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The surprising manifestation of collectivity in small collision systems, such as nucleon-nucleon and
nucleon-nucleus collisions, is perhaps even more striking when discussed at higher momenta. In larger
systems, high-pT elliptic anisotropy is understood as a selection bias effect due to the smaller energy loss
experienced along the shorter direction that aligns with the event plane. However, in small systems the
amount of energy loss appears insufficient to reproduce the sizable angular anisotropy observed
experimentally. In this work, we explore a new mechanism generating preferred orientations for energetic
particles without the need of energy loss. We exploit a simple model that is based on two basic although
inalienable ingredients: geometry and quantum mechanics. Our findings suggest that this sum-over-paths
mechanism can provide a relevant contribution to so-called flow coefficients of energetic particles
traversing deconfined media of any size.
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I. INTRODUCTION

One of the most surprising properties of the new state of
hot QCD matter produced in relativistic heavy-ion colli-
sions at RHIC and the LHC is its nearly perfect fluidity,
characteristic of strongly coupled liquids [1–5]. In order to
efficiently convert spatial anisotropies defined by the initial
collision overlap geometry into momentum anisotropies of
the soft particles measured at detectors, viscous corrections
to the relativistic hydrodynamic equations need to be very
small [6–8]. The intimate relation between the initial
geometry of the system and the emergence of preferred
orientations is by now well established in a variety of
systems [9,10], with hydrodynamics standing as the
most plausible link between them. For an approximately
elliptic medium (an ellipse being the dominant shape of
the overlapping region between the collision of two
Lorentz-contracted spherical nuclei), pressure gradients
are larger along the event plane axis of the collision
than perpendicular to it, and so the subsequent explo-
sion is strongest along the event plane axis. This sets
that axis as the preferred orientation for the low-pT

particles resulting from the eventual hadronization of
the flowing medium.
The geometry of the overlap region can also be respon-

sible for preferred orientations for high-pT particles, rare
excitations produced within the system which are never-
theless decoupled from it, in the sense that their dynamics is
not described by hydrodynamics. Their interactions with
the bulk of the system leads to energy loss processes that
are part of a set of phenomena colloquially referred to as jet
quenching [11–21]. In particular, for an approximately
elliptic medium, jets oriented along the semiminor axis (the
event plane of the collision) will typically suffer less energy
loss than those oriented along the semimajor axis [22,23].
This leads to a selection bias effect that also sets the event
plane axis as the preferred orientation for energetic particles
(an elliptic anisotropy), in line with experimental observa-
tions in nucleus-nucleus collisions [24–31].
While the understanding of the appearance of preferred

orientations in the so-called large collision systems
(nucleus-nucleus, or AA) seems to be more or less complete
from low- to high-momentum particles, the situation is very
different for small collision systems (nucleon-nucleon, or
pp, and nucleon-nucleus, or pA). The striking discovery of
collectivity effects in small systems at the LHC more than a
decade ago [32–35] (for reviews see [36–38]), similar to
those observed in large systems, was not accompanied by
the distinctive jet quenching phenomena [39–43]. This is
most likely due to the inability of the smallest systems to
inflict sizable energy loss effects onto the traversing
energetic particles, as can be inferred by a recent system
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size scan on the magnitude of high-pT yield suppression
presented in [44]. No sizable quenching effects, alas with a
notable exception: significant elliptic anisotropies have
been observed in high-pT particles in pA systems [45–47].
The conundrum is immediately clear. How can one

obtain a preferred orientation along the event plane axis
due to differences in energy loss between the short and the
long path, when energy loss effects are too small to start
with? This puzzle can be more precisely quantified by noting
that in order to obtain the measured high-pT elliptical
anisotropy, also called v2, one needs so much energy loss
that yield suppression, also called RAA, is way too strong to
accommodate experimental observations [48–50].
Naturally, alternative mechanisms to produce high-pT v2

without sizable energy loss have been put forward in the
literature. These range from correlations in the initial state
attributed to gluon saturation [51–53], correlations via
double parton scattering [54] or independent multiple
parton scatterings [55,56], including as well the role played
by momentum conservation of the system as a whole
[57–59]. It has also been observed that in effective kinetic
theories of interacting quarks and gluons, a few scatterings
are enough to generate sizable anisotropies via the so-called
escape mechanism [60–62]. To the best of our knowledge,
however, a fully satisfactory explanation is still missing.
This motivates us to offer new viewpoints with which to
contribute to the resolution of this enticing enigma.
In the last years, there have been important theoretical

