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We investigate the partonic structure of the ρ meson, the lightest spin-1 vector meson, within the light-
front quark model (LFQM). To explore the sensitivity to model assumptions, we employ two distinct types
of spin wave functions in the LFQM. Using light-front helicity wave functions, we derive explicit
expressions for the leading-twist and subleading-twist quark parton distribution functions (PDFs), and
evolve the leading-twist PDFs to higher scales with next-to-leading order (NLO) Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) evolution. We have also calculated the Mellin moment from the evolved
PDFs using a simple neural network frame and compared with available theoretical predictions.
Furthermore, we compute the full set of nine leading-twist transverse-momentum-dependent distributions
(TMDs) for the valence quark in the ρ meson, including three tensor TMDs that arise from spin-1 tensor
polarization of the hadron. Positivity constraints for the PDFs and TMDs are examined within this
framework. Our findings highlight the crucial role of tensor polarization in shaping the three-dimensional
partonic structure of vector mesons.
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I. INTRODUCTION

For decades, scientists have sought to unravel the sub-
atomic world, probing the constituents of matter through a
variety of experimental and theoretical approaches [1–7].
Among hadrons, nucleons have naturally received the
greatest attention owing to their stability and direct rel-
evance to nuclear matter [2,3,8–10].
In contrast, other hadrons, particularly those with spin

greater than 1=2 are comparatively less explored. However,
these systems possess a much richer internal structure and
provide unique opportunities to deepen our understanding
of quantum chromodynamics (QCD) [11–14]. Quarks and
gluons, collectively named as partons, are the primary
degrees of freedom of QCD and make up the hadron
through quark confinement. The distributions of these
partons through low-energy nonperturbative models from

first principles is still a challenging task. Compared to spin-
1=2 nucleons, spin-1 hadrons and nuclei provide unique
opportunities to explore novel effects due to high spin
content. Deuteron, the lightest nuclei in nature, has gained a
lot of attention in spin-1 hadrons due to its complex six-
quark system. Many well-established theories have been
reported for the deuteron in Refs. [15–22]. However, in this
work, we are focusing on the lightest spin-1 vector meson,
the ρ meson, which has a simpler internal structure
compared to the deuteron [23].
The distribution of the partons inside a hadron is very

complicated to calculate due to the many degrees of
freedom. Theoretically, these distributions are calculated
through one-dimensional parton distribution functions
(PDFs), three-dimensional transverse momentum parton
distribution functions (TMDs) [9,24–26], three-dimen-
sional generalized parton distribution functions (GPDs),
and five-dimensional generalized parton distribution func-
tions (GTMDs). These distribution functions provide a
quantitative description of the momentum and spin corre-
lations of quarks and gluons inside hadrons [9,13,26–29].
While significant progress has been achieved to study these
distributions for the nucleons [30–38], the extension to
spin-1 systems is still in its early stages [15,39–43]. In this
work, we only deal with PDFs and TMDs for the case of ρ
meson. Compared to three PDFs of spin-1=2 nucleons and
one PDF of spin-0 mesons, the spin-1 mesons have a total
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of four PDFs at the leading twist. The most notable among
these PDFs is the tensor f1LLðxÞ PDF, which is directly
connected to the tensor structure functions b1 and b2.
Similarly, at the subleading twist, there are a total of five
PDFs, out of which two are tensor PDFs. Looking into the
leading twist TMDs, the tensor f1LL, f1TT , and f1LT quark
TMDs play an important role to describe the tensor polar-
izations of the spin-1 system, which are absent for the spin-
1=2 nucleon case.
Various approaches have been proposed to investigate

the leading twist quark PDFs and TMDs of spin-1 mesons,
including light-front holographic model (LFHM) [44,45],
Nambu–Jona-Lasinio (NJL) model [46–48], light-cone
quark model (LCQM) [44,45,49,50], Bethe-Salpeter
wave functions method [51], Light-front designed wave
functions [52] and QCD instanton vacuum [53]. In
Refs. [23,54–56], the authors have derived all the possible
leading and higher twist PDFs and TMDs possibles for
spin-1 system along with PDF sum rules. However, there is
no lattice simulation results available for the case of PDFs
and TMDs. Nevertheless, a comprehensive analysis of both
leading and subleading twist distributions through theo-
retical models for mesonic states remains scarce. This gap
motivates a dedicated study of the ρ meson, where unique
spin-1 effects can be systematically explored.
In this work, we have explored both leading and

subleading twist PDFs for the case of light ρ vector meson.
As we are dealing with only quark antiquark system, so the
gluon and seaquark contributions are neglected. So, the
tilde terms arises at the subleading twist PDFs are coming
to be zero. There are total five PDFs available at the leading
twist for spin −1 mesons, out of which four are T-even
(f, g, h, and f1LL) and one is T-odd (h1LT) in nature [57,58].
Similarly, there are total seven PDFs at the subleading twist,
out ofwhich five are T-even and two are T-odd in nature (hLL
and gLT) [57]. In this work, we have focused on the T-even
quark PDFs and TMDs only. Similarly, for the case of
TMDs, we have only calculated the leading twist quark
TMDs. There are total eighteen quark TMDs present at the
leading twist out ofwhich nine are T-even and nine are T-odd

in nature [57]. Among the eighteen TMDs, ten are tensor
TMDs, which are absent for spin-1=2 and 0 systems. In this
work, we have calculated all the quark PDFs and TMDs by
taking care of all polarizations of meson along with the
helicities of the quark antiquarks by solving the quark-quark
correlation functions. We have presented all the quark PDFs
and TMDs using the overlap form of light-front wave
functions (LFWFs) amplitude in a 6 × 6 matrix, which
explicitly described in the Appendix. The positivity con-
straints of the PDFs and TMDs have also been studied in this
work. For all the calculations, we have used light-front quark
model (LFQM) with two two different spin methods.
LFQM is a nonperturbative approach framework describ-

ing the structure and properties of hadrons as well as the
internal structure in terms of the constituents [59–68]. It is
gauge invariant and relativistic by nature. This model is
among the most successful and efficient nonperturbative
quark models utilized to investigate hadronic features,
including form factors and decay constants. This framework
of light-front quantization seeks to establish a clear Fock state
expansion of hadronic wave functions by eliminating the
intricate zero-modes. The light-front wave functions char-
acterize hadrons through their fundamental quarks and
gluons degrees of freedom, thus ensuring explicit Lorentz
invariance. The meson mass are calculated by solving the
bound state Hamiltonial through variational principle.
The remainder of this paper is organized as follows. In

Sec. II, we have discussed the LFQM along with two
different spin wave functions. In Sec. III, we have presented
the results of leading twist and subleading twist quark
PDFs. We have derived the LFWFs form and explicit
form of all the quark PDFs. Section IV is devoted to
calculations of leading twist TMDs along with the pos-
itivity constraints obtained in this model. Finally, in Sec. V,
we have discussed the conclusion.

II. LIGHT-FRONT QUARK MODEL (LFQM)

In the LFQM, the meson Fock state (jMi) is described as
a bound state of quarks, gluons, and sea quarks as [69–72]

jMi ¼
X

jqq̄iΨqq̄ þ
X

jqq̄giΨqq̄g þ
X

jqq̄ggiΨqq̄gg þ jqq̄ðqq̄ÞseaiΨqq̄ðqq̄Þsea þ � � � : ð1Þ

Representing the meson as a sum over multiparticle Fock states within light-front (LF) quantization, expressed in terms of
the momentum and spin of its constituents, we can write

jMðP; λÞi ¼
X
n;i;j

Z Yn
m¼1

dxmd2k⊥mffiffiffiffiffiffi
xm

p
16π3

16π3δ

�
1 −

Xn
m¼1

xm

�
δð2Þ

�Xn
m¼1

k⊥m

�
Ψn=Nðxm;k⊥mÞjn;kþ

m;k⊥m; i; ji:

Here, jMðP; λÞi denotes the meson state with momentum
P ¼ ðPþ; P−; P⊥Þ, and λ is the spin projection of the
hadron. The values λ ¼ �1 and λ ¼ 0 correspond to the
transverse and longitudinal spin projections, respectively.

The indices i, j, and n denote the quark helicity, antiquark
helicity, and number of flavors, respectively. The four-
momentum of the mth constituent is km ¼ ðkþm; k−m;k⊥mÞ,
and xm ¼ kþm=Pþ is its longitudinal momentum fraction.
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Both the longitudinal momentum fractions and the trans-
verse momenta of the constituents satisfy the momentum
sum rules

Xn
m¼1

k⊥m ¼ 0;
Xn
m¼1

xm ¼ 1: ð2Þ

As we restrict our analysis to mesons without explicit
gluonic components, the hadron Fock state in Eq. (1)
reduces to jMi ¼ P jqq̄iΨqq̄. Neglecting higher Fock-
state contributions, the meson state expressed in terms of
quark-antiquark helicities becomes

jMðP; λÞi ¼
X
i;j

Z
dxd2k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp
2ð2πÞ3

× Ψλ
i;jðx;k2⊥Þjx;k⊥; i; ji: ð3Þ

Here, x and 1 − x are the longitudinal momentum fractions
carried by the quark and antiquark, respectively. The total
meson wave function Ψλ

i;jðx;k2⊥Þ combines spin and
momentum-space components, and can be written as

Ψλ
i;jðx;k2⊥Þ ¼ Sλðx;k⊥; i; jÞϕðx;k⊥Þ: ð4Þ

Here, Sλðx;k⊥; i; jÞ represents the spin wave function,
while ϕðx;k⊥Þ denotes the radial wave function. For the
radial wave function, we adopt the rotationally invariant
Gaussian form [59–62]

ϕðkÞ ¼ 4π3=4

β3=2
e−k

2=2β2 ; ð5Þ

wherek ¼ ðkz;k⊥Þ and β is a variational parameter obtained
from mass-spectroscopic analysis. This Gaussian wave
function satisfies the normalization condition

Z
dkzd2k⊥
2ð2πÞ3 jϕðkÞj2 ¼ 1: ð6Þ

To ensure rotational invariance, the normalization of ϕðkÞ
can also be expressed in terms ofϕðx;k⊥Þ by performing the
variable transformation ðkz;k⊥Þ → ðx;k⊥Þ asZ

