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In this work, we study nonconformally Ricci-flat gravitational instantons in four-dimensional conformal
gravity, both in vacuum and in the presence of nonlinear conformal matter. First, the one-parameter extension
of the Kerr-NUT-AdS metric is analyzed. We obtain their conserved charges by using the Noether-Wald
formalism. It turns out that they receive corrections from the linear modes present in conformal gravity, which
are properly identified. Then, we perform the analytic continuation into the Euclidean section and find the
curve in parameter space along which this solution becomes regular and globally (anti)self-dual. Using the
Dunajski-Tod theorem, we show that the self-dual metric is not conformally Ricci-flat. Then, the backreaction
of nonlinear conformal matter is considered. In particular, we find new gravitational instantons in the presence
of conformally coupled scalar fields and ModMax electrodynamics. We compute the partition function and
conserved charges, which turn out to be finite by virtue of the conformal invariance of the theory. As a
byproduct, we also obtain a generalization of the Riegert metric dressed with nonlinear conformal matter as a
particular limit of these instantons. For all cases, we analyze the global properties, the curve in parameter
space where the solutions are (anti)-self-dual, and the on-shell Euclidean action, among other features.
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I. INTRODUCTION

The anti—de Sitter/conformal field theory (AdS/CFT)
correspondence has provided a powerful tool for studying
strongly interacting field theories at the fixed points of the
renormalization group flow, where standard perturbative
techniques are no longer valid [1-3]. At those points,
quantum field theories exhibit conformal invariance, which
dictates the specific form of correlator functions of the
theory. In the context of gravity, theories that possess
conformal symmetry display an improved ultraviolet
behavior, providing a suitable scenario for studying quan-
tum effects. Conformal gravity, for instance, is a particular
example of the latter. It appears as a natural ultraviolet
completion of general relativity, although its symmetry
becomes anomalous at one-loop level [4] (for a review of
conformal gravity see [5,6]). In asymptotically locally AdS
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spacetimes, Grumiller et al. have shown that conformal
gravity is finite without introducing boundary counterterms
[7]. This theory has a well-posed variational principle for
the holographic sources, i.e., the boundary metric and the
partially massless response, rendering a rich scenario for
studying holography [7]. Witten and Berkovits, on the other
hand, showed that the supersymmetric extension of con-
formal gravity appears naturally in string theory on twistor
spaces [8]. Furthermore, it provides a natural embedding for
renormalizing Einstein gravity on asymptotically locally
AdS spacetimes when Neumann boundary conditions on
the Fefferman-Graham expansion are imposed [9-11].
These boundary conditions eliminate ghost instabilities that
appear due to the fourth-order nature of its field equations,
rendering the theory free of pathologies [12,13].

Among the different configurations of conformal gravity
[14,15], gravitational instantons are particularly relevant, as
they allow one to study nonperturbative effects in quantum
gravity. For instance, in Ref. [16], Strominger et al. studied
asymptotically flat gravitational instantons, representing
contributions to the vacuum persistence amplitude between
topologically inequivalent vacua. They computed the one-
loop determinant in terms of the renormalization group of
invariant masses and topological properties of instantons.
Since the conformal gravity action is a quadratic form
constructed out of the Weyl tensor, they show that (anti)
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self-dual instantons saturate a BPS bound, given in terms of
the Chern-Pontryagin index—see Eq. (15) below. More
recently, extensions of the Euclidean Taub-NUT-AdS and
Eguchi-Hanson metrics have been studied in Ref. [17],
where their conserved charges and partition function were
computed. The latter are finite due to conformal invariance
without invoking boundary terms. Furthermore, these
configurations were shown to be inequivalent to the
generalized Taub-NUT metrics studied in Refs. [18,19].

Although gravitational instantons in conformal gravity
have been studied mainly in vacuum, therefore being Bach-
flat, the presence of conformal matter backreacting on
these topologically nontrivial configurations remains unex-
plored. In order to give a step toward this direction, one
must consider a matter sector that preserves the symmetries
of the gravity action. In four dimensions, this holds true for
the Maxwell and Yang-Mills theories. However, this is not
exclusive to gauge theories: conformally coupled scalars
can also be included without spoiling conformal invariance
[20]. Indeed, in conformal gravity theories, the presence of
a scalar field that backreacts on the metric allows for the
generation of hairy black hole solutions, while other
configurations can be found via conformal mappings
[21]. In all black hole solutions in the Einstein frame,
the scalar field is coupled minimally to gravity. Applying a
conformal transformation, other solutions can be obtained
in the Jordan frame, which are not physically equivalent to
the untransformed ones [22].

To find electrically and magnetically charged gravita-
tional instantons, one must include backreacting Abelian
gauge fields. However, when quantum effects are taken into
account in any interacting gauge theory, their low-energy
limit is described in terms of effective field theories
[23-25]. The standard procedure for obtaining the latter
is integrating out the heavy degrees of freedom in the path
integral formalism. In the context of quantum electrody-
namics, Euler and Heisenberg showed that quantum effects
generate gauge-invariant nonlinear terms at one-loop level
[26]. These irrelevant operators in the infrared encode
quantum effects, such as vacuum polarization and photon
self-interaction, to first order in the fine structure constant.
Abelian gauge theories possessing higher-order terms are
generically referred to as nonlinear electrodynamics, and
they are characterized by strong electromagnetic fields that
reduce to Maxwell’s theory in the weak field limit. For
instance, the motion of particles around a magnetically
charged Euler-Heisenberg black hole with scalar hair was
studied in [27]. Nonlinear electrodynamics exhibits novel
features, including the absence of initial singularities, an
upper limit on the electric field at the origin for pointlike
particles, and a finite self-energy of charged particles [28],
as shown by Born and Infeld in their seminal paper [29].

