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Hilbert series and the flavor invariants of the 3SHDM
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We perform a systematic study of invariant operators in the three-Higgs-doublet model (3HDM). We
compute the closed-form multigraded Hilbert series associated with the global symmetry group of the
theory. In addition, we construct explicit expressions for the corresponding invariant operators up to cubic
order in the couplings. As a phenomenological application, we further organize the invariants up to
quadratic order in the field content into CP-even and CP-odd combinations. For the special case of
invariants involving no 27 representations, our results are complete to all orders.
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I. INTRODUCTION

The N-Higgs-doublet-models (NHDM) are natural
extensions of the Standard Model that introduce additional
Higgs doublets [1-5]. These are interesting because they
can supply new sources for CP violation, possible dark
matter candidates, and novel new patterns of electroweak
symmetry breaking.

The simplest realization of this framework is the two-
Higgs-doublet model (2HDM), which has been studied
extensively as a minimal extension of the Standard Model
scalar sector. In the 2HDM, the enlarged Higgs potential
allows for both explicit and spontaneous CP violation
[6—14]. The 2HDM has also been explored as a framework
for generating neutrino masses, either through extended
Yukawa structures or via radiative mechanisms that natu-
rally suppress the neutrino mass scale [15-20]. Depending
on the imposed symmetries, the model can also accommo-
date stable scalar particles that serve as viable dark matter
candidates [20-31]. Moreover, extended Higgs sectors
exhibit nontrivial symmetry-breaking patterns, including
electroweak and soft symmetry breaking, that lead to
interesting low-energy symmetry structures [32—34]. The
minimal supersymmetric Standard Model (MSSM) also
requires a 2HDM stucture [35], where a second Higgs
doublet is required to ensure anomaly cancellation and to
provide masses separately to up- and down-type fermions.

However, it was found that the minimal 2HDM cannot
simultaneously accommodate explicit CP violation and a
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viable dark matter candidate [36]. This motivates consid-
eration of the next simplest multi-Higgs-doublet extension.
In this work, we consider the three-Higgs-doublet model
(3BHDM), which constitutes the next nontrivial extension
beyond the extensively studied two-Higgs-doublet model.
The introduction of a third scalar doublet substantially
enlarges the scalar potential and leads to a richer symmetry
structure. Consequently, the 3HDM admits a wide array of
discrete and continuous global symmetries, together with
intricate patterns of spontaneous symmetry breaking that
are inaccessible in simpler Higgs sectors. These features
give rise to new sources of CP violation, viable dark matter
candidates, and novel possibilities for organizing flavor
symmetries of quarks and leptons.

Studies of the 3HDM [37-41] have classified the
symmetry groups realizable in the scalar potential of the
3HDM. Such symmetries play an important role in deter-
mining the phenomenology of multi-Higgs models, includ-
ing the structure of the scalar spectrum, CP properties, and
the pattern of symmetry breaking. It has also been shown
that symmetries acting on the three Higgs doublets may
provide a natural framework for describing the observed
flavor structure of the Standard Model, and may offer a
possible connection to the existence of three generations of
quarks and leptons [40,42].

Previous authors [43-46] have investigated CP violation
in a variety of 3HDM scenarios, including models with
imposed discrete symmetries. By analyzing the symmetries
of the scalar potential and the vacuum structures that
arise in these models, they identified regions of parameter
space exhibiting either explicit or spontaneous CP viola-
tion. There has also been work extending symmetry-based
analyses of the 3HDM to investigate viable scalar dark
matter candidates [47-53]. These studies demonstrate
how residual symmetries—such as S3 or unbroken U(1)
symmetries—can stabilize dark matter within the
3HDM.
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Many of the above methods rely on classifying sym-
metries of the 3HDM and the parameters which are
invariant under such symmetries. Therefore a central
challenge in the study of extended Higgs sectors is the
identification of physical parameters that are independent
of basis choices and field redefinitions. Indeed, all observ-
able quantities—such as CP-violating observables analo-
gous to the Jarlskog invariant, as well as invariant
combinations appearing in renormalization group equa-
tions [54—-56]—must ultimately be expressible in terms of
operators that are invariant under the full set of local and
global symmetries of the theory.

In the case of the 2HDM, this problem has been
addressed systematically. A minimal generating set of
invariant operators was identified in [57-62]. These
approaches made use of bilinears and birdtrack techniques
to construct the invariants explicitly. Such methods enabled
researchers to address important questions about the
2HDM, for example the identification of CP-odd combi-
nations of physical observables. However, a similar sys-
tematic study has not yet been carried out for the 3HDM,
primarily due to the much larger parameter space and the
increased complexity of the global symmetry and its
irreducible representation content.

In this work, we aim to perform a similar analysis for the
3HDM. We present three main results. First, we compute the
complete closed-form multigraded Hilbert series of the
3HDM, which encodes both the number of independent
invariant operators and their representation content. As will be
described in the following sections, the Hilbert series provides
a compact and powerful way to organize invariant operators.
Closely related techniques appear in a variety of other
physical contexts [63]. For example, in A/ = 1 supersym-
metric QCD, Hilbert series have been used to characterize and
match the chiral rings of theories related by Seiberg duality
[64—66]. Furthermore, these techniques have also been
employed in model building to systematically construct
Lagrangians consistent with imposed symmetries [67].

However, Hilbert series are in general difficult to
compute for large representations composed of many
irreducible components, such as those appearing in the
3HDM. As will be shown below, the task of computing the
full Hilbert series of the 3HDM is technically challenging
due to the appearance of higher-order poles, branch-cut
ambiguities arising in the contour integrals, and computa-
tional difficulties associated with summing large polyno-
mials with large coefficients. Indeed, previous studies of
the 3HDM Hilbert series were restricted either to power-
series expansions of the integrand or to the computation of
the ungraded Hilbert series [58], which made use of Q
calculus and Machon’s partition analysis [68]. The
ungraded Hilbert series is obtained by identifying all
grading variables of the multigraded Hilbert series, thereby
counting invariant operators only according to their total
degree. While this provides the total number of invariants at

a given order, it does not retain information about the
representation content from which those invariants are
constructed. One of the main results of this work is the
computation of the closed form multigraded Hilbert series
of the 3HDM.

In addition to counting invariant operators using the
Hilbert series, our second result resides in constructing the
basis of invariant operators explicitly. To this end, we
employ a method based on background field techniques.
These methods were originally developed and proven in the
context of supersymmetric theories [69,70], but have since
found broader application. The basic idea is to treat some
parameters (such as the masses) as background values that
partially break the global symmetry group. The set of
invariants under this reduced symmetry can be classified
more easily. One then combines these invariants with the
background fields to reconstruct the invariants of the full
symmetry group. As we show, this can be done efficiently
by generating candidate invariants of the full theory and
successively matching them to the invariants in the theory
with reduced symmetry. This approach allows one to
systematically build a basis of invariant operators.
Variants of this method have been successfully applied
in a number of related contexts [71-73].

As will be discussed in the following section, the 3HDM
contains three adjoint representations and one 27 repre-
sentation of a global flavor symmetry group SU(3). While
in principle one can compute all independent invariants of
the theory, their sheer number makes it impractical to
present the full set explicitly. Instead, we restrict our
attention to operators up to cubic order in the quartic
couplings. For the special case of invariants containing no
27 fields, however, we determine the generating set to
arbitrary order in the quartic couplings. We expect this
truncation to be sufficient for phenomenological
applications.

Our third and final result is the application of these
invariants in a phenomenological context. In particular, we
use our basis of invariants up to cubic order in the couplings
to begin the construction of CP-even and CP-odd basis
invariants. We explicitly identify CP-even and CP-odd
combinations for invariants involving up to four fields and
discuss how the construction may be systematically
extended to higher orders.

Our paper is organized as follows. In Sec. II, we provide
an overview of the 3HDM Lagrangian and identify the
building blocks required to construct invariant operators. In
Sec. III, we introduce the Hilbert series and present the
explicit formula used to compute the Hilbert series for the
3HDM. In Sec. IV, we describe the steps involved in
performing this calculation, emphasizing the technical
obstacles that previously prevented its completion and
explaining how each of these challenges can be overcome.
In Sec. V, we present the results of the Hilbert series
calculation.
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We then turn to the explicit construction of the inde-
pendent invariant operators of the 3HDM. In Sec. VI, we
describe our approach and present the calculation of the
lowest-order invariants of the theory. Section VII presents
the resulting basis of invariant operators through cubic
order in the couplings. In Sec. VIII, we apply these results
in a phenomenological context by constructing CP-even
and CP-odd invariants up to quartic order in the field
content. Finally, we close with a discussion of our results.

