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The pion light-cone distribution amplitude (LCDA) is an essential nonperturbative input for a range
of high-energy exclusive processes in quantum chromodynamics. Building on our previous work, the
continuum limit of the fourth Mellin moment of the pion LCDA is determined in quenched QCD using
quark masses which correspond to a pion mass of mπ ¼ 550 MeV. This calculation finds hξ2i ¼
0.202ð8Þð9Þ and hξ4i ¼ 0.039ð28Þð11Þ where the first error indicates the combined statistical and
systematic uncertainty from the analysis and the second indicates the uncertainty from working with
Wilson coefficients computed to next-to-leading order. These results are presented in the MS scheme at a
renormalization scale of μ ¼ 2 GeV.
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I. INTRODUCTION

Understanding the internal structure of hadrons from
the fundamental theory of the strong force, quantum
chromodynamics (QCD), is a central goal of nuclear
physics. Due to asymptotic freedom, certain short-distance
properties of hadrons, including observables relevant for
the study of their internal structure may be predicted using
perturbation theory. In order to make contact with experi-
ments, it is essential that these perturbative calculations are
combined with nonperturbative hadronic matrix elements
that describe long-distance physics. The separation of an

observable into perturbatively calculable short-distance
kernels and long-range nonperturbative matrix elements
is known as a QCD factorization theorem. These theorems
can be obtained for a range of physical processes including
deep inelastic scattering and the Drell-Yan process.
Factorization theorems also exist for a range of high-energy
exclusive processes in QCD. One of the most well-known
of these is the factorization for the pion electromagnetic
form factor, FπðQ2Þ which states that at asymptotically
high Q2, where Λ2

QCD=Q
2 → 0 [1–3],

Q2FπðQ2Þ ¼ 16πf2παSðQ2Þ; ð1Þ
with fπ ¼ 0.132 GeV being the pion decay constant and
αSðQ2Þ being the QCD running coupling evaluated at the
scale Q2. The asymptotic Q2 → ∞ limit clearly cannot be
reached in experiment. However, it is natural to expect
that at subasymptotic energies, the above relation should
hold modulo perturbative corrections and higher-twist
contributions.
At experimentally accessible kinematics, the more

appropriate expression is

Q2FπðQ2Þ ¼ 16πf2παSðQ2Þw2ðQ2Þ; ð2Þ
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which differs from the asymptotic form by the factor [3,4]

wðμÞ ¼ 1

3

Z
1

−1
dξ

ϕðξ; μÞ
1þ ξ

; ð3Þ

where ϕðx; μ2Þ is the light-cone distribution amplitude
(LCDA) and plays a somewhat analogous role to the
parton distribution function for exclusive processes. In
light-cone gauge, the LCDA has the interpretation of a
probability amplitude for a meson (in this case, the pion) to
convert into a collinear quark and antiquark pair with
momentum fractions ð1þ ξÞ=2 and ð1 − ξÞ=2, respectively.
This transition amplitude therefore carries the nonpertur-
bative information about the electromagnetic form factor,
FπðQ2Þ. Assuming the above integral converges, it is
possible to expand the denominator of the integrand and
integrate term by term. Thus one finds the equivalent
expression

wðμÞ ¼ 2

3

X∞
n¼0

ð−1ÞnhξniðμÞ; ð4Þ

where

hξniðμÞ ¼ 1

2

Z
1

−1
dξξnϕðξ; μÞ; ð5Þ

defines the nth Mellin moment of the LCDA.
A general property of the nonperturbative long-range

components of factorization theorems is process independ-
ence. This feature increases the predictability of these
theorems, since it implies the same nonperturbative inputs
enter into a range of different physical observables. In the
case of the pion LCDA, it can be shown that this quantity is
essential for a high-energy description of decays of heavy
hadrons [5–8], which are sensitive to Cabibbo–Kobayashi–
Maskawa matrix elements. In addition, processes like
deeply virtual meson production admit a factorization
theorem in which the pion LCDA is a required input [9].
Due to its nonperturbative character, it is natural to

attempt to learn about the LCDA using lattice QCD
(LQCD). Formally, the LCDA is defined as

h0jψ̄dðzÞγμγ5W½z;−z�ψuð−zÞjπþðp⃗Þi

¼ ipμfπ

Z
1

−1
dξe−iξp·zϕπðξ; μÞ; ð6Þ

where W½−z; z� is a lightlike Wilson line (z2 ¼ 0). In the
above equation, p⃗, and pμ are the three-momentum and the
four-momentum of the pion, respectively. While matrix
elements of the light-like operator defined above can in
principle be directly computed using Minkowski-space
formulations of lattice field theory [10–15], so far it has

only been feasible for lower dimensional theories such as
the Schwinger model. This lightlike operator poses chal-
lenges for a direct evaluation of this quantity in Euclidean-
space formulations of four-dimensional LQCD. The operator
product expansion (OPE) can be used to relate this nonlocal
operator to a set of local operators, which can be directly
computed using LQCD [16–19]. These local operators can
be directly related to the Mellin moments defined in Eq. (5).
More recently, new ideas have led to alternate

methods for calculating the LCDA and related hadronic
structure quantities [20–36]. These other methods may be
separated into inverse-problem techniques [20,33,34,37],
OPE or short-distance-factorization approaches
[21–25,29–32,35], and large-momentum effective theory
(LaMET) [26–28,36], which permits direct calculation of
the Bjorken-x dependence in a limited range. In practice,
these approaches provide complementary information on
the parton distributions and can be combined to maximize
the predictive power [38].
In this work, an approach first proposed in Ref. [23] and

since termed the heavy-quark OPE (HOPE) method is
employed to study the low moments of the pion LCDA.
In this approach, a two-current hadronic matrix element is
computed using LQCD. The currents are chosen to be flavor-
changing heavy-light currents. The theoretical approach was
further developed in Ref. [39] and the first numerical
determination of the second Mellin moment of the pion
LCDA was presented in Ref. [40]. While this calculation
demonstrated that theHOPEmethodwas a viablemethod for
studying the lowest non-trivial Mellin moment, it did not
demonstrate the central benefit of the HOPEmethod, namely
that the approach can be applied to study the higher Mellin
moments. Therefore, the goal of this work is to study the
prospects for a controlled calculation of the fourth Mellin
moment, including the choice of kinematics and the relative
sensitivity of this method to the higher moments.
In this work, a numerical calculation of the second

