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The pion light-cone distribution amplitude (LCDA) is an essential nonperturbative input for a range
of high-energy exclusive processes in quantum chromodynamics. Building on our previous work, the
continuum limit of the fourth Mellin moment of the pion LCDA is determined in quenched QCD using
quark masses which correspond to a pion mass of m, = 550 MeV. This calculation finds (£2) =
0.202(8)(9) and (&*) = 0.039(28)(11) where the first error indicates the combined statistical and
systematic uncertainty from the analysis and the second indicates the uncertainty from working with

Wilson coefficients computed to next-to-leading order. These results are presented in the MS scheme at a

renormalization scale of u =2 GeV.

DOI: 10.1103/xs4z-nblq

I. INTRODUCTION

Understanding the internal structure of hadrons from
the fundamental theory of the strong force, quantum
chromodynamics (QCD), is a central goal of nuclear
physics. Due to asymptotic freedom, certain short-distance
properties of hadrons, including observables relevant for
the study of their internal structure may be predicted using
perturbation theory. In order to make contact with experi-
ments, it is essential that these perturbative calculations are
combined with nonperturbative hadronic matrix elements
that describe long-distance physics. The separation of an
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observable into perturbatively calculable short-distance
kernels and long-range nonperturbative matrix elements
is known as a QCD factorization theorem. These theorems
can be obtained for a range of physical processes including
deep inelastic scattering and the Drell-Yan process.
Factorization theorems also exist for a range of high-energy
exclusive processes in QCD. One of the most well-known
of these is the factorization for the pion electromagnetic
form factor, F,(Q?) which states that at asymptotically
high Q?, where Agcp/Q* — 0 [1-3],

Q*F,(Q%) = 16nf7a5(Q%). (1)

with f, = 0.132 GeV being the pion decay constant and
ag(Q?) being the QCD running coupling evaluated at the
scale Q7. The asymptotic Q> — oo limit clearly cannot be
reached in experiment. However, it is natural to expect
that at subasymptotic energies, the above relation should
hold modulo perturbative corrections and higher-twist
contributions.

At experimentally accessible kinematics, the more
appropriate expression is

Q*F,(Q%) = 16nf3a5(Q%)w*(0%). (2)

Published by the American Physical Society
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which differs from the asymptotic form by the factor [3,4]

1

where ¢(x,u?) is the light-cone distribution amplitude
(LCDA) and plays a somewhat analogous role to the
parton distribution function for exclusive processes. In
light-cone gauge, the LCDA has the interpretation of a
probability amplitude for a meson (in this case, the pion) to
convert into a collinear quark and antiquark pair with
momentum fractions (1 + &)/2 and (1 — £)/2, respectively.
This transition amplitude therefore carries the nonpertur-
bative information about the electromagnetic form factor,
F.(Q%). Assuming the above integral converges, it is
possible to expand the denominator of the integrand and
integrate term by term. Thus one finds the equivalent
expression

W) = S(-17(E) ). (@)
n=0
where
) = [ derdlén), 5

defines the nth Mellin moment of the LCDA.

A general property of the nonperturbative long-range
components of factorization theorems is process independ-
ence. This feature increases the predictability of these
theorems, since it implies the same nonperturbative inputs
enter into a range of different physical observables. In the
case of the pion LCDA, it can be shown that this quantity is
essential for a high-energy description of decays of heavy
hadrons [5—8], which are sensitive to Cabibbo—Kobayashi—
Maskawa matrix elements. In addition, processes like
deeply virtual meson production admit a factorization
theorem in which the pion LCDA is a required input [9].

Due to its nonperturbative character, it is natural to
attempt to learn about the LCDA using lattice QCD
(LQCD). Formally, the LCDA is defined as

(O174(2)7,rs Wiz, =2ly (=2) 7" (p))

1 .
—ip.fs / dge v, e (6)

where W[-z, 7] is a lightlike Wilson line (z> = 0). In the
above equation, p, and p,, are the three-momentum and the
four-momentum of the pion, respectively. While matrix
elements of the light-like operator defined above can in
principle be directly computed using Minkowski-space
formulations of lattice field theory [10-15], so far it has

only been feasible for lower dimensional theories such as
the Schwinger model. This lightlike operator poses chal-
lenges for a direct evaluation of this quantity in Euclidean-
space formulations of four-dimensional LQCD. The operator
product expansion (OPE) can be used to relate this nonlocal
operator to a set of local operators, which can be directly
computed using LQCD [16—-19]. These local operators can
be directly related to the Mellin moments defined in Eq. (5).

More recently, new ideas have led to alternate
methods for calculating the LCDA and related hadronic
structure quantities [20—36]. These other methods may be
separated into inverse-problem techniques [20,33,34,37],
OPE or short-distance-factorization = approaches
[21-25,29-32,35], and large-momentum effective theory
(LaMET) [26-28,36], which permits direct calculation of
the Bjorken-x dependence in a limited range. In practice,
these approaches provide complementary information on
the parton distributions and can be combined to maximize
the predictive power [38].

