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We study the Heisenberg XXX spin chain with twisted periodic boundary conditions with a defective
twist matrix. Using quantum separation of variables, we show that the generalized eigenvectors of this
system can be characterized in terms of a modified TQ equation that we have named the “Jordanian TQ
equation.” We also show that the wave function in the separated basis is only separable for true
eigenvectors, while the wave function for generalized eigenvectors of higher rank is given instead by a sum

over weak compositions.
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I. INTRODUCTION

When looking through the literature for nondiagonaliz-
able or defective integrable models, one finds that nearly all
articles consider only the situation where either the Lax
matrix, the monodromy matrix, or the transfer matrix
becomes nondiagonalizable only at isolated points of the
spectral parameter. The case where any of those three
matrices is defective for generic values of the spectral
parameter has received nearly no attention. This is well
reflected in the book on classical integrable systems by O.
Babelon, D. Bernard, and M. Talon [1], where the authors
make the following assumption regarding Lax matrices
L(A) with poles at the points {4;}:

“Proposition. Assuming that L(1) has distinct
eigenvalues in a neighbourhood of 4;, one can
perform a regular similarity transformation
g™ (4) diagonalizing L(4) in a vicinity of A;.”

This proposition implicitly implies that the Lax matrices
they consider throughout the book will be diagonalizable
for all 1 except, maybe, at isolated points. This is a
widespread assumption, and the techniques used in
classical integrability require the Lax matrix to have
distinct eigenvalues. In fact, as far as we know, the only
example in the literature of a classical monodromy matrix
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that is nondiagonalizable for generic values of the spectral
parameter is the one appearing in the context of the string
theory in Newton-Cartan backgrounds [2,3].1

The situation is a bit better in the case of quantum
integrable systems. On the one hand, quantum integrability
methods also do not work for nondiagonalizable models.
The standard versions of the Bethe ansatz (either the
coordinate, algebraic, modified algebraic, off-diagonal or
analytic) implicitly assume diagonalizability, as they build
eigenvectors of the Hamiltonian or of the transfer matrix.
On the other hand, the need for nondiagonalizable transfer
matrices was hinted at already in the late 1980s, when it
was shown that quantum groups at roots of unity have
indecomposable representations [5—8]. Jordan blocks were
also known to appear when performing a scaling limit of
the XXZ spin chain after applying a nondiagonalizable
similarity transformation [9]. A better understanding of
nondiagonalizable quantum integrable systems came from
works on representation theory of Temperley-Lieb algebras
and quantum groups at roots of unity [10,11], although
these works are more focused on representation theory and
the application to logarithmic conformal field theories than
on finding solving techniques using integrability.

In recent years, there has been a growing interest in
nondiagonalizable quantum integrable models, especially
from the perspective of the AdS/CFT correspondence.
There has been work on the eclectic spin chain [12—16],
which arises from the one-loop dilatation operator of the
fishnet field theory [17,18]; and on Jordanian and

'Defective Lax matrices also appear in Ref. [4] from rewriting
a differential equation as a Lax equation. However, these Lax
matrices do not depend on a spectral parameter, and thus lay
outside our discussion.
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Groenewold-Moyal Drinfel’d twists [19-21], which are
dual to some Yang-Baxter deformations in the AdS/CFT
correspondence [22]. Other quantum models with a defec-
tive transfer matrix studied in the literature are the XXZ
spin chain with open boundary conditions at roots of unity
[23] and the class-5 and class-6 deformations of the XXX
spin chain [24,25].

Despite such interest, none of these integrable models
have been analyzed purely using integrability techniques.
As regular Bethe ansatz techniques fail to compute the full
basis of generalized eigenvectors, other routes are required.
In the articles cited in the previous paragraph we can find
many different approaches: combinatorial proofs, sym-
metry arguments, brute-force triangularization, or treating
the nondiagonalizable model as a limit of a diagonalizable
model. There are nonetheless three articles that deserve
special mention. The first, Ref. [26], analyzes the
Heisenberg XXX spin chain with twisted boundary con-
ditions using the separation-of-variables method. In that
article, the authors compute the eigenvectors for generic
twist, which includes the case where the transfer matrix is
nondiagonalizable. However, the authors do not explore the
generalized eigenvectors of the model, making the analysis
incomplete. The second, Ref. [27], focuses on solving the
XXX_j/, model with a non-Abelian Jordanian Drinfel’d
twist via the TQ equations. This model is known to have
Jordan blocks if we consider the polynomial representation,
but the authors consider a more general representation
where the transfer matrix becomes diagonalizable.
Nevertheless, the authors found that the Drinfel’d twist
affects the asymptotic behavior of the Q functions, but it
does not change the TQ equation. The third, Ref. [28],
maps a sector of the dipole deformation of N' = 4 SYM to
an XXX_;, model with twisted boundary conditions.
Similarly to the previous articles we have mentioned, the
authors focus on the nonpolynomial representations, for
which the model is diagonalizable.

In this article we present what we believe is the first
construction of generalized eigenvectors of a transfer
matrix based solely on integrability techniques. We show
that generalized eigenstates can be obtained from a modi-
fied TQ equation that we have called the Jordanian TQ
equation. As a test for our proposal, we apply our
construction to the specific case of the XXX spin chain
with twisted periodic boundary conditions. This spin chain
provides a good testing ground because we can construct
the eigenvectors using known methods, like the algebraic
Bethe ansatz or the usual TQ equation, but we cannot do
that for the generalized eigenvectors. Combining our
Jordanian TQ equation with a co-vector basis obtained
from the method of quantum separation of variables, we are
able to find the eigenvalues and generalized eigenvectors of
this spin chain.

The article is organized as follows. In Sec. II, we review
the Heisenberg XXX spin chain with twisted boundary

conditions. In Sec. III, we show how to modify the
separation-of-variables method for the rational g[(2) model
to work for a nondiagonalizable transfer matrix. In par-
ticular, we find that the usual assumption regarding the
separability of the wave function in the separated basis only
holds for generalized eigenvectors of rank 1—that is, for
true eigenvectors. For generalized eigenvectors of higher
rank, the wave function is given by a sum over weak
compositions. In Sec. IV, we apply the construction to the
Heisenberg XXX spin chain with a Jordan-block twist
matrix. Section V closes this paper with a summary of our
results and a discussion on future directions of research.