Mellin moment and, for the first time, the fourth Mellin
moment of the pion LCDA in the continuum limit is
presented. After including estimated uncertainties from the
effects of quenching, unphysical pion mass and finite lattice
spacings present in other calculations, the results presented
here agree with other results presented in the literature. In
addition, the second moment agrees with the previous
determination using the HOPE method [40]. These results
suggest that the HOPEmethod is a viable technique to learn
about the higher moments of hadron structure observables
like the LCDA. In particular, this numerical study dem-
onstrates for the first time direct evidence that the HOPE
method is able to sidestep the problem of power diver-
gences present in the local operator approach, which has
limited that technique to the second Mellin moment [17].
The structure of this paper is as follows: in Sec. II the
HOPE method is introduced, in Sec. III the numerical
details of the study are explained and results for the second
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and fourth Mellin moments are presented, in Sec. IV the
values determined here are compared to other results in the
literature, and in Sec. V the conclusions of this work are
summarized.

II. THE HOPE METHOD

The HOPE method allows one to extract information
about nonperturbative quantities that feature in QCD
factorization theorems from the Euclidean time dependence
of hadronic matrix elements. In the case of the pion LCDA,
information about the Mellin moments can be obtained
from a study of the hadronic matrix element

Rμνðt−; p⃗; q⃗Þ ¼
Z

d3z⃗eiq⃗·z⃗h0jTfJμAðt−=2; z⃗=2ÞJνA
× ð−t−=2;−z⃗=2Þgjπðp⃗Þi; ð7Þ

where JμA is an axial-vector current involving a light quark
ψ and a fictitious valence heavy quark Ψ field given by

JμA ¼ Ψ̄γμγ5ψ þ ψ̄γμγ5Ψ: ð8Þ
Due to symmetry arguments, it can be shown that this
hadronic matrix element is antisymmetric under inter-
change of μ and ν [40]. The time-momentum representation
of the hadronic tensor is related to the momentum space
representation via

Rμνðt−; p⃗; q⃗Þ ¼
Z

dq4
ð2πÞ e

−iq4t−Vμνðq; pÞ: ð9Þ

The HOPE expression for the momentum space hadronic
matrix element Vμνðp; qÞ in the MS scheme is [39]

Vμνðq;pÞ¼−
2ifπϵμνρσqρpσ

Q̃2

X∞
n¼0;even

F nðQ̃2;μ;ω̃;mΨÞϕnðμÞ

þhigher-twist terms; ð10Þ

where mΨ is the mass of the fictitious valence heavy quark
and F n are coefficients that can be computed in QCD
perturbation theory and can be expressed as functions of the
kinematic variables

Q̃2 ¼ Q2 þm2
Ψ; ω̃ ¼ 2p · q

Q̃2
ð11Þ

with Q2 ¼ −q2. The explicit form of the F n to one-loop
order can be found in Ref. [39]. The coefficients ϕnðμÞ are
the Gegenbauer moments defined by the relation

ϕnðμÞ ¼
ð2nþ 3Þ

3ðnþ 1Þðnþ 2Þ
Z

1

−1
dξC3=2n ðξÞϕðξ; μÞ; ð12Þ

where C3=2n ðξÞ are the Gegenbauer polynomials. The
Gegenbauer moments do not mix under the renormalization

group scale evolution at one-loop order due to conformal
symmetry [41]. They can be related to the Mellin moments
defined above via

ϕ0ðμÞ ¼ hξ0iðμÞ ¼ 1; ð13Þ

ϕ2ðμÞ ¼
7

12
½5hξ2iðμÞ − hξ0iðμÞ�; ð14Þ

ϕ4ðμÞ ¼
11

24
½21hξ4iðμÞ − 14hξ2iðμÞ þ hξ0iðμÞ�: ð15Þ

The main theoretical advantage of the HOPE framework is
the presence of the heavy-quark field, which serves as an
additional hard scale to suppress higher-twist corrections.

A. Lattice correlation functions

The time-momentum representation Rμνðt−; p⃗; q⃗Þ can be
determined from a suitable ratio of correlation functions. In
particular, the three-point correlation function

Cμν3 ðte; tm; p⃗e; p⃗mÞ
¼

X
x⃗e ∈Λ

X
x⃗m ∈Λ

eip⃗e·x⃗eeip⃗m·x⃗m

× h0jTfJμAðte; x⃗eÞJνAðtm; x⃗mÞO†
πð0⃗; 0Þgj0i; ð16Þ

can be computed using the sequential source method [42].
The sums in the above expression are over the lattice site
locations defined by the set

Λ ¼ fðn⃗; n4Þjni ¼ 0; 1;…Ni − 1g ð17Þ

where Ni ¼ L=a for i ¼ 1; 2; 3 and N4 ¼ T=a. Here and
below, quantities directly computable from stochastic
estimates of path integrals are represented using calli-
graphic lettering. The operator Oπð0⃗; 0Þ is an operator
chosen to possess the quantum numbers of the pion. It is
convenient to work with the set of coordinates

tþ ¼ te þ tm; t− ¼ te − tm; ð18Þ

p⃗ ¼ p⃗e þ p⃗m; q⃗ ¼ ðp⃗e − p⃗mÞ=2: ð19Þ

The topology of the required Wick contraction is shown in
Fig. 1. By studying the large-tþ dependence of the above
correlator, it is possible to show that

lim
tþ→∞

Cμν3 ðte; tm; p⃗e; p⃗mÞ

¼ Rμνðt−; p⃗; q⃗Þ
Zπðp⃗Þ
2Eπðp⃗Þ

e−Eπðp⃗Þtþ=2 ð20Þ
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with p⃗ ¼ p⃗e þ p⃗m. The factor Zπðp⃗Þ is given by