In this work, an approach first proposed in Ref. [23] and
since termed the heavy-quark OPE (HOPE) method is
employed to study the low moments of the pion LCDA.
In this approach, a two-current hadronic matrix element is
computed using LQCD. The currents are chosen to be flavor-
changing heavy-light currents. The theoretical approach was
further developed in Ref. [39] and the first numerical
determination of the second Mellin moment of the pion
LCDA was presented in Ref. [40]. While this calculation
demonstrated that the HOPE method was a viable method for
studying the lowest non-trivial Mellin moment, it did not
demonstrate the central benefit of the HOPE method, namely
that the approach can be applied to study the higher Mellin
moments. Therefore, the goal of this work is to study the
prospects for a controlled calculation of the fourth Mellin
moment, including the choice of kinematics and the relative
sensitivity of this method to the higher moments.

In this work, a numerical calculation of the second
Mellin moment and, for the first time, the fourth Mellin
moment of the pion LCDA in the continuum limit is
presented. After including estimated uncertainties from the
effects of quenching, unphysical pion mass and finite lattice
spacings present in other calculations, the results presented
here agree with other results presented in the literature. In
addition, the second moment agrees with the previous
determination using the HOPE method [40]. These results
suggest that the HOPE method is a viable technique to learn
about the higher moments of hadron structure observables
like the LCDA. In particular, this numerical study dem-
onstrates for the first time direct evidence that the HOPE
method is able to sidestep the problem of power diver-
gences present in the local operator approach, which has
limited that technique to the second Mellin moment [17].
The structure of this paper is as follows: in Sec. II the
HOPE method is introduced, in Sec. III the numerical
details of the study are explained and results for the second
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and fourth Mellin moments are presented, in Sec. IV the
values determined here are compared to other results in the
literature, and in Sec. V the conclusions of this work are
summarized.

II. THE HOPE METHOD

The HOPE method allows one to extract information
about nonperturbative quantities that feature in QCD
factorization theorems from the Euclidean time dependence
of hadronic matrix elements. In the case of the pion LCDA,
information about the Mellin moments can be obtained
from a study of the hadronic matrix element

R(1:5.G) = / Bz B0 T{I (1-/2,7/2))4

x (=1-/2.-Z/2)}|=(p)). (7)

where J is an axial-vector current involving a light quark
y and a fictitious valence heavy quark W field given by

T =Wy + gy (8)

Due to symmetry arguments, it can be shown that this
hadronic matrix element is antisymmetric under inter-
change of u and v [40]. The time-momentum representation
of the hadronic tensor is related to the momentum space
representation via

oo d »
R(1_:5.G) = / Sl ym(gp). (9)

The HOPE expression for the momentum space hadronic
matrix element V**(p, g) in the MS scheme is [39]

2if "7 q,0; & 2 -
viv(g,p) === DPe NN (52 o my)pu(u)
Q n=0,even
+ higher-twist terms, (10)

where my is the mass of the fictitious valence heavy quark
and F, are coefficients that can be computed in QCD
perturbation theory and can be expressed as functions of the
kinematic variables

2p.
’éﬁ (11)
with Q? = —¢?. The explicit form of the F, to one-loop

order can be found in Ref. [39]. The coefficients ¢, (1) are
the Gegenbauer moments defined by the relation

?=0Q*+m}, =

(2n+3)

_ b3
) = 5o [ @, (12)

where CJ/? (£) are the Gegenbauer polynomials. The
Gegenbauer moments do not mix under the renormalization

group scale evolution at one-loop order due to conformal
symmetry [41]. They can be related to the Mellin moments
defined above via

Pola) = () =1, (13)
b)) = 5150 - @)@ (4
Puli) =33 UENG0) — 1) () + (@) ). (19)

The main theoretical advantage of the HOPE framework is
the presence of the heavy-quark field, which serves as an
additional hard scale to suppress higher-twist corrections.

A. Lattice correlation functions

The time-momentum representation R*(z_, p, q) can be
determined from a suitable ratio of correlation functions. In
particular, the three-point correlation function

C5 (ter t: Pes )

— E E eiﬁe'ze eiﬁm'fm

X, €AY, EA

X O|T{J% (to X0 )% (10 %) O5(0,0)}[0),  (16)

can be computed using the sequential source method [42].
The sums in the above expression are over the lattice site
locations defined by the set

A ={(i1,ny)|n; =0,1,...N; — 1} (17)
where N; = L/a for i = 1,2,3 and N, = T/a. Here and

below, quantities directly computable from stochastic
estimates of path integrals are represented using calli-

graphic lettering. The operator Oﬂ(ﬁ, 0) is an operator
chosen to possess the quantum numbers of the pion. It is
convenient to work with the set of coordinates

t+:te+tm’ t_:tg_tms (18)

ﬁ:ﬁe+ﬁm7 é):(ﬁe_ﬁm)/2 (19)

