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Most particles in nature are unstable, manifesting as resonances in scattering processes. Using analyticity
and unitarity, we show nonperturbatively that resonances, defined as poles on higher Riemann sheets of
scattering amplitudes, share basic properties with stable particles: (i) universality, that a resonance
generically appears in every S-matrix element; and (ii) factorization, that amplitudes factorize on resonance
poles. Our framework applies in any spacetime dimension and across arbitrarily many two-particle cuts,
including cases where the kinematic Riemann surface becomes infinitely sheeted. Importantly, we find that
resonance data (spin, mass, width, couplings, and sheet index) are fully encoded on the physical sheet,
where causality can impose additional constraints. These results are relevant for extending S-matrix
bootstrap studies beyond elastic scattering.
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I. INTRODUCTION

Most particles observed experimentally are unstable [1].
They do not belong to the asymptotic Fock space, but
rather appear as short-lived enhancements in scattering
processes, traditionally modeled by Breit-Wigner-type
shapes. Extracting the properties of resonances from
experimental data is notoriously delicate [2,3]: a broad
resonance may leave only a mild imprint on experimental
data, and conversely not every bump corresponds to a true
resonance, since Landau singularities [4], which are of
purely kinematic origin, can also induce rapid variations
of the amplitude [5]. This tension between “bumps” and
genuine poles makes it natural to ask, in a fully non-
perturbative setting, what is the rigorous definition of a
resonance and how close such an object is to an actual
particle.
From the viewpoint of quantum field theory, the notion

of a particle is tightly linked to the analytic structure of the
S-matrix [6]. Stable particles correspond to simple poles of
the amplitude on the physical sheet. Unitarity, when
applied to intermediate one-particle states, implies two
familiar consequences: amplitudes factorize on the pole
into a product of lower-point amplitudes, and the same one-
particle state necessarily appears in every channel to which
it can couple. We refer to these two properties as “factori-
zation” and “universality.” They are standard in perturba-
tion theory, where they can be derived diagrammatically

from Feynman rules, and they underlie modern on-shell
methods to bootstrap tree-level amplitudes in gravity, Yang-
Mills, and related theories [7].
Unstable states modify this picture in an essential way.

Their poles move off the real axis and onto unphysical
Riemann sheets reached by analytic continuation across
unitarity cuts. A resonance is then identified with a pole
of the scattering amplitude on such a higher sheet [8].
Singularities on these higher sheets can influence the
amplitude on the physical sheet; a pole on the second
sheet, for instance, may sit close enough to the cut to
generate a rapid variation of the amplitude that is observ-
able in scattering experimental data. This naturally raises
the question of whether resonances enjoy the same uni-
versality and factorization properties as stable particles.
The nonperturbative S-matrix bootstrap [9–11] provides

a complementary motivation. In practice, implementations
work directly with amplitudes on the physical sheet,
imposing unitarity along the branch cuts through inequal-
ities and sum rules. Resonances, understood as higher-sheet
poles, are then inferred indirectly: in elastic scattering they
correspond to zeros of the partial-wave amplitude on the
first sheet [12,13]. It is not obvious, however, that this
strategy extends beyond the simplest elastic case. To push
the S-matrix bootstrap beyond the purely elastic regime, it
is therefore crucial to understand whether, and in what
sense, resonance data are encoded in the physical sheet.
These data consist of the spin, mass, width, couplings, and
the sheet on which the resonance resides.
In this paper we rigorously address these questions using

analyticity and unitarity. We show that resonances share the
universality and factorization properties familiar from
stable particles. Schematically, on the pole of a resonance
“R” we find
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ð1Þ

with sR ∈C in the unphysical sheet with index n and PJðzÞ
the Legendre polynomial of spin J.
Moreover, we derive general relations between the

resonance data fJ; sR; gabR; ng and the amplitude Tab→cd
on the physical sheet, ready to be used for S-matrix
bootstrap applications. Our analysis applies beyond the
simplest elastic second-sheet setup, extending to higher
sheets connected through any combination of two-particle
production thresholds. In particular, it also applies to
theories in odd-dimensional spacetimes or involving mass-
less particles where the kinematic Riemann surface can
become infinitely sheeted.
Our work is organized as follows. In Sec. II we derive a

generalized K-matrix solution, which solves analyticity
and unitarity across two-particle thresholds. In Sec. III we
show how this general solution can be analytically con-
tinued to higher Riemann sheets and use it to derive
properties of resonance poles and relate them to the
physical sheet amplitude. In Sec. IV we showcase our
relations in a system of two different particles with Z2

symmetry. We conclude in Sec. V with a brief summary
and an outlook on future directions.

II. UNITARITY AND ANALYTICITY

Our starting point is the S-matrix operator Ŝ, which can
be split in the usual way in terms of a free and interacting
part T̂,

Ŝ ¼ 1̂þ iT̂: ð2Þ

We will be looking at 2 → 2 scattering elements,

hpa; pb
ˆjTjpc; pdi

¼ ð2πÞdδdðpa þ pb − pc − pdÞTab→cdðs; tÞ ð3Þ

where Tab→cdðs; tÞ is the scattering amplitude and
depends on Mandelstam invariants s ¼ ðpa þ pbÞ2 and
t ¼ ðpa − pcÞ2. Each momenta satisfies the on-shell rela-
tion p2

i ¼ m2
i , where mi is the corresponding mass. While

we consider the scattering of scalar particles, our analysis
generalizes straightforwardly to spinning particles.

A. Partial-wave amplitudes

We introduce definite angular-momentum J scattering
elements, known as partial-wave amplitudes,

TJ
ab→cdðsÞ ¼

N d

2

Z
1

−1
ð1 − z2Þd−42 PðdÞ

J ðzÞTab→cdðs; tðzÞÞdz;

ð4Þ

where PðdÞ
J ðzÞ is the Gegenbauer polynomial (which

reduces to the Legendre polynomial for d ¼ 4), and z is
the cosine of the scattering angle in the center-of-mass
frame given in terms of s and t (see Appendix A).
The inverse relation reads

Tab→cdðs; tÞ ¼
X∞
J¼0

nðdÞJ TJ
ab→cdðsÞPðdÞ

J ðzÞ: ð5Þ

The normalization factors are

N d ¼
ð16πÞ2−d2
Γ
�
d−2
2

� ;

nðdÞJ ¼ ð4πÞd2ðdþ 2J − 3ÞΓðdþ J − 3Þ
πΓ
�
d−2
2

�
ΓðJ þ 1Þ

ð6Þ

where we adopt conventions from [14].
Particles manifest as simple poles of scattering ampli-

tudes and are most cleanly identified in the partial-wave
decomposition. Concretely, a particle of massM and spin J0

produces a simple pole at s ¼ M2 in the partial-wave
amplitude of spin J ¼ J0,1

TJ
ab→cdðs → M2Þ ¼ −

gabMgcdM
s −M2

δJ;J0 ð7Þ

where gabM are the cubic couplings between particles a, b,
and M.

