, or equiv-
alently the gravitational correction to the energy
difference between the ground and excited states of the
atom. The latter interpretation is exactly analogous to the
effect induced by linearly coupled scalar ULDM: any
dilatonic coupling between a background scalar field and,
e.g., electron masses and photons, induces a time-depen-
dent correction to the energy difference between the two
ground and excited states of the atom.

C. Sensitivity analysis and projected reach

To estimate the projected reach, we use matched filtering
[cf. Eq. (25)]. However, unlike the DM clump case, here the
SNR depends on the duration of the measurement cam-
paign T;, relative to the coherence time 7, of the field.
Indeed, in the limit T, < 7., the experiment cannot

m/2m [Hz
1075 107* 100* 107 107! 1 10
T

IR e T T T T Tl
m [eV]

FIG. 4. Projected 90% upper limits on the fraction of DM (fpy)
composed of ULDM fields of mass m. We assume an exper-
imental observation time T}, = 10% s and ppy = 0.46 GeV/cm?.
We consider three (broadband) AG concepts: a terrestrial experi-
ment with a km-long baseline (blue), a space-based experiment
consisting of two Als that are confined within two satellites in
mid-Earth orbit (orange), and a space-based gradiometer that
enables the free evolution of the atoms outside each satellite
(green). The parameters for these experiments are summarized in
Table I. For AGs we show power-averaged projections with
darker lines. Solid and dotted lines show the reach in benchmark
and optimistic scenarios. Projections for LISA, as derived in
Ref. [37], are also plotted (gray) for comparison.

resolve the full spectral content of the field. Therefore,
in this regime, the SNR increases with /7. In contrast, in
the regime where T}, > 7., the experiment fully resolves
the full spectral content of the signal, whose bandwidth is
~1/7,. In this regime, the SNR only grows as (z,T;,)"*.

In Fig. 4 we plot the 90% projected upper limits on the
DM fraction as a function of the DM mass for the
experiments listed in Table I. In light of ULDM’s statistics,
the 90% upper limits on fpy; correspond to SNR, = 11 for
Ty < 7, and SNR, & 2.6 for Ty > 7. [116]."° As for the
dark clump case, we plot the projected reach for benchmark
and optimistic experimental bandwidths, which we display
with solid and dashed lines, respectively. Furthermore,
we show with darker lines the power-averaged envelope

using the approximation |sinx| = min(x, 1/v/2), which

BWhen Tin < 7., one samples a single value of the stochas-
tically fluctuating and Rayleigh-distributed DM field amplitude,
which may be smaller than its long-time average; to account for
this, the exclusion SNR threshold is larger in the short integration
time regime, as also discussed in Ref. [117].
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smoothens the peaks and troughs arising from the fast
oscillation of the detector response kernels in Eq. (37).
Note that the power-averaged sensitivity is in excellent
agreement with our heuristic estimate. Due to the change in
SNR, in the long and short integration time limits, the
sensitivity curves for space-based proposals plateau for
m < 1/T, corresponding to regime (A) in Eq. (31), and
transition to regime (C) for m > 1/T. For m = 1/nL, the
sensitivity curves exhibit the mass scaling of regime (D).
The projected reach of the “space-based (outside)” proposal
transitions from regime (C) to (D) at smaller ULDM masses
than the “space-based (inside)” configuration because of
the much larger number of LMT kicks (cf. Table I). For the
terrestrial experiment considered here, we also find that
the curve plateaus at low masses after rising due to the
increase in SNR, in the T;, < 7. regime. However, at
m ~ 10717 eV, when the integration time exceeds the
coherence time of the signal, the projected sensitivity
exhibits a m'/* mass scaling, in agreement with the
arguments presented in Sec. IVA.

As anticipated in Sec. IV A, space-based gradiometers
may be able to probe a DM overdensity of O(10) times the
local DM energy density for masses below m < 10717 eV.
Furthermore, we find that the space-based AG proposals
would be able to set much stronger constraints on dark
matter overdensities than other interferometric probes.
Indeed, as we show in Fig. 4, LISA is projected to only
probe DM fractions many orders of magnitude greater than
unity, and proposed laser interferometer experiments such
as BBO and pAres would also set much weaker con-
straints [37].