II. HEISENBERG XXX SPIN CHAIN
WITH TWISTED BOUNDARY CONDITIONS

The Heisenberg spin chain is a quantum-mechanical
model originally developed by W. Heisenberg to explain
the magnetic properties of solids using a Hamiltonian
that makes it energetically favorable for adjacent spins
to be aligned. If we consider the case of a circular lattice
of L spin-} particles, the isotropic or XXX Heisenberg
Hamiltonian is given by

Si : Si+lv
1

H =

(2.1)

L

TN

1

where § ; is the spin operator acting on site i of the lattice,”
and the site L + 1 is periodically identified with site 1. In
our case, we are interested in twisted periodic boundary
conditions, so we consider the following identification:

Spi1 =05, (2.2)
where O is a generic 2 X 2 matrix.

Nowadays, the Heisenberg model is not studied so much
as a model of magnetism but as one of the simplest
quantum integrable systems. To find the spectrum and
eigenstates of this Hamiltonian using integrability, first we
define the following R-matrix that acts on two spin-} states:

Ral,az = uHal,az - nPal,azf (23)

where I is the identity operator and P is the permutation
operator, P(|x) ® |y)) = |y) ® |x). From the R-matrix, we
construct its associated monodromy matrix T(x) and
transfer matrix z(u) as follows:

*For spin—% particles, the spin operator S ; takes the form of
Pauli matrices & acting on lattice site i and identity in any other

site, $, =1 ® ... I®IQI® ... ® L
—_——

i—1 times
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T(u) =T(u)® = Ro1(u = 01)Ros(u—6,)...
X Rop-1(u—=0p_1)Ror(u—0.)0

() a2 ) e

7(u) = tro[T(u)] = A(u) + D(u), (2.5)
where the subindices indicate in which space the operators
act. Spaces 1 to L represent the spins in the circular lattice,
and thus are isomorphic to C?, while space 0 is an auxiliary
space that we have chosen to have the same dimensionality
as the physical spins. The subindex in the trace tr, indicates
that it is taken only over the auxiliary space. The variable u
is called the spectral parameter, and the variables 6; are
called inhomogeneities. To simplify our computations, we
will assume that the inhomogeneities fulfill the following
condition:

0;#0;+nn Vi j Vnez (2.6)
For later convenience, we have distinguished between the
monodromy matrix with the twist, T, and without the
twist, 7.

The R-matrix fulfills the Yang-Baxter equation

Ra,.uz(u - U)Ral,a3 (M -

= Raz.ug (U - W)Ral,a3 (u -

W)Raz,a3 (7) - W)

W)R,, 4 (1 — 1), (2.7)

while the twist matrix, having no dependence on the
spectral parameter, fulfills

Ry, o, —v),0,0,]=0. (2.8)

From these two identities, we can show that both the
untwisted monodromy matrix 7 and the twisted mono-
dromy matrix T fulfill the following equations, called RTT
relations:

a],az(” - U>Tal (u)Taz(U) = Taz(l))Tal (u>Ra1,a2(” - 7})7
(2.9)

R

Ra,,az(u - U)Tal (u)Taz(U) = Taz(v)Tal (M)Ra].uz (u - 1))'

(2.10)

The RTT relations can be used to write an algebra for the
operators A, B, C, and D that make the entries of the
monodromy matrix, and similarly for the untwisted ones.
Furthermore, they imply that the transfer matrix commutes
with itself for different values of the spectral parameter:

(2.11)

Thus, if we formally expand z(u) in Taylor series in u, we
find a commuting family of operators. Among those,

we can find the Hamiltonian (2.1) if we set
0; =0; V i,j. Thus, diagonalizing the transfer matrix
corresponds to finding a basis of eigenvectors that simul-
taneously diagonalizes every member of this family of
operators and, in the process, the Hamiltonian.

For the case of a diagonal twist, ® = diag (6;, 5,), we
can apply the usual algebraic Bethe ansatz (ABA) to
diagonalize the transfer matrix. For pedagogical reviews
on the ABA, we refer to [29-31] and Chap. 7 of Ref. [32].
In this article, we are only interested in the fact that the
eigenstates of the transfer matrix 7(u) can be constructed
from a suitably chosen state, called the pseudovacuum and
usually taken to be the state in which all spins of the lattice
point up, by the repeated action of the B operator at specific
values:

|v1, 02, ..., vy) = B(v1)B(v,)...B(vy)[0).  (2.12)
These states are called Bethe states, and the elements of the
set {v;} are called Bethe roots. These Bethe roots are
obtained by solving the Bethe ansatz equations

ﬁ”k—ej_’?_5_zNUk—Ul—77 (2.13)
jor e 0 |

v —0; 010y vk v+
I#k

The case of triangular twist can still be solved using the
ABA provided the twist is diagonalizable. The case of
generic diagonalizable twist is more involved and cannot be
solved using the ABA, as the usual pseudovacua of the
ABA (both the state with all spins up and the state with all
spins down) cease to be eigenstates of the transfer matrix
for most of these twists. There exists nevertheless a
modified algebraic Bethe ansatz (MABA) [33] that can
be applied in this case.

This leaves only the case of a nondiagonalizable twist,
which we plan to address in this article. If we consider a
twist of Jordan-block form

()

by direct computation, we find that the transfer matrix is
nondiagonalizable already at L = 2. Thus, the best we can
do is to find a set of vectors such that

(2.14)

(w)w}") = Ay + 3 B

1 1
w(u)wiy = Adu)|w!!). (2.15)
We call \wj(»")> a generalized eigenvector of rank n. A set of

generalized eigenvectors related in such way is called a
Jordan chain, indicated by the subindex j. From this
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definition we can see that a generalized eigenvector of rank
n satisfies

[e(u) — A )" w"y = 0,

It is important to mention that the functions Eg-"’k) (u) are

normally considered nonphysical because we can set them
to nearly any value by appropriately normalizing and
linearly combining the generalized eigenvectors.3 The most

common choice is to set E§n~n—1) (u) = 1 and Eﬁ"‘”(u) =0,
V k < n— 1. This is not the case for us. We want to find a
single set of generalized eigenvectors |w§”>> that makes
7(u) upper triangular for all values of u. This condition
requires that all the generalized eigenvectors be indepen-
dent of u. As a consequence, we are only allowed to change
their normalization by a u-independent factor, and linear
combinations are restricted to have u-independent coef-
ficients. Thus, we cannot change the functional dependence

of Eﬁn'k)(u) with respect to the spectral parameter u.