developments in the computation of jet quenching phe-
nomena which account for nontrivial medium properties
such as its inhomogeneity or flowing nature [63–68]. In the
present work we will take into account another nontrivial,
albeit admittedly obvious feature of the medium, which is
that it lies within a closed region of space possessing a
boundary. In addition to this purely geometrical aspect, the
second medium feature we will consider is the following. It
is well known that probe particles under the influence of an
external field experience a phase shift. A paradigmatic
example is the Aharonov-Bohm effect [69], where gauge
potentials induce observable phase differences in quantum
amplitudes. In gauge theories this phase is encoded in path-
ordered exponentials of the gauge field, known as Wilson
lines [70]. In jet quenching theory, Wilson lines encode the
non-Abelian color rotation suffered due to multiple scatter-
ings with the medium (see, e.g., [71–73]). The presence of
an in-medium phase shift is the key and sole medium-
induced effect around which our exploratory model is built.
We consider eikonal propagation, without broadening
effects nor medium-induced radiation, and where the only
medium effect consists in a phase shift. It is reasonable to
expect that this is the leading effect in small systems, where
path lengths are too small for kinematic or inelastic effects
to develop. The interplay of the phase shift with the shape
of the boundary is the driving force behind the effects
presented in this work.

Our model is deliberately simple. It aims at containing
just the necessary elements, in its most basic form,
appropriate for the physics we want to describe: geometry
and quantum mechanics. While this obviously entails the
risk of oversimplifying the problem at hand, it is only
through this simplicity that the feasibility of the new
mechanism can be assessed in this first exploratory study.
The rest of the paper is organized as follows. In Sec. II

we briefly present our model setup. In Sec. III we adopt the
stationary phase approximation, appropriate in the high-
momentum limit, in order to compute the angular distri-
bution in the far field where the detector lies, obtaining a
transparent expression for v2. Next, in Sec. IV we compute
the angular distribution exactly for the case in which we
have an elliptic medium, which allows us to compare
against the analytical results of Sec. III and assess its
regime of validity. In Sec. V we present our combined
results for v2 from Secs. III and IV as a function of the
system size and eccentricity, as well as look at the norm of
the transmitted wave, confirming the absence of energy loss
effects already for fairly low momenta. In Sec. VI we
conclude and look ahead.

II. MODEL SETUP

Let us consider a scalar particle ψ that interacts with a
constant electrostatic potential V (mostly minus metric
convention):

ðD2 þm2Þψðr; tÞ ¼ 0; ð1Þ

where the covariant derivative is Dμ ¼ ∂μ þ iqAμ, with
qAμ ¼ ðV; 0Þ. The time-independent equation that
describes the stationary states of energy E is given by
the Helmholtz equation1

ð∇2 þ k2ÞψðrÞ ¼ 0; ð2Þ

where k is the wave number, whose value inside and
outside the static medium contained in region Ω is

ki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE − VÞ2 −m2

q
; ko ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
: ð3Þ

It is important to stress that the effect of the medium leads
to no energy loss whatsoever. If the potential V depended
on time, the energy E would not be a conserved quantity—
but we have assumed time-independent V. The potential

1Note that this scenario becomes applicable when the source is
turned on for a time Δt that can accommodate several wave
cycles, and so it should be more valid at larger energies (smaller
wavelengths), although the parametric size of Δt depends on the
production mechanism itself. A better treatment of the wave
packet nature of the excitation, involving a convolution over the
energy eigenstates computed here, will be addressed in future
work.
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VðrÞ [which we assume to be piecewise constant in space,
namely VðrÞ ¼ V if r∈Ω and VðrÞ ¼ 0 if r ∉ Ω] is real,
and therefore the Hamiltonian is Hermitian. Similarly to
light entering a glass block, the particle can change its wave
number k, but its frequency E remains fixed. Any reflection
and transmission at the boundary will thus be elastic.
This toy model, reminiscent of the century-old α-decay

problem [74], despite its simplicity may capture relevant
aspects of high-pT particle propagation in a medium. The
leading effect of the medium on an energetic particle
consists in a rotation of its color quantum labels due to
multiple soft scatterings with the background gauge field,
which are encapsulated in a Wilson line dressing the
excitation. If one assumes that the background gauge field
is Abelian and consists just of a purely electrostatic, time-
independent (and space-piecewise-constant) potential,
then the Wilson line reduces to WðtÞ ∼ eiVt, leading to
ψðr; tÞ ¼ ψðrÞe−iðE−VÞt. This is clearly equivalent to the
modification of the dispersion relation presented above via
the minimal coupling prescription.