The topology of the required Wick contraction is shown in
Fig. 1. By studying the large-7, dependence of the above
correlator, it is possible to show that

hm ng(tev tm;ﬁ67 ﬁm)

[+—>00
= = Z.(P)
= R"(t_;p.q) 25 G
T

~—
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Jz(tnu -fm)

FIG. 1. Topology of required Wick contraction for the calcu-
lation of Eq. (16). Thin solid lines denote light quark propagators,
while the thick line denotes the heavy-quark propagator. Arrows
denote the convention for positive momentum.

with p = p, + p,,. The factor Z,(p) is given by
Z,(p) = (n(p)|0,(0)7|0), (21)

while E,(p) is the energy-eigenvalue corresponding to the
energy-eigenstate |z(p)). Both of these numbers can be
extracted from a study of the two-point correlation function

Zef’z 0|0, (%

XeA|

.1)03(0,0)]0).  (22)

TABLE L.

which admits a spectral decomposition as

LA

lim C,(t;p) = 3E, ()

=00

EdB)t 4 o= Ex(P)(T- r)} (23)

III. NUMERICAL DETAILS

The configurations employed in this work are a superset
of those employed in Ref. [40]. The coarsest three
ensembles corresponding to L/a € {24,32,40} were gen-
erated using a standard heatbath algorithm [43], while the
L/a =48 ensemble was generated using a multiscale
thermalization algorithm first proposed in Ref. [44], which
is expected to reduce the problem of topological charge
freezing up to controllable lattice spacing artifacts and was
shown to do so in other ensembles. Details of the ensembles
used are summarized in Table 1. The heavy quark masses
employed in this work are visualized in Fig. 2. The required
two- and three-point functions were generated using the
software packages Chroma with the QPHIX inverters [45,46],
and the custom-built QC package [47] with the QPhiX
inverters [46].

A. Overview of analysis

The extraction of Mellin moments of the pion LCDA
from correlation functions computed using LQCD requires
several steps of postprocessing. To begin with, recall that

Details of parameters used in this numerical study, where L/a and T/a are the spatial and temporal

extents of the lattice in lattice units; # = 6/¢” is the inverse coupling; a is the lattice spacing; ; is the light quark

hopping parameter, ;!

= 2am; + 8 (this study works in the isospin limit, where m, = m, = m;); ky is the heavy

quark hopping parameter; c, is the clover coefficient obtained from Ref. [48]; Ny, is the number of configurations
employed; and Ny, is the total number of measurements. In cases where this number is larger than the N,
multiple source locations were used on each configuration.

(L/a)’ xT/a p

a (fm) K;

KH Csw N meas

243 x 48 6.10050 0.0813

23 x 64 6.30168 0.0600

403 x 80 6.43306 0.0502

83 x 96 6.59773 0.0407

0.134900

0.135154

0.135145

0.135027

0.1300 1.6842
0.1250
0.1200
0.1160
0.1100

0.1320
0.1280
0.1250
0.1184
0.1130
0.1095

0.1270
0.1217
0.1150

0.1285
0.1244
0.1192
0.1150

6550

1.5792 7000 14000

1.5292 250 10800

1.4797 341 10000
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— a=0.0502 fm
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a = 0.0813 fm
> 0.15
g
~
a
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&
< 0.10
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0.00 : . . . .
0.0 0.2 0.4 0.6 0.8 1.0

(amy)?

FIG. 2. Heavy quark masses considered in this work. The
HOPE method assumes a hierachy of scales in which
Aqcp/my < 1 so that higher-twist contributions are suppressed.
However, for amy ~ 1 large lattice artifacts are anticipated. Thus
a variety of heavy quark masses are chosen to map out the higher-
twist contributions and lattice artifacts so that they can both be
removed.

LQCD provides direct access to the two- and three-point
correlation functions given by Eqs. (23) and (16). From
Eq. (16), it is clear that the large Euclidean time depend-
ence of the three-point correlation function determines the
hadronic matrix element of interest, R*(¢_; p, q). In order
to isolate this matrix element, the quantity

(0)2

R(t,t25P.G) = Zy (1 + byam;;)?

Zn(ﬁ) —E.(P)(t,+1,)/2 -
2E,(p)
Xcgy(teatm;ﬁe’ﬁm) (24)

is constructed. The factors Z,(p) and E,(p) are extracted
from a standard spectroscopy analysis of the two-point
correlation function given in Eq. (23). Details of this
analysis are described in Sec. III B, below. The multipli-

02

cative factor Z,”(1 + baarm;;)? renormalizes the axial

currents in the hadronic matrix element. 21(40) is the
axial-vector operator renormalization constant calculated
in the chiral limit, /,;; = (m; +m;)/2 is the average
masses of the two quark fields in the heavy-light current,
and b, is a parameter that must be tuned to remove the
O(ain;;) corrections to the axial-vector operator. This
removes all O(a) contributions to the hadronic tensor
because the usual operators added to O(a)-improve the
axial-vector currents can be shown using symmetry argu-
ments to evaluate to zero in this matrix element [40]. Values

for these quantities are taken from Ref. [48] and Ref. [49],
respectively. While the Z£‘0> factors are relatively well
constrained, the b, factors are much less well known. In
principle, an incorrect choice of b, will lead to the presence

of O(a) lattice artifacts. However, since this amounts to a
multiplicative mistuning, it will be wholly absorbed into f,
which from Eq. (10) can be seen to serve as an overall
normalization to the hadronic matrix element. Therefore,
while the precise determination of b, is essential for an
accurate extraction of f,, it is irrelevant for the determi-
nation of the Mellin moments.