We may wonder if it is always possible to find a u-
independent basis of generalized eigenvectors. The
answer is yes, thanks to the integrability of the problem.
Because the transfer matrix commutes with itself for any
values of the spectral parameter and it is a polynomial in u,
its building blocks commute with themselves. As com-
muting matrices can be simultaneously triangularized over
an algebraically closed field, they have a common
invariant flag. This flag can be used as the set of
generalized eigenvectors independent of u that triangu-
larizes 7(u).

For the identity twist, ® = I, the Heisenberg XXX spin
chain has a global g[(2) symmetry that creates a degen-
eracy between the states. Bethe states (2.12) with finite
Bethe roots are highest-weight states with respect to this
symmetry. Bethe states with one or more infinite Bethe
roots are descendants, in the sense that they can be
obtained by applying lowering operators of the gl(2)
symmetry to highest-weight states. It is not difficult to
show that the eigenvectors for the Heisenberg spin chain
with the Jordan-block twist (2.14) are in one-to-one
correspondence with the highest-weight eigenvectors of
the model with the identity twist. In fact, because RTT
equations do not depend on the twist matrix ® and the
pseudo-vacuum |0) is an eigenstate of z(u) with the
Jordan-block twist (2.14), the ABA construction still holds
and all the eigenvectors have the form (2.12). In contrast,
the ABA is not capable of constructing the generalized

3Perhaps c%le to this, we have not found a name for the
functions Z" (u) in the literature. We have decided to call them
Jordan-chain coefficients.

eigenvectors, but there is also a one-to-one correspondence
between descendants for the identity twist and generalized
eigenvectors for the Jordan-block twist (2.14). A heuristic
explanation is to notice that

(1) = A(u) + D(u) = A(u) + D(u) + ¢C(u) (2.17)

for the above Jordan-block twist. Because A(u) + D(u) is
the transfer matrix for the identity twist and C(u) is a
nilpotent operator that always reduces the number of
magnons of a state, states that triangularize 7(u) can be
constructed starting from states that diagonalize the trans-
fer matrix for the identity twist by looking for a linear
combination of vectors with fewer magnons that transform
the starting state into a generalized eigenvector of the
transfer matrix for the Jordan-block twist. The reason why
highest-weight eigenvectors always give us eigenvectors
and descendants always give us generalized eigenvectors is
that, given a descendant state, there is always a state with
fewer magnons that shares the same eigenvalue for the
identity twist. This is not the case for the highest-weight
states provided the inhomogeneities fulfill the condition
(2.6). Once we realize that, the proof follows from the fact
that an upper triangular matrix that is not diagonal is
diagonalizable if all its diagonal entries are distinct, and it
is not diagonalizable if all its diagonal entries are equal.
For a practical example on a similar setting, we refer to
Sec. 4.2 of Ref. [21]. For the twisted Heisenberg model, we
will show the explicit computation up to states with two
magnons in Sec. [V B 1.

III. SEPARATION OF VARIABLES
FOR NONDIAGONALIZABLE
TRANSFER MATRICES

One possible method to derive the eigenvectors and the
Bethe equations for the XXX spin chain with a generic
twist is the quantum separation of variables created by
Sklyanin [34-37] and heavily developed in the last decade.
Some comprehensive reviews on the modern perspective of
the separation of variables are [26,38,39] and Chap. 9 of
Ref. [32]. Although the case of a nondiagonalizable twist
was originally studied in Ref. [26], the generalized eigen-
vectors are not studied in that article. In this section, we
show that the method of separation of variables can be
modified to give us information regarding the generalized
eigenvectors. The procedure is essentially the same as for a
diagonal twist, except for two specific points: B(u) is
already a polynomial of degree L in u, and the wave
function is not separable. Therefore, we only present its
implementation for the nondiagonalizable twist, highlight-
ing the differences where relevant.

The main idea behind the method of quantum separation
of variables for the Heisenberg spin chain is to find a basis

086024-4
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where the B operator is diagonal. Because B(u) is a
polynomial of degree L in the variable* u, and the RTT
equations (2.10) imply that

[B(u), B(v)] =0, (3.1)

we can construct the following family of commuting
operators X:

B(u) =B, H(u—xk), (3.2)

k=1

where B; is the operator in B(u) accompanying the power
ut—that is,

B, = limutB(u).

U—>0

(3.3)

For values of the inhomogeneities fulfilling the condition
(2.6), the individual operators x; are not simple, but their
combined spectrum is simple—that is, the set of eigenval-
ues {x; }X_, with respect to the set of operators {x; }£_, is
different for different eigenvectors.

The operators conjugate to X;, which we will denote by
z;, are constructed from the A (u) and D(u) operators. As
A(u) and D(u) are polynomials of degree L in u, we can
write them as follows:

L L
= E I/tkAk, = E Mka.
k=0 k=0

Then, the operators zjE are defined as

L L

+ _ k _ T -

z; = g xjAk, = E XjDk,
=0 k=0

notice that ordering matters here because these operators do
not commute. Conversely, using again that A («) and D(u)
are polynomials of degree L in u, we can use the Lagrange
interpolation formula to write them in terms of the zf
operators

(3.5)

Alu) = ALH U—X; +ZH ZJF, (3.6)
J=1 k#j Xj=
= Hu—x ZH sz, (3.7)
=1 =1 K

*In the case of diagonal twist, B(u) « B(u) is a polynomial of
degree L — 1. This problem is bypassed by performing a
similarity transformation of the monodromy matrix. In our case,
B(u) = B(u) + gA(u) is already diagonalizable and of degree L
in u, so there is no need for a similarity transformation.

where A; and D; are defined similarly to B; in Eq. (3.3),
but with respect to the appropriate operator.