The remarkable reach of space-based AGs arises from
their strain sensitivity and measurement type. In the limit
wL <« 1, the square root of the strain noise PSD is
approximately given by \/S,(w)/@*L, where /S, (w) is
the AG acceleration noise defined in Eq. (26). Therefore,
the ratio of the LISA and AG strain noise spectra is given
by Eq. (27) times the ratio of the AG and LISA baseline
lengths, which is approximately 1/50. In light of this
correction, the strain sensitivity of LISA is comparable to
that of the “space-based (inside)” proposal, while the
“space-based (outside)” design is more sensitive by a
few orders of magnitude. Furthermore, AGs can be under-
stood as clock comparison experiments [61,62,91], due to
the dependence of the observable on the Einstein time delay
measured by the two Als [68]. This differs from the
measurement performed by a two-arm laser interferometer,
such as LISA and LIGO [70]. In laser interferometers and
in Newtonian gauge, the fast-oscillating fluctuations of the
ULDM’s pressure and energy density exclusively influence
the tidal displacement of the mirrors (i.e., Doppler time
delay), which is wv-suppressed. Indeed, as shown in
Ref. [37], in the relevant mass range, the signal in laser
interferometers is suppressed by L/A,. < 1. Hence, for any
value of m, an AG’s sensitivity to fpy is expected to be

parametrically enhanced with respect to that of a laser
interferometer with comparable strain sensitivity.

As for the dark clump case, note that the projections for
the “space-based (outside)” proposal are based on noise
curves that neglect astrophysical foregrounds. In light of
Figs. 4 and 5, we anticipate that an AEDGE+--like detector
would still achieve stronger (though comparable) con-
straints on fpy than the “space-based (inside)” proposal.
In particular, we expect this setup to probe fpy = 103 for
m < 10716 eV. Due to uncertainties in the modeling of
astrophysical foregrounds, especially in the 107> — 1072 Hz
band (see Appendix A), our benchmark scenario may
still capture the expected reach, in which case values of
fom = 10 could still be accessible for m ~ 10717 eV.

We finally note that PTAs would also be sensitive to the
same parametric enhancement, since the time-residual
observable also depends on a variant of the Einstein time
delay [71]. Furthermore, the deterministic signal due to
ULDM fluctuations peaks at m < 1/L, where L is the
typical Earth-pulsar distance. However, differently from the
AG case, the reach is limited by the experimental band-
width. Since w,,;, > 1/L, the sensitivity curves exhibit the
mass scaling of regime (D) in Eq. (31) and the peak
sensitivity occurs at m ~ 10723 eV [32,33].

V. DISCUSSION AND CONCLUSIONS

In this work, we explored the prospects of detecting the
purely gravitational signatures of DM from the ultralight to
the ultraheavy mass range with proposed atom gradiometer
experiments. Using the formalism developed in our pre-
vious work [68], we derived the projected upper limits on
the dark matter fraction saturated by compact DM clumps
and minimally coupled ULDM for several detector con-
cepts, which are based on MAGIS-km, AION-km, AEDGE
and AEDGE+. Although terrestrial experiments are
unlikely to probe interesting regions of parameter space,
our findings suggest that, under optimistic noise projec-
tions, a space-based AG akin to AEDGE+ may be able to
probe a fpy ~ O(0.1) DM fraction saturated by clumps of
mass 10° kg S M <10 kg (1075Mgy <M <1072 My),
and a fpy =10 ULDM overdensity for masses
m < 107! eV. The parametrically enhanced reach of AGs
relative to laser interferometers, such as LIGO and LISA, is
due to: (i) the exquisite acceleration sensitivity of these
devices, and (ii) the nature of the gravitational observable in
AGs, which also depends on the relative gravitational
redshift measured by the freely falling atoms in each Al
In light of (i), AGs have parametrically enhanced sensitivity
to gravitational signals induced by dark clumps. In light of
(i), the sensitivity of an AG to the fast-oscillating component
of the metric perturbation sourced by ultralight dark matter
fluctuations is parametrically enhanced.

In light of the remarkable reach of these ambitious
proposals, there is scope to go beyond the analysis
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presented in this work. For instance, a detailed noise
analysis that extends the discussion in Appendix A, espe-
cially for space-based proposals, is warranted to (i) pre-
cisely determine the impact of astrophysical backgrounds
on the sensitivity of these experiments and (ii) quantify the
instrumental noise budget well below ~10~3 Hz, which AG
noise analyses have neglected thus far. Although we
partially accounted for this uncertainty with different values
of @i, @ more refined analysis is a natural extension of
this work.