For suitably large values of ¢,, the above ratio is
expected to asymptote to the hadronic matrix element,
R (t_, p,q), that is,

lim R (1., t_; p. ) = R*™(t_, p. ). (25)

t,—00

Corrections to this form at finite ¢z, are exponentially
suppressed by the mass-gap to the first excited state of the
pion. By studying the ¢, -dependence of R**, it is possible
to determine when residual excited state contamination is
smaller than statistical uncertainties. For fixed #,,, f;, — oo
requires f, — oo. Thus excited state contamination can be
studied by examining the 7, dependence of the hadronic
matrix element. Rather than extrapolating data to 7, — oo,
in this work 7, is fixed in physical units to be large enough
to suppress excited state contamination. This in turn means
that for fixed ¢,, larger ¢,, have exponentially suppressed
excited state contamination. Therefore it is particularly
important to demonstrate that excited state contamination
is suppressed at early Euclidean times. This point will be
returned to later.

Without loss of generality, the hadronic matrix element
can be decomposed into terms that are symmetric and
antisymmetric in 7_,

Gl 135 G) + Rip (14,123 5.3)
(26)

RI(ty, 125 P, 4) =

where
Reym(t4.1-:p. )
= SR 5.8+ Ry 1 5.G). (27)
Riopi (139, 9)
S REL 5. - R — ) (28)

The advantage of this decomposition is threefold. First, as
shown previously, ys Hermiticity can be used to relate the
hadronic matrix elements at positive and negative 7_ values
to the hadronic matrix elements with different three-
momenta [40]. Thus it can be shown that both the even
and odd pieces can be determined from a study of
correlation functions for 7_ > 0. This enables the first
current operator to be placed closer to the source, reducing
the statistical uncertainties stemming from Euclidean time
evolution. In addition, it has been shown in Refs. [40,50]

014510-5
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FIG. 3. Visualizing the predictions of the Fourier transform of

the one-loop HOPE formula given in Eq. (10) for special
kinematics where the leading term in Rir.(7_, p,§) is due to
(€%). Therefore, (£*) is a small but has significant contribution
to R.(t_,p.q), while it has is negligible contribution to
Riym(t_, p,q). This is demonstrated here for the kinematics
described in the text for L/a = 32, aE, = 0.4271 af, = 0.05,
amy = 0.7 and (&%) = 0.2.

that the computation of quantities using only positive 7_
data leads to more correlated statistical fluctuations, which
cancel when the required linear combinations are taken.

Finally, it has been demonstrated in Refs. [40,50] that
using special kinematics where p; =0 and u, v =1,2
results in the leading nonzero contribution to R:: . (7_, p, q)
being due to (£2), and thus the first correction to this is
due to (£%). This is displayed in Fig. 3. For this study, the
momenta

2w

p =200, 9
§=2501.0.-) (30)

are employed. The statistical signal is increased by aver-
aging the correlation function over equivalent momenta.

Having constructed the symmetric and antisymmetric
parts of the hadronic tensor R*(t,,t,,; P, q), a fit to the
continuum, twist-2 form of the HOPE given in Eq. (10)
with Wilson coefficients computed to one loop is per-
formed. The effect of fitting data at finite lattice spacing
with the continuum, twist-2 form of the HOPE formula
implies that the extracted parameters differ from their
continuum, twist-2 values by lattice artifacts and higher-
twist contributions. These contributions are removed by
fitting the extracted parameters to a model that incorporates
both the leading lattice artifacts and higher-twist contribu-
tions. In the following subsections, each of these computa-
tional steps is described in more detail.

B. Hadron spectroscopy

In order to isolate the ground-state energy, E,.(p), and
corresponding overlap factor, Z,(p), standard techniques
from hadron spectroscopy are employed. In particular, the
variational method [51,52] is employed to produce an
optimized pseudoscalar interpolating operator, which is
consistently used in the construction of the two- and three-
point correlation functions studied in this work.