From the RTT equations (2.10), we obtain a set of
commutation relations between these operators:

X, x;] = [27,2;] =0, Vij
+ ,F ;
z;7,2]] =0, Vi#j
Zi Xj = (Xj ZIZ]’]HélJ)Zli, \4 l,J (38)

while from the definition of the quantum determinant
A(u) = A(u)D(u +n) — B(u)C(u + 1) we obtain that

ziz; = Ax;), ziz) =

J o J o A(Xj_n]l)'

(3.9)

The next step is to construct a basis in the dual Hilbert
space that simultaneously diagonalizes all x; operators:

<X1,...,XL|Xk:<X1,...,XL|)Ck V k. (310)
From the commutation relations (3.8), it is clear that zji
behave like ladder operators in this basis:

(TP ...,xL|ZjE = (X1, xE0,

J 7xL|Ajt()_C))’

(3.11)

where A7 (X) are functions of the eigenvalues, which we
collectively have denoted as X. If we denote the shift of the
eigenvalue x; by 77 as X + né;, Eq. (3.9) implies that these
functions satisty

(3.12)

For consistency, we also require Ai( ) to vanish if x; 4+ is
not among the eigenvalues of x;. These restrictions are not
enough to completely fix these functions. This is expected, as
they can be arbitrarily modified by changing the normali-
zation of our states.” A particularly convenient choice is

AF(R) =
= A (u—n) = [J(u=6c—n).

k=1

Ai(xj),

where  A™(u) (3.13)

We can now compute the wave function of a generalized
eigenstate of the transfer matrix

1,/5.")()'5) = (x;, ...,xL|wj(»")> = <)?|W.§-n)>. (3.14)

>Our discussion below Eq. (2.16) does not apply to these
states.
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This can be done by computing the matrix element
(%2 (x;)
|w§")) is a generalized eigenstate of the transfer matrix, so it
fulfills (2.15). On the other hand, we know how the transfer
matrix z(u) acts on (X| by combining Egs. (3.6), (3.7),
(3.10), and (3.11). From that, we get the following equation
for the wave function:

) in two different ways. On the one hand,

= A7 (@O (& —n) + AF @y (F+58).  (3.15)
Although this equation looks like the usual wave function
equation for separated variables [see, e.g., Eq. (9.278) in
Ref. [32]] with an additional Jordanian term, solving it
beyond the eigenvectors is a bit more involved.

For the case of eigenvectors (or generalized eigenvectors
of rank 1), where we have no Jordan-chain coefficients, this
set of equations is solved by assuming that the wave
function is factorized®

giving us L separated equations for each ¢,<.’1j) (x;), all with
the same structure. Because all these equations have the
same structure, we can solve them simultaneously by
considering instead the following TQ equation:

Aw) QW (u) = A (u)QW

(u—n)+ AT (u)OW (u +7),
(3.17)

where A*(u) are given by Eq. (3.13), and set

f/J),(',lj) (x;) = Qﬁ‘l)(xi)-

For the generalized eigenvector of rank 2, the presence of
the Jordanian term forbids us from applying the same logic
if we assume separability of the wave function. Instead, to
rewrite the wave function equation as a TQ equation, we
have to consider the following ansatz:

@ =Y [qb,i?} () [0t <x,»>] . (3a8)

k=1 o

We can now take the wave function equation (3.15),

substitute this ansatz, and divide the equation by 1//5-1) (X),

W;l)(x :ﬁﬁbg.lj) (3.16) giving us
i=1
|
L () o [P =) ) ) (i =)
Aj(x;) R S +y i
! kzlqs,i%}(xk) ’ o) (x) ;qbl,(xz) o) (x)
o i+ o) (1) ) (x; +
AR ¢(;)(J>C(x)n)+z if(X) ,(x ")
i,j i I#i ](xl) ¢l]( )
7 (xi =) N IR o) (x)
= A7 (X)L A () LS A ()Y (3.19)
o (x,) o) ;M(xl)

where, to get the last line, we have used the fact that gbflj

terms, all the dependence on ¢,((2]) (x¢) with k # i disappears, and it becomes an equation only for q’),(»,

(x;) = Qﬁz) (x;), where Qﬁ.z)

: 2)
eigenvectors, we can now set ¢;”;

with the same A(x) and Q()
Jordanian TQ equation.

) (x;) solves the homogeneous equation (3.17). Rearranging the

2) .
;7 (x;)- As with

(u) fulfills the following inhomogeneous TQ equation:

=) + AT () 0P (u + 1), (3.20)

that solve the homogeneous equation (3.17). Due to its form, we call this equation the

For the generalized eigenvector of rank 3, let us consider the ansatz

L L
REEDY l‘ﬁf(«?} () [T (x| +

z l¢k](xk ¢lj X1 Hd’” (3.21)

®As the eigenstates of the transfer matrix are still Bethe states of the form (2.12), it is natural that the wave function separates in the

basis that diagonalizes the B operator.

086024-6



SEPARATION OF VARIABLES FOR NONDIAGONALIZABLE ...

PHYS. REV. D 114, 086024 (2026)

where k is a constant, and repeat the same steps as for the case of the generalized eigenvector of rank 2:

+KAj(x)Z

L ¢,£,< >¢,,<

2

¢1(<,) (x¢) (3,1)
O

J (xz)

[1]

(32) &
Y

[1]

D,
)

= o) e P )by (x =1 P !
NUNEED) o () o) (xi = ) O (i =) (x)
= A7 (%) | + 3 PR J
o (x,) ;qbﬁl,-)(xl) ¢51,><x,> g ot (x) o) (x)
L () (2) . 1)
e 2¢,>< )¢i{(x1)¢”<(1> )] Mﬂz)[«zs,,,fjﬁn)+Z¢1,< x) ¢ ((la)c +1)
L ¢k,(xk)¢1, (x;) ¢i,j (x;) ¢i,j (x:) [#i ¢1,j (x7) ¢i,j (x;)
el () & o b () ) (i 4 )
+ K + K : :
; A8 (x) Z«M DL ) ¢l ()
L (=) L (i) o)) ()
= A7) g A + A ()Y
o) (x) o) zg;cbﬁ.l}(xz)
OB ) o=t () o) (20 ()
+ kA (x)y Al o K + kA;j(x;) Dh TR L (3.22)
' ;qsﬁ,;)(x,»)qs;‘)(xl) ' ;cb;l}(xz) ' er( o) (x)

Now, provided we have ~53 ) (u) = KE}Z’U (u), we can rearrange the terms to make it an equation only for ¢E?j) (x;). Mutatis

mutandis, we can set ¢i:j) (x;)

=(3.2)

O (u) +EC ()0 (u) +

with the same A(u), Q1), and O that solve Egs. (3.17)
and (3.20). This again can be considered a Jordanian TQ
equation.