Zπðp⃗Þ ¼ hπðp⃗ÞjOπð0Þ†j0i; ð21Þ

while Eπðp⃗Þ is the energy-eigenvalue corresponding to the
energy-eigenstate jπðp⃗Þi. Both of these numbers can be
extracted from a study of the two-point correlation function

C2ðt; p⃗Þ ¼
X
x⃗∈ jΛj

eip⃗·x⃗h0jOπðx⃗; tÞO†
πð0⃗; 0Þj0i; ð22Þ

which admits a spectral decomposition as

lim
t→∞

C2ðt; p⃗Þ ¼
jZπðp⃗Þj2
2Eπðp⃗Þ

h
e−Eπðp⃗Þt þ e−Eπðp⃗ÞðT−tÞ

i
: ð23Þ

III. NUMERICAL DETAILS

The configurations employed in this work are a superset
of those employed in Ref. [40]. The coarsest three
ensembles corresponding to L=a∈ f24; 32; 40g were gen-
erated using a standard heatbath algorithm [43], while the
L=a ¼ 48 ensemble was generated using a multiscale
thermalization algorithm first proposed in Ref. [44], which
is expected to reduce the problem of topological charge
freezing up to controllable lattice spacing artifacts and was
shown to do so in other ensembles. Details of the ensembles
used are summarized in Table I. The heavy quark masses
employed in this work are visualized in Fig. 2. The required
two- and three-point functions were generated using the
software packages Chroma with the QPHIX inverters [45,46],
and the custom-built QC package [47] with the QPhiX
inverters [46].

A. Overview of analysis

The extraction of Mellin moments of the pion LCDA
from correlation functions computed using LQCD requires
several steps of postprocessing. To begin with, recall that

FIG. 1. Topology of required Wick contraction for the calcu-
lation of Eq. (16). Thin solid lines denote light quark propagators,
while the thick line denotes the heavy-quark propagator. Arrows
denote the convention for positive momentum.

TABLE I. Details of parameters used in this numerical study, where L=a and T=a are the spatial and temporal
extents of the lattice in lattice units; β ¼ 6=g2 is the inverse coupling; a is the lattice spacing; κl is the light quark
hopping parameter, κ−1i ¼ 2ami þ 8 (this study works in the isospin limit, where mu ¼ md ¼ ml); κH is the heavy
quark hopping parameter; csw is the clover coefficient obtained from Ref. [48]; Ncfg is the number of configurations
employed; and Nmeas is the total number of measurements. In cases where this number is larger than the Ncfg,
multiple source locations were used on each configuration.

ðL=aÞ3 × T=a β a (fm) κl κH csw Ncfg Nmeas

243 × 48 6.10050 0.0813 0.134900 0.1300 1.6842 6550 6550
0.1250
0.1200
0.1160
0.1100

323 × 64 6.30168 0.0600 0.135154 0.1320 1.5792 7000 14000
0.1280
0.1250
0.1184
0.1130
0.1095

403 × 80 6.43306 0.0502 0.135145 0.1270 1.5292 250 10800
0.1217
0.1150

483 × 96 6.59773 0.0407 0.135027 0.1285 1.4797 341 10000
0.1244
0.1192
0.1150
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LQCD provides direct access to the two- and three-point
correlation functions given by Eqs. (23) and (16). From
Eq. (16), it is clear that the large Euclidean time depend-
ence of the three-point correlation function determines the
hadronic matrix element of interest, Rμνðt−; p⃗; q⃗Þ. In order
to isolate this matrix element, the quantity

Rμνðtþ; t−; p⃗; q⃗Þ ¼ Zð0Þ2
A ð1þ b̃Aam̃ijÞ2

×

�
Zπðp⃗Þ
2Eπðp⃗Þ

e−Eπðp⃗ÞðteþtmÞ=2
�
−1

× Cμν3 ðte; tm; p⃗e; p⃗mÞ ð24Þ
is constructed. The factors Zπðp⃗Þ and Eπðp⃗Þ are extracted
from a standard spectroscopy analysis of the two-point
correlation function given in Eq. (23). Details of this
analysis are described in Sec. III B, below. The multipli-

cative factor Zð0Þ2
A ð1þ b̃Aam̃ijÞ2 renormalizes the axial

currents in the hadronic matrix element. Zð0Þ
A is the

axial-vector operator renormalization constant calculated
in the chiral limit, m̃ij ¼ ðmi þmjÞ=2 is the average
masses of the two quark fields in the heavy-light current,
and b̃A is a parameter that must be tuned to remove the
Oðam̃ijÞ corrections to the axial-vector operator. This
removes all OðaÞ contributions to the hadronic tensor
because the usual operators added to OðaÞ-improve the
axial-vector currents can be shown using symmetry argu-
ments to evaluate to zero in this matrix element [40]. Values
for these quantities are taken from Ref. [48] and Ref. [49],

respectively. While the Zð0Þ
A factors are relatively well

constrained, the b̃A factors are much less well known. In
principle, an incorrect choice of b̃A will lead to the presence

of OðaÞ lattice artifacts. However, since this amounts to a
multiplicative mistuning, it will be wholly absorbed into fπ ,
which from Eq. (10) can be seen to serve as an overall
normalization to the hadronic matrix element. Therefore,
while the precise determination of b̃A is essential for an
accurate extraction of fπ, it is irrelevant for the determi-
nation of the Mellin moments.
For suitably large values of tþ, the above ratio is