1

0

dx
Z

d2k⊥
2ð2πÞ3 jϕðx;k⊥Þj2 ¼ 1: ð7Þ

The function ϕðx;k⊥Þ includes the Jacobian factor,

ϕðx;k⊥Þ ¼
ffiffiffiffiffiffiffi
∂kz
∂x

r
ϕðkÞ; ð8Þ

with kz ¼ 1
2
ð2x − 1ÞMqq̄ and ∂kz

∂x ¼ Mqq̄

4xð1−xÞ for the case of

equal quark and antiquark masses. The invariant mass of the
bound state is given by

Mqq̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥ þm2

xð1 − xÞ

s
: ð9Þ

In this work, we focus on the ρmeson.Within the LFQM, the
ρmeson is treated under SU(2) isospin symmetry with equal
constituent masses mq ¼ mq̄ ¼ m. We have obtained m ¼
0.22 GeV and β ¼ 0.3659 GeV using the variational prin-
ciple through the solution of the bound state Hamiltonian.
The ρmesonmass is obtained to be 0.770GeV through these
parameters.
The spin wave function Sλðx;k⊥; i; jÞ in Eq. (4) can be

constructed through different approaches. In this work, we
employ two distinct methods, corresponding to different
meson vertex structures, which yield two independent forms
of the spin wave function used in our analysis as [60,73–75]

Sλðx;k⊥; i; jÞ ¼ ūðk1; iÞ

2
64− 1ffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2
qq̄ − ðmq −mq̄Þ2

q �
γμ −

kμ1 − kμ2
Mqq̄ þmq þmq̄

�
ϵνλðPÞ

3
75vðk2; jÞ; ðS-1Þ ð10Þ

Sλðx;k⊥; i; jÞ ¼ ūðk1; iÞ½ϵνλðPÞ:γ�vðk2; jÞ: ðS-2Þ ð11Þ

Here, uðk1; iÞ and vðk2; jÞ denote the Dirac spinors for the
quark and antiquark with momenta k1 and k2, respectively,
while i and j represent their helicities. The quantity γμ is the
gamma matrix, and ϵλðPÞ is the spin-1 polarization vector
of the meson with momentum P. The polarization vector
satisfies the transversality condition ϵ · P ¼ 0, which en-
sures current conservation at the meson–quark vertex. The
transverse ðλ ¼ �Þ and longitudinal (λ ¼ 0) polarization
vectors used in this work are given by

ϵνλ¼�ðPÞ ¼
�
0;

2

Pþ ϵ⊥ð�Þ · P⊥; ϵ⊥ð�Þ
�
;

ϵνλ¼0ðPÞ ¼
1

Mqq̄

�
Pþ;

P2⊥ −M2
qq̄

Pþ ;P⊥
�
; ð12Þ

with

ϵ⊥ð�Þ ¼ ∓ 1ffiffiffi
2

p ð1;�iÞ:
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In Eqs. (10) and (11), we label the first spin wave func-
tion as S-1 and the second as S-2, and these notations are
used consistently throughout this work. Within the LFQM
framework, the S-1 type spin wave functions are commonly
employed, as they satisfy the standard normalization con-
ditions. However, in this study we also consider the S-2 type
spin wave functions, which allow us to probe tensorlike

structures in quark PDFs and TMDs that vanish in the S-1
case. The S-2 spin wave functions have also been widely
used in other theoretical approaches, such as the LFHM
[74,75] and NJL model [47,48,76].
Solving Eq. (10) with the explicit Dirac spinors and

polarization vectors, the spin wave function Sλðx;k⊥; i; jÞ
for different quark-antiquark helicities is obtained as

Sλ¼þ1 ¼ ωqq̄

�
k2⊥ þ BA kR⊥ðxMqq̄ þmqÞ

−kR⊥ðð1 − xÞMqq̄ þmq̄Þ −ðkR⊥Þ2
�
;

Sλ¼0 ¼
ωqq̄ffiffiffi
2

p
�

kL⊥C 2k2⊥ þ BA

2k2⊥ þ BA −kR⊥C

�
;

Sλ¼−1 ¼ ωqq̄

� −ðkL⊥Þ2 kL⊥ðð1 − xÞMqq̄ þmq̄Þ
−kL⊥ðxMqq̄ þmqÞ k2⊥ þ BA

�
: ð13Þ

with

kRðLÞ
⊥ ¼kx⊥� iky

⊥;
A¼ ð1− xÞmqþ xmq̄;

B¼Mqq̄þmqþmq̄;

C¼ ð1− 2xÞMqq̄þðmq̄ −mqÞ;

ωqq̄ ¼
1

ðMqq̄þmqþmq̄Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1− xÞ½M2

qq̄ − ðmq −mq̄Þ2�
q :

The above S-1 spin wave function satisfies the orthogon-
ality condition

X
i;j

S�
λ0 ðx;k⊥; i; jÞSλðx;k⊥; i; jÞ ¼ δλ0λ: ð14Þ

It is important to note that the S-1 type spin wave function
has the same form as that obtained from the Melosh-Wigner
rotation, which transforms the instant-form wave function
into the front-form representation.
In a similar way, the S-2 type spin wave function is found

to be

Sλ¼þ1 ¼
ffiffiffi
2

p
ATffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp �
mq − xδm xkR⊥
−ð1 − xÞkR⊥ 0

�
;

Sλ¼0 ¼
ALffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp �
kL⊥δm A1

A1 −kR⊥δm

�
;

Sλ¼−1 ¼
ffiffiffi
2

p
ATffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp �
0 ð1 − xÞkL⊥

−xkL⊥ mq − xδm

�
; ð15Þ

with A1 ¼k2⊥þmqmq̄þM2
qq̄xð1− xÞ and δm ¼ mq −mq̄.

Here, AL and AT denote the normalization constants
for the longitudinally and transversely polarized meson,
respectively. These constants are calculated as

X
ij

Z
dxd2k⊥
2ð2πÞ3 jSλðx;k⊥; i; jÞj2ϕðx;k2⊥Þ2 ¼ 1; ð16Þ

yielding AL ¼ 0.702 and AT ¼ 0.828.
The four-momenta of the constituent quark (k1) and

antiquark (k2) used in this work are expressed as

k1 ≡
�
xPþ;

k2⊥ þm2
q

xPþ ;k⊥
�
; ð17Þ

k2 ≡
�
ð1 − xÞPþ;

k2⊥ þm2
q̄

ð1 − xÞPþ ;−k⊥
�
: ð18Þ

III. PARTON DISTRIBUTION FUNCTIONS

A. Leading twist

Quark PDFs play a crucial role in describing hadron
structure in terms of the longitudinal momentum fraction
(x). At leading twist, spin-1 mesons possess four indepen-
dent quark PDFs, compared to one for spin-0 mesons and
three for spin-1

2
nucleons. These are the unpolarized

distribution fðxÞ, the helicity distribution hðxÞ, the trans-
versity distribution gðxÞ, and the tensor distribution
f1LLðxÞ. Among them, fðxÞ, gðxÞ, and hðxÞ are common
to spin-1

2
nucleons [77], while the tensor PDF f1LLðxÞ arises

uniquely from the tensor polarization of spin-1 hadrons
[57]. These quark PDFs can be obtained by evaluating the
quark–quark correlator for spin-1 mesons, while taking
their polarization states into consideration, as
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ΦijðxÞ ¼
Z

dz−

2π
eik·zhMλðPÞjψ̄ jð0Þψ iðzÞjMλðPÞizþ¼z⊥¼0:

ð19Þ

For the spin-1 case, the quark PDFs can be calculated using
the trace with different Γ matrices as [46,58]

hΓiλijðxÞ ¼
1

2
Tr½ΓΦijðxÞ�

¼ ϵ�μλ ðP�ÞhΓiμνðxÞϵνλðPÞ: ð20Þ

The spin-1 quark PDFs corresponding to different choices
of Γ for the unpolarized, polarized, and tensor-polarized
hadron cases are expressed as

hγþiλijðxÞ ¼ fðxÞ þ SLLf1LL; ð21Þ

hγþγ5iλijðxÞ ¼ λSLgðxÞ; ð22Þ

hγþγi1γ5iλijðxÞ ¼ Si1⊥hðxÞ: ð23Þ

Here, SLL denotes the longitudinal tensor polarization of
the hadron, written as

SLL ¼ ð3λ2 − 2Þ
�
1

6
−
S2L
2

�
; ð24Þ

with S ¼ ðSL; SxT; SyTÞ representing the hadron polarization
vector.
For a given polarization direction S, the hadron can have

three possible spin projections λ ¼ 0;�1. For longitudinal
polarization, where jST j ¼ 0 and jSLj ¼ 1, the spin projec-
tions are λ ¼ �1, 0 along the momentum direction. For
transverse polarization, where jSLj ¼ 0 and jST j ¼ 1, the
three projections are along the direction perpendicular to the
momentum. Here, i1 denotes the transverse components x
and y. The LF wave function (LFWF) overlap representa-
tions of these quark PDFs can be obtained by equating
Eqs. (21)–(23) with Eq. (20). The explicit derivation of the
LFWF overlap form is provided in the Appendix. The
resulting overlap representations of the quark PDFs are
given as

fðxÞ ¼
Z

d2k⊥
6ð2πÞ3

X
i;j

h
jΨþ1

i;j ðx;k2⊥Þj2 þ jΨ0
i;jðx;k2⊥Þj2 þ jΨ−1

i;j ðx;k2⊥Þj2
i
; ð25Þ

gðxÞ ¼
Z

d2k⊥
4ð2πÞ3

X
j

h
jΨþ1

↑;jðx;k2⊥Þj2 þ jΨ−1
↓;jðx;k2⊥Þj2 − jΨþ1

↓;jðx;k2⊥Þj2 − jΨ−1
↑;jðx;k2⊥Þj2

i
; ð26Þ

hðxÞ ¼
Z

d2k⊥
4

ffiffiffi
2

p ð2πÞ3
X
j

h
Ψþ1�

↑;j ðx;k2⊥ÞΨ0
↓;jðx;k2⊥Þ þΨ0�

↓;jðx;k2⊥ÞΨþ1
↑;jðx;k2⊥Þ þΨ0�

↑;jðx;k2⊥ÞΨ−1
↓;jðx;k2⊥Þ

þΨ−1�
↓;j ðx;k2⊥ÞΨ0

↑;jðx;k2⊥Þ
i
; ð27Þ

f1LLðxÞ ¼
Z

d2k⊥
2ð2πÞ3

X
i;j

�
−1
2

ðjΨþ1
i;j ðx;k2⊥Þj2 þ jΨ−1

i;j ðx;k2⊥Þj2Þ þ jΨ0
i;jðx;k2⊥Þj2

�
: ð28Þ

The explicit expressions of these quark PDFs, obtained using the S-1 spin wave function, are given by

fðxÞ ¼
Z

d2k⊥
2ð2πÞ3 jϕðx;k

2⊥Þj2; ð29Þ

gðxÞ ¼
Z

d2k⊥
4ð2πÞ3

�
2ðk2⊥ð2x − 1Þ þm2ÞMqq̄ þ 4mðk2⊥ þm2Þ

ðk2⊥ þm2ÞðMqq̄ þ 2mÞ
�
jϕðx;k2⊥Þj2; ð30Þ

hðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�ðk2⊥ð2mðxþ 1ÞMqq̄ þ xð2x − 1ÞM2
qq̄ þ 6m2Þ þm2ðMqq̄ þ 2mÞ2 þ 2k4⊥Þ