The wave function equations for generalized eigenvec-
tors of higher rank can be reduced to Jordanian TQ
equations iteratively following a similar procedure. The
appropriate ansatz for the general case would be

L
'@ = x [Tl ™ )

1} k=1

(3.24)

where the sum over {A} represents a sum over all the
possible weak compositions of n — 1 into L parts The
constants k;, depend only on the partition associated with

"Weak compositions of n — 1 into L parts are defined as sets of
L non-negative integers {p,} -, such that ¢ p;=n—1,
where two sets that differ in the order of their terms are
considered different. For example, there are six different weak
compositions of 2 into three parts, given the sets {1, 1,0},
{1,0,1}, {0,1,1}, {2,0,0}, {0,2,0}, and {0,0,2}. Weak
partitions are defined similarly to weak compositions, but sets
that differ in the order of their terms are considered the same. For
the previous example, there are only two weak partitions,
{1,1,0} and {2,0,0}.

=60(u) 0 (u)

3) (3) . e
Q" (x;), where ;" (u) fulfills the following inhomogeneous TQ equation:

= A~ (u) Q% (u =) + AT () Q) (u + 1), (3.23)

|
the composition we are considering. This means that the
coefficients ky,, are the same for any two compositions that
are related by a permutation of their entries. For simplicity,
we can set k = 1 for the partition with the largest amount of
zeros. Then, provided the Jordan-chain coefficients fulfill

2 =k viks1 o (3.25)
for the appropriate kg, we can set ¢l(';) (x;) = Q§”>(x,»),

where Q;") (u) fulfills the following Jordanian TQ equation:

=
—_

Aw) =) () (u)

1

A~ (u) Q" (u —

0" (w) +

=~
Il

n) + AT ()0 (u+n),  (3.26)

with the same A(u) that solves the homogeneous
equation (3.17).

Although one might be tempted to compare the
Jordanian term of (3.26) with the inhomogeneous terms
of the inhomogeneous TQ equations appearing in the off-
diagonal Bethe ansatz [40,41] and in the MABA [33],
the two have entirely different origins and interpretations.
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The inhomogeneous TQ equations arise in models with
broken U(1) symmetry, which prevents us from finding a
reference state to build the standard ABA construction. If
we act with the transfer matrix into the usual ABA-type
reference states, we get additional terms due to this
broken U(1). If we perform an ABA-like construction of
the eigenvectors, these terms can be incorporated into the
eigenvalues and Bethe equations. Upon rewriting the
resulting Bethe equations as a TQ equation, the terms
associated with the breaking of the U(1) symmetry
appear as an inhomogeneous contribution. In comparison,
the Jordanian term in (3.26) arises explicitly from the
nondiagonalizability of the transfer matrix, hence the
dependence on a lower-rank Q function. It is an intrinsic
property of the transfer matrix and not a consequence of
using a specific basis to diagonalize it.

We should emphasize that at no point of the derivation
have we specified that we are considering the twisted XXX
spin chain. We only have used the diagonalizability of the
B operator8 and the commutation relations associated with
the R-matrix (2.3). Therefore, we propose that the gener-
alized eigenvectors of any nondiagonalizable transfer
matrix constructed from the rational gl(2) model where
we can construct separated variables can be described using
a Jordanian TQ equation.

IV. TQ EQUATIONS FOR THE JORDANIANLY
TWISTED XXX SPIN CHAIN

In this section, we explicitly show how the construction
from Sec. Il works for the XXX spin chain with the
Jordan-block twist (2.14). We will first perform the con-
struction of separated variables in detail for L = 2, com-
paring the generalized eigenvectors, eigenvalues, and
Jorcan-chain coefficients we get from brute-force triangu-
larization with the ones we obtained using the Jordanian
TQ equation. After that, we compute the generalized
eigenvectors with up to two magnons for arbitrary length
by computing commutation relations using the algebraic
Bethe ansatz and compare these results with the ones we
obtained using the Jordanian TQ equation. To distinguish
the different results, we will write A and Z for the
eigenvalues and Jordan-chain coefficients computed using
the TQ equations, and A and E for the eigenvalues and
Jordan-chain coefficients computed using other methods.

A.L=2

1. Brute-force triangularization

For length L =2 and twist (2.14), the monodromy
matrix T(u) has the following form:

(u=0,—n)(u—0,-n) 0 0 0
Au) = 0 (u—6; —n)(u—06,) 0
0 ” (u—01)(u—=0y-n) 0 ’
0 0 0 (u—0,)(u—06,)
q(u—0,—n)(u—0,—n) 0 0 0
B(u) —n(u—0,—1n) q(u—0; —n)(u—6,) 0 0
—n(u —6,) g q(u—6,)(u—60,—-n) 0 ’
0 —n(u—0,—n) —n(u—0,) q(u—0,)(u—0,)
0 —nu-0,) —n(u—=0,-n) 0
0 0 0 —n(u—06,)
Cw=1, 0 0 =0, —p) |’
0 0 0 0
(u—01)(u—0,) —qn(u—0,) —qn(u—6, —1n) 0
D(u) = 0 (u—=0,)(u—0,-n) s —qn(u—0,) (4.1)
0 0 (u=0,—n)(u—0,) —qn(u—0;—n)
0 0 0 (=01 —n)(u—0,—n)

¥In principle, this condition could be relaxed to demanding that the transfer matrix be basis generating if we follow instead the

construction from Ref. [26].
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On the one hand, we can compute the dual eigenvectors that diagonalize the B(u) operator,

<9]’92| = (li_q’ _Qa qz)y <91 +’7a02| - (17_Qa an)y

qn q(6, — 0
(01,6, + 1| = <1,—91_92+n,—91(_162+2)’7,q2>, (6, + 1.0, +n| = (1,0,0,0). (4.2)

These vectors indeed satisfy (3.11) with the choice (3.13).
On the other hand, the generalized eigenvectors of the transfer matrix are

() 2n 2n >
=(q, - , 0),  Au) = -0, —0,—n) =27,
wi’) <q 0 —0,—1'0 —0,—n ) 1(u) |i|(u )+|i|(u n) —2n

) = (1.0,0.0).  Ag(w) = [w=6) + [J(w=0; = n).

