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Through the black hole (BH) superradiance, ultralight bosons can form dense clouds around rotating
Kerr BHs. Certain ultralight bosons, such as axions and axionlike particles (promising dark matter
candidates), naturally possess self-interactions, and thus may significantly modify the dynamics of the
superradiance process. Previous studies on the detection or constraint of ultralight bosons through
superradiance have usually neglected the self-interaction effects of bosons. In this work, we investigate the
formation and evolution of self-interacting boson clouds in the full Kerr spacetime during BH super-
radiance. Using numerical methods, we compute the superradiant growth rate of boson clouds with self-
interactions around Kerr BHs and quantitatively evaluate how the self-interaction strength of scalar bosons
affects the growth rate. We also assess the evolution of the BH’s mass and spin. Our results reveal that, in
addition to the superradiance-imposed upper bound on the boson cloud mass, self-interaction of ultralight
bosons introduces a new, lower critical mass limit, beyond which the growth rate of the boson cloud
approaches zero. This implies that the superradiance process terminates earlier when self-interaction is
considered. Furthermore, we explore how self-interaction affects both the oscillation frequency of boson
clouds in gravitational atoms and the frequency of gravitational waves (GWs) emitted through cloud
annihilation. The anticipated frequency shift might be detectable by the GWobservatories. Given that self-
interaction substantially alters the evolution of BH superradiance, its effects can significantly relax existing
constraints on scalar bosons derived from superradiance. Taking the spin measurements from GW190412
and GW190517 as examples, we discuss the impact of self-interaction on the constraint results in detail.
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I. INTRODUCTION

Ultralight bosons, such as axions [1–8] and axionlike
particles [9], naturally correlate particle physics, cosmol-
ogy, and gravity in many important processes, one of
which is the superradiance mechanism [10–15] of Kerr
BH. These fundamental particles can serve as the
well-motivated dark matter candidates [16–19]. The
superradiance process can amplify bosonic waves near
a fast-spinning BH by extracting the energy and angular
momentum of the BH and the macroscopic condensed
boson cloud can form spontaneously. The boson cloud
consisting of ultralight boson particles exhibits an expo-
nential growth due to the boundary condition at the
outer horizon of Kerr BH. The superradiant instability

of ultralight bosons can be significant when the Compton
wavelength of the boson particle is comparable to the BH
size, and consequently, the mass of boson cloud could
reach up to ∼10% of the BH mass after the growth
saturates. The BH-boson cloud system, so-called gravi-
tational atom, can form for either the isolated BH or the
BH in compact binary.
BHsuperradiance [10–15],whichminimally only requires

the gravitational interaction of the ultralight bosons to be
induced, is a well-established probe in the search for ultra-
light bosons and dark matter. The formation of the dense,
macroscopic bosonic condensate consisting of ultralight
particles around the BH can lead to various observable
signatures. These effects caused by the superradiance include
the modification on the dynamic of the BH inspiral [20–27],
the continuous GWemission from the boson cloud [28–35],
and the spin-down of the BH [36–42].
The discovery of GWs [43] has initiated new perspec-

tives to explore dark matter through various GW experi-
ments including LIGO [44], TianQin [45–47], LISA [48],
and Taiji [49]. In order to investigate the signatures from the
superradiant growth of ultralight bosons, it is important to
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rigorously understand the formation and dynamical evo-
lution of the boson cloud, and a detailed evaluation of the
BH-boson cloud system is required to make the appropriate
interpretation for the current and upcoming observations
and the constraints on the boson parameter space from the
experiments.
Unlike in the purely gravitational scenario for a single

BH-boson cloud system, the evolution of the gravitational
atom can be influenced significantly due to the self-inter-
actions of the scalar bosons [50,51], other interactions with
Standard Model particles [52–57], and the tidal interaction
from the macroscopic companion object [24–26,58–63].
Effects of self-interactions on the boson cloud evolution
have attracted increasing attention [50,51,64–66] and
become important in the experimental searches for ultralight
bosons [41,67–70]. Reference [50] addresses these ques-
tions with a detailed treatment of scalar self-interactions and
considers the full dynamical evolution of a gravitational
atom. Earlier than that, some of the studies argue during the
growth of boson cloud, the strong attractive self-interactions
would finally lead to the nonperturbative collapse of the
cloud and consequently the drastic phenomenon called
“bosenova” [36,71,72]. Nonetheless, the current study
[50] proposes that when considering the energy exchange
and level mixing between different bound states of the
gravitational atom, the quartic self-interaction will cause the
boson cloud to saturate at a new equilibrium with less
occupation number. As a result, there is low probability for
the bosenova to occur in the parameter space of interest.
Overall, although analyzed at the semianalytic level, this
study [50] demonstrates that the existence of self-interaction
for bosons can dramatically alter the dynamical evolution of
BH superradiance. The boson cloud can stay at a two-level
equilibrium stage and the evolution of BH parameters is
modified. In Ref. [50], the spectra of boson clouds in the
gravitational atom are described by the hydrogenicmodes in
the nonrelativistic approximation, and the results are widely
valid in the regime where the spacetime curvature at the
position of boson cloud can be neglected.
In contrast to Ref. [50], Ref. [64] investigates the effects

of the self-interactions on the saturated boson cloud in the
nonlinear regime. In Ref. [64], the authors solve for the
saturation stage of the gravitational atom for the dominant
bound state considering the backreaction of the cloud on the
metric, but ignore the effect of BH spin so as to simplify the
spacetime to be spherically symmetric. The authors propose
that, in comparison to the case without self-interaction, the
mass of the self-interacting boson cloud in the saturated stage
may increase by up to 70%when the coupling parameter lies
within −10−2 ≲ λ≲ 10−2. Nonetheless, the additional back-
reaction effect of boson cloud on the metric is always
negligible. Also, the authors find an approximate quadratic
scaling relation between the mass of the boson cloud and the
coupling parameter. However, for the ultralight bosons, if we
consider a much smaller coupling parameter for which the

energy scale of the decay constant is around the Grand
Unified Theory scale or the Planck scale, the increment of the
cloud mass due to the effects discussed in [64] would be
insignificant. As in Ref. [50], we will focus on the case in
which the energy scale of the decay constant for the ultralight
bosons larger than 1013 GeV is considered in thiswork, since
even a small value of self-interaction parameter can play an
important role in the formation and evolution of boson cloud
before it is saturated.
We investigate the evolution of the gravitational atom

from the initial stage that the boson cloud formation begins
to the cease of cloud growth, taking into account the self-
interaction effects on the dominant bound state of boson
cloud. We solve the field equation of scalar bosons in the
vicinity of a BH and find the eigenfrequency for the
dominated bound state on the full Kerr metric. We then
analyze in detailed the growth rate of the self-interacting
boson cloud and the evolution of BH parameters. Our
calculation is reliable for a relatively large decay constant
of boson field and under the assumption that the growth rate
of the boson cloud is much slower than the oscillation
frequency of boson field around the BH. In fact, we find that
over a large range of parameter space of interest for the
gravitational atom, these approximations are sufficiently
valid.We calculate the resultswithin a relativistic framework.
Thus, the results can be applied to the gravitational atomwith
a large range of its parameters such as BH mass and boson
mass. It is necessary to note that, if we adopt the non-
relativistic approximation, the treatment of the self-interac-
tion term for a single-state boson cloud in this study only
leads to a quantitative shift in the energy potential of the
bound state, as also analyzed in Ref. [50].Whenwe solve the
boson field equation in the flat-spacetime limit, the deviation
of the boson cloud growth rate disappears. Therefore, the
modification on the growth rate of the boson cloud comes
from not only the self-interactions of the bosons, but also the
curvature nature of spacetime background.
The paper is organized as follows. We first review the

well-known superradiance process and introduce the self-
interaction of scalar boson. We focus on the evaluating
method to impose the quartic self-interaction term for scalar
particles in Sec. II. In Sec. III, we apply the numerical
approach to compute the superradiant growth rate of self-
interacting boson clouds around the BH. Then, we evaluate
how the self-interaction among bosons alters the GWs
emitted by the boson clouds in Sec. IV. In Sec. V, we study
in detail the potential impact of self-interactions on the
existing observations and experiments, especially the
relaxation of constraints on scalar bosons. We conclude
and discuss future directions in Sec. VI.

