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Effective field theory is an effective approach to parametrizing effects of high energy scale physics in
low-energy measurements. The two popular frameworks for physics beyond the standard model are the so-
called standard model effective field theory (SMEFT) and the Higgs effective field theory (HEFT). While
the description by the SMEFT deteriorates when the scale of new physics is not so high or it participates in
spontaneous electroweak symmetry breaking, the HEFT makes use of nonlinear realization of sponta-
neously broken symmetry in which there are practically no restrictions on the Higgs field as a singlet. In
this work we present another framework, called broken phase effective field theory (bEFT), in which we
deal directly with mass eigenstate fields after spontaneous symmetry breaking without employing
nonlinear realization. We take the type-II seesaw model as an example to demonstrate our approach.
By matching the model to both the bEFT and the SMEFT at tree level, we compare the results for two
processes, the Higgs pair production via vector boson fusion which appears as a subprocess at the LHC and
the Higgs-strahlung process at a future electron-positron collider. We find that the bEFT reproduces the
type-II seesaw model more accurately than the SMEFT in the regions where the bare mass of the Higgs
triplet becomes close to the electroweak scale. Therefore, the bEFT serves as a useful framework that can
compensate for the shortcomings in both the SMEFT and the HEFT when dealing with UV models that
involve Higgs mixing or new particles with a mass close to the electroweak scale.

DOI: 10.1103/xhct-fcn4

I. INTRODUCTION

With the discovery of the Higgs boson at the Large
Hadron Collider (LHC) in 2012 [1,2], the standard model
(SM) was finally established. However, there are some
problems that the SM cannot address, such as the origin of
neutrino mass. In order to solve this problem, several types
of new physics (NP) models have been proposed, such as
the three conventional seesaw models [3–15] and radiative
models aiming at a common origin of neutrino mass and
dark matter [16,17]; for a review see, e.g., Ref. [18].
Usually the new particles are much heavier than the
electroweak scale, securing an effective field theory

(EFT) approach to their effects in low-energy physical
processes.
There are two representative EFTs to parametrize the

deviations caused by heavy NP from the SM predictions.
One is the standard model effective field theory
(SMEFT) [19–22]. In the SMEFT, the SM fields are
classified by their representations in the complete gauge
group GSM ¼ SUð3Þc × SUð2ÞL × Uð1ÞY. A perturbative
expansion is performed in terms of 1=Λ, where Λ denotes
the NP scale. The leading-order interactions in the SMEFT
consist of GSM invariant operators up to mass dimension-
four (dim-4), i.e., the SM Lagrangian. The other is the
Higgs effective field theory (HEFT) [23–37]. In the HEFT
the fields are classified by their representations in the
unbroken gauge group SUð3Þc × Uð1Þem, but the SUð2ÞL ×
Uð1ÞY symmetry is nonlinearly realized. Since the physical
Higgs field h is now a singlet under this nonlinear
symmetry, arbitrary functions of h appear in the HEFT
Lagrangian. In this sense the HEFT already encodes
deviations from the SM in the leading order. In the
HEFT, a perturbative expansion is done according to the
number of loops.
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Comparative studies have been actively carried out in
recent years on matching a specific ultraviolet (UV) theory
onto the SMEFT or the HEFT. For instance, Ref. [38]
considers the SM extended with a real singlet scalar and
matches it onto the SMEFTand the HEFT respectively. The
matching of the two-Higgs-doublet model onto both the
SMEFT and HEFT has also been performed [39–41]. In
Refs. [42,43], the SM extended with a real triplet scalar is
matched onto the HEFT. See Refs. [35,37,44] for a more
general discussion of theories that cannot be matched onto
the SMEFT but must be matched onto the HEFT. The
classification of the SMEFTand the HEFT in the context of
a bottom-up approach is found in Refs. [45–49]. In general,
if the NP scale is much higher than the electroweak scale,
the new heavy fields are classified by their representations
under GSM. By integrating them out, the UV theory is
matched to the SMEFT. On the other hand, if the NP scale
is close to the electroweak scale, the mixing between the
SM fields and the new heavy fields cannot be neglected. In
this case, the theory should be written in terms of the
degrees of freedom after the electroweak symmetry break-
ing (EWSB), and the original electroweak symmetry
SUð2ÞL × Uð1ÞY is nonlinearly realized. After bringing
them to the mass eigenstates, the new heavy fields are
integrated out, resulting in the HEFT.
In this paper, we introduce a new EFT framework that is

different from both the SMEFT and the HEFT. In our
framework, the UV theory is rewritten in terms of the
degrees of freedom after the EWSB. We do not rewrite it in
a nonlinearly realized form of SUð2ÞL × Uð1ÞY, but instead
work with the fields in the unitary gauge. After bringing
the fields to their mass eigenstates, we integrate out the
physical heavy fields. We call thus obtained EFT the
broken phase EFT (bEFT). In the HEFT, the operators
written in nonlinear realizations generate an infinite power
of the fields, which complicates the evaluation of the
physical observables. Our bEFT, on the other hand, does
not include an infinite order term of the fields and is
therefore easier to deal with. The bEFT and the HEFT also
differ in their power counting schemes. In the bEFT, a
perturbative expansion is made over inverse heavy masses
in the broken phase, in contrast to the loop expansion
employed in the HEFT.
To illustrate our approach concretely, we consider

matching the type-II seesaw model [9–14] onto our
bEFT. In the type-II seesaw model, an SUð2ÞL triplet
scalar is introduced. Its vacuum expectation value (VEV)
is severely constrained by the ρ parameter measurements.
The lower bound on the mass of doubly charged scalars is
around 400 GeV if the triplet VEV saturates the upper
bound on the ρ parameter. If the NP scale is close to the
electroweak scale, it is expected that the accuracy of the
description by the SMEFT deteriorates. It is important to
see whether the SMEFT or the bEFT can describe low-
energy physics accurately in such a case. Matching the

type-II seesaw onto the SMEFT has already been done up
to dim-6 operators at the one-loop level in Ref. [50]. We
rewrite its tree-level results in the basis after the EWSB, and
call this EFT the broken phase SMEFT (bSMEFT). To
assess which of the bEFT and bSMEFT can better repro-
duce the result of the UV theory, we consider two specific
processes: one is the subprocess at the LHC for the Higgs
pair production through vector boson fusionW−Wþ → hh,
and the other is the Higgsstrahlung process eþe− → hZ at a
future electron-positron collider. We show that the bEFT
reproduces the cross sections of the UV theory more
accurately than the bSMEFT over a wide range of param-
eter space. This is because the bEFT deals with the mass
eigenstates after symmetry breaking and incorporates the
mixing of scalar fields at the leading order.
This paper is organized as follows. We introduce the

type-II seesawmodel in Sec. II. In Sec. III, we describe how
to perform its matching onto the bEFT. In Sec. IV, we
rewrite the SMEFT matching results in a basis after the
EWSB to get the bSMEFT. All operators up to dim-5 and
some of dim-6 operators in the bEFT and bSMEFT are
shown in Sec. V. We then evaluate in Sec. VI the two
processes mentioned above in the UV theory, bEFT, and
bSMEFT respectively and compare their results. We con-
clude in Sec. VII.