expected to asymptote to the hadronic matrix element,
Rμνðt−; p⃗; q⃗Þ, that is,

lim
tþ→∞

Rμνðtþ; t−; p⃗; q⃗Þ ¼ Rμνðt−; p⃗; q⃗Þ: ð25Þ

Corrections to this form at finite tþ are exponentially
suppressed by the mass-gap to the first excited state of the
pion. By studying the tþ-dependence of Rμν, it is possible
to determine when residual excited state contamination is
smaller than statistical uncertainties. For fixed tm, tþ → ∞
requires te → ∞. Thus excited state contamination can be
studied by examining the te dependence of the hadronic
matrix element. Rather than extrapolating data to te → ∞,
in this work te is fixed in physical units to be large enough
to suppress excited state contamination. This in turn means
that for fixed te, larger tm have exponentially suppressed
excited state contamination. Therefore it is particularly
important to demonstrate that excited state contamination
is suppressed at early Euclidean times. This point will be
returned to later.
Without loss of generality, the hadronic matrix element

can be decomposed into terms that are symmetric and
antisymmetric in t−,

Rμνðtþ; t−; p⃗; q⃗Þ ¼ Rμν
symðtþ; t−; p⃗; q⃗Þ þRμν

antiðtþ; t−; p⃗; q⃗Þ
ð26Þ

where

Rμν
symðtþ; t−; p⃗; q⃗Þ

¼ 1

2
½Rμνðtþ; t−; p⃗; q⃗Þ þRμνðtþ;−t−; p⃗; q⃗Þ�; ð27Þ

Rμν
antiðtþ; t−; p⃗; q⃗Þ

¼ 1

2
½Rμνðtþ; t−; p⃗; q⃗Þ −Rμνðtþ;−t−; p⃗; q⃗Þ�: ð28Þ

The advantage of this decomposition is threefold. First, as
shown previously, γ5 Hermiticity can be used to relate the
hadronic matrix elements at positive and negative t− values
to the hadronic matrix elements with different three-
momenta [40]. Thus it can be shown that both the even
and odd pieces can be determined from a study of
correlation functions for t− > 0. This enables the first
current operator to be placed closer to the source, reducing
the statistical uncertainties stemming from Euclidean time
evolution. In addition, it has been shown in Refs. [40,50]

FIG. 2. Heavy quark masses considered in this work. The
HOPE method assumes a hierachy of scales in which
ΛQCD=mΨ ≪ 1 so that higher-twist contributions are suppressed.
However, for amΨ ∼ 1 large lattice artifacts are anticipated. Thus
a variety of heavy quark masses are chosen to map out the higher-
twist contributions and lattice artifacts so that they can both be
removed.
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that the computation of quantities using only positive t−
data leads to more correlated statistical fluctuations, which
cancel when the required linear combinations are taken.
Finally, it has been demonstrated in Refs. [40,50] that

using special kinematics where p3 ¼ 0 and μ, ν ¼ 1; 2
results in the leading nonzero contribution toRμν

antiðt−; p⃗; q⃗Þ
being due to hξ2i, and thus the first correction to this is
due to hξ4i. This is displayed in Fig. 3. For this study, the
momenta

p⃗ ¼ 2π

L
ð2; 0; 0Þ; ð29Þ

q⃗ ¼ 2π

L
ð1; 0;−1Þ ð30Þ

are employed. The statistical signal is increased by aver-
aging the correlation function over equivalent momenta.
Having constructed the symmetric and antisymmetric

parts of the hadronic tensor Rμνðte; tm; p⃗; q⃗Þ, a fit to the
continuum, twist-2 form of the HOPE given in Eq. (10)
with Wilson coefficients computed to one loop is per-
formed. The effect of fitting data at finite lattice spacing
with the continuum, twist-2 form of the HOPE formula
implies that the extracted parameters differ from their
continuum, twist-2 values by lattice artifacts and higher-
twist contributions. These contributions are removed by
fitting the extracted parameters to a model that incorporates
both the leading lattice artifacts and higher-twist contribu-
tions. In the following subsections, each of these computa-
tional steps is described in more detail.

B. Hadron spectroscopy

In order to isolate the ground-state energy, Eπðp⃗Þ, and
corresponding overlap factor, Zπðp⃗Þ, standard techniques
from hadron spectroscopy are employed. In particular, the
variational method [51,52] is employed to produce an
optimized pseudoscalar interpolating operator, which is
consistently used in the construction of the two- and three-
point correlation functions studied in this work.
The starting point for the variational method is to

propose a set of operators with the quantum numbers of
the state one is interested in studying. In this work, the
operator set is defined by Sπ ¼ fO1ðxÞ;O2ðxÞg, where

O1ðxÞ ¼ ψ̄ðxÞγ5ψðxÞ; ð31Þ

O2ðxÞ ¼ ψ̄ðxÞγ4γ5ψðxÞ: ð32Þ

O2ðxÞ was recently found to enhance the signal-to-noise
ratio of the two-point and three-point pion correlation
functions by a factor that is proportional to the square of
the Lorentz boost factor [53]. Note that O1 and O2 have
different T parity. Therefore, contributions to the spectral
decomposition arising from thermal states will differ.
However, contributions from these thermal states are
negligible compared to statistical errors at this pion mass,
and therefore employing more sophisticated operators with
fixed T parity are unnecessary in this exploratory inves-
tigation, and it is left for a future work. The quark fields,
ψðxÞ are spatially smeared using momentum smearing [54]
accelerated using the Frigo-Strumpen algorithm [55] to
increase their overlap with boosted hadron states. With
these two operators, a 2 × 2 matrix of correlation functions
can be constructed,