II. OVERVIEW OF THE 3HDM

The most general renormalizable scalar potential of the
NHDM contains quadratic and quartic terms involving the
N new Higgs fields. It may be written as

Vg = (1) (@7)'®; + 44 ((@F) @y ) ((@7) @) (1)

where the Higgs fields are denoted by ®;, with
i=1,2,...,N. Throughout, the SU(2), gauge indices
are suppressed and we assume SU(2), scalar doublets.
The introduction of these new terms to the Standard Model
Lagrangian induces a global SU(N) symmetry under which
the Higgs fields ®; transform as fundamentals. We have
adopted the convention that fundamental indices are written
with lower indices (subscripts), while antifundamental
indices are written with upper indices (superscripts).
Since the center of SU(N) acts trivially on the gauge-
invariant bilinears (®¥)'®;, the faithful symmetry group is
PSU(N) = SU(N)/Zy. Nevertheless, we will continue to
use the standard SU(N) representation labels when dis-
cussing the representation content of the theory. One may
also note that although the Higgs fields transform in the
fundamental representation of SU(N), the scalar potential
depends only on the gauge-invariant bilinears, which
transform in the representation N® N =168 Adj.
Consequently, questions concerning basis transformations,
symmetries, and basis-invariant observables are naturally
formulated in terms of the singlet and adjoint representa-
tions rather than the Higgs fields themselves.

The NHDM contains (N* 4+ N? + 2)/2 physical param-
eters [74]. Subsequently the 3HDM contains a large
number of free parameters and due to the large gauge
symmetry, this makes the identification of physical observ-
ables particularly nontrivial. All observables must ulti-
mately be expressible in terms of the bilinear parameters
(u?);/ and quartic couplings 4;;*/, subject to invariance
under the global SU(3) flavor symmetry. It is therefore
natural to begin by classifying these parameters according
to their transformation properties under SU(3).

Due to the Hermiticity of the scalar potential and the
symmetry of the quartic interaction under interchange of
the two gauge-invariant bilinears, the couplings yx and A
satisfy the relations

(/‘2)1‘] = ((Hz)ji)*a

Under the SU(3) action, the mass parameters (u?),/ trans-
form in the representation

lijkl = ﬁjilk = (ﬂklij)*' (2)

33=1a8. (3)

The singlet corresponds to the trace component, (u?);!,
while the traceless part transforms in the adjoint
representation.

Since the quartic potential is written in terms of gauge-
invariant bilinears (®")'®;, the SU(2), gauge indices have
already been contracted. The remaining representation-
theoretic analysis therefore concerns only the flavor indices
transforming under SU(3). In order for 4 to satisfy the
required symmetry properties, its irreducible components
must have their fundamental and antifundamental indices
either both symmetrized or both antisymmetrized. If they
are simultaneously symmetrized, the representation is

dip*® - 6®6=108@27. (4)

If they are simultaneously antisymmetrized, the represen-
tation is

il - 3@3=1@8. (5)

Combining the representation content of the bilinear
parameters x° and the quartic couplings A, the scalar
potential is parametrized by

10101H8H8DH 8 27. (6)

We are therefore interested in constructing invariant struc-
tures built from the 8 and 27 representations of SU(3). We
will explicitly construct these representations in Sec. VI but
this is not needed for the calculation of the Hilbert series.
Therefore, we will begin first by constructing the Hilbert
series for this representation content.

III. HILBERT SERIES

In this section, we describe the basic formulas for the
Hilbert series. Our discussion here will be brief and
oriented toward physical applications; one can see
Refs. [58,60,63,64,66] for more detailed treatments of
the Hilbert series.

The Hilbert series is defined as the power series

H(t) = i dyt*, (7)
k=0

where d; is the number of independent invariant operators
at order k£ and ¢ is a fugacity that grades the operators
according to their degree.
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Although the Hilbert series is defined as an infinite
power series, it can in fact be expressed as the power series
expansion about # = 0 of a rational function N(7)/D(t). In
this convention, the Hilbert series is not unique: multiply-
ing both the numerator and denominator by an arbitrary
polynomial in ¢ leaves the power series expansion
unchanged.

To compute the Hilbert series explicitly, one may use a
set of standard results from invariant theory. We state these
formulas here without proof. For a finite group G, the
Hilbert series is given by the Molien formula

|G|Zdet1—

where p(g) denotes the representation of the group element
g acting on the fields. This expression admits a natural
generalization to continuous groups, where the discrete
sum is replaced by an integral over the group,

1
H1) = /c W Gt (1= 1p(g))

where dug is the Haar measure on G. To compute the

integrand one makes use of the Plethystic exponential
which is defined as

where )(r(zj?) is the character of the representation r.

(8)

©)

*re(25)

k

>

k>1

PE[z;,1,r] = exp < (10)

H(s,t,u, au
9) 2m lzi]=1 21

|z2|=1 Z2

Explicitly, for a matrix representation, p, one has

kTr
o (32T

k
) . (1
k=1
For Lie groups, the Haar measure has the form

dZ] dZm < - a+>
u . <
L G= (27i)™ /|Z1 1 /|zm 12 H 111

(12)

1
det(1 - p(g))

where z; are the coordinates of the maximal torus of the
gauge group G, and m and a* are the rank and positive
roots of G, respectively, which exist in the N®N
representation of G [66].

In the 3HDM, as discussed above, the relevant field
content decomposes into four nontrivial SU(3) represen-
tations: three adjoint representations 8 and one 27.
Consequently, the Hilbert series takes the form of a
generating function in four variables, one for each irre-
ducible component. We denote these variables by s, ¢, u,
and ¢, where s, t, and u correspond to the three 8
representations, while g corresponds to the 27. The grading
variables are treated as formal fugacities and, for the
contour-integral representation, are taken inside the
unit disk.

We are interested in polynomial invariants of the 3HDM
couplings under SU(3) basis transformations. The corre-
sponding Hilbert series, which counts independent invari-
ant polynomials, may be written as [58]

The functions PE[z;, 25, 5, 8] and PE[z;, z,, ¢, 27| are calculated to be [58]

<]
22

22
)

PE[z.2,.5.8] = {(1 —s)? (1_S 23

(-

and

PE[z1, 22, ¢,27] = [( q)° (1 - l) (1-— qz2)<

X( p
x(l y

2 (1=

()(

I

2 2
-4
Vé) 71
X PE[ZDZZ,S,S] PE[ZpZz, t, 8] PE[Z1,Z2, 14,8} PE[Z1,22761,27]- (13)
1 D0-2)]
1—s— ) (1 —s5242 l—-s5)(1-—s5-= s 14
2 (1) (1=s2)]
1 2 Z2 2
1—4—) (1—qzlzz)2<1—q—2>
2122 |
2\ 2
3] 1 2.2
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1 3
=gk )0-ad(1-43)
z z
4N -1
Z
-a3) (=) (3
%)

4
2
_2>
2
3

21
X|1—-qg—=%
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The ungraded Hilbert series is recovered by identifying all
grading variables, s =1t=u =g¢g. This specialization
counts invariant operators according only to their total
degree and therefore retains less information than the
multigraded Hilbert series. Nevertheless, the ungraded
Hilbert series remains a useful quantity, as it determines
the total number of independent invariants at each order.
The corresponding integral was evaluated in Ref. [58]. In
addition, Ref. [58] obtained a power-series expansion of the
Molien-Weyl integrand about z; = z, = 0, allowing the
Hilbert series to be determined through low orders in the
couplings. These results provide valuable consistency
checks on the multigraded Hilbert series computed in
the present work.

IV. 3HDM HILBERT SERIES CALCULATION

The evaluation of this contour integral for the Hilbert
series however presents several difficulties. Previous stud-
ies of the 3HDM Hilbert series have been limited either to
local expansions of the integrand or to the computation of
the ungraded Hilbert series [58].

In this section, we describe these difficulties and the
sequence of standard computational techniques used to
overcome them. The methods employed are based on
established tools from Hilbert-series computations, com-
plex analysis, and invariant theory rather than a new
algorithmic framework. Readers interested only in the final
form of the Hilbert series may skip directly to Sec. V.

|

z 2 ZZ 2 1 2
(1=03) (1-02) (1-025)
7 Ve) 2122

A. Issues with the direct computation

A direct evaluation of the integral faces several serious
technical obstacles. First, the integrand typically contains
higher-order poles arising from quadratic factors in the
denominator, such as (1 — gz,2,)%. These lead to poles
whose residues require the evaluation of derivatives and
rapidly become algebraically cumbersome when many
such factors are present. In practice, this already renders
a naive residue computation inefficient and unstable in
symbolic computation software.

A second complication arises from the structure of terms
with quadratic or quartic poles in either z; or z,. Depending
on the order of integration, performing one contour integral
can introduce branch points in the remaining complex
variable, thereby generating branch cuts that obstruct a
straightforward application of the residue theorem. This
complicates the analytic structure of the integrand and
obscures the interpretation of the contour prescription.

Finally, even if one were to formally classify all poles of
the integrand, their number typically grows into the
thousands. Summing the corresponding residues is com-
putationally prohibitive in practice, either in Mathematica
and in numerical or symbolic implementations in
PYTHON [58].