II. TYPE-II SEESAW MODEL

The type-II seesaw model adds a triplet scalar Δ to the
SM, with the Lagrangian given by

LUV ¼ LSM þ Tr½ðDμΔÞ†ðDμΔÞ�

−
�
1ffiffiffi
2

p Ypr
Δ LC

piσ2ΔLr þ H:c:

�
− VðH;ΔÞ; ð2:1Þ

where the covariant derivative for Δ is

DμΔ ¼ ∂μΔþ i
g
2
½σaWa

μ;Δ� þ ig0BμΔ; ð2:2Þ

with Wa
μ (a ¼ 1, 2, 3) and Bμ denoting the SUð2ÞL and

Uð1ÞY gauge fields, respectively. The scalar potential is
given by

VðH;ΔÞ¼−m2
HðH†HÞþ λ

2
ðH†HÞ2þM2

ΔTrðΔ†ΔÞ

þλ1
2
½TrðΔ†ΔÞ�2þλ2

2
ð½TrðΔ†ΔÞ�2−Tr½ðΔ†ΔÞ2�Þ

þλ4ðH†HÞTrðΔ†ΔÞþλ5H†½Δ†;Δ�H

þ
�
Λ6ffiffiffi
2

p HTiσ2Δ†HþH:c:

�
; ð2:3Þ
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where the notation follows Refs. [51,52] and all parameters
except for Λ6 are real. For simplicity, we will also assume
Λ6 is real. The doublet scalar field develops a VEV vH,
which through the Λ6 coupling induces a VEV vΔ for the
triplet scalar field,

H ¼ 1ffiffiffi
2

p
� ffiffiffi

2
p

wþ

vH þ hH þ iz0

�
; ð2:4Þ

Δ ¼ σaffiffiffi
2

p Δa ¼ 1ffiffiffi
2

p
�

δþ
ffiffiffi
2

p
δþþ

vΔ þ δ0 þ iη −δþ

�
; ð2:5Þ

where Δ1 ¼ ðδþþ þ δ0Þ= ffiffiffi
2

p
, Δ2 ¼ iðδþþ − δ0Þ= ffiffiffi

2
p

, and
Δ3 ¼ δþ. The VEVs are obtained by the minimization
conditions of the scalar potential to be detailed in the
Appendix, and result in the scalar mixing,

�
G�

H�

�
¼
�

cos β0 sin β0

− sin β0 cos β0

��
w�

δ�

�
; ð2:6aÞ

�
h

H0

�
¼
�

cos α sin α

− sin α cos α

��
hH
δ0

�
; ð2:6bÞ

�
G0

A0

�
¼
�

cos β sin β

− sin β cos β

��
z0

η

�
; ð2:6cÞ

where the mixing angles are given by

tan β0 ¼
ffiffiffi
2

p
vΔ

vH
; ð2:7aÞ

tan β ¼ 2vΔ
vH

¼
ffiffiffi
2

p
tan β0; ð2:7bÞ

tan 2α ¼ 4vΔ
vH

M2
Δ þ 1

2
λ1v2Δ

M2
Δ þ ðλ− − λÞv2H þ 3

2
λ1v2Δ

; ð2:7cÞ

with

λ− ¼ 1

2
ðλ4 − λ5Þ: ð2:8Þ

The triplet VEV breaks the custodial symmetry, and is
severely constrained by the precision ρ parameter. The
latter is expressed in terms of theW boson massMW , the Z
boson mass MZ, and the Weinberg angle θW ,

ρ ¼ M2
W

M2
Zcos

2θW
¼ 1

1þ 2ϵ2
; ð2:9Þ

where

ϵ ¼ vΔ
vew

; ð2:10Þ

and vew¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2Hþ2v2Δ

p
≈246GeV. Allowing a 3σ deviation

from the measured value ρexp ¼ 1.00038� 0.00020 [53],
we obtain the upper bound ϵ ≤ 0.0105. In the following
sections, we will work up to order ϵ2. We list here some
interactions in the unitary gauge, including the ones
relevant to later evaluation of the processes W−Wþ →
hh and eþe− → hZ in Sec. VI,

LUV ⊃ CUV
h3 h

3 þ CUV
hW2hW−

μWþμ þ CUV
h2W2h2W−

μWþμ

þ CUV
hZ2hZμZμ þ CUV

h2Z2h2ZμZμ þ CUV
h2H0

h2H0

þ CUV
H0W2H0W−

μWþμ þ CUV
H0Z2H0ZμZμ

þ ðCUV
hHWðHþiD

↔

μhÞW−μ þ H:c:Þ
þ CUV

hA0Z
ðA0 ∂

↔

μhÞZμ; ð2:11Þ

where Φ1D
↔

μΦ2 ≡Φ1DμΦ2 − ðDμΦ1ÞΦ2, and the coeffi-
cients are

CUV
h3
¼−

λ

2
vewþϵ2vew

�ð6κ3−2κ2þκ−1Þ
2r2Δκ

−
λ−ð2κ2−1Þ

2

�
;

ð2:12aÞ

CUV
hW2 ¼ g2vew

2
½1þ ϵ2ð−2κ2 þ 4κ − 1Þ�; ð2:12bÞ

CUV
h2W2 ¼ g2

4
½1þ 4ϵ2κ2�; ð2:12cÞ

CUV
hZ2 ¼ g2vew

4c2W
½1þ ϵ2ð−2κ2 þ 8κ − 1Þ�; ð2:12dÞ

CUV
h2Z2 ¼ g2

8c2W
½1þ 12ϵ2κ2�; ð2:12eÞ

CUV
h2H0

¼ ϵvew
3κ − 2 − λ−κr2Δ

r2Δ
; ð2:12fÞ

CUV
H0W2 ¼ −g2ϵðκ − 1Þvew; ð2:12gÞ

CUV
H0Z2 ¼ −ϵvew

g2ðκ − 2Þ
2c2W

; ð2:12hÞ

CUV
hHW ¼ ϵ

gð2κ − 1Þffiffiffi
2

p ; ð2:12iÞ

CUV
hA0Z

¼ ϵ
gð2κ − 1Þ

cW
; ð2:12jÞ

where
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rΔ ¼ vew
MΔ

; κ ¼ 1

1þ r2Δðλ− − λÞ : ð2:13Þ

One notices that the new contributions from the triplet
scalar are suppressed by OðϵÞ or Oðϵ2Þ relative to the
SM parts.