Nevertheless, introducing nonlinear effects through
higher-order operators in Maxwell theory is subtle. This
is because, in Born-Infeld and Euler-Heisenberg theories,

nonlinear interactions introduce a fixed energy scale that
breaks conformal invariance. Nevertheless, there exists a
particular nonlinear electrodynamics theory that preserves
the same symmetries as Maxwell theory, i.e., conformal
and SO(2) duality invariance, which has been dubbed
ModMax theory [30]. Different aspects of this theory—
including its backreacting effects—have been explored
[31-45]. Recently, it has been demonstrated that, in asymp-
totically AdS spacetimes with axionic fields, the ModMax
parameter modifies the charge transport, in particular, the
Hall angle and Nerst signal [46]. In the context of conformal
gravity, ModMax theory is a natural candidate to study self-
gravitating nonlinear effects without breaking the sym-
metries of the gravity sector, similar to what happens with
conformally coupled scalar fields.

Another motivation for studying conformally invariant
theories is the unification of gravity and electromagnetism
through Weyl geometry [47,48]. The latter appears as a
generalization of Riemannian geometry by introducing a
covariant derivative with a Weyl connection. Dirac proposed
a generalization of WeyI’s theory, by introducing a real scalar
field [49,50]. Cosmological applications of the latter were
considered in detail in Refs. [51,52], and further general-
izations of the Weyl theory were considered in [53-55]. In
this context, static and spherically symmetric black hole
solutions have been investigated in detail in Refs. [56,57]
using both numerical and analytical methods, while near-
horizon instabilities in Weyl black holes were studied in [58].

In this work, we study nonconformally Ricci-flat gravi-
tational instantons in conformal gravity, both in vacuum
and coupled to nonlinear fields that remain invariant under
Weyl rescalings in four dimensions. In the former case, we
compute the Noether-Wald charges of the Lorentzian
extension of the Kerr-NUT-AdS metric with relaxed AdS
boundary conditions in conformal gravity found in
Ref. [59]. After performing an analytic continuation into
the Euclidean section, we obtain a curve in parametric
space where the Weyl tensor becomes (anti)self-dual. As
the conformal gravity action is a quadratic form of the Weyl
tensor, this implies that the instanton saturates a
Bogomol’nyi-Prasad-Sommerfield (BPS) bound that we
obtain explicitly. Then, we consider a matter sector con-
sisting of two different types of nonlinear fields: confor-
mally coupled scalar fields with a self-interacting potential
and ModMax electrodynamics. We obtain the generaliza-
tion of the Taub-NUT-AdS and Eguchi-Hanson metrics
found in Ref. [17], and we show that the vanishing NUT
charge limit leads to a generalized Riegert metric in the
presence of conformal nonlinear matter fields. We study
their global properties in detail, including the partition
function, topological terms, and conserved quantities.

This work is organized as follows. In Sec. II, we briefly
review conformal gravity in four dimensions. Then, in
Sec. III, we revisit the Lorentzian Kerr-NUT-AdS extension
in conformal gravity and compute its conserved charges.
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In Sec. IV, we study the Euclidean continuation of this
geometry, determine the curve in parameter space along
which the solution becomes (anti)-self-dual and compute
the corresponding on-shell Euclidean action. In Sec. V, by
using the Dunajski-Tod theorem, which provides the nec-
essary and sufficient conditions for (anti)self-dual spaces
not to be conformally related to any Ricci-flat space, we
show that the Kerr-NUT-AdS extension satisfies the con-
ditions of this theorem. In Sec. VI, we minimally couple
nonlinear conformal matter to conformal gravity, namely
conformally coupled scalar fields and ModMax nonlinear
electrodynamics. Section VII is devoted to the analysis of
the extensions of the Taub-NUT and Eguchi-Hanson gravi-
tational instantons within this theory. Furthermore, by
taking the static limit of the former, we obtain the gener-
alization of the Riegert metric supported by nonlinear
conformal matter. We analyze the global properties of these
new solutions, including their on-shell Euclidean action,
temperature, topological invariants, and conserved charges
derived from a Gauss law. Finally, in Sec. VIII we present a
summary and discussion of the main results.

II. CONFORMAL GRAVITY

In this section, we review the main aspects of conformal
gravity and fix notation. The action principle that dictates
the dynamics of the gravitational sector is given by

ICG[g/w —(Z/ d4x\/ |g Wl,;: /41/7 (1)

where « is a dimensionless coupling constant, g = det g,,, is
the metric determinant, and the Weyl tensor is defined as

1

1
Wf; = Rf; + 45[/‘54 where S% = 5 <R’,f _ _5!;]3)’ (2)

=P 6
is the Schouten tensor. Besides diffeomorphism invariance,
this action remains invariant under Weyl rescalings of the

metric, since the Weyl tensor transforms as W/, — W/ =
e WW!" under

gm/ - g;w = eZo’(x)gﬂw (3)
where o(x) is an arbitrary scalar function. Although this
action produces four-order field equations, it has been
shown that Einstein gravity can be obtained by assuming
Neumann boundary conditions on the Fefferman-Graham
expansion [9,10]. Moreover, the latter choice eliminates
possible ghost instabilities as shown in Ref. [13].