Cijðt; p⃗Þ ¼
X
x⃗∈ jΛj

eip⃗·x⃗h0jOiðxÞO†
jð0Þj0i: ð33Þ

This matrix of correlation functions can be diagonalized
through a generalized eigenvalue problem,

X
j

Cijðt; p⃗Þvj;nðt; t0Þ ¼
X
j

λnðt − t0ÞCijðt0; p⃗Þvj;nðt; t0Þ;

ð34Þ

where vj;nðt; t0Þ is the jth component of the nth eigenvector
that corresponds to the nth eigenvalue λn, and n∈ f0; 1g.
Without loss of generality, the eigenvalues are ordered so
that λnðt − t0Þ ≥ λmðt − t0Þ for n < m. It is possible to
construct an optimized interpolating operator for a particu-
lar state in the spectrum by employing

OπðxÞ ¼
X2
i¼1

vi0ðtref ; t0ÞOiðxÞ; ð35Þ

FIG. 3. Visualizing the predictions of the Fourier transform of
the one-loop HOPE formula given in Eq. (10) for special
kinematics where the leading term in Rμν

antiðt−; p⃗; q⃗Þ is due to
hξ2i. Therefore, hξ4i is a small but has significant contribution
to Rμν

antiðt−; p⃗; q⃗Þ, while it has is negligible contribution to
Rμν
symðt−; p⃗; q⃗Þ. This is demonstrated here for the kinematics

described in the text for L=a ¼ 32, aEπ ¼ 0.4271 afπ ¼ 0.05,
amΨ ¼ 0.7 and hξ2i ¼ 0.2.
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where t0=a ¼ f6; 8; 10; 12g and tref=a ¼ f12; 16; 20; 24g
for L=a ¼ f24; 32; 40; 48g. The diagonal elements of the
matrix

C̃mnðt; p⃗Þ ¼
X2
i;j¼1

vimCijðt; p⃗Þvjn; ð36Þ

are positive-definite sums of decaying exponentials. Thus
the effective mass of C̃00ðt; p⃗Þ

aEeffðtÞ ¼ ln

�
C̃00ðt; p⃗Þ

C̃00ðtþ 1; p⃗Þ

�
ð37Þ

provides a stochastic variational upper bound on the ground
state of the system, that is, EeffðtÞ ≥ Eπðp⃗Þ.1 In practice, the
correlation function C̃00ðt; p⃗Þ is fit to a truncated sum of
exponentials of the form

CðtÞ ¼
XNstate

s¼0

jZsj2
2Es

e−Est; ð38Þ

where Nstate is the number of energy levels included in the
model. Note that this model is only valid for regions of
Euclidean time where the presence of thermal states can be
safely neglected. In order to constrain the energies Es and
overlap factors jZsj2, data in the range ½tstart; tstop� is fit to a
model with Nstate energies. The value of tstop is taken as the
largest time slice where the data satisfies

σC̃00ðtÞ
C̃00ðtÞ

< 0.1; ð39Þ

where σC̃00ðtÞ is the statistical uncertainty in the correlator at
time t=a, while the optimal tstart and Nstate are determined
by maximizing

w ∝ expð−AIC=2 − NcutÞ; ð40Þ

where AIC ¼ χ2 þ 2k is the Akaike information criterion
[56], k is the number of parameters included in the fit, and
Ncut is the number of time slices removed from the fit. This
term therefore serves to penalize models that drop early
time data points. This cost function is motivated by
Ref. [57] where these weights are employed to perform
model averaging. The χ2 function is

χ2¼
X
t;t0

ðC̃00ðt;p⃗Þ−CðtÞÞ½Σ−1�t;t0 ðC̃00ðt0;p⃗Þ−Cðt0ÞÞ; ð41Þ

where Σt;t0 is the full covariance of the data. The resulting
fits for the four ensembles considered in this work are
shown in Fig. 4. The fitted ground-state energies are given
in Table II.

C. Studying the hadronic matrix element

The correlator defined by Eq. (16) is computed using the
pion interpolating operator defined in Eq. (35). This leads
to Cμν

i ðte; tm; p⃗e; p⃗mÞ; i ¼ 1; 2. Employing the optimized
weights obtained from the variational analysis described
above, the matrix element for the optimized pseudoscalar
interpolating operator, OπðxÞ, is constructed via

Cμν3 ðte; tm; p⃗e; p⃗mÞ ¼
X2
i¼1

vi;0C
μν
i ðte; tm; p⃗e; p⃗mÞ: ð42Þ

Using the best fit values for the ground-state energy Eπðp⃗Þ
and corresponding overlap factor Zπðp⃗Þ, the ratio defined in
Eq. (24) is constructed.
Excited state contamination is assessed by studying

the dependence on the ratios Rμν
symðtþ; t−; p⃗; q⃗Þ and

Rμν
antiðtþ; t−; p⃗; q⃗Þ as a function of te. States that propagate

between the source and current must possess the quantum
numbers of the pion, and due to quenching cannot contain
heavy sea quarks. Thus, it is expected that excited state
contamination should be approximately independent of
the heavy-quark mass. This contamination is studied
using the L=a ¼ 24 ensemble and the resulting ratio
Rμνðtþ; t−; p⃗; q⃗Þ is shown in Fig. 5. From this, it can
be seen that statistical uncertainties dominate excited state
contamination for te=a ¼ 8. This corresponds approxi-
mately to te=a ¼ f11; 13; 16g for L=a ¼ f32; 40; 48g. In
this work, data at these fixed te=a are used with the
assumption that excited state effects are similar in each
ensemble at comparable physical time separations.
In order to learn about the Mellin moments of the pion