III. MATCHING ONTO bEFT

In this section, we perform the matching of the type-II
seesaw model onto the bEFT at tree level. As we empha-
sized in Sec. I, the bEFT introduced in this work differs
from the HEFT in several ways. The HEFT employs a
perturbative expansion in the number of loops. Our bEFT,
on the other hand, employs double expansions in terms of
both ϵ and the inverse of heavy fields’ masses. In addition,
the HEFT introduces the would-be Goldstone fields in a
nonlinear realization, while our bEFT assumes the unitary
gauge and removes the would-be Goldstone fields from the
very start. We take the new scalarsH0, A0,H�, andH�� as
heavy states and integrate them out to perform matching
onto the bEFT.
Before going into the details, we introduce an auxilliary

Z2 parity that can help bookkeep the power of expansion on
the matching. Under the Z2 the triplet scalar and the
couplings YΔ;Λ6 flip sign, ðΔ; YΔ;Λ6Þ → −ðΔ; YΔ;Λ6Þ,
while the SM fields and other couplings keep intact. This

symmetry is preserved in the broken phase since the triplet
VEV being proportional to Λ6 is also odd under theZ2, i.e.,
vΔ → −vΔ or ϵ → −ϵ. The solutions of the equations of
motion for the heavy scalar fields Φ∈ fH0; A0; H�; H��g
are expressed in terms of the SM fields in the mass
eigenstates. The odd parity of the heavy fields implies
the solutions in the form,

Φc½ϕSM� ¼
X∞
m¼0

X2mþ1

n¼0

ϵnY2mþ1−n
Δ Oðm;nÞ½ϕSM�; ð3:1Þ

where Oðm;nÞ½ϕSM� is an operator composed only of the SM
fields ϕSM. Our goal is to match the type-II seesaw model
onto the bEFT up to dim-6 and order ϵ2. In light of the fact
that Oðm;nÞ½ϕSM� contains lepton bilinears ðlC1 l2Þ2mþ1−n with
l ¼ l; ν, we can easily check that the following three terms
in the scalar potential,

VbEFT½h;Φc� ⊃ λ̃1ϵΦ3
c þ λ̃2ϵhΦ3

c þ λ̃3Φ4
c; ð3:2Þ

only generate operators of dim-nðn ≥ 7Þ and/or of order
ϵnðn ≥ 3Þ, and are therefore irrelevant. Here λ̃i (i ¼ 1, 2, 3)
is given by a function of parameters in the original
Lagrangian. The remaining interactions relevant to our
analysis are given by

VUV½h;Φ� ⊃ m2
h

2
h2 þm2

H0

2
H2

0 þ
m2

A0

2
A2
0 þm2

H�H−Hþ þmH��H−−Hþþ

þ 1

2
ð2vewhþ h2Þ½λ−H2

0 þ λ−A2
0 þ ð2λ− þ λ5ÞH−Hþ þ 2ðλ− þ λ5ÞH−−Hþþ�

þ ϵvew

�
M2

Δð2 − 3κÞ
v2ew

þ λ−κ

�
h2H0 þ ϵ

�
M2

Δð1 − κÞ
v2ew

þ λ−κ

�
h3H0; ð3:3Þ

and the kinetic energy terms of heavy fields. We can now
integrate out heavy scalar fields H0, A0, H�, and H�� to
obtain the bEFT up to the dim-6 level. This may be
accomplished with the help of the Mathematica package
Matchete [54]. The resulting effective operators and their
Wilson coefficients (WCs) are listed in Sec. V.

IV. MATCHING ONTO bSMEFT

In this section, we consider matching the type-II seesaw
model onto the SMEFT and rewrite it in terms of the fields
in the broken phase to get the bSMEFT. We emphasize here
that the bEFT in the previous section is obtained by
integrating out heavy fields after the EWSB, whereas the
bSMEFT is obtained by integrating out heavy fields before

the EWSB. The tree level matching result onto the SMEFT
can be found in Ref. [50], which is given by

Ldim6
SMEFT¼LSMþ

Λ2
6

2M2
Δ

�
1−

2m2
H

M2
Δ

�
ðH†HÞ2

þðCð5Þ
prO

ð5Þ
pr þH:c:Þ

þCprst
ll Oprst

ll þCHOHþCH□OH□þCHDOHD

þðCpr
eHO

pr
eHþCpr

uHO
pr
uHþCpr

dHO
pr
dHþH:c:Þ; ð4:1Þ

where the dim-5 Weinberg operator is Oð5Þ
pr ¼ L̄pH̃H̃TLrC

and the remaining dim-6 operators adopt the standard
Warsaw basis notation [22]. The matchedWCs are given by
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Cð5Þ
pr ¼−

Λ6Y
�pr
Δ

2M2
Δ

; Cprst
ll ¼Y�ps

Δ Yrt
Δ

4M2
Δ

;

CH ¼ð4λ−λ−Þ
Λ2
6

M4
Δ
−
Λ4
6

M6
Δ
;

CH□ ¼ Λ2
6

2M4
Δ
; CHD¼ Λ2

6

M4
Δ
;

Cpr
eH ¼Λ2

6Y
pr
l

2M4
Δ
; Cpr

uH ¼Λ2
6Y

pr
u

2M4
Δ
; Cpr

dH ¼Λ2
6Y

pr
d

2M4
Δ
; ð4:2aÞ

where the superscripts p, r, s, t denote fermion generations.
Note thatΛ6 is considered as the same order as the baremass
MΔ in the SMEFT power counting.Ypr

l , Ypr
u , and Ypr

d are the
SM Yukawa couplings for the charged leptons, up-type
quarks, and down-type quarks, respectively. In the following
part, we will rewrite the above SMEFT interactions in terms
of the broken phase fields to get the bSMEFT.