The starting point for the variational method is to
propose a set of operators with the quantum numbers of
the state one is interested in studying. In this work, the
operator set is defined by S, = {O,(x), O,(x)}, where

01 (x) = y(x)rsy(x), (31)

Oy (x) = W (x)yaysw(x). (32)
O,(x) was recently found to enhance the signal-to-noise
ratio of the two-point and three-point pion correlation
functions by a factor that is proportional to the square of
the Lorentz boost factor [53]. Note that O, and O, have
different 7 parity. Therefore, contributions to the spectral
decomposition arising from thermal states will differ.
However, contributions from these thermal states are
negligible compared to statistical errors at this pion mass,
and therefore employing more sophisticated operators with
fixed 7 parity are unnecessary in this exploratory inves-
tigation, and it is left for a future work. The quark fields,
y(x) are spatially smeared using momentum smearing [54]
accelerated using the Frigo-Strumpen algorithm [55] to
increase their overlap with boosted hadron states. With
these two operators, a 2 x 2 matrix of correlation functions
can be constructed,

Ze” (0]O;(x

X€A|

)0L(0)0).  (33)

l]tp

This matrix of correlation functions can be diagonalized
through a generalized eigenvalue problem,

ZC,jtp Vit 1g) = Z/l

tO)CU to, p) le(t tO)
(34)

where v; ,(1, 1) is the jth component of the nth eigenvector
that corresponds to the nth eigenvalue 4, and n € {0, 1}.
Without loss of generality, the eigenvalues are ordered so
that 4,(¢t — ) > 4,,(t — ty) for n < m. It is possible to
construct an optimized interpolating operator for a particu-
lar state in the spectrum by employing

2
Z 1} Lrefs t() x)9 (35)

i=1

014510-6
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where 7y/a = {6,8,10,12} and t.¢/a = {12,16,20,24}
for L/a = {24,32,40,48}. The diagonal elements of the
matrix

2

mntp Z

m U t p Dm (36)

are positive-definite sums of decaying exponentials. Thus
the effective mass of Cy(7, p)

_ éOO(t’ ﬁ) ) (37)

aE (1) = In —
(7 (COO(H' 1, p)

provides a stochastic variational upper bound on the ground
state of the system, that is, E (1) > E,(j)." In practice, the
correlation function Coq (¢, p) is fit to a truncated sum of
exponentials of the form

Ntate |Z‘|2 e_E ,

C(t)zzzE o

s=0

(38)

where N, is the number of energy levels included in the
model. Note that this model is only valid for regions of
Euclidean time where the presence of thermal states can be
safely neglected. In order to constrain the energies E, and
overlap factors |Z,|?, data in the range [fun. fsop] 18 fit to a
model with N, energies. The value of 7, is taken as the
largest time slice where the data satisfies

0, (1)
Coo(t)

where o (1) is the statistical uncertainty in the correlator at

< 0.1, (39)

time #/a, while the optimal #,,; and Ny, are determined
by maximizing

w o exp(—AIC/2 — Ny). (40)

where AIC = y? + 2k is the Akaike information criterion
[56], k is the number of parameters included in the fit, and
N 18 the number of time slices removed from the fit. This
term therefore serves to penalize models that drop early
time data points. This cost function is motivated by
Ref. [57] where these weights are employed to perform
model averaging. The y? function is

=3 Conlt. )~ ()=

1

.0 (Coo(r'. P)=C (1)), (41)

n this work, it will be assumed that the variational bound is
saturated at large Euclidean times, so that a fit to this region gives
information on the underlying eigenvalues of the QCD transfer
matrix.

where %, ; is the full covariance of the data. The resulting
fits for the four ensembles considered in this work are
shown in Fig. 4. The fitted ground-state energies are given
in Table II.

C. Studying the hadronic matrix element

The correlator defined by Eq. (16) is computed using the
pion interpolating operator defined in Eq. (35). This leads
to C¥(ty, 1,3 Pes Pm),i = 1,2. Employing the optimized
weights obtained from the variational analysis described
above, the matrix element for the optimized pseudoscalar
interpolating operator, O, (x), is constructed via

2
)= Z Ui,OC’iw(
i=1

Using the best fit values for the ground-state energy E,(p)
and corresponding overlap factor Z,(p), the ratio defined in
Eq. (24) is constructed.

Excited state contamination is assessed by studying
the dependence on the ratios Riym(?,.7_,p,q) and
R (1, t_, P, q) as a function of 7,. States that propagate
between the source and current must possess the quantum
numbers of the pion, and due to quenching cannot contain
heavy sea quarks. Thus, it is expected that excited state
contamination should be approximately independent of
the heavy-quark mass. This contamination is studied
using the L/a =24 ensemble and the resulting ratio
R¥(t,,t_;p,q) is shown in Fig. 5. From this, it can
be seen that statistical uncertainties dominate excited state
contamination for 7,/a = 8. This corresponds approxi-
mately to 7,/a = {11,13,16} for L/a = {32,40,48}. In
this work, data at these fixed #,/a are used with the
assumption that excited state effects are similar in each
ensemble at comparable physical time separations.