III. LARGE k LIMIT USING STATIONARY PHASE
APPROXIMATION

The first approach we take is appropriate in the high-k
limit and is based in the stationary phase approximation
(SPA), or WKB approximation. The goal is to obtain the
wave function measured at the detector at infinity. Our
starting point is the boundary integral representation (a
short derivation of which is given in Supplemental Material
[75]), which provides the value of the wave function
outside of the medium when the source that produced
the excitation is inside its boundary:

ψðrÞ ¼
Z
∂Ω

dα½ψðsÞ∂nGoðr; sÞ −Goðr; sÞ∂nψðsÞ�; ð4Þ

where ∂Ω represents the boundary of the medium, para-
metrized by arc-length coordinate α (so that dα denotes the
line element along the boundary), sðαÞ is the location of the
boundary and z is the location of the source. In the far-field
approximation, i.e., jrj → ∞, with r ¼ rê, the outer Green’s
function becomes

Goðr; sÞ ∼
ieikore−i

π
4ffiffiffiffiffiffiffiffiffiffiffiffi

8πkor
p e−ikos·ê; ð5Þ

as can be understood from the asymptotic behavior of

Hð1Þ
0 ðkojr − sjÞ, which is the outgoing wave solution of the

Helmholtz equation in two dimensions. The leading
contribution to the boundary integral of the so-called
double-layer potential term is then ∂nGoðr; sÞ≈
ð−ikoê · n̂ÞGoðr; sÞ, with n̂ the unit vector normal to the
boundary.

We continue by assuming the large wave number limit
kR ≫ 1, where R ∼ κ−1 is the local curvature radius of ∂Ω,
which crucially allows us to use Kirchhoff approximation.
For distances close to a given boundary point s, the
wavefront from the incident, small wavelength wave ψ i
can be approximated by a plane wave with local propaga-
tion direction û≡ ðs − zÞ=js − zj. Furthermore, for a wave-
length small compared to the local curvature radius
of the boundary, the interaction of the plane wave with
a smooth interface is well approximated locally by the
plane-plane transmission problem, so the total field
on the boundary can be written as ψðs; zÞ ≈ Tψ iðs; zÞ,
where T is the plane-wave transmission amplitude T ¼
ð2ki cos θiÞ=ðki cos θi þ ko cos θoÞ (see, e.g., [76]). This
approximation neglects multiple reflections and other
effects that deviate from specular transmission. The angles
θi and θo correspond to cos θi ≡ û · n̂ and cos θo ≡ ê · n̂.
The incident, locally plane, wave created by the pointlike
source is

ψ iðs; zÞ ∼
ieikijs−zje−iπ4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8πkijs − zjp ; ð6Þ

and the leading k contribution from the derivative term
of the single-layer potential term gives ∂nψðs; zÞ≈
iki cos θiψðs; zÞ. Putting everything together, the far-field
wave function at the detector is

ψðrÞ ∼ −eikor

4π
ffiffiffiffiffiffiffi
kor

p ffiffiffiffi
ki

p Z
∂Ω

dα
cos θiffiffiffiffiffiffiffiffiffiffiffiffijs − zjp eiχðαÞ; ð7Þ

where we have defined the highly oscillatory phase as
χðsÞ≡ kijs − zj − kos · ê. To find the stationary points α�,
we need to compute the extrema of χðαÞ:

χ0ðαÞjα¼α� ¼ 0 → kiû · t̂ ¼ koê · t̂; ð8Þ

where we defined the unit tangent vector t̂≡ ds=dα. For
the second derivative we need to compute

χ00ðαÞ ¼ ki
d
dα

ðû · t̂Þ − ko
d
dα

ðê · t̂Þ: ð9Þ

The first term yields

d
dα

ðû · t̂Þ ¼ 1

js − zj ðt̂ − ðû · t̂ÞûÞ · t̂þ û · ð−κn̂Þ; ð10Þ

where κ is the local curvature of the boundary and
dt̂=dα ¼ −κn̂, with n̂ the outward normal. Noting that
û · t̂ ¼ sin θi, we get

χ00ðαÞ ¼ kicos2θi
js − zj þ κðko cos θo − ki cos θiÞ: ð11Þ
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Performing the stationary phase approximation then
yields

ψðrÞ ∼ −eikor

4π
ffiffiffiffiffiffiffi
kor

p
ffiffiffiffi
ki

p
cos θiffiffiffiffiffiffiffiffiffiffiffiffiffiffijs� − zjp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

jχ00ðα�Þj

s
eiχðα�Þþiπ

4
sgnðχ00ðα�ÞÞ;

ð12Þ

where s� ≡ sðα�Þ. From now on we omit overall factors
unimportant to the angular dependence at the detector;
i.e., we work up to an overall normalization independent
of the detector angle. The far-field angular-dependent part
of the amplitude jψðrÞj2 goes like

ASðϕÞ ∼ kicos2θi
jkicos2θi þ Lκðko cos θo − ki cos θiÞj

; ð13Þ

where the superscript S stands for “SPA.”We have defined
the distance from the source to the boundary as
L≡ js� − zj. Note that θi, θo, L and κ depend on the
location of the stationary point at the boundary, s�, which
in turn depends on the detector angle ϕ, as determined by
solving the far-field Snell’s law in Eq. (8).
We can get a better handle on the implications of Eq. (13)

by making an estimate of v2, the so-called elliptic flow
coefficient. To that end we will assume that the source of
the particle is at the center of the medium and that the
boundary is an ellipse with semimajor axis a and semi-
minor axis b. If we parametrize the boundary as xðθÞ ¼
a cos θ and yðθÞ ¼ b sin θ, the curvature is