A. Shift of VEV

The scalar potential is modified by the inclusion of the
dim-6 operator OH,

Vdim 6
SMEFT ¼ −m2

HH
†H þ λeff

2
ðH†HÞ2 − CHðH†HÞ3; ð4:3Þ

with

λeff ¼ λ −
Λ2
6

M2
Δ

�
1 −

2m2
H

M2
Δ

�
: ð4:4Þ

The dimensionful parameter Λ6 can be expressed in terms
of vH and vΔ by Eq. (A4),

Λ6 ¼
2M2

ΔvΔ þ λ1v3Δ þ 2λ−vΔv2H
v2H

: ð4:5Þ

The solution for the new minimum is given by

hH†Hi ¼ λeff −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2eff − 6CHλeffv2H

p
6CH

: ð4:6Þ

We expand the above solution to the first order of CH and
define the new vacuum as

hH†Hi ¼ v2H
2

�
1þ 3CHv2H

2λeff

�
≡ ṽ2ew

2
: ð4:7Þ

Note that ṽew can be expressed in terms of the potential
parameters as

ṽ2ew¼ v2H

�
1þ6ð14λ−λ−ÞðM2

Δþλ−v2HÞ2
λM4

Δ

v2Δ
v2H

þOðv3Δ=v3HÞ
�
:

ð4:8Þ

We emphasize that, as the notation suggests, the above
expression for ṽew is different from that for vew introduced
in Eq. (A2) for the UV theory, although they are numeri-
cally identical: vew ¼ ṽew ¼ 246 GeV. In the following, as
we did for the UV theory in Sec. II, we expand the
bSMEFT in terms of the parameter

ϵ̃ ¼ vΔ
ṽew

: ð4:9Þ

B. Higgs-gauge interactions

The interactions between the Higgs and gauge bosons
are modified by the dim-6 operators OH□ and OHD which
will change the normalization of the Higgs field.
Redefining the Higgs field to make it canonically normal-
ized will modify all interactions involving the Higgs field.
The relevant terms are

LH;kin
SMEFT ¼ ðDμHÞ†DμH þ CH□OH□ þ CHDOHD; ð4:10Þ

yielding the derivative terms of the Higgs field hH,

LH;kin
SMEFT ⊃

1

2

�
1 − 2ckin

�
1þ hH

ṽew

�
2
�
∂μhH∂μhH; ð4:11Þ

where

ckin ¼ ṽ2ewCH□−
1

4
ṽ2ewCHD ¼ ϵ̃2ð1þ λ−r̃2ΔÞ2;

r̃Δ≡ ṽew
MΔ

: ð4:12Þ

The Higgs field is made canonically normalized by
rescaling

h̃ ¼ hH
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2ckin

p
≈ hHð1 − ckinÞ: ð4:13Þ

By substituting Eq. (4.13) into Eq. (4.10), we get modified
Higgs-gauge interactions.

C. Higgs self-interactions

The Higgs self-interactions are modified by the operator
OH, as well as by the Higgs field redefinition through the
OH□ and OHD operators. The final form of the scalar
potential in the broken phase is given by

Ldim 6
SMEFT ⊃ −

λeff
2

ṽ2ew

�
1 −

3CHv2H
λeff

þ 2ckin

�
h̃2

−
λeff
2

ṽew

�
1 −

5CHṽ2ew
λeff

þ 3ckin

�
h̃3

−
λeff
8

�
1 −

15CHṽ2ew
λeff

þ 4ckin

�
h̃4

þ 3

4
CHvHh̃

5 þ 1

8
CHh̃

6: ð4:14Þ
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D. Yukawa interactions and neutrino mass

The Yukawa interactions are modified by the operator
Opr

ψHðψ ¼ u; d; eÞ. Including the Higgs field redefinition,
they become

Ldim 6
SMEFT ⊃ −

ṽewffiffiffi
2

p
�
1þ ð1þ ckinÞ

h̃
ṽew

�

×
X

ψ¼u;d;e

�
Ypr
ψ −

Cpr
ψHṽ

2
ew

2M2
Δ

�
1þ h̃

ṽew

�
2
�
ψ̄p
Lψ

r
R

þ H:c: ð4:15Þ

The neutrino mass and neutrino Yukawa interactions are

induced by the dim-5 operator Oð5Þ
pr , which become in the

broken phase

Cð5Þ
prO

ð5Þ
pr þ H:c: ¼ −

ṽ2ew
2

Cð5Þ
pr

�
1þ h̃

ṽew

�
2

νCL;pνL;r

þ H:c:: ð4:16Þ

V. LIST OF WILSON COEFFICIENTS FOR bEFT
AND bSMEFT OPERATORS

In this section we list theWCs of the effective operators in
the bEFT and bSMEFT. In all tables the second column
lists the WCs for the operators in the bEFT up to order ϵ2,
while the third column lists those in the bSMEFTup to order
ϵ̃2 and r̃2Δ. The field h in the third column corresponds to the
canonically normalized h̃ in Sec. IV. Note that the Hermitian
conjugate of a non-Hermitian operator is not listed.

TABLE I. WCs for the dim-3 operators in the bEFT and bSMEFT.

dim-3

Operator WC in bEFT WC in bSMEFT

ΔL ¼ 0

h3 − λ
2
vew þ ϵ2vew

h
ð1−2κ2Þλ−

2
− 1−κþ2κ2−6κ3

2κr2Δ

i
− λ

2
ṽew þ ϵ̃2ṽew

h
2
r̃2Δ
þ 73

2
λ − 6λ− þ λ−ð73λ − 18λ−Þr̃2Δ

i
hW−

μWþμ g2vew
2

½1 − ϵ2ð1 − 4κ þ 2κ2Þ� g2ṽew
2

½1þ ϵ̃2ð1þ 2λ−r̃2ΔÞ�
hZμZμ g2vew

4c2W
½1 − ϵ2ð1 − 8κ þ 2κ2Þ� g2ṽew

4c2W
½1þ 5ϵ̃2ð1þ 2λ−r̃2ΔÞ�

ΔL ¼ 2

νCL;pνL;r
−ϵ vew

2
Ypr
Δ −ϵ̃ ṽew

2
Ypr
Δ ½1þ λ−r̃2Δ�

TABLE II. WCs for the dim-4 operators in the bEFT and bSMEFT.