1. Higher-order poles

We first address the higher-order poles. These factors are

2\ 2 27 -1
Z Z

1—612112)2(1—q—2> (1—q—§)] : (16)
Z] Z2

These higher-order poles can be handled by rewriting the expression in terms of derivatives. For example, we can write

(ST
qz% T2 99,09,

(-a3)(-=2)]

(17)

q91749.92—>4

Since we have six higher-order poles, we introduce six variables ¢, ¢,, ..., g¢. These are treated as independent during the
differentiation, a standard technique in complex analysis. After performing the contour integrals, we take the limit in which

all g; are set equal to q.
The Hilbert series can be written as

06 N<Z17Z2)
H(s.t,u,q) = 7%612 dz (18)
04,09, ...0qs "2 D(21. 22050 -0 @) X Devic (2122 9) I B ]
where
I 1-4)(1-2
N(z122) = 1 el Gtk (19)
T PU— P(1—wR(- g i) u |

and the denominator of the integrand has now only simple poles
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6

6 6 6
S () () (W) T

i

2100

1 1 z z
D) = (1=05) 1 =a (103 )1 =aa) (1-02) (1-4). @)
2 2 2 2
Here, we have defined the sets of variables yT={s.t,u,\/q,—\/q. G }- (27)
a ={s.t,u,\/q9.—/q. 91}, (22) Since we are assuming all variables s, f, u, g have
magnitude < 1, variables in the o~ array are the ones which
at = {s,t,u.\/q. —\/q. 2} (23) contribute poles during the z; integration while variables in
the a™ array do not contribute poles.
T = s, t7 u, [ ) ) 24
P { Va:—Va. a5} (24) 2. The partial fraction expansion
T ={s,t,u,\/q. —\/q. 44} (25) Despite the first simplification, the integrand still has too
many poles to be evaluated by symbolic codes. We there-
v~ = {s.t.u./G. /4. q5)}. (26) fore continue the simplification.

We decompose the following functions into partial
fraction form:

6 6 4 6
_ _22 + 41 _ . 22 + 22
A= (- )T D) 3w i 2

i i i=1 LS I i 174
6 1 6 _ 6 1 6 1
B= 1=p— 1=pzz ] =>» Bi———+ > Bf 77—, 29
[H( 2122> H( 122) ; 2122 — i ; Bz -1 (29)
6 Zz 6 z -1 6 Zz 6 Zz
C= 1—y:—2> (1—7?—” =) Cimg——t) Cf—5—, (30)
{H( Zi H 3 ; S Z:,: v -
where
- (a7)°
A7 = —! —, (31)
H](l —q; aj)H]#t(az a])
a )
Al = + _ T (32)

and B, B, C7, and C; can similarly be computed.

This transformation reduces the Hilbert series integrand from an expression that is prohibitively difficult to evaluate to
one that is considerably more tractable. Naively, the computation requires the evaluation and summation of 6 X 6 x 6 x 8§ =
1728 complex contour integrals. However, this number can be reduced by temporarily treating the variables i, g, and y7
as independent dummy variables, which we denote by a, b, and c, respectively.

We then need to calculate eight distinct integrals,

_ (z2)° N(z1.25)
I(a,b,c) = ]{le dz, fTZzll dzz( (33)

Z% - 6122)(2122 - b)(Zl - CZ%) Dcubic(Zl ) Zz) ’
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(22)° N(z1.20)
I,(a,b,c :y{ dz% dz , 34
2( ) |z |=1 ! |za|=1 z(az%_ZZ)(lez_b)(Zl_CZ%)Dcubic(ZleZ) ( )

(22)° N(z1,22)
Is(a,b,c :‘7{ dzj{ dz , 35
4 ) alet S (@ = azo)(bziz — 1)(21 = ¢23) Dewvic(21-22) (35)

3
N )
Ig(a,b,c)—]{ dzlf dz— (z2) (z1,22) (36)
|z1|=1 z2]=1 (ClZl

3. Calculation of residues

Each of these integrands has nine distinct factors and can
now be calculated within the computational powers of
symbolic programs. However, there is still a technical issue
related to the occurrence of poles with square roots of the
second variable.

To see how this problem arises, consider the factors in
the denominator of the integrand in /7,

[(z = az2)(z1 — ez3)] 7" (37)

If the z; contour integral were performed first, these poles
would occur at z; = £,/az,, and would lead to an integral
depending not just on z, but on its square root. This would
introduce an apparent branch cut in the subsequent z,
integration.

To avoid this issue, we first perform a partial fraction
decomposition of the integrand with respect to the variable
71, treating z, as a fixed parameter. This isolates the factor
(z} — az,) into a separate term. For the term containing this
factor, we then evaluate the z, contour integral before
carrying out the z; integration. With this approach, the
integration over z, and the subsequent z; integral can be
evaluated using standard residue techniques without intro-
ducing any branch-cut ambiguities.

A second issue is the appearance of poles involving
ratios of the parameters a, b, ¢, and g. For example, after
performing the first contour integration over z;, we may
obtain new terms in the integrand of the form, for example,
(b* — az3) with poles proportional to expressions such as
b*/a. Ambiguities arise for such poles involving ratios of
variables, such as s/g or ¢/s, and even expressions like
q/q = 1. Since no relative ordering between the variables
is assumed, it is not a priori clear whether such poles
should be enclosed by the integration contour.

Fortunately, we find, both analytically and computation-
ally, that all poles involving ratios of variables cancel in the
full expression for the integrand. As a result, the final
Hilbert series is independent of any arbitrary ordering
among s, f, u, and gq.

- ZZ)(bZIZ2 - 1)(021 - Z%) Dcubic(zl’ Zz) '

[

We can therefore perform the contour integrals over z;,
7, for each I; using Mathematica.

B. Calculation of Hilbert series

Once the integrals I;, ..., I3 have been evaluated, the
Hilbert series can be written as

6
H(s,t,u,q) = Z . Zlijk’ (38)

i=1 j=1 k=1
where the quantities /;;;, are

6
l,, =—(A7B-C. I,(a;7, 57,y
ijk aqlaqzaq()( i 2j vk l(al ﬁ/ yk)—’_

+ABIClIs(a B vi) (39)

q1="=q6=4

For fixed values of i, j, and k, the computation of each
individual /;j is straightforward. Now, however, each I;;;
is of the form /;;; = N,/ D, where both the numerator
and denominator are lengthy expressions. For example, the
denominator of /¢ ¢ contains on the order of 100 factors,
while its expanded numerator contains roughly 10* terms,
with coefficients as large as O(10'?) and monomials of
degree up to O(s’t'u’ ¢°°). This complexity makes sum-
mation over i, j, k computationally difficult.

To address this issue, we first bring the sum of terms to a
common denominator

N
le‘jk == LCM . (40)
ijk DLCM

To compute Dy cy we used the POLYNOMIALLCM func-
tion in Mathematica. Computing Ny, however, poses a
significantly greater challenge. Indeed, one may write

D
NLCM = ZNijk X l;CM (41)
ijk ijk
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=) Ny x Diy, (42)
ijk

where D' ;i 18 obtained by canceling all factors of D, from
Di v, which is always possible since Dy is the least
common multiple of all D,.

Fully expanding each product N, x D i Is computa-
tionally demanding. The expressions D’ i typically contain
hundreds of factors, the maximum powers of s, ¢, u, and ¢
appearing in N ¥ ngk are of order 90, 90, 90, and 300,
respectively, and the integer coefficients in these expan-
sions can reach values as large as O(10%7). Furthermore, at
this stage Nycy and Dycy are not polynomials in ¢, but
rather in /g, due to the dependence introduced by the
arrays defined in Eqgs. (22)—(27).

We found that the most effective way to address
the computational complexity is to stop using symbolic
algebra packages such as Mathematica or PYTHON’s
SYmpy, and instead work directly with coefficient lists
of PYTHON integers. Since the coefficients can exceed
203 —1~9 x 10'8, standard NUMPY INT64 types are insuf-
ficient, and one must instead use arbitrary-precision
PYTHON integers.

Defining Q = /g, we write

Nij = Z Ail,iz,i3,i4silti2ui3Qi4 (43)

i1.i2.i3.0a

where the coefficient tensor A; ; ;. ;, can be computed
directly in Mathematica using the COEFFICIENTLIST
function.

Now, for instance, to multiply N;;, by the first factor
appearing in ngk—such as (—1 + g)—we compute

Nip(=1+q) = —( Z Aj iy iy, S 1 UD Qi“)

i1,00,13,04

Lo 12
+ ( E Ail,izqi3.i4sllﬂzul3Ql4 )

i1.i2.i3.0

This multiplication then reduces to summing two four-
dimensional arrays. This procedure generalizes to all
factors appearing in D ;.

Since each product NijkDij EN;-J-k is a four-dimen-
sional array with dimensions as large as (90, 90, 90, 600)—
corresponding to the maximal exponents of s, #, u, and

\/g—and with integer coefficients reaching values of order

10?7, this procedure consumes a substantial amount of
RAM. Nevertheless, it is still computationally less demand-
ing than manipulating the corresponding polynomials
directly in Mathematica or PYTHON’S SYMPY.

At this stage, the Hilbert series has been written in the
form

H(s. t,1,q) = 2LM (44)
Dycm

where D;cy is the least common multiple of the denom-
inators appearing in the intermediate expressions. However,
Nicm and Dy may still contain common polynomial
factors.

Dividing out all common factors using standard poly-
nomial algorithms in Mathematica or PYTHON would
require writing Nycy explicitly as a polynomial, which
is prohibitively memory intensive. Instead, it is far more
practical to retain Ny ¢y in its coefficient-array representa-
tion and carry out the division directly at the level of arrays
polynomial synthetic division formulas.

