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We introduce a learning method for recovering action parameters in lattice field theories. Our method is
based on the minimization of a convex loss function constructed using the Schwinger-Dyson relations. We
show that score matching, a popular learning method, is a special case of our construction of an infinite
family of valid loss functions. Importantly, our general Schwinger-Dyson-based construction applies to
gauge theories and models with Grassmann-valued fields used to represent dynamical fermions. In
particular, we extend our method to realistic lattice field theories including quantum chromodynamics.
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I. INTRODUCTION

Lattice field theory provides systematic, nonperturbative
access to a wide range of quantum systems, most famously
including quantum chromodynamics (QCD), the theory of
strong interactions. Given a family of lattice field theories
(such as lattice QCD), there are two computational tasks
one might perform. Most commonly, we fix a set of
parameters and couplings, and compute expectation values
over the probability distribution thus defined. The inverse
task can also be defined: given a set of expectation values,
what lattice action was used to compute them?
This inverse task, sometimes called the learning prob-

lem, is the subject of this work. The learning problem is not
a mere mathematical curiosity: it is motivated by a number
of applications. One of the central objects in quantum field
theory is the renormalization flow. By sampling from the
Euclidean lattice path integral at one set of parameters,
coarse graining, and then solving the learning problem, we
can directly study how the coupling constants change under
renormalization [1,2]. Renormalization flow can be, and
commonly is, studied by a number of methods, including
perturbation theory and other analytic expansions [3],
Monte Carlo studies [4], and the functional renormalization
group [5]. Renormalization studies as proposed here—
performed by sampling from lattice data, coarse graining,

and then learning—are fully nonperturbative, apply to any
theory that can be efficiently sampled on the lattice, and
(uniquely) are equally applicable to renormalization studies
in which the degrees of freedom differ between the UVand
IR theories.
In principle, one can solve this learning problem by

repeatedly performing the forward procedure, for different
coupling constants, until the expectation values are found to
match. This is inefficient for two reasons. First, computing
expectation values is computationally difficult; second, the
space of possible couplings can be high-dimensional and
therefore expensive to search through. This paper is
motivated by the desire for a more efficient approach.
Indeed, our approach is inspired by an observation that the
learning problem can often be solved more efficiently than
the forward problem [6].
In the case of certain statistical models, the learning

problem is efficiently solved by a popular method known as
score matching [7] that avoids the computation of the
partition function. Standard score matching may be applied
to lattice field theories with continuous variables, as was
done in [2], but encounters computational difficulties in the
case of Grassmann variables that are used to model
fermions in important physical theories. Moreover, score
matching requires observation of a specific set of correla-
tors that may not be conveniently obtained, and might not
be the most data-efficient estimator. This motivates a search
for a more general family of estimators that would
conveniently apply to relevant lattice gauge theories.
Our work begins with the observation that a set of

equations known as Schwinger-Dyson relations can be
used as a foundation for a learning method. The Schwinger-
Dyson relations are a set of constraints on the expectation
values of a statistical system, which can be efficiently
determined by inspection of the action, with only a trivial
amount of computation. These relations have been used
before as a method of variance reduction [8–10]; in this
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work we show how they may be used as the basis of a
learning algorithm. In Sec. II, we show how to construct a
broad family of efficient loss functions based on suitable
subset of Schwinger-Dyson relations. Interestingly, we
show that score matching is a special case of our con-
struction corresponding informed by the sufficient statistics
of the model. Although we leave detailed analysis of
sample and computational complexity to future work, we
demonstrate in Appendix A that score matching is in
general not the most efficient member of this family of
estimators.
While score matching is not obviously applicable to

theories of Grassmann variables, Schwinger-Dyson equa-
tions do exist for such theories. In Sec. III we show that
these Schwinger-Dyson relations may be used for learning
of action parameters given expectation values. We dem-
onstrate this approach on a lattice Thirring model.
Arguably the most important lattice field theories,

including lattice QCD, are gauge theories. In Sec. IV we
discuss the interaction of Schwinger-Dyson-based learning
and score matching with gauge symmetry. We further detail
how these learning methods may be used in the case of full-
fledged lattice QCD. Finally in Sec. V we consider the
prospects for, and limitations of, these learning methods.

II. LEARNING METHOD

In this work we are concerned with a particular type of
family of probability distributions: exponential families.
These are families of probability distributions pðxÞ that
have the form

pðxÞ ¼ 1

Z
e−S0ðxÞ−

P
i
θ�i QiðxÞ; ð1Þ

for known functions S0 and Qi and potentially high-
dimensional x, and Z is the normalization often referred
to as the partition function. Such families are widespread
in both statistical and quantum field theories. The
coefficients fθ�i g (collectively denoted as θ�) are termed
the couplings and specify a member of the exponential
family. In the context of field theory there is an additional
condition: the functions S0 and Qi are polynomials in the
“fields” x.
The Schwinger-Dyson relations [11–13] are an infinite

tower of linear constraints on expectation values, com-
monly used in the context of quantum field theory. In this
Section, we show how they can be used as a basis for a
learning method. We also show that score matching [7], a
widely used method in machine learning literature to solve
the learning problem associated with the exponential family
of distributions, emerges as just one choice among the
infinite family of loss functions that can be constructed by
considering the Schwinger-Dyson relations.
As simple illustration of the main ideas in this work,

consider the following system, which may be considered a

0-dimensional ϕ4 theory with expectation values defined as
follows:

hfðxÞi ¼
Z

dx fðxÞe−α�
2
x2−λ�

4
x4 ; ð2Þ

for scalar x. The learning problem is as follows: given a few
such expectation values (perhaps hx2i and hx4i), determine
the values of the “couplings” α� and λ�. For example, if we
are promised λ� ¼ 0, this is particularly easy, as we may
immediately calculate hx2i ¼ ðα�Þ−1.
In the case where λ� does not vanish, expectation values

of the form hx2ki are not straightforwardly expressed as a
function of the couplings. However, a subset of expectation
values are analytically related to each other by the cou-
plings, and we can use these to determine the unknown
couplings that define the theory, as we show below.