II. SUPERRADIANCE AND BOSON CLOUD
WITH SELF-INTERACTION

In this section, we present a concise overview of the
superradiance phenomenology for a (free) scalar field and

NING XIE and FA PENG HUANG PHYS. REV. D 112, 055028 (2025)

055028-2



especially the quartic self-interaction term of the scalar
field. We then focus on the numerical method to compute
the spectra of a gravitational atom considering the self-
interaction of boson clouds. We adopt the units in which
ℏ ¼ G ¼ c ¼ 1, unless otherwise specified.

A. Black hole superradiance

The boundary condition at horizon of the Kerr BH leads
to imaginary frequency of ultralight particles and then
the exponential growth of the bound-state scalar bosons. In
other words, a rapidly rotating BH can spontaneously
transform energy and angular momentum to generate a
macroscopic scalar cloud and form a gravitational atom
through the superradiance process [10–15]. In quantum
field theory, the dynamics of a scalar boson field in the Kerr
spacetime are governed by the Klein-Gordon equation. In
the general case, solving this equation numerically yields
the eigenstates and the frequency eigenvalues of the scalar
cloud. It has been demonstrated that the boson field exhibits
a positive imaginary component in its frequency eigen-
value. This positive imaginary part results in an exponen-
tially growing solution for the boson cloud when the
Compton wavelength of the boson is comparable to the
scale of the BH. Nevertheless, to date, the numerical studies
on the Klein-Gordon solution of boson cloud’s formation
on the Kerr background has not taken into account the self-
interaction of the field.
For the scalar boson, the Lagrangian of the field ϕ on the

Kerr metric is

L ¼ −
1

2
ð∇μϕÞð∇μϕÞ − VðϕÞ; ð1Þ

where VðϕÞ is the effective potential at the low-energy
scale. For a free boson field, the effective potential takes the
form,

VfreeðϕÞ ¼
1

2
m2

aϕ
2: ð2Þ

Therefore, one can have the Klein-Gordon equation,

ð∇2 −m2
aÞϕ ¼ 0; ð3Þ

for the free field. Themetric convention here is ð−;þ;þ;þÞ.
In the gravitational atom, the gravitational fine-structure

constant is defined as α ¼ MBHma, wherema is the mass of
scalar boson andMBH is the Kerr BH mass. This parameter
plays a critical role in determining the efficiency of the
superradiant instability and the time scale of scalar cloud
formation. For the scalar field in the vicinity of the Kerr
BH, the boundary conditions at the horizon and infinity
lead to an imaginary eigenfrequency of the bosons. The
boson cloud with real eigenfrequency ωRe and magnetic
quantum number m could extract energy and angular
momentum from BH spontaneously, if the initial spin of

BH is greater than the critical value that triggers the
superradiance process with the following superradiance
condition [14,15,29]:

ωRe <
mχ

2rþ
; ð4Þ

where χ is the dimensionless spin of rotating BH
(0 < χ < 1) and rþ ¼ MBHð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
Þ is the radius

of the outer event horizon. Although in some previous
references this condition was derived analytically, it
can also be demonstrated by numerically solving the
superradiant instability rate, see Fig. 1 for details. Since
a significant cloud growth rate requires α ∼Oð10−2Þ–Oð1Þ
for the mass range of the astrophysical BHs, we are able
to investigate the boson mass ranging from 10−21 eV to
10−10 eV. In this work, for simplicity, we choose the
benchmark BH mass MBH ¼ 25, 40, 60, and 100M⊙,
and focus on the boson mass range 10−14–10−12 eV.
The superradiance rates—imaginary parts of bound

state frequencies—depend on boson mass and BH spin.
Specifically, for the 2p level bound state (j211i state),
the boson cloud grows and saturates with the timescale
of τSR ¼ 1 dayð MBH

40M⊙
Þð0.2α Þ9ð0.9χ Þ [31]. When exponential

growth stops the scalar cloud extracts part of angular
momentum from BH, and the occupation number of scalar
boson could be evaluated by [29]

Na ∼ 1077
�
Δχ
0.1

�
1

m

�
MBH

40M⊙

�
2

; ð5Þ

self–interacting bosons

0.3 0.4

10–8

10–7

FIG. 1. Growth rates of the self-interacting boson cloud for
various BH dimensionless spins. The growth rates for the free
boson are depicted with solid lines, while those considering the
self-interaction term are shown with dashed lines. The benchmark
values of the BH spin difference remain the same across different
lines. The growth rates are suppressed by approximately half an
order of magnitude due to self-interaction. In all scenarios, the
growth rate reaches a peak and then decreases as α increases.
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with Δχ the spin difference of the BH from the initial stage
when the boson cloud formation begins. Boson cloud
formation depletes the BH spin through continuous transfer
of angular momentum from the BH to the bound state.
Equation (5) demonstrates the conservation of angular
momentum.
When α=m is much smaller than unity, the angular

frequency eigenvalue of the bound state can be solved
perturbatively. Assuming the boson cloud to be nonrela-
tivistic, we can factor out the phase term in the field
function ϕ related to its mass, and the remaining scalar
function satisfies the Schrödinger-like equation. By solving
the equation, one can in principle determine the eigenstate
and (real) frequency eigenvalue of scalar bosons analyti-
cally. The eigenstates of boson clouds are analogous to
hydrogenic bound states in the nonrelativistic limit. On the
other hand, in the limit that α is much smaller than unity,
one can employ Detweiler’s approximation in order to
derive the imaginary frequency of boson clouds, and give
the analytical expressions of the growth rates [73,74].
However, as we have mentioned, in principle the super-

radiant growth rate has to be calculated numerically for the
general cases in which α could be relatively large. Besides,
the nonlinear self-interaction term also brings extra diffi-
culties in applying Detweiler’s approximation to determine
the growth rate of boson clouds with the analytical
approaches. The analytical approaches typically require
the simplification of the boson field equation which are
only valid in the nonrelativistic approximation. As for the
relativistic case, we introduce the numerical method to
solve the Klein-Gordon equation in the Kerr spacetime in
the next subsection.
In this section, we numerically solve for the quasibound

state spectrum of the scalar cloud around the Kerr BH,
without taking the assumption that α should be much
smaller than unity. Before introducing the self-interaction
term of the scalar boson, we review the numerical method
for finding the bound states of the scalar field in Ref. [14],
and employ the continued fraction method to determine the
scalar frequency eigenvalue. For a more detailed analysis
about the technique, see also Ref. [74].

B. Numerical solution for ultralight scalar bosons

The continued fractionmethodwas used to find the bound-
state modes of the boson field. Since the Kerr background is
axisymmetric and stationary, we assume the field function of
boson cloud, ϕ, is separable and it is consisted of the radial
part and the angular part and so on. Explicitly, theKerrmetric
in Boyer-Lindquist coordinates is

ds2 ¼ −
Δ
Σ
ðdt − j sin2 θdϕÞ2 þ Σ

Δ
dr2 þ Σdθ2

þ sin2 θ
Σ

ðjdt − ðr2 þ j2ÞdϕÞ2; ð6Þ

where

Δ ¼ r2 − 2MBHrþ j2; ð7Þ

Σ ¼ r2 þ j2 cos2 θ: ð8Þ

Note that j ¼ χMBH is the BH angular momentum
parameter.1 The solutions of Δ ¼ 0 represent the BH event
horizons at

r� ¼ MBH �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBH

2 − j2
q

: ð9Þ

For the scalar field, the radial and angular part of the field
function,RðrÞ and SðθÞ, satisfy the confluent Heun equation
and the spheroidal harmonic equation,

d
dr

�
Δ
dRlm

dr

�
þ
�
ω2ðr2 þ j2Þ2 − 4MBHjmωrþm2j2

Δ

− ðω2j2 þma
2r2 þ ΛlmÞ

�
RlmðrÞ ¼ 0; ð10Þ

1

sin θ
d
dθ

�
sin θ

dSlm
dθ

�
þ
�
j2ðω2 −ma

2Þcos2θ

−
m2

sin2θ
þ Λlm

�
SlmðθÞ ¼ 0; ð11Þ

where ω denotes the frequency eigenvalue of the scalar
cloud, n is the principal quantum number, l is the total
angular momentum, andΛ represents the angular eigenvalue
of a specific bound state.2 Due to the spheroidicity, the
eigenvalue Λ exhibits a nontrivial deviation, which can be
expanded as a power series in j2ðω2 −ma