B. Unitarity

The S-matrix satisfies unitarity Ŝ†Ŝ ¼ 1̂ which in terms
of T̂ reads

2 Im T̂ ¼ T̂†T̂: ð8Þ

Evaluating this relation between “in” and “out” two-
particle momentum states, and inserting a complete set
of particle states in between T̂†T, we find the integral form
of unitarity. In schematic form,

2 ImTab→cd ¼
XZ
ij

T�
ab→ijTij→cd þ

XZ
n≥3

T�
f2→ngTf2→ng ð9Þ

1The remaining partial waves with spin J0 ≠ J are regular at
s ¼ M2. Hence, in the expansion (5) the spin-J0 partial wave
dominates as s → M2, and the amplitude develops the simple

pole Tab→cdðs → M2; tðzÞÞ ∝ PðdÞ
J ðzÞ
s−M2 in agreement with [15].
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where ⨋ denotes summing over intermediate particle states
and integrating over their phase space. The first piece
corresponds to the contribution of any two-particle states,
with the integral running over the angles of intermediate i, j
particles (see Appendix A), and the second piece denotes
all multiparticle contributions, with n ≥ 3 the number of
intermediate particles.
Unitarity takes a simpler form in terms of the partial

waves [8,14]. We have

ImTJ
ab→cd ¼

X
i>j

ρijðTJ
ab→ijÞ�TJ

ij→cd þ ΔJ
HP;ab→cd ð10Þ

where ΔJ
HP;ab→cd is the higher-point contribution coming

from the second piece of (9), which contains nontrivial
integrals in terms of higher-point partial waves. Conversely,
the first contribution in (9) admits a significant simplifi-
cation. One is left with a sum over two-particle states ij,
weighed by a phase-space volume factor, which in d
spacetime dimensions is given by (see Appendix A)

ρijðsÞ ¼ bij

�
s − ðmi −mjÞ2

�d−3
2

�
s − ðmi þmjÞ2

�d−3
2

s
d−2
2

ð11Þ

where bij ¼ 1 − δij=2 is the Bose symmetry factor, and
ρijðsÞ is evaluated for center-of-mass energies above the
production threshold,

ffiffiffi
s

p
≥ mi þmj.

C. Partial-wave S-matrix

With the partial-wave amplitude elements TJ
ab→cd we can

also define a symmetric partial-wave S-matrix,

SJab→cd ≡ δab;cd þ 2i
ffiffiffiffiffiffiffi
ρab

p
TJ
ab→cd

ffiffiffiffiffiffiffi
ρcd

p ð12Þ

which satisfies the unitarity relationX
i>j

ðSJab→ijÞ�SJij→cd ¼ δab;cd − 4
ffiffiffiffiffiffiffi
ρab

p
ΔJ

HP;ab→cd
ffiffiffiffiffiffiffi
ρcd

p
:

ð13Þ

D. Analyticity

Amplitudes are analytic functions, satisfying Hermitian
analyticity [16],2

½TJ
ab→cdðsÞ�� ¼ TJ

ab→cdðs�Þ: ð14Þ

According to the Feynman iϵ prescription, physical ampli-
tudes at real energies are evaluated slightly above the real

axis, s → sþ iϵ with ϵ > 0 arbitrarily small. Combined
with (14), we find

ImTJ
ab→cdðsþ iϵÞ ¼ DiscTJ

ab→cdðsÞ ð15Þ

where the discontinuity across the real axis is

DiscTJ
ab→cdðsÞ≡ TJ

ab→cdðsþ iϵÞ − TJ
ab→cdðs − iϵÞ

2i
: ð16Þ

This expresses the usual statement that unitarity (10)
constrains the discontinuity of the amplitude on the real
axis. Strictly speaking, unitarity is valid only in the physical
scattering region,3 namely for s ≥ ðma þmbÞ2. However,
we will adopt an extended unitarity relation [17–21] that
incorporates all lighter two-particle thresholds mi þmj <
ma þmb appearing in (10). This property holds in pertur-
bation theory, and we will assume it here.
We will further extend the unitarity relation into the

region below all two-particle thresholds, going over single-
particle exchanges (which appear as poles of the amplitude)
and continuing to negative s toward the left-hand cut,
which is dictated by crossing symmetry [22].
With these extensions in place, we write the following

unitarity relation, valid for all real s:

DiscTJ
ab→cd ¼

X
ij

Θijρij½TJ
ab→ij��TJ

ij→cd þ ΔJ
ab→cd ð17Þ

where Θij ≡ Θð ffiffiffi
s

p
− ðmi þmjÞÞ and

ΔJ
ab→cd ≡ ΔJ

LC;ab→cd þ ΔJ
SP;ab→cd þ ΔJ

HP;ab→cd: ð18Þ

The three pieces of ΔJ
ab→cdðsÞ are:

(i) ΔJ
LC;ab→cdðsÞ, the contribution from the left-hand

cut, supported for s ≤ sLC < ðma þmbÞ2;
(ii) ΔJ

SP;ab→cdðsÞ ¼
P

i gabigcdiδðs −m2
i Þ, the contribu-

tion from single-particle poles; and
(iii) ΔJ

HP;ab→cdðsÞ, the contribution from higher-point
intermediate states, already present in the physical
unitarity relation (10).

These contributions are illustrated in Fig. 1.
Crucially, we will not require the explicit form of ΔJ

ab→cd
and will treat it as an unknown throughout.

E. Generalized K-matrix solution

Wewill now solve the extended unitarity relation (17) for
the amplitude TJ

ab→cd in terms of the unknown ΔJ
ab→cd. Our

approach is based on the K-matrix formalism [1–3], but
crucially we do not assume any particular parametrization
of the K-matrix.

2Note that this property does not generally hold for the
S-matrix SJab→cdðsÞ due to the imaginary factor i in (12).

3Here we assume ma þmb ≥ mc þmd without loss of
generality.
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We first write Eq. (17) in matrix form

DiscT ¼ ðTÞ† · ρ · Tþ Δ ð19Þ

where, in terms of indices, we treat fabg ¼ fbag as a
single index denoting each two-particle state, so that

½T�ab;cd ≡ TJ
ab→cd; and ½Δ�ab;cd ≡ ΔJ

ab→cd; ð20Þ

where Δ is a positive semidefinite matrix. Moreover,

½ρ�ab;ij ¼ δab;ijρij ð21Þ

is a diagonal matrix of two-body phase-space volumes.
Crossing symmetry, fab ↔ cdg, implies that both T and Δ
are symmetric matrices.
Note that the discontinuity operation (16) obeys similar

algebraic properties as the derivative operation. In particular,

DiscT−1 ¼ −ðT†Þ−1 · ðDiscTÞ · T−1: ð22Þ

Using this relation, unitarity (17) can be recast as

−DiscT−1 ¼ ρþ Δ̃; with Δ̃ ¼ ðT†Þ−1 · Δ · T−1: ð23Þ

It then follows that

DiscðT−1 þ ΣÞ ¼ −Δ̃ ð24Þ

where Σ is a diagonal matrix ½Σ�ab;ij ¼ δab;ijΣij where each
entry satisfies

DiscΣijðsÞ ¼ ΘijðsÞρijðsÞ ð25Þ

with ρijðsÞ given by (11) and ΘijðsÞ ¼ Θð ffiffiffi
s

p
−mi −mjÞ.