A. Learning from Schwinger-Dyson relations

Analytical relations between expectation values are
termed Schwinger-Dyson relations, and are easily obtained
via integration by parts. For any distribution over R of the
form e−SðxÞ [with polynomial SðxÞ of even degree ≥ 2], and
any polynomial PðxÞ, observe that

Z þ∞

−∞
dx

d
dx

ðPðxÞe−SðxÞÞ ¼ 0: ð3Þ

This expression generalizes to higher-dimensional spaces
(likeRN) and compact integration domains [like SUðNÞ]. It
immediately follows that, for any first-derivative operator ∂
and any function PðxÞ such that e−SðxÞPðxÞ is sufficiently
quickly decaying, we have the following linear constraint
on the expectation values:

hPðxÞ∂SðxÞi ¼ h∂PðxÞi: ð4Þ

In the case of our 0-dimensional ϕ4-like example, the
general Schwinger-Dyson relation reads

khxk−1i ¼ α�hxkþ1i þ λ�hxkþ3i: ð5Þ

When the parameters α�; λ� are known, this provides a
useful constraint on the expectation values. In our case, the
expectation values are known but the action parameters are
not. The above equation makes clear that knowing hx2i,
hx4i, and hx6i is sufficient to determine α�; λ� by linear
algebra.
The remainder of this paper will consist of variations and

elaborations on this theme. We are provided (perhaps
stochastic estimates of) expectation values of some theory.
We know the action of the theory has a particular form, but
the coupling constants in this action are not known. We
wish to determine the couplings. In order to do this, we
write down a sufficiently large set of Schwinger-Dyson
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relations. We find the couplings that would minimize the
amount of violation of these Schwinger-Dyson relations,
and these couplings are our estimate of the couplings that
were used to produce the original observables.
Let us formalize this procedure for the generic model of

the type (1). First, for a choice of n test polynomials
P1;…; Pn, define the residual vector

rjðθÞ ¼ h∂Pji − hPj∂Si; ð6Þ

where S ¼ S0 þ
P

k θkQk denotes action parametrized by
the optimization parameters θ. This residual vanishes when
evaluated at the true parameters: rjðθ�Þ ¼ 0. It will also be
convenient to define

Mji ¼ hPj∂Qii and bj ¼ h∂Pji − hPj∂S0i: ð7Þ

In this notation the residual is defined by rjðθÞ ¼
bj −

P
i Mjiθi.

With the residual defined, we can construct a convex loss
function from any positive-definite quadratic form.
Concretely, for any positive definite symmetric matrix A
we define

LAðθÞ ¼
X
i;j

rTi ðθÞAijrjðθÞ: ð8Þ

Minimization of the loss function defined in (8) for a
certain choice of test polynomials fPig and positive
definite matrix A constitutes our proposed learning method
for lattice gauge theories. When provided with exact
expectation values—that is, when there are no statistical
errors—this loss function is minimized precisely when
r ¼ 0, at which point the true couplings θ� are recovered. In
the case of finite samples, the Schwinger-Dyson equations
will not be satisfied exactly, but the θ̂ that minimizes LA
results in an estimator for the true parameters θ�. The
estimator properties will crucially depend on the choice of
both fPig and A.
Suppose that we have chosen some basis of polynomials

P1;…; Pn. Under what circumstances is the knowledge of
the corresponding Schwinger-Dyson expectation values
sufficient to uniquely fix the parameters θ�? As we discuss
below, the choice Pi ¼ ∂Qi is sufficient for estimating the
model parameters (and any choice that is a superset will
also suffice), but how much freedom in the choice of test
polynomials fPig is available? Intuitively, as long as the
fPig are independent and “generic” with respect to the
known lattice symmetries,1 and there are at least as many of

them as there are free parameters, the parameter estimates θ̂
should be uniquely determined.
We can understand geometrically the conditions under

which the parameters θ� are uniquely fixed, as follows. We
begin by defining an inner product on the space of
polynomials,

hf; gip ¼
Z

dxpðxÞfðxÞgðxÞ: ð9Þ

This inner product also defines the orthogonal space V⊥ of
a vector space V. With these definitions we observe that the
action of the matrixM may be written in terms of this inner
product,

ðMvÞi ¼
�
Pi;

X
j

∂Qjvj

�
p
: ð10Þ

Assuming positive-definite A, the minimum of the loss
function Eq. (8) is unique if and only if kerM ¼ f0g. By
inspection of Eq. (10), the kernel of M is precisely those
vectors v that produce linear combinations vj∂Qj, which
are orthogonal to all linear combinations of the fPig. The
kernel vanishes if and only if there is no linear combination
of the f∂Qjg that yields a function orthogonal to all Pi.
Thus a condition both necessary and sufficient for θ� to be
uniquely determined is,

spanðfPigÞ⊥ ∩ spanðf∂QjgÞ ¼ f0g: ð11Þ

Assume that this condition does not hold, i.e., there
exists q∈ spanðfPigÞ⊥ ∩ spanðf∂QjgÞ such that q ≠ 0.
Since q∈ spanðf∂QjgÞ, there exists v� ≠ 0 such that
q ¼ P

j v
�
j∂Qj, implying that hPi;

P
j v

�
j∂Qjip ¼ 0 for

all i and v� ∈ kerM. For a solution θ0 of the
Schwinger-Dyson equations, we have for any t∈R

Mðθ0 þ tv�Þ ¼ bþ 0 ¼ b; ð12Þ

and v� manifests as a flat direction in the loss function
Eq. (8), implying that we no longer have a unique
minimum.
Note that the condition Eq. (11) cannot in general be

checked until expectation values are known, as the defi-
nition of V⊥ depends on the expectation values with respect
to p.

B. Relation to score matching

Minimization of the loss function defined in (8) for any
sufficient set of test polynomials fPig discussed above and
any positive definite matrix A yields parameter estimates θ̂
that converge to θ� in expectation. Here, we discuss an
important special case for the choice of fPig and A that
recovers a widespread learning method for estimating

1In the one-dimensional example above, note that the
Schwinger-Dyson relations generated by Pk ¼ x2k provide no
information whatsoever about λ�, precisely because of the Z2

symmetry.
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probability distributions with continuous variables: score
matching [7]. The loss function of score matching corre-
sponds to a choice of test polynomials which is guaranteed
to be sufficient, and in part for this reason, we will use score
matching as the basis of our investigation of gauge theories
in Sec. IV.
We start by providing a quick background on score

matching. As before, assume that expectation values
with respect to an exponential family distribution pðxÞ
of the type (1) are known, but parameters θ� are unknown.
Define an ansatz distribution πðx; θÞ in the same family,
parametrized by a vector θ. To find θ�, we minimize
the following score-matching loss function over the
parameters θ,

LðθÞ ¼
����� ∂

∂x
logpðxÞ − ∂

∂x
log πðx; θÞ

����
2
�

pðxÞ
; ð13Þ

where ∂

∂x logpðxÞ is often termed the score function of the
distribution pðxÞ. In the score matching loss function, the
expectation value is taken over the empirical probability
distribution pðxÞ. In the multidimensional case, ∂

∂x
denotes the vector-valued gradient, and jj · jj denotes
the L2 norm of the vector of partial derivatives.
Notice, using the fact that p vanishes nowhere, that θ�
is the unique minimum (and in fact the unique zero) of
the loss function LðθÞ.
As written, it is not practical to minimize this loss,

because evaluating LðxÞ requires direct knowledge of pðxÞ.
The fact that expectation values are taken over pðxÞ is not
an obstacle—we know such expectation values by
assumption—but the fact that the precise expectation value
to be taken explicitly depends on logpðxÞ, is. However,
with some algebraic manipulation (see [7] for details), we
can rewrite the same loss function, up to a θ-independent
constant, as