2Þ,

Λ ¼ lðlþ 1Þ þ
X∞
n¼1

un½j2ðω2 −ma
2Þ�2n; ð12Þ

where the first several coefficients, un, have been calculated
by Seidel [75]. On the Kerr background, due to the behavior
of the scalar field at the horizon and infinity, we can expand
the radial function RðrÞ as

RðrÞ ¼ ðr − rþÞ−iPðr − r−ÞiPþQ−1eqr
X∞
n¼0

an

�
r − rþ
r − r−

�
n
;

ð13Þ

where

1Here and in the following, we use j to denote the BH angular
momentum parameter instead of a, thereby avoiding the con-
fusion with other parameters.

2Hereinafter we eliminate the subscript which marks the
quantum numbers for brevity.

NING XIE and FA PENG HUANG PHYS. REV. D 112, 055028 (2025)

055028-4



q ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ma

2 − ω2

q
; ð14Þ

P ¼ 2rþðω − jm=2MBHrþÞ
rþ − r−

; ð15Þ

Q ¼ ma
2 − 2ω2

q
; ð16Þ

and an are the expansion coefficients. By substituting
Eq. (13) into Eq. (10) we get the recurrence relations of an,

αnanþ1 þ βnan þ γnan−1 ¼ 0; n∈N; ð17Þ

where

αn ¼ n2 þ ðc0 þ 1Þnþ c0;

βn ¼ −2n2 þ ðc1 þ 2Þnþ c3;

γn ¼ n2 þ ðc2 − 3Þnþ c4; ð18Þ

with

c0 ¼ 1− 2iω−
2i
b

�
ω−

jm
2

�
;

c1 ¼−4þ 4iðω− iqð1þbÞÞþ 4i
b

�
ω−

jm
2

�
−
2ðω2þq2Þ

q
;

c2 ¼ 3− 2iω−
2ðq2−ω2Þ

q
−
2i
b

�
ω−

jm
2

�
;

c3 ¼
2iðω− iqÞ3

q
þ 2ðω− iqÞ2bþq2j2þ 2iqjm−Λlm− 1

−
ðω− iqÞ2

q
þ 2qbþ 2i

b

�ðω− iqÞ2
q

þ 1

��
ω−

jm
2

�
;

c4 ¼
ðω− iqÞ4

q2
þ 2iωðω− iqÞ2

q
−
2i
b
ðω− iqÞ2

q

�
ω−

jm
2

�
;

b¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1− j2

q
; ð19Þ

and the initial condition is a−1 ¼ 0.
These recurrence relations have the minimal solution

which satisfies the continued fraction equation [76,77],

β0
α0

−
γ1

β1 −
α1γ2

β2−
α2γ3
β3−���

¼ 0: ð20Þ

Therefore, we can numerically solve the transcendental
equation (20) to obtain the frequency eigenvalue of quasi-
bound state. The truncation we choose in the continued
fraction decides the error in the result. In particular, when
the gravitational fine-structure constant, α, becomes too
small [α ∼Oð10−2Þ], we need to keep more terms in the
continued fraction for the convergence of the result.

C. Self-interacting scalar bosons

Axions, or axionlike particles, are promising dark matter
candidates. The searches for ultralight scalars like axions to
date have not adequately accounted for self-interactions
among particles in the superradiance process. Self-
interactions, that could significantly alter superradiance
dynamics, are generically present for many scalar models,
including axionlike dark matter candidates and string
axions. Besides the QCD axion arising as the result of
the Peccei-Quinn symmetry broken at a high-energy scale
fa, more general axionlike particles can be present in a
particular theory and are typically predicted to arise in
string theory, in which the symmetry-breaking scale fa can
fall in a wide mass range [9,36]. From a particle physics
perspective, the simplest interaction of a scalar field is the
quartic self-interaction.
As for the superradiant instability, in general, one would

expect that relatively strong self-interactions of the bosonic
particles can lead to steady states with orders of magnitude
smaller occupation numbers than the expectation from
purely gravitational growth. It is also important to rigor-
ously include the effects of self-interactions in searches for
GW signals.
Let us still begin with the scalar field Lagrangian

[cf. Eq. (1)] on the Kerr metric. Self-interacting ultralight
bosons generally arising through nonperturbative theory at
some high-energy scale give an effective potential. Any
type of potential of the scalar field ϕ can be expanded to the
lowest order with the mass term and the quartic self-
interaction term. The strength of the mass term in the
potential is proportional to the square of scalar mass, and
the quartic self-interaction term proportional to the dimen-
sionless self-interaction parameter λ. That is,

VðϕÞ ¼ 1

2
m2

aϕ
2 −

λ

4!
ϕ4 þOðϕ6Þ: ð21Þ

Since the quartic self-interaction is the most generic and
important interaction term for small amplitudes, we focus
on this self-interaction term and omit the higher order in
this work. By introducing the quartic self-interaction term
into the Lagrangian, the equation of motion becomes

ð∇2 −m2
aÞϕþ λ

ϕ3

3!
¼ 0: ð22Þ

Note that we choose λ > 0 to represent the attractive
self-interaction. Without losing generality, the coupling
parameter λ can be defined as

λ ¼ m2
a

f2a
; ð23Þ

so in the following we equivalently use the energy scale
fa to quantify the strength of scalar self-interaction for
convenience. Thus, we have
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λ ≈ 10−82
�

ma

10−13 eV

�
2
�
1019 GeV

fa

�
2

: ð24Þ

Then, rearranging the equation of motion,

�
∇2 −m2

a

�
1 −

ϕ2

3!f2a

��
ϕ ¼ 0: ð25Þ

To the lowest order of ϕ, heuristically Eq. (25) can be
considered as the new Klein-Gordon equation on the Kerr
metric and the deviation comes from the modification of the
scalar mass. By considering the ϕ2 part as the background
field, we can investigate this mass modification. The main
contribution stems from the dominating energy level of the
bound state which grows at the maximum speed and
occupies much more than others. The particle occupation
number of the fastest growing level N is proportional to
the square of its field amplitude (N ∝ jϕj2). We separate
this part individually and define Π to quantify the con-
tribution of the bound state wave function except N, i.e.,
NΠ ¼ ϕ2=f2a. The quantity Π is only determined by the
distribution of the wave function and the scale of fa. We
are going to evaluate this modification in a more realistic
situation for the superradiant growth. The realistic approach
is based on the fact that for the gravitational atom’s
parameter space of interest the growth timescale of the
scalar cloud is much longer than the oscillation timescale of
the particles, ω−1 (≈m−1

a ). Also, the cloud growth timescale
is much slower than the timescale of the particles’ orbital
motion in the vicinity of the BH. For these reasons, we can
perform the time and spatial averaging when investigating
Π within one period and calculating the scalar mass
deviation. Using similar notation as in Eqs. (10) and
(11), we can then calculate Π with

Π ¼ etΓSR
jR̄j2jS̄j2

f2a
; ð26Þ

where ΓSR is the growth rate of bosons, t is the time, and
the bars on the symbols denote the average over spatial
variables. In the nonrelativistic limit, we already know the
analytical expressions of radial and angular functions. The
radial dependence of function, R, becomes the radial hydro-
gen wave function, while the angular dependence of
function, S, becomes the spherical harmonics. Based on
the more thorough calculation, although the analytical
results provide a good approximation, we carry out the
estimation within the full Kerr background. We can inves-
tigate the mean values of the functions around the cloud
region. Note that the radial and angular functions both obey
the normalization condition. As for the occupation number
at a specific time, we can estimate N through the spin
difference of the BH due to the conservation of angular
momentum. When only considering the fastest growing
level of the bound state, the scalar cloud is dominated by

the particles of the single state and the extracted angular
momentum from Kerr BH is stored in the same state. The
occupation number of the fastest growing state is