dim-4

Operator WC in bEFT WC in bSMEFT

ΔL ¼ 0

h4 − λ
8
− ϵ2

h
ð1−κÞκ
r2Δ

þ κ2λ− þ ð2−3κþκλ−r2ΔÞ2
2ð1þλ−r2ΔÞr2Δ

i
− λ

8
þ ϵ̃2

h
1

2r̃2Δ
þ 29λ − 13

2
λ− þ 29

2
λ−ð4λ − λ−Þr̃2Δ

i
h2W−

μWþμ g2

4

h
1 − ϵ2

4ð1−2κÞð2−κþκλ−r2ΔÞ
1þλ−r2Δ

i
g2

4

h
1þ 2ϵ̃2ð1þ 2r̃2Δλ−Þ

i
h2ZμZμ g2

8c2W

h
1 − ϵ2

8ð1−2κÞð2þκλ−r2ΔÞ
1þλ−r2Δ

i
g2

8c2W

h
1þ 14ϵ̃2ð1þ 2r̃2Δλ−Þ

i
W−

μWþμW−
νWþν

− g4

2

h
1 − ϵ2

ð1−κÞ2r2Δ
1þλ−r2Δ

i
− g4

2

W−
μWþ

ν W−μWþν g4

2

h
1þ ϵ2

r2Δ
1þλ−r2Δ

i
g4

2

W−
μWþμZνZν

−g4c2W
h
1 − ϵ2

ð2−κÞð1−κÞr2Δ
2c4Wð1þλ−r2ΔÞ

i
−g4c2W

W−
μWþ

ν ZμZν
g4c2W

h
1þ ϵ2

r2Δ
c4Wð2þð2λ−þλ5Þr2ΔÞ

i
g4c2W

ZμZμZνZν
ϵ2

g4ð2−κÞ2r2Δ
8c4Wð1þλ−r2ΔÞ

0

hψ̄L;pψR;rðψ ¼ u; d; eÞ − 1ffiffi
2

p Ypr
ψ − 1ffiffi

2
p Ypr

ψ

h
1 − 2ϵ̃2ð1þ 2λ−r̃2ΔÞ

i
ΔL ¼ 2

hðνCL;pνL;rÞ −ϵ̃Ypr
Δ ð1þ λ−r2ΔÞ −ϵ̃Ypr

Δ ð1þ λ−r̃2ΔÞ
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In Tables I and II, we list the coefficients of the lepton-
number-conserving (ΔL ¼ 0) and -violating (ΔL ¼ 2)
dim-3 and dim-4 operators, respectively. Notice that we
have expressed the matched WCs in both EFTs in terms of
the common set of parameters in order to facilitate
numerical comparison. The heavy masses in WCs of the
bEFT have been replaced by the chosen parameters that
make them look a little bit complicated. As can be seen
from Table I, all the coefficients of dim-3 operators in the
bEFT coincide with those in the UV. From these tables, the
deviations from the SM in the Higgs-gauge and pure-gauge
interactions are of order ϵ2 (ϵ̃2) in the bEFT (bSMEFT).
This can be understood from the Z2 symmetry introduced
in Sec. III. The expressions for the neutrino mass differ
between the bSMEFT and the bEFT. This is because in the
bSMEFT the neutrino mass term arises through the
Weinberg operator, whereas in the bEFT the neutrino mass
appears already before integrating out heavy fields through

TABLE III. WCs for the dim-5 operators in the bEFT and bSMEFT.

dim-5

Operator WC in bEFT WC in bSMEFT

ΔL ¼ 0

h5 ϵ2½ð1−κÞð2−3κÞr−2Δ −2ð1−5κþ5κ2Þλ−−ð1−3κÞκλ2−r2Δ�
vewð1þλ−r2ΔÞ2

3ϵ̃2

ṽew
ð4λ − λ−Þð1þ 2λ−r̃2ΔÞ

h3W−
μWþμ ϵ2g2½−1þ2κ2þð1−κÞð3−8κÞλ−r2Δþð1−2κÞκλ2−r4Δ�

vewð1þλ−r2ΔÞ2
0

hW−
μWþμW−

νWþν ϵ2g4ð1−κÞ½κr2Δ−ð1−2κÞλ−r4Δ�
vewð1þλ−r2ΔÞ2

0

hW−
μWþ

ν W−μWþν ϵ2g4½2κr2Δ−ð1−2κÞλ−r4Δ�
vewð1þðλ−þλ5Þr2ΔÞ2

0

h3ZμZμ ϵ2g2½−2−3κþ8κ2þ3ð2−7κþ4κ2Þλ−r2Δþ2ð1−2κÞκλ2−r4Δ�
2vewc2Wð1þλ−r2ΔÞ2

ϵ̃2g2ð1þ2λ− r̃2ΔÞ
ṽewc2W

hZμZμZνZν ϵ2g4ð2−κÞ½3κr2Δ−2ð1−2κÞλ−r4Δ�
4vewc4Wð1þλ−r2ΔÞ2

0

hW−
μWþμZνZν ϵ2g4½ð5−4κÞκr2Δ−ð4−11κþ6κ2Þλ−r4Δ�

2vewc2Wð1þλ−r2ΔÞ2
0

hW−
μWþ

ν ZμZν
− 2ϵ2g4½2ð1−c2W−4κþ2κc2WÞr2Δþð2−c2WÞð1−2κÞλ4r4Δ�

vewc2Wð2þð2λ−þλ5Þr2ΔÞ2
0

ihW−
μWþ

ν Zμν
− ϵ2g3ð1−2κÞr2Δ

vewcWð2þð2λ−þλ5Þr2ΔÞ
0

ðhiD↔μW−
ν ÞWþμZν ϵ2g3ð1−2κÞr2Δ

vewcWð2þð2λ−þλ5Þr2ΔÞ
0

h2ψ̄L;pψR;r
ffiffi
2

p
ϵ2κð2−3κþκλ−r2ΔÞ
vewð1þλ−r2ΔÞ

Ypr
ψ

3ϵ̃2ð1þ2λ− r̃2ΔÞffiffi
2

p
ṽew

Ypr
ψ

W−
μWþμψ̄L;pψR;r −

ffiffi
2

p
ϵ2g2r2Δκð1−κÞ

vewð1þλ−r2ΔÞ
Ypr
ψ

0

ZμZμψ̄L;pψR;r −
ffiffi
2

p
ϵ2g2ð2−κÞκr2Δ

2vewc2Wð1þλ−r2ΔÞ
Ypr
ψ

0

ΔL ¼ 2

h2ðνCL;pνL;rÞ ϵð2−3κþκλ−r2ΔÞ
2vewð1þλ−r2ΔÞ

Ypr
Δ

− ϵ̃
2ṽew

ð1þ λ−r̃2ΔÞYpr
Δ

W−
μWþμðνCL;pνL;rÞ − ϵg2r2Δð1−κÞ

2vewð1þ2λ−r2ΔÞ
Ypr
Δ

0

Wþ
μ WþμðeCL;peL;rÞ − ϵg2r2Δ

2vewð1þðλ−þλ5Þr2ΔÞ
Ypr
Δ

0

Wþ
μ ZμðνCL;peL;rÞ −

ffiffi
2

p
ϵg2r2Δ

vewcWð2þð2λ−þλ5Þr2ΔÞ
Ypr
Δ

0

ZμZμðνCL;pνL;rÞ − ϵg2r2Δð2−κÞ
2vewc2Wð1þ2λ−r2ΔÞ

Ypr
Δ

0

TABLE IV. WCsfor thedim-6operators in thebEFTandbSMEFT.