The field equations are obtained by performing arbitrary
variations of the action (1) with respect to the metric, giving

Sl — / dhe/[gI5gvE, + / /91,0, (4)
M M

where £,, =0 and ©" are the field equations and sym-
plectic potential, given by

Eﬂy = 4(ZBM,,
OH = —4(1(59”00”“’ + Wpﬂybvﬂég“’)’ (5)

respectively, where B,, = VAC,,, — S¥W,,,, is the Bach
tensor and C,,; = 2V;S,), is the Cotton tensor. Notice that,

when evaluated on Einstein-AdS spaces, say R, = — % I

the Schouten tensor becomes §,, = — 2—;2 Gu» Where 7 is the
AdS radius. One can check that the Bach and Cotton
tensors vanish automatically when this condition is
imposed. Therefore, all Einstein-AdS spaces are Bach-flat,
and as a consequence, solutions of conformal gravity in
vacuum. Even more: as the Bach tensor transforms cova-
riantly under Weyl transformations, conformally Einstein
spaces will also satisfy B,, = 0 for an arbitrary conformal
factor. Nevertheless, there exists a very special class of
metrics, which are Bach flat, but they are not conformally
related to Einstein spaces. Necessary and sufficient con-
ditions for their existence have been explored [60-62]
(see also [63]), and particular examples, e.g., the LeBrun
metrics, have been obtained [64,65].

In the following, we will analyze the electric/magnetic
duality of a Bach-flat solution that can be regarded as the
one-parameter extension of the Kerr-NUT-AdS instanton in
Einstein gravity.

III. KERR-NUT-ADS SOLUTION IN
CONFORMAL GRAVITY

The construction of stationary solutions in higher-curvature
theories of gravity is certainly challenging. Since conformal
gravity has more symmetries than general relativity, but it
reduces to the latter by imposing Neumann boundary con-
ditions on the Fefferman-Graham expansion, it is more likely
to find this class of solutions in both Lorentzian and Euclidean
signatures. For instance, in Ref. [66], the extension of the
dyonic Kerr-Newman-AdS solution in conformal gravity was
studied by using the Plebanski-Demianski form." Then, in
Ref. [59], the dyonic Kerr-Newman-NUT-AdS was studied.
Using Boyer-Lindquist coordinates, the Ansatz for the line
element is

A (r)

ds? = — [df + (2n cos 9 + 2nC — assin® 9)dg)?

E23(r, 9)
2(r.9)  , Z(r.9) .,  Ay(I)sin?9
d ds
a0 T a® Y T Er)
x [adt — (r* + a® + n® — 2anC)dg)?, (6)

'See Ref. [67] for a recent analysis in the absence of the
cosmological constant and Maxwell fields.
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where Z = 1 — a?/¢#?, with a being the rotation parameter,
n is the NUT charge, and C = =1, 0 controls the position of
the Misner string—the gravitational analog of the Dirac
string. The C parameter appears from a large gauge trans-
formation that modifies the conserved charges, as we will see
next. Indeed, as shown by Misner, it can be used to define two
regular coordinate patches such that the string is fully
eliminated, paying the price of introducing closed timelike
curves [68]. Here, however, we keep the Misner string
physical, as it has been shown that it is transparent to geodesic
observers [69]. The latter has provided a fruitful arena for
studying novel thermodynamic properties in the presence of
the NUT charge [70-75].

The metric functions that solve the field equations (5) are

(@ —4n2)>r

A = Nr2=2
Ar)=(c+Dr <m+ 37D

(@ =n*)(c +3)

+ 3
r* 4+ (a® + 6n)r? + 3n?(a® — n?)
+ 7 +br, (7a)
2(r,9) = r* + (n +a cos 8), (7b)
4 2
Ag(9)=1-— (%—I—%) cos 9 —%cos 92, (7¢)

where m, b, and c¢ are integration constants subject to the
following constraint

18mn*b — c[c(a® — 3n*) — 6n%] = 0. (8)

There are interesting limits of this metric. For instance,
the Kerr-NUT-AdS solution of general relativity is also a
solution of conformal gravity. The latter can be achieved by
taking the limit ¢ — 0, which implies that b — 0 as a
consequence of Eq. (8). Notice that Eq. (8) implies that the
limit ¢/b — 0 is smooth. In Einstein gravity, this spacetime
was originally found by Carter in Ref. [76], whose global
properties were studied by Miller in [77]. Here, we notice
that the limit m — 0 and ¢ — 0, while keeping b # 0, leads
to a non-Einstein spacetime with nontrivial mass and
angular momentum—see Eq. (13) below. The general
solution in Eq. (7) with nonvanishing m, b, and c, alongside
their particular limits, possesses two Killing vectors, i.e., 9,
and 0,, being stationary and axisymmetric. Additionally, it
has a horizon generated by the Killing vector field
{=09,+Q.09, where

a
A +a*+n?-2anC’

©)

Q.

is the angular velocity at the horizon, and r is defined as
the largest positive root of A,(r,)=0. The Hawking

temperature, on the other hand, can be obtained from

Ty = 2=, where k, is the surface gravity associated with the
H 2 K

Killing vector field that generates the horizon. Direct
computation of the latter yields

9y
- 12zr a2
=3r2[(c + )% + a* + 6n* +r (3r. +2b£%)]}
(10)

Ty {(a®> = n?)[(c + 3)¢* + 9n?]

The thermodynamic properties of this solution have been
studied in Ref. [59] in the absence of the NUT charge. The
presence of the latter modifies both the mass and the angular
momentum, as we see next. Even more, in the Euclidean
section, it allows for a nontrivial curve in parameter space
where the solution becomes (anti)self-dual. This allows us to
interpret it as a gravitational instanton of conformal gravity
that saturates a BPS bound given in terms of the Chern-
Pontryagin index.