Additionally, we exclusively focused on broadband
detection strategies. However, it is expected that GW
searches with very long baselines will also operate in
resonant mode [64]: in these configurations, the peak
response to a transient GW occurs at w ~ 1/T; the signal
is amplified by the quality factor Q, but its bandwidth is
reduced by Q. The interrogation time and the number of
LMT kicks are bounded by 20T < T and 20n < nyay,
respectively, where T, and n,,,, are dictated by exper-
imental considerations. Since resonant mode detection
strategies may be beneficial in searching for gravitational
waves with frequencies @ > 1/T, we leave a careful
treatment of different scanning strategies for future work.

Furthermore, we focused on a subset of time-dependent
gravitational signals due to dark clumps and ULDM.
Specifically, we studied the deterministic signal caused
by a single transient clump, and the almost monochromatic
ULDM signal peaked at ~2m. However, both DM candi-
dates also give rise to stochastic signals. For fixed fpy; and
in the small dark clump mass limit, an individual clump
may not give rise to a detectable signal, but the collective
effect due to the passage of multiple clumps in the vicinity
of the detector may be large enough to become observable.
In this limit, the total signal is stochastic, as studied in the
context of PTAs, e.g., Ref. [15]. In the ULDM case, instead,
the stochastic signal is associated with the slow-varying
component of the energy density and pressure fluctuations
that source metric perturbations. As discussed in Ref. [37],
the signal has support between zero and ~muv?, where
v~ 1073 is the mean DM speed, and is not velocity
suppressed (since the perturbations enter at zeroth order
in the DM velocity). Because this signal is analogous to that
of a stochastic gravitational wave background, a search that
cross-correlates the output of a network of spatially
separated detectors would be necessary to disentangle
the signal from colored noise. A study that considers these
stochastic signals is left for future work.

Furthermore, we focused on a subset of time-dependent
gravitational signals. For example, unlike the stochastic
signal induced by DM clumps, the stochastic signal
associated with the slow varying part of the spacetime
fluctuations induced by ULDM is not expected to be
parametrically suppressed [37]. Since this signal is analo-
gous to that of a stochastic gravitational wave background,
a search that cross-correlates the output of a network of

spatially separated detectors would be ideal. A study in this
direction, which would make use of multigradiometer
configurations [54], is left for future work.

In this study, we have also been model-agnostic in order
to render our results as general and applicable as possible. It
would therefore be natural to extend our work by consid-
ering concrete DM models. In the context of DM clumps,
for example, PBHs of such a small mass would have
evaporated by now and are therefore not viable candidates
in the mass range of interest [118]. Consequently, it would
interesting to explore the role of a clump’s compactness
on the gravitational signal, which could then be used to
study the gravitational signatures of less compact transient
structures, e.g., axion and dark photon stars [119,120],
or dark matter substructure more generally [15,21].
Additionally, it would be interesting to explore the inter-
play between gravitational and nongravitational signals.
For example, many DM models include additional inter-
actions, such as long-range Yukawa forces mediated by
ultralight bosons, which could contribute to the phase shift
measured by an atom gradiometer. For the ULDM case, it
would be natural to extend our discussion to include DM
self-interactions. In the case of an ultralight scalar, we
would naturally expect the theory to exhibit a discrete shift
symmetry, which would appear in the scalar potential
through a cosine term, and would therefore give rise to
a series of self-interactions satisfying a Z, symmetry, i.e.,
m2¢>* | A*"=2, where n > 2 and A > m. Since these quartic
self-interactions naturally give rise to ULDM overdensities
in our Solar System [121], we leave a study on the impact
of these self-interactions on the expected AG signal for
future work.
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APPENDIX A: NOISE SOURCES

In this appendix, we justify the choice of w,,;, for the
detector concepts considered in this work.