In other words, ΣabðsÞ is a function whose imaginary
part is given by the two-body phase-space volume.
Equivalently, ΣabðsÞ is thus given by the one-loop bubble
Feynman integral, up to analytic terms.
Finally, we define the K-matrix via the relation

K−1 ≡ T−1 þ Σ; ð26Þ

whose matrix elements obey, using (23),

Disc½K−1�Jab→cdðsÞ ¼ −Δ̃J
ab→cdðsÞ: ð27Þ

From (18) we see that the discontinuity of K−1 receives
contributions only from higher-point cuts, single-particle
exchanges, and the left-hand cut.
In particular, Eq. (27) guarantees that the K-matrix is

analytic across the two-particle branch cuts. Putting every-
thing together, we arrive at the generalized K-matrix
solution for the partial-wave amplitude,

TðsÞ ¼ ½K−1ðsÞ − ΣðsÞ�−1: ð28Þ

The key property of this relation is that it separates the
analytic structure of the amplitude TðsÞ, isolating the
contribution of two-particle branch cuts into ΣðsÞ, while
all remaining singularities (higher-point and left-cut con-
tributions) are grouped into the K-matrix. See Fig. 1 for a
representation.
Solution (28) admits a natural quantum-mechanical

interpretation: ΣðsÞ plays the role of the two-body
Green’s function (or propagator), while KðsÞ acts as an
effective potential. See [23,24] for a related discussion.
The expression (28) represents the most general solution

to two-particle unitarity, with all remaining contributions
encoded implicitly in the K-matrix. In nuclear phenom-
enology, it is common to impose strong assumptions on
K−1ðsÞ when fitting experimental data, for example by
neglecting all additional branch cuts and treating K−1ðsÞ as
a matrix of polynomial or rational functions. This pro-
cedure is used to extract resonances from data and becomes
quite delicate for broad resonances (see [2,3] for recent
reviews).4

For our purpose, which requires analytic continuation
into higher Riemann sheets across two-particle thresholds,
it is enough to note that K−1ðsÞ is analytic at those

FIG. 1. Analytic structure of the partial-wave S-matrix. In blue, two-particle branch cuts (2P) with branch points at s ¼ ðmi þmjÞ2
including elastic and production processes. In red, all remaining singularities, including higher-point branch cuts (HP), single-particle
poles (SP), and the partial-wave left cut (LC). In gray, singularities that emerge in higher Riemann sheets after crossing two-particle cuts;
namely, Landau singularities at s ¼ 0 and s ¼ ðmi −mjÞ2 and resonances at s ¼ sR ∈C.

4The K-matrix solution also plays a key role in lattice QCD,
namely in translating finite-volume energy spectrum into scatter-
ing data [25,26].
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thresholds. Consequently, when we cross any two-particle
branch cut the function K−1ðsÞ remains unchanged. This
will allow us to access higher Riemann sheets without
needing to assume any particular form for the K-matrix.
We conclude this section with a few remarks.

Appendix B discusses the relation between the generalized
K-matrix solution (28) and the Castillejo-Dalitz-Dyson
(CDD) [27] solution of elastic unitarity, familiar from
integrable theories in d ¼ 2. In this Appendix we also
show how the K-matrix solution (28) can be generalized to
incorporate form factors and two-point correlation func-
tions, where Watson’s theorem [28] immediately follows.
Note that we have not discussed here the possibility of

anomalous thresholds, which can appear on the physical
sheet of the scattering amplitude and are not manifestly
captured by unitarity (10). However, as discussed in [29],
in the partial-wave amplitude the anomalous threshold is
already present in the physical sheet, belonging to the left
cut of the K-matrix (depicted in red in Fig. 1) and is thus
taken into account automatically. See also [30] for recent
work in this context.

III. HIGHER SHEETS AND RESONANCES

As previously mentioned, the generalized K-matrix
solution (28) manifests the analytic structure across two-
particle branch cuts explicitly via ΣðsÞ whose discontinuity
is fixed by the two-particle phase-space volume, according
to (25).
This allows us to perform the analytic continuation from

the first (physical) sheet through any combination of two-
particle cuts into higher (unphysical) sheets. Importantly,
K−1ðsÞ remains unchanged upon this analytic continuation
procedure, as long as no other branch cuts, apart from two-
particle cuts, are crossed.

A. Analytic continuation to higher sheets

On a sheet “n,” reached by crossing an arbitrary
combination of two-particle cuts, we write

TðnÞðsÞ ¼ ½K−1ðsÞ − ΣðnÞðsÞ�−1: ð29Þ

Here n, which we call the “sheet index,” is a diagonal
matrix where each entry nij records how many times each
ij branch cut has been crossed: a positive (negative) value
corresponds to a clockwise (counterclockwise) excursion
around the ij branch cut.
The matrix ΣðnÞðsÞ is also diagonal, with entries

½ΣðnÞ�ab;ij ¼ δab;ijΣ
ðnijÞ
ij ð30Þ

where ΣðnijÞ
ij ðsÞ is obtained by analytically continuing ΣijðsÞ

to the sheet labeled by nij, with nij ¼ 0 denoting the
physical sheet.

This analytic continuation is precisely where the contrast
between massive and massless exchanges, as well as
between even and odd spacetime dimensions, becomes
sharp: depending on the case, the branch point at s ¼
ðmi þmjÞ2 is of square-root or logarithmic type. Inspection
of (11) shows that

(i) Square-root type: Occurs for d even with two
massive particles, mi ≠ 0 and mj ≠ 0, or for d
odd with two massless particles, mi ¼ mj ¼ 0. In
this case the associated Riemann surface has only
two sheets and nij ∈ f0; 1g.

(ii) Logarithmic type: Occurs for d odd with two
massive particles, mi ≠ 0 and mj ≠ 0; for d even
with two massless particles, mi ¼ mj ¼ 0; and, in
any d, when exactly one of the particles is massless,
e.g., mi ¼ 0 and mj ≠ 0. In this case the associated
Riemann surface is infinitely sheeted, with nij ∈Z.

In practice, we will need the monodromy between a
higher sheet and the physical sheet, given by the difference

ΣðnijÞ
ij ðsÞ − ΣijðsÞ. The monodromy between two adjacent

sheets follows from analytically continuing the relation (25)
into the complex plane. Starting from the upper half-plane
and encircling the s ¼ ðmi þmjÞ2 branch point counter-
clockwise we see that Σðs − iϵÞ enters the branch cut
and moves to sheet (þ1), while Σðsþ iϵÞ remains on the
physical sheet (0). We thus obtain

Σð1Þ
ij ðsÞ − ΣijðsÞ ¼ −2iρijðsÞ; Im s > 0; ð31Þ

with Σij ¼ Σð0Þ
ij , where Im s > 0 specifies the branch of

ρijðsÞ in (11), which may itself have a branch cut starting
at s ¼ ðmi þmjÞ2.
Indeed, this occurs when the branch point of ΣijðsÞ is

square-root type (see above) and the monodromy operation
flips its sign, ρijðsÞ → −ρijðsÞ. This implies that a second
monodromy cycle of (31) returns us to the second sheet,

Σð2Þ
ij ðsÞ ¼ ΣijðsÞ, confirming that only two sheets exist in

this case.
By contrast, when the branch point of ΣijðsÞ is of

logarithmic type, we see that the phase-space factor itself
ρijðsÞ in (11) has no branch point and we can analytically
continue (31) further without any obstruction. After nij
counterclockwise cycles we find the monodromy between
sheet nij and the first sheet

ΣðnijÞ
ij ðsÞ − ΣijðsÞ ¼ −2inijρijðsÞ; ð32Þ

whereas for jnijj clockwise cycles we take nij < 0 in
the above.
In summary, the monodromy relation (32) uniformly

describes both square-root and logarithmic behaviors.
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For logarithmic branch points one has nij ∈Z, while for
square-root type nij ∈ f0; 1g. In the latter case, since ρijðsÞ
in (11) has a branch cut for s ≤ ðmi þmjÞ2, we must also
specify which half-plane s lies in: (31) holds for Im s > 0,
whereas for Im s < 0 one has ρijðsÞ → −ρijðsÞ.
Repeating this procedure for each ij two-particle cut, and

denoting by (n) the full set of integers nij, specifying which
branch cuts have been crossed and how many times, we
obtain the desired analytic continuation ΣðnÞðsÞ which we
write in the compact form

ΣðnÞ − Σ ¼ −2in · ρ; ½n�ab;ij ¼ δab;ijnij ð33Þ

where ρ is given by the diagonal matrix of phase-space
volumes (11), according to (21), and n which we call the
sheet index, is a diagonal matrix given by the nij entries, as
denoted above. We represent the multisheeted Riemann
surface of partial-wave amplitudes in Fig. 2.