A. Noether-Wald charges

As conformal gravity is finite in asymptotically locally
AdS spacetimes [7], the Noether-Wald formalism [78-81]
provides a useful covariant tool for obtaining the conserved
charges of the solution (7). This method is based on the
invariance under diffeomorphisms of the conformal gravity
action by the flow of a Killing vector field £ = £“d,,, which
implies the conservation of a Noether current, say
VﬂJ” = 0. The Poincaré lemma, in turn, allows one to
write the Noether current as J¥ =V, ¢g"*, where ¢"* is
known as the Noether prepotential. In the case of conformal
gravity, this is given by [17]

g = ~4a(WEVAE +28C) = —g*. (1)

The non-FEinstein contribution to the conserved charges is
encoded in the last term proportional to the Cotton tensor.
Indeed, for Einstein spaces, the latter vanishes, and the
Noether prepotential reduces to the topologically renor-
malized FEinstein-AdS gravity [82-84], also known as
Kounterterms. If £ is a globally defined Killing vector
field, conserved charges are obtained by integrating the
Noether prepotential over a codimension-2 boundary inte-
gral as

QH—A¢%%, (12)

where X is the codimension-2 asymptotic boundary,
whose oriented volume element is d%,, .

The mass and angular momentum of the solution in
Eq. (7) are obtained from the boundary integrals at space-
like infinity associated with the Killing vectors 9, and 9,
giving
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Qo] =M
64ra n(Ca+ n)b
G2 )
4(a* —4n?)
2.2
+12b (b 4 7 ﬂ, (13a)
Q[aqa} =J
64zab [n*(C?a +2Cn — 2a)

»((c—=6)a Ccn
vt 12)] (13b)
respectively. This result coincides exactly with that found
in Ref. [85] in the limit » — 0 and ¢ — 0, provided that
a= %. Remarkably, notice that due to the conformal-
gravity modes, there exists a solution with nontrivial mass
in the m — 0 limit, due to the presence of b and c.
Additionally, the parameter associated with the large gauge
transformation that controls the position of the Misner
string contributes to the conserved charges, as anticipated.
This is reminiscent of the large coordinate transformation
that alters its asymptotic behavior, similar to what occurs
with the cylindrical black hole in general relativity [86].

IV. (ANTDSELF-DUAL INSTANTON IN
CONFORMAL GRAVITY

Gravitational instantons in conformal gravity are regular
Bach-flat solutions that can be obtained from their
Lorentzian counterpart by performing the analytic continu-
ation into the Euclidean section. In particular, from Eq. (7),
the (anti)self-dual gravitation instanton can be obtained
from the Wick rotation ¢ — iz, n — —in, and a — —iad,
where hatted quantities denote those in Euclidean signa-
ture. The absence of conical singularities renders the
solution regular; this is achieved by demanding the correct

|

BB,
_2'\2 ~2 f2
e e AL G

F2bn 2 (a* + 2 - 4i?) (a2 -
— DA (a7 + 302) + 213 [

PyM] =

(A F r,)l[a
(A* 4 2a%) -

and that of the complex projective space is P;[CP?] = 3, we
conclude that, since the parametric space of this (anti)self
dual instanton is two-dimensional, there is always a region in
the parameter space such that the condition P;[M] <
P,[CP?] is satisfied. Therefore, within such a region, the
(anti)self-dual instanton studied here would dominate the
path integral if the one-loop determinant is not imaginary.
Indeed, one can use the techniques developed in Ref. [16] for

2(at2ry)
a4 + 6r2 7

periodicity of the Euclidean time and the azimuthal angle,
ie. t~7+p;, and ¢ ~ @ + p,, where f, = —/},Q+ and
p. = T3', with Q. and T, being the analytically continued
angular velocity and Hawking temperature, respectively.

Since the conformal gravity action is a quadratic form of
the Weyl tensor in four dimensions, it can be used to define a
BPS bound similar to Yang-Mills theory. To the best of our
knowledge, this was first explored in the context of conformal
gravity in Ref. [87]. Indeed, in Ref. [16] the explicit value of
the BPS bound was obtained for CP? instanton. In the case of
the analytically continued solution in Eq. (7), there exists a
curve in parameter space that saturates a different BPS bound.
The latter is characterized by

S(r2 o0 2 22 — 4R2 352 — 42

m:in(a + % —4n*) f( A4n)i(n a*)
2 3 bt? 20

and ¢ =T 3nb, (14)

where b is obtained by taking the Euclidean continuation of
Eq. (8). The condition (14) implies that the Weyl tensor is
(anti)self dual, ie. W,,, = j:VVﬂM,,, where Wﬂw :
%eﬂmﬂwjf is the dual Weyl tensor and ¢,,,, the Levi-
Civita tensor. For (anti)self-dual configurations, the BPS
bound in conformal gravity is given by [16,87]

ICG = Z|2167T20P] [M],

1 —

where

PyM] =

is the Chern-Pontryagin index, and R”Mp 2 ﬂmﬂR 0 is the
dual Riemann tensor. Indeed, the action of this instanton can
be lower than that of CP? within a particular range along the
curve (14), meaning that the solution studied here dominates
the path integral. As the Chern-Pontryagin index of our
solution is

— 422 [£2r (@2 + 13) + A(@2 + 352 — %)

—3i(h £ r,)? = b2 (a — 12)(a — 2A°))]

(2% = a?) + r.[(a® — A?)? + 4n°]}, (16)

gravitational instantons in conformal gravity to prove this.
We left this proof for future work.

V. OBSTRUCTIONS TO CONFORMALLY (ANTI)
SELF-DUAL RICCI-FLAT SPACES

It is well-known that the conformal symmetry of the
action (1) allows one to obtain Bach-flat solutions by
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performing a Weyl transformation of Einstein spaces. This
is because the Bach tensor is identically zero for Einstein
spaces, and it transforms covariantly under Wey! rescalings
of the metric [cf. Eq. (3)] with conformal weight A = -2,
thatis, B,, - B,, = ¢"°¥B,,. Thus, if g,, is conformally
related to an Einstein space, it will solve the conformal
gravity equations automatically. However, as demonstrated
in Refs. [60—62], there exist solutions of conformal gravity
which are not conformally Ricci-flat. Indeed, in Ref. [62] it
was shown that a Bach-flat Riemannian metric with
antiself-dual Weyl tensor contains a Ricci-flat metric within
its conformal class if and only if

P := 4VH WaﬂyﬂVDW“/’V” - Vﬂ VH Waﬂyawaﬁyé =0, (178')
1

TW=8,+V,V,+V,V, - Eg,wvlw =0, (17b)

where V# — 4W3ZV”W§1,/; /W? and W? = ,,,,APW’M” #0.