For Earth-based detectors, it is anticipated that these
devices will be atom shot-noise limited. As discussed in
Ref. [42], other sources of noise, e.g., laser phase noise,
etc., are expected to be subdominant above ~10~* Hz for a
device such as MAGIS-km, which is anticipated to operate
with parameters comparable to those considered in this
work. As discussed in Refs. [54,82,122,123], however, the
sensitivity of all terrestrial experiments will be seriously
limited by gravity gradient noise (GGN) due to mass-
density fluctuations in the vicinity of the experiment. These
can arise as a result of atmospheric events and seismic
activity, which limit the projected reach of the experiment
in the sub-Hz regime. The spatial dependence of these noise
contributions, as well as the possibility of using auxiliary
sensors to perform complementary measurements, suggest
that it may be possible to mitigate these backgrounds via
active and passive noise mitigation/cancellation strategies,
e.g., multigradiometer configurations [54,123] or Wiener
filters based on correlations between the datasets of
auxiliary sensors and AGs [44,124]. Since the magnitude
of these noise contributions significantly depends on the
experiment’s environment (e.g., geology, climate, etc.), we
choose wp,/27 € {107 Hz, 10! Hz}.

For both space-based proposals, the instrumental noise
budget is anticipated to be shot-noise limited at least above
1073 Hz, as discussed in Ref. [50]. However, the “space-
based (outside)” and “space-based (inside)” proposals are
expected to be sensitive to astrophysical backgrounds
below ~1072 Hz and ~107® Hz, respectively. This can
be understood from the strain sensitivity of the two
experiments. As shown in Fig. 5, GGN from asteroids
as estimated in Ref. [83] is expected to become detectable
below 1077—107% Hz. Unlike the other designs, the “space-
based (outside)” configuration would be able to detect the
astrophysical foreground from unresolved galactic [84]
and extragalactic white dwarf binary mergers [85-88], as
well as the foreground of binary black hole (BBH)
mergers detectable by LIGO-Virgo-KAGRA (LVK) [89].
Using the parameters in Table I, we find that the back-
ground due to unresolved galactic binaries exceeds
the noise curve of this experimental concept below
~1073 Hz. The background from unresolved extragalac-
tic binaries, instead, dominates in the 1073-10"2 Hz
frequency band. Note, however, that this background is
largely model dependent, and there exist strategies to
mitigate similar backgrounds due to neutron star binaries
in this frequency window, e.g., Ref. [125]. Therefore, in
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FIG. 5. Power-averaged atom shot-noise limited strain sensi-
tivity of the “space-based (inside)” (orange) and “‘space-based
(outside)” (green) proposals (cf. Table I). Astrophysical back-
grounds due to asteroid gravity gradient noise, unresolved
galactic and extragalactic white dwarf binary mergers, as well
as LIGO-Virgo-KAGRA binary black hole (LVK BBH) mergers,
are shown with gray curves. We show the extrapolated atom shot-
noise limited strain sensitivity below 10~3 Hz with dashed lines.

this work we take @i, /27 € {107% Hz, 10~* Hz} for both
experiments and leave a detailed study to future work.

APPENDIX B: MINIMUM IMPACT PARAMETER

In this appendix, we provide a detailed analysis of the
minimum impact parameter used in deriving the projected
reach in Sec. III C. The local statistical distribution of the
impact parameter from a compact DM clump has been
studied and derived in the Appendix of Ref. [16], which we
summarize here.

For the Doppler and Einstein gradiometer phase shift, the
relevant distance scale is b, since the DM effect acts only on
a point (the atoms). Since events with fixed |b| at one of the
two Als imprint the same phase shift, the statistics of b
are derived by randomly placing clumps in a (fictitious)
cylindrical volume, with its height set by the average
distance traveled by the clump, namely vT;,, where 7 is
the DM average speed and T, is the total experiment
(or integration) time, and the cross sectional area, 7RZ,
which is taken to infinity. The total number of DM clumps
within this volume is given by N = zR>3Tnpy,;, where
npm = PomSom/M is the local clump number density,
pom = 0.46 GeV/cm? is the local DM energy density, and
fpm is the DM fraction. The cumulative distribution
function (CDF) of the impact parameter of each
clump within the cylindrical volume is then given by
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F(b) = (b/R)*. For notational convenience, let each
clump be labeled by j € {1, ..., N}. Noting that the impact
parameter of each clump is independent and identically
distributed (i.i.d.), the CDF of the minimal impact param-
eter is thus given by

Fuin(bmin) = 1 = P(byin < b; forall j)

=1- [l - F(bmin>]N

P PR AN
R
1= e—”i'Tim"DMbiﬁn’ (B])
where we took the large N limit in the last line. Importantly,
we see that both the fictitious parameters R and N drop
out of the CDF in the N — oo limit. The pth percentile

minimum value is then defined by setting F o (Pmin) = P
and solving Eq. (B1) for b, i.e.,

_In(1-p)

2 (B2)
npm VT iy

bmin =

Setting p = 0.9, we infer the 90th-percentile of the minimal
impact parameter.