1

W) = (ag.ay..0). BV = —ayqn(2u—n-0,-0,),
—(3. p
WSy = (Bo. B = 20 (01 — 0, + 1), B1.20By). B = —a—?cmz@u —1=0,-6,),
() %y = a1 fy

B = q*npr(01 — 0, +n)(u—6,) + qn (2u—n—6, —0,), (4.3)

1

where a; and f, are two arbitrary nonvanishing constants, and «y, |, and f, are arbitrary constants. These coefficients
parametrize the freedom we have to normalize the generalized eigenvectors and to linearly combine them with generalized

eigenvectors of lower rank with the same eigenvalue, respectively. We should also point out that, as we discussed below

Eq. (2.15), we cannot set Ef’l) =0 and 5;2.1) = 523,2) = 1 while keeping the generalized eigenvectors independent of u.

Thus, the Jordan-chain coefficients are physically meaningful in this setting.
The scalar product between these two sets of vectors is collected in the following matrix, where the rows are the different
(x1,x;| vectors and the columns are the different |w;) vectors:

q 1 ag—2qa;  Po—2qP1 + ¢*(0) — 0, +3n)p

95=5 1 ag—qa Po— g+ (01— 0+ n)p,
<x17x2|Wj> = 0,~0,— ) (4.4)
5= | @ —qx Po—apr + qnp>
q 1 ay o

2. Jordanian TQ equation

Let us now compute the eigenvalues, the Jordan-chain coefficients, and the generalized eigenvectors using the Jordanian
TQ equations, and compare them with the results obtained above using brute-force triangularization. We start by computing
the eigenvectors of the transfer matrix by looking for solutions of the homogeneous TQ equation. For length L = 2, the
solutions to (3.17) are

0\ () =u === M) = [Ju=0) + [0 =m) — 22, (4.5)

2
0w =1 M) =[[w~6)+ [Jw=0i=n). (4.6)

We can immediately check that the eigenvalues match the ones computed in the previous sections. Using the ansatz (3.16) to
compute the wave functions from the Q function, we can check that they perfectly match the generalized eigenvectors of
rank 1 we found up to a normalization factor.
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Let us now move to Jordanian TQ equations associated

with Q<21) (u) = 1. To compute the Q function associated
with the generalized eigenvector of rank 2, we have to

substitute the appropriate values for le) (u) and A, (u) into
Eq. (3.20) and solve for Q(zz)(u) and E.gz’l)(u). We find

2
Qy(”) = au + ay,

P ) = —aPQu-n—6,-6,).  (4.7)

where a; and a, are coefficients that are not fixed by the
Jordanian TQ equation. This is expected. We cannot fix a,
because the linear combination of a generalized eigenvector
of rank 2 and an eigenvector with the same eigenvalue is
also a generalized eigenvector of rank 2. We also cannot fix
a;, because multiplying a generalized eigenvector by a
scalar gives us the same generalized eigenvector and only
modifies the Jordan-chain coefficients.

We clearly observe a matching between the Jordan-chain

- =21 =21
coefficients .:.g' ) and :.g )

cients. In particular,

up to normalization coeffi-

[l

(2.1) an - (2.1
o () = ——F" (u).
o q
As we discussed above, the functions E carry physical
information in our setting. Thus, the matching between

them is a concrete test for our construction.

Let us now compute the wave function associated with
this Q function. Substituting Qél)(u) and ng)(u) into the
ansatz (3.18), we get

s (x1,x,) = 05 (1) 05 (%) + 08 (%)) 05 (x,)
= a;(x; +x) + 2ao.

(4.8)

(4.9)

We can check that this wave function fulfills the following
two properties:

v (00 +0.0,) =y (01,0, +n),  (4.10)

w2 (6,,0,) — w0, +1,0,)

— (0, +1,0,) =i (0, + 1,0, +n),

(4.11)
which are also fulfilled by the wave function (4.4). As both
have two undetermined coefficients and fulfill these two
constraints, they are the same up to matching the normali-
zation factors. In fact, if we set

ag = (11(61 + 62 + 27’]) + 2610, qoy = any, (412)

the matching between the two wave functions is perfect.
Notice that, using the second of these conditions with
Eq. (4.8), we have 2% (1) = 22" (u).

Let us move now to the generalized eigenvector of rank
3. Substituting into Eq. (3.23) the appropriate values for

le)(u), QéQ)(u), and A,(u), and solving for Q(ZS)(u) and

Ef’l) (u), we obtain

0% (u) = byu® + byu + by,
2P (u) + (ayu — ag)ES? (u)
= byn?(0,0, + (0, +1)(60, + 1) — 2u?]

Similarly to the generalized eigenvector of rank 2, the b; are
coefficients that are not fixed by the Jordanian TQ
equations. This is again expected, for similar reasons.

First, as we discussed below (3.22), we need Egs,z) (u) =

KEéz’l) (u) to get the Jordanian TQ equation (3.23) from the

wave function equation (3.15). Substituting this condition
and demanding that Ef’”
condition b, = ka3.

The wave function for the generalized eigenvector of
rank 3 is given by the ansatz (3.21), which in this case takes
the form

(1) be linear’ in u, we get the

w§3)(x1,x2) = Q?)(XI)Q(Z])(XZ) + Qél)(xl)Q(zS) (x2) + Kng) (xl)ng) (x2)

= by(x} 4 x3) + kalx x, + (kaga; + by) (x| + x;) + kad + 2b,. (4.14)
We can check that the map
b = atlnfo — by (0 + 6, + 2n) + ¢*p>(0, +n)(01 + 20, + 3n)] — > aip, (4.15)
2nat ’
b — qaf — q*apPr — g*a,p2 (26, + 6, + 31) 416
1 — ) 2 5 ( . )
nai
2 2

b=TP2 K:—qzﬂz, (4.17)

n am

°The off-diagonal entries of the transfer matrix z(u) are all linear in «, so it is sensible to assume that the Jordan-chain functions ()

are, at most, linear.
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together with the map in Eq. (4.12), gives us a perfect

matching between the wave functions (4.15) and (4.4) and

between E<3’l)(u) and Eg’l)(u).

Thus, we have shown that we can construct the eigen-
values, the Jordan-chain coefficients, and the generalized
eigenvectors from the generalized Q functions computed
via the Jordanian TQ equation. Furthermore, they match
perfectly with the ones obtained from brute-force triangu-
larization once the correct identification of the free coef-
ficients is done. This provides a successful test of our
construction.

B. One and two magnons at any L

1. Algebraic triangularization

From the RTT equation (2.9) we can extract the follow-
ing commutation relations for the operators of the mono-
dromy matrix with no twist:
|

2(u)|0) = [A*(u) + A~ (u)][0) = [

[ =0+ [T =010

i=1 i=1

A(u)B(v) = %B@)A(”) - BA(),
D(u)B(v) = = B(0)D() + ——B(u) D(v).