N ¼ Δχ
M2

BH

m
¼ Δχα

MBH

mma
; ð27Þ

whereΔχ ≲Oð0.1Þ. Owing to the hierarchy of growth rates
for different superradiant states, the newly-formed BH is
always dominated by one bound state of scalar boson, and
higher states would take much longer time to grow to the
saturation. Thus, we consider almost all bound-state bosons
occupy the same energy level here.
Therefore, we can define the modified boson mass

through

m̃2
a ¼

�
1 −

N
3!
Π
�
m2

a: ð28Þ

It should be noted that the availability of the Eq. (28)
requires NΠ ≪ 1. As we will see in Sec. III, this condition
can always hold for several important ground states with
small quantum number even when the state is saturated and
N attains the maximum. The deviation can be considered
perturbatively. The frequency eigenvalue can be deter-
mined by the boson mass, e.g.,

ω ¼
�
1 −

α2

2n2
þOðα4Þ

�
m̃a: ð29Þ

D. The spectra of the gravitational atom

We can apply the modification on the recurrence relation
Eq. (17) and obtain the new continued fraction equation for
self-interacting bound state boson. While the deviation of
the boson mass induced by the self-interaction potential is
expected to be much small, we could only keep the leading-
order modification in the calculation. To be explicit, we
neglect all theOðδ2Þ terms, where the relative deviation δ is
defined by δ≡ ðm̃2

a −m2
aÞ=m2

a. Given the quantum state of
the boson cloud and the parameters of the gravitational
atom, we can solve the frequency eigenvalue of the cloud
and find out the rate of superradiant instability for the
self-interacting boson. In general, modifications to the
energy spectra of a gravitational atom can be classified
into two distinct types. First, changes of the imaginary
part of the complex eigenfrequency directly affect the rate
of superradiant instability in the self-interacting boson
cloud, governing the exponential growth of the bound-
state occupation number. As we will show later, the self-
interaction could potentially suppress the growth rate of
boson cloud; and this effect will be discussed in detail in
Sec. III. Second, the modification to the real part of the
eigenfrequency induces the energy-level shift of the boson
cloud, which will be specifically analyzed in Sec. IV.
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A necessary condition for obtaining a reliable solution
for the superradiance rate is that

jδj ¼ 1

3!
NΠ ≪ 1: ð30Þ

This condition ensures that the modification to the boson
mass due to self-interaction is negligible compared to the
particle’s original mass. Therefore, although the continued
fraction equation generally provides a solution, the con-
dition (30) must hold for the bound-state cloud to ensure
the solution is physical. At the time the fast-spinning BH is
born, for example when two primary BHs merge to a new
BH or when a supernova explodes, the occupation number
of bound state bosons is negligible. At the beginning of
boson cloud growth, the small particle number ensures
that the condition (30) is valid all through, while the
self-interaction effect of ultralight boson is also very
insignificant. When the bound-state bosons are produced
by extracting the angular momentum of the BH and
eventually form a macroscopic cloud, the self-interaction
term and the modification on the boson mass would
become more and more important in the superradiance
process. As we can find out, the relative deviation δ ∝ N.
It is worth having more discussion on the conditions

required to ensure the validity of the numerical methods
introduced in this section. Firstly, we adopt the continued
fraction method to solve both real and imaginary compo-
nents of the boson eigenfrequency. The continued fraction
equation is derived based on the Klein-Gordon equation on
Kerr metric, so it is applicable for different value of α. Both
the superradiant growth rate and the energy level of the
boson cloud can be calculated numerically for the general
cases in which α might be relatively large. Secondly, the
treatment of the self-interaction term as the modification to
the boson mass is valid only when the occupation number
satisfies 1

3!
NΠ ≪ 1. As the occupation number grows

exponentially during the boson cloud formation, perhaps
the condition may no longer satisfy once the occupation
number is sufficiently large. However, the self-interaction
effects generally bring a new upper limit that restricts the
growth of the occupation number. When the occupation
number approaches the new bound, the growth rate
approaches zero. With more detailed calculations, we find
that for the parameter space of interest, the boson cloud
growth always ceases much earlier before condition (30)
breaks down. That indicates it is safe to treat the self-
interaction as the perturbative modification on the boson
mass when considering the newly-formed self-interacting
boson cloud. Moreover, as for the drastic bosenova effect
[36,71,72], current studies [71,72] have performed the
numerical simulation for the axion cloud growth and the
results had indicated during the cloud growth, the strong
self-interactions would eventually lead to the nonperturba-
tive collapse of the cloud. However, the upper bound of the

cloud occupation number also potentially prevents the
bosenova collapse because the bosenova occurs only when
the cloud occupation number exceeds the critical amount. If
the new upper limit of the occupation number is small than
the critical value needed to trigger bosenova, there is low
probability for the bosenova to occur during the boson
cloud formation. Nonetheless, the numerical approaches
introduced in this section assume the whole boson cloud is
dominated by the fastest growing state, and neglect the
contribution from other higher states. Reference [50] pro-
posed that the moderate and large self-interactions can
transfer the bosons to other higher states, and several bound
states are excited in the boson cloud. This work shows that
when considering the energy exchange and level mixing
between different bound states of the gravitational atom,
the quartic self-interaction will cause the boson cloud to
saturate at a new multistate equilibrium, while the original
fastest-growing state will have a lower occupation number.
Although the growth timescales of higher superradiant
states are much longer than the fastest one, the self-
interaction can excite the transition between these states.
After other higher states are populated, they bring extra
effects on the growth of the dominant state. These effects
are far beyond the scope of our work. In the following
calculations, we omit the contribution from the multiple
states except for the self-interaction of the fastest growing
state itself.

III. THE SUPERRADIANCE RATE OF THE
SELF-INTERACTING BOSON CLOUD

In this section, we numerically compute the growth rate
of self-interacting boson cloud. We utilize the methods
introduced in the previous section to model the self-
interaction effects of the boson cloud. In applying the
continued fraction method, it is important to retain a
sufficient number of modes to ensure sufficient numerical
precision.3 For the BH-boson cloud system parameters in
our calculations, we choose a fixed BH mass, such that the
gravitational fine-structure constant α is directly deter-
mined by the boson mass. We compute the superradiance
rate for the self-interacting boson and compare it with that
for the free boson. Due to the significant disparity in growth
rates across different superradiant states, the newly-formed
BH is always dominated by the single bound state of the
scalar boson. Higher-order states exhibit substantially
longer saturation timescales. Thus, we model the system
with the approximation that virtually all bound-state bosons
populate the single energy level which has the fastest
growth rate, and neglect potential level mixing [50]. For the

3Previous studies [14,74] have indicated that for a moderately
small α, the required mode number is on the order of a few
hundred. In contrast, for very small α, the required mode number
increases substantially, exceeding one thousand.
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parameter space of interest, we consider only j211i state in
this section.
In the following, we perform detailed analyses for

different spins of a BH (Sec. III A), different scalar self-
interaction scales (Sec. III B) and different occupation
numbers of the boson cloud (Sec. III C).