Note that N distinct square-root thresholds make the
associated Riemann surface have 2N sheets in total [31].
Massless exchanges behave differently. If either mi ¼ 0 or
mj ¼ 0, additional overlapping branch points arise from the
emission of extra massless particles. When both particles
are massless, mi ¼ mj ¼ 0, the branch point collapses to
s ¼ 0 and may coincide with the left-cut branch point,
splitting the physical sheet into two disconnected regions
(in Fig. 1, the red and blue branch points may completely
overlap). Any path connecting these regions should then
cross extra branch cuts, so the K-matrix acquires additional
monodromies. In S-matrix bootstrap applications, however,
one typically imposes unitarity within restricted subsectors
of the full multiparticle problem, for example in the jet
reduction of [32], so our framework remains meaningful in
that context.
Having an explicit analytic continuation of the partial-

wave amplitudes to higher sheets, we are now in a position
to analyze their analytic structure on those sheets.

B. Higher-sheet analytic structure

The analytic structure on higher sheets can be described
by writing (29) in the form

TðnÞðsÞ ¼
adj
�
K−1ðsÞ − ΣðnÞðsÞ

�
det
�
K−1ðsÞ − ΣðnÞðsÞ

� ð34Þ

where adj denotes the adjugate and det the determinant.
The adjugate can be computed using the Cayley-

Hamilton theorem [33] and is given purely in terms of
products of matrix elements of K−1ðsÞ and ΣðnÞðsÞ. It can
therefore only develop singularities when these individual
entries become singular.
Since K−1ðsÞ is unchanged by the continuation pro-

cedure, it has precisely the same singularities as on the
physical sheet, namely those dictated by (27). By contrast,
ΣðnÞðsÞ given by (33) can develop additional singularities
upon continuation, such as those in ρðsÞ at s ¼ 0 and
s ¼ ðmi −mjÞ2, in (11). These are hidden on the physical
sheet, where (25) only has support for s ≥ ðmi þmjÞ2, but
they can appear on higher sheets. They can be derived
independently from a Landau analysis of the bubble
integral, where s ¼ 0 is a second-type singularity and
s ¼ ðmi −mjÞ2 is the pseudothreshold singularity [34].
The remaining way for (29) to become singular is when

the denominator vanishes at isolated points

det
�
K−1ðs0Þ − ΣðnÞðs0Þ

�
¼ 0 ð35Þ

so that K−1ðsÞ − ΣðnÞðsÞ becomes noninvertible as s → s0. If
s0 ∈R, we associate this singularity with a virtual state,

FIG. 2. Multisheeted Riemann surface generated by a pair of
two-particle thresholds with logarithmic branch points s11 < s22
represented by the vertical blue lines. Sheets are labeled by
ðn11; n22Þ with each number nij ∈Z indicating the sheet of the
corresponding branch cut, according to (32). The colored surfaces
depict several sheets of the infinite Riemann surface. Black
curves show explicit analytic continuation paths that cross cuts,
wind around branch points and thus move between sheets. The
black markers indicate resonances on unphysical higher sheets
with the corresponding translucent markers indicating where their
information is encoded on the physical sheet (blue) according to
formulas (49) and (51).
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whereas if s0 ¼ sR ∈C has nonzero imaginary part, we
associate it with one or more resonances.5

In summary, on higher sheets reached by crossing two-
particle cuts, the only possible singularities are the kinematic
Landau singularities of the two-particle phase-space and
isolated complex poles, which we interpret as resonances or
virtual states. No more exotic singularities, such as complex
branch points, can appear: there are no “dragons” on these
unphysical sheets.6 We represent the analytic structure of
partial-wave amplitudes on higher sheets in gray in Fig. 1.

C. Resonances and their properties

We now assume the simplest scenario in which the
determinant (35) develops a simple zero at s ¼ sR, to which
we associate a resonance,7

detðK−1 − ΣðnÞÞjs→sR ∝ ðs − sRÞ: ð36Þ

In this case, analyticity implies that as s → sR only a single
eigenvalue of K−1 − Σn vanishes, so that the kernel is one
dimensional. We can then write

�
K−1ðsRÞ − ΣðnÞðsRÞ

�
· v ¼ 0 ð37Þ

for a unique (up to rescaling) nontrivial vector v, whose
components can be complex numbers.
Since the adjugate in (34) is analytic, close to the

resonance we have

TðnÞðs → sRÞ ∝
adj
�
K−1ðsRÞ − ΣðnÞðsRÞ

�
s − sR

: ð38Þ

However, according to (29), we must have

�
½K−1 − ΣðnÞ� · TðnÞ

����
s→sR

¼ 1 ð39Þ

and inserting (38) requires the pole to cancel out,

½K−1 − ΣðnÞ� · adjðK−1 − ΣðnÞÞ ¼ 0: ð40Þ

Comparing to (37) it follows that, at s ¼ sR, each column
of adjðK−1 − ΣðnÞÞ belongs to the kernel of K−1 − ΣðnÞ and

is thus proportional to v. Given that v is unique and the
adjugate is symmetric, we deduce the desired factorization
property of the residue in (38)

adj
�
K−1ðsRÞ − ΣðnÞðsRÞ

�
∝ vvT: ð41Þ

Expanding to subleading order Oððs − sRÞ0Þ in (39) allows
us to fix the proportionality constant (see Appendix C for
details) and we find

TðnÞðs → sRÞ ¼ −
gRgTR
s − sR

þOððs − sRÞ0Þ ð42Þ

with the vector of cubic couplings given by

gR ¼ vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vT ·

�
d
ds ðΣðnÞ − K−1Þjs¼sR

�
· v

r ð43Þ

where each component corresponds to the coupling of the
resonance R to the ab channel, gabR ≡ ½gR�ab.
Equation (42) makes manifest the properties of univer-

sality and factorization. A resonance, in the sense defined
above, generically appears in all channels as a pole of
the full S-matrix on an unphysical sheet. Furthermore, the
residue factorizes on the pole, providing a definition of the
resonance couplings to the various scattering channels.

D. Resonance data and the physical sheet

Let us now clarify the qualifier “generically” used above.
A priori there is nothing that forbids some couplings from
vanishing, gijR ¼ 0, making the resonance not couple
universally to every channel. The key point, however, is
that such vanishing couplings impose additional constraints
on the amplitude on the physical sheet.
To see this explicitly, we use (28) to solve for K−1ðsÞ

in terms of the physical sheet amplitude TðsÞ, and then
reinsert this expression into (37) and (43). In this way we
obtain �

ΣðnÞðsRÞ − ΣðsRÞ − T−1ðsRÞ
�
· v ¼ 0 ð44Þ

with v a nontrivial vector, implying the physical-sheet
condition

detðΣðnÞðsRÞ − ΣðsRÞ − T−1ðsRÞÞ ¼ 0: ð45Þ

The resonance couplings are given by

gR ¼ vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vT ·

�
d
ds ðΣðnÞ − Σ − T−1Þjs¼sR

�
· v

r ; ð46Þ

where

5Note that a complex-valued pole on the first sheet would
violate the standard analyticity domains expected from cau-
sality [35,36].

6We expect that crossing multiparticle cuts can reveal more
intricate structures, such as complex branch points associated
with resonance-particle state production.