For the Shapiro gradiometer phase shift, we consider two
regimes. If the DM is sufficiently distant (=L /2) from the
detector, the entire interferometer arm is effectively a point
and the relevant impact parameter is still b, so that the
analysis for the Doppler and Einstein terms follows through
[i.e., Egs. (B1) and (B2)]. However, for nearby clumps
(b < L/2), the relevant length scale for the Shapiro con-
tribution is the DM’s closest encounter to any point along
the baseline, which we denoted in Sec. I B as b7 (note that
bt < b by definition). In this case, the geometry of the
volume around the AG is rectangular, with width L, length
R, and height 9= T;,, where 7T is (to leading order) the
mean perpendicular speed of DM relative to the baseline.
The total number of clumps inside the volume is thus
N = npy T Ti LR. The CDF of an individual DM impact
parameter is given by F(bT) = bt /R. Following the logic
of Eq. (B1), one can derive the pth percentile minimum
value of bT as

In(1 - p)

bt = —
T L
npm U7 L int

1 ,min

(B3)

APPENDIX C: METRIC FLUCTUATIONS
SOURCED BY ULTRALIGHT DARK MATTER

In this appendix, we explicitly compute the influence
of ULDM’s energy-density and pressure fluctuations on
spacetime. Although we assume that ULDM is a scalar, our
results also apply to the case where the field is a massive
spin-1 particle.

In flat spacetime, i.e., n,, = diag(—1,1,1,1), a free scalar
field satisfies the Klein-Gordon equation, (g = m?¢.
In the Standard Halo model, dark matter is assumed to
be virialized. Consequently, the scalar field’s amplitude and
phase vary over time and length scales greater than the
field’s coherence time 7, = 1/mv} and coherence length
Ae = 1/mu,, respectively. Since ¢ is nonrelativistic, the
field may be expressed as a fluctuating plane wave, i.e.,

P(1,X) = (1, x) cos(wt + (1, x)). (C1)
Here, w = m + mv?/2, ¢ (t, x) is the slow-varying ampli-
tude of classical wave and 6(z,x) is the slow-varying
component of its phase. We define the momentum of the
field as k = V0, with 9,¢p9/ o < w, |Vepy|/Ppo < k, and
0,0 K w.

The energy—momentum tensor of a free real scalar field
takes the form,

1
T;w = aﬂ¢ab¢ - Enﬂu(naﬁaagbaﬂd) + m2¢2)’ (Cz)

which we rewrite in terms of time-averaged (T,,) and fast-
oscillating 6T, components, i.e.,

T;w - <TﬂIJ> + 5Tﬂ1/' (C3)

By defining the energy density as p + dp = T and the
pressure as P+ 8P = T'/3 and neglecting slow-varying
contributions, 67, may be rewritten as

2
Sp = _%kz cos(2wt — 2k - x + 6), (C4)
_ Pz e

5P_—€(3m + k%) cos(20t — 2k - x +6),  (CS5)

_ ¢8 . .
6T;j = —""kikjcos(2wt =2k -x+0). forizj. (C6)

¢2

6Ty = an)ki cos(2wt — 2k - x + 6). (€7)

Crucially, note that the fluctuating part of the energy
density is of the same order as 6T ;.
Working in Newtonian gauge, i.e.,

G = diag(=1-20,1-2%,1-2¥,1-2%¥), (C8)
the Einstein equations take the simple form [126],
V¥ = 4zGp,
2w + %vz(cp W) = 42GP. (9)

Focusing exclusively on the Fourier modes with frequency
components 2w, we find
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® = —quS%cos(Za)t—Zk-x +0).

p :gG¢%cos(2wt—2k-x+9). (C10)

The nonzero entries of the perturbed metric tensor
then read as

hoy = G} cos(2wt — 2K - x + 26),

hi; = —yngb(z) cos(2wr — 2k - x + 29)5ij-

(C11)

Approximating @ as m, we recover the result stated in
Sec. IV B, which is in agreement with Refs. [36,37].
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