This is the Dunajski-Tod theorem [62].

In particular, for the one-parameter extension of the
Kerr-NUT-AdS solution in Egs. (6) and (7), the scalar in
Eq. (17) takes the form

18h?
P=- X (n—r+acosd)’ r(r)m(n + 1)
+an(n + 2r)cos 9) + a*B,(r,9)], (18)

H(r,9) =+

(£b%h — a* — % + 402)[D* 04 (2% — %) + 4bC2h(a% — 27%) + 47* (a2 + 2 — 4i?)]

where we have defined

Bi(r) ==Bn=r)(n+r)+ (1 +b(n+r). (19)
Ba(r,8) = (3n —r)(n* — r’cos*9)
+ 2(=n(1 + bn) + r + br? cos® 9)
—acos9(=3n®> =2nr + £*[1 + b(n +r))
+ r?cos? 9). (19b)

This expression is nonvanishing as long as b # 0, even in
the limit £ — oo. Therefore, the nonvanishing of Eq. (17)
implies that the solution is not conformal to a Ricci-flat
space. In fact, switching off the integration constant b also
forces ¢ = 0, according to Eq. (14), thereby recovering the
Kerr-NUT-AdS solution of general relativity. Additionally,
when evaluated on the one-parameter extension of the
latter, the tensor 7, in Eq. (17b) can be expressed as

Ty =H(r,9)gu, (20)

where

is a monotonically decreasing function of the radial
coordinate, whose falloff toward the asymptotic boundary
is H~ O(r?). For arbitrary values of the integration
constants, this scalar is nonvanishing, even in the limit
¢ — oo and b # 0. Therefore, we conclude that the Kerr-
NUT-AdS instanton of conformal gravity is not confor-
mally related to its Ricci-flat counterpart, as long as b # 0.
This result extends the nonconformally Einstein metrics of
conformal gravity studied in Ref. [88]. Even more, as the
one-parameter extension of the Taub-NUT-AdS solution is
continuously connected to that studied here in the limit
a — 0, one can conclude from the Dunajski-Tod theorem
[62] that the solutions studied in Ref. [17] are nonconfor-
mally Ricci-flat as well.

VI. COUPLING TO NONLINEAR
CONFORMAL MATTER

To study the backreaction of matter fields on gravita-
tional instantons in conformal gravity, the dynamics of the
matter content must respect the conformal invariance of the
gravity sector. To this end, we consider a matter content

202 [b*a(a + reos 9) + n(be2r 4 2(a2 + ¢7)) — n2(£3b6* + 87))?

, (21)

[
composed of two distinct types of nonlinear fields: con-
formally coupled scalar fields with a self-interacting
potential and ModMax electrodynamjcs.2 The former is
described by the action principle

1 1
il = = [ V(59,0904 5 0R 110
2)

where v is a dimensionless parameter that controls the
quartic potential of the scalar field. This action remains
quasi-invariant, that is, it transforms as a boundary term,
under Weyl rescalings of the metric [cf. Eq. (3)] and the
scalar field ¢ — ¢ = e "¢, namely (see Ref. [93])

1
Buly =7 / d*xv/|9|V,,(¢*V¥o), (23)

’In Einstein gravity, gravitational instantons with conformally
coupled scalar fields or ModMax fields have been studied in
Refs. [32,33,89-92].
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where we have used the infinitesimal Weyl transformation
of the metric and the scalar field as 6,9, = 20g,, and
0s¢p = —o¢, respectively.

To obtain finite action and conserved charges in asymp-
totically locally AdS spacetimes, this action needs to be
supplemented with additional counterterms that do not
modify the bulk dynamics, while rendering the action fully
invariant under Weyl rescalings. This is the conformal
completion prescription for scalar-tensor theories used in
Ref. [93], which we follow from hereon. To this end,
we consider the Weyl-invariant action

(ren) 1

where [, is defined in Eq. (22), and E, is the Gauss-Bonnet
density defined as

1
Ey = 80 T LRIG R, = R = AR, R™ + Ry RV,
(25)

[

v s ”]] is the generalized Korenecker
1 Vp

where 5/:]’,':,'5: = plé
delta. Additionally, since neither the Gauss-Bonnet term

nor the action (22) are invariant under Weyl rescalings, the
last term

Jt =8¢~ G + ¢, VIV, + ¢VIGV 4]V
— 48UV
= Jl — 48upVHp, (26)

is included to render the renormalized scalar-tensor sector
conformally invariant. The last piece of J# compensates for
the nontrivial Weyl variation of /,—see Eq. (23). On the
other hand, J& compensates the inhomogeneous piece of
the Gauss-Bonnet term. This was shown in Ref. [94] by
introducing the tensor

Sy = GRY, — 4955V 1 + 86/ VPV 1
- 5g;va¢va¢» (27)

which transforms covariantly under Weyl rescalings, i.e.,
S, = S’;Z = ¢~ Then, the product of ¢~* and the
Euler density constructed out of Eq. (27), namely,

|
Eg:= W%]'mgisftﬁﬂyfzsﬁm =E,+V,J5  (28)
is conformally covariant by construction; in particular, it
transforms as Eg — Es = e *(Eg. Then, since E, does
not transform covariantly but Eg does, it is clear that Vﬂ.l’fE

compensates the inhomogeneous Weyl transformation of
the Gauss-Bonnet term.