In order to learn about the Mellin moments of the pion
LCDA and higher twist corrections, it is necessary to fit
the numerical ratio R*(t,,t_; p,q) computed at a range
of heavy quark masses to the HOPE formula given by
Eq. (10), Fourier transformed to the time-momentum
representation. An example of the resulting fitted ratio is
shown in Fig. 6. Fits to all ensembles studied in this work
are presented in Figs. 11-14 in the Appendix.

In this work, the HOPE formula is evaluated at a fixed
renormalization scale of 4 = 2 GeV. Other choices for this
scale, including using a renormalization scale that varies
with Q2 or t_ (for example) combined with renormaliza-
tion-group techniques for resumming possible large loga-
rithms, are beyond the scope of this work. Such techniques
will become essential once more precise data are available
in the future.

Since lattice data is fit to the twist-2 continuum form of the
HOPE formula, it is natural to expect that discrepancies
between the HOPE model and the lattice data should occur at
short distances, where residual excited states contamination

Cgb(tevtm;ﬁe’ﬁm te’tm;ﬁe’ﬁm)' (42)
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points indicate that they are included in the fit, blue curves show the highest weight fit, and the shaded horizontal bands denote the

resulting ground state masses extracted from this analysis.

may be present in the ratio, R*(z_,t,, p,q), and lattice
artifacts are not suppressed [58,59], and also at large
distances, where higher-twist contributions and nonpertur-
bative effects can be significant. Therefore, there exists
some uncertainty about the exact range of Euclidean time
which should be included in the fit. This poses a challenge for
the analysis, because the fitted parameters implicitly depend
on the lattice spacing and heavy-quark mass, that is,
(&") = (&")(a, m,). Therefore, the final step in this analysis
requires a continuum, twist-2 extrapolation. Empirically,
it was found that using a single fit window in 7_ in the

TABLE II. Ground state energy for the pion with momentum
|pIL/(2m) =2.

L/a L (fm) aky(p) Ey(p) (GeV)
24 1.95 0.5644(32) 1.3676(77)
32 1.92 0.4271(21) 1.4024(67)
40 2.01 0.3445(14) 1.3520(54)
48 1.95 0.2876(25) 1.392(13)

HOPE-formula fits for all heavy quark masses and lattice
spacings led to unacceptably large y?/dof when subsequent
continuum, twist-2 extrapolations were attempted with the
full dataset, despite the fact that individual y?/dof values for
each fit to the HOPE data were reasonable.

Intuitively, this is because the statistical errors from
individual fits of the HOPE formula to the numerical ratio
RH(t,,t_, p,q) underestimate the systematic uncertainties
in (£2) and (£*). A natural framework for dealing with this
problem is provided by model averaging [57]. While this
prescription is attractive because it provides a simple,
theoretically well-motivated approach to incorporating
the variance over models into the total uncertainty, it is
difficult to implement in a multifit bootstrap analysis like
this one, where the results of this fit are used as inputs into a
second set of fits.” One solution to this problem is to
interpret the series of analysis choices, including the 7,

The challenge of combining bootstrap techniques and model
averaging was acknowledged as an outstanding challenge in
Ref. [57].
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FIG. 5. Excited state contamination in even and odd compo-

nents of ratio R**(t,,1,,; p,q) for a sequential source location
t,/Ja€{4,5,6,...,12}. Results are shown for the L/a =24
ensemble with N ., = 2000 and xy = 0.120. Excited state
contamination is negligible compared to statistical uncertainties
for t,/a > 8 in all cases. The inset plot presents a zoomed in
version of t_/a = 3 showing the #,/a dependence. The shaded
band extends the statistical errors from the 7,/a = 8 point to
demonstrate the convergence of these results within statistical
uncertainties.

and fg,, as well as the subsequent twist-2, continuum
extrapolation as a single model and to perform a model
average over this set of “metamodels.” In practice, this
approach leads to a large number of models, which limit the
feasibility of this strategy. Instead, in this work the
following heuristic method is taken.

In order to determine the region where the HOPE
model is appropriate, fits are performed over a range
of ty/a€[3,10] and tyy/a = (tyen +A)/a with
A/a €[5,10]. Each fit is assigned a weight again, accord-
ing to Eq. (40). Rather than using a single combination
of (tgar» A), which optimizes the weight, the choice of
(fgtart» A) is varied bootstrap by bootstrap, with random
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FIG. 6. Example fit to the time-momentum equivalent of
Eq. (10), for L/a = 24 data with xy = 0.11. The shaded band
represents the one-sigma uncertainties in fitted HOPE model. Fits
with highest weight for all ensembles are shown in the Appendix.

selection implemented according to the above weights such
that fit windows with large probability are sampled more
often than fits with small probability. In this way the
variance in fitted parameters over the space of (., A) are
incorporated into the bootstrap samples. Example fits for all
ensembles are shown in the Appendix. As a result, the
width of the distribution of bootstrap means no longer has a
rigorous relationship to the statistical uncertainty and
instead should be thought of as empirically encoding the
combined statistical and systematic variance stemming
from the choice of (g, A).