κðθÞ ¼ ab

ða2sin2θ þ b2cos2θÞ32 : ð14Þ

For a hard probe, an approximate expression for v2 is given
by [77]

v2 ≈
1

2

Ashort −Along

Ashort þAlong
; ð15Þ

whereAshort (Along) refers to the intensity in the short (long)
direction of the ellipse. Let us take a dispersion relation for
a particle with zero mass, i.e., ki ¼ ko − V, and use the
eccentricity e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − b2=a2

p
, finding

vA2 ≈
Vð2 − e2Þe2

4ð1 − e2Þko þ 2e4V
; ð16Þ

where the superscript A stands for “approximate.” This is
one of the main results of this paper. Several interesting
observations can be made from this remarkably simple
expression. The first two are that when V ¼ 0 (no medium)
or e ¼ 0 (no spatial anisotropies, as in a circle), then v2
vanishes. One also observes that the size of v2 roughly
increases with increasing e and increasing V, and it is

strictly positive. This expression also predicts that
v2ðkoÞ ∼ 1=ko. Last but not least, this expression for v2
does not depend on the system size.
The physics of this result can be easily understood from

the sum-over-paths picture of quantum mechanics. A
particle going along the short direction will encounter a
smaller curvature κ at the boundary than if it goes along the
long direction. At small curvatures κ, different paths nearby
the stationary point (those explored by the particle wave-
length λ) will acquire an in-medium phase that is relatively
similar. When curvature is high, the phases of those nearby
paths become increasingly different. This logic is depicted
with the help of Fig. 1. The result of having similar phases
is that they add more constructively than when they are
disparate, thus enhancing the amplitude in the short
direction (low curvature) more than in the long direction
(high curvature). How fast the phase varies is encoded in
the second derivative term stemming from the stationary
phase approximation, jχ00ðα�Þj. As the particle wavelength
decreases, the size of the boundary explored also decreases,
making differences in in-medium paths between the low
and high curvature exit points fade away as the boundary
becomes locally flat. This last observation explains why the
size of v2 decreases with increasing k ∼ 1=λ.
The analytical expression in Eq. (16) is useful to discuss

the qualitative behavior of v2; however, for the highest
eccentricities the actual value can sizably deviate from the
approximate one. For this reason, in Sec. V we show results
for the full SPA expression in Eq. (13). Details on how it is
solved are given in Supplemental Material [75].

FIG. 1. Sum-over-paths sketch illustrating the difference in in-
medium phase accumulation between trajectories exiting along
the short (lower curvature κ) and long (higher curvature κ)
directions of the ellipse. The amount of paths explored is
proportional to the particle wavelength λ. Sizes are not drawn
to scale: the medium (in blue) is only a few femtometers across,
whereas the detector (dashed gray line) is located meters away.
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IV. EXACT SOLUTION FOR AN ELLIPTIC
MEDIUM USING MATHIEU FUNCTIONS

In order to obtain a solution that does not rely on the type
of approximations adopted in the SPA analysis, we now
solve the problem numerically. In particular, this approach
allows us to explore arbitrary values of ko, such as those
which are not necessarily larger than 1=R. From the
beginning, we restrict the shape of the medium to be that
of an ellipse. The natural coordinates are standard elliptic
coordinates ðμ; νÞ:

x ¼ c cosh μ cos ν;

y ¼ c sinh μ sin ν; ð17Þ

with μ ≥ 0 and 0 ≤ ν < 2π. The curves of constant μ are
ellipses with a major semiaxis a ¼ c cosh μ and a minor
semiaxis b ¼ c sinh μ, with an eccentricity e ¼ 1= cosh μb,
where μb denotes the boundary of the elliptic medium.
In elliptic coordinates, the Laplacian is given by
∇2 ¼ ð∂2μ þ ∂

2
νÞ= ffiffiffi

g
p

, with
ffiffiffi
g

p ¼ c2ðcosh2 μ − cos2 νÞ.
Using the separation ansatz ψðμ; νÞ ¼ MðμÞNðνÞ, the
Helmholtz equation in Eq. (2) becomes