A. Different spins of the BH

The spin of the BH is the initial factor that triggers the
superradiance process of the boson field. As the BH’s
angular momentum is transferred to the bound state
during the formation of the boson cloud, the BH spin
gradually decreases until the superradiance condition is no
longer satisfied. When a new BH forms through binary
BH mergers or supernova explosions, it is generally
expected to possess a high initial angular momentum.
Additionally, the BH spin can increase via astrophysical
processes, such as disk accretion. The dimensionless spin
of astrophysical BHs can reach values exceeding 0.998
during their evolution [78–83]. We calculate the growth rate
of the scalar boson—defined as the imaginary part of the
frequency eigenvalue—for a range of BH dimensionless
spins χ ¼ 0.9, 0.95, 0.99. For the comparison between the
self-interacting bosons and the free bosons, we plot the
free boson results using solid lines, while the growth rates
accounting for boson self-interaction are shown with
dashed lines, as illustrated in Fig. 1.
In Fig. 1, we choose a moderate value of self-interaction

strength. The energy scale of self-interaction fa is around
2.5 × 1018 GeV. We use the same fa in the calculation for
self-interacting boson clouds. As for the gravitational atom,
although the BH spins we consider range from 0.9 to 0.99,
the spin difference of the BH from the initial stage when the
boson cloud formation begins remains unchanged. This
approach ensures that the boson cloud maintains an almost
equal occupation number. We specify the benchmark
parameters on the top of each figure.
From the results of Fig. 1, we find that for the self-

interacting boson cloud the growth rates become smaller
owing to the existence of the self-interaction effect. The
growth rates decrease by a half to one order of magnitude
compared to the calculation results without self-interaction.
In the free scalar field case, every solid line reaches a peak
and then drops eventually as the α increases. For the self-
interacting boson, the results have similar behavior. We can
see that around these highest points, with the increase of α,
the growth rates decline and approach to zero. These critical
values of α correspond to the superradiance condition for
different BH spin. The allowed range of α for the super-
radiant growth of boson cloud is dependent on the value
of χ. For the larger BH spin, the boson cloud can grow via
the superradiance process for the larger α. These results
can be understood from the superradiance condition (4).
Moreover, when considering the self-interaction effects the
upper bounds of the α ranges for each BH spin remain

approximately unchanged. That means in the case with
self-interaction the superradiance condition would be still
applicable.

B. Different self-interaction scales

We use the self-interaction energy scale fa to describe
the strength of quartic self-interaction. As the scale fa
decreases, the self-interaction effect will be more signifi-
cant. We compute the growth rate of the self-interacting
boson cloud for different sets of fa and α. We consider the
stage of the cloud growth that the spin and the spin
difference of BH are both the same. The result is shown
in Fig. 2.
We observe that the deviations of the growth rate from

the free boson case become more pronounced as the scale
fa decreases, for the different values of α considered here.
The growth rate is suppressed by approximately half an
order of magnitude when fa is less than 2.5 × 1018 GeV.
However, for larger fa, the growth rate closely approx-
imates the result for a free boson (solid line). In fact,
with more detailed calculations, we find that when fa is
comparable to or greater than the Planck scale, the
modification to the growth rate is generally negligible.
For moderate self-interaction strengths, it would take a
longer time for the boson cloud to grow, since the super-
radiance rate is smaller.

C. Different occupation numbers of boson cloud

In different stages of boson cloud formation, the
occupation number increases exponentially until the
superradiance condition is broken and the growth rate
approaches zero. By considering the particular BH spin and

0.2 0.3 0.4

10–8

10–7

without self-interaction

FIG. 2. Growth rates of the self-interacting boson cloud for
different values of fa and α. The growth rate for a free boson is
shown by the red solid line, while results for various fa values are
represented by the red dashed line, red dot-dashed line, and blue
dashed line. The spin and spin difference of the BH are the same
for all lines. The growth rate is suppressed by approximately half
an order of magnitude when fa is less than 2.5 × 1018 GeV.
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self-interaction strength, we select a group of occupation
numbers for the boson cloud. Since the BH spin difference
Δχ in the superradiance process is directly related to the
occupation number of the fastest growing level in the boson
cloud via the conservation of angular momentum, we can
equivalently use the occupation numberN as well as theΔχ
to represent the different cloud formation stages. We
investigate the self-interaction effect for different Δχ and
compute the growth rate of boson particles in the super-
radiance. We plot the result as the function of α in Fig. 3.
We find that the existence of the cloud and its self-

interaction suppresses the growth of the cloud itself. This
suppression on the growth rate becomes significant follow-
ing the increase of the occupation number (spin difference).
For a fixed α, we can foresee that, in the superradiance
process, the occupation number increases and the growth
rate slows down. In fact, the growth rate can become zero
and even negative finally as the occupation number
increases. We should notice that this should be distin-
guished from the case of superradiance saturation and we
can define the critical occupation number at which the
growth rate approaches zero on account of the self-
interaction term. We denote this critical occupation number
as Ñc and the saturation occupation number in the super-
radiance condition as Nc. In general, we have

Ñc ≪ Nc: ð31Þ

Before moving to the next section, we calculate the
relative errors when solving for the superradiance rates of
the self-interacting boson clouds. The relative error partly

comes from the truncation we choose when solving the
transcendental equation (20). We analyze the number of the
terms in the continued fraction required for the convergence
of the solution. We define the relative error criterion to
determine the convergence of the eigenfrequency as

ϵn≡
����ωðnÞ − ωðn−50Þ

ωðnÞ

���� < 10−4; ð32Þ

where ωðkÞ denotes the imaginary part of frequency
eigenvalue computed with k fraction terms. We show the
result of the imaginary eigenfrequency with different mode
numbers in Fig. 4. It can be seen from Fig. 4 that it takes
more terms to be kept to ensure the convergence of the
solution for a smaller value of α. In the calculations of this
section, we choose the term number ∼1000 to ensure the
convergence while optimizing computational efficiency.

IV. THE MODIFICATIONS OF SELF-
INTERACTION ON GRAVITATIONAL WAVES

FROM GRAVITATIONAL ATOM

In this section, we investigate how the quartic self-
interaction of boson cloud alters the GWs radiated by
gravitational atom. In addition to the cloud’s quartic self-
interaction, we include the self-gravity of boson cloud as
well. The analysis is mostly based on the results obtained
in the previous section. The GWs are expected to be
modified through two aspects. On one hand, due to the self-
interaction effect, the reduced saturation mass of the boson
cloud restricts the GW radiation power of the boson cloud.
On the other hand, the quartic self-interaction and the self-
gravity change the potential of the bound state when their
strengths are comparable with the gravity of the central BH,

FIG. 3. Growth rates of the self-interacting boson cloud for
different stages in the boson cloud amplification. The growth
rates for the free boson are shown in red solid line, while the
results when considering the self-interaction term are shown with
data points. The BH spin and self-interaction strength are the
same for different cases. We find that the suppression on the
growth rate becomes significant following the increase of the spin
difference.

FIG. 4. The imaginary part of eigenfrequency obtained from
the numerical method, for different numbers of terms kept in
continued fraction. For the smaller α, the solution converges more
slowly and more terms in the continued fraction are required. The
results are for the benchmark parameters, but similar conclusion
holds for a wide range of parameter space.
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and the angular frequency of boson in the cloud, which
determines the frequency of GWs sourced by the cloud
annihilation, is different.

A. GW strain

In this subsection, we focus on the strength of the GW
signals from the pair annihilation process in the boson
cloud. We are interested in the GW radiation process after
the cloud saturation because the boson occupation number
has reached the maximum and the GWs have also reached
its peak emission power. The GW radiation process could
last for a much longer timescale than the cloud formation.
During that period, the cloud depletes gradually if only
considering the annihilation of bosons to GWs and the
occupation number of j211i state evolves as