On the other hand, in order to introduce nonlinear
Abelian effects while respecting conformal invariance,
we consider ModMax electrodynamics, whose action
principle is given by [30]

[MM [g;w’ A}

= —/ d*x+/|g| (Xcoshy -VX2-y? sinhy), (29)
M

where y is a dimensionless parameter that controls the
strength of the nonlinear effects. Indeed, Maxwell electrody-
namics is continuously connected to ModMax theory in the
limit y — 0. Here, X and Y are the two quadratic electro-
magnetic invariants constructed out of the Abelian field
strength F,, = 9,A, — 9,A, and its dual F,, =1e€,,,,F,
where €,,,5 is the Levi-Civita tensor. Explicitly, they are

given by

1
X=-F,F"

1.
2Fu and ¥ =2 F, P, (30)

The action (29) describes the most general nonlinear electro-
dynamic theory that remains invariant under SO(2) duality
transformations and Weyl rescalings [30].

Then, the full action that governs the dynamics of
conformal gravity coupled to nonlinear conformal matter
fields is given by

ren)

I=1Ic+I5" + han, (31)
where the definitions of Egs. (1), (24), and (29) have been
used. The field equations of the system are obtained by
performing arbitrary variations with respect to the metric,
scalar, and nonlinear Abelian field; they are

Sﬂy = 8aB/,u/ — fl?) — Tf,‘f) = 0, (323)
1

€=U~ R — 4’ =0, (32b)

£ =V, P =0, (32¢)

respectively, where we have defined the constitutive tensor
and stress-energy momentum tensor for scalar and ModMax
fields, respectively, as

X sinhy Ysinhy .
R G i =

2 -r,

Fyy = 9 (X coshy — v/ X? — Y?sinh y), (34)
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1
Tl(gj) = vﬂ¢vb¢ - Eg;wva¢va¢

1
+ 6 (gﬂblj - vﬂvl/ + G/w)¢2 - Ugﬂu¢4' (35)

As discussed in Ref. [93], the Gauss-Bonnet term is
needed to renormalize the scalar-tensor sector when the
scalar field is ¢ = ¢y = constant. Notice that this last
condition implies that the field equation for the scalar field
(32) becomes R = —12/ f%, where the effective AdS radius
is defined in terms of the constant scalar field as
£5% = 2up3. The constant scalar field, however, breaks
the conformal invariance. This can be observed by noting
that the scalar-tensor sector becomes Einstein-AdS gravity,
where the constant scalar field plays the role of an effective
AdS radius. Indeed, neglecting ModMax terms, the field
equations for the metric become

3
G, — ?(2)9;411 - 48af%Blw =0, (36)

which are the field equations of Einstein-Weyl gravity.
Indeed, there is a particular point in the parameter space,
i.e. a = 1/48, where the theory reduces to critical gravity
[95]. At that point, the two spin-2 degrees of freedom
becomes massless [96], resembling the chiral points of
topologically massive gravity [97-99] and new massive
gravity [100-102]. At that point, the conserved charges of
Einstein spaces vanish, and they are nontrivial otherwise
[96,103,104].

VII. NONLINEARLY CHARGED
GRAVITATIONAL INSTANTONS

Besides constant scalar fields, we are interested in
gravitational instantons with self-gravitating conformally
coupled scalars and ModMax fields, which introduce non-
linear effects while preserving conformal symmetry.
Recently, the extension of the Riegert black hole with
meronic fields was found in conformal gravity minimally
coupled to Yang-Mills theory [105]. Here, we construct a
novel gravitational Taub-NUT instanton with self-gravitat-
ing, nonlinear, and conformal matter. The solution can be
regarded as a nonlinearly charged gravitational dyon, which
is a gravitational solution with electric and magnetic mass. It
represents a two-parameter extension of the original Taub-
NUT in general relativity with a negative cosmological
constant. Additionally, we also obtain a two-parameter
extension of the Eguchi-Hanson space with a negative
cosmological constant by introducing nonlinear matter in
conformal gravity.

A. Taub-NUT instanton with weakened
AdS boundary conditions

To solve the field equations and construct a nonlinearly
charged two-parameter extension of the Taub-NUT-AdS

instanton, we consider a metric Ansatz based on the Hopf
fibration over S%. In particular, we focus on the line element

ds? = f(r)(dz + 2n cos 9dg)* + ar
/()
+ (rz - n2)(d19 + Sin219dg02)7 (37)

where n is the NUT charge. Additionally, for the ModMax
field, we assume an Ansatz aligned along the Hopf fibration,
that is,

A =a(r)(dz 4+ 2n cosddg). (38)

Inserting these into the field equations, we find that they are
solved by
™ —6n?rt — 3n*

2 (r* —n?)

2 + n? 2mr
f(r)_r2—n2_r2—n2+

c(P+%) b

2 _n2 + 2 _n2 (39)
a(r) = %cosh {eY ln<:12>}
+ L ginh {e” ln<r_ ")] (39b)
2n r+n
1 c—3bn
¢ =\ (39¢)

where m, ¢, b, c, q, and p are integration constants subject to
the constraints

0 = 4nt?c — 3% (bn® — 2m — 2n) — 24n3, (40a)
384uvn?(p* — ¢*)e’ 8n3
= bn* +6m—2 —
[+ 192a  \0FFommant g
) 8n?
x | 3bn +2m—|—2n—7 . (40b)

This metric is asymptotically locally AdS, as can be seen by
analyzing the asymptotic behavior of the Riemann tensor
toward the asymptotic boundary. Nevertheless, it has a
weakened AdS asymptotics due to the presence of the
b-mode.

The vacuum Taub-NUT-AdS solution of conformal
gravity was studied in extenso in Ref. [17]. Here, the
Weyl symmetry of the matter sector allows for a natural
extension of the latter. Indeed, notice that the self-gravi-
tating conformally coupled scalar field is regular
VY reR,if n > 0 and it depends critically on the presence
of a quartic potential. Thus, nonlinear conformal effects are
crucial for the existence of this solution. Moreover, the
profile of the gauge potential over the Taub-NUT metric of
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Einstein-ModMax theory studied in Refs. [32,33,40] is
similar to that found here.