1

MðμÞ
d2M
dμ2

þ 1

NðνÞ
d2N
dν2

þ2qðcosh2μ−cos2νÞ¼0; ð18Þ

where we have defined the dimensionless parameter
q ¼ k2c2=4. This separates into two ordinary differential
equations—the angular (in ν) and radial (in μ) Mathieu
equations

d2N
dν2

þ ðλq − 2q cos 2νÞN ¼ 0;

d2M
dμ2

− ðλq − 2q cosh 2μÞM ¼ 0; ð19Þ

where λq is the separation constant. Periodic solutions in ν
exist only for a discrete set of eigenvalues, λmq , which satisfy
the angular Mathieu equation with even or odd parity,
where the index m labels the modes (representing the
number of nodes over the ellipse). The Fourier coefficients
for the even and odd angular solutions, cemðν; qÞ and
semðν; qÞ, respectively, are determined by substituting a
Fourier expansion into the angular equation and solving the
resulting recurrence relations. The corresponding radial
solutions, Mcmðμ; qÞ and Msmðμ; qÞ, are obtained using the
same set of eigenvalues λmq entering the angular equation
but are expressed as a Bessel series instead of a Fourier
series due to the transformation ν → iμ.
Using the addition theorem [78], we can express the

Green’s function of the two-dimensional Helmholtz equa-
tion, GoðrÞ ¼ i

4
Hð1Þ

0 ðkrÞ, in terms of Mathieu functions in
elliptic coordinates as

Hð1Þ
0 ðkrÞ ¼ 2

π

X∞
m¼0

h
cemðν; qÞcemðνs; qÞMcð1Þm ðμs; qÞ

×Mcð3Þm ðμ; qÞ þ semðν; qÞsemðνs; qÞ
×Msð1Þm ðμs; qÞMsð3Þm ðμ; qÞ

i
; ð20Þ

where we are covering the region μ > μs, with ðμs; νsÞ the
location of the pointlike source within the ellipse. The

radial Mathieu function of the first kind Mcð1Þm is regular at
the focal points and represents standing waves (the elliptic
counterpart of the Bessel functions). The radial function of

the third kind, Mcð3Þm ¼ Mcð1Þm þ iMcð2Þm , represents travel-
ing waves (analogously to Hankel functions), with the

second kind radial function, Mcð2Þm , blowing up at the focal
points (analogously to Neumann functions).
From now on we write only the even sector; the odd

sector is obtained by the substitutions Mc → Ms and
ce → se. The equations that determine the transmission
and reflection coefficients decouple between the even and
odd sectors. Note that the sum over modes m always starts
with m ¼ 1 for the odd sector.
Our goal is to obtain the wave function outside of the

medium, where μ > μb, so we are mainly concerned with
the outer solution

ψoðμ; νÞ ¼
X∞
m¼0

Cmcemðν; qoÞMcð3Þm ðμ; qoÞ þ ðoddÞ: ð21Þ

The even and odd coefficients Cm and Dm will need to be
determined by matching the inner and outer solutions at the
boundary, ψ iðμb; νÞ ¼ ψoðμb; νÞ, along with their deriva-
tives with respect to the normal at the boundary,
∂μψ iðμb; νÞ ¼ ∂μψoðμb; νÞ. The great convenience of using
elliptical coordinates for our problem is now evident—one
of the coordinates describes precisely the boundary of the
medium. The wave function inside the ellipse, with μ < μb,
is ψ iðμ; νÞ ¼ ψ sðμ; νÞ þ ψ rðμ; νÞ, where ψ s and ψ r are the
source wave, or incident wave, and the reflected wave,
respectively. Accordingly, we expand them as

ψ s ¼
X∞
m¼0

αmcemðν; qiÞMcð3Þm ðμ; qiÞ þ ðoddÞ; ð22Þ

ψ r ¼
X∞
m¼0

Amcemðν; qiÞMcð1Þm ðμ; qiÞ þ ðoddÞ; ð23Þ

where the source wave is traveling from the source to the
boundary and the reflected wave is required to be regular at
the focal points as it bounces back from the boundary.
For a general source distribution Sðμ0; ν0Þ of the excita-

tion, the incident field can be determined as
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ψ sðμ; νÞ ¼
Z

dμ0dν0
ffiffiffi
g

p
Giðμ; ν; μ0; ν0ÞSðμ0; ν0Þ; ð24Þ

with Gi the Green’s function inside the medium. In
particular, for a pointlike source at ðμs; νsÞ one has
Sðμ0; ν0Þ ¼ δðμ0 − μsÞδðν0 − νsÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðμs; νsÞ

p
, so that

ψ sðμ; νÞ ¼ Giðμ; ν; μs; νsÞ trivially. Inserting the Mathieu
expansion of Gi one readily finds the (even) incident wave
function coefficients

αm ¼ i
2π

cemðνs; qiÞMcð1Þm ðμs; qiÞ: ð25Þ

Having determined the source, or incident wave func-
tion ψ s, we can compute the Cm and Dm coefficients of
ψo, which are related to the transmission coefficient and
will provide the wave function for the detector in the
far field. Imposing the matching conditions at the
boundary, the resulting equations for the (even) coef-
ficients are