NðtÞ ¼ Nðt ¼ 0Þ
1þ t=τDC

; ð33Þ

where τDC ¼ ðΓaNðt ¼ 0ÞÞ−1 is the cloud depletion time-
scale through annihilation and is longer than τSR by a few of
orders. Γa is the annihilation rate of bosons, and t ¼ 0
corresponds to the onset of boson cloud saturation.
Generally, the altered maximum occupation number of
bound state boson is smaller than Nc in the parameter space
of interest when introducing the self-interaction, as shown
in Sec. III C. If considering a stronger coupling (smaller
fa), the maximum number of N is suppressed more
significantly. In the depletion process of the cloud, the
GW radiation power is proportional to N2ðtÞ, so the GW
amplitude received by the detector hðtÞ, is proportional to
NðtÞ. On account of the scalar self-interaction, the maxi-
mum occupation number for the newly formed boson cloud
is Ñc. Thus, the peak GW amplitude is suppressed by the
factor Ñc=Nc (cf. Sec. III C). In Sec. III, we proposed that
Ñc is usually much smaller than Nc. In that respect,
whether we consider the self-interaction effect could alter
the peak GW amplitude significantly due to the change of
the cloud occupation number. In Fig. 5, we demonstrate
the GW amplitude suppression factor Ñc=Nc as the
function of the self-interaction scale fa. It can be seen
from the plot that, for the smaller self-interaction scale, the
maximum occupation number of the boson cloud would
decrease significantly, leading to a lower peak GW strain h.
Moreover, because of the GW radiation, the boson cloud
will progressively lose its energy after its saturation and its
occupation number will decrease with time.4 In contrast to
the newly formed boson cloud, for the boson cloud at a
given age, the emitted GW strain will also become smaller
with time. It can be seen from Eq. (33) that, if the boson
cloud has evolved with the age much longer than τDC,

its occupation number could be estimated as NðtÞ∼
τDCNðt ¼ 0Þ=t ¼ ðΓatÞ−1. Therefore, when the age of
boson cloud is much longer than τDC, the initial maximum
occupation number Nðt ¼ 0Þ (which is equal to Ñc)
becomes irrelevant and the GW amplitude h roughly only
depends on the annihilation rate to graviton Γa and the time
t. In this case, the concrete value of fa seems not so crucial.
However, since the GW amplitude h has become very
small, this circumstance is not of interest.

B. GW frequency shift

Using the method in Sec. II, we can compute the
frequency eigenvalue of the self-interacting boson. We
compare the real part of boson frequency with and without
considering the self-interaction coupling. Consequently,
we can obtain the boson frequency shift which comes
from the particles’ self-interaction. This method can
calculate the frequency shift in the particular stage of the
self-interacting cloud growth numerically, without any
assumption on the background. Nevertheless, in the non-
relativistic limit, the frequency shift can be evaluated
analytically, if given the boson cloud mass. Following
Ref. [50], the frequency shift for the j211i state is
approximately

Δω211 ¼ −1.2 × 10−4
α5

M2
BH

�
1

f2a

�
M211

ðattractive self-interaction; for α≲ 0.2Þ; ð34Þ

where M211 is the j211i state cloud mass and we consider
the attractive self-interaction here (the minus sign).
Therefore, we can compare this flat-spacetime estimation
(34) with the result calculated using the method described
in Sec. II. The numerically computed result within the Kerr
framework is shown by the red line in Fig. 6. It can be seen
that, when α is significantly smaller than unity, there is a
good agreement between the numerical results and the

101710181019
10–5

10–4

10–3

10–2

10–1

FIG. 5. The suppression factor of peak GW amplitude for the
continuous GWs emitted by the self-interacting boson cloud.

4This is always correct no matter whether the self-interaction is
included. The difference when introducing the self-interaction
effect is the alteration of occupation number decreasing rate.
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analytical estimations. The red line (numerical result)
in Fig. 6 approximately follows a trend scaled by α to
the fourth power. However, in the regime of α ≳ 0.2, the
analytical result Eq. (34) might not be a good estimation
(dashed line part) and the nonrelativistic approximation
used in the analytical method becomes inapplicable, as has
been studied in Ref. [50]. Similarly, in the nonrelativistic
limit,5 the self-gravity correction can be estimated by

Δω211 ¼ −0.19
α3

M2
BH

M
211

ðself-gravity; for α≲ 0.2Þ:

ð35Þ
It can be seen from Eqs. (34) and (35) that, in the small-α
regime, the self-interaction correction could become dom-
inant over the self-gravity effect when the self-interaction
coupling is sufficiently large.
Moreover, the boson cloud annihilation generates the

GWs with frequency twice the boson frequency. During the
boson cloud evolution, such as the depletion of cloud mass
through annihilation, the boson frequency can vary with
time, which results in a nonzero GW frequency drift in the
signals sourced from the cloud. Those imprints on GWs are
perhaps observable in continuous wave searches. The
frequency of GWs from the boson cloud when considering
the self-interaction is

fGW ¼ fGW;free þ
Δω211

π
; ð36Þ

where fGW;free is the GW frequency for the boson cloud
without the self-interaction effect. The additional term in

Eq. (36) contributes to the nonzero GW frequency drift,
because the time derivative of cloud mass Ṁ211 is nonzero.
The depletion rate of the cloud is largest when the
occupation number reaches the upper bound. That corre-
sponds to the stage when the boson cloud has saturated.
After the cloud saturation, the cloud slowly loses its mass
by radiating continuous GWs. Last but not least, from the
perspective of GW detection, the frequency shift induced
by the self-interaction effects could be degenerate with
other parameters, such as the boson mass and BH mass.
Based on the previous analysis, the amplitude of frequency
shift brought by the self-interaction depends on both the
self-interaction scale and the occupation number of cloud.
Thus, in contrast to the frequency shift caused by other
parameters, the frequency shift induced by the self-inter-
action effects varies differently during the evolution of the
boson cloud. This characteristic can be conducive to
distinguishing the signal of the self-interacting boson cloud
in the detection.

V. OBSERVATIONAL CONSEQUENCES ON
SUPERRADIANCE WITH SELF-INTERACTION

In this section, we study further the self-interaction’s
observational consequences on the gravitational atom and
boson cloud. We focus on two direct consequences of
superradiant cloud formation. First, since the BH will spin
down during the superradiance process, the spin measure-
ments on the astrophysical BHs are usually used to detect
or constrain the bosons with particular mass. Also, the
boson cloud will emit GWs through varied processes,
which can be used to explore the properties of the boson
cloud and the gravitational atom.

A. Relaxing constraints on scalar boson models

The direct implication of the self-interaction on the
formation of boson cloud is that the cloud growth ceases
so long as the occupation number of bound state reaches a
critical value Ñc, which is much smaller than the maximum
occupation number Nc calculated when no self-interaction
effect is included. That also means the boson cloud of a
particular state can extract less angular momenta from the
BH than expected. The BH spin-down would pause earlier
before its spin reached the corresponding critical bound for
the superradiance of the free-field particle. Moreover, the
BH spin-down rate is also smaller because of the self-
interaction effect. What we can interpret from these is the
fast-spinning astrophysical BH can live long with a high
dimensionless spin even though the superradiance happens,
if we assume the bosons have a moderate quartic self-
interaction. That means our analysis about the self-inter-
action effect on the superradiance process can relax the
existing constraints on the boson mass range obtained
through the astrophysical BH spin measurements.
For the boson cloud growth with the self-interaction, the

exponential growth rate of the dominant state is determined

Numerical Result

Eq. (34)

Eq. (35)

0.1 0.2 0.3

0

–1

–2

×10–6

FIG. 6. The frequency shift of the bound state calculated
with numerical method within the Kerr framework. When α is
small, the numerical result agrees well with the flat-spacetime
estimation, Eq. (34).

5In the large-α regime, Ref. [84] gives a more careful treatment
for the self-gravity effects.
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by not only the fine-structure constant α, the boson mass
ma, and BH spin χ, but also the self-interaction scale fa
and the occupation number of the state NðtÞ. These
functional dependences have already been explored in
Sec. III. We can define the normalized growth rate of
boson cloud ωI ¼ ImðωaÞ=ma, where the growth rate is
normalized by the boson mass and becomes dimensionless
in natural units. As the occupation number NðtÞ increases
during the cloud growth, the self-interaction effects become
more significant, leading to progressive suppression of
the growth rate ωI (cf. Fig. 3). Letting the growth rate
approaches zero, i.e.,

ωIðN; fa; α; χÞ ¼ 0; ð37Þ

we can obtain the critical value of the occupation number,
Ñc. When N ¼ Ñc, the cloud growth ceases, and we can
estimate the BH spin difference through the conservation of
angular momentum,

Δχ ¼ mÑc

M2
BH

: ð38Þ

Note that m is the magnetic quantum number of bound-
state boson.
In contrast, if there is not scalar self-interaction, the

boson cloud could saturated and the final BH spin in
that stage was generally determined by the superradiance
condition (4). Thus, the BH spin difference for the free-
field case is