LCDA and higher twist corrections, it is necessary to fit
the numerical ratio Rμνðtþ; t−; p⃗; q⃗Þ computed at a range
of heavy quark masses to the HOPE formula given by
Eq. (10), Fourier transformed to the time-momentum
representation. An example of the resulting fitted ratio is
shown in Fig. 6. Fits to all ensembles studied in this work
are presented in Figs. 11–14 in the Appendix.
In this work, the HOPE formula is evaluated at a fixed

renormalization scale of μ ¼ 2 GeV. Other choices for this
scale, including using a renormalization scale that varies
with Q̃2 or t− (for example) combined with renormaliza-
tion-group techniques for resumming possible large loga-
rithms, are beyond the scope of this work. Such techniques
will become essential once more precise data are available
in the future.
Since lattice data is fit to the twist-2 continuum form of the

HOPE formula, it is natural to expect that discrepancies
between theHOPEmodel and the lattice data should occur at
short distances, where residual excited states contamination

1In this work, it will be assumed that the variational bound is
saturated at large Euclidean times, so that a fit to this region gives
information on the underlying eigenvalues of the QCD transfer
matrix.
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may be present in the ratio, Rμνðt−; tþ; p⃗; q⃗Þ, and lattice
artifacts are not suppressed [58,59], and also at large
distances, where higher-twist contributions and nonpertur-
bative effects can be significant. Therefore, there exists
some uncertainty about the exact range of Euclidean time
which should be included in the fit. This poses a challenge for
the analysis, because the fitted parameters implicitly depend
on the lattice spacing and heavy-quark mass, that is,
hξni ¼ hξniða;mψÞ. Therefore, the final step in this analysis
requires a continuum, twist-2 extrapolation. Empirically,
it was found that using a single fit window in t− in the

HOPE-formula fits for all heavy quark masses and lattice
spacings led to unacceptably large χ2=dof when subsequent
continuum, twist-2 extrapolations were attempted with the
full dataset, despite the fact that individual χ2=dof values for
each fit to the HOPE data were reasonable.
Intuitively, this is because the statistical errors from

individual fits of the HOPE formula to the numerical ratio
Rμνðtþ; t−; p⃗; q⃗Þ underestimate the systematic uncertainties
in hξ2i and hξ4i. A natural framework for dealing with this
problem is provided by model averaging [57]. While this
prescription is attractive because it provides a simple,
theoretically well-motivated approach to incorporating
the variance over models into the total uncertainty, it is
difficult to implement in a multifit bootstrap analysis like
this one, where the results of this fit are used as inputs into a
second set of fits.2 One solution to this problem is to
interpret the series of analysis choices, including the tstart

FIG. 4. Effective mass plots for ensembles studied in this work. Grey data points denote the numerical data not used in the fit, black
points indicate that they are included in the fit, blue curves show the highest weight fit, and the shaded horizontal bands denote the
resulting ground state masses extracted from this analysis.

TABLE II. Ground state energy for the pion with momentum
jp⃗jL=ð2πÞ ¼ 2.

L=a L (fm) aE0ðp⃗Þ E0ðp⃗Þ (GeV)
24 1.95 0.5644(32) 1.3676(77)
32 1.92 0.4271(21) 1.4024(67)
40 2.01 0.3445(14) 1.3520(54)
48 1.95 0.2876(25) 1.392(13)

2The challenge of combining bootstrap techniques and model
averaging was acknowledged as an outstanding challenge in
Ref. [57].
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and tstop as well as the subsequent twist-2, continuum
extrapolation as a single model and to perform a model
average over this set of “metamodels.” In practice, this
approach leads to a large number of models, which limit the
feasibility of this strategy. Instead, in this work the
following heuristic method is taken.
In order to determine the region where the HOPE

model is appropriate, fits are performed over a range
of tstart=a∈ ½3; 10� and tstop=a ¼ ðtstart þ ΔÞ=a with
Δ=a∈ ½5; 10�. Each fit is assigned a weight again, accord-
ing to Eq. (40). Rather than using a single combination
of ðtstart;ΔÞ, which optimizes the weight, the choice of
ðtstart;ΔÞ is varied bootstrap by bootstrap, with random

selection implemented according to the above weights such
that fit windows with large probability are sampled more
often than fits with small probability. In this way the
variance in fitted parameters over the space of ðtstart;ΔÞ are
incorporated into the bootstrap samples. Example fits for all
ensembles are shown in the Appendix. As a result, the
width of the distribution of bootstrap means no longer has a
rigorous relationship to the statistical uncertainty and
instead should be thought of as empirically encoding the
combined statistical and systematic variance stemming
from the choice of ðtstart;ΔÞ.
The results of these fits are a set of bootstrapped

values for fmΨ; fπ; hξ2i; hξ4ig. Since these parameters
are obtained from fitting the continuum, twist-2 HOPE
formula to lattice data, the resulting parameters contain
lattice artifacts and contributions from higher-twist effects.
In the following section the extrapolation to the continuum,
twist-2 limit is described.

D. Continuum, twist-2 extrapolation

Lattice and higher-twist artifacts are removed by fitting
the data to a model of the form

Xða;mΨÞ ¼ X0 þ
X1

mΨ
þ X2a2

þ X3a2mΨ þ X4a2m2
Ψ; ð43Þ

where X∈ ffπ; hξ2i; hξ4ig, X0 is the parameter of interest,
X1, X2, X3, and X4 are nuisance fit parameters that contain
information regarding the sizes of the relevant artifacts. In
order to provide an estimate of the systematic uncertainties
stemming from the use of this procedure, model averaging
[57] is employed. In particular, data shown in each of
Figs. 7–9 is fit to Eq. (43), and all nested models obtained

FIG. 5. Excited state contamination in even and odd compo-
nents of ratio Rμνðte; tm; p⃗; q⃗Þ for a sequential source location
te=a∈ f4; 5; 6;…; 12g. Results are shown for the L=a ¼ 24
ensemble with Nmeas ¼ 2000 and κH ¼ 0.120. Excited state
contamination is negligible compared to statistical uncertainties
for te=a ≥ 8 in all cases. The inset plot presents a zoomed in
version of t−=a ¼ 3 showing the te=a dependence. The shaded
band extends the statistical errors from the te=a ¼ 8 point to
demonstrate the convergence of these results within statistical
uncertainties.