ðk2⊥ þm2ÞðMqq̄ þ 2mÞ2
�
jϕðx;k2⊥Þj2; ð31Þ

f1LLðxÞ ¼ 0: ð32Þ

Similarly, the explicit expressions of the leading-twist quark PDFs using the S-2 type spin wave function are obtained as
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fðxÞ ¼
Z

d2k⊥
6ð2πÞ3

�
2ðA2

Lðk2⊥ þm2 −M2
qq̄ðx − 1ÞxÞ2 þ 2A2

Tðk2⊥ð2ðx − 1Þxþ 1Þ þm2ÞÞ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð33Þ

gðxÞ ¼
Z

d2k⊥
4ð2πÞ3

�
4A2

Tðk2⊥ð2x − 1Þ þm2Þ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð34Þ

hðxÞ ¼
Z

d2k⊥
ð2πÞ3

�
ALATmðk2⊥ þm2 −M2

qq̄ðx − 1ÞxÞ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð35Þ

f1LLðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�
−2A2

Tðk2⊥ð2ðx − 1Þxþ 1Þ þm2Þ þ 2A2
Lðk2⊥ þm2 −M2

qq̄ðx − 1ÞxÞ2
ð1 − xÞx

�
jϕðx;k2⊥Þj2: ð36Þ

The LFWFs satisfy angular momentum conservation
projected along the z-axis, i.e., Jz ¼ sq þ sq̄ þ Lz, where
sq and sq̄ denote the spin contributions of the quark
and antiquark, respectively, and Lz is the orbital angular
momentum of the ρ meson, taking values Lz ¼ 0;�1;�2
depending on the specific LFWF. The unpolarized fðxÞ,
helicity gðxÞ, and tensor-polarized f1LLðxÞ quark PDFs
arise from the diagonal matrix elements of the 6 × 6
helicity amplitude matrix of Eq. (A5), whereas the trans-
versity hðxÞ corresponds to nondiagonal elements. The
PDFs fðxÞ, gðxÞ, and f1LLðxÞ are associated with nonflip
hadron and quark polarizations (i.e., zero orbital angular
momentum transfer between the initial and final hadron),
while hðxÞ involves polarization flips. For the S-1 type spin
wave functions, the tensor-polarized PDF f1LLðxÞ van-
ishes, whereas it is nonzero for the S-2 type.
In Fig. 1, we plot all leading-twist quark PDFs as

functions of the longitudinal momentum fraction x carried
by the active quark at the model scale Q2 ¼ 0.20 GeV2.
The unpolarized fðxÞ and tensor-polarized f1LLðxÞ PDFs
for both spin wave function types are found to satisfy the
PDF sum rule

Z
1

0

dxfðxÞ ¼ 1;
Z

1

0

dxf1LLðxÞ ¼ 0: ð37Þ

This implies that the valence quark and antiquark carry
100% of the light-front momentum, independent of the
hadron polarization. Both fðxÞ and f1LLðxÞ quark PDFs
exhibit symmetry under the exchange x ↔ ð1 − xÞ around
x ¼ 1=2. For the S-2 type spin wave function, the gðxÞ and
f1LLðxÞ PDFs show two nodes.
At the model scale, the quark PDFs computed using the

S-1 method are strictly positive, whereas in the S-2 case,
gðxÞ and f1LLðxÞ take both positive and negative values.
This kind of mixed distribution has also been reported in
the NJL model [46]. Our f1LLðxÞ and xf1LLðxÞ distribu-
tions obtained with the S-2 method show qualitative
agreement with results from the LFHM [44], NJL model
[46,47], and ILM [53]. The tensor PDF f1LLðxÞ is related to
the structure function b1ðxÞ via [46]

b1ðxÞ ¼
1

2
f1LLðxÞ; ð38Þ

which measures the difference in the spin projection of the
ρ meson, depending solely on the quark spin-average
distribution. The explicit calculations of this relation have
been presented in the Appendix A 1.
In Figs. 2 and 3, we show the evolution of the quark

PDFs obtained from both methods at Q2 ¼ 2.4, 5, and
20 GeV2 using NLO DGLAP evolution [78–80]. With
increasing Q2, the quark PDFs decrease in magnitude for
both methods. After evolution, all quark PDFs remain
positive except f1LLðxÞ.
The average longitudinal momentum fraction, or

x-moments, of the PDFs are defined as

hxniQ2 ¼
Z

1

0

dxxn PDFðx;Q2Þ: ð39Þ

In this work, we have also calculated hxnimoments up to
n ¼ 4 for different PDFs at various scales by fitting the
evolved PDFs using a neural network (NN) architecture of
(1, 4, 1), i.e., one input layer, four hidden layers (each with
128 neurons), and one output layer. We tested several
activation functions and chose the Tanh function for the
hidden layers, defined as

σðzÞ ¼ ez − e−z

ez þ e−z
: ð40Þ

The resulting hxni values are summarized in Table I (in the
Appendix).
At Q2 ¼ 2.4 GeV2, the mean longitudinal momentum

fraction hxi of the unpolarized PDF fðxÞ is 0.24 for both
methods, indicating that the quark and antiquark together
carry only 48% of the hadron momentum at this scale. This
fraction decreases to 40% at Q2 ¼ 20 GeV2. For compari-
son, the ILM [53] and BSE [51] approaches give hxi ¼
0.201 and 0.316, respectively, at a similar scale.
The transversity PDF gðxÞ encodes information about the

total spin of the ρ meson. The spin sum of the constituents,R
1
0 dxgðxÞ, yields
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(a) (b)

(d)(c)

(e) (f)

(g) (h)

FIG. 1. Quark PDFs for S-1 and S-2 type spin wave functions at the model scale Q2 ¼ 0.20 GeV2 as functions of the longitudinal
momentum fraction x: (a),(b) unpolarized f1ðxÞ, (c),(d) helicity gðxÞ, (e),(f) transversity hðxÞ, and (g),(h) tensor-polarized f1LLðxÞ.
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(a) (b)

(c)

FIG. 2. Evolved quark PDFs of S-1 type spin wave function at Q2 ¼ 2.4, 5, and 20 GeV2 obtained through NLO DGLAP evolution:
(a) xfðxÞ, (b) xgðxÞ, and (c) xhðxÞ as functions of x.

(a) (b)

(d)(c)

FIG. 3. Evolved quark PDFs of the S-2 type spin wave function at Q2 ¼ 2.4, 5, and 20 GeV2 obtained through NLO DGLAP
evolution: (a) xfðxÞ, (b) xgðxÞ, (c) xhðxÞ, and (d) xf1LLðxÞ as functions of x.
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Z
1

0

dxgðxÞ ¼
�
0.59; S-1;

0.41; S-2:

This indicates that, at the model scale, valence quarks
contribute 59% to the ρ meson spin in the S-1 method, and
42% in theS-2method.Consequently, in theS-2 approach, the
quark orbital angular momentum (OAM) accounts for 58% of
the meson spin at the model scale, increasing to 74% at
Q2 ¼ 20 GeV2. A similar trend is observed for the S-1
method at higher scales. Table II (in the Appendix) compares
our spin sum rule results at the model scale and at Q2 ¼
2.4 GeV2 with other theoretical predictions [46,47,51,53].

We also find that the valence quark and antiquark con-
tribute 80% and 51% to the total tensor charge,

R
1
0 dxhðxÞ,

of the ρ meson in the S-1 and S-2 methods at the model
scale, respectively. These contributions decrease to
34% and 20% at Q2 ¼ 20 GeV2. Examining the tensor-
polarized PDF f1LLðxÞ, we observe that

R
1
0 dxxf1LLðxÞ

remains small but finite at high Q2; for example, at
Q2 ¼ 5 GeV2, we find

R
1
0 dxxf1LLðxÞ ¼ 0.001, compared

to 0.03 in the NJL model [46].
Finally, we have studied the positivity constraints for

spin-1 meson leading twist PDFs, which can be expressed as

fðxÞ ≥ 0; ð41Þ

fðxÞ − gðxÞ − 1

3
f1LLðxÞ ≥ 0; ðPS-1Þ ð42Þ

2fðxÞ þ gðxÞ þ 1

3
f1LLðxÞ ≥ 0; ðPS-2Þ ð43Þ�

fðxÞ þ 2

3
f1LLðxÞ

��
fðxÞ þ gðxÞ − 1

3
f1LLðxÞ

�
− 2jhðxÞj2 ≥ 0; ðPS-3Þ ð44Þ

jhðxÞj ≤ fðxÞ þ 1

6
f1LLðxÞ ≤

3

2
fðxÞ: ðPS − 4Þ ð45Þ

For positivity constraints, we have used the notation “PS”
throughout this work. The positivity constraints of both S-1
and S-2 type spin wave functions have been plotted in
Fig. 4. We observed that all the positivity constraints are
obeyed by both the spin wave functions.