dim-6 with ΔL ¼ 0

Notation Operator WC in bEFT
WC in
bSMEFT

Oð∂hÞ2W2 ð∂μhÞð∂νhÞW−μWþν 4ϵ2g2r2Δð1−2κÞ2
v2ewð2þð2λ−þλ5Þr2ΔÞ

0

Oh2ð∂WÞ2 hhðDμW−μÞðDνWþνÞ − ϵ2g2r2Δð1−2κÞ2
v2ewð2þð2λ−þλ5Þr2ΔÞ

0

Oh2∂2WW hhðDμDνW−μÞWþν
− ϵ2g2r2Δð1−2κÞ2

v2ewð2þð2λ−þλ5Þr2ΔÞ
0

Oð∂hÞ2Z2 ð∂μhÞð∂νhÞZμZν 2ϵ2g2r2Δð1−2κÞ2
v2ewc2Wð1þλ−r2ΔÞ

0

Oh2ð∂ZÞ2 hhð∂μZμÞð∂νZνÞ − ϵ2g2r2Δð1−2κÞ2
2v2ewc2Wð1þλ−r2ΔÞ

0

Oh2∂2ZZ hhZμð∂ν∂μZνÞ − ϵ2g2r2Δð1−2κÞ2
v2ewc2Wð1þλ−r2ΔÞ

0

Oð∂hÞZee ið∂μhÞZμðēpRerLÞ − 2
ffiffi
2

p
ϵ2gr2Δð2κ−1Þ

v2ewcWð1þλ−r2ΔÞ
0

Ohð∂ZÞee ihð∂μZμÞðēpRerLÞ −
ffiffi
2

p
ϵ2gr2Δð2κ−1Þ

v2ewcWð1þλ−r2ΔÞ
0
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themixing among scalar fields. Note that theW4,W2Z2, and
Z4 interactions in the bSMEFT coincide with those in the
SM as can be seen in Table II. This is because the pure gauge
operators without derivatives are generated only through the
product of the DμH, so that the corrections to these
interactions start to arise only from the dim-8 operators.
In Table III we list the WCs of both lepton-number-

conserving and lepton-number-violating dim-5 operators in
the bEFT and bSMEFT. Similar comments to the above
quartic W, Z operators apply to the dim-5 pure bosonic
operators as well. Note that the bSMEFT includes h3Z2 but
not h3W2 interactions, reflecting custodial symmetry
breaking by OHD. And finally in Table IV, we show the

WCs of the dim-6 operators in the bEFT and the bSMEFT
that are relevant to the W−Wþ → hh, ZZ → hh, and
eþe− → hZ scattering processes, two of which will be
computed in the next section.

VI. NUMERICAL EVALUATION

To assess how well the bEFT and bSMEFT frameworks
reproduce the results of the UV theory, we calculate the
cross sections for two typical processes involving the
Higgs boson; one is the subprocess of Higgs pair produc-
tion via vector boson fusion at the LHC, and the other is
the Higgsstrahlung process at a future electron-positron

FIG. 1. Comparison of cross sections for WþW− → hh as a function of rΔ or
ffiffiffi
s

p
=MH0

calculated in the three theories at the fixed
ϵ ¼ 10−2. The gray solid line on the left panels denotes the SM value.
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collider. To calculate the scattering amplitude squared,
we employ the Mathematica package FeynCalc [55,56].
The original free parameters in the scalar potential are mH,
λ, MΔ, Λ6, and λi (i ¼ 1, 2, 4, 5). After imposing
minimization conditions, our input parameters are chosen
as λ, rΔ, ϵ, vew, λ−, and λi (i ¼ 1, 2, 5). We set the scalar
couplings λ1 ¼ λ2 ¼ λ5 ¼ 1 while varying the value of λ−.
We checked that within the parameter region we focus on,
the Higgs cubic, hWW, and hZZ couplings satisfy
the current LHC constraints, −0.4 < κλ < 6.3 [57],
−0.06 ≤ ΔκW ≤ 0.10, and −0.03 ≤ ΔκZ ≤ 0.11 [58],
respectively. We assume the maximal value of vΔ ≃
1 GeV that is allowed by the ρ parameter, which implies
ϵ ≃ 10−2. In this case, the doubly charged Higgs bosons
H�� decay mainly into a pair of like-charge W� bosons,
and the lower bound on their mass is relatively relaxed,
mH�� ≳ 400 GeV [59,60].
In Fig. 1, we show the cross section of W−Wþ → hh in

each theory at a center-of-mass energy
ffiffiffi
s

p ¼ 400 GeV

with a fixed value of ϵ ¼ 10−2. We assume λ− ¼ 0.5, 3, and
5 in the top, middle, and bottom panels, respectively. In the
left panels, the green solid, red dashed, and blue dotted
curves correspond to the results in the UV theory, bEFT,
and bSMEFT, while the gray solid line denotes the SM
value. In the right panels, we plot the relative deviations of
cross sections in the bEFTand the bSMEFT from that in the
UV. The upper horizontal axis in each plot gives the ratio of
the center of mass energy to the mass of the lightest new
scalar. As can be seen from the figure, the bEFT reproduces
very well the result of the UV theory in the whole range of
the parameters shown. In contrast, the bSMEFT result
deviates much more significantly from the UV result, and
the deviation flips sign with the increase of λ−. As can be
seen from the figure, even when we take the limit of
rΔ → 0, or equivalently, MΔ → ∞, the UV and EFT cross
sections still deviate from the SM value, indicating that the
new physics effect does not decouple. This can be under-
stood as follows: since we fix the ϵ to a finite value, the

FIG. 2. Comparison of cross sections for WþW− → hh as a function of ϵ calculated in the three theories at the fixed rΔ ¼ 0.4. The
gray solid line on the left panels denotes the SM value.
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triplet VEV remains nonzero and it induces the new physics
effect through λ4;5 and Λ6 interactions in Eq. (2.3).
In Fig. 2 the same cross section is plotted as a function

of ϵ at the fixed rΔ ¼ 0.4, using the same legends as in
Fig. 1. Note that the masses of the heavy scalars vary with
our input parameters. For instance, if we take the value of ϵ
as ϵ¼10−2, the masses of the heavy scalars are respectively,
ðMH0

;MA0
;MH� ;MH��Þ=GeV ¼ ð640; 640; 663; 685Þ at

λ− ¼ 0.5, (749, 749, 769, 788) at λ− ¼ 3, and (826, 826,
844, 862) at λ− ¼ 5. Again the bEFT result is precise at the
per mille level or better while the bSMEFT deviates
significantly from the UV theory for a slightly larger value
of ϵ. As can be seen from the figure, when we take the limit
of ϵ → 0 while fixing rΔ ¼ 0.4, the UV and EFT cross

sections converge to the SM value. This reflects the
following fact: the limit ϵ → 0 corresponds to the vanishing
VEV of the scalar triplet, so it is equivalent to the limit of
Λ6 → 0. In this limit, the scalar triplet interacts with the
Higgs doublet only in pairs in Eq. (2.3), so it does not affect
W−Wþ → hh at tree level. Figs. 3 and 4 show the
corresponding results for the process eþe− → Zh atffiffiffi
s

p ¼ 250 GeV. The conclusion is the same as for the
W−Wþ → hh process, with the main difference being that
the bSMEFT result is constantly larger than the UV result.
The reason why the bEFT reproduces the results of the