FIG. 6. Example fit to the time-momentum equivalent of
Eq. (10), for L=a ¼ 24 data with κH ¼ 0.11. The shaded band
represents the one-sigma uncertainties in fitted HOPE model. Fits
with highest weight for all ensembles are shown in the Appendix.
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FIG. 7. Continuum, twist-2 extrapolation of fπ . The left-hand plot shows values of fπ determined at different heavy quark masses,
with the resulting extrapolated value in black. Data at finite lattice spacing are colored by the ensemble and offset proportional to the
heavy-quark mass. Shaded grey data and curve correspond to two-point correlator analysis on a subset of the configurations studied
here. The right-hand plot shows the relative weights, wi for the models considered in the model average.

FIG. 8. Continuum, twist-2 extrapolation of second Mellin moment of pion LCDA. Details are as in Fig. 7.

FIG. 9. Continuum, twist-2 extrapolation of fourth Mellin moment of pion LCDA. Continuum, twist-2 extrapolation of second Mellin
moment of pion LCDA. Details are as in Fig. 7.
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from setting all possible subsets of fX1; X2; X3; X4g to
zero. Following the prescription in Ref. [57], for each
model a weight wi ∝ expð−AIC=2Þ is assigned. Note that
since no data are removed from the fit, Ncut ¼ 0. The mean
and variance are computed using

hXji ¼
X
i

wihXjii; ð44Þ

σ2Xj
¼

X
i

wiσ
2
Xj;i

þ
X
i

wihXji2i −
�X

i

wihXjii
�
2

: ð45Þ

Reference [57] suggests to interpret the first term in
Eq. (44) as the uncertainty due to statistical variation,
while the second and third terms can be understood as the
variance from model variation and therefore can be thought
of as the systematic uncertainty.
In principle, the model described in Eq. (43) can be

applied to fπ , hξ2i and hξ4i. However, in practice, hξ2i and
hξ4i are independent of the absolute normalization of the
hadronic matrix element Rμνðt−; p⃗; q⃗Þ, whereas fπ depends
on this normalization. As discussed previously, this abso-
lute normalization depends on the axial-vector renormal-

ization Zð0Þ
A and b̃A. Since fπ is not the focus of this work,

systematic errors from the estimation of these parameters
are not propagated into the hadronic matrix element, and
subsequently, a thorough estimation of uncertainties of fπ
is not performed. In other words, several systematic errors
on this quantity in the twist-2 continuum limit are not
shown in the left plot of Fig. 7 Given this situation, the
agreement between the HOPEmethod and the conventional
strategy of analyzing two-point functions serves as a
validation of the HOPE approach presented here.
Results for the second and fourth Mellin moments are

shown in Figs. 8 and 9, respectively. The final determi-
nations of the second and fourth Mellin moments are

hξ2iðμ ¼ 2 GeVÞ ¼ 0.202ð8Þ; ð46Þ

hξ4iðμ ¼ 2 GeVÞ ¼ 0.039ð28Þ: ð47Þ

Importantly, this value of the second Mellin moment is
consistent with the previous determination [40], which
utilized a subset of the configurations considered here and a
smaller pion momentum.
In order to estimate the uncertainty arising from the use

of one-loop perturbation theory for the Wilson coefficients,
the full analysis method is performed at a renormalization
scale of μ02 ¼ 2μ2. The result of this procedure gives
the central values hξ2iðμ ¼ 2.8 GeVÞ ¼ 0.211, hξ4iðμ ¼
2.8 GeVÞ ¼ 0.054. Evolving these moments to μ ¼ 2 GeV
using one-loop running leads to hξ2iðμ ¼ 2 GeVÞ ¼ 0.212
and hξ4iðμ ¼ 2 GeVÞ ¼ 0.050. The difference between the
central values of these two determinations at μ ¼ 2 GeV is
taken as a systematic error, to be added in quadraturewith the

combined statistical and systematic error from the variation
over models. Therefore, the final results are

hξ2iðμ ¼ 2 GeVÞ ¼ 0.202ð8Þð9Þ; ð48Þ

hξ4iðμ ¼ 2 GeVÞ ¼ 0.039ð28Þð11Þ: ð49Þ

In principle, the estimate of scale variation uncertainty
should be performed by resumming the logarithms in the
t− space first, similar to those done in Refs. [60–63].
By Fourier transforming the logarithm of μ2=ðQ̃2 þm2

ψÞ
in the momentum-space Wilson coefficient, one finds

ln½μ2t−=ð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þm2

ψ

q
Þ� in t− space, which corresponds to

the initial scale ½μ0ðt−Þ�2 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q⃗2 þm2

ψ

q
=t−. Within the

range of t− used for the fit, this scale remains above
∼1.5 GeV, which is not much different from μ ¼ 2 GeV
and should not constitute a significant scale variation.
However, the full OPE expression includes more compli-
cated logarithms after the Fourier transform, which corre-
sponds to different initial scales. A further study of this
resummation will be carried out in a future work.