(C(u), B(v)] = —

u-—"uv

[A(u)D(v) = A(0)D(u)].  (4.18)

We also choose a pseudovacuum |0) that has the following
properties:

A()[0) = AT(u)[0),  D(u)|0) = A™(u)[0),

B(u)|0) # A™(u)|0). (4.19)

where A* are defined in (3.13). Using these relations, we
can show that |0) is an eigenstate of the twisted transfer
matrix 7(u) for the Jordan-block twist (2.14),

(4.20)

while for the state obtained by acting once with a B(u) operator on the pseudovacuum we get

u—v+n€

AT
i (u) +

[A(u) + D(u) + gC(u))B(v)|0) = (

u—v—n
u—7v

A‘(u)>3(v)|0>— T [A*(v) — A(0)] B(w)]0)

u—v

+ % [At(u)A™(v) — AT (v)A™(u)]|0). (4.21)
If we find a finite ¥ such that A™ (%) = A~(%), then we can construct the following eigenvector:
B 5 u—7+n u—7v—-n  _ - .

(B0 + g )0 = (“TTE a0 + ST a0 ) 1B(0) + g8 (9]0 4.22)

Because A" (7)) = A™(¥) is a polynomial equation of degree L — 1, this gives us L — 1 different eigenvectors. The attentive

reader might wonder why are using the operator B when we discussed that eigenstates can be constructed via the usual ABA
using the operator B. We can even see that [B(7) + ¢gA™(7)]|0) = B(%)|0). We follow this approach because it is easier to
construct the generalized eigenvectors using the untwisted operators than using the twisted operators, where taking one of
the rapidities to infinity gives no new vectors. In fact, if we multiply the equation (4.21) by a factor »'~* and take the limit
v — oo, we find that the state we obtain is the generalized eigenvector of rank 2 associated with the pseudovacuum,

(z(u) = [A* (1) + A™(w)]) lim v'~*B(v)[0) = —gn[AT (u) = A™(u)]|0), (4.23)
(2() = [A* (u) + A~ (u)])? lim '~ B(1)[0) = 0. (4.24)

Let us move now to the state created with two B operators. An eigenstate of 7(u«) can be written as the following linear
combination:

B(v)B(w)|0) + a;B(v)|0) + a; B(w)|0) + a3|0). (4.25)

After acting with the transfer matrix z(u) on this linear combination, using the commutation relations (4.18), and
demanding that the resulting quantity be proportional to the original vector, we find the following relations:
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u :_q(u—v—ﬂ)(v—w mMATW)A™(u) + (w—v+n)(v—w+n)A~(W)AT(u)
l (v =w)[(u = v +n)A" () = (u—v—n)A™(u)] ’
(u—w—n)(v=—w+n)AT (WA () + (u—w+n)(v—w—n)A"(1)A"(u)

(v =w)[(u—w+m)A™ () = (u—w—n)A™(u) ’
_ g -wATAT(0) ~ AT@AT(w)] | gap(u— 0)[AT()AT(w) — A7 (u) AT (w)]

Qu—v-—w+nAT(u)—Qu—v—-w—-nA~(u) QRu-v-—-w+nAt(u)—Qu—-v—-—w-—nA-(u)’

AT (v) _ A~ (w) _v-w-—n
A~(v) AT(w) v—-w+ng’

Ay = —q

(4.26)

The last of the equations is the usual two-magnon Bethe equation. If we impose these Bethe equations, the coefficients «;
heavily simplify:

bt e NSV e Uil GO
a;=¢q P A~ (W) =g¢q P AT (W), (4.27)
v—=w—-n, _ . v—w+n -
= A =g——— A" 4.2
=g 2 @) = T ), (4.8
ay = A~ (D) A~ (W) = g>AT(D)AT(W). (4.29)

We also find that the eigenvalue associated with this state is

u—v+;7u—w+71A+()Jru—vjnu—w?nA_(u), (4.30)

Au
(u) = u—7 u—w u—7 u—w

where the hats indicate that the rapidities fulfill the above Bethe equations.
However, for the descendant obtained by taking one of the parameters to infinity, one can check that the naive ansatz

lim w'="B(#)B(w)[0) + $1B()|0) + B2 lim w'=* B(w)[0) + f;3]0), (4.31)

WwW—00

where A" (%) = A~(%), cannot be made into an eigenstate of z(u). This happens because the commutation relations create
an unwanted term proportional to B(x)|0) that cannot be eliminated.'” We can nevertheless show that

o)l BB+ = (T A )+ T ) [l BB 0) -]
~an(“T I ) - s ) B0 (432)

provided A* (%) = A™(%). Here the ellipses represent a term that only involves vectors from the sector with one magnon.
We can see that this cannot be the full solution because the parenthesis in the last line, which should correspond with
221D (u), is not a polynomial in u. Nevertheless, we will see that this result is not far from the actual one.

The situation is the same for the second descendant of the vacuum. The naive ansatz

lim lim (vw)'"LB(v)B(w)|0) + ylv}i_rilowl_LB(wﬂO) +73/0) (4.33)

V=00 W—00
will always have an unwanted term 2g7*B(u)|0) that cannot be eliminated. Nevertheless, we can show that

#(a)[lim Tim (w)'~B(0)Bw)|0) + -] = [A* (u) + A~ ()] [ im Tim (ow)' " B(0) Bw)|0) + - |

V—>00 W—00

~2g7(A* (u) = A~())[lim Tim wIEB(w)[0) + -]+ (434)

l()Substituting B(¥) for B(x) for arbitrary x solves this problem, but the resulting vector cannot be made into an eigenvector of 7(u)
unless x = 7, which takes us back to the original problem.
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Here, the ellipses represent a term that only involves the vacuum and vectors from the sector with one magnon. From this

computation we can check that E?*z)

(u) = 2Eg2’1)(u), but not much more.

2. Jordanian TQ equation

Let us now compute the solutions to the Jordanian TQ equations for constant, linear, and quadratic Q functions and

compare them with the ones obtained above.

