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The 'S, and S, amplitudes of J/yJ/y scattering are determined up to 6.6 GeV from Ny =2 lattice
QCD simulations at m, =~ 420 MeV and 250 MeV. We observe an attractive interaction in the 'S, channel,
which permits the existence of a near-threshold scalar structure. This structure may correspond to X(6200),

but the possible left-hand-cut effect prevents us from a precise pole determination. In the 3S, channel, while

a near-threshold repulsive interaction is observed, a resonance appears at higher energies associated with a

Castillejo-Dalitz-Dyson zero v/scpp ~ 6.45 GeV of the scattering amplitude. The tensor resonance has the
parameters (mg,['g) = (6.543(10),0.548(34)) GeV for m, ~ 420 MeV and (6.538(13), 0.537(56)) GeV
for m, ~ 250 MeV, which are compatible with those of X(6600) [or X(6400)] reported by ATLAS and
CMS and also support the 27+ assignment of the recent CMS study. The difference of the 'S, and S,
J/wJ/y interaction is attributed to the dominance of the quark rearrangement effects. The systematic
uncertainties owing to the unphysical pion mass, the finite lattice spacing, and the finite volume should be
investigated by future lattice QCD studies with more sophisticated lattice setups.

DOI: 10.1103/xksw-yqcj

Introduction. X(6900) [also labeled as T..;z(6900)° in
PDG 2024 [1] ] was first observed by LHCb from the di-
J/w spectrum in 2020 [2] and was independently con-
firmed by the ATLAS [3] and CMS experiments [4,5].
Although X(6900) is a promising candidate for the fully
charmed tetraquark 7',..;z, most theoretical models predict a
lighter T'..zz state below X(6900). Experimentally, the di-
J/w spectrum measured by LHCb, ATLAS, and CMS
exhibits a broad structure in the 6.2-6.7 GeV range.
Assuming one or two resonances in this region, ATLAS
analyzed the spectrum and reported a broad structure(s)
referred to as X(6600) [or X(6400) and X (6600)] [3]. CMS
also observed the broad structure X(6600), along with an
additional resonance X(7100) [4,5]. Recently, CMS sorted
X(6600), X(6900), and X(7100) into a family of T,z
states of the preferred 2" quantum numbers [6,7]. On the
other hand, a near-threshold structure X(6200) was
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reported by phenomenological studies after analyzing the
J/wJ/w spectra of LHCb, ATLAS, and CMS [8,9].

Theoretically, fully heavy tetraquark states were first
investigated in the 1980s [10-15]. The QCD sum rule
calculations [16—18] predicted the fully charmed tetraquark
spectra with various quantum numbers. Following the
discovery of X(6900) and its family, extensive theoretical
studies were spurred [8,19-35] (see Ref. [36] for a review).
Since these T..z structures were observed in the di-J/y
system, it is of great interest to understand the dynamics
between the two charmonium states that drive their for-
mation. Some phenomenological studies attribute the
dynamics to pomeron or light meson exchanges between
the two charmonia [8,24,33]. Nevertheless, these theoreti-
cal interpretations generally depend on various underlying
assumptions.

This Letter aims to explore the J/wJ/y interactions in
the 'S, (07*) and S, (2**) channels via lattice QCD. In
order to avoid the complication due to coupled-channel
effects, we concentrate on the energy region below
6.6 GeV, where only the 5.4, and J/wJ/w channels are
relevant. As addressed in the longer companion paper [37],
the J/wJ/w channel is almost decoupled from the 7.7,
channel and thereby can be analyzed through the single-
channel Liischer formalism [38-40]. We begin with the
determination of the finite-volume energies (FVEs) of the

Published by the American Physical Society
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FIG. 1. Schematic illustrations of quark Wick contractions.

J/wJ/y systems from the related correlation functions,
through which the scattering amplitudes are extracted.
Subsequently, we analyze the pole structure of the ampli-
tudes and the dicharmonium interactions using appropriate
parametrizations.