LðθÞ ¼
��

∂

∂x
Sθ

�
2
�
− 2

�
∂
2

∂x2
Sθ

�
: ð14Þ

Here we have labeled by Sθ the logarithm of the ansatz
distribution πðx; θÞ. This defines the score matching loss
used in practice: this form of the loss function is readily
evaluated, given samples over the empirical distribu-
tion pðxÞ.
Let us illustrate the loss (14) with our toy example of the

0-dimensional ϕ4 theory, with the trial distribution
πðx; α; λÞ ∝ e−

α
2
x2−λ

4
x4 . Hence, the action and its first two

derivatives are given by

Sθ ¼
α

2
x2 þ λ

4
x4;

∂Sθ ¼ αxþ λx3; ∂
2Sθ ¼ αþ 3λx2: ð15Þ

As a result we can write the score-matching loss function
directly in terms of low-order expectation values, obtaining,

Lðα; λÞ ¼ ðα2 − 6λÞhx2i þ 2αλhx4i þ λ2hx6i − 2α: ð16Þ

Given the expectation values hx2ki for k ¼ 1, 2, 3, this loss
function is minimized at the true parameters α�; λ�.
Now let us see how score matching connects to the

Schwinger-Dyson relations discussed above for the distri-
butions of the type (1). At the minimum of the loss function
LðθÞ defined in (14), derivatives with respect to θ must
vanish,

∂

∂θi
LðθÞ ¼ 2hð∂QiÞð∂SÞi − 2h∂2Qii ¼ 0: ð17Þ

Defining Pi ¼ ∂Qi, this is precisely a Schwinger-Dyson
relation of the form of Eq. (4). This correspondence tells us
that the minimum of the loss function automatically
satisfies a certain subset of the Schwinger-Dyson equa-
tions,2 determined by the free parameters θ that were used
to define the ansatz πðx; θÞ.
We can also go in the other direction, showing that the

score matching loss is a special case of Eq. (8). In order to
recover the score loss, take the test polynomials to be
Pj ¼ ∂Qj. ThenMji ¼ h∂Qj∂Qii, and taking A ¼ M−1, we
recover the score-matching loss,

LSMðθÞ ¼
X
i;j

rTi ðθÞM−1
ij rjðθÞ

¼ bTMb − 2bTθ þ θTMθ: ð18Þ

To summarize, we showed that score matching loss that has
an interpretation of matching of score functions in (13), is a
special case of our family of estimators defined in Eq. (8).
These generalized family can be constructed starting with a
sufficient number of Schwinger-Dyson relations that need
to be satisfied at the minimum of the loss function. With
this principle in mind, in the next Section we show how
the general construction is essential for dealing with
Grassmann variables that are used to model fermions.

III. GRASSMANN VARIABLES

Path integrals for fermionic theories are commonly
constructed as integrals over Grassmann variables.

2When performing score matching we minimize the score
function, rather than merely seeking a saddle point. Just as the
saddle-point condition corresponds to (some subset of) the
Schwinger-Dyson relations, it may be seen that the minimization
condition—the Hessian of L must be positive semidefinite—
corresponds to (some subset of) positivity relations hf2i ≥ 0.
This fact presumably has implications for the interplay of score-
matching and sign problems, which we will not address in this
work.
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Functions of Grassmann variables are not maps from one
space to another, but instead formal expressions, with rules
for linear combination, multiplication, differentiation, and
integration. For completeness, we include a brief review of
the properties of Grassmann variables, and path integrals
built off of them, in Appendix B. We refer the reader to a
standard reference (e.g., [14]) for more details.
A lattice path integral for a fermionic system typically

has the form

Z ¼
Z �Y

i

dη̄idηi

�
e−Sðη̄;ηÞ: ð19Þ

Here η̄i and ηi are independent Grassmann variables on
lattice site i, which are by convention taken to transform
into each other under complex conjugation. Needless to
say, this path integral does not directly correspond to any
statistical system in the usual sense. The action Sðη̄; ηÞ is
not describing the logarithm of a probability distribution on
any space. Instead it is to be treated as a formal expression.
Nevertheless, expectation values are defined in the usual
way, and we can ask to determine properties of Sðη̄; ηÞ
given those expectation values.

A. Generalities

To guide the eye, we will again work with a concrete
example before giving the general procedure. We consider
a one-site model, in which the action is necessarily
quadratic in the Grassmann degrees of freedom. The
partition function of this model is given by

Z1ðθ�Þ ¼
Z

dη̄dηe−θ
�η̄η; ð20Þ

and is readily evaluated to be Z1ðθ�Þ ¼ θ�. Expectation
values in this system are defined in the usual way. A
straightforward application of the rules of Grassmann
arithmetic shows that the only nontrivial expectation value
is hηη̄i ¼ ðθ�Þ−1.
This explicit evaluation of the expectation value immedi-

ately translates into a learning algorithm, but we can get the
same result in a more generalizable way by considering
Schwinger-Dyson relations. The Schwinger-Dyson rela-
tions are derived in the same way as in the bosonic case,
and for this one-site model there are two,

�
∂

∂η
η

�
¼ −

�
η
∂

∂η
θ�η̄η

�
; and

�
∂

∂η̄
η̄

�
¼ −

�
η̄
∂

∂η̄
θ�η̄η

�
: ð21Þ

Thanks to the symmetry η̄ ↔ η, these two expressions are
identical, and we recover 1 ¼ θ�hηη̄i as expected above.
Note that the Schwinger-Dyson equations which would be

derived by considering (for example)
R
dη̄dη ∂

∂η ðη̄e−SÞ
trivially vanish.
At this point it is straightforward to construct a loss

function by means of Eq. (8). The Schwinger-Dyson
relations above define the residual vector r, and we may
take A to be the identity. The following loss function is thus
obtained:

LðθÞ ¼ ð1 − θhη̄ηiÞ2: ð22Þ

We may now generalize to the case of arbitrarily many
Grassmann fields. The general Schwinger-Dyson relation
has the form

h∂η=η̄Pi ¼ −hP∂η=η̄Si; ð23Þ

for Grassmann-odd polynomials P. For a sufficiently large
basis of such relations and expectation values, one can
recover the parameters of the action. The general rules and
conditions for identifiability mirror those mentioned
in Sec. II.
Notice that score matching as defined in (13) does not

apply to Grassmann theories in an unambiguous way,
because a suitable norm must be defined on Grassmann
variables. In the one-dimensional example above, a sen-
sible score-matching loss function is

LðθÞ ¼
����� ∂Sðθ�Þ

∂η
−
∂SðθÞ
∂η

����
2
�
: ð24Þ

Here the norm kfk2 is defined as f̄f, where Grassmann
variables are transformed under complex conjugation in the
conventional way as η̄. Direct evaluation of this loss
function reveals that it has a unique minimum at θ ¼ θ�
as desired. However we can already see that this choice is
“brittle”: if instead we had taken the derivatives with
respect to η̄, then the expectation value would be negative
LðθÞ would be unbounded below.
Once again, this loss cannot be estimated just from

observations as it explicitly depends on the unknown
parameter, θ�, that we are trying to learn. As in Sec. II,
we must remove the explicit dependence of LðθÞ on θ�,
dropping all θ-independent terms. The result is