The results of these fits are a set of bootstrapped
values for {my, f,, (£3), (£*)}. Since these parameters
are obtained from fitting the continuum, twist-2 HOPE
formula to lattice data, the resulting parameters contain
lattice artifacts and contributions from higher-twist effects.
In the following section the extrapolation to the continuum,
twist-2 limit is described.

D. Continuum, twist-2 extrapolation

Lattice and higher-twist artifacts are removed by fitting
the data to a model of the form

X )
X(a, m\y) = XO + E— + X2a
My
+ X3Cl2mW + X4a2m\21,, (43)

where X € {f,, (€%), (*)}, X, is the parameter of interest,
X1, X5, X3, and X, are nuisance fit parameters that contain
information regarding the sizes of the relevant artifacts. In
order to provide an estimate of the systematic uncertainties
stemming from the use of this procedure, model averaging
[57] is employed. In particular, data shown in each of
Figs. 7-9 is fit to Eq. (43), and all nested models obtained
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from setting all possible subsets of {X;,X,,X3,X,} to
zero. Following the prescription in Ref. [57], for each
model a weight w; « exp(—AIC/2) is assigned. Note that
since no data are removed from the fit, N, = 0. The mean
and variance are computed using

() = SwilX,), (44

B = Skt o - [ Swi] 69

Reference [57] suggests to interpret the first term in
Eq. (44) as the uncertainty due to statistical variation,
while the second and third terms can be understood as the
variance from model variation and therefore can be thought
of as the systematic uncertainty.

In principle, the model described in Eq. (43) can be
applied to f,, (£%) and (£*). However, in practice, (£?) and
(£*) are independent of the absolute normalization of the
hadronic matrix element R*(¢_, p, g), whereas f, depends
on this normalization. As discussed previously, this abso-
lute normalization depends on the axial-vector renormal-

(0)

ization Z AO and b,. Since f, is not the focus of this work,
systematic errors from the estimation of these parameters
are not propagated into the hadronic matrix element, and
subsequently, a thorough estimation of uncertainties of f,
is not performed. In other words, several systematic errors
on this quantity in the twist-2 continuum limit are not
shown in the left plot of Fig. 7 Given this situation, the
agreement between the HOPE method and the conventional
strategy of analyzing two-point functions serves as a
validation of the HOPE approach presented here.

Results for the second and fourth Mellin moments are
shown in Figs. 8 and 9, respectively. The final determi-
nations of the second and fourth Mellin moments are

(&) (u = 2 GeV) = 0.202(8), (46)
(E(u = 2 GeV) = 0.039(28). (47)

Importantly, this value of the second Mellin moment is
consistent with the previous determination [40], which
utilized a subset of the configurations considered here and a
smaller pion momentum.

In order to estimate the uncertainty arising from the use
of one-loop perturbation theory for the Wilson coefficients,
the full analysis method is performed at a renormalization
scale of u? =2u?. The result of this procedure gives
the central values (£2)(u = 2.8 GeV) = 0.211, (&*)(u =
2.8 GeV) = 0.054. Evolving these moments to y = 2 GeV
using one-loop running leads to (£2)(u = 2 GeV) = 0.212
and (£*)(u = 2 GeV) = 0.050. The difference between the
central values of these two determinations at 4 = 2 GeV is
taken as a systematic error, to be added in quadrature with the

combined statistical and systematic error from the variation
over models. Therefore, the final results are

(E)(u =2 GeV) = 0.202(8)(9), (48)
(E(u =2 GeV) = 0.039(28)(11). (49)

In principle, the estimate of scale variation uncertainty
should be performed by resumming the logarithms in the
t_ space first, similar to those done in Refs. [60-63].
By Fourier transforming the logarithm of x?/(Q* + m2)
in the momentum-space Wilson coefficient, one finds

Inf?s_/(21/G* + mj,)] in t_ space, which corresponds to

the initial scale [uo(7_)]> = 24/g* + m2/i_. Within the

range of t_ used for the fit, this scale remains above
~1.5 GeV, which is not much different from y =2 GeV
and should not constitute a significant scale variation.
However, the full OPE expression includes more compli-
cated logarithms after the Fourier transform, which corre-
sponds to different initial scales. A further study of this
resummation will be carried out in a future work.