IV. DISCUSSION

It is interesting to compare the results of this work with
other determinations of the lowMellin moments of the pion
LCDA using LQCD. More results exist for the second
Mellin moment than the fourth Mellin moment. Other
results for both are shown in Fig. 10. The result presented
for the second Mellin moment is consistent with the
previous determination using a subset of the ensembles
used here although it is smaller (at several sigma) than other
recent results for this quantity. There are several reasons
why this may be so. In particular, this calculation was
performed at a light quark mass corresponding to a pion
mass of mπ ≈ 550 MeV, while other recent determinations
either employ an explicit extrapolation to the physical pion
mass [19,64], or work directly with light quark masses
which produce a physical pion mass [62,63,65]. Works that
study the quark mass dependence of this quantity, for
example, Ref. [64], observe approximately a one percent
increase in the second Mellin moment of the pion LCDA as
they vary the quark mass from approximately 550 MeV to
the physical pion mass. Thus while the slope has the correct
sign to reduce the discrepancy between these two results,
the magnitude is too small to explain the difference
between the result presented here and other determinations
of this quantity. Of other results shown in Fig. 10, those
from Refs. [19,40,64,66,67] are in the continuum limit.
Thus other results contain a systematic error from working
at finite lattice spacing which is not estimated. Finally, in
addition to the differences in pion mass and lattice artifacts,
the calculation presented here was also performed using the
quenched approximation. Empirically, it has been observed
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that quenching can lead to an uncontrolled systematic error
of the order of 10–20 percent, but since there is no way of
rigorously estimating this uncertainty without performing
the dynamical calculation, here the result is quoted without
this source of systematic error.
The result presented in this article constitutes the first

continuum limit determination of the fourth Mellin moment
of the pion LCDA. Three previous determinations of the
fourth Mellin moment exist in the literature, each obtained
at finite lattice spacing. The result presented in this work for
the fourth Mellin moment is in agreement with Ref. [68],
but smaller than the previous determination in Ref. [65] at a
1 sigma level. However, as with the second Mellin moment,
underestimated systematic errors arising from the quenched
approximation and the use of an unphysical pion mass (in
this work) and lattice artifacts (in other works) prevent a
direct comparison of these results. There exists a larger
discrepancy between Ref. [63] and this work, which was
determined using the LaMET framework. Formally,
LaMET gives direct access to a range of ξ∈ ½ξlow; ξhigh�
where −1 < ξlow < ξhigh < 1. Thus in order to convert
the ξ dependence into constraints on the Mellin moments,
the endpoints must be modeled. Therefore, the result
presented in Ref. [63] contains an additional systematic
uncertainty from the modeling of these endpoints, which
is not estimated.
At asymptotically large renormalization scales, the form

of the LCDA is ϕðξ; μ → ∞Þ ¼ 3
2
ð1 − ξ2Þ. The correspond-

ing set of Mellin moments are hξ0i ¼ 1, hξ2i ¼ 0.2 and

hξ4i ¼ 0.086. Therefore, while the numerical determina-
tion for the second Mellin moment presented here is in
agreement with the asymptotic prediction, the fourth Mellin
moment disagrees with it at just over one sigma, providing
weak evidence that, at the scales considered here, the
LCDA has not yet evolved to its asymptotic form. While it
is interesting to speculate about the implications of this
work for phenomenology, in particular for predictions of
the pion electromagnetic form factor, the presence of
uncontrolled systematic uncertainties from quenching pre-
cludes a detailed analysis. The systematic error incurred
from quenching and the use of an unphysical pion mass will
be addressed in future work.

V. CONCLUSIONS

The pion light-cone distribution amplitude constitutes a
central observable of interest for exclusive processes inQCD.
One approach to extracting information about this amplitude
is via a calculation of the associated Mellin moments. In
this work, the HOPE method was employed to compute
the second and fourth Mellin moments of the pion LCDA.
The result for the second moment was found to be
hξ2iðμ ¼ 2 GeVÞ ¼ 0.202ð8Þ, which is consistent with
the previous determination using the same technique, and
after accounting for a 10–20 percent systematic error from
quenching, is also in agreement with other calculations in the
literature. The fourth Mellin moment of the pion at mπ ≈
550 MeV in the quenched approximation was found to be

FIG. 10. Comparison of results obtained in this work to other determinations [19,40,63–66,68] of the low Mellin moments of the pion
LCDA.
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hξ4iðμ ¼ 2 GeVÞ ¼ 0.039ð28Þð11Þ: ð50Þ

This value is in tension with the previous two determinations
of this quantity, although systematic effects due to the
differences in lattice artifacts present in other calculations,
and the use of the quenched approximation used in this
calculation likely explain these differences. This result
demonstrates that the HOPE method provides a viable
approach to studying the higher moments of the LCDA
and other hadron structure observables,whichmaybe related
to an OPE. Importantly, this study shows that precision
determinations of these low moments are possible using the
technique described here with current-era computing resour-
ces. Further studies using the HOPEmethodwith gauge field
ensembles incorporating dynamical fermions at different
quark masses are underway and will allow the systematic
errors incurred from the quenched approximation and use of
an unphysical pion mass to be removed.
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APPENDIX: FITS TO HOPE FORMULA

The hadronic matrix element defined in Eq. (24) is fitted
to the one-loop form of the HOPE equation given in
Eq. (10). Since the choice of fit window is determined
by goodness of fit, fit parameters are resampled as
described in Sec. III to account for the systematic error
stemming from the choice of tstart and Δ. Highest weight
fits for each ensemble are shown here.
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FIG. 11. Symmetric and antisymmetric parts of hadronic matrix element and the resulting best-fit curve with statistical uncertainties
obtained by using the HOPE formula given in Eq. (10). The plots correspond to L=a ¼ 24, κH ¼ 0.130, 0.125, 0.120, 0.116, 0.110.
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FIG. 12. Same as in Fig. 11 for L=a ¼ 32, κH ¼ 0.1320, 0.1280, 0.1250, 0.1184, 0.1130, 0.1095.
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FIG. 13. Same as in Fig. 11 for L=a ¼ 40, κH ¼ 0.1270, 0.1217, 0.1150.
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