The homogeneous TQ equation (3.17) has the following solutions:

ol =1, Aw) = A= (u) + A*(u), (4.35)
) — 7+ — -
0 =u= A=A () + =T A (), (4.36)
O = (u—d)u—w).  AQw) =TI o (MZETNEZ RNy (a37)

u—i

u—w u—u u—w

The values i, #, and W are not fixed by the TQ equation. Instead, they are fixed from demanding that A(«) be a polynomial,
giving us an additional constraint equivalent to the Bethe equations. This result matches the computations above.

Let us move now to the Jordanian TQ equation for generalized eigenvectors of rank 2, given by Eq. (3.20). For the
generalized eigenvector associated with the vacuum, we have to solve

[A=(u) + AT ()] O (u) + BV (u) = A~ ()0 (u — 1) + AT () Q1 (u + 7).

If we input the ansatz Q(lz)(u) = a;u + ay, we find that
neither a; nor q are fixed by the TQ equation, but 552_1) is
fixed to be
=20 — g AT (1) - A- 4.39
g7 = am[aT(u) - A (w)]. (4.39)
This matches Eq. (4.23) up to a factor of —g, which can be
extracted from the normalization a;.
For the generalized eigenvector associated with the one-
magnon state, we have to solve

+”‘—17T”A-<u>)Q§”<u>

u-—uv

= A~ () Q% (u — ) + A ()05 (u +n). (4.40)

Analyzing the asymptotic behavior of the Jordanian TQ

equation, we are allowed to assume that Qéz) (u) is a
quadratic polynomial in u and that Egz’l) (u) is a polynomial
of degree L — 1 in u. The equation is easier to solve if we
change to the variable y = u — #. First, we use the equation
at y = 0 to fix the constant coefficient of ng)(u), and we

use this result to fix Egz’”(u). The final result is

05 (1) = by(u — 7)* + by (u — 7)
AT (D) + A (7)

BN OETSCIE

(4.41)

(4.38)

20 (w) = o | k() = A ()

~ nA+(u) —A~(u) AT(B) + A (D)
Tw-0? AT@)-[A®)])
(4.42)

where primes indicate derivatives with respect to the
argument. We can see that the first two terms of

Egz’l)(u) match what we found using brute force with
the algebraic Bethe ansatz. We can also check that the last
term cancels the nonvanishing residue at ¥ = ¥ from the

first two terms, making Eéz‘l) (u) a polynomial.

V. CONCLUSIONS

In this article, we have proposed the Jordanian TQ
equation, a modification of the TQ equation valid for
integrable models with nondiagonalizable transfer matri-
ces. As far as we know, this is the first integrability-based
method to be capable of tackling nondiagonalizable trans-
fer matrices. As a test for this novel proposal, we have
applied the Jordanian TQ equation to the XXX spin chain
with a twist of Jordan-block form. We have shown that we
can reproduce the generalized eigenvectors, Jordan-chain
coefficients, and eigenvalues for the case of length 2, and
we can reconstruct the eigenvalues and the Jordan-chain
coefficients for any value of the length and two or fewer
magnons. We have also shown that the wave functions for
generalized eigenvectors of rank n > 1 are not separable,
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taking instead the form of sums over weak compositions of
n — 1 into L non-negative integers.

The derivation of the Jordanian TQ equation we have
presented assumes that we can construct separated varia-
bles and we have a rational g[(2) R-matrix. Therefore, the
most immediate question would be how much we can
generalize it. One possible direction would be to go beyond
¢l(2) symmetry. The construction we presented should be
immediately generalizable to rational models with higher
rank. Therefore, it would be interesting to see if it can be
applied to the eclectic spin chain of Refs. [12,18], which is
obtained from the limit of a deformation of a spin chain
with g[(3) symmetry. Another direction would be to
generalize it to trigonometric models, like the XXZ spin
chain with open boundary conditions at roots of unity
studied in Ref. [23]. A final possibility would be to stay in
the rational gl(2) and study infinite-dimensional represen-
tations in the noncompact cases. The XXX_; /, version of
the model we have studied in this article has already been
studied in Ref. [28]. However, the authors focused on the
nonpolynomial representations, so the nondiagonalizable
sector of the theory has not been explored yet.

Drinfel’d twists of the rational gI(2) model are also an
important source of models we can study. One example
would be the XXX_;, model with a non-Abelian
Jordanian Drinfel’d twist studied in Refs. [19,20,27]. It
was shown in Ref. [27] that, for the representation where
the co-product of the spin raising operator is diagonaliz-
able, the TQ equation is unchanged with respect to the
untwisted model, yet the asymptotic behavior of the Q
functions is nontrivially modified. It would be interesting to
analyze the XXX_;/, model in the polynomial representa-
tion, where the transfer matrix is nondiagonalizable. In this
case, we expect that we have to also modify the asymptotic
behavior of the Q functions for this representation.

Another Drinfel’d twist of the XXX, spin chain is the
Class 5 model. This model was originally found in
Ref. [42] as part of the classification of all regular differ-
ence-form 4 x 4 R-matrices that satisfy the Yang-Baxter
equation (2.7). Similarly to the model studied in this article,
the eigenvectors of the Class 5 model that are in one-to-one
correspondence with the highest-weight eigenvectors of the

XXX/, model, while all the generalized eigenvectors are
in correspondence with descendants [24]. Sadly, in this case
it can be shown that no linear combination of the A, B, C,
and D operators is diagonalizable. Thus, the construction of
this article has no reason to work. This should not
discourage us. Instead of performing separation of variables
a la Sklyanin, we can construct the dual basis using the
method from Ref. [26]. This method does not require either
of these operators to be diagonalizable. Instead, it requires
the transfer matrix to be basis-generating, meaning that the
transfer matrix is capable of generating a co-vector basis
when acting on a generic dual vector. As this is a weaker
condition, it might hold for this model.

There are also technical questions we have not explored
in this article. First, we have not explored how general the

‘e —(nk) —(n—1,k—1)
condition E; " = k3 E;

needed to construct the
Jordanian TQ equation is. We only know that it seems to
hold for the model we are interested in. Another technical
question we have not explored is the existence of a second
set of Q functions. The TQ equation for the periodic
XXX, spin chain has two different Q functions tied to
each eigenstate: one Q function associated with creating a
state from the pseudovacuum with all spins up, and a
second Q function associated with creating a state from the
pseudovacuum with all spins down. Here, we have com-
puted one type of Q function, but we have not studied what
happens to the other one. It would also be interesting to
see if these two Q functions satisfy a Wronskian Bethe
equation.
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