For example, consider the factor, (s — #). We first verify
whether this divides N oy by checking whether Ny ¢y = 0
when s = ¢. This can be done straightforwardly at the level
of the coefficient array for Nycy. If Nycy is divisible by
(s — 1), we write

. N .
Niem = Z a;(t,u, Q)s' ﬁ = Z bi(t,u, Q)s".
(45)

One derives

byy=a, bi=aj+1tbiy, (46)

where each a; and b; is a three-dimensional coefficient
array in t, u, and g. The division can then be done directly
by manipulating the coefficient arrays.

Using these methods, we can find an explicit expression
for the Hilbert series after all common factors have been
divided through.

V. RESULTS FOR THE 3HDM HILBERT SERIES

In this section, we present the results of our Hilbert series
calculation for the 3HDM. The computation of the multi-
graded Hilbert series was carried out using several inde-
pendent Mathematica and PYTHON scripts, including the
evaluation of the Molien-Weyl integral, partial-fraction
decomposition, and the subsequent synthetic division used
to obtain the minimal form of the Hilbert series. As these
calculations were performed in multiple stages, an exact
total runtime is difficult to determine. However, the
cumulative runtime was approximately 100 CPU hours.

The calculation required access to a high-memory
computing cluster with 124 GB of RAM. In particular,
several intermediate expressions exceeded the memory
available on standard cloud-computing instances with
51 GB of RAM, preventing the full calculation from being
completed in that environment.
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The Hilbert series can be written as

H(s,t,u,q) :% (47)
where the denominator is
=(1-q)(1+9)P?(1-¢)P (=g (1-¢)'(1-¢°)1-¢")(1-¢°)
(1=gs)(1 = g°s)* (1 = ¢*s)*(1 = 5?)(1 = gs?)*(1 = ¢°s)*(1 = ¢’s%)?
(1=5)(1=gs7)*(1 = ¢’ )(1 = ¢’s*)(1 — gs*)(1 — ¢’s*)
(1=gt)(1 = g*1) (1 = ¢*1)*(1 = s1)*(1 = gs1)*(1 = 1) (1 = gs°1)
(1=2)(1 = qr?)*(1 = )’ (1 = ¢P)*(1 = s2)(1 = gs*) (1 - gs°1*)
(1=) (1 =qr)*(1 - g*P)(1 - ¢’r)(1 - qt*)(1 - g’*)
(1= qu)(1 = ¢?u)*(1 = g*u)*(1 = su)*(1 = gsu)*(1 = s*u)(1 — gs>u)
(1 —tu)?(1 = qtu)*(1 - stu)(l —2u)(1 — qf’u)
(1 =) (1= qu)*(1 = @u?)*(1 = @u?)*(1 — su?)(1 — gsu?)(1 — gs*u?)
(1= 1u?)(1 = qtu?)(1 - qt2 (1 =) = qu?)*(1 - ¢u’)(1 - g*u?)
(1= qu*)(1 - q’u?). (48)

The fully expanded numerator of the multigraded Hilbert series contains 31,689,364 terms and is therefore far too large to
display explicitly. The complete numerator will therefore be made available in an online repository [75]. Here, we present
the first few terms of the numerator. Up to O((stugq)®), the numerator is

N =1+ s*tu+ s*Pu+ s° + s°tu® + 35 tu + s*u® + st?u + st*u® + 3stu + stu’
+ 3stu® + stu — st — su + t*u’ — tu + q — qu — 3qu® — qu — qt — 2qtu
+ 3qtu’® + Tqtu® — 3qt* + 3qt*u + 8qt*u® — qt* + 1qt3u — qs — 2qsu + 3gsu®
+ 7qsu® — 2gst + 10gstu + 20gstu® + 3gst*> + 20gst?u + Tgst’ — 3qs* + 3qs°u
+ 8qs%u® + 3qs*t + 20gs*tu + 8qs*t*> — qs° + 1gsu + 7gs3t — 3¢°u — 2q*u?

+4¢°u — 3¢%t + 4¢*tu + 20g* tu?

+4¢°s —=3q¢°u +9¢°u?
+264¢°st +9¢°s*

The Hilbert series can be expanded as a power series, and
we find that this expansion exactly reproduces the results of
[58]. In addition, ungraded Hilbert series may be obtained by
setting appropriate subsets of the grading variables equal to
one another or to zero. Performing this procedure provides a
further consistency check, and we verify that the resulting
ungraded Hilbert series also agrees with the results of [58].

VL. CALCULATION OF INVARIANTS UP TO O(4%)

We now return to the 3HDM (discussed above in Sec. IT)
and attempt to construct the invariants of this theory. As
described there, physical observables must be polynomials
in the parameters (4?),/ and A;;*' that are invariant under the

—2¢°1* + 20q%u + 4¢*1
+20g%su® + 4q*st + 40q°stu + 20> st>
—2¢°t +264°tu + 9¢°
3¢3 — 4¢* + 10g*u + 10¢*t + 10g*s — ¢> + O((stuq)®). (49)

—3q¢%s +4¢*su
—2¢%s* + 20g%s%u + 20g*s*t
—2¢°s +26¢°su

I
SU(3) group of field redefinitions. Consequently, the
problem of identifying physical observables reduces to
determining all polynomial combinations of these param-
eters that remain invariant under this symmetry.

Recall, under the SU(3) action, the mass parameters
(u?);/ transform in the representation

33=1a8. (50)
Explicitly, these are the SU(3) singlet

det(u?) = i 1343 (51)
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as well as an SU(3) adjoint

Z(Mz)kkaij~ (52)
k

W | =

(Vl)ij = (ﬂz)ij -

;! contains two adjoints; these are

) |
(VK= (M8 +2%80) =3 D (an™ + Aun™ )5

Lj n,m
(53)
|

| .
(V(3))mn = Z’Iijkl(':klme”n _g Z lijkleklpeupémn (54)
ij.k.l i.j.klp

and the remaining components are organized into a trace-
less W;;*! in the 27 of SU(3),

1 1
Wil = 24 4+ M+ %0 Z(ﬂmnm" + A ) (8461 + 8;4671) — 52((/1111"1( + 2" )8} A (A + 281

m,n

+ (iinnl + ﬂinln)éjk + (j'jnnl + ljnln)éik)'

We now look for combinations of these parameters
which are invariant under the symmetry. The number of
independent invariants grows rapidly with the degree of the
operator. We therefore restrict our explicit classification to
invariants containing up to three quartic couplings, O(4?).
This already yields a substantial set of independent invar-
iants and is sufficient to illustrate the structure of the
invariant ring. (For the special case of invariants containing
no 27 fields, we extend the analysis to arbitrary order in the
quartic coupling 4.) A complete classification of the full
invariant basis is left for future work.

Unlike the quartic couplings, however, we do not impose
any restriction on the number of mass insertions.
Consequently, the invariants may contain arbitrary powers
of the mass parameters. In our case, the masses are in a
1 ® 8 of SU(3). The 1 is an invariant by itself, and can be
factored out of any invariants in which it occurs; however,
the 8 cannot be treated so easily. Invariants may a priori
contain several factors of the 8.

To find these invariants, we use a method motivated
by the background field approaches in field
theory [69,70].

A. The background field approach

We move to the mass basis, where the mass terms are
diagonal

uh 00
w=10 uho 0| (56)
0 0 uj

We assume a generic point in parameter space with non-
degenerate masses. This may be viewed as choosing a

n

(55)

representative on a generic SU(3) orbit, or equivalently as
turning on background values for the singlet and adjoint
components of the mass matrix.

For a generic diagonal mass matrix, the subgroup of
SU(3) which leaves the background invariant is the
maximal torus U(1), x U(1),, generated by

00 0 2 0 0
f=lo1 o, #=|l0 10| (57
00 -1 0 0 1

We denote the Abelian symmetries generated by ¢ and 8
as U(1), and U(1),, respectively.

The invariants of the theory, which were originally
polynomials in (4*),/ and A, invariant under SU(3),
now just become polynomials in A;*' which are invariant
under the residual U(1), x U(1), symmetry. We shall refer
to these below as the U(1); x U(1), invariants.

B. The U(1); x U(1), invariants

To find these invariants, we first find the charges of the
components of A;*/. These are summarized in the table
below. The first column lists all distinct U(1); x U(1),
charges, while the second column indicates the correspond-
ing field components that carry each charge.

In each case, we have eliminated components which are
constrained. For example, since the adjoint is traceless, we
must have (V/),! + (V)2 + (V!);3 = 0; we can eliminate
(V1);® in favor of the other fields. Similarly, we can
eliminate components of W with both a fundamental 3
index as well as an antifundamental 3 index.

It is now straightforward to find combinations of these
parameters which are invariant under the residual
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U(1), x U(1),

charge Field(s)

Osp Wy ¥

03, W'

03y Wi, ¥

(%) W'

020 W3, Wy, (V2),3, (V3),?
022 L4Th

01 W', Wy'2, (V2),!, (V?),!
Q11 Wi B, Wi, (V)3 (V3))°
Qo2 Wos'!

Qoo Wit W2, W22, (V2), 1 (V3), 1, (V2),2,

(V?),?