X
m≥0

Oc
nmðqi; qoÞWc

mnðqo; qi; μbÞCm ¼ iπαn; ð26Þ

with (even) “Wronskians” defined as

Wc
mnðqo; qi; μbÞ ¼ Mcð3Þ0m ðμb; qoÞMcð1Þn ðμb; qiÞ

−Mcð3Þm ðμb; qoÞMcð1Þ0n ðμb; qiÞ; ð27Þ

and we have used that Wc
mmðq; q; μÞ ¼ i. Oc

mn is the
(even) overlap matrix that arises from the fact that the
angular Mathieu functions are not orthogonal between
different q values:

Oc
nm ¼

Z
2π

0

cenðν; qiÞcemðν; qoÞdν: ð28Þ

When qi ¼ qo (no medium) the overlap matrix is
diagonal and Eq. (26) yield Cm ¼ αm, that is,
ψo ¼ ψ s. Note that to obtain Eq. (26) we have used
two equations relating Am with Cm. The problem of
determining the outer wave function is thus reduced to
simply inverting a linear operator. The transmission
coefficient for the odd modes can be solved by the
same procedure.
We are interested in the behavior of the wave function at

the detector at infinity, which, in elliptic coordinates,
corresponds to taking μ → ∞; in that limit, ν plays the
role of the angle ϕ in usual polar coordinates. The radial
Mathieu wave functions take the asymptotic form

ðMc;MsÞð3Þm ðμ;qoÞ∼
ffiffiffiffiffiffiffiffiffiffi
2

πkoρ

s
exp

�
i

�
koρ−

mπ

2
−
π

4

��
; ð29Þ

where ρ ≈ a
2
eμ. Up to unimportant overall factors for the

angular dependence of the wave function, we have

ψoðϕÞ ∼
X∞
m¼0

C̃mcemðϕ; qoÞ þ ðoddÞ; ð30Þ

where we have defined C̃m ≡ e−imπ=2Cm. Finally, the
angular-dependent amplitude is

AMðϕÞ ∼ jψoj2; ð31Þ

where the superscript M stands for “Mathieu.”

V. RESULTS

The observable we are interested in is the elliptic flow
coefficient v2. Both for the case of the exact solution using
Mathieu functions and the SPA solution, we adopt the event
plane method

vM;S
2 ≡

R
2π
0 dϕ cosð2ðϕ − Ψ2ÞÞAM;SðϕÞR

2π
0 dϕAM;SðϕÞ ; ð32Þ

where Ψ2 ¼ π=2, with ASðϕÞ defined in Eq. (13) and
AMðϕÞ in Eq. (31).
In order to study the dependence of v2 on the system size

a and eccentricity e, or in the focal distance c ¼ ae, let us
constrain the geometric parameter space by considering a
situation that echoes the so-called centrality evolution in
heavy-ion collisions. For two circles of radius R with
impact parameter I, we can approximate the overlapping
region as an ellipse. The semiminor axis would be
b ¼ R − I=2, with a semimajor axis a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − I2=4

p
.

The focal distance squared is then c2 ¼ a2e2 ¼
a2 − b2 ¼ IR − I2=2. For a minimum impact parameter
of I ¼ 0 and a maximum of I ¼ 2R, we see that c2 starts
from 0, attains a maximum value at I ¼ R and then goes to
0 again. The eccentricity is e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4IR − 2I2Þ=ð4R2 − I2Þ

p
and goes from eðI ¼ 0Þ ¼ 0 to eðI ¼ 2RÞ → 1. In a heavy-
ion collision, the 10% of all events with the highest
particle multiplicity belong to the 0%–10% centrality class,
the next 10% of events with the second-highest belong
to the 10%–20% class, and so on. Since multiplicity
scales monotonically with I (lower I, more multiplicity),
the cumulative fractions in multiplicity map to those
in impact parameter I. The ranges for I we take
are I ¼ Rf0; 0.5; 0.7; 1; 1.2; 1.4; 1.6; 1.7; 1.9g, e.g., from
Glauber model simulations for PbPb collisions [79],
which as we argued approximately follow the geometric
distribution for I, namely IdI. We just show results for
the average I in a given centrality bin, namely
hIi ¼ ð2=3ÞðI3M − I3mÞ=ðI2M − I2mÞ, where IM and Im are
the maximum and minimum impact parameters, respec-
tively, of that class. For a given “nucleus” size R, the
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average I of a centrality class thus determines both cðhIiÞ
and eðhIiÞ.2
Results are shown in Fig. 2. vM2 is depicted with solid lines,