Finite volume energies. Our calculation is performed on
anisotropic lattices with two degenerate light quark flavors.
The spatial lattice spacing is set to be a, =~ 0.136 fm, and
the aspect ratio is tuned to be £ = a,/a, ~ 5.0, where q, is
the temporal lattice spacing [41]. We perform calculations
at two pion masses, m, ~ 420(250) MeV, labeled as M420
(M250). The same fermion action for the valence charm
quark is adopted, which is tuned to reproduce the spin-
averaged 1§ mass of (M, +3M,,,)/4 = 3069 MeV [41].
For each m,, we consider two volumes with spatial sizes
L, = 12a, (denoted by L12) and 16a, (denoted by L16).
The lattice J/y masses used in this work are 3.08850
(86) GeV (L12) and 3.08714(48) GeV (L16) for M420, and
3.08166(91) GeV (L12) and 3.08528(45) GeV (L16) for
M250. The correlation functions of meson-meson operators
are computed using the distillation method [42].

We calculate FVEs of the 'S, and S, J/yJ /y systems
up to a center-of-mass energy around 6.6 GeV in their
rest frame. The details of the meson-meson operator
construction can be found in the longer companion
paper [37]. Our J/wJ/y operators have the structure

Oy (n?) = (’),’,,(l_é) oOf,,(—l?), where (’),,,(lz) is the single
particle operator projected to the lattice momentum k=
(2z/L,)ii with n> = |7i|?, and the symbol “o” stands for
the specific combinations of the different orientations of
k and the indices of O,ﬂ, [43]. The total spins s = 0 and 2

-

are realized by combining the indices of O, (k) to give
the A; and E representations of the cubic group O,
respectively. The S-wave (I =0) is given by the A
representation of the spatial configuration of k.
Although the spatial A; contains both /=0 and [ > 4
partial waves, the latter are tentatively neglected in this
exploratory study. Note that the S-wave 7.5, operators
should be included for the 'S, J/wJ/w FVEs to be
determined unambiguously [37]. In the practical calcu-
lation of the correlation matrices of these operators, we
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FIG. 2. Finite volume energies in the 'S, (left block) and S,
(right block) J/wJ/y channels at m, =~ 420 MeV. Blue and red
dashed curves represent the noninteracting energies as functions
of L. Blue and red points are the lattice results on L.12 and L16,
respectively. Green bands represent the theoretical predictions by
the derived scattering amplitude #(s).

consider the two types of quark diagrams illustrated
in Fig. 1.

After careful data analyses on the calculated correlation
matrices and multiple self-consistency checks, we obtain
the FVEs of the 'S, and S, J/wJ/y systems on the L12
and L16 lattices at each of the two pion masses (see details
in the longer companion paper [37]). Figure 2 illustrates the
FVEs (labeled by E,) of the 'S, (left) and S, J/wJ/y
(right) systems at m, ~ 420 MeV (the results at m, ~
250 MeV have a similar feature), where the points are
the lattice data and the dashed lines show the noninteracting

J/wJ/y energies EY). It is seen that the deviation of E,

0 . . . . . o
from ESL ) is significant in some energy regions, indicating

sizable interactions.

Scattering analysis. For the single channel S-wave J /yJ /y
scattering, Liischer’s quantization condition relates FVEs
(E,) to the phase shift J, via the relation

1 1
kcotéo(k):”L Z 17[2— 2 (1)
Siez? 4
where k = | /1 — m3 1y 18 the scattering momentum calcu-

lated at the invariant mass squared s = E2 and ¢° =
(L,/27)*k* has been defined. The S-wave scattering
amplitude 7(s) is subsequently obtained as

L\
cot8y(k) —i  kcotdy(k) — ik’

t(s) = p~I(s) (2)
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FIG.3. The 'S, J/yJ/y scattering phases k cot §,(k) on M420

(left) and M250 (right). Blue and red points represent the results
from FVEs on L12 and L16, respectively. Dashed light blue (red)
curves illustrate Eq. (1), the green band shows the ERE fit, and
the purple dashed line is the function ik for k> < 0. The orange
dotted line denotes the lhc induced by o exchange.

where p = k/+/s is the phase space factor of J/yJ/y.
The phase shift k cot 5, (k) of the 'S, channel is plotted as
data points in Fig. 3 (the left panel for M420 and the right
one for M250). The data exhibit a linear behavior up to
k*> ~ 1.2 GeV? and are described by the lowest effective
range expansion (ERE) kcotdy(k) = 10 + 3 rok* (green