The absence of conical singularities at the horizon defined
by the largest positive root of the polynomial f(r,) =0
demands that the Euclidean time must be identified as
7 ~ 7+ [, whose period is given by

4z
b= 70 .
4nl?r (n* —r2)
c(n® + ri) —4Gmr, +3n> + ri] - (3n* + ri)2 ’
(41)

This relation defines the reciprocal of the Hawking temper-
ature of the nonlinearly charged Taub-NUT-AdS solution of
conformal gravity.

Additionally, the Taub-NUT solution in Eq. (39) exhibits
a curve in parameter space along which it becomes globally
(anti)self-dual. This curve is characterized by two relations
among the integration constants; they are

n 4n’> ¢
m:ﬁ:5<1—7+§>, ¢ =%F 3bn, p = *q.

(42)

In the self-dual case, these conditions are translated into a
relation among b, n, and £ in order to satisfy the constraints
in Eq. (40b). In the case p = g = 0, this curve reduces to
that obtained in Ref. [17]. Thus, Eq. (42) represents its
extension in the presence of dyonic charges. Notice that,
along the self-dual curve, the scalar field vanishes identi-
cally for the antiself-dual, and the ModMax field becomes
self-dual in a nonlinear sense, i.e. P, = F s Where P, is
defined in Eq. (33). Indeed, one can check that the

ModMax stress-energy tensor Tﬁ,ﬁ) vanishes, although
the self-dual ModMax fields are nontrivial. This is typically
|

”2

I =
E™ 70

(5764% — 3456a)v + 45 + 4c(c + 3)

where f = 8zn has been used. On the other hand, the
Euclidean on-shell action for the Taub-Bolt solution can be
obtained in a similar manner. However, its explicit form is
cumbersome and not very illuminating. Nevertheless, it is
worth mentioning that there appear logarithmic terms in the
partition function, which are related to the presence of
nonlinear terms of ModMax theory. A similar behavior has
been observed in the Einstein-Skyrme model, where the
nonlinear nature of Skyrmions can be used to construct
deformations of CP? as gravitational instantons in general
relativity [106].

In the case of ModMax theory, the field equations (32c)
allow one to define the electric charge employing a Gauss

24n?

what happens with instantons in Yang-Mills theory.
Additionally, along the self-dual curve, the metric function
takes the form [17]

r—n r—n)? n+r)(r—n)?
fNUT(r):r+n+b(r+n) +(3 (—l”_—l—)fl)fz ) ' (43)

Notice that, in this case, the metric possesses a zero-
dimensional set of fixed points at » = n where the metric
degenerates—this is usually referred to as a NUT.
Additionally, it is completely regular in the range
n<r<oo as long as the conditions (42) are imposed
on the period of the Euclidean time in Eq. (41). The latter
gives 3, = 8zn and the Euler characteristic of this solution
is y(M) = 1.

Notice that, in the absence of matter fields, this solution
reduces to that studied in Ref. [17]. In such a case, it is
worth mentioning that this self-dual instanton is not con-
formally Ricci-flat either, since the constraints in Eq. (17)
reduce to

[(bn — 1)£2 + 4n2][(bE? + 4n2)? — 4¢7

T = (44
p _22,”2[8”2 +3b%n — LﬂQ(br T 2)]2 Guw (44)

while P = 0. The first condition is nonvanishing as long as
b # 0, and it remains valid even in the limit £ — co. In the
case b = 0, the constraint (42) further implies ¢ = 0, and
one recovers the standard self-dual Taub-NUT metric, which
is an Einstein space. In other words, the presence of the
parameters » and ¢ prevents the solution from being
conformally related to a Ricci-flat space. This analysis
was not presented in Ref. [17], and it provides a formal
demonstration that the solution cannot be obtained from a
conformal transformation of the Taub-NUT-AdS solution of
Einstein gravity.

On the other hand, the Euclidean on-shell action for the
self-dual Taub-NUT instanton sourced by nonlinear con-
formal matter, cf. Eq. (43), is

144n*

(2¢ = 1152va + 15) — i

p (384va — 5)} , (45)

|
law. Similarly, since the magnetic charge is a topological
charge, it can be computed via the integral of the first Chern
class. Then, these conserved charges are given by

1
Qe:__

1
ar Js. *P and Q, = yp /Ew F, (46)
where x is the Hodge dual, X, denotes spatial infinity, and we
have defined P =P, dx* A dx* and F =1F,dx* A dx”
as the constitutive relation and U(1) field strength 2-forms,
respectively. For ModMax fields over the extended Taub-
NUT solution with weakened AdS boundary conditions, the

electric and magnetic charges are given by
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Q. = lim[(r* = n?)d(r)e”] = q,

r—o0

(47a)

0,, = lim2na(r) = p, (47b)

r—o0
respectively. Therefore, this solution represents a self-gravi-
tating nonlinear dyon in conformal gravity that becomes
self-dual along the curve (42).