Δχfree ¼ jχf − χij; ð39Þ

where χf is the BH spin after the boson cloud formation
and χi is the initial BH spin.
We take the boson with massma ¼ 2 × 10−13 eV and an

isolated astrophysical BH MBH ¼ 40M⊙ as the example.
Assuming the initial dimensionless spin χi ¼ 0.95 after the
BH’s birth, we concentrate on the j211i state cloud growth,
which has the fastest superradiance rate among all states.
The BH is isolated from other celestial objects, so the
angular momentum can only be transferred from the BH to
the cloud and keep conservative. When there is not self-
interaction in bosons, the j211i cloud will take ∼180
e-folding time to grow to a maximum number, and
the spin difference is ∼Oð0.1Þ for the BH spin-down.
However, with the existence of self-interaction, the BH
spin difference after the cloud stops to grow will decrease.
We consider the quartic self-interaction with fa ¼
1019; 1018 GeV and Planck energy scale, respectively,
and calculate the corresponding BH spin difference. The
results are shown in Table I. We find that the difference in
the BH spin after the j211i state cloud growth ceases is
smaller than 2 × 10−5 when the parameter fa ≲ 1018 GeV.
In that regime, the occupation number is suppressed by a

factor of order 104 at least. That indicates the BH spin-
down is very insignificant, different from the situation for
the free field boson. Similarly, we investigate the BH spin
difference for BH systems with initial masses of 40, 60, and
100M⊙, respectively, by fixing the self-interaction strength.
These results are shown in Table II. We can see from
Table II that for a BH with larger initial mass, its spin-down
due to the formation of (self-interacting) boson cloud is
also larger. Specifically, for the benchmark parameters in
Table II, the spin difference of a 100M⊙ BH is Δχ ∼ 0.01.
This value is still 40 times smaller than the result for the
free-field case.
Although the analysis above focuses on the isolated BH,

the result is also applicable for the binary black hole (BBH)
system if their inspiral timescale is long enough to undergo
the superradiance and the cloud formation. For the j211i
state, the cloud growth timescale is usually much smaller
than the typical inspiral timescale from the time the BBH is
formed to the time the BHs merge. Hence, the above result
can also describe spin-down processes of individual BHs in
the BBH.
Currently, LIGO/Virgo/KAGRA Collaborations have

reported more than one hundred GWevents, most of which
are BBH mergers. The BH spin measurement through GW
detection are used to constrain the boson mass range [41].
In particular, GW190412 [85] and GW190517 give the
most stringent constraints on the scalar boson mass among
all events in GWTC-2 [41]. The parameters of the BHs in
these two events are listed in Table III. If there is long
enough time for the bound-state boson to grow to a
macroscopic cloud before the BHs merge, each BH
dimensionless spin should not exceed the critical spin
determined by the boson mass and the fastest growing
state. That is basically why the BH spin measurement

TABLE I. The BH spin difference after the cloud growth ceases
for different self-interaction strengths fa.

χi ¼ 0.95;MBH ¼ 40M⊙; ma ¼ 2 × 10−13 eV

fa MPl 1019 GeV 1018 GeV
Ñc 2.6 × 1076 ∼1076 ∼1074
Ñc
Nc

2.8% 1.9% 1.9 × 10−5

Δχ 2.0 × 10−3 1.3 × 10−3 1.3 × 10−5

TABLE II. Same as Table I, but for different BH mass MBH
(with a fixed self-interaction strength).

χi ¼ 0.95; ma ¼ 2 × 10−13 eV; fa ¼ 1019 GeV

MBH½M⊙� 40 60 100
Ñc ∼1076 ∼1077 7.8 × 1077

Ñc
Nc

1.9% 5.7% 2.3%

Δχ 1.3 × 10−3 3.4 × 10−3 9.3 × 10−3
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through GW detection can provide the evidence on
excluding the boson mass range. However, the individual
BHs can retain a large spin until they merge even
though the boson of the appropriate mass exists, as long
as boson particles have self-interaction. We take the event
GW190517 as an example and assume the initial BH spin
when it is formed is equal to the mean value of the
respective BH spin interpreted from GW data (e.g., for
the primary BH in GW190517, it is approximately 0.95).
We compute the BH spin difference at the time the j211i
cloud growth saturates as the function of the self-interaction
scale fa. Figure 7 shows the final BH spin after the cloud
growth for the primary BH in the binary, and we can figure
out that when fa ≲ 1.91 × 1020 GeV, the BH can exist
with spin covered by the 95% credible region interpreted
from GW data. Moreover, when fa ≲ 1.6 × 1020 GeV, that
BH can exist having a large spin contained in the 68%
credible interval. Similarly for the primary BH in the
event GW190412, these scales are 3.3 × 1020 GeV and
2.6 × 1020 GeV, corresponding to 95% and 68% credible
intervals, respectively. In total, we can draw a conclusion
that if there exists self-interaction with fa ≤ 1020 GeV for
the boson mass of ma ¼ 2 × 10−13 eV, the events

GW190412 and GW190517 cannot be used to constrain
the boson model in that mass range via their BH spin
measurements. This self-interaction scale is larger than the
scale requirement derived in Ref. [41], in which the scale fa
shall be greater than 1014 GeV so as to safely neglect the
bosenova effect in the boson cloud of both events. That
implies the self-interaction effects in the analysis of our
work are more common.

B. Implication for detecting gravitational atom

The evolution scenario of the BH parameters and the GW
signals sourced from the boson cloud through its annihilation
could be very different when the bosons have the self-
interaction. For a gravitational atom, the mass and spin of
the BH are interesting observables in the detection, as well as
the strength of GWs emitted by its boson cloud. In the prior
section, we studied the consequences of the self-interaction
effects. These consequences can be summarized in the
following: (1) The BH will have a larger spin and mass after
the cloud growth terminates, because the self-interaction
brings an extra limitation on the occupation number of bound
state and the boson cloud growth will cease when its
occupation number reaches Ñc, which depends on the self-
interaction scale fa and BH mass; (2) The self-interaction of
the boson cloud alters the cloud frequency by an amount
dependent on the self-interaction strength and the cloudmass.
That is because the attractive self-interaction can bind the
macroscopic cloud more tightly, and vice versa. The cloud
massdecreases slowlywhen thecloudannihilates and radiates
GW. Therefore the GW frequency change during that evo-
lution, and this drift is possibly observable in the detection;
and (3) The lighter boson cloud and smaller occupation
number reduce the GW emission power from the cloud.
The peak GW strain decreases for the GW signals originated
fromthebound-statecloud throughbosonsannihilation,while
the GW emission timescale increases to a certain extent
accordingly. In order to clearly show the influence of the
self-interaction,wenumerically compute the evolutionsof the
BH mass and spin, the occupation number of boson cloud in
the gravitational atom, the cloud’s GW strain at the detectors,
the GW emission power, and the GW frequency as the
function of time starting from the birth of gravitational atom.
We set the benchmark parameters asMBH;init ¼ 25M⊙; χi ¼
0.95; ma ¼ 10−12 eV; and fa ¼ 2.5 × 1018 GeV.
To clearly show the relation between the GW detection

and the gravitational atom system, it is worth explaining
the methods used to derive the GW emission power and
GW strain detected. Firstly, in the annihilation process of
bosons, the time derivative of boson cloud occupation
number is governed by

dNðtÞ
dt

¼ −ΓaN2ðtÞ: ð40Þ
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FIG. 7. The final BH spin after the cloud growth for the primary
BH in GW190517. We find when fa ≲ 1.91 × 1020 GeV, the BH
can exist with spin covered by the 95% credible region inter-
preted from observation data, and when fa ≲ 1.6 × 1020 GeV,
that the BH can exist having a large spin contained in the 68%
credible interval interpreted from GW data.

TABLE III. The parameters of the BBH systems in GW190412
and GW190517.