LðθÞ ¼
�
∂Sθ
∂η̄

∂Sθ
∂η

�
þ 2

�
∂

∂η

∂

∂η̄
Sθ

�
þ const: ð25Þ

This loss function, a naïve translation of the score-matching
loss to the Grassmann case, is usable only in the special
case where the action S is quadratic in the Grassmann
variables. Higher-order terms in the action vanish when
the norm is taken (because the norm defined above
obeys jjη̄ηjj ¼ 0).
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B. Lattice Thirring model

To demonstrate learning in a theory with Grassmann
fields, we consider a lattice Thirring model defined with
staggered fermions. This is a two-dimensional statistical
theory with a single Grassmann variable χ at each site. For
any polynomial O of the Grassmann fields, an expectation
value is defined by the Grassmann path integral

hOi ¼
R
dχ̄dχOðχ̄; χÞe−SThðχ̄;χÞR

dχ̄dχe−SThðχ̄;χÞ
: ð26Þ

The action STh consists of the standard action of free
staggered fermions [15], combined with a quartic vector
interaction,

STh ¼ m
X
x

χ̄xχx þ
X
hx;x0i

χ̄xMxx0χx0 þ
g2

2

X
x;ν

j2νðxÞ: ð27Þ

Here the second sum is taken over all pairs of neighboring
lattice sites on an L × L lattice with periodic boundary
conditions, and ν ¼ 0, 1 denotes the Euclidean directions.
The massless staggered Dirac operator is

Mxx0 ¼
X1
ν¼0

ηx;ν
2

ðδxþν̂;x0 − δx−ν̂;x0 Þ;

ηx;0 ¼ 1; ηx;1 ¼ ð−1Þx0 ; ð28Þ

while the conserved staggered vector current on the link
ðx; νÞ is

jνðxÞ ¼
ηx;ν
2

ðχ̄xχxþν̂ þ χ̄xþν̂χxÞ: ð29Þ

In the continuum limit, this results in a theory of two flavors
of (two-component) Dirac fermions. For our purposes we
will not need to consider the continuum limit: we are only
interested in the lattice theory on its own.
In order to numerically simulate the Thirring model (via

lattice Monte Carlo simulation), we introduce a bosonic
auxiliary field in such a way that the action is quadratic in
the fermion fields. This allows the Grassmann variables to
be integrated out analytically. Using the Hubbard-
Stratonovich formalism, we have for each link ðx; νÞ,

exp

�
−
g2

2
jν

�
∝
Z

dAν exp

�
−
A2
ν

2
− igAνjν

�
: ð30Þ

The resulting action, after integrating out the fermions,
depends only on the auxiliary vector field A,

STh;bose ¼ − log detD½A; g� þ 1

2

X
x;ν

A2
νðxÞ: ð31Þ

The staggered Dirac operator in the A background is

Dxx0 ½A; g� ¼ mδx;x0 þ
X1
ν¼0

ηx;ν
2

½ð1þ igAνðxÞÞδxþν̂;x0

− ð1 − igAνðxÞÞδx−ν̂;x0 �: ð32Þ

As detailed in Appendix C, the Schwinger-Dyson
relations used are those defined by taking P ¼ ∂χ̄kQ in
the equation,

h∂χkPi ¼ −hP∂χkSi; ð33Þ

for Q∈ fQð1Þ; Qð2Þg, where Qð1Þ
ab ¼ χ̄aχb and Qð2Þ

aρ ¼
χ̄aþρχaþρχ̄aχa.
To demonstrate Schwinger-Dyson learning of

Grassmann-valued field theories, we perform the fol-
lowing procedure, portrayed in Fig. 1. We first choose
bare couplings m and g. Using STh;bose, we sample field
configurations A. From these configurations we compute
the fermion propagator, and from there, a set of observables
sufficient to infer the bare parameters m and g. Finally, we
fit the Schwinger-Dyson relations obtained from STh into
the loss in Eq. (8) after setting the matrix A ¼ I, obtaining
estimated bare couplings m̃ and g̃. This style of demon-
stration is selected in part to show that the Schwinger-
Dyson learning procedure operates directly on (formal)
expectation values, rather than requiring samples from a
probability distribution.
Note that the advantage of the developed procedure is

that unlike in [2], we are able to directly learn the original
action, which is defined on Grassmann-valued fields,
although we cannot sample from this action because it
does not define a probability distribution on any space. The
two systems are related by an exact duality: all expectation

FIG. 1. Workflow for the demonstration of learning of Grass-
mannian actions in the case of the lattice Thirring model. We
begin with an action written purely in terms of Grassmann fields.
Bosonization (via Hubbard-Stratonovich) yields a theory in
which the fermions can be integrated out, leaving only c-number
fields. Expectation values in this theory are obtained by
Monte Carlo sampling, and from those expectation values we
use Schwinger-Dyson-based learning to recover directly the
original (purely Grassmann) theory.
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values are the same on both sides of the Hubbard-
Stratonovich transformation.
We now detail the procedure for using Schwinger-Dyson

equations to learn the couplings in STh, given samples from
STh;bose. From each of these samples we compute the Dirac
operatorD as defined by Eq. (32). This is inverted to obtain
a propagator, again per sample, D−1. This propagator
allows the computation of fermion multipoint functions
via Wick contraction (after which an average is taken over
all configurations).
If we had exact expectation values then we would learn

the couplings by enforcing Eq. (33) for some sufficiently
large set of (Grassmann-odd) polynomials P. The expect-
ation values estimated by averaging over lattice configu-
rations come with statistical errors and will not satisfy these
Schwinger-Dyson relations exactly. Therefore our strategy
is to construct a convex loss function of the couplings, as in
Eq. (8). This approach also allows us to make use of more
Schwinger-Dyson relations than are strictly necessary (in
the case of exact data) to uniquely determine the couplings.
The linear system constructed from these relations is
therefore overdetermined.
Consider the vector ri;xy ¼ h∂χkPi;xyi þ hPi;xy∂χkSi,

where P1;ab ¼ ∂χkQ
ð1Þ
ab and P2;aρ ¼ ∂χkQ

ð2Þ
aρ . The loss is

Lðm; g2Þ ¼
X
i;x;y

rTi;xyðm; g2Þ · ri;xyðm; g2Þ; ð34Þ

and is quadratic in m and g2. The observables in this case
are the objects h∂Pi and hP∂Si. A different choice of P will
result in a different set of observables, and as long as it
satisfies Eq. (11), learning is feasible.
Finally, we solve for the optimal couplings by minimiz-

ing this loss function—this amounts only to solving a linear
system. The results of this learning procedure are shown in
Fig. 2. We examine multiple values of the coupling g,
holding the massm ¼ 0.1 and the lattice size L ¼ 12 fixed.
All parameters are reported in lattice units a ¼ 1. For each
value of bare coupling g, two fits are performed, one using

50 samples and the other using 100. Errors shown are
obtained with the statistical bootstrap, and represent one
standard deviation of the spread of couplings reported by
the learning algorithm.
Figure 2 makes apparent two facts about the learning

algorithm. First, quite a small number of samples is
sufficient to obtain reasonably high precision (at the
strongest couplings, a few percent) in the determination
of the bare coupling. Second, the estimator defined by the
learning algorithm is biased for finite samples (recovering
the correct parameters in the limit of the large number of
samples). We note that the presence of a bias is standard
and explicitly appears in the analysis of nearly all learning
algorithms [6].
Although a small number of samples is sufficient to

obtain a reasonable estimate of the coupling constants,
more samples can be used to improve the estimators. As
demonstrated in Appendix D, the precision to which the
couplings are observed scales with N−1=2, where N is the
number of samples available.