B. Subleading twist

Similarly, at subleading twist, spin-1 mesons possess a
total of five quark PDFs, in contrast to the three found in spin-
1
2
nucleons. The two additional distributions correspond to

tensor quark PDFs that are unique to spin-1 systems. The
twist-3 quark PDFs can be expressed in the form

h1iλijðxÞ ¼
Mρ

Pþ ðeðxÞ þ SLLeLLðxÞÞ; ð46Þ

hγi1γ5iλijðxÞ ¼
Mρ

Pþ ðSi1⊥gTðxÞÞ; ð47Þ

hiσþ−γ5iλijðxÞ ¼
Mρ

Pþ ðλSLhLðxÞÞ; ð48Þ

hγi1iλijðxÞ ¼
Mρ

Pþ ðSi1LTfLTðxÞÞ: ð49Þ

The overlap representations of these quark PDFs, which
incorporate all possible helicity and polarization states of the
hadron, are obtained by solving the 6 × 6matrix presented in
the Appendix. The resulting overlap expressions for these
quark PDFs are

eðxÞ ¼
Z

d2k⊥
6ð2πÞ3

X
i;j

m
xMρ

½jΨþ1
i;j ðx;k2⊥Þj2 þ jΨ0

i;jðx;k2⊥Þj2 þ jΨ−1
i;j ðx;k2⊥Þj2� ¼

m
xMρ

fðxÞ; ð50Þ

gTðxÞ ¼
Z

d2k⊥
4

ffiffiffi
2

p ð2πÞ3
1

xMρ

X
j

�
kR⊥
2

�
Ψþ1�

↑;j ðx;k2⊥ÞΨ0
↑;jðx;k2⊥Þ −Ψþ1�

↓;j ðx;k2⊥ÞΨ0
↓;jðx;k2⊥Þ þ Ψ0�

↑;jðx;k2⊥ÞΨ−1
↑;jðx;k2⊥Þ

−Ψ0�
↓;jðx;k2⊥ÞΨ−1

↓;jðx;k2⊥Þ
	
þ kL⊥

2

�
Ψ0�

↑;jðx;k2⊥ÞΨþ1
↑;jðx;k2⊥Þ − Ψ0�

↓;jðx;k2⊥ÞΨþ
↓;jðx;k2⊥Þ þ Ψ−1�

↑;j ðx;k2⊥ÞΨ0
↑;jðx;k2⊥Þ

−Ψ−1�
↓;j ðx;k2⊥ÞΨ0

↓;jðx;k2⊥Þ
	
þm

�
Ψþ1�

↑;j ðx;k2⊥ÞΨ0
↓;jðx;k2⊥Þ þ Ψ0�

↓;jðx;k2⊥ÞΨþ1
↑;jðx;k2⊥Þ þ Ψ0�

↑;jðx;k2⊥ÞΨ−1
↓;jðx;k2⊥Þ

þΨ−1�
↓;j ðx;k2⊥ÞΨ0

↑;jðx;k2⊥Þ
	�

; ð51Þ
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hLðxÞ ¼
Z

d2k⊥
4ð2πÞ3

X
j

1

xMρ

h
mðjΨþ1�

↑;j ðx;k2⊥Þj2 − jΨþ1�
↓;j ðx;k2⊥Þj2 þ jΨ−1�

↓;j ðx;k2⊥Þj2 − jΨ−1�
↑;j ðx;k2⊥Þj2Þ

− kR⊥ðΨþ1�
↓;j ðx;k2⊥ÞΨþ1

↑;jðx;k2⊥Þ −Ψ−1�
↓;j ðx;k2⊥ÞΨ−1

↑;jðx;k2⊥ÞÞ þ kL⊥ðΨþ1�
↑;j ðx;k2⊥ÞΨþ1

↓;jðx;k2⊥Þ
−Ψ−1�

↑;j ðx;k2⊥ÞΨ−1
↓;jðx;k2⊥ÞÞ

i
; ð52Þ

eLLðxÞ ¼
Z

d2k⊥
2ð2πÞ3

X
i;j

m
xMρ

�
−1
2

ðjΨþ1
i;j ðx;k2⊥Þj2 þ jΨ−1

i;j ðx;k2⊥Þj2Þ þ jΨ0
i;jðx;k2⊥Þj2

�
¼ m

xMρ
f1LLðxÞ; ð53Þ

fLTðxÞ ¼
Z

d2k⊥
2ð2πÞ3

X
i;j

1

4
ffiffiffi
2

p
xMρ

h
kR⊥ðΨþ1�

i;j ðx;k2⊥ÞΨ0
i;jðx;k2⊥Þ − Ψ0�

i;jðx;k2⊥ÞΨ−1
i;j ðx;k2⊥ÞÞ

þ kL⊥ðΨ0�
i;jðx;k2⊥ÞΨþ1

i;j ðx;k2⊥Þ −Ψ−1�
i;j ðx;k2⊥ÞΨ0

i;jðx;k2⊥ÞÞ
i
: ð54Þ

The explicit expressions of the quark PDFs, obtained using the S-1 type spin wave functions, are given by

eðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�
m

xMρ

�
jϕðx;k2⊥Þj2; ð55Þ

gTðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�
Mqq̄ðmðk2⊥ð2ðx− 1Þxþ 1Þþm2ÞMqq̄þk4⊥þ 5k2⊥m2þ 4m4Þþ 4mðk2⊥þm2Þ2

Mρxðk2⊥þm2ÞðMqq̄þ 2mÞ2
�
jϕðx;k2⊥Þj2; ð56Þ

hLðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�ðmMqq̄ þ 2ðk2⊥ þm2ÞÞ
MρxðMqq̄ þ 2mÞ

�
jϕðx;k2⊥Þj2; ð57Þ

eLLðxÞ ¼ 0; ð58Þ

fLTðxÞ ¼ 0: ð59Þ

(a) (b) (c)

(e)(d)

FIG. 4. Positivity constraints (PS) of the PDFs for the S-1 and S-2 type spin wave functions. The forms of PS-1 to 4 have been
mentioned in Eqs. (42)–(45). (a)–(c) The PS-1 to 3 of the PDFs using both S-1 and S-2 type spin wave functions. (d) The PS of PDFs
using the S-1 type spin wave functions. (e) The PS of PDFs using the S-2 type spin wave functions.
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The explicit expressions of the twist-3 quark PDFs, calculated with the S-2 type spin wave function, are

eðxÞ ¼
Z

d2k⊥
6ð2πÞ3

�
m

xMρ

��
2ðA2

Lðk2⊥ þm2 −M2
qq̄ðx − 1ÞxÞ2 þ 2A2

Tðk2⊥ð2ðx − 1Þxþ 1Þ þm2ÞÞ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð60Þ

gTðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�
ALATðk2⊥ þ 2m2Þðk2⊥ þm2 þM2

qq̄ð1 − xÞxÞ
Mρð1 − xÞx2

�
jϕðx;k2⊥Þj2; ð61Þ

hLðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�
2A2

Tmðk2⊥ þm2Þ
Mρð1 − xÞx2

�
jϕðx;k2⊥Þj2; ð62Þ

eLLðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�
m

xMρ

��
−2A2

Tðk2⊥ð2ðx − 1Þxþ 1Þ þm2Þ þ 2A2
Lðk2⊥ þm2 −M2

qq̄ðx − 1ÞxÞ2
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð63Þ

fLTðxÞ ¼
Z

d2k⊥
2ð2πÞ3

�
ALATk2⊥ð2x − 1Þðk2⊥ þm2 þM2

qq̄ð1 − xÞxÞ
Mρð1 − xÞx2

�
jϕðx;k2⊥Þj2: ð64Þ

Compared to f1LLðxÞ PDF at the leading twist, there are
total 2 tensor PDF eLL and fLT present at the twist-3 level.
As we have calculated all the PDFs through the quark-
quark correlator, the gluon contributions are coming to zero
in this work. Similar to leading twist, the tensor PDFs are
coming zero in the case of S-1 spin wave function. The
twist-3eðxÞ and eLLðxÞ are the results of the diagonal
matrix elements of the LFWFs as shown in Eq. (A7), while
hLðxÞ quark PDFs are observed to have both diagonal and
nondiagonal matrix elements of the LFWFs. All the quark
PDFs have been plotted with respect to longitudinal
momentum fraction x in Fig. 5. All the quark PDFs except
the tensor PDFs are found to have positive distributions in
both the spin wave functions. However, the tensor PDFs are
found to have both positive and negative distributions for S-
2 spin wave function. All the quark distributions are found
to have high at low x region due to the 1=x behavior in the
LFWFs form. Similar to f1LL, the twist-3 eLL also have two
nodes in the range 0 < x < 1. While the tensor fLT has
only one node in the same region. As there is no theoretical
prediction or experimental data available for the twist-3ρ
meson case, we cannot compare our results. However, one
recent work on twist-3 fLT PDF has been reported for the
case of deuteron [56]. The tensor fLTðxÞ quark PDF of ρ
meson shows a similar kind of distribution behavior to
deuteron results [56]. All the twist-3 quark PDFs are found

to have higher distributions compared to the leading twist
PDFs for both spin wave functions. The twist-3 sum rules
and the equation of motion for the spin-1 system are also
satisfied in this work [54,55]. The tensor fLT at the
Wandzura-Wilczek limit also obeys the sum rule [54]Z

1

0

dxðfLTðxÞ − fLTð−xÞÞ ¼ 0: ð65Þ

We have also computed the Mellin moment corresponding
to the twist-3 quark PDFs, which are given in Table I.
The hxi of the twist-3 PDFs of S-1 type spin wave function
are found to have lower values compared to the leading
twist quark PDFs, which is not followed by the S-2 type
spin wave function.