Qo TR

01 Wiz, Wys'2, (V2)5!, (V?)s!
O 1. Wi, Wi, (V)2 (V3),2
0> W'

0.9 W32, Wy, (V2)32, (V3)32
0.5 W2

0.3, Wis'2

0.3 W3

O_40 W32

symmetry. These U(1), x U(1),-invariant polynomials are
listed in the Appendix.

C. 3HDM matching

The U(1), x U(1), invariants are in fact a complete set
of invariants of the 3HDM. However, they are written in a
form that is basis dependent, since we have treated the mass
terms as a background field breaking the symmetry.
We will now find the invariants with full SU(3) symmetry,
which is done by combining the U(1), x U(1),-invariant
polynomials listed in the Appendix with powers of the
masses.

As a first illustrative example, consider the components
(V?),' and (V?),%, which are completely invariant
under U(1), x U(1),. These objects correspond to O(1)
invariants of the theory. They must correspond to
SU(3)-invariant contractions involving a single V?
multiplying an arbitrary number of V! insertions (recall
that we have denoted the adjoint in the mass terms
as V1.

A natural guess for such invariants includes

12 = Tr(VV2), (58)
M2 = Tr(VIVIV?), (59)

In fact, these two structures are sufficient. Explicitly, if
one now treats the mass terms as being the background
value, Eq. (56), then one finds

(VZ)II _ 2/‘%1 —/4%2 —ﬂ§3 121
= 1
6(/4%1 _ﬂ%Z)(/‘%l _ﬂ§3)
2 211
- L, (60)
3(#%1 - :“%2)(/4%1 —ﬂ§3) g
(V2),2 = /2‘%1 - 3/4%2 ;“M%3 S
6(/411 _sz)(ﬂn _,“33)
2
Lhtoo(61)

3(#%1 _ﬂ%2)(ﬂ%1 —ﬂ§3)
Hence the two invariants (V?),! and (V?),? arise from
the two invariants I'2 7'12 Tt will turn out to be

convenient to keep the flavor structure more general.
That is, we will take the invariants to be

1 = Tr(VIVY), (62)
1K = Tr(VIVIVE), (63)

where I, J, K =1, 2, 3.

We can extend this procedure to invariants involving the
27 representation. As an example, consider the components
Wi ', Wi,'2, and W,,?2, which are completely invariant
under the residual U(1), x U(1), symmetry. They must
correspond to SU(3)-invariant contractions involving a
single W multiplying an arbitrary number of V! insertions.

We can write several candidate SU(3) invariants involv-
ing a single W and up to four factors of V':

Iy = W i(VvhH A (v (64)
I = W (VivhAovh (65)
I3 = W n(VIvhAvivh (66)
Iy =Wy (V) (vIvivh L (67)

Since there are only three independent U(1), x U(1),
invariants in this sector, one of the above structures must
be linearly dependent on the others.

These invariants can be evaluated straightforwardly once
V! is assigned its background value. For example, one finds

Iy = (ufy — p33) Wi+ 2(ut, — u33) (43, — 133)
X Win'? + (3, — pu33)* W™, (68)

Analogous expressions may be obtained for I,, /5, and 1.
One then finds that /;, I,, and /5 are linearly independent,
while

I, = Tr(VVHI, (69)

and is therefore not an independent invariant.
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This procedure can be automated efficiently using
Mathematica. For each set of proposed basis invariants,
we use NULLSPACE to determine the dimension of the space
they generate, and SUBSPACEBASIS to extract a linearly
independent set spanning that space. Repeating this process
allows one to systematically construct a basis of indepen-
dent SU(3) invariants that reproduces all U(1); x U(1),
invariants. The results are listed in Sec. VII.

VII. RESULTS

By applying the method described in Sec. VI C, we find all
SU(3) invariants that are required to reproduce the list of
invariants in the Appendix. This is therefore a full set of
invariants for the 3HDM up to cubic order in the couplings. In
the special case of invariants containing no 27 fields, the results
are obtained to arbitrary order in the quartic coupling 4. It is
organized by the number of W followed by the number of V.

3HDM invariants

Zero 27, two 8
Zero 27, three 8

Zero 27, four 8

Zero 27, five 8

Zero 27, six 8
One 27, two 8
One 27, three 8
One 27, four 8

One 27, five 8

One 27, six 8

One 27, seven 8
Two 27, zero 8
Two 27, one 8
Two 27, two 8

Two 27, three 8

Two 27, four 8

Tr(VIVY)
Tr(VIV/VK)
Tr([VIV/ VK])
Tr([VIV/][VEVE])
Te([VI VI VE]VE)
Tr([VIV/VEVEVM)
Tr([VIV/ VK| [VEVM))
Tr([VIV/][VEVE][VMVN])
WiV (V)Y
ijkl(vlv])ki(vl()lj
Wijkl(V[VJVK)ki(VL)[j
Wijkl(vlvl)ki(vaL)lj
W VIV VRV (VM)
W,'jkl(VIVJVK)kl (vaM)lj
Wijkl(VlvvivL)ki(VMvN)lj
Wijkl(VlvvivaM)ki(VN)lj
W,'jkl(V[VJVKVLVM)ki(VNVO)[j
Wijleklij
Wi KWy (V)P
Wijka kaij(vl VJ)ab
Wi, Wi (V1) P (V)
WibakadCi(VIVJ)ab(VK)cd
Wfbakwkdce(Vl)ab(vJ)Cd(VK)ef
Wap Wi (V) (V) A (VE)
Wijkakaij(VIVJVK)uh
W W e (VIVY) L (VE) A (VE)

e

W Wigce (V1) P (VIVE) 4(vE),

thacWbdeg(vl)ab(VJ)('d(VK)ef(VL)gh
WfbagthCE(Vl)ab(Vj)cd(VK)ef(VL)gh
Wijkawbkij(vlevaL)ab
WibakadCi(VIVJVK)ah(VL)Cd
W Wi (V)P (V)) A (VEVE)
deEkafaC(VI)ab(VJVK)cd(VL)ef
W W2 (V) b (VT) A (vEvE)

(Table continued)
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(Continued)

3HDM invariants

Two 27, five 8

Two 27, six 8

Two 27, seven 8

Two 27, eight 8
Three 27, zero 8

Three 27, one 8

Three 27, two 8

Three 27, three 8

Wi Wi (VIV7) P (VEVE), )
Wfbakadce(VIVJ) PVE)A(VEVM),
Wi Wi (V) (VIVE) A(VEVM)
Wap Wi, (VIVT) P (VEVE) 4(VM),
WibakadCi(VlVJVK)ab(VLVM)C
W W (VIVIVE) B(VE) (V) 1
Wj_bakadce(Vl) b(VvivL) d(VM) f
thakadce(Vlvl) (VKvL) (VMVN)
thacwde_(](Vlvf)a (VKVL)C (VM)ef(vN)gh
Wfbagthce(Vlvj)ab(VK)cd(VLVM)ef(VN)gh
Wfbakadce(Vlv.vi)ab(VL)cd(VMvN J
Wi Wi (VIVIVE) P (VEVY) (Vv
Wfbakad e(Vlvl)ab(VKvaM) ( N
Wfbakad(c(VI)ab(VvivL) (VMVN
Wbdekafac(Vle) (VKVL) (VMVN)
W W (VIVY) P (VEVE) A (V) (V)
Wfbakadce(Vlvij)ab(VLvM)Cd(VNvO)ef
Wfbakadce(V[VJ)ab(VKVLVM)Cd(VNVO)ef
W W (VIVIVE) P(VEVI) (V) S (V) !
W IW e (VIV) P (VEVE) A(VHMVR) 1 (ve) !
thacWbdeg(vlvl)ab(VkvL)Cd(VMvN)ef'(V0vP)gh
WijleklabWahij
W”lek ilebja
Wzbaka lmW U(V[
WKW, ‘"Wkl’m(Vl
Wi MW 4 W (VD P (V7).
Wi W ;Wi (V1) P (V)
Wi W W (V) P (V)
Wi W Wy (V) (V).
W, kaWbddel”(V’) b(v7)
(V)a"(V)
(V)" (V7).
(V1" (V7).
JY b

( M

e

).’
"
)
)

e

f
f
f

)a
)a”

a

Wbd Wk a/Wl ci VI

Wi W g "W e (V!

W, o Wkdl]Wl ai VI

Wy MWW (VIVY)

Wible;daCWklU(V[) (v
i b

J

=T

B T

(Table continued)
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(Continued)

3HDM invariants

Three 27, four 8

Three 27, five 8

Three 27, six 8

WibaijdCkalij(Vl V]) b(V] Vl)
Wibkledachlij(Vlvl) (VKVL) d
WfbaCWidleklei(vl) PVIVE) A(VE)
W Wi W 0 (VIV) B (VE) A(VE)
)e
e

e
e
thleW acwﬂtj(vl) b(VJ) d(VKVL
Wi W, “sz”(VIVJ LV AV

e

f
f
S
S

Wi WM Wyes (V) (V) A(VE) S (VE) )
W% W gy W9 (V1) D (V1) (V) F (VE
Wg“ Wiy KW, 9 (VD) P (V) 4 (VE) J (VE
Wbdgveakah i VI ab VJ Cd(vl()ef(vL
Wbdmwf GW I (VD) (V) A(VE) J (VE
Wpa" Wf gth TV, Ld(VK) !