T

bands) with parameters

M420: ay = 0.25(7) fm,
M250: ay = 0.20(8) fm,

ro = 2.31(33) fm,
ro =2.14(41) fm,  (3)

where a, and rq are the scattering length and effective
range, respectively. The positive a, indicates a near-thresh-
old attractive interaction in the 'S, channel. If analytically
continued to the deep k*> < 0 region, the ERE curve would
intersect with the ik curve (purple dashed line) twice and
signal the pole singularities of #(s) according to Eq. (2).
However, the possible light meson (¢ or two pions)
exchange will lead to a left-hand cut (lhc) starting from
(kg .)* = —m2/4 ~—1/m% (indicated by the vertical
orange dotted line in each panel of Fig. 3), which sets
an upper bound to the validity of ERE in the k*> < 0 region
[44-46]. Since lhc alters the behavior of kcotdy(k)
drastically when k? approaches the lhc point [44,45], we
do not take the interaction positions of the ERE and the ik
curves seriously, although for M420, the intersection point
closer to the threshold resides to the right of the lhc point
and may hint at a virtual state pole. A proper statement can
be that the interplay of the lhc and the attractive interaction
permits the existence of a scalar structure close to the
J/wJ /y threshold.

It is interesting to note that phenomenological
studies reported the X(6200) state (either 0T+ or 2*%)
by analyzing the J/yJ/y mass spectra of LHCb, ATLAS,
and CMS. These studies used the J/ywJ/w — J/yy(2S)
coupled channel model or the J/wJ/yw —J/yw(2S)-
J/yw(3770)) coupled channel model [8,9]. Regardless
of the theoretical assumptions, the model parameters,
which are fitted from the experimental data, result in the
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FIG. 4. Scattering amplitudes of S, J/wJ/y scattering on
M420 (left) and M250 (right). Top: k cot 8y (k) versus k*. Middle:
K (s) versus s. In each panel, blue and red points are lattice results
from L12 and L16 ensembles, respectively, and the green band
shows the fit up to k> ~ 1.25 GeV? or s ~ 43 GeV? using Eq. (5).
Note that the fits use only the three leftmost blue points and the
two leftmost red points, which are considered to be reliable.
Bottom: phase shifts §, using the fitted parameters in both 'S,
(red) and S, (green) J/yJ/w channels.

near-threshold structure X(6200), which can be a virtual
state, a narrow resonance, or a bound state. If X(6200)
exists, our results favor its 07" assignment because of the
near-threshold repulsive interaction in the 35, (2*%)
J/wJ/w channel (see below).

The phase shift of the >S, J/wJ /y scattering is shown in
Fig. 4 (left column for M420 and right one for M250). The
values of kcotdy(k) (upper two panels) show a singular
behavior around k*> ~ 0.9 GeV? and cannot be described by
a polynomial function. Thus, we adopt the K-matrix
parametrization for #(s), namely,

K@)
[=ip()K(s)’

NG

1(s) - kcotsy(k)’

K(s) (4)

which obeys the single-channel unitarity. As shown in the
middle row of Fig. 4, K (s) is approximately linear in s up to
s ~ 43 GeV? (the two red points at s ~ 41,42 GeV? and
the farthest blue point at s ~ 45 GeV? are unreliable, as
discussed in Ref. [37]) and is described by
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TABLE 1. Fitting and resonance (R) parameters.

Parameters m, ~ 420 MeV m, ~ 250 MeV

a (GeV~?) 1.45(12) 1.48(20)

b —60.4(4.9) -61.6(8.4)

Re(kg) (GeV) 1.140(17) 1.148(24)

Im(kg) (GeV) —-0.393(20) —0.383(34)

mpg (GeV) 6.543(10) 6.538(13)

I'z (GeV) 0.548(34) 0.537(56)

lcx|* (GeV?) 16.2(0.6) 15.9(1.1)
K(s) =as+b. (5)

The fitted values of a and b are listed in Table I. We note
that these parameters almost reproduce the FVEs following
Eq. (4), as illustrated by the green bands in the right block
of Fig. 2.