IV. TRANSVERSE MOMENTUM PARTON
DISTRIBUTION FUNCTIONS

It is also of interest to investigate the transverse structure
of quarks inside spin-1 hadrons. At leading twist, spin-1
mesons possess a total of 18 quark TMDs, compared to 8
for spin-1

2
nucleons and 2 for spin-0 mesons. Imposing

time-reversal symmetry reduces the number of independent
TMDs to 9 T-even distributions at leading twist. These
quark TMDs can be extracted from the quark–quark
correlation functions as [46,48,53,58,71]

Φλ
ijðx; k2⊥Þ ¼

Z
dkþdk−

ð2πÞ4Pþ δ

�
x −

kþ

Pþ

�Z
d4zeik·zhMλðPÞjψ̄ jð0ÞΓψ iðzÞjMλðPÞi

¼
Z

dz−d2z⊥
ð2πÞ3 eik·zhMλðPÞjψ̄ jð0ÞΓψ ijMλðPÞizþ¼0

¼ ε�μλ ðPÞhΓiμνij ενλðPÞ ¼ hΓiλijðx;k2⊥Þ: ð66Þ
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(b)(a)

(d)(c)

(f)(e)

(h)(g)

FIG. 5. Subleading twist quark PDFs for S-1 and S-2 spin wave functions at the model scale Q2 ¼ 0.20 GeV2 as functions of x:
(a) eðxÞ, (b) xeðxÞ, (c) gTðxÞ, (d) xgTðxÞ, (e) hLðxÞ, (f) xhLðxÞ, (g) eLLðxÞ and fLTðxÞ, and (h) xeLLðxÞ and xfLTðxÞ. The PDFs eLLðxÞ
and fLTðxÞ are zero for the S-1 spin wave function.
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Here, Γ ¼ ½γþ; γþγ5; γþγiγ5� encodes the dependence on the hadron polarization. Analogous to the quark PDFs, the
quark TMDs corresponding to different hadron polarizations can be obtained by selecting the appropriate Dirac matrix Γ as

hγþiλijðx;k2⊥Þ ¼
1

2
Tr½γþΦλ

ijðx;k2⊥Þ�
≡ ε�μλ ðP�Þhγþiμνij ðx;k2⊥ÞενλðPÞ

≡ f1ðx;k2⊥Þ þ SLLf1LLðx;k2⊥Þ þ
SLT:k⊥
Mρ

f1LTðx;k2⊥Þ þ
k⊥:STT:k⊥

M2
ρ

f1TTðx;k2⊥Þ; ð67Þ

hγþγ5iλijðx;k2⊥Þ ¼
1

2
Tr½γþγ5Φλ

ijðx;k2⊥Þ�
≡ ε�μλ ðP�Þhγþγ5iμνij ðx;k2⊥ÞενλðPÞ

≡ λ

�
SLg1Lðx;k2⊥Þ þ

k⊥:ST
Mρ

g1Tðx;k2⊥Þ
�
; ð68Þ

hγþγi1γ5iλijðx;k2⊥Þ ¼
1

2
Tr½γþγi1γ5Φλ

ijðx;k2⊥Þ�
≡ ε�μλ ðP�Þhγþγi1γ5iμνij ðx;k2⊥ÞενλðPÞ

≡ λ

�
Si1T h1ðx;k2⊥Þ þ

SLk
i1⊥

Mρ
h1Lðx;k2⊥Þ þ

ð2ki1⊥k⊥:ST − Si1Tk
2⊥Þ

2M2
ρ

h1Tðx;k2⊥Þ
�
: ð69Þ

Here, SLT and STT denote the tensor polarization of the hadron, and are defined as

Si1LT ¼ ð3λ2 − 2ÞSLSi1T ; ð70Þ

Si1j1TT ¼ ð3λ2 − 2Þ
�
Si1T S

j1
T −

S2T
2
δi1j1

�
: ð71Þ

The overlap representations of the T-even quark TMDs are then given by

f1ðx;k2⊥Þ ¼
1

6ð2πÞ3
X
i;j

h
jΨþ1

i;j ðx;k2⊥Þj2 þ jΨ0
i;jðx;k2⊥Þj2 þ jΨ−1

i;j ðx;k2⊥Þj2
i
; ð72Þ

g1Lðx;k2⊥Þ ¼
1

4ð2πÞ3
X
j

h
jΨþ1

↑;jðx;k2⊥Þj2 þ jΨ−1
↓;jðx;k2⊥Þj2 − jΨ−1

↑;jðx;k2⊥Þj2 − jΨþ1
↓;jðx;k2⊥Þj2

i
; ð73Þ

g1Tðx;k2⊥Þ ¼
Mρ

4
ffiffiffi
2

p ð2πÞ3k2⊥

X
j

h
kL⊥ðΨ0�

↑;jðx;k2⊥ÞΨþ1
↑;jðx;k2⊥Þ þΨ−1�

↑;j ðx;k2⊥ÞΨ0
↑;jðx;k2⊥Þ − Ψ0�

↓;jðx;k2⊥ÞΨþ1
↓;jðx;k2⊥Þ

−Ψ−1�
↓;j ðx;k2⊥ÞΨ0

↓;jðx;k2⊥ÞÞ þ kR⊥ðΨþ1�
↑;j ðx;k2⊥ÞΨ0

↑;jðx;k2⊥Þ þ Ψ0�
↑;jðx;k2⊥ÞΨ−1

↑;jðx;k2⊥Þ −Ψþ1�
↓;j ðx;k2⊥Þ

×Ψ0
↓;jðx;k2⊥Þ −Ψ0�

↓;jðx;k2⊥ÞΨ−1
↓;jðx;k2⊥ÞÞ

i
; ð74Þ

h1ðx;k2⊥Þ ¼
1

4
ffiffiffi
2

p ð2πÞ3
X
j

h
Ψþ1�

↑;j ðx;k2⊥ÞΨ0
↓;jðx;k2⊥Þ þ Ψ0�

↓;jðx;k2⊥ÞΨþ1
↑;jðx;k2⊥Þ þ Ψ0�

↑;jðx;k2⊥ÞΨ−1
↓;jðx;k2⊥Þ

þΨ−1�
↓;j ðx;k2⊥ÞΨ0

↑;jðx;k2⊥Þ
i
; ð75Þ

h1Tðx;k2⊥Þ ¼
M2

ρ

2
ffiffiffi
2

p ð2πÞ3k4⊥

X
j

h
ðkR⊥Þ2ðΨþ1�

↓;j ðx;k2⊥ÞΨ0
↑;jðx;k2⊥Þ þ Ψ0�

↓;jðx;k2⊥ÞΨ−1
↑;jðx;k2⊥ÞÞ

þ ðkL⊥Þ2ðΨ0�
↑;jðx;k2⊥ÞΨþ1

↓;jðx;k2⊥Þ þΨ−1�
↑;j ðx;k2⊥ÞΨ0

↓;jðx;k2⊥ÞÞ
i
; ð76Þ

VALENCE QUARK DISTRIBUTION OF THE RHO MESON USING … PHYS. REV. D 113, 036030 (2026)

036030-13



h1Lðx;k2⊥Þ ¼
Mρ

4ð2πÞ3k2⊥

X
j

h
kL⊥ðΨþ1�

↑;j ðx;k2⊥ÞΨþ
↓;jðx;k2⊥Þ −Ψ−1�

↑;j ðx;k2⊥ÞΨ−1
↓;jðx;k2⊥ÞÞ

þ kR⊥ðΨþ1�
↓;j ðx;k2⊥ÞΨþ1

↑;jðx;k2⊥Þ −Ψ−1�
↓;j ðx;k2⊥ÞΨ−1

↑;jðx;k2⊥Þ
i
; ð77Þ

f1LLðx;k2⊥Þ ¼
1

2ð2πÞ3
X
i;j

�
−1
2

ðjΨþ1
i;j ðx;k2⊥Þj2 þ jΨ−1

i;j ðx;k2⊥Þj2Þ þ jΨ0
i;jðx;k2⊥Þj2

�
; ð78Þ

f1LTðx;k2⊥Þ ¼
Mρ

4
ffiffiffi
2

p ð2πÞ3k2⊥

X
i;j

h
kL⊥ðΨ0�

i;jðx;k2⊥ÞΨþ1
i;j ðx;k2⊥Þ −Ψ−1�

i;j ðx;k2⊥ÞΨ0
i;jðx;k2⊥ÞÞ

þ kR⊥ðΨþ1�
i;j ðx;k2⊥ÞΨ0

i;jðx;k2⊥Þ −Ψ0�
i;jðx;k2⊥ÞΨ−1

i;j ðx;k2⊥ÞÞ
i
; ð79Þ

f1TTðx;k2⊥Þ ¼
M2

ρ

4ð2πÞ3k4⊥

X
i;j

h
ðkL⊥Þ2ðΨ−1�

i;j ðx;k2⊥ÞΨþ1
i;j ðx;k2⊥ÞÞ þ ðkR⊥Þ2ðΨþ1�

i;j ðx;k2⊥ÞΨ−1
i;j ðx;k2⊥ÞÞ

i
: ð80Þ

The explicit expressions of these TMDs, obtained using the S-1 type spin wave functions, are given by