GW190412 GW190517

Primary BH mass ½M⊙� 27.7 39.2
Secondary BH mass ½M⊙� 9.0 24.0
Mass of the remnant BH ½M⊙� 35.6 60.1
Primary BH spin 0.44 0.95
Spin of the remnant BH 0.66 0.87
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Here, the minus sign represents the depletion of the boson
cloud occupation number and this differential equation is
equivalent to Eq. (33) in Sec. IV, the evolution function of
occupation number. Then, the emission energy for GWs
radiated by the boson cloud equals the energy loss of cloud,
which means

PGW ¼ Ploss ¼ −
dNðtÞ
dt

ma: ð41Þ

Here we approximate the energy of the bound-state boson
by ma. From the perspective of this work, we focus on how
the self-interaction effects change the maximum occupation
number and lead to the significant reduction of peak GW
strain. We neglect the self-interaction corrections to the
annihilation rate and the energy of scalar boson. When
calculating the emission power of GWs from boson cloud,
those corrections are expected to be subdominant because
the amplification of the occupation number is largely
suppressed. Finally, the (peak) GW strain at the detector
can be estimated as

h ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4PGW

5ð2πfGWÞ2D2
L

s
; ð42Þ

where DL is the luminosity distance of gravitational atom
and the prefactor 4=5 is decided by the configuration of
detector.
We demonstrate the evolutions of the gravitational

atom’s parameters in Fig. 8. We assume the luminosity
distance of gravitational atomDL ¼ 10 kpc to compute the
GW strain at the detectors. Note that the times in the
horizontal axes are all rescaled logarithmically. We only
consider the boson cloud of fastest growing state for
simplicity and assume attractive self-interaction. The red
lines in Fig. 8 show the parameters’ evolution after the
gravitational atom is born. As a contrast, we also plot the
evolution of those parameters for the free boson in gray
dashed lines, in which the self-interaction scale fa is set to
be infinite. We can see from the plots the cloud growth
ceased before the original saturation and this turnoff
happened earlier. The BH mass and spin only decreased
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FIG. 8. Evolution examples of BH mass, BH spin, ultralight boson cloud occupation number and its mass, cloud’s radiated GW strain,
GWemission power, and GW frequency. The red lines in each subfigure show the evolution of these parameters as the function of time
starting from the birth of the gravitational atom. The BH has an initial mass of MBH;init ¼ 25M⊙ and an initial spin of χi ¼ 0.95. The
self-interaction scale is fa ¼ 2.5 × 1018 GeV. To make a comparison, the gray dashed lines in each subfigure show the evolution of the
parameters if we assume no self-interaction between bosons in the cloud. We assume the luminosity distance of gravitational atom
DL ¼ 10 kpc to compute the GW strain at the detectors. The times in the horizontal axes are all rescaled logarithmically.
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slightly and then nearly remained unchanged. The magni-
tude of boson cloud was much smaller compared to the
boson of free field. As a result, the GW strain was
suppressed to a large extent. Although the boson cloud
was radiating GWs, its occupation number did not decline
after the time t > 3 years. The reason for that is the BH
with a large spin can continuously replenish the cloud
through superradiance when the bosons in the cloud
annihilate. On the whole, the (peak) GW strain became
smaller because of the self-interaction. The smaller GW
strain and the frequency drift (not shown in the plots) make
it more difficult to discover the signals in the GW searches.
One important insight those charts in Fig. 8 reveal is that,

at the time the boson cloud is saturated, the frequency of
GWs emitted by the cloud changes dramatically. This
change stems from the energy shift of the bound-state
bosons owing to both the self-interaction effects of boson
cloud and the rapid mass depletion of BH. To be specific,
the self-interaction effects would alter the BH mass
depletion and the frequency eigenvalue of boson cloud
during the evolution of gravitational atom. Thus, the
observation and GW frequency measurement of continuous
GWs radiated by the newly formed boson cloud could
constrain the boson models with self-interactions. Detailed
studies are left for future work.

VI. CONCLUSIONS AND DISCUSSIONS

The successful detection ofGWshas opened new avenues
and provided powerful probes for studying ultralight
bosonic fields and dark matter. Traditional dark matter
searches often rely on its electromagnetic or other inter-
actions with ordinary matter. However, if dark matter
consists of ultralight bosonic fields, it can spontaneously
formand grow intomacroscopic, dense boson clouds around
rotating BHs without requiring any interactions beyond
gravity. The gravitational atom formed by a rotating BH and
its surrounding boson cloud exhibits various observableGW
signatures, including modifications to GW emissions from
compact binaries [20,23,27] and continuous GW radiation
from the boson cloud itself [28–35].
Apart from these, whether the ultralight bosons possess

self-interactions can significantly affect: (i) The formation,
saturation, and evolution of the boson cloud; (ii) The
evolution of the BH; and (iii) The GW signals from the
gravitational atom. When the self-interaction is sufficiently
strong, both the final state of the BH and the mass of the
boson cloud can differ substantially from the nonself-
interacting case.
In this work, we have studied the formation, growth rate,

saturation, and bound-state energy levels of self-interacting
bosonclouds during theBHsuperradiance processwithin the
full Kerr background, while also accounting for the corre-
sponding evolution of the BH’s mass and spin. Previous
studies on dark matter detection or constraints via super-
radiance have largely overlooked the self-interaction effects

of boson clouds. Here, we numerically solve for the super-
radiant growth rate of boson clouds with self-interactions
around Kerr BHs and quantitatively evaluate how the
strength of scalar boson self-interactions influences the
growth rate.
Our calculations reveal that, when self-interactions are

included, there exists an additional critical boson cloud mass
beyond the upper bound imposed by the superradiance
condition. Once the boson cloud reaches this critical mass
during its growth, thegrowth rate approaches zero, indicating
that the superradiance processwill terminate earlier under the
influence of self-interactions. The maximum mass of the
boson cloud thus depends on the strength of the self-
interactionof ultralight bosons. Furthermore,wenumerically
compute the real part of the eigenfrequencies of the boson
cloud in the gravitational atom and find deviations from the
noninteracting case, with the shift depending on both the
cloud mass and the self-interaction strength.
Based on these results, we discuss the impact of self-

interactions on GWs emitted from boson cloud annihilation
in gravitational atoms, including both frequency and
amplitude modifications. The predicted frequency drift
of the emitted GWs could be detectable by current or
future observatories. Moreover, our calculations suggest
that, for gravitational atoms composed of scalar boson
clouds, the BH may retain a significant fraction of its initial
mass and spin even after the dominant superradiant mode
terminates if self-interactions are present. This finding
could substantially relax current constraints on scalar boson
models derived from BH spin measurements. As specific
examples, we use GW190412 and GW190517 to demon-
strate how self-interaction can alleviate these constraints,
providing quantitative estimates of the self-interaction
energy scale required to do so. Additionally, our results
can help explain several existing experimental measure-
ments of BH spins.
Overall, the conclusions drawn from this work provide

valuable insights for future dark matter searches using GW
observations and for astrophysical constraints on dark
matter properties based on BH observations. In investigat-
ing the superradiance of self-interacting scalar bosons
around rotating BHs, we solve the Klein-Gordon equation
on the Kerr metric and, for the first time in a relativistic
framework, apply the continued fraction method to com-
pute the eigenfrequencies of boson clouds with self-
interactions in gravitational atoms. This approach allows
us to determine the superradiant growth rates of self-
interacting bosons for specific energy levels around Kerr
BHs and, in principle, to numerically solve for the growth
rates at any stage of the boson cloud formation across the
entire parameter space of α and fa. In the limit where the
self-interaction scale fa approaches infinity, our results
recover those of the noninteracting case.
Nevertheless, our calculations assume that the boson

cloud is dominated by a single energy level, neglecting
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mode mixing between different states and the influence
of higher bound states on the dominant mode. Future
work could expand upon this study in several direc-
tions. For example, one could consider higher-order self-
interaction terms beyond the quartic term, incorporating
their effects within the current methodological framework.
Additionally, the impact of self-interactions on the anni-
hilation of boson pairs into gravitons within the cloud could
be explored in greater detail, providing a more compre-
hensive understanding of GW signals from gravitational
atoms. From a methodological perspective, applying
numerical relativity to dynamically model the formation
and evolution of self-interacting boson clouds around a BH
could yield more precise results for system parameters such

as growth rates and validate the methods employed in
this study.
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