7A double or higher-order zero would not, in general, imply
the factorization properties we derive below and can be inter-
preted as two resonance poles colliding. This is analogous to the
breakdown of strict factorization when two stable particles
become exactly degenerate in mass.
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Resonance data ¼ fn; sR; gRg ð47Þ

with sR ∈C is the complex pole position of the resonance
on sheet n and gabR ≡ ½gR�ab ∈C the coupling to the ab
two-particle state.
These relations are expressed purely in terms of the

partial-wave amplitude on the first sheet, TðsÞ, and the
monodromy ΣðnÞðsÞ − ΣðsÞ between the physical sheet and
the higher sheet which is given by (33).
In this sense, the properties of universality and factori-

zation follow directly from the physical-sheet data. If a
resonance does not couple to a given channel, gabR ¼ 0,
then a component of the eigenvector must vanish, vab ¼ 0,8

which by (37) translates into an additional constraint on the
physical-sheet amplitude. Since an analytic function is
completely determined by its values on any one of its sheets
(for instance via dispersion relations), it is natural that this
constraint propagates to all sheets, including the physi-
cal one.
We can express these conditions directly for the partial-

wave S-matrix SJab→cdðsÞ defined in (12). Namely, in matrix
form we have

S ¼ 1þ 2i
ffiffiffi
ρ

p
· T ·

ffiffiffi
ρ

p ð48Þ

where ½S�ab;cd ≡ SJab→cd, ρ is the diagonal matrix (21) and
½1�ab;cd ¼ δab;cd is the identity matrix.
We find analogous physical-sheet relations (44)

and (46) for the partial-wave S-matrix. Inserting the
monodromy (33) and the relation (48) into (44) we find
the simple formula

�
nþ ðSðsRÞ − 1Þ−1

�
· w ¼ 0 ð49Þ

with w a nontrivial vector, which requires

det
�
nþ ðSðsRÞ − 1Þ−1

�
¼ 0: ð50Þ

Moreover, if g̃R ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2iρðsRÞ

p
· gR we find a similarly

compact expression for the vector of couplings

g̃R ¼ wffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wT · n ·

�
d
ds S
����

s¼sR
· n · w

r ð51Þ

which can take complex values. From the above we
deduce the relation

g̃TR · n ·

�
dS
ds

�����
s¼sR

· n · g̃R ¼ 1: ð52Þ

In both results, (49) and (51), all dependence on phase-
space factors, including dimension and nature of the
branch cuts drop out, except for the sheet index (n)
specifying the higher-sheet where the resonance is located.
These relations can be used directly in S-matrix bootstrap
applications (see [32,37–48] for recent work) and con-
stitute our main practical results. Part of these results,
when branch cuts are of square-root nature, may also be
derived via direct analytic continuation of S-matrix uni-
tarity (13) (see Appendix D).
In the next section we illustrate these formulas for a

system of two particles with Z2 symmetry.

IV. EXAMPLE

Consider a system of two particles of massesm1 andm2,
with Z2 symmetry where9

TðsÞ ¼
 
TJ
11→11ðsÞ TJ

11→22ðsÞ
TJ
11→22ðsÞ TJ

22→22ðsÞ

!
ð53Þ

and the corresponding partial-wave S-matrix elements are
given by (12). The Z2 symmetry implies that T12→11 ¼
T12→22 ¼ 0, and the process T12→12 does not couple to
either of the channels in (53) in the direct channel, and
therefore admits a separate, simpler analysis which we do
not consider explicitly here.

A. Pure resonance

Suppose there is a “pure” resonance of spin J at
s ¼ sR in the sheet accessed by encircling the “11” cut n11
times counterclockwise, without crossing the “22” cut, for
which n ¼ diagðn11; 0Þ. In this case the monodromy (33)
reduces to

ΣðnÞðsÞ − ΣðsÞ ¼ −2i
�
n11ρ11ðsÞ 0

0 0

�
: ð54Þ

If d is even and m1 ≠ 0, then according to (11), the 11 cut
will be of square-root nature, and n11 ¼ 0 (physical sheet)
or n11 ¼ 1 (unphysical sheet). Alternatively, if d is odd
or m1 ¼ 0, then n11∈Z and there are infinitely many
higher sheets.
We now analyze the consequences on the physical sheet.

Focusing first on the partial-wave amplitudes TðsÞ, solving
the linear system (44) yields the constraint

TJ
11→11ðsRÞ ¼

i
2n11ρ11ðsRÞ

ð55Þ

where we take Im sR > 0, thereby fixing the branch of
ρ11ðsRÞ. For even d andm1 ≠ 0, changing the sign of Im sR

8Recall that, in our notation, ab corresponds to a single index
labeling the ab two-particle state. 9We follow the setup of [49] in general spacetime dimension.
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flips ρ11ðsRÞ → −ρ11ðsRÞ in (11) due to the square-root
branch cut at s ¼ 4m2

1. In all other cases, (55) holds for
all sR ∈C.10

The equivalent condition for the partial-wave S-matrix
SðsÞ follows from (48) or (49) and reads

SJ11→11ðsRÞ ¼ 1 −
1

n11
ð56Þ

where n11 ¼ 1 recovers the usual condition SJ11→11ðsRÞ ¼ 0

derived in [12,13].
We now compute the physical-sheet relations for the

resonance couplings in (42). In the present case gR ¼
ðg11R; g22RÞ and solving (46) gives

g211R ¼ −
1

½2n11ρ11ðsRÞ�2ðTJ
11→11Þ0ðsRÞ þ 2in11ρ011ðsRÞ

ð57Þ
where 0 denotes a derivative with respect to s. Information
about g22R is encoded on the physical sheet in the inelastic
process 11 → 22, which satisfies

g222R ¼ −½2g11Rn11ρ11ðsRÞTJ
11→22ðsRÞ�2 ð58Þ

with g11R given by (57).
Similarly, for

g̃R ¼ ðg̃11R; g̃22RÞ
¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2iρ11ðsRÞ
p

g11R;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2iρ22ðsRÞ

p
g22R

�
ð59Þ

we find simpler relations in terms of the S-matrix on the
physical sheet, SðsÞ. Using, e.g., (51) we find

g̃211R ¼ 1

n211ðSJ11→11Þ0ðsRÞ
; g̃222R ¼ ½SJ11→22ðsRÞ�2

ðSJ11→11Þ0ðsRÞ
: ð60Þ

Note that setting g̃11R ¼ 0 would force ðSJ11→11Þ0ðsRÞ to
diverge, in conflict with analyticity on the physical sheet.
Thus a resonance that crosses only a single cut must
necessarily couple to that channel.
By contrast, the relations above show that the 22 channel

need not couple to the resonance R, so g22R ¼ 0 is allowed.
This imposes a physical-sheet constraint on the inelastic
process, TJ

11→22ðsRÞ ¼ 0 [equivalently SJ11→22ðsRÞ ¼ 0].