while vS2 is in dashed lines. The three panels correspond to
different sizes: R ¼ 0.5 fm in the left, R ¼ 1 fm (the proton
radius) in the center andR ¼ 2 fm in the right. All results are
obtained for a massless excitation with V ¼ 1 GeV. This
value of the potential has been chosen so as to obtain a
v2 ∼ 0.1 at around ko ∼ 10 GeV for the 30%–40% centrality
class. The mode sums over m for the exact solution with
Mathieu functions needs to be truncated at some valuemmax,
which roughly scales likemmax ∼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max ðqi; qoÞ

p
. We have

cut the vM2 solution at ko ¼ 10 GeV for nucleus size
R ¼ 2 fm. The reason is that the numerical implementations
of the radial Mathieu functions we use, those in GSL, start
to fail at very large q ∼ R2k2o=4 ∼ 2500 (one way in which
they are seen to fail is that the computed v2 does not vanish
when V ¼ 0). Getting to arbitrarily large values of R and
ko will require switching to a different numerical implemen-
tation or using asymptotic expressions.
The first thing we observe is that the SPA solution vS2

(dashed) captures quite well the trend observed in the exact
vM2 results (solid), especially for lower eccentricities (more
central collisions)where theagreement isquantitativedown to
fairly lowko.We have to add that the vM2 solutions correspond
to the average over many source positions,Oð70Þ,3 while the

vS2 is just for a source at the center (there are only small
differences if one averages the SPA solution over source
positions, as can be seen in Supplemental Material [75]). The
fact that vM2 agrees so well with vS2 for all three panels, where
the system size is varied up to a factor 4, is a confirmation that
the mechanism produces a high-ko v2 whose magnitude
depends only on the eccentricity and the potential strength,
but not on the medium size.
For many of the curves shown in Fig. 2, as we decrease

ko, vM2 peaks and then drops. We can understand this
behavior in terms of the size of the wavelength of the
excitation compared to the medium size. As the wavelength
becomes larger, the shape of the boundary is blurred, and
the excitation no longer resolves the features that cause the
angular anisotropy. Since more peripheral centrality classes
(e.g., 50%–60%) are actually smaller in size than the more
central ones (e.g., 5%–10%), for a given size R (a given
panel), the drop starts at a smaller wavelength, namely at a
larger ko. This is what we observe in regards to the
centrality dependence of the peak position for all three
panels. This also explains why the SPA solution agrees
better with the exact solution for more peripheral centrality
classes, and down to lower values of ko, in the right panel
(larger size) than in the left panel (smaller size)—the
assumption that koR ≫ 1 is more valid the larger the size.
Note that we have chosen to show results for momentum

values ko > V. The regime where ko < V, where the
probability current associated to the transmitted wave is
very strongly modified, will be discussed in future work.
Indeed, for values of ko approaching V (even from above,
as studied presently), the norm of the transmitted wave is
no longer the same as if there was no medium. We can
quantify the probability that the excitation gets “trapped”
within the medium by plotting the ratio of the norm,H
dϕAMðϕÞ, when V ≠ 0 (in medium) by the norm when

FIG. 2. Results for v2 versus momentum ko > V ¼ 1 GeV using the event plane method, as a function of centrality, for three different
“nucleus” sizes: R ¼ 0.5 fm in the left, R ¼ 1 fm in the center and R ¼ 2 fm in the right. Dashed lines correspond to the SPA solution
vS2 (identical in all three panels) while solid lines show the exact solution using Mathieu functions vM2 .

2Since it does not make sense to select pA collisions in terms
of impact parameter, the centrality classes used here should not be
interpreted literally and should rather be thought as ways of
selecting configurations with similar shapes or eccentricities.

3It is a norm-weighted average, since for each value of ko,
contributions from different source positions can in principle be
different. There is very little difference with respect to an
unweighted average.
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V ¼ 0 (in vacuum), as shown in Fig. 3 for different values
of the potential and fixed nucleus size R ¼ 1 fm. The top
panel has V ¼ 0.5 GeV, the middle panel V ¼ 1 GeV and
the bottom panel V ¼ 2 GeV. We observe that the ratio
rapidly goes to one already for relatively low values of ko.
This means that even though the probability flux has been
angularly redistributed according to the medium geometry,
essentially none belongs to the reflected wave; the exci-
tation has effectively escaped the medium. Indeed, even
when the even and odd reflected coefficients Am and Bm go
to zero, the transmitted coefficients Cm and Dm maintain a
nontrivial relation to the source wave function coefficients
αm and βm because of the nonorthonormal mode matching
at the boundary due to qi ≠ qo. It is interesting to note that
the centrality-averaged result closely follows the curve
1 − e−ko=V , which means that the norm ratio associated to
the reflected wave function is e−ko=V . The fate of the
probability flux associated to the reflected wave function,
together with the momentum regime ko < V, will be
studied in future work.
To conclude, the results shown in Fig. 3 quantify the

momentum above which we can say that there is no
spectrum shift due to probability loss in our setup, implying
nuclear modification factors (such as the so-called RAA) that
are consistent with one, i.e., no yield modification. This is
why one can say that within our model one obtains sizable
v2 without “energy loss” for high-momentum particles.