Wi Wy W, 0V 5 V)

Wi W "W yo (V) P (VIVE) 4 (vE )
Wia®W i W9 (V1) B( ( )
Wpa® W, 9K W g, @ (V1) B ( ( )
Wia® W ip W (V) P (VIVE) A(VE) S (VM)
Wi W Wy, (V) P ( ( )
WbdainjegWh (v, ( )
W™ W g TW 9V A )
Wbdefh”W % ) (
Wia“W W 91 (V!
Wia“W W o (V!
WbdenghaijkCi (
WidW g KW e (
WbdainthWj eg(vl

I( ) /
W AU (V) (VS Y

Wi, “ W MWy (VIvY) P (VvEVE) 4(

Wlbac jfedekzj(Vle)ah(VKvL) (VMVL) f
W, W g MW o(VIVY) P(VEVE) A(vM) 1 (VN)
W W g, MW o(VIVY) P(VEVE) d(vM) 1 (VN) B
Wpg“ Wi W g, (VIVY) P (VEVE) 4(vM), (VN)

Ky d

o o

a

Wid“W g W 9 (VIVY) P (VE) A(VE) (VM) (VN)

WbdavethijC’(VIVJ)ab(VK)cd(VL)ef(VM)gh(VN)ij
Wid W g™ W 3 (VIVD) P (VE) A(VE) S (VM) (V)
Wid W g W e (VIVY) P(VE) A(VE) J (VM) F(VN)
Wg“ W gy KW 0 (VIVY) P (VE) A(VE) S (VM) f(VN)
W' W, KW 9 (VIVY) P (VE) A(VE) J (VM) h(VN)

(Table continued)
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(Continued)

3HDM invariants

W W W (V1) (V) VRV (V) (V) )
Wi *W W 9(V1),, (VJ) 4V S(Vvh), (VM) (v,

Wap' W gy W 9 (V) P (V) A (VE) S (VE) (VM) (V)
Three 27, seven 8 W W g KW o (V1) P (VI VE) A(VEVM) F(VNYO)
W W W, (V) (V) AV S ()
W™ W€ Wi PV LVIVE) A(VEVM) F(VNVO)
Wbd“'th V)P (VIVE) d(VEVM) (VN YO) i
W' W W ( D (VIVE)AWVE) S (V) (VYY) (VO),!
Wid' W oy W 9(V1) P (V) A(VEVE) S (VM) (V) (VO), !

Three 27, eight 8

Three 27, nine 8

Wbdalwfhclw eq(vlv]) (VKVL) d(v
deuwfhakw cq(v[ J
Wbdatthckijeg(VIvJ)gb(vaL)gd(va) (VOVP)

M) (vovE),
V!
"(vO)/

)" (VEVE) (V) S (V) (v

g

VIII. CP PROPERTIES OF THE INVARIANTS

As a first application of our results, we investigate the CP
properties of the invariants appearing in the 3HDM. In
particular, we classify the invariants into CP-even and
CP-odd combinations. This classification is purely alge-
braic: it refers to the transformation of the invariant poly-
nomials under the CP transformation, rather than by itself
implying the presence of physical CP violation. We first
carry out this analysis in the U(1); x U(1), basis obtained
after gauge fixing, where the CP transformation properties
are particularly transparent. We then use these results to
determine the corresponding CP-even and CP-odd invar-
iants of the full SU(3) theory. We carry out this analysis for
the invariants identified up to four fields. A complete classi-
fication of CP-even and CP-odd invariants is left for future
work, together with a determination of the full invariant ring.

A. CP building blocks

Following [60], we begin with the most general CP
transformation acting on the Higgs fields. Suppressing the
SU(2), indices, the transformation takes the form

o, < (o) [U7] )/, (70)
(@) U]/, (71)

where U is a unitary matrix acting in flavor space.

To determine the transformation properties of the mass
coupling, consider

. CcP [T
);'®;i = [U"]; DAl (72)

(@) (u? o (u?) (@

= (@) [UT];' (), [U"] (@), (73)
= (@)/([UT](u)"[U"]) . (74)

Hence,
cp y
(1?) = (UT(*)"U"). (75)
Similarly, for the quartic coupling, one obtains
2 S OO ), (U U7, (76)

Restricting ourselves to CP transformations of order 2,
one may always choose a basis in flavor space in which

Ul. (77)

Working in such a basis, the transformation properties of
the coupling tensors simplify to

W) L) = (1)), (78)
Aijkl Cj /Iklij = (A*)ijkl7 (79)

where the final equalities follow from Hermiticity.

Using the definitions of the adjoint fields and the 27 in
terms of y? and /, it is straightforward to show that CP acts
on the irreducible SU(3) building blocks by exchanging
fundamental and antifundamental flavor indices. The
resulting transformation properties are

(Vi L vh i, (80)

cp
Wi = W, (81)

Consequently, determining the CP properties of an
invariant reduces to studying how it transforms under
the exchange of upper and lower flavor indices.
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As a simple example, consider the invariant
W,»jlekiV,j. (82)

Since all fundamental and antifundamental indices are
contracted pairwise, this object is invariant under the
exchange of upper and lower indices and is therefore
CP even.

More generally, however, tensor structures need not
possess this symmetry. For example,

WKW W (v (V) 4 (83)

is not manifestly invariant under the exchange of funda-
mental and antifundamental indices. Such structures are
therefore not necessarily CP even by themselves and may
instead be combined to form either CP-even or CP-odd
invariants.

B. CP on U(1), x U(1), invariants

It is often more convenient to determine the CP proper-
ties of invariants using the U(1), x U(1), building blocks
introduced in Sec. VI B. Before doing so, we must verify
that the gauge fixing used to obtain these building blocks

(vhy S vnT = (v (84)

the chosen vacuum configuration is CP invariant, as (V') is
diagonal.

Since the gauge fixing preserves CP, the CP properties
of the U(1), x U(1), invariants may be used to determine
the CP properties of the corresponding 3HDM invariants. If
aU(1),; x U(1), field component carries charge Q, ,,, CP
acts by exchanging all fundamental and antifundamental
indices. Consequently,

CP
quslh - Q“I]-“Zz' (85)

We first consider invariants quadratic in the field content.
Such invariants must be of the form

quv‘h Q“]h—qz’ (86)

in order to be neutral under U(1), x U(1),. In some cases
the field components associated with the charges Q,, ,, and
0_, -4, are already related by CP. An example is

2\ 1(12) 2
does not itself break CP. Since (V)21 (V2),2, (87)
U(1); x U(1), invariant A I
Q—l-—lQl»l (V(I)LZ(VJ))zl (V[I)lz(vj])zl
Wi''(V1), 2 + Wy 12(V1),! Wip''(V1), 2 = Wy 12 (V),!
Wy 2(VI)2 4 W2 (V1),! Wy2(V1),2 = w2 (V!
W1112W22121;r W112122W1211 W11]2W2212 _ W1222W12”
Wi Wi,
W1222W2212
01101 (VI3 (v, (VI 2 (v,
Wi (V)2 + Wy B(V),! Wi (V)2 = Wy B(V),!
Wys2(V1)? + W2 (V! Wos2(V1)2 = WP (V!
W” 13W23121j W]2123W13ll W||13W2312 _ W1223W|3“
Wi Bws!t
WinBWas'2
QZ-OQ—ZO (V(1)23(VJ))32 (V[1)23(V”)32
Wi3'2(V1),? + Wi B (V)52 Wi3'2(V1),? = Wi B (V)52
Wa2(V1),? + Wy (V),? Wy2(V1),? = Wy (V)52
W1213W23221j— W212223W1312 W1213W2322 _ W2223W13 12
Wi Wis
W2223W2322
03103, W32 Wy, 13
05,05, W, 2 Wyl
Q02002 Wi 2 Wyt
05,05, Wi B3 Wit
03103, WP Wi, '2
0400_40 Wy Wi?
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which is manifestly CP even. In general, however, the two
field components need not be CP conjugates of one
another. Examples include

WipW ™, W' (V2),2 (88)
In such cases, CP-even and CP-odd invariants are obtained
by taking the symmetric and antisymmetric combinations,
respectively.

We therefore define the quadratic CP-even and CP-odd
invariants

1 J
I{QLJ - le,’lz Q_)’Il’_ql’ (89)
ILJ - Q£111 42 Qi]‘/l s—q2> (90)

where Q; ..q, denotes any field component carrying charge
(q1,g2). We list out all of these invariants below.

The case of U(1), x U(1), invariants involving three or
more fields is slightly different. Consider an invariant

constructed from field components with charges
Qq{,qé T Qq?-qS’ (91)

where

n

> (di.4b) = (0,0). (92)

i=1

For an independent invariant, no charge Q, ,, can appear
simultaneously with its conjugate charge Q_, _,,. Indeed, if
both charges were present, the invariant would factorize as

Q¢11J]2 Q—fhs—lh (93)

times a lower-order U(1), x U(1), invariant and would
therefore not be independent.