B. Mixed resonance

We now consider the case where the resonance crosses
both the 11 and 22 cuts, so that

n ¼ diagðn11; n22Þ; n11 ≠ 0; n22 ≠ 0: ð61Þ

The corresponding physical-sheet expressions for TðsÞ are
rather cumbersome, so it is convenient to work instead with
the S-matrix SðsÞ on the physical sheet.
Using (50), we obtain a symmetric relation involving all

channels on the physical sheet,

½1 − n11ð1 − SJ11→11ðsRÞÞ� × ½1 − n22ð1 − SJ22→22ðsRÞÞ�
¼ n11n22½SJ11→22ðsRÞ�2; ð62Þ

which reduces to (56) when n22 ¼ 0 and to the analogous
relation with 1 ↔ 2 when n11 ¼ 0.
When both cuts are of square-root type then

n11 ∈ f0; 1g and n22 ∈ f0; 1g. For a resonance that
crosses to the second sheet of both channels,
n11 ¼ n22 ¼ 1, Eq. (62) implies the physical-sheet con-
straint SJ11→11ðsRÞSJ22→22ðsRÞ ¼ ½SJ11→22ðsRÞ�2.
Turning now to the couplings of the resonance to the

different channels, we solve (49) for w and substitute
into (51), obtaining

n11g̃211R½1 − n11ð1 − SJ11→11ðsRÞÞ�
¼ n22g̃222R½1 − n22ð1 − SJ22→22ðsRÞÞ�: ð63Þ

Equivalently, using (62), we can write

−g̃11Rn11SJ11→22ðsRÞ ¼ g̃22R½1 − n22ð1 − SJ22→22ðsRÞÞ�
ð64Þ

which is consistent with (60) upon setting n22 ¼ 0. An
equivalent relation holds with 1 ↔ 2 exchanged, using
again (62).
From (52) we find a final independent relation for the

couplings, involving only derivatives of the physical-sheet
S-matrix,

n211g̃
2
11R

�
SJ11→11

�0ðsRÞ þ n222g̃
2
22R

�
SJ22→22

�0ðsRÞ
þ 2n11n22g̃11Rg̃22R

�
SJ11→22

�0ðsRÞ ¼ 1: ð65Þ

Notice that if the resonance does not couple to one of the
channels, say g̃11R ¼ 0, then by (63) it must also satisfy
g̃22R ¼ 0 (and vice versa). In that case, however, relation (65)
cannot be satisfied, since all matrix elements of S0ðsRÞ must
remain finite, as required by causality (i.e., analyticity on the
physical sheet [50]). Consequently, when the resonance
crosses both cuts into a higher sheet, n11 ≠ 0 and
n22 ≠ 0, it must couple to both channels simultaneously:
g11R ≠ 0 and g22R ≠ 0.

V. DISCUSSION

In this work we have shown that resonances, defined as
complex poles on higher Riemann sheets of the scattering
amplitude, share key properties with stable particles. In

10Note that for s∈R the condition (55) may not be compatible
with Hermitian analyticity (14), suggesting that the location of
virtual states may be constrained.
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particular, resonance poles are universal features of the
S-matrix, independent of the choice of external scattering
states, and they generically appear in every kinematically
allowed channel unless excluded by vanishing couplings.
Moreover, amplitudes exhibit factorization across reso-
nance poles [see Eq. (42)], in close analogy with the
well-known factorization at stable particle poles.
Within clearly stated assumptions on analyticity and

unitarity, our analysis provides a unified framework for
resonance poles on higher Riemann sheets, reproducing the
familiar second-sheet picture [8,51] and extending it to
arbitrary higher sheets reachable by two-particle cuts and to
arbitrary spacetime dimensions, including the case of odd
dimensions and massless exchanges where the kinematic
Riemann surface is infinitely sheeted.
Crucially, we also demonstrated that resonance data,

including the mass, width, and couplings of the resonance,
is in principle fully encoded in the first (physical) sheet,
even when the pole itself lies on a more distant higher sheet
[see Eqs. (44) and (46)]. This observation is especially
relevant for S-matrix bootstrap applications, where only
first-sheet information is directly accessible. We expect the
results derived here to be useful for future coupled-channel
and multiparticle S-matrix bootstrap studies (see [32,49] for
work in this direction).
In the example studied in Sec. IV, we further saw that

causality, encoded as analyticity in the physical sheet, can
impose additional constraints on the resonance data. In
particular, a resonance that does not couple to a given
channel cannot cross the corresponding branch cut into a
higher Riemann sheet.11

In this work we focused on generic 2 → 2 amplitudes
with external states a; b → c; d and considered resonan-
ces in higher sheets of two-particle thresholds. The
properties established above apply to any resonance on
any sheet that can be reached through a sequence of two-
particle cuts. Although multiparticle cuts were not
treated explicitly, our results already accommodate an
arbitrary number of intermediate two-particle states. In
light of [32], which shows that multiparticle states can be
reorganized into an infinite collection of effective two-
particle states labeled by an additional “jet” quantum
number, it is possible that our conclusions generalize to
that setting as well.12

An important consequence of our analysis is that, on
higher sheets of partial-wave amplitudes connected only by
two-particle cuts, no singularities other than isolated poles
and the Landau singularities associated with two-body
phase space can occur (see Fig. 1). In other words, on these
sheets there are no additional exotic singularities beyond

those dictated by unitarity. In this sense, there are no
“dragons” lurking on these higher sheets.13

These results suggest several natural directions for future
investigation.

A. Complex production thresholds

On Riemann sheets connected to multiparticle cuts
involving three or more particles, the analytic structure
becomes substantially richer. One naturally expects isolated
poles associated with resonances that couple directly to
such multiparticle states, for instance the η meson, which
predominantly decays into three neutral pions [1]. In
addition, complex-valued branch points arise at production
thresholds of multiparticle states containing at least one
unstable constituent [54]. It would be interesting to under-
stand how these complex branch points are represented
after the two-particle jet reduction of [32].
By contrast, extending the simple K-matrix framework

used here across two-particle cuts to a formulation that
also remains valid in the presence of genuine multi-
particle cuts is far from straightforward; see [55–57] for
progress in this direction. On the other hand, the
relations (49) and (51) are completely independent of
phase-space factors and of the spacetime dimension,
suggesting that they may admit a direct generalization to
multiparticle channels. In perturbation theory such chan-
nels typically involve elliptic integrals [58,59] and
are therefore expected to give rise to infinitely sheeted
Riemann surfaces in any spacetime dimension, a struc-
ture that our framework already accommodates within
the two-particle sector.

B. Higher-point factorization

The results in this paper were derived for amplitudes
with four external particles. A natural extension is to
analyze higher-point amplitudes and to show that resonance
poles exhibit factorization not only in their cubic couplings
but also in higher-point subamplitudes. Early work in this
direction can be found in [60,61].

C. Bounds on resonance couplings

Given the expressions derived here that relate resonance
data to first-sheet information, it would be natural to use
the S-matrix bootstrap to bound resonance couplings. In
particular, it would be interesting to investigate whether, in
contrast to couplings of stable particles, resonance cou-
plings can take opposite values and generate higher-order
poles or even cancel each other. See [12] for related work
in the context of two spacetime dimensions.

11The converse statement is not true: A resonance can couple
to a channel whose branch cut it did not cross.

12We thank Alexandre Homrich for this observation.

13Momentum-space scattering amplitudes are expected to have
additional Landau singularities on higher sheets, associated with
the nonconvergence of the partial-wave decomposition [14,50].
In particular, natural boundaries are expected to occur [52,53].
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From a phenomenological point of view, resonance
couplings are often poorly determined experimentally,
which provides further motivation for a bootstrap approach.
For example, the gσππ coupling of the broad σ meson,
which decays into two pions, does not yet appear to have
been measured [1].

D. Experimental identification of resonances

Identifying resonances from experimental data is intrinsi-
cally challenging, since measurements are restricted to the
real physical region. For narrow resonances close to the real
axis, the nearby pole cleanly dominates the amplitude and a
simple Breit-Wigner parametrization is often adequate [1].
For broad resonances, or in the presence of overlapping
structures and nearby thresholds, the situation is far more
complicated. In practice, one typically performs multichan-
nel amplitude analyses using the K-matrix or related
dispersive parametrizations, but these fits are highly non-
trivial and model dependent [2,3]. A fully rigorous extrac-
tion of resonance parameters, with systematic uncertainties
under quantitative control, remains a major open problem in
hadron spectroscopy [62].