f1ðx;k2⊥Þ ¼
1

2ð2πÞ3 jϕðx;k
2⊥Þj2; ð81Þ

g1Lðx;k2⊥Þ ¼
1

2ð2πÞ3
�
2ðk2⊥ð2x − 1Þ þm2ÞMqq̄ þ 4mðk2⊥ þm2Þ

2ðk2⊥ þm2ÞðMqq̄ þ 2mÞ
�
jϕðx;k2⊥Þj2; ð82Þ

g1Tðx;k2⊥Þ ¼
1

2ð2πÞ3
�
2Mρððm −mxÞMqq̄ þ k2⊥ þm2Þ

ðk2⊥ þm2ÞðMqq̄ þ 2mÞ
�
jϕðx;k2⊥Þj2; ð83Þ

h1ðx;k2⊥Þ ¼
1

2ð2πÞ3
�
k2⊥ð2mðxþ 1ÞMqq̄ þ xð2x − 1ÞM2

qq̄ þ 6m2Þ þm2ðMqq̄ þ 2mÞ2 þ 2k4⊥
ðk2⊥ þm2ÞðMqq̄ þ 2mÞ2

�
jϕðx;k2⊥Þj2; ð84Þ

h1Lðx;k2⊥Þ ¼
−1

2ð2πÞ3
�
2Mρððm −mxÞMqq̄ þ k2⊥ þm2Þ

ðk2⊥ þm2ÞðMqq̄ þ 2mÞ
�
jϕðx;k2⊥Þj2; ð85Þ

h1Tðx;k2⊥Þ ¼
−1

2ð2πÞ3
�
2M2

ρð2ðk2⊥ þm2Þ − ðx − 1ÞMqq̄ðð1 − 2xÞMqq̄ þ 2mÞÞ
ðk2⊥ þm2ÞðMqq̄ þ 2mÞ2

�
jϕðx;k2⊥Þj2; ð86Þ

f1LLðx;k2⊥Þ ¼ 0; ð87Þ

f1LTðx;k2⊥Þ ¼ 0; ð88Þ

f1TTðx;k2⊥Þ ¼ 0: ð89Þ

Using the S-2 type spin wave functions, the corresponding TMDs are obtained as

f1ðx;k2⊥Þ ¼
1

6ð2πÞ3
�
2ðA2

Lðk2⊥ þm2 −M2
qq̄ðx − 1ÞxÞ2 þ 2A2

Tðk2⊥ð2ðx − 1Þxþ 1Þ þm2ÞÞ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð90Þ

g1Lðx;k2⊥Þ ¼
1

4ð2πÞ3
�
4A2

Tðk2⊥ð2x − 1Þ þm2Þ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð91Þ

g1Tðx;k2⊥Þ ¼
1

2ð2πÞ3
�
2ALATMρðk2⊥ þm2 −M2

qq̄ðx − 1ÞxÞ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð92Þ

h1ðx;k2⊥Þ ¼
1

2ð2πÞ3
�
2ALATmðk2⊥ þm2 −M2

qq̄ð1 − xÞxÞ
ðx − 1Þx

�
jϕðx;k2⊥Þj2; ð93Þ
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h1Lðx;k2⊥Þ ¼
−1

2ð2πÞ3
�
4A2

TmMρ

x

�
jϕðx;k2⊥Þj2; ð94Þ

h1Tðx;k2⊥Þ ¼ 0; ð95Þ

f1LLðx;k2⊥Þ ¼
1

2ð2πÞ3
�
2ðA2

Tðk2⊥ð2ðx − 1Þxþ 1Þ þm2Þ − A2
Lðk2⊥ þm2 −M2

qq̄ðx − 1ÞxÞ2Þ
ðx − 1Þx

�
jϕðx;k2⊥Þj2; ð96Þ

f1LTðx;k2⊥Þ ¼
1

2ð2πÞ3
�
2ALATMρð2x − 1Þðk2⊥ þm2 −M2

qq̄ðx − 1ÞxÞ
ð1 − xÞx

�
jϕðx;k2⊥Þj2; ð97Þ

f1TTðx;k2⊥Þ ¼
1

2ð2πÞ3 ð4A
2
TM

2
ρÞjϕðx;k2⊥Þj2: ð98Þ

All the tensor quark TMDs are found to be zero for the case
of S-1 spin wave function, while the h1Tðx;k2⊥Þ quark
TMD are coming to be zero for the S-2 type spin wave
functions. We observed that the unpolarized f1ðx;k2⊥Þ,
helicity g1Lðx;k2⊥Þ, transversity h1ðx;k2⊥Þ, worm-gear-2
h1Lðx;k2⊥Þ and tensor f1LLðx;k2⊥Þ quark TMDs have zero
OAM transferred between the initial and final state hadron.
The worm-gear-1 g1Tðx;k2⊥Þ and pretzelosity h1Tðx;k2⊥Þ
quark TMDs have one unit of OAM transferred from the
initial hadron to the final hadron, while the tensor
f1LTðx;k2⊥Þ and f1TTðx;k2⊥Þ quark TMDs have two units
of OAM transferred.
In Figs. 6 and 7, we have plotted all the quark TMDs

of S-1 and S-2 type spin wave function with respect
to longitudinal momentum fraction x and transverse
momenta k⊥, respectively. The unpolarized f1ðx;k2⊥Þ
quark TMD, which describes the momentum distribution
while both quark and hadron have no polarizations, is
found to show symmetry under the transformation
x ↔ ð1 − xÞ. For both the spin wave function case, the
f1ðx;k2⊥Þ is found to have a double peak distribution at
x ≈ 0 and 1, which can also be seen in the case of LFHM
[44]. However, in NJL [46,47], ILM [53] and BSE [51]
models, the f1ðx;k2⊥Þ quark TMD found to have only one
peak distributions. The g1Lðx;k2⊥Þ and g1Tðx;k2⊥Þ quark
TMDs correspond to the longitudinally polarized quark in
a longitudinally and transversely polarized hadron,
respectively. While the h1ðx;k2⊥Þ and h1Tðx;k2⊥Þ quark
TMDs describe the momentum distribution of a trans-
versely polarized quark in a transversely polarized hadron.
The remaining worm-gear-2 h1Lðx;k2⊥Þ TMD describes
the transversely polarized quark in a longitudinally
polarized hadron and all tensor TMDs describe the
momentum distribution of an unpolarized quark in a
tensor polarized hadron. Like f1ðx;k2⊥Þ quark TMD,
the g1Lðx;k2⊥Þ and h1ðx;k2⊥Þ quark TMDs also show
symmetry about x ↔ ð1 − xÞ along with double peak
distributions for both the spin wave function. While the
g1Tðx;k2⊥Þ quark TMDs shows single peak distribution at

low x for the S-1 type spin wave function and two peak
distribution for the S-2 type spin wave function. The
f1ðx;k2⊥Þ, g1Lðx;k2⊥Þ, g1Tðx;k2⊥Þ, and h1ðx;k2⊥Þ quark
TMDs shows only positive distributions, while the
h1Lðx;k2⊥Þ and h1Tðx;k2⊥Þ shows negative distributions
for both the spin wave functions. Similar kinds of
observations have also been reported in NJL model
[46,47], BSE model [51], LFHM [44] and ILM [53].
For the case of the S-1 spin wave function, the h1Tðx;k2⊥Þ
quark TMDs survive and vanish for the case of S-2 spin
wave function. This TMD is found to have a higher
distribution peak compared to other quark TMDs and does
not show any symmetry around x. Even the h1Tðx;k2⊥Þ
quark TMDs are coming out to be zero in the case of NJL
model [46,47], LFHM [44] and ILM [53]. The relation
among g1Tðx;k2⊥Þ and h1ðx;k2⊥Þ quark TMDs as dis-
cussed in Refs. [46,47]

g1Tðx;k2⊥Þ ¼
m
Mρ

h1ðx;k2⊥Þ ð99Þ

is not followed by the S-1 type spin wave function, while
satisfied in the S-2 type spin wave function. The quark
TMDs in S-2 type spin wave function are also found to
have a minimum distribution around 0.2 ≤ x ≤ 0.8. While
in the case of ILM results, the distributions are mostly
found at x ≈ 0.5 [53]. For both the spin wave functions,
the momentum distributions decrease with increasing
transverse momenta. All the quark TMDs are found to
be vanish after k⊥ ≥ 0.4 GeV.
Now, looking into the tensor TMDs, which are absent for

spin-1
2
nucleons, the quark distributions are coming to zero

due to the symmetric spin wave function of S-1 type. These
tensor TMDs are coming to be nonzero for the S-2 type
spin wave function. In Figs. 7(f)–7(h), we have plotted the
tensor quark TMDs for the case of S-2 type spin wave
function. The tensor f1LLðx;k2⊥Þ and f1TTðx;k2⊥Þ quark
TMDs are found to have negative and positive distributions
all over the x and k⊥, respectively. While the f1LTðx;k2⊥Þ
quark TMD has both positive and negative momentum
distributions in the region 0.5 ≤ x ≤ 1 and 0 ≤ x ≤ 0.5,
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respectively. These distributions of the tensor quark TMDs
are indications of the nonzero quark OAM. Under the
transformation x ↔ ð1 − xÞ, the tensor f1LLðx;k2⊥Þ and
f1TTðx;k2⊥Þ quark TMDs show symmetry, while
f1LTðx;k2⊥Þ shows antisymmetry. In Refs. [46,47,51,53],
the tensor f1LLðx;k2⊥Þ quark TMDs have some positive
distribution near x ≈ 0.5, which is not seen in our case. In
our case, the f1LLðx;k2⊥Þ is found to have nearly zero
distributions near x ¼ 0.5, which can also be seen in LFHM
[44]. We have also observed that f1LTðx;k2⊥Þ is found to be
zero at x ¼ 0.5 all over the k⊥ values.

The leading twist PDFs can also be extracted from the
leading twist TMDs as

fðxÞ ¼
Z

d2k⊥f1ðx;k2⊥Þ; ð100Þ

gðxÞ ¼
Z

d2k⊥g1Lðx;k2⊥Þ; ð101Þ

hðxÞ ¼
Z

d2k⊥h1ðx;k2⊥Þ; ð102Þ

f1LLðxÞ ¼
Z

d2k⊥f1LLðx;k2⊥Þ: ð103Þ

(a) (b)

(c) (d)

(e) (f)

FIG. 6. Quark TMDs (a) f1ðx;kÞ (b) g1Lðx;kÞ (c) g1Tðx;kÞ (d) h1ðx;kÞ (e) h1Lðx;kÞ, and (f) h1Tðx;kÞ for the S-1 type spin
wave function as functions of the longitudinal momentum fraction x and the transverse momentum jk⊥j (GeV) at the model
scale Q2 ¼ 0.20 GeV2.
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(a)) (b)

(c)) (d)

(f)

(g)) (h)

(e)

FIG. 7. Quark TMDs (a) f1ðx;kÞ (b) g1Lðx;kÞ (c) g1Tðx;kÞ (d) h1ðx;kÞ (e) h1Lðx;kÞ, (f) f1LLðx;kÞ, (g) f1LTðx;kÞ, and (h)
f1TTðx;kÞ for the S-2 type spin wave function as functions of the longitudinal momentum fraction x and the transverse momentum jk⊥j
(GeV) at the model scale Q2 ¼ 0.20 GeV2.
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We have also predicted the average transverse momenta
hk⊥i carried by the valence quark for individual TMDs as

hk⊥i ¼
R
dxd2k⊥k⊥TMDðx;k2⊥ÞR
dxd2k⊥TMDðx;k2⊥Þ

: ð104Þ

The hk⊥i values of each TMD have been presented
in Table III for both the spin wave functions, along
with comparison with different theoretical models
[44,46,47,51,53]. Our results are found to be in good

agreement with others predictions. We observed that the
hk⊥i is found to have a higher value for S-2 type spin wave
function compared to S-1 type spin wave function. As one
can expect, the unpolarized f1ðx;k2⊥Þ should carry higher
transverse momentum, which can also be seen in our case.