IV. GAUGE SYMMETRIES

In this Section we consider one final extension of the
learning formalism: the case of theories with gauge
symmetries. From the point of view of a Euclidean path
integral (or equivalently, a statistical field theory), a gauge
symmetry is a local symmetry of the action, a family of
automorphisms ϕ of field space such that S ¼ S ∘ϕ. Gauge
symmetries occur in the lattice field theories of greatest
interest for the standard model, and in particular in
lattice QCD.
From one perspective, gauge symmetries introduce no

complications whatsoever. A theory that happens to have
gauge symmetry can be thought of as just a particular point
in a large family of theories that generically lack gauge
symmetry, and the formalism of Sec. II applies unmodified.
However, in the context of gauge theories one ordinarily
applies an additional constraint, which is that no object that
is not gauge invariant is defined.3 It is therefore important
that, both in the case of score matching and Schwinger-
Dyson-based learning, only gauge-invariant expectation
values are considered.4 The first subsection below shows
how this is accomplished, and the second subsection
applies this formalism, together with the results on

FIG. 2. Estimates of the bare coupling of the Thirring model, as
the bare coupling used for simulation is changed. All calculations
are performed at a bare mass of m ¼ 0.1 on a 12 × 12 lattice.

3When considering gauge theories in the Hamiltonian formal-
ism, this is accomplished by declaring the Hilbert space of the
theory to be those states that are not altered by gauge trans-
formations. From this perspective there is no such thing as “gauge
symmetry,” but instead a restriction of the space of states and
operators.

4The restriction to gauge-invariant quantities is not just
important for philosophical reasons, but because there are a
variety of numerical methods that give access only to gauge-
invariant quantities—and this is true of all experimental methods.
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Grassmann-valued fields of the previous Section, to detail
the learning problem of lattice QCD.

A. Generalities

Yang-Mills (in four spacetime dimensions) is the quintes-
sential example of a gauge theory, and a natural starting
point for studying QCD. In this Section we consider the
Wilson discretization of SUðNÞ Yang Mills [16].
This theory is defined on a hypercubic lattice in four

dimensions. Define V to be the total number of lattice sites.
To each edge in the lattice (of which there are 4V) is
associated a single SUðNÞ degree of freedom. Thus a field
configuration U consists of 4V SUðNÞ matrices. We
consider U to be a spacetime-indexed function of the
lattice: UμðxÞ lives on the link between x and xþ μ̂.
On this space of field configurations we define the

Wilson action as follows:

SYMðUÞ ¼ 2

g2
X
x;μ<ν

ReTrðI − PμνðxÞÞ: ð35Þ

Here g is a coupling constant, and the only free parameter in
the action. The sum is taken over all “plaquettes”—that is,
over all loops of four distinct links. The notation PμνðxÞ
refers to the product of links along that loop,

PμνðxÞ ¼ UνðxÞ†Uμðxþ ν̂Þ†Uνðxþ μ̂ÞUμðxÞ: ð36Þ

With this action written, it is a small matter to see the gauge
symmetry. For each site x, select a matrix VðxÞ. The
matrices U then transform according to

UμðxÞ ↦ Vðxþ μ̂ÞUμðxÞV†ðxÞ ð37Þ

which is manifestly a symmetry of SYM.
Although it is not directly visible from the Yang-Mills

action, one can imagine that at each site x lives a vector
space VðxÞ ≈ CN . One should think of UμðxÞ not as an
automorphism of CN , but instead as a linear map
VðxÞ → Vðxþμ̂Þ. The gauge transformations at x correspond
to automorphisms of VðxÞ (acting trivially on the spaces that
live at all other sites), and this motivates the transformation
law of the fields U given above. This view also makes it
clear that if U is the link from x → y, then U† serves a
symmetric role as the link from y → x.
Expectation values are defined in the usual way, via a

path integral over the space SUðNÞ⊗4V of field configu-
rations

hOi ¼
R ½Qμ;xdUμðxÞ�OðUÞe−SYM½U�R ½Qμ;xdUμðxÞ�e−SYM ½U� : ð38Þ

To set up the learning problem, we imagine that we are
given access to expectation values over an empirical

distribution which is drawn from the family of actions
defined by

SβðUÞ ¼ β
X
x;μ<ν

ReTrðI − PμνðxÞÞ: ð39Þ

By assumption there exists some β� such that the empirical
distribution is proportional to e−Sβ� ðUÞ. Wewish to learn this
value of β� by inspection of the expectation values.
To illustrate the construction, we first consider the

score matching approach, which provides intuition for
gauge-invariant observables needed. We then show how
the parameters may also be determined from Schwinger-
Dyson relations. Let us begin by defining the score
function. As discussed, we impose that this score function
be gauge-invariant. A natural choice is,

LðβÞ ¼
����� ∂

∂Ua
μðxÞ

logpðUÞ − ∂

∂Ua
μðxÞ

log πðU; βÞ
����
2
�
:

ð40Þ

As before, the derivative operator is defined as a vector
indexed over spacetime (x), direction of links (μ), and color
(a). Here the partial derivative is defined as follows. For any
function fðUÞ, we define

∂

∂Ua fðUÞ ¼ lim
ϵ→0

fðeiϵTaUÞ − fðUÞ
ϵ

: ð41Þ

Here the Ta are a basis of generators of SUðNÞ. When
N ¼ 2 these would conventionally be the Pauli matrices;
for N ¼ 3 they are the eight Gell-Mann matrices. In any
case we adopt the normalization given by the orthonor-
mality relation Tr TiTj ¼ 2δij.
To see that Eq. (40) is gauge invariant, we must con-

sider how these derivatives behave under gauge trans-
formations. Consider performing a gauge transformation
by V ∈ SUðNÞ at site x. Then the derivative with respect to
UðxÞ transforms according to

∂

∂UaðxÞPμν ↦ ρadjðVÞab
∂

∂UbðxÞPμν; ð42Þ

where ρadj is the adjoint representation (written in the same
basis as was chosen to define Ta) of the group SUðNÞ.
The L2 norm used to define L is now gauge invariant due

to the fact that a representation is a homomorphism and
the group is unitary: ρðVÞ†ρðVÞ ¼ ρðV†VÞ ¼ 1. By similar
reasoning we find that the diagonal of the Hessian is also
gauge invariant.
We now proceed to remove the explicit β� dependence

from L in the usual way, neglecting terms that are
independent of β and integrating by parts. Up to a constant,
the score-matching loss is now