UV theory better than the bSMEFT is due to the difference
in power counting between the two EFTs. We demonstrate
this using the processW−ðp1ÞWþðp2Þ → hðp3Þhðp4Þ as an

FIG. 3. Same as Fig. 1 but for the process eþe− → hZ.
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example. As can be seen in Table IV, the bEFT has dim-6
operators that contribute to W−Wþ → hh, while the
bSMEFT does not. This is because in the bSMEFT,
effective operators with derivatives that give corrections
to W−Wþ → hh, such as ððDμHÞ†DμHÞÞ2, only appear at
the dim-8 level or higher. This makes the bSMEFT less
accurate in reproducing the UV results, as we show below.
In the UV theory, the contribution to W−Wþ → hh is

given by

MUV ¼ MUV
h þMUV

W� þMUV
H0

þMUV
H� þMUV

contact: ð6:1Þ

The termsMUV
h;H0

are the s-channel amplitudes mediated by
h;H0, and the terms MUV

W�;H� are the t, u-channel ampli-

tudes mediated byW�; H�, respectively. The termMUV
contact

is from the contact interaction. In both EFTs, the contri-
butions mediated by H0; H� are incorporated into the
contact part. Note that MUV

h;W� and MUV
contact are different

from their counterparts in the SM since the hW2 and h2W2

couplings deviate from the SM through the scalar mixing.

Below we will show that the UV amplitude (6.1) coincides
with the amplitude in the bEFT up to order ϵ2 if we take
the limit of s; jtj; juj ≪ M2

Δ, where s ¼ ðp1 þ p2Þ2,
t ¼ ðp1 − p3Þ2, and u ¼ ðp1 − p4Þ2.
First of all, since the h3 and hW2 couplings in the UV

theory coincide with those in the bEFT as we have
emphasized in Sec. V, the bEFT exactly reproduces the
contributions MUV

h;W� . Consider next the contribution asso-
ciated with MUV

H� . In the UV theory, it is

MUV
H� ¼ −ðCUV

hHWÞ2
�ð2p3 − p1Þμð2p4 − p2Þν

t −m2
H�

þ ð2p4 − p1Þμð2p3 − p2Þν
u −m2

H�

�
ϵμðp1Þϵνðp2Þ; ð6:2Þ

where ϵμðpiÞ is the polarization vector for theW boson with
momentum pi. In the bEFT, on the other hand, it is replaced
by the contact interactionsOð∂hÞ2W2 ,Oh2ð∂WÞ2 , andOh2∂2WW ,
resulting in

FIG. 4. Same as Fig. 2 but for the process eþe− → hZ.
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MbEFT
dim-6 ¼

ϵ2g2r2Δð1− 2κÞ2
v2ewð2þ r2Δλ4Þ

½ð2p3 −p1Þμð2p4−p2Þν
þð2p4−p1Þμð2p3−p2Þν�ϵμðp1Þϵνðp2Þ: ð6:3Þ

Equation (6.2) coincides with Eq. (6.3) up to order ϵ2 in the
limit of jtj; juj ≪ m2

H� by the relation,

ðCUV
hHWÞ2
m2

H�
¼ ϵ2g2r2Δð1 − 2κÞ2

v2ewð2þ r2Δλ4Þ
þOðϵ4Þ: ð6:4Þ

Lastly, we show how the bEFT reproduces MUV
H0

and
MUV

contact. Their explicit forms are given by

MUV
H0

¼ −CUV
h2H0

CUV
H0W2

1

s −M2
H0

; ð6:5aÞ

MUV
contact ¼ CUV

h2W2 : ð6:5bÞ

In the bEFT, they are replaced by the contact interaction
h2W−

μWþμ given in Table II,

MbEFT
dim -4 ¼

g2

4

�
1 − ϵ2

4ð1 − 2κÞð2 − κ þ κλ−r2ΔÞ
1þ λ−r2Δ

�
: ð6:6Þ

It is easy to see that the sum ofMUV
H0

andMUV
contact coincides

with Eq. (6.6) up to order ϵ2 in the limit of s ≪ m2
H0

by
applying the relation,

CUV
h2H0

CUV
H0W2

M2
H0

þ CUV
h2W2 ¼ MbEFT

dim -4 þOðϵ4Þ: ð6:7Þ

To summarize, the UV amplitude (6.1) coincides with the
amplitude in the bEFTup to order ϵ2 in the low-energy limit
of s; jtj; juj ≪ M2

Δ.
In the bSMEFT, the heavy fields are integrated out

before the electroweak symmetry breaking. The drawback
with this is that the bSMEFT does not properly take into
account the effects of the scalar mixing in the broken phase
unless we work to a higher order in power counting. For
example, the coupling CUV

hHW appearing in MUV
H� is gen-

erated by the mixing between the charged components in
the SUð2ÞL doublet H and triplet Δ. In the bEFT, the scalar
mixing is incorporated at the very start, so the contribution
of Eq. (6.3) arises from the dim-6 operators and reproduces
MUV

H� in the low-energy limit. In contrast, there is no
contact interaction with derivatives in the bSMEFT up to
the dim-6 level that contributes to W−Wþ → hh, as can be
seen in Table IV. Although the bSMEFT has an h2W2

operator as shown in Table II, this operator does not involve
derivatives and therefore is not enough to describe accu-
rately the momentum dependence of processes mediated by
H�. As a matter of fact, the bSMEFT treats theH0, A0,H�,
and H�� together as a single triplet field. This means it

makes not much sense to speak of their separate contri-
butions at the leading low-energy order. Now the reason
becomes clear why the bEFT reproduces the low-energy
result of the UV theory more accurately than the bSMEFT;
it comes from the difference in power counting. The bEFT
incorporates the effects of scalar mixing at low orders of the
perturbative expansion, while the bSMEFT cannot unless it
is expanded to higher orders. Therefore the bEFT can be
considered as a better organization of low-energy expan-
sion of the UV theory. On the other hand, although we have
not performed the matching of the type-II seesaw onto the
HEFT for comparison, this procedure is expected to be
more complicated due to the matrix representation of the
Goldstone bosons, as well as the intricate field redefinitions
and power counting involved. Nevertheless, we expect both
the bEFT and HEFT to exhibit similar convergence in
reproducing the model’s predictions.
Before closing this section, we briefly comment on

applying the bEFT at the loop level. Although the bEFT
is derived at the tree level in the unitary gauge, as
exemplified here by the type-II seesaw, it can be consis-
tently extended to the loop level and with other gauge
choices. In all cases, gauge invariance in the UV theory is
still maintained, albeit not in a manifest manner. In
principle, loop-level matching calculations can be per-
formed in the unitary gauge without introducing incon-
sistencies, but at the expense of poor UV behavior which
has to be handled with care. On the other hand, to make
gauge invariance more explicit and have better UV behav-
ior in loop calculations, one may choose a different gauge
that retains the would-be Goldstone bosons as relevant
degrees of freedom. In this approach, the bEFT explicitly
includes the Goldstone bosons associated with SM gauge
bosons, and consequently, the number of relevant EFT
operators tends to increase with the operator dimension.