A. Positivity constraints

The spin-1 quark TMDs also obey some positivity con-
straints, which have been discussed in Refs. [44,46,47] as

f1ðx;k2⊥Þ ≥ 0; ðPS-1Þ ð105Þ

f1ðx;k2⊥Þ þ
2

3
f1LLðx;k2⊥Þ ≥ 0; ðPS-2Þ ð106Þ

f1ðx;k2⊥Þ −
1

3
f1LLðx;k2⊥Þ þ g1Lðx;k2⊥Þ ≥ 0; ðPS-3Þ ð107Þ

f1ðx;k2⊥Þ −
1

3
f1LLðx;k2⊥Þ − g1Lðx;k2⊥Þ ≥ 0; ðPS-4Þ ð108Þ
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FIG. 8. All the positivity constraints on the spin-1 quark TMDs have been plotted with respect to x and k⊥ for S-1 type spin wave
function at the model scale Q2 ¼ 0.20 GeV2.
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�
f1 þ

2

3
f1LL

��
f1 −

1

3
f1LL þ g1L

�
− 2h21 ≥ 0; ðPS-5Þ ð109Þ

�
f1 þ

2

3
f1LL

��
f1 −

1

3
f1LL þ g1L

�
−

k2⊥
2M2

ρ
ðg1T þ f1LTÞ2 ≥ 0; ðPS-6Þ ð110Þ

�
f1 þ

2

3
f1LL

��
f1 −

1

3
f1LL − g1L

�
−

k2⊥
2M2

ρ
ðg1T − f1LTÞ2 ≥ 0; ðPS-7Þ ð111Þ

�
f1 þ

2

3
f1LL

��
f1 −

1

3
f1LL − g1L

�
−

k4⊥
2M4

ρ
h21T ≥ 0; ðPS-8Þ ð112Þ

�
f1 −

1

3
f1LL

�
2

− g21L −
k4⊥
M4

ρ
f21TT ≥ 0; ðPS-9Þ ð113Þ

�
f1 −

1

3
f1LL

�
2

− g21L −
k2⊥
M2

ρ
h21L ≥ 0: ðPS-10Þ ð114Þ

These positivity constraints have been plotted as a function of x and k⊥ in Figs. 8 and 9 for S-1 and S-2 type spin wave
function, respectively. We observed that all the positivity constraints are obeyed by both the spin wave functions. We also
noticed that PS-9 and PS-7 positivity constraints are coming zero for S-1 and S-2 spin wave function, respectively.

0

1

2

3

4

0

0.2

0.4

0.6

0.8

0

2.5

5.0

7.5

10.0

12.5

0

0.5

1.0

1.5

2.0

2.5

0

0.5

1.0

1.5

2.0

0

2

4

6

8

10

0

0.5

1.0

1.5

2.0

0

0.05

0.10

0.15

0.20

0

5

10

15

FIG. 9. All the positivity constraints on the spin-1 quark TMDs have been plotted with respect to x and k⊥ for S-2 type spin wave
function at the model scale Q2 ¼ 0.20 GeV2.
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V. CONCLUSION

We have presented a comprehensive analysis of the
quark structure of spin-1 vector mesons within the LFQM
framework, in terms of both PDFs and TMDs. The
longitudinal degree of freedom of the quarks are studied
using the leading twist and subleading twist PDFs. While
the transverse structure have been studied using the quark
TMDs. The quark PDFs and TMDs have been calculated
by considering the trace of spin-1 spin densities. We have
presented the PDFs and TMDs through a matrix, which is
equal to a LFWFs amplitude matrix. The LFWFs form of
quark PDFs and TMDs have been presented along with the
explicit forms. We have presented all the quark PDFs and
TMDs through two dimensional and three dimensional
plots. We have observed that the leading twist quark PDFs
and TMDs have similar kind of behavior with available
other theoretical models.
The leading-twist PDFs have been evolved to higher

scales using NLO DGLAP evolution. The evolved dis-
tributions are presented in two-dimensional representa-
tions. To compute the average longitudinal momentum
fraction (Mellin moment), we have employed a simple
NN frame.
The calculated Mellin moments are found to be in good

agreement with other model predictions. The PDF sum
rules and positivity constraints are satisfied within our
model. The average transverse momenta carried by the
quark TMDs are also evaluated, and the corresponding
positivity constraints for the leading-twist TMDs are found
to be fulfilled. Overall, our results show good consistency

with existing model predictions. In future work, we plan to
investigate spin asymmetries arising in spin-1 hadrons. The
upcoming Jefferson Lab, the Nuclotron-based Ion Collider
facility (NICA), and the Electron-Ion Collider (EIC) are
expected to provide new insights into the tensor structure of
spin-1 systems.
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APPENDIX

For spin-1 hadrons, there are a total of 36 helicity matrix
amplitudes depending upon the quark antiquark helicities
(iðjÞ) and hadron polarizations (λ), which can be arranged
into a 6 × 6 matrix as

Φ ¼

0
BBBBBBBBB@

A↑ðþ1Þ;↑ðþ1Þ A↑ðþ1Þ;↑ð0Þ A↑ðþ1Þ;↑ð−1Þ A↑ðþ1Þ;↓ðþ1Þ A↑ðþ1Þ;↓ð0Þ A↑ðþ1Þ;↓ð−1Þ
A↑ð0Þ;↑ðþ1Þ A↑ð0Þ;↑ð0Þ A↑ð0Þ;↑ð−1Þ A↑ð0Þ;↓ðþ1Þ A↑ð0Þ;↓ð0Þ A↑ð0Þ;↓ð−1Þ
A↑ð−1Þ;↑ðþ1Þ A↑ð−1Þ;↑ð0Þ A↑ð−1Þ;↑ð−1Þ A↑ð−1Þ;↓ðþ1Þ A↑ð−1Þ;↓ð0Þ A↑ð−1Þ;↓ð−1Þ
A↓ðþ1Þ;↑ðþ1Þ A↓ðþ1Þ;↑ð0Þ A↓ðþ1Þ;↑ð−1Þ A↓ðþ1Þ;↓ðþ1Þ A↓ðþ1Þ;↓ð0Þ A↓ðþ1Þ;↓ð−1Þ
A↓ð0Þ;↑ðþ1Þ A↓ð0Þ;↑ð0Þ A↓ð0Þ;↑ð−1Þ A↓ð0Þ;↓ðþ1Þ A↓ð0Þ;↓ð0Þ A↓ð0Þ;↓ð−1Þ
A↓ð−1Þ;↑ðþ1Þ A↓ð−1Þ;↑ð0Þ A↓ð−1Þ;↑ð−1Þ A↓ð−1Þ;↓ðþ1Þ A↓ð−1Þ;↓ð0Þ A↓ð−1Þ;↓ð−1Þ

1
CCCCCCCCCA
: ðA1Þ

Here, the general element of the helicity amplitude matrix
Φ is expressed as

Ai0ðλ0Þ;iðλÞ ¼
Z

d2k⊥
ð2πÞ3

X
j

Ψλ0�
i0;jðx;k2⊥ÞΨλ

i;jðx;k2⊥Þ

for quark PDF calculations, and as

Ai0ðλ0Þ;iðλÞ ¼
1

ð2πÞ3
X
j

Ψλ0�
i0;jðx;k2⊥ÞΨλ

i;jðx;k2⊥Þ

for TMD calculations. In this notation, λ0 and λ denote the
final and initial hadron polarizations, respectively, while i0

and i correspond to the final and initial quark polarizations.
The 6 × 6 light-front helicity matrix can be written in terms
of the parametrization of spin-1 meson TMDs and quark
PDFs as

Φ ¼ Tr½ρλ0;λMi;j�;

where ρλ0;λ is the spin density matrix for spin-1 mesons and
Mi;j is the scattering matrix encoding the hadron spin
structure. For leading-twist quark PDFs, the corresponding
Mi;j is given by
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Mi;j ¼
�
M↑;↑ M↑;↓

M↓;↑ M↓;↓

�

¼
�
fðxÞ þ λSLgðxÞ þ SLLf1LLðxÞ ðSx⊥ þ iSy⊥ÞhðxÞ

ðSx⊥ − iSy⊥ÞhðxÞ fðxÞ − λSLgðxÞ þ SLLf1LLðxÞ

�
: ðA2Þ

Similarly, for the case of TMDs, the scattering matrix takes the form

Mi;j ¼
�
A1 A2

A3 A4

�
; ðA3Þ

where

A1 ¼ f1ðx;k2⊥Þ þ SLLf1LLðx;k2⊥Þ þ
SLT · k⊥

Mρ
f1LTðx;k2⊥Þ þ

k⊥ · STT · k⊥
M2

ρ
f1TTðx;k2⊥Þ

þ λ

�
SLg1Lðx;k2⊥Þ þ

ST · k⊥
Mρ

g1Tðx;k2⊥Þ
�
;

A2 ¼ λðSxT þ iSyTÞh1ðx;k2⊥Þ þ
λSLðkx⊥ þ ikx⊥Þ

Mρ
h1Lðx;k2⊥Þ

þ λ

2M2
ρ
½2ikx⊥SxTky⊥ − k2⊥ðSxT þ iSyTÞ þ 2iðky⊥Þ2SyT þ 2kx⊥ðk⊥ · SiTÞ�h1Tðx;k2⊥Þ;