Consequently, under CP the invariant is mapped to a
distinct invariant obtained by reversing the sign of every
charge,

cp
Qq}qé Qg — Q—q},—qé L R (94)

CP-even and CP-odd combinations are therefore obtained by
taking the symmetric and antisymmetric linear combinations

I+ = Qq},qé"'Qqﬁ'yq; + Q_qi’_‘lé . ...Q_qqzv_qg, (95)

I_ - QQ}JA .. .quli_q; - Q“{L"]é .. .Q_qul’_qg . (96)
One can build all CP-even and CP-odd U(1), x U(1),
invariants by utilizing the tables listed in the Appendix.

Having classified the U(1), x U(1), invariants, the CP
properties of the corresponding 3HDM invariants may then
be determined either by matching them to the U(1), x
U(1), basis, as described in Sec. VI C, or directly from the
transformation properties

(V1) (v i, (97)

WM Wi (98)

ij

under CP.

Field content

CP-even invariants 7

CP-odd invariants Z _

Zero 27, two 8
Zero 27, three 8
Zero 27, four 8
Zero 27, five 8
Zero 27, six 8
One 27, two 8
One 27, three 8
Two 27, zero 8
Two 27, one 8
Two 27, two 8

Three 27, zero 8

Three 27, one 8

Tr(VIVY)
Tr(VUV/VE))
Tr(VIV/IyIKyL)
Tr([V/V/ VK] [VEVM])

WMV, (V7))
Wik VIV (VE)
Wijlek]ij
Wik Wy (v,
Wijka ka‘ij(v(l vl) )ab
Wi Wi (V)P (V7).
WKW W 1
WKW, P Wi
WibakajlW‘t Wmllj (Vl)ab
Wbikl ijm Wkljm (Vl)ub

Tr(VIV/ VK]
Tr(VIV/VKIVL)
Tr([VIV/ VK| (LyM)
Tr([VIV/][VEVE[VMVN])

Wijkl(V[[Vj])ki(VK)zj

Wijka kaij(v[l VJ] )ab
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We carried out this procedure for all independent invar-
iants we discovered involving up to four fields. In the special
case of invariants involving no 27 fields, i.e. only 8 fields, we
applied the analysis to all the invariants. The resulting
CP-even and CP-odd invariants are summarized below.
For invariants involving four or more fields, CP-even and
CP-odd combinations may similarly be constructed by
symmetrizing and antisymmetrizing invariants related by
CP. A complete classification of all CP-even and CP-odd
3HDM invariants is left for future work.

IX. CONCLUSION

In this work, we have studied aspects of the invariant
structure of the 3HDM.

In the first place, we have computed the complete Hilbert
series of the 3HDM. Owing to the size of the 3HDM
Hilbert series, standard computational techniques were
insufficient, requiring the development of alternative meth-
ods to render the calculation tractable. We expect that these
techniques will be useful more generally for the study of
large Hilbert series arising in other models with extended
scalar sectors or nontrivial flavor symmetries.

Secondly, we have presented an approach to a systematic
classification of invariant operators built from the param-
eters of the 3HDM. Using these methods, we explicitly
constructed a basis of independent invariant operators up to
O(2%) in the quartic coupling. However, in the special case
of invariants containing no 27 fields, the results are
obtained to arbitrary order in the quartic coupling A.
While the complete classification of invariants at arbitrary
order is straightforward, the operators identified here are
expected to already capture the most phenomenologically
relevant structures. In particular, they provide the necessary
building blocks for the applications in 3HDM phenom-
enology and model building at low order in A.

Finally, we applied our basis of invariant operators to begin
the construction of CP-even and CP-odd invariants. We
explicitly constructed C P-even and CP-odd combinations for
invariants involving up to four fields and described how this
procedure naturally extends to invariants of higher degree.

Several directions for future work naturally follow from
our analysis. Firstly, one important extension would be the
systematic construction of higher-order invariant operators
beyond O(4%), which would further clarify the structure of
the invariant ring of the 3HDM. We estimate there are
roughly over 2000 more independent U(1); x U(1),
invariants to arbitrary order in A.

An important remaining problem is the determination of
the syzygies among the generators of the invariant ring.
While the Hilbert series determines the counting of
independent invariants and our explicit construction pro-
vides a basis through O(4%), the syzygies are required for a
complete description of the invariant ring. Determining
these relations would therefore be a necessary step toward a

full characterization of the 3HDM parameter space in terms
of basis-invariant quantities.

Another interesting direction would be to search for a
more transparent or compact representation of the invariant
operators identified here, which in their current form are
somewhat cumbersome. It would be useful to discover a
more efficient method for representing these invariants.

The invariant operators identified in this work may also
serve as useful inputs for phenomenological studies of CP
violation, vacuum structure, and dark matter candidates in
the 3HDM. These invariants provide a basis-independent
way to characterize the scalar sector of the 3HDM and can be
used to identify physically distinct regions of parameter
space. In particular, they may be employed to construct CP-
odd invariants to search for explicit or spontaneous CP
violation, as well as to study the symmetry structure of the
scalar potential in a basis-independent manner. We have
initiated this program in the present work; however, it would
be interesting to determine whether a general criterion exists
for identifying a priori whether a given invariant operator is
CP-even or CP-odd. Such tools are particularly valuable
when exploring the large parameter space of multi-Higgs
models. We hope to report on these in future work.

Finally, it would also be interesting to apply the tech-
niques developed here to other multi-Higgs models, includ-
ing general N-Higgs-doublet models with N > 3, where the
complexity of the invariant structure grows rapidly.

ACKNOWLEDGMENTS
This work was supported in part by NSF PHY-2210283.

DATA AVAILABILITY

The expanded numerator of the multigraded Hilbert
series is publicly available [75].

APPENDIX

Here we list all U(1), x U(1), invariants up to O(4°).
The left column shows the charges of the fields, while the
right column lists the corresponding invariant combinations
of fields. Note that the A* invariants consist of products of
three fields. From the table of U(1), x U(1), charges, there
is a symmetry between Q, ., and O_, _, , which corre-
sponds to replacing the fundamental indices of the fields
with their antifundamental indices, and vice versa.

We next list the remaining U(1), x U(1), invariants
to arbitrary order in A. To conserve space, these invariants
are presented only in terms of their field charges rather
than the corresponding field components. Furthermore, we
list only one representative from each pair of invariants
related by the transformation Q, ,, — Q_, _,,. The omit-
ted invariants are obtained by applying this transformation
to every factor appearing in the listed invariant.
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Charges U(1), x U(1), invariants
Qo0 (v

0_1-101. (Vh,2(v7),!

01101 (VH 2 (v7)!

050020 (V1) (V)52

03103, W32 Wyt
052022 Wi 2wy
00,2002 Wi P W't
0> 2025 Wi B Wy
03103, WP Wy
0400940 WP Wy

(Table continued)
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(Continued)

Charges U(1), x U(1), invariants

0110110920, O-1,10-1-1020 (VD2 V)N (VE)2, (V)N (VY) 2(VE),)?
Wi 2(V) 3 (V) wipB(vh)sH(v7),?
Was2 (V) 3 (V7),E WP (V)3 H(V),2
WiV 3 (V)32 Wi 2 (Vv H(V7),?

Q—l,—l QS,I Q—Z.O’ Ql,l Q—3,—] QZ.O

Q0201109-1.1> Q0201101 -1

Wi 2w B (V5!
Wiy Wy (VI)s!
W2 (Vv H(V),?
WiR2W B (V!
W REWRB (V!
w
w
w

VD2V,

W1211W1312W“13 W1112W1213W1311
W1211W2322W1113 W1112W2223W13“
Wi BWy2(V),2 Wit w2 (V)3
W2212W1312W1113 W1222W1213W13“
W P W 2W 13 W2 Wy, B W5
W1223(V1)21(V‘/)32 W2312(V1)|2(Vj)23
WP Wi (V) Wy 2w, B (vE), 2
WP Wy (VD! Wy 2 W2 (V)2
WiRBWiH (V)32 Wy2Wy 12V,
W1211W1312W1223 W1112W1213W2312
W1211W2322W1223 W1112W2223W2312
WP W' 2(V1)32 Wy 2W 2 (V)3
W2212W1312W1223 W1222W1213W2312
Wy 2Wps2Wn 3 Wi Wy P Wos 2
W3 (V1) 2(V7)32 Wiz (VD)1 (V),?
W BW 32 (V1) 2 Wis2 W, B3 (vl),!
Wy BWys?2 (V1) 2 W2 W2 (V]),!
Wi 2Wy 3 (V)32 Wit w322 (v7),?
W2213W1312W”12 W1322W|213W12“
W2213W2322W“12 W1322W2223W1211
W]222W2213(V1)32 W2212W1322(V1)23
Wy BWi32W 02 W2 Wi B Wy, 2
W2213W2322W1222 W1322W2223W2212
Wi B (V) (V)3 Wyt (vl 2 (V7))
Wi BWistt (v, Wy tw B(v),2
Wi B W2 (V) Wyt 2 (V)2
W]123W1211(V1)31 W2311W1112(V1)13
W12”W1311W1123 W1112W1113W2311
W1211W2312W1|23 W1112W|223W23“
Wi B W2V Wyt w2 (V) 3
W2212W1311W1123 W1222W1113W2311
W22]2W2312W1123 W1222W1223W23”
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(Continued)