The scattering length ay(°S,) can be determined in
terms of a and b via the relation % = }CI_I)I(I) kcoty(k) =

4(1%;%17. At the two m, values, we obtain
M420: ay(3S,) = —0.163(16) fm,
M250: ay(3S,) = —0.171(29) fm,
which are consistent with ay = —0.165(16) fm in

Ref. [47]. The negative a, implies a near-threshold repul-
sive interaction in the S, J/wJ/y channel. Notably, K(s)
[thereby #(s) and &y(s) according to Eq. (4)] has a zero
point at sy = —b/a, namely, /5, = 6.454(11) GeV at
m, ~ 420 MeV and 6.454(15) GeV at m, ~ 250 MeV, as
shown in the middle and bottom rows of Fig. 4. This zero
on the positive real axis of s is usually referred to as the
Castillejo-Dalitz-Dyson (CDD) zero [48,49]. There are
theoretical arguments suggesting that CDD zeros are
closely related to discrete bare states in a free theory
[50-52]. Interestingly, phenomenological models predict
that the lightest 2t fully charmed tetraquark has a mass
around 6.5 GeV [16,33,53,54].

By solving the pole equation 1 — ip(s)K(s) = 0 in the
complex k plane, we obtain a pair of complex poles
+|Re(kg)| — i|Im(kg)| corresponding to a resonance.
(Another imaginary pole at i|k;| lies far from the threshold
and is unphysical due to the lhc.) With the values of kp in
Table I, the resonance parameters /sg = mg — il'g/2 are
determined to be

M420: /55 = (6.543(10) —%0.548(34)) GeV,
M250: /55 = (6.538(13) —%0.537(56)) GeV.

Accordingly, the physical pole coupling cy is determined

2
from the residue of the scattering amplitude #(s) ~ ‘S%‘S near

0.0 T
® M420 Linear fit
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FIG. 5. Pole positions in the complex /s plane with a linear fit

at two pion masses (green dot for M420 and red cross for M250).
The experimental measurements from ATLAS [3] and CMS
[4,6,7] are represented by blue and purple (orange) points,
respectively.

the pole s = sg, and the values of |cg|* at the two m, are
listed in Table I. Actually, the behavior of §, (green bands
in bottom panels of Fig. 4) already indicates the existence
of this resonance. Here, &y(1/s) goes from zero to a
negative value due to the near-threshold repulsive inter-
action and then goes up rapidly to pass zero (CDD zero).
The large slope of &y(y/s) around the CDD zero /s,
signals an additional attractive interaction [51] and is also a
typical feature of a resonance. In contrast, the 'S, phase
shift (red bands) is smooth in the large /s region apart from
the rapid rise near the threshold because of the attractive
interaction.

We compare our resonance pole positions (green point
for M420 and red point for M250) with those of X(6600)
and X(6400) reported by ATLAS [3] (blue points)
and CMS [4,6,7] (purple and orange points) in Fig. 5,
where the Re(+/s) axis is shifted by 2m,,,, to eliminate the
slight difference between our lattice value of m,, and the
physical m;,,. In the 6.2-6.7 GeV region, ATLAS iden-
tified either two interfering S-wave resonances [namely,
(m,I') =~ (6.41(11),0.59(39)) GeV  for X(6400) and
(6.63(8),0.35(14)) GeV for X(6600)] using their model
A, or a single resonance X(6600) with (m,T)=~
(6.65(3),0.44(7)) GeV via model B. Using Run 2 data,
CMS observed the X(6600) state with parameters (m, ") ~
(6.552(15),0.124(30)) GeV in a fit with three noninterfer-
ing resonances, or (6.638(48),0.440(300)) GeV when
interference effects were included. Notably, CMS recently
performed a combined analysis of Run 2 and Run 3 data,
classifying X(6600), X(6900), and X(7100) as members of
a2"t T,z tetraquark family [6,7]. Our lattice QCD results
are found to be compatible with the properties of the
X(6600).