VI. CONCLUSIONS AND OUTLOOK

In this work we have presented a new mechanism with
which to generate sizable elliptic anisotropies for energetic
particles without the need of energy loss. These results are
of particular phenomenological relevance given the striking
magnitude of elliptic anisotropy measured for high-pT
particles in small systems, such as pA [45–47], where
energy loss effects seem to be too small to be measured.
These experimental observations have long been regarded
as a puzzle, challenging our understanding of the origin of
collectivity in small systems.
The physics behind the origin of elliptic flow v2 in our

model are rooted in the interplay between the quantum
mechanical nature of particles and the shape of the
boundary of the medium in which they are produced.
The only medium effect considered on the particles consists
in a phase shift, which we argue is the leading effect in
small systems where path lengths are not large enough to
trigger medium-induced radiation or transverse momentum
broadening. Different exit points in the medium correspond
to different local boundary properties, such as different
local curvature. At lower curvature regions the explored
nearby paths (how nearby depends on the particle wave-
length) will have more similar phase shifts than at higher
curvature regions, resulting in a less destructive interfer-
ence. This translates into preferred orientations where a
particle is more likely to exit through different points at the
boundary than others.
We have provided transparent analytical expressions and

have checked their regime of validity using exact numerical
solutions for the specific case of an elliptic medium. We
have found that the magnitude of the elliptic anisotropy v2
is positive, scales with the eccentricity and the medium
potential strength, decreases with increasing particle wave-
length and is independent of the medium size (it is thus a
conformal, scale-invariant effect). By looking at the norm
of the transmitted wave function, the only contribution
studied in this work, we conclude that the particle exits the
medium with probability close to one (i.e., no “energy loss”
or spectra shifts due to medium effects) already at fairly low
energies. Crucially, then, although energetic particles
escape the medium intact, the escape probability is aniso-
tropic, leading to a large v2. These results thus provide a
concrete proof of principle that geometry-induced quantum
diffraction can contribute to high-pT azimuthal anisotropies
in deconfined media, offering a natural qualitative frame-
work for systems where strong angular modulation is
observed but sizable suppression is not.
While these results are encouraging, the model used to

describe them is essentially a toy model, containing just the
simplest versions of the few key necessary ingredients. An
exhaustive list of all the ways this exploratory model can be
improved would be too long to enumerate, but there are a
few points we can mention. To start, a natural first step
would be to consider actual non-Abelian Wilson lines in

FIG. 3. Ratio of the transmitted wave norm (with V ≠ 0)
divided by the source norm (or setting V ¼ 0) versus momentum
ko > V, as a function of centrality, for different values of the
potential V and fixed nucleus size R ¼ 1 fm. The solid black line
represents the centrality-averaged result, and the dashed line
simply shows the curve for 1 − e−ko=V.
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quantum field theory rather than a constant electrostatic
potential in quantum mechanics. More realistic medium
properties should also be added, such as medium boundary
shapes determined by the fluctuating nature of subnu-
cleonic degrees of freedom [80] or spacetime- and/or
energy-density-dependent background gauge fields, which
can even be stochastic. [On this note, the assumption that
we have a constant potential V over the length of the (small)
medium resembles the situation explored in [81] within the
color glass condensate model, as if we had a single color
domain]. Introducing geometry and energy density fluctu-
ations (or even quantum superposition effects in the shape
itself [82]) would allow one, among other things, to obtain
sizable values for triangular anisotropies as well [83], all
while reducing the magnitude of v2, which, naturally, is
maximized for an exact ellipse. It would also be interesting
to extend this study to cold atom systems where hydro-
dynamic behavior has been observed for as few as six
atoms [84].
It is worth mentioning that even though there is a

reasonable phenomenological description of elliptic anisot-
ropies of energetic particles in large systems, achieving a
quantitative description (without too much energy loss) has
since long been regarded as a standing theoretical challenge
[85–93]. Given that the sum-over-paths mechanism pre-
sented in this paper is independent of the system size, one
should expect a contribution to the v2 of energetic particles

in large systems as well, in addition to that coming from
energy loss or coalescence effects [94]. It will also be very
interesting to see upcoming experimental results on the pT
dependence of v2 for OO and NeNe collisions (ATLAS
measured it but only up to 6 GeV [95]), which are systems
that fill the gap between large and small systems, with a
nuclear radius of R ≈ 3 fm. Even though sizable energy
loss effects have been measured [96,97], to what extent
these alone will be able to describe elliptic anisotropies at
high pT can shed light on the relative importance of
alternative mechanisms such as the one here presented.
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