IV. DISCUSSION

It is interesting to compare the results of this work with
other determinations of the low Mellin moments of the pion
LCDA using LQCD. More results exist for the second
Mellin moment than the fourth Mellin moment. Other
results for both are shown in Fig. 10. The result presented
for the second Mellin moment is consistent with the
previous determination using a subset of the ensembles
used here although it is smaller (at several sigma) than other
recent results for this quantity. There are several reasons
why this may be so. In particular, this calculation was
performed at a light quark mass corresponding to a pion
mass of m, ~ 550 MeV, while other recent determinations
either employ an explicit extrapolation to the physical pion
mass [19,64], or work directly with light quark masses
which produce a physical pion mass [62,63,65]. Works that
study the quark mass dependence of this quantity, for
example, Ref. [64], observe approximately a one percent
increase in the second Mellin moment of the pion LCDA as
they vary the quark mass from approximately 550 MeV to
the physical pion mass. Thus while the slope has the correct
sign to reduce the discrepancy between these two results,
the magnitude is too small to explain the difference
between the result presented here and other determinations
of this quantity. Of other results shown in Fig. 10, those
from Refs. [19,40,64,66,67] are in the continuum limit.
Thus other results contain a systematic error from working
at finite lattice spacing which is not estimated. Finally, in
addition to the differences in pion mass and lattice artifacts,
the calculation presented here was also performed using the
quenched approximation. Empirically, it has been observed
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FIG. 10. Comparison of results obtained in this work to other determinations [19,40,63-66,68] of the low Mellin moments of the pion
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that quenching can lead to an uncontrolled systematic error
of the order of 10-20 percent, but since there is no way of
rigorously estimating this uncertainty without performing
the dynamical calculation, here the result is quoted without
this source of systematic error.

The result presented in this article constitutes the first
continuum limit determination of the fourth Mellin moment
of the pion LCDA. Three previous determinations of the
fourth Mellin moment exist in the literature, each obtained
at finite lattice spacing. The result presented in this work for
the fourth Mellin moment is in agreement with Ref. [68],
but smaller than the previous determination in Ref. [65] at a
1 sigma level. However, as with the second Mellin moment,
underestimated systematic errors arising from the quenched
approximation and the use of an unphysical pion mass (in
this work) and lattice artifacts (in other works) prevent a
direct comparison of these results. There exists a larger
discrepancy between Ref. [63] and this work, which was
determined using the LaMET framework. Formally,
LaMET gives direct access to a range of &€ [ow. Ehigh]
where —1 < &5y < &hign < 1. Thus in order to convert
the £ dependence into constraints on the Mellin moments,
the endpoints must be modeled. Therefore, the result
presented in Ref. [63] contains an additional systematic
uncertainty from the modeling of these endpoints, which
is not estimated.

At asymptotically large renormalization scales, the form
of the LCDA is ¢(&, u — o0) =3 (1 — £%). The correspond-
ing set of Mellin moments are (£°) =1, (£2) =0.2 and

(&%) = 0.086. Therefore, while the numerical determina-
tion for the second Mellin moment presented here is in
agreement with the asymptotic prediction, the fourth Mellin
moment disagrees with it at just over one sigma, providing
weak evidence that, at the scales considered here, the
LCDA has not yet evolved to its asymptotic form. While it
is interesting to speculate about the implications of this
work for phenomenology, in particular for predictions of
the pion electromagnetic form factor, the presence of
uncontrolled systematic uncertainties from quenching pre-
cludes a detailed analysis. The systematic error incurred
from quenching and the use of an unphysical pion mass will
be addressed in future work.

V. CONCLUSIONS

The pion light-cone distribution amplitude constitutes a
central observable of interest for exclusive processes in QCD.
One approach to extracting information about this amplitude
is via a calculation of the associated Mellin moments. In
this work, the HOPE method was employed to compute
the second and fourth Mellin moments of the pion LCDA.
The result for the second moment was found to be
(&) (u =2 GeV) = 0.202(8), which is consistent with
the previous determination using the same technique, and
after accounting for a 10-20 percent systematic error from
quenching, is also in agreement with other calculations in the
literature. The fourth Mellin moment of the pion at m, =~
550 MeV in the quenched approximation was found to be

014510-12



PARTON PHYSICS FROM A HEAVY-QUARK OPERATOR ...

PHYS. REV. D 113, 014510 (2026)

(& (u =2 GeV) = 0.039(28)(11). (50)

This value is in tension with the previous two determinations
of this quantity, although systematic effects due to the
differences in lattice artifacts present in other calculations,
and the use of the quenched approximation used in this
calculation likely explain these differences. This result
demonstrates that the HOPE method provides a viable
approach to studying the higher moments of the LCDA
and other hadron structure observables, which may be related
to an OPE. Importantly, this study shows that precision
determinations of these low moments are possible using the
technique described here with current-era computing resour-
ces. Further studies using the HOPE method with gauge field
ensembles incorporating dynamical fermions at different
quark masses are underway and will allow the systematic
errors incurred from the quenched approximation and use of
an unphysical pion mass to be removed.
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APPENDIX: FITS TO HOPE FORMULA

The hadronic matrix element defined in Eq. (24) is fitted
to the one-loop form of the HOPE equation given in
Eq. (10). Since the choice of fit window is determined
by goodness of fit, fit parameters are resampled as
described in Sec. III to account for the systematic error
stemming from the choice of 7., and A. Highest weight
fits for each ensemble are shown here.
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FIG. 13. Same as in Fig. 11 for L/a = 40, ki = 0.1270, 0.1217, 0.1150.
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