SHREYA SHUKLA et al. PHYS. REV. D 114, 014514 (2026)

014514-8



LðβÞ ¼
�				 ∂

∂Ua
μðxÞ

S

				
2
�
− 2

�
∂
2

∂Ua
μðxÞ2

S

�
; ð43Þ

which is manifestly gauge invariant as discussed. The
minimum of this score function satisfies

0 ¼ ∇L ¼ β

�				 ∂

∂Ua
μðxÞ

R

				
2
�
−
�

∂
2

∂Ua
μðxÞ2

R

�
ð44Þ

where we have defined

R ¼
X
x;μ<ν

ReTrðI − PμνðxÞÞ: ð45Þ

The second derivative term is given by the quadratic
Casimir of the SUðNÞ fundamental representation,

C2ðNÞI ¼
X
i

T2
i ¼ 2

�
N2 − 1

N

�
I: ð46Þ

The other term—the norm of the first derivative—is
evaluated by using the Fierz identity

X
a

Tij
a Tkl

a ¼ 2

�
δilδjk −

1

N
δijδkl

�
: ð47Þ

The second-derivative term only affects one plaquette at a
time, and becomes a sum over all plaquettes. The first-
derivative term is more complicated, since the same ∂

∂Ua
μðxÞ

derivative acts nontrivially on any plaquette which includes
the link from x to xþ μ̂. The result is a sum over the 36
(ordered) pairs of plaquettes which involve that link,

				 ∂

∂Ua
μðxÞ

R

				
2

¼
X
P1;P2

�
ReTrðP1P2Þ þ ReTrðP†

1P2Þ −
2

N
ReTrðP1ÞReTrðP2Þ

�
: ð48Þ

Here P1 and P2 are products of four links, beginning and ending at site x, corresponding to plaquettes which include the link
between x and xþ μ̂.
Putting this all together, and making use of the lattice symmetries of translation and rotation invariance, we find that β�

can determined by two expectation values,

β�
X
P1;P2

��
ReTrðP1P2Þ þ ReTrðP†

1P2Þ −
2

N
ReTrðP1ÞReTrðP2Þ

��
¼ 2

N2 − 1

N
hReTrPμνðxÞi: ð49Þ

This has the form of a Schwinger-Dyson relation, but as
before, this is not the only Schwinger-Dyson relation we
could have used to determine the value of β. The most
general Schwinger-Dyson relation on the Yang-Mills lattice
reads

�
∂P

∂UaðxÞ
�

¼
�
P

∂S
∂UaðxÞ

�
; ð50Þ

for some choice of site x and adjoint index a. Most such
relations will involve, and therefore determine, β�.
However, this equation does not in general relate two
gauge-invariant quantities. Suppose for example that P is
the trace of some plaquette—then neither its derivative, nor
its product with the derivative of the action, is gauge
invariant.
To ensure gauge invariance, it is necessary that the

function P be chosen to transform in the adjoint repre-
sentation of the site at which the derivative is being taken,
and then sum over all N2 − 1 components. That is, fixing a
lattice site x, the relation

X
a

�
∂Tr TaWðxÞ
∂UaðxÞ

�
¼

X
a

�
Tr TaWðxÞ ∂S

∂UaðxÞ
�

ð51Þ

is manifestly gauge invariant for any loopWðxÞ that begins
and ends at site x. The simplest example is of course to take
W to be a plaquette, as discussed above.

B. Lattice quantum chromodynamics

We conclude by discussing QCD on the lattice, which
requires all the technology developed in this paper so far.
For concreteness we consider a lattice theory of gauge
fields using the Wilson action, and Wilson-discretized
fermions (see [17,18] for standard references on lattice
QCD). The action of this theory is a function both of the
gauge fields and the (Grassmann-valued) fermions,

SQCDðU; ψ̄ ;ψÞ ¼ SYMðUÞ þ ψ̄ ðfÞðxÞDðUÞψ ðfÞðyÞ; ð52Þ

where DðUÞ is the lattice Dirac operator. The quark fields
ψ ðfÞðxÞ, for each flavor f and at each site x, are 4N
component objects, implicitly indexed by color and Dirac
index. ForWilson fermions we take the Dirac matrixD to be
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DWðUÞyβbxαa ¼ ðmf þ 4rÞδxyδαβδab −
1

2

X
μ

h
½r − γμ�αβδy;xþμ̂½UμðxÞ�ab þ ½rþ γμ�αβδy;x−μ̂½U†

μðx − μ̂Þ�ab
i
; ð53Þ

where r is the Wilson parameter (typically r ¼ 1), remov-
ing fermion doublers at the cost of breaking the chiral
symmetry explicitly. Latin indices (a, b) refer to color, and
Greek (α, β) to spin components. The parameters of the
action are β in SYM and masses mf of quarks, which we
collectively denote as θ in the remaining discussion.
As in the case of Yang Mills, it is straightforward to

construct a manifestly gauge-invariant score function via
the L2 norm,

LðθÞ ¼
X
f

����� ∂

∂ψ ðfÞ ½SQCD − SðθÞQCD�
����
2
�

þ
����� ∂

∂Ua
μ̂ðxÞ

½SQCD − SðθÞQCD�
����
2
�
: ð54Þ

Here the norm, defined in Eq. (24), is taken in the N-
dimension color space, spacetime, and Dirac space for the
first term. The norm in the second term follows the
definition in Eq. (40). Gauge invariance of the score
function follows from the transformation rules of the
derivatives of the action. For typical quark bilinear terms
in the action,

Bðx; μÞ ¼ ψ̄ðxÞUμðxÞψðxþ μÞ; ð55Þ

their derivatives with respect to quark and gauge fields
transform in the (anti)fundamental and adjoint representa-
tion, respectively,

∂

∂Ua
μðxÞ

Bðx; μÞ ↦ ρadjðVðxÞÞab
∂

∂Ub
μðxÞ

Bðx; μÞ; ð56Þ

∂

∂ψ̄aðxÞ
Bðx; μÞ ↦ ρfundðVðxÞÞab

∂

∂ψ̄bðxÞ
Bðx; μÞ: ð57Þ

Note that we have dropped irrelevant Dirac and flavor
indices on quark fields. The derivative of the action with the
quark fields ψ transforms in the fundamental representa-
tion, making the first term in Eq. (54) gauge invariant.
Combining the transformation rule of the plaquettes,
Eq. (42), and of quark terms Qðx; μ̂Þ above, the derivatives
of the action with gauge fields transform under the adjoint
representation, thus the second term in the score function is
also gauge invariant.
After dropping constant terms from the empirical dis-

tribution, the score function reads

LðθÞ ¼
X
f

�				 ∂

∂ψ ðfÞ S
ðθÞ
QCD

				
2

þ 2
∂

∂ψ ðfÞ
∂

∂ψ̄ ðfÞ S
ðθÞ
QCD

�

þ
�				 ∂

∂Ua
μðxÞ

SðθÞQCD

				
2

− 2
∂
2

∂Ua
μðxÞ2

SðθÞQCD

�
: ð58Þ

For completeness we briefly discuss the construction of
gauge-invariant Schwinger-Dyson equations in lattice
QCD. Schwinger-Dyson equations for lattice QCD can
be constructed via the derivatives of functions of U; ψ̄ ;ψ
with respect to these fields. When differentiating with
respect to the gauge fields we again obtain relations of the
form of Eq. (51); when differentiating with respect to quark
fields we obtain,