A3 ¼ λðSxT − iSyTÞh1ðx;k2⊥Þ þ
λSLðkx⊥ − ikx⊥Þ

Mρ
h1Lðx;k2⊥Þ

þ λ

2M2
ρ
½−2ikx⊥SxTky⊥ − k2⊥ðSxT − iSyTÞ − 2iðky⊥Þ2SyT þ 2kx⊥ðk⊥ · SiTÞ�h1Tðx;k2⊥Þ;

A4 ¼ f1ðx;k2⊥Þ þ SLLf1LLðx;k2⊥Þ þ
SLT · k⊥

Mρ
f1LTðx;k2⊥Þ þ

k⊥ · STT · k⊥
M2

ρ
f1TTðx;k2⊥Þ

− λ

�
SLg1Lðx;k2⊥Þ þ

ST · k⊥
Mρ

g1Tðx;k2⊥Þ
�
: ðA4Þ

Using the spin density matrix from Refs. [58,81] and the above scattering amplitudes, the 6 × 6 leading-twist PDF matrix is
obtained as

ΦðxÞ ¼

0
BBBBBBBBBB@

AðxÞ 0 0 0
ffiffiffi
2

p
hðxÞ 0

0 BðxÞ 0 0 0
ffiffiffi
2

p
hðxÞ

0 0 CðxÞ 0 0 0

0 0 0 CðxÞ 0 0ffiffiffi
2

p
hðxÞ 0 0 0 BðxÞ 0

0
ffiffiffi
2

p
hðxÞ 0 0 0 AðxÞ

1
CCCCCCCCCCA
; ðA5Þ

where AðxÞ ¼ fðxÞ þ gðxÞ − f1LLðxÞ
3

, BðxÞ ¼ fðxÞ þ 2f1LLðxÞ
3

, and CðxÞ ¼ fðxÞ − gðxÞ − f1LLðxÞ
3

. Similar results have
also been reported in Refs. [44,46,58]. In an analogous way, the 6 × 6 matrix for the leading-twist T-even TMDs is
obtained as
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Φðx;k2⊥Þ ¼

0
BBBBBBBBBBBBBBBB@

f1 þ f−3
kL⊥ffiffi
2

p
Mρ

gðþÞ
1T

ðkL⊥Þ2
M2

ρ
f1TT

kR⊥
Mρ

h⊥1L
ffiffiffi
2

p
h1 0

kR⊥ffiffi
2

p
Mρ

gðþÞ
1T f1 þ 2

3
f1LL

kL⊥ffiffi
2

p
Mρ

gð−Þ1T
ðkR⊥Þ2ffiffi
2

p
M2

ρ
h⊥1T 0

ffiffiffi
2

p
h1

ðkR⊥Þ2
M2

ρ
f1TT

kR⊥ffiffi
2

p
Mρ

gð−Þ1T f1 − fþ4 0
ðkR⊥Þ2ffiffi
2

p
M2

ρ
h⊥1T − kR⊥

Mρ
h⊥1L

kL⊥
Mρ

h⊥1L
ðkL⊥Þ2ffiffi
2

p
M2

ρ
h⊥1T 0 f1 − fþ4 − kL⊥ffiffi

2
p

Mρ
gð−Þ1T

ðkL⊥Þ2
M2

ρ
f1TTffiffiffi

2
p

h1 0
ðkL⊥Þ2ffiffi
2

p
M2

ρ
h⊥1T − kR⊥ffiffi

2
p

Mρ
gð−Þ1T f1 þ 2

3
f1LL − kL⊥ffiffi

2
p

Mρ
gðþÞ
1T

0
ffiffiffi
2

p
h1 − kL⊥

Mρ
h⊥1L

k2R
M2

ρ
f1TT − kR⊥ffiffi

2
p

Mρ
gðþÞ
1T f1 þ f−3

1
CCCCCCCCCCCCCCCCA

; ðA6Þ

with fþ3 ¼ g1L − 1
3
f1LL, f

þ
4 ¼ g1L þ 1

3
f1LL, g�1T ¼ g1T � f1LT . Things to note that, In Refs. [44,46], the authors have the

same matrix for the leading twist TMDs.
Furthermore, following the same procedure, we have derived the subleading-twist-quark PDFs for spin-1 mesons, for

which the corresponding matrix is found to be

ΦðxÞ
Mρ

¼

0
BBBBBBBBBBBBBBBB@

xe
m − xeLL

3m þ xhL
m 2x kL⊥

k2⊥
ðfLTþgT Þffiffi

2
p 0 −x kR⊥

k2⊥
hL

ffiffiffi
2

p
x
m gT 0

2x kR⊥
k2⊥

ðfLTþgT Þffiffi
2

p xe
m þ 2xeLL

3m −2x kL⊥
k2⊥

ðfLT−gT Þffiffi
2

p 0 0
ffiffiffi
2

p
x
m gT

0 −2x kR⊥
k2⊥

ðfLT−gTÞffiffi
2

p xe
m − xeLL

3m − xhL
m 0 0 x kR⊥

k2⊥
hL

−x kL⊥
k2⊥

hL 0 0 xe
m − xeLL

3m − xhL
m 2x kL⊥

k2⊥
ðfLT−gTÞffiffi

2
p 0ffiffiffi

2
p

x
m gT 0 0 2x kR⊥

k2⊥
ðfLT−gTÞffiffi

2
p xe

m þ 2xeLL
3m −2x kL⊥

k2⊥
ðfLTþgTÞffiffi

2
p

0
ffiffiffi
2

p
x
m gT x kL⊥

k2⊥
hL 0 −2x kR⊥

k2⊥
ðfLTþgT Þffiffi

2
p xe

m − xeLL
3m þ xhL

m

1
CCCCCCCCCCCCCCCCA

: ðA7Þ

1. Relation between b1ðxÞ structure function
and f 1LLðxÞ tensor PDF

According to Hoodbhoy et al. [16], the b1 structure
function for the q quark flavor with λ being the hadron
polarizations is given by

b1ðxÞ ¼
1

4

�
2qðΛ¼0ÞðxÞ − qðΛ¼þ1ÞðxÞ − qðΛ¼−1ÞðxÞ

	

with1 qΛðxÞ ¼ qðΛÞþ ðxÞ þ qðΛÞ− ðxÞ. Now comparing the
b1ðxÞ with Eq. (28), one can easily find

b1ðxÞ ¼
1

2
f1LLðxÞ: ðA8Þ

In the similar way discussed in Ref. [46], for longitudinal
polarizations,SL ¼ 1 andST ¼ 0, the spinprojections λ¼0;�
along the directionofmomentum.So, theEq. (21)will become

hγþiλijðxÞ ¼ fðxÞ þ ð2 − 3Λ2Þ
3

f1LL: ðA9Þ

Now taking all possible polarizations of the hadron, one can
obtain the same relation. However, in Ref. [82], the authors
have obtained the relation as

b1ðxÞ ¼ −
2

3
f1LL: ðA10Þ

1The q here is noted for qΛðxÞ ¼ R d2k⊥
2ð2πÞ3

P
i;j jΨΛ

i;jðx;k2⊥Þj2.
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TABLE I. Mellin moments hxni of twist-2 and twist-3 quark PDFs up to n ¼ 4 for S-1 and S-2 spin wave functions, evaluated at
Q2 ¼ 0.20 (model scale), 2.4, 5, and 20 GeV2 using NLO DGLAP evolution.

fðxÞ gðxÞ hðxÞ f1LLðxÞ eðxÞ gTðxÞ hLðxÞ eLLðxÞ fLTðxÞ
S-2

Q2 ¼ 0.20 hx0i 1 0.41256 0.510215 0 � � � � � � � � � 0 � � �
hxi 0.5 0.31638 0.255108 0 0.285714 0.455707 0.39064 0 � � �
hx2i 0.317 0.25 0.161815 0 0.142857 0.227853 0.19532 0 0.21662
hx3i 0.225683 0.201608 0.115168 0 0.0906064 0.137254 0.123891 0 0.21662
hx4i 0.171511 0.138866 0.0875344 0 0.064481 0.0919547 0.088177 0 0.182896

Q2 ¼ 2.4 hxi 0.236699 0.148762 0.120677 0.001531
hx2i 0.101811 0.080224 0.052195 ≈0
hx3i 0.055388 0.049722 0.028626 ≈0
hx4i 0.034226 0.033419 0.017868 ≈0

Q2 ¼ 5 hxi 0.223957 0.138764 0.113528 0.001334
hx2i 0.093155 0.072187 0.047162 ≈0
hx3i 0.049524 0.043597 0.025044 ≈0
hx4i 0.030060 0.028700 0.015191 ≈0

Q2 ¼ 20 hxi 0.202116 0.126463 0.103665 0.001010
hx2i 0.079374 0.062411 0.040940 ≈0
hx3i 0.040454 0.036311 0.020969 ≈0
hx4i 0.023739 0.023219 0.012361 ≈0

S-1

Q2 ¼ 0.20 hx0i 1 0.58635 0.793175 0 � � � � � � � � � � � � � � �
hxi 0.5 0.336676 0.418338 0 0.220275 0.266317 0.31236 0 0
hx2i 0.309504 0.227842 0.268673 0 0.110137 0.133159 0.15618 0 0
hx3i 0.214257 0.167112 0.190684 0 0.0715785 0.0852643 0.09895 0 0
hx4i 0.158548 0.128662 0.143605 0 0.0522991 0.0613171 0.0703351 0 0

Q2 ¼ 2.4 hxi 0.235988 0.158875 0.197774 0
hx2i 0.098805 0.072937 0.086191 0
hx3i 0.052037 0.040858 0.046754 0
hx4i 0.031116 0.025526 0.028605 0

Q2 ¼ 5 hxi 0.221210 0.148560 0.189440 0
hx2i 0.089419 0.065659 0.080770 0
hx3i 0.045938 0.035780 0.043333 0
hx4i 0.026942 0.021866 0.026373 0

Q2 ¼ 20 hxi 0.204570 0.135748 0.169819 0
hx2i 0.079364 0.057033 0.067819 0
hx3i 0.039730 0.030023 0.034547 0
hx4i 0.022882 0.017876 0.020106 0
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