VII. CONCLUSION

In this work we have introduced the broken phase EFT
(bEFT) whose symmetry is SUð3Þc × Uð1Þem and degrees
of freedom are the SM particles in the broken phase. We
considered the matching of the type-II seesaw model onto
the bEFT at tree level up to dim-6 operators. To make
comparisons with the SMEFT, we rewrote the results of
matching the type-II seesaw model onto the SMEFT in a
basis after the symmetry breaking, named as bSMEFT. To
compare the two EFTs concretely, we evaluated the Higgs
pair production through vector-boson fusion and the single
Higgs production through the Higgsstrahlung process using
the type-II seesaw, bEFT, and bSMEFT. We found that the
bEFT generically reproduces the results of the type-II
seesaw model more accurately than the bSMEFT. The
difference arises from power counting, i.e., the organization
of perturbative expansion. In the bSMEFT, the heavy fields
are integrated out before electroweak symmetry breaking,
so that the effect of mixing between the scalar fields is not
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incorporated at the leading order. In the bEFT, on the other
hand, the heavy fields are integrated out after electroweak
symmetry breaking whence their mixing with the light
scalar has been taken into account. This is in accord with
the physical intuition that the SMEFT may not work well
when new heavy scalars participate in the electroweak
symmetry breaking or when new particles are not heavy
enough compared with the electroweak scale. Therefore,
we expect the bEFT to provide a more accurate EFT
description the SM is extended by singlet or triplet scalars,
as well as in the two-Higgs-doublet model. Furthermore,
the bEFT can provide a suitable framework for UV models
with extended gauge groups, such as the left-right sym-
metric model [7], the Pati-Salam model [61], and grand
unified theories. In these models, the SM fields intertwine
with new heavy fields in specific representations. One must
go into the broken phase, identify the SM particles and
heavy new particles, and integrate out the latter to obtain
the bEFT. We will apply the bEFT to these cases in our
future work.
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APPENDIX: MINIMIZATION
OF THE SCALAR POTENTIAL

We derive the minimization condition of the scalar
potential in Eq. (2.3) and the mass eigenstates of the scalar
fields after symmetry breaking. Substituting the VEVs of
the SUð2ÞL doublet and triplet scalar fields denoted by hHi
and hΔi into the scalar potential, we get

VðhHi; hΔiÞ ¼ 1

2
M2

Δv
2
Δ þ 1

8
λv4H þ 1

8
λ1v4Δ þ 1

2
λ−v2Hv

2
Δ

−
1

2
Λ6v2HvΔ −

1

2
m2

Hv
2
H: ðA1Þ

Note that vH and vΔ satisfy the following relation,

vew ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2H þ 2v2Δ

q
; ðA2Þ

with vew ¼ 246 GeV. The conditions for the scalar poten-
tial to take an extreme value at vH and vΔ are

∂VðhHi; hΔiÞ
∂vH

¼ vH

�
1

2
λv2H − Λ6vΔ þ λ−v2Δ −m2

H

�
¼ 0; ðA3aÞ

∂VðhHi; hΔiÞ
∂vΔ

¼ vΔ

�
−
1

2

Λ6v2H
vΔ

þ λ−v2H þ 1

2
λ1v2Δ þM2

Δ

�
¼ 0: ðA3bÞ

Solving the above, we get

m2
H ¼ 1

2
λv2H − Λ6vΔ þ λ−v2Δ; ðA4aÞ

M2
Δ ¼ 1

2

Λ6v2H
vΔ

− λ−v2H −
1

2
λ1v2Δ: ðA4bÞ

We replace the original parameters m2
H and Λ6 with the

two VEVs by using the above two relations. The mass
terms for the scalar fields are given by

−Lmass ¼
1

2
ðh; δ0ÞM2

CPeven

�
h

δ0

�
þ 1

2
ðχ; ηÞM2

CPodd

�
χ

η

�

þ ðH−; δ−ÞM2
Charged

�
Hþ

δþ

�

þm2
H��H−−Hþþ; ðA5Þ

where the explicit forms of mass matrices are

M2
CPeven ¼

� λv2H − vΔ
vH
ð2M2

Δ þ λ1v2ΔÞ
− vΔ

vH
ð2M2

Δ þ λ1v2ΔÞ M2
Δ þ 3

2
λ1v2Δ þ λ−v2H

�
;

ðA6aÞ

M2
CPodd ¼

2M2
Δ þ λ1v2Δ þ 2λ−v2H

2v2H

�
4v2Δ −2vHvΔ

−2vHvΔ v2H

�
;

ðA6bÞ

M2
Charged¼

2M2
Δþλ1v2Δþλ4v2H

2v2H

 
2v2Δ −

ffiffiffi
2

p
vHvΔ

−
ffiffiffi
2

p
vHvΔ v2H

!
:

ðA6cÞ

By diagonalizing the above mass matrices, we obtain the
masses for the scalar fields as

m2
H�� ¼ M2

Δ þ ðλ− þ λ5Þv2H þ 1

2
ðλ1 þ λ2Þv2Δ; ðA7aÞ

m2
H� ¼

�
M2

Δ þ 1

2
λ4v2H þ 1

2
λ1v2Δ

��
1þ 2v2Δ

v2H

�
; ðA7bÞ
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m2
A0

¼
�
M2

Δ þ λ−v2H þ 1

2
λ1v2Δ

��
1þ 4v2Δ

v2H

�
; ðA7cÞ

m2
h ¼

1

2

�
Aþ C −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA − CÞ2 þ 4B2
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m2
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ðA − CÞ2 þ 4B2
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where A, B, and C are given by

A ¼ λv2H; ðA8aÞ

B ¼ −
2vΔ
vH

�
M2

Δ þ 1

2
λ1v2Δ

�
; ðA8bÞ

C ¼ M2
Δ þ λ−v2H þ 3

2
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