�X
a

∂Pa

∂ψ̄ ðfÞ
α;aðxÞ

�
¼ −

�X
a

Pa
∂S

∂ψ̄ ðfÞ
α;aðxÞ

�
: ð59Þ

To have the both sides of the equation be manifestly gauge
invariant, we want to choose as Pa a function that trans-
forms in the antifundamental representation. One simple

choice is Pα0;a ¼ ψ̄ ðfÞ
α0;aðx0Þ, for which the Schwinger-Dyson

equation reads

Nδαα0δxx0 ¼ −
X
y;β;a;b

hψ̄ ðfÞ
α0;aðxÞDWðUÞyβbxαaψ

ðfÞ
β;bðyÞi: ð60Þ

This Schwinger-Dyson relation allows the quark mass mf

to be determined; the gauge coupling β is not involved and
cannot be determined from this equation. A Schwinger-
Dyson equation that fixes β can be derived via Eq. (51).

V. DISCUSSION

We have presented a broad family of learning methods
based on the lattice Schwinger-Dyson relations. Because
Schwinger-Dyson relations are available for Grassmann-
valued fields, our method allows learning of couplings in
theories with fermions. Similarly, as (a certain subset of)
lattice Schwinger-Dyson equations are gauge invariant, we
obtain a learning algorithm for lattice gauge theories
(including QCD) that operates exclusively on gauge-
invariant data. Score matching, a venerable approach to
learning exponential families of distributions, is a specific
case of a broad family of learning methods based on
Schwinger-Dyson relations. However, by expanding the
family of learning methods considerably beyond score
matching, we obtain a way to learn the action parameters
with potentially lower cost, as there is more choice in the
expectation values that must be measured. A concrete case
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where the Schwinger-Dyson-based learning procedure is
advantageous, in the sense of providing an estimator of
lower variance than that of score matching, is presented in
Appendix A.
Throughout this work, we have neglected the inevitable

statistical errors in estimates of expectation values, and we
have neglected the computational costs associated to
determining those expectation values. The existence of
these errors and costs is one of the motivations for our
generalization to arbitrary Schwinger-Dyson relations. As
shown in the Appendix, in general the Schwinger-Dyson
relations represented in the score function are not the ones
that yield the smallest statistical errors. We leave to future
work a proper treatment of these issues, which are critical to
applying these methods on larger lattices.
Thiswork ismotivated in part by the application suggested

in [1,2], of studying renormalization flows on the lattice. We
anticipate that the technology developed here will allow that
renormalization program to be applied efficiently to (among
others) theories of interacting fermions.
In this work we have assumed that the data used from

learning comes from a properly mixed Monte Carlo cal-
culation. However, prior work has shown that samples from
a metastable phase—where the whole of field space has not
been properly sampled—are still sufficient to accurately
learn the action [19]. We anticipate that the same phe-
nomenon applies the method described in this paper. For
example, in ϕ4 theory at strong coupling, the Z2 symmetry
ϕ ↔ −ϕ is spontaneously broken, and many Monte Carlo
algorithms will sample only one of the two sectors.
Provided such samples, the learning method outlined here
will still produce the correct coefficients in the algorithm (at
sufficiently large volume). This may be understood by
noting that, due to the fact that the probability weight e−S is
small in the region between phases, the Schwinger-Dyson
equations hold to good accuracy even when the path
integral is taken only over one of the phases.
This paper has been entirely limited to theories defined

via Euclidean lattice path integrals (whether bosonic or
Grassmannian). Schwinger-Dyson equations are also avail-
able for, and can in principle be used to learn from,
correlation functions computed from a real-time path
integral. Whether such a method can be of use is unclear.
Real-time lattice correlators are famously difficult to extract
due to the sign problem [20], even once a sensible (i.e.,
unitary) action has been defined [21]. Similarly, we have
not addressed learning from Hamiltonian data, although
prior work has studied this in both the ground state [22] and
at finite temperature [23].

A. Remark on integration contours

One should not make the mistake of thinking that
Schwinger-Dyson relations determine all facts about a
(lattice) quantum field theory. Crucial nonperturbative
physics, such as instantons, are not constrained by these

equations. A simple example is accessible analytically:
consider a one-site lattice model, with expectation values
given by

hfi ≔
R
γ dzfðzÞe−z

4

R
γ dze

−z4
: ð61Þ

Here the integrals are to be interpreted as complex contour
integrals, over some contour γ ⊂ C. There are multiple
contours γ that might be chosen. For instance one can take
γ ¼ R, giving the “obvious” integral along the real line.
The expectation values are also convergent, for polynomial
f, when we select γ ¼ iR—here the integral is performed
along the imaginary axis. The resulting expectation values
are not equal; however, both sets of expectation values
satisfy the Schwinger-Dyson relations.
One can see the same phenomenon by considering the

Schwinger-Dyson relations in isolation, without reference
to the notion of an integration contour. A complete set of
Schwinger-Dyson relations for this simple model reads, for
positive integers n: hzn−1i ¼ 4hznþ3i. These are recursion
relations, and there exists a solution for any choice of hz2i.
This choice may be seen to be degenerate with the choice of
homology class (albeit over R, instead of Z as usual).
Knowledge of a sufficient number of expectation values

is sufficient in principle to fix the choice of contour—or
equivalently, to select a single solution from vector space of
solutions to the Schwinger-Dyson relations. However the
methods in this paper do not provide a way to extract this
information efficiently.
This question regarding what contour should be used is

relevant to physical theories. The practical effect of
choosing the wrong integration contour is either to neglect
nonperturbative “instantonlike” contributions [24], or to
render the integral entirely nonconvergent (as in the
Euclidean gravitational path integral [25], where the ques-
tion of the correct choice of integration contour is indeed
central [26–28]). In quantum field theory, the contour
ambiguity may in principle be fixed by demanding unitarity
(in Euclidean quantum field theory, reflection positivity); in
general it is unclear how one should select the “physical”
integration contour.
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APPENDIX A: ESTIMATOR VARIANCES
IN ONE DIMENSION