Charges

1), invariants

050011031, 0200-1103-1

040020020 040020020

052011011 02201 -10-1 4

05:01-101-1 @2, 201101,

050031011, @2203_101

02031011, 02 203,01

Q020220 20, Q02022020

Ql.—1Q3$lQ—4,03 Q71.1Q73,71Q4,0

Q2.—2 Q04,2 Q—Z,O’ Q—2.2 QOA,—Z Q2,0

031011040, Q-310-1-10Q40

QO.—2 Q34,l Q—3,l > Q0.2 Q—34,—l Q3,—l
Q2.—2 Q24,2 Q—4,0’ Q—2.2 Q—2,—2 Q4,0

W32 (V)3 (V7))
W32 Wi, B3 (V)3

W2 (v, (V)
W 2w (V!
Wi 2 W2 (VE),!
W1211W12“W1122
W1211W2212W”22
W2212W2212W1122

Wit (V)2 (V)
Wyt B(vh),?
Wy 'wp B (v,
W1113W1113w3311
W| . 13W1223W33“
W1223W1223w3311
Wi 2 W, B (VE),!
Wy Bwttwy 2
W BWy 2w 22
Wi W, (V)2

By 220 |
Wi Wis™ (V)
iy 2y 33
Wi W™ Wy,
2w, 2w 33
W W33 Wi,

13 12 23
Wo P Wi “Wyy

11 22 33
Wa ' Wiz Wy,

WiRB (V2 (VY),!
Wi WP (V)2
Wy 2W 3 (V)52
Wi 2W 3 (V5!
W1311 W1233W1312
W2312W1233W1312

3 W2322W1233(V1)31

WyB(V1)2(V7),2
Wy W312(V1),2

23 WP Wy (V1)5?

W1312W13]2W2233
W13 12W2322W2233
W2322 W2322 W2233
Wy '(V1), 2(V7),2
Wa'tWy 12(V),2
Wo''W 2 (V)2
Wi 2w Bwo, !
Wi 2W 2 W,
Wi W2 Wy, !t
Wi B (v (V7))
Wi B Wit (V5!
Wi B W2 (v,
Wi wisttwy, 3
Wi Wy 2w 33
W32 Wos 12wy, 33
Wy''w322 (V1)
W2 Wy By,
W2 W B Wy,
Wi B w2 (v,

Wyt 22(v7),3

; 2y 1By 1l
Wi=Wi " Was

; T R
Wi W= W

Wi Wy (V1)
W1322W2233W1311

: 2y 3By 12
Wiz W™ Was

Witw B (v,

: By 13y il
W= Wi "W

By By 11
W= Wy~ Wi
2w 33(y0 2
Wi 2 Wy (V1)
2w 3B 12
Wi Wy Was
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00HU(1), x U(1), invariants

(Q0-2)*0220-55
00.-2(01.1)*0-29
05 200,01 103,
(01-1)%0110-3,
05000-201,10-3
0.1-10-31(020)*
0_400200-1-103,
05 5(031)*0Q-40
01-103,10-110-3,
0400>2(0-31)*

00202203101,
002031011020
05203103100
07002203103,
0-5205,(020)*
04002000202,
040020011011
002031011040
04002 2(0-11)*
031031040020

00202201103,
072002031011
(0-1-1)%03.10-1,
050Q0-2(0-1.1)*
0.3.10-11(020)*
040020022002
0_4002003-10-1.1
0>5(011)*0-40
04000201103,

OP)U(1), x U(1), invariants

(Q0.-2)*022(0-11)*
00-2(011)°0-3-
01103100 2(0-1,)?
0.520520,00-1-103,
0020-110-31(029)*
0-3-1(0-11)*02005-1
0-40(Q0-2)*(022)*
0-40(0-1-1)*(Q31)*
0_40(01-1)*(Q11)*
0-4002000-2(011)*
0-40002(01-1)*02p
052(0-1-1)*(Q20)*
(0-22)*(031)* 022
01-1031022(0-31)*
0720310110-400-20
0310310400020 -22
0720310110400 -20

(Q0.-2)%0220110-3,
(Q0-2)*0310-110-2,
01-1(011)*Q02031
0.5505207003-10-1,
0> 2(0-31)%(Q20)*
0_1-10-3102002 2002
0-40(02-2)*(Q02)*
0_4001-101,100-2022
0 4003-10-11002022
0_400200020310-1.1
0_4000203-10-1-1020
0020-1-10-3-1(020)*
0.55(051)*0-1-10-3,
0_3-10-31(029)°
03_103105205,000
03.10310-400-1-10-1.1
05 5(0-31)*(Qa)*

(00.-2)*(01.1)* Q0
0720310310220
03-1(0-11)*Q0
05 5(0-11)*(Q20)*
0.3.10-11020Q02022
(0-1-1)*0-310:003.1
0_400-1-103102 2002
0_4001-101,1022002
0_40(03-1)*(0-11)*
0_4002002.203103,
0 4002203103100
0:2(0-5-1)*(Q20)*
(0222)%022(0-31)*
00-2(051)*0-400-20
0310310400200
002(05-1)*0-400-20
052(05-1)*(Q40)*

O U(1), x U(1), invariants

00-2)*(01.1)° 031
00-2)*0-110-3102002>
53-1(0211)%03-100,-2072
21210-3,1(02.22)*(Q02)?
(0-1-1)°0-31(0531)*
0-40(00-2)0310-1.1022
0-40(Q02)*(Q1-1)° Q2.
0-40(022)*03-10-3-100.->
(022)*(Q-5-1)*Q20Q0.—>
0.5(03-1)*0-2>(0_11)*
0.3-10-31(020)00 2012
0-3-10-31(020)*0> 200>
00-2(031)*0-2205,059
03-1031(0-55)0-2,00»
03-10310-40Q02(0-1 -1)*
002(03-1)*0-400-1-10-1,
05 5(0-31)*04001-105.

(Q0-2)*Q031(Q-1.1)°
(02-2)*(0-3.1)%0200Q02
0.3-1(0-11)*03-100-205>
(0-121)*0-3.10310> 200>
0_1-1(0-31)*02002-2051
0-40(02-2)70310-31002
0-40002(01.-1)* Q1.1
055(0-1-1)° 020031
0:2(03-1)*0200Q5-10-1.
0.550.110-31(020)°
0.3-10-31(020)°00 2022
02,0-1-10-3-1(029)*
(Q0-2)*(23.1)*Q-400-22
03-10310-22(0-22)*Q0 >
002(03-1)0-2 202,059
0-55(0-31)*040(020)*
0-52(0-3-1)*040Q5-101.1

02(0-11)°02003 -1
0-3-10-11(Q0,-2)*(022)?
03.1(0-11)*(Q3-1)*
(0-1-1)*0-3103102 2002
0_40(Q0.-2)*(01.1)* 0222
0-4001-1(01.1)° Q0.
0-40(002)°03-10-1 102
(Q02)*0-1-10-3-102002 >
0> 2(051)*0-22(0-11)?
00-2(0-31)*(Q20)°
0.3-10-31(020)02-2002
002(0-3-1)*(Q20)°
Q0-2(031)0-400-1-10-1,
03-10310-40Q0-2(0-11)*
(002)*(03-1)*0-400-5->
0-55(0-3-1)*040(020)*
0>-5(031)*0-22(0-3,)?
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O@")U(1); x U(1), invariants

05 5(0-11)"(Q3-1)*
(02.-2)%(0-3.1)* 02003,
022(0-1- ) (03.1)°
(022)*(0-3-1)°Q3-1029
(002)*(0-3-1)%(020)* 02—
(Q0-2)%(03.1)* —4,0(Q—1,1)
052(0-31)*(Q20)*
0-55(0-31)*(01-1)%(03,)?
Q—2,2(Q—3,—l)Z(QS,—I)z(Ql.l)Z

(Q0.-2)*0-110-31(022)*
0-40(Q0-2)*(Q1.1)*
(002)*0-1-10-3_1(02»)*
(00.-2)*(0-3.1)%(020)* 022
(002)(0-3-1)(020)* 02—
(Q02)*(03-1)*(0-2.-2)*0 25
0-52(05-1)*(Q20)*
(0-2.2)*(0-31)*040(03,)?
(0-22)*(Q-3-1)*(Q3-1)* Q40

(022)°(0-31)%(Q02)*
0-40(002)*(Q1-1)*
(022)*(Q5-1)*(Qo-2)*
(Q0.-2)*(0-3,1)%(020)* 022

(Q0.-2)*(031)*0-22(05,)*

(Q02)*(Q5-1)*Qao(Q1 1)

0-2(0-31)*(Q1.-1)*(Q3.1)

052(03-1)*(03-1)*(Q11)*

03 U(1), x U(1), invariants

(02.-2)*(0-31)° 031002
0.3-10-31(02-2)*(Q02)*

(Q2,2)3 (Q—S,—l )3 Q3,—l QO,—Z

0.3-10-31(00,-2)°(02,)°

O(2?) U(1), x U(1), invariants

(00-2)*(0-3.1)%(022)°
(0-22)*(Q-5-1)*(Q3-1)*

(002)*(0-3-1)%(Q2.2)°

(0-22)*(0-31)%(Q31)*
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