E. Resonances in the S-matrix bootstrap

In this context, modern S-matrix bootstrap approaches
[9,10,38,44] stand out, to our knowledge, as the only
explicit constructions of scattering amplitudes that mani-
festly satisfy unitarity, analyticity, and crossing symmetry
at all energies. The emergence of resonances and Regge
trajectories in the resulting amplitudes is by now well
established [13,37,40–44,46,47,63,64], and it is natural to
expect that, in the foreseeable future, S-matrix bootstrap
techniques will evolve into a standard tool for extracting
resonance properties directly from experimental or lattice
inputs, as has already been initiated in [42]. The physical-
sheet relations for resonance data derived in this work are
well suited for such applications and should prove useful in
phenomenological resonance identification based on the
S-matrix bootstrap.
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APPENDIX A: KINEMATICS AND
TWO-PARTICLE UNITARITY

1. Center-of-mass kinematics

We consider a generic 2 → 2 scattering process with
Mandelstam invariants

s ¼ ðpa þ pbÞ2; t ¼ ðpa − pcÞ2; u ¼ ðpa − pdÞ2
sþ tþ u ¼ m2

a þm2
b þm2

c þm2
d: ðA1Þ

We take θ to be the physical scattering angle between
incoming particle a and outgoing particle c and define
z ¼ cos θ ¼ p⃗a·p⃗c

jp⃗ajjp⃗cj. Energy-momentum conservation fixes

the energies and (d − 1)-momenta in terms of s and the
scattered masses

Ea ¼
sþm2

a −m2
b

2
ffiffiffi
s

p ; Eb ¼
sþm2

b −m2
a

2
ffiffiffi
s

p ;

Ec ¼
sþm2

c −m2
d

2
ffiffiffi
s

p ; Ed ¼
sþm2

d −m2
c

2
ffiffiffi
s

p ; ðA2Þ

jp⃗aj ¼ jp⃗bj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

a; m2
bÞ

q
2
ffiffiffi
s

p ;

jp⃗cj ¼ jp⃗dj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

c; m2
dÞ

q
2
ffiffiffi
s

p ðA3Þ

where the Källén function is

λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2ðxyþ yzþ zxÞ: ðA4Þ
We have

t ¼ m2
a þm2

c − 2EaEc þ 2jp⃗ajjp⃗cj cos θ: ðA5Þ
Writing the angle in terms of masses and Mandelstam
invariants we obtain

z ¼ 2sðt −m2
a −m2

cÞ þ ðsþm2
a −m2

bÞðsþm2
c −m2

dÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

a; m2
bÞλðs;m2

c; m2
dÞ

q :

ðA6Þ

2. Two-particle unitarity

The Lorentz-invariant two-particle on-shell phase-space
measure, represented in (9), is given explicitly by
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Z
ij
≡bij

Z
dd−1q⃗i

ð2πÞd−12Ei

dd−1q⃗j
ð2πÞd−12Ej

ðA7Þ

where bij ¼ 1 − δij=2 is the Bose symmetry factor, and

Ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2i þm2

i

p
and Ej ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2j þm2

j

q
are the on-shell

energies of the intermediate particles of masses mi
andmj, respectively. Considering only a single two-particle
contribution to (9) we have

2 ImTab→cd ⊃ bij

Z
dd−1q⃗i

ð2πÞd−12Ei

dd−1q⃗j
ð2πÞd−12Ej

ð2πÞd

× δdðpa þ pb − qi − qjÞT�
ab→ijTij→cd:

ðA8Þ

In the center-of-mass frame, where pμ
a þ pμ

b ¼ ð ffiffiffi
s

p
; 0⃗Þ, we

factor the momentum conserving δ function

δdðpa þ pb − qi − qjÞ ¼ δð ffiffiffi
s

p
− Ei − EjÞδðd−1Þðq⃗i þ q⃗jÞ:

ðA9Þ

The spatial δ function enforces q⃗i ¼ −q⃗j and we define
q⃗i ≡ jq⃗jn⃗ with n⃗ a unit vector in (d − 1). Introducing
spherical coordinates for the remaining momentum integral
dd−1q⃗i ¼ jq⃗jd−2djq⃗jdd−2Ωn⃗, we obtain

2 ImTab→cdðs; tÞ ¼ bijð2πÞ2−d
Z

∞

0

djq⃗jjq⃗jd−2
Z

dd−2Ωn⃗

×
δðjp⃗ij − jq⃗jÞ

4jq⃗j ffiffiffisp T�
ab→ijTij→cd ðA10Þ

where jp⃗ij2 ¼ λðs;m2
i ;m

2
j Þ

4s . Thus, we find

2 ImTab→cdðs; tÞ ¼
bij

4ð4πÞd−2 s
2−d
2 λ
�
s;m2

i ; m
2
j

�d−3
2

×
Z

dd−2Ωn⃗T�
ab→ijTij→cd: ðA11Þ

The final angular integral may be written in terms of the
external and internal scattering angles asZ

dd−2Ωn⃗ ≡
Z

1

−1
dz0
Z

1

−1
dz00Pdðz; z0; z00Þ ðA12Þ

where the kernel Pd obeys [14]

Pdðz; z0; z00Þ ¼ ð4πÞd−2N 2
dð1 − z02Þd−42 ð1 − z002Þd−42

×
X∞
L¼0

nðdÞL PðdÞ
L ðzÞPðdÞ

L ðz0ÞPðdÞ
L ðz00Þ: ðA13Þ

Projecting (A11) onto fixed angular momentum using the
partial-wave decomposition (5), we obtain

ImTJ
ab→cdðsÞ ¼ bij

s
2−d
2 λ
�
s;m2

i ;m
2
j

�d−3
2

4ð4πÞd−2
N d

2

×
Z

dz0dz00T�
ab→ijðs; tðz0ÞÞTij→cdðs; tðz00ÞÞ

×
Z

dzð1− z2Þd−42 PðdÞ
J ðzÞPdðz; z0; z00Þ:

ðA14Þ

We combine (A13) with the orthogonality relation

1

2

Z
1

−1
dz
�
1 − z2

�d−4
2 PðdÞ

J ðzÞPðdÞ
L ðzÞ ¼ δJL

N dn
ðdÞ
J

ðA15Þ

and employ the partial-wave expansions of T�
ab→ij and

Tij→cd in (A11). This yields

ImTab→cd ¼ bijs
2−d
2

�
s − ðmi −mjÞ2

�d−3
2

×
�
s − ðmi þmjÞ2

�d−3
2

�
TJ
ab→ij

��
TJ
ij→cd

ðA16Þ

reproducing (10) and (11).