The purpose of this appendix is to demonstrate that the
coupling estimators yielded by score matching are not, in
general, the most efficient estimators available, even within
the family of estimators constructed from Schwinger-
Dyson equations.
There are multiple meanings that can be assigned to the

phrase “most efficient,” and which one is relevant depends
on context. For example in lattice QCD, a premium is
placed on minimizing the number of inversions of the Dirac
matrix that are required. Here we show that Schwinger-
Dyson learning can yield estimators of smaller variance
(and therefore, requiring fewer samples for a fixed pre-
cision) than score matching.
Consider the exponential family of distributions speci-

fied by the action

SλðxÞ ¼
1

2
x2 þ λ

4
x4: ðA1Þ

The relevant learning problem is to estimate λ� given
samples from Sλ� , for some fixed λ�. The variance of
any estimator we provide will depend on the precise value
of λ�. To make calculations explicit, we select λ� ¼ 0. The
first two nontrivial Schwinger-Dyson equations read

1 ¼ hx2i þ λhx4i; and ðA2Þ

3hx2i ¼ hx4i þ λhx6i: ðA3Þ

The second of these relations is the one that yields the
score-matching estimator,

λ̂SM ¼ 3hx2i − hx4i
hx6i : ðA4Þ

However, by taking linear combinations, these two
Schwinger-Dyson relations together define a one-param-
eter family of estimators of λ�. Parametrizing by a real
number u, these estimators are

λ̂u ¼
uþ ð3 − uÞhx2i − hx4i

uhx4i þ hx6i : ðA5Þ

This parametrization has been chosen so that u ¼ 0 yields
the score-matching estimator: λ̂0 ¼ λ̂SM.
We will now compute the standard deviation σðuÞ of

the estimator λu. Because λ� ¼ 0, all expectation values
involved may be computed immediately by Wick’s theo-
rem. The covariance of the random variables x2 and x4 is
given (in the basis fx2; x4g) by

Σ ¼
�

2 12

12 96

�
: ðA6Þ

The corresponding gradient of the estimator function
λ̂uðhx2i; hx4iÞ is

∇λ̂u ¼

0
B@

∂λ̂u
∂hx2i
∂λ̂u
∂hx2i

1
CA ¼ 1

3uþ 15

�
3 − u

−1

�
: ðA7Þ

Finally we obtain the variance of the estimator λ̂u, for the
case λ� ¼ 0, in the limit of a large number of samples N,

N1=2σðuÞ2 ≈ ð∇λ̂uÞTΣð∇λ̂uÞ ¼
2u2 þ 12uþ 42

ð3uþ 15Þ2 : ðA8Þ

It is apparent that u ¼ 0 is not the minimum, and therefore
that the information in Eq. (A2) is useful in reducing the
variance of the learning process below what is obtained by
score matching alone.
Of course there is no reason to limit oneself to using a

single Schwinger-Dyson relation. As shown in the body of
this paper an arbitrary number of Schwinger-Dyson rela-
tions can be used to construct a loss function, and the
resulting estimator will have still-lower variance than may
be obtained simply by optimizing u.

APPENDIX B: GRASSMANN VARIABLES

Let ηi for i ¼ 1;…; n be Grassmann variables. Any two
Grassmann variables anticommute: ηiηj ¼ −ηjηi. It follows
that Grassmanns are nilpotent: η2i ¼ 0. There are 2n distinct
monomials of n Grassmann variables.
A function of Grassmann variables is defined as an

arbitrary C-linear combination of Grassmann monomials.
Thus the space of functions on n Grassmann variables is a
vector space of dimension 2n. For a function fðηÞ, we may
define the exponential via Taylor expansion,

efðηÞ ¼
X
k

1

k!
fðηÞk: ðB1Þ

There are a finite number of terms in this expression: For
k > 2n, all fðηÞk necessarily vanish.
Differentiation and integration act in precisely the same

way on Grassmann variables, and are defined by,
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d
dηi

ηj ¼
Z

dηiηj ¼ δij: ðB2Þ

Their action on more complicated expressions is defined by
linearity. Note that the infinitesimals also anticommute, so
that (for example)

R
dη1dη2η1η2 ¼ −1.

APPENDIX C: SCHWINGER-DYSON RELATIONS
FOR MASSIVE THIRRING MODEL

Consider the action for the massive Thirring model,

STh ¼
X
x;x0

χ̄xðMxx0 þmδxx0 Þχx0 þ
g2

2

X
x;ν

j2νðxÞ; ðC1Þ

where the massless staggered Dirac operator is defined in
Eq. (28) and the current jνðxÞ is defined in Eq. (29). The
square of the current expands to give a four-Fermi
interaction: j2νðxÞ ¼ − 1

2
χ̄xþνχxþνχ̄xχx. We will define

Schwinger-Dyson relations for operators Qð1Þ
ab ¼ χ̄aχb

and Qð2Þ
aρ ¼ χ̄aþρχaþρχ̄aχa. For Q∈ fQð1Þ; Qð2Þg, the rela-

tions are

h∂χk∂χ̄kQi ¼ −hð∂χ̄kQÞ · ð∂χkSÞi: ðC2Þ

Define Xa ≡ χ̄aχa; Xab ≡ χ̄aχb, Kab;c ¼ XabXc, Ka;bc ¼
XaXbc and Γabc ≡ XaXbXc. The Schwinger-Dyson rela-
tions read,

X
i

ðmδia þMiaÞhXibi −
g2

4

X
ν

ðhKab;aþν þ Kab;a−νiÞ ¼ δab; ðC3Þ

X
i

ðmδiaþMiaÞhKia;aþρiþðmδi;aþρþMi;aþρÞhKa;iaþρi−
g2

4

X
ν

ðhΓa;aþρ;a�νiþhΓa;aþρ;aþρ�νiÞ¼ hXaþρiþhXai: ðC4Þ

For a fixed auxiliary field configuration A, the fermionic expectation values follow from Wick’s theorem,

hXabi≡ hχ̄aχbi ¼ D½A�−1ba hXaXbi ¼ D½A�−1aaD½A�−1bb −D½A�−1abD½A�−1ba ; ðC5Þ

where the propagator D½A; g� is defined in Eq. (32). The
six-point functions hΓabci are computed analogously. Full
expectation values are then obtained by averaging over the
ensemble of configurations. Substituting these into
Eqs. (C3) and (C4) yields a linear system in the parameters
m and g2, which can be solved to recover the bare
couplings.

APPENDIX D: SCALING

This appendix is a brief supplement to the numerical
results of Sec. III B, to demonstrate the scaling of the
errors in our method as the number of samples is
increased.
We run the same experiment, but on a smaller lattice of

only 6 × 6 sites, and with up to 12800 samples. The
results are shown in Fig. 3, where the absolute error in
the estimator is plotted against the number of samples
consumed. As noted in the main text, the estimator is
biased, so that the (purely statistical) error estimates

exclude the true value. The bias, as well as the statistical
errors, both fall as N−1=2 as the number of samples is
increased.

FIG. 3. Errors in parameters m and g with error bars on a 6 × 6

lattice. The errors scale approximately as 1=
ffiffiffiffi
N

p
, where N is the

number of samples.
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