L031506-4
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Near threshold J /yJ /y interaction. In order to understand
the observation that the near-threshold J/y.J /y interaction
is attractive in the 'S, channel and repulsive in the S,
channel, we investigate the underlying dynamics in a
qualitative way. Let C(0, 7) be the correlation function of
the J/wJ /y operator O,,,(n* = 0), which mainly contains
the information of the lowest S-wave J/wJ/y state in the
large ¢ region. The lattice calculation of C(0,¢) considers
diagrams (a) and (b) in Fig. 1. If the contributions from
diagrams (a) and (b) are denoted by D(¢) and Q(1),
respectively, we have C(0,7) = D(¢r) + Q(¢). The Q(r)
term reflects the quark-rearrangement (QR) effect during
the propagation of J/y.J/y, while D(t) can be viewed as
the propagation of two free J/y’s plus the f-channel light-
flavor (gluons or light mesons) exchange effects. Since the
light-flavor exchange effect is much weaker than that of QR
[37], D(t) is temporarily approximated by the squared J/y
propagator C(t). As such, the relative contribution of Q(r)
to C(0, 1) is Q(1)/C;, (1) ~ ee™®", as shown in the left panel
of Fig. 6, where one can easily read out a tiny negative 6,
and |e| ~ O(1072) with € < 0 for 'S, (green) and ¢ > 0 for
3S, (red). Thus, we have the estimate of the minimal
J/wl [y energy, En, & 2my, + €6 [37,55], which gives
Epin('So) < 2m;,, (attractive interaction) and Enin(3S5) >
2my,, (repulsive interaction).

The opposite signs of Q(r) in these two channels are
understood as follows. Quark rearrangement proceeds
through the exchange of at least one gluon, as depicted
in diagram (b) of Fig. 1. In the near-threshold scattering, the
two interchanging charm (anti)quarks are expected to
preserve their spin orientations. Let |my);(m, =0, =)
denote the spin states of the ith J/y in the J/ywJ/y
system; then, after QR, the spin configuration of the initial
J/wJ/y state changes as

|O>1|0>2E’%(|0>1|O>2 + [H1l=)2 + [ =hlH)2).
0 000, [ ) ) (6)

If Hgr is the interaction Hamiltonian for QR, we have the
following relation:

38,|Hor|>S
(2| Hgr| 2>z_2’ (7)

r =
R ("SolHqr |'So)

where ['Sy) = J=(+)1|=)2 + =) [+)2 = 10),]0),) and

I°S,) = |+),|+), are the spin wave functions (based on
the rotational invariance). This relation is supported quan-
0(18y)
0(1,'So)
in the right panel of Fig. 6 (the deviation from —2 comes
mainly from the difference of 6, in the two channels).

titatively by the numerical result that ~ —2, as shown

Summary. We investigate the 'S, and 35, J /wJ /y scattering
with center-of-mass energies up to 6.6 GeV using

— Q(*So)

— Q(°5,)/Q('S,)
— —Q(Sy) - =2

-1
3 3
S 107 k)
7 %

5 S -
&) 9
< Is3

102 3

0 20 40 60 80 100 120 _"( 20 40 60 80 100 120
t/a; t/a

FIG. 6. Ratio of the quark rearrangement (Q) components in the
(S,, 'Sy) J/wJ /y systems. All curves are for the lowest C(n* =
0,1) case.

N;=2 lattice QCD ensembles at m,~250MeV and

420 MeV. In the °S; J/wJ/y channel, the observed near-
threshold attractive interaction permits the existence of a 0"
near-threshold structure like X (6200). In the °S, channel, the
J/wJ/y system exhibits a repulsive interaction near
the threshold, while the scattering amplitude has a resonance
pole associated with a CDD zero around 6.45 GeV. The
parameters of this tensor resonance are determined to be
(mg,Tg) = (6.543(10),0.548(34)) GeV for m, ~420 MeV
and (6.538(13), 0.537(56)) GeV for m, ~ 250 MeV, which
are compatible with those of X (6600) [or X (6400)] observed
by ATLAS and CMS, and they support the 2 assignment of
X(6600) by the recent CMS study. Furthermore, the differ-
ence of the J/yJ /y interactions in the 'S, and >S, channels
can be explained neatly by the dominance of the quark
rearrangement effects. Although our results show little
sensitivity to the pion masses used in this work, the systematic
uncertainties associated with unphysical quark masses, as
well as finite-volume and finite-lattice-spacing effects, should
be addressed in future lattice studies with more sophisticated
setups. On the other hand, the origin of the CDD zero and the
formation of the tensor resonance remain to be understood
theoretically.
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