APPENDIX B: RELATION TO CDD SOLUTIONS,
FORM FACTORS AND WATSON’S THEOREM

1. CDD and K-matrix solutions

The CDD [27] solution of elastic unitarity, say for a
process ab → ab, takes the form

SCDDab→abðsÞ ¼
Y
i

ci þ iρabðsÞ
ci − iρabðsÞ

; s ≥ ðma þmbÞ2; ðB1Þ

where ci ∈R. It is clear that the CDD solution will satisfy
elastic unitarity jSCDDab→abðsÞj2 ¼ 1. Moreover it can be
analytically continued into the complex plane using the
explicit expression for the phase-space factor (11).
Now, squaring the phase-space volume (11) we see that

all square-root branch cuts cancel and ½ρabðsÞ�2 is a rational
function of s. It thus becomes clear that the product in the
CDD solution (B1) can always be written in the K-matrix
form

SCDDab→abðsÞ ¼
K−1ðsÞ þ iρabðsÞ
K−1ðsÞ − iρabðsÞ

; ðB2Þ

with K−1ðsÞ a rational function and, in particular, with-
out any branch cut across s ≥ ðmi þmjÞ2. See also
Appendix A of [65].
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2. Form factors and Watson’s theorem

Given a local operator OðxÞ the associated two-
particle form factor F⊣bðsÞ satisfies the elastic unitarity
relation [37,66]

ImFabðsÞ ¼ ρabðsÞ½Tab→abðsÞ��FabðsÞ: ðB3Þ

Comparing with (9) we see that the form factor obeys the
same unitarity relation as the amplitude for a mixed process
Tab→cd with fc; dg ≠ fa; bg, across the fa; bg cut. Form
factors thus admit a general K-matrix solution, and our
general results derived for resonances in S-matrix elements
should also apply for form factors.
In particular, letting

T̃ðsÞ≡
�
Tab→abðsÞ FabðsÞ
FabðsÞ ΠðsÞ

�
ðB4Þ

where ΠðsÞ is the time-ordered two-point function of local
operator OðxÞ in momentum space. We find that unitarity
for this object takes the same form as (19)

DiscT̃ ¼ ðT̃Þ† · ρ̃ · T̃ ðB5Þ

with ρ̃ ¼ diagðρab; 0Þ.
We then have

T̃ðsÞ ¼ ½K̃−1ðsÞ − Σ̃ðsÞ�−1: ðB6Þ

with Σ̃ðsÞ ¼ diagðΣabðsÞ; 0Þ respecting (25), and
DiscK̃ðsÞ ¼ 0. Taking

K̃ðsÞ≡
�
αðsÞ βðsÞ
βðsÞ σðsÞ

�
ðB7Þ

we find

Tab→abðsÞ ¼
αðsÞ

1 − αðsÞΣabðsÞ
; ðB8Þ

and

FabðsÞ ¼
βðsÞ

1 − αðsÞΣabðsÞ
: ðB9Þ

Now, for s ≥ ðma þmbÞ2 the function ΣabðsÞ acquires an
imaginary part while αðsÞ and βðsÞ remain real. This
implies Watson’s theorem [28],

FabðsÞ
F�
abðsÞ

¼ 1 − αðsÞΣ�
abðsÞ

1 − αðsÞΣabðsÞ
¼ 1þ 2iρabðsÞTab→abðsÞ
¼ Sab→abðsÞ: ðB10Þ

APPENDIX C: DERIVATION OF FACTORIZED
RESIDUE ON RESONANCE POLE

Here we derive the factorization property (42) and the
proportionality constant in relation (43).
If AðsÞ is the inverse of TðsÞ we have

TðsÞ · AðsÞ ¼ 1 ðC1Þ

where

AðsRÞ · v ¼ A0 · v ¼ 0; ðC2Þ

for a nontrivial vector v. Around the resonance pole we
have

Tðs ∼ sRÞ ¼
T−1

s − sR
þ T0 þ… ðC3Þ

and

Aðs ∼ sRÞ ¼ A0 þ A1ðs − sRÞ þ…: ðC4Þ

Plugging these expansions into (C1) we find

A0T−1 ¼ 0; A1T−1 þ A0T0 ¼ 1: ðC5Þ

From (C2) and the first equation of (C5) we find that the
residue must factorize in terms of v, where symmetry
TT
−1 ¼ T−1 implies the form

T−1 ¼ αvvT ðC6Þ

with α a proportionality constant we will fix now. We take
the second equation of (C5) and multiply on the left by the
vector vT and use vTA0 ¼ 0 to write

vTA1T−1 ¼ vT: ðC7Þ

We now plug (C6) into the above and get

αvTA1vvT ¼ vT ðC8Þ

which implies

α ¼ 1

vTA1v
ðC9Þ

and inserting into (C6) we recover Eq. (43) of the main text.

APPENDIX D: PHYSICAL-SHEET CONDITIONS
FROM ANALYTIC CONTINUATION

OF UNITARITY

Here we showcase how analytic continuation of the
unitarity relation (13) for the S-matrix can recover part of
the results derived in Sec. III. Making use of (48), we have
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that unitarity (13) reads in matrix form, with explicit iϵ
prescription,

S†ðsþ iϵÞ · Sðsþ iϵÞ ¼ 1 − Δ0ðsÞ ðD1Þ

where 0 ≼ Δ0 ≼ 1, so that S†S ≼ 1.
We proceed to evaluate (D1) where Δ0 has no support,

in the two-particle region (depicted in blue in Fig. 1).
Moreover, if the two-particle cuts are of square-root type,
we find that real analyticity of the amplitude TðsÞ in (14)
translates into the partial-wave S-matrix SðsÞ via (48)
since ½iρðsÞ�� ¼ −iρðs�Þ ¼ iρðsÞ.
Using S�ðsÞ ¼ Sðs�Þ in (D1) we find the manifestly

analytic relation

STðs − iϵÞ · Sðsþ iϵÞ ¼ 1 ðD2Þ

which we can analytically continue to complex s, and we
find the familiar relation from [12,13] in matrix form,

STð1ÞðsÞ · SðsÞ ¼ 1 ðD3Þ

where STð1ÞðsÞ is evaluated in the higher-sheet given by
crossing all the two-particle cuts, n ¼ 1, with 1 the identity
matrix.
Assuming a resonance pole

STð1Þðs ∼ sRÞ ¼
g̃Rg̃TR
s − sR

ðD4Þ

and inserting into (D3) requires, at leading order,

SðsRÞ · g̃R ¼ 0; ðD5Þ

with nontrivial vector of couplings g̃R, and we must have
det SðsRÞ ¼ 0. The above relation is recovered from (49) by
taking n ¼ 1 and multiplying on the left-hand side by
SðsRÞ − 1. Likewise, expanding (D3) to subleading order
we recover relation (52) with n ¼ 1.
Obtaining relations (49) and (51) in full generality with

n ¼ diagðnijÞ, where nij ∈Z, is unclear from direct con-
tinuation of unitarity (13), since SðsÞ is not necessarily real
analytic for logarithmic-type branch points.
However, even in this case, a relation between pole on

the nearest unphysical sheet n ¼ 1 and a “zero” on the
physical sheet n ¼ 0, (D3), can still be derived from
unitarity S†ðsÞSðsÞ ¼ 1 via the replacement, valid for real
energies, ½SðsÞ�† ¼ ½Sðs�Þ�†. Given that ½Sðs�Þ�† is now an
analytic function of s, the unitarity relation ½Sðs�Þ�†SðsÞ¼1
may be analytically continued into the complex plane
where, taking Im s > 0, we see that s� goes into the higher
sheet, with index n ¼ −1, and we find the relation

½Sð−1Þðs�Þ� · SðsÞ ¼ 1; ðD6Þ

meaning that a pole for s ¼ sR in the sheet with index
n ¼ −1 implies a zero on the physical sheet for
s ¼ ðsRÞ�: Sðs�RÞ · g̃R ¼ 0.
If the branch cut is of square-root type then SðsÞ would

be real analytic which would imply also the usual zero for
s ¼ sR derived in (D5). On the other hand, if the branch cut
is of logarithmic type, we would have a different condition
for s ¼ sR given by solving (49) with n ¼ −1. In the
simplest case of crossing a single branch cut (see example
in Sec. IV), we apply condition (56) with n11 ¼ −1 giving
S11→11ðsRÞ ¼ 2 on the physical sheet.
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