1. Static limit: The conformally nonlinearly charged
Riegert black hole

The static limit can be obtained by taking n — 0. At the
level of the metric and the scalar field, this limit is trivial.
For the constraints in Eq. (40), however, this limit is subtle,
as it requires a redefinition of the integration constants such
that the limit is smooth. For instance, from Eq. (40a), we
see that m — 0 as n — 0. To take the limit smoothly, we
redefine m := un, where y is a rescaled integration constant.
Then, substituting this into Eq. (40a), it gives

1
4et*n +6 <—§bn2 + unG + n> 2 —=24n* =0. (48)

Then, to linear order in the n — 0 expansion, this condition
fixes p in terms of the integration constant ¢ according to

2c+3
3G

p= (49)
Substituting this back into Eq. (40b) and expanding once
again yields

16
38474u(p? — ¢*)e” + ?Ifzc(c +2)(192av + 1)} n?
+ O(n*) = 0. (50)

Then, to second order in 7, and after some simplifications,
we find that the restrictions on the integration constants are
m =0 and

8c

(p* = ¢*)ve’ +?(C+2) <V05+1;2> =0. (51)

Thus, if the restriction on the integration constants given in
Eq. (51) is assumed, the solution reduces to the nonlinearly
charged dyonic Riegert metric dressed by scalar fields,
whose specific form is given by

r? dr?
ds? = <—2—|—br—|— 1 +c>d12+ 5
4 (Z+br+1+c)
+ r*(d9? + sin?9dg?), (52a)
A= (CI) _4 e7> dz + pcos 9de, (52b)
r

1 c

¢ = PRVAT (52¢)

where we kept the pure-gauge term @ := ge”/r, to render
the solution regular at the horizon. Notice that, from Eq. (51),
we can solve for p = p(c,q), leaving two integration
constants free, i.e., ¢ and g. They can be interpreted as a
scalar hair and the electric charge, respectively. Indeed, the
electric and magnetic charges can be obtained from the Gauss
integrals in Eq. (46), giving

Qe =dq, Qm =p. (53)

Some comments are now in order. This solution is the
massless limit of the Riegert black hole [14] and it appears
as a particular solution of conformal gravity in vacuum.
Indeed, in Ref. [107], the authors showed that such a
vacuum solution has a nontrivial Hawking temperature, but
its partition function vanishes identically, resulting in a
configuration with zero mass, entropy, and free energy; this
is similar to what happens with the Schwarzschild-AdS
black hole in critical gravity [95] (see also [104,108]). In
this case, the temperature can be obtained from Eq. (41) by
taking m = un, with u given by Eq. (49), and subsequently
taking the limit n — 0. This procedure yields the temper-
ature of the static solution in Eq. (52), that is,

4nlr,
ﬂiri—fz(l—kc)' (54)
Therefore, due to its nonvanishing temperature in the
absence of scalar and Maxwell fields, the solution was
interpreted as a thermalized vacuum in Ref. [107].3
Nevertheless, the presence of nonlinear conformal matter
breaks the degeneracy and the partition function is no longer
zero, as they contribute in a nontrivial way to the Euclidean
on-shell action, which is given by

f
36ur,
_2ape’ (p* + ¢°)

ry

—Ig = 12+ c(12 4 ¢ + 192cva)]

. (55)

The first term on the right-hand side originates from the
conformally coupled scalar sector, while the second corre-
sponds to the contribution of ModMax fields. Since one can
solve for the magnetic charge from Eq. (51) and b in terms of
r, from f(r,) = 0, this action depends on three parameters
in phase space, i.e., b, ¢, and ¢g. As our main focus in this
work is to study gravitational instantons in conformal
gravity, we leave further thermodynamic explorations of
the nonlinearly charged Riegert black hole for a future work.

3A similar behavior was found in unconventional conformal
supergravity [109].
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B. Eguchi-Hanson

In Ref. [110], Eguchi and Hanson constructed an asymp-
totically flat self-dual gravitational instanton in general
relativity, following a similar strategy of Belavin-
Polyakov-Schwartz-Tyupkin in Yang-Mills theory [111].
Then, generalizations of their solution were obtained by
including the cosmological constant, Maxwell fields [112],
and also acceleration [113]. In higher-curvature gravity,
extensions of the Eguchi-Hanson metric have been studied
in Refs. [17,114-118]. Additionally, it has been used as a
seed metric to construct higher-dimensional gravitational
solitons by oxidizing the original four-dimensional Eguchi-
Hanson solution [119-121]. In the presence of conformally
coupled scalars, a backreacted Eguchi-Hanson-like solu-
tion was found in Ref. [92]. Here, we generalize the
vacuum Eguchi-Hanson solution in conformal gravity
obtained in Ref. [17] by coupling the theory to spin-0
and spin-1 nonlinear conformal matter.

To this end, we consider an Ansatz for the line element,
the nonlinear U(1) gauge potential, and the scalar field as

ds? = ]% rzj;(r) (dz + cos 9dg)?
+ %2 (d9? + sin’9dg), (56a)
A = a(r)(dz + cos 9deg), ¢ =¢(r), (56b)

respectively. In the absence of matter fields, the three-
parameter family of Eguchi-Hanson-like instantons in con-
formal gravity was studied in Ref. [17], whose line element
is given by

2 4

c 1 a .
f(r)=1+ﬁ+ﬁ—r—4+br, (57)
subject to the condition ¢ = —4a*b#?. This metric becomes

self-dual when ¢ = b = 0 and the limit # — oo is taken,
thus recovering the standard asymptotically flat Eguchi-
Hanson metric in general relativity [110,112]. Regularity of
the solution imposes the condition b = 0, since the solution
becomes singular as r — oo of b # 0; this can be seen by
computing the Ricci scalar of this solution, that is,

24
R =~y —48br (58)

From the condition on the integration constants below
Eq. (57), one can see that setting b = 0 might imply that
¢ = 0, which is an Einstein space. However, by taking the
limit £ - oo in Eq. (57) and then setting b = 0, while
keeping c fixed, yields [17]

4
f(r)zl—l—%—%. (59)

This metric is antiself-dual, and it saturates the BPS bound of
conformal gravity. In fact, notice that this space is not
conformally Ricci-flat, as can be verified from the Dunajski-
Tod theorem by computing the conditions in Eq. (17), which
lead to P = 0 and

c(c® + 4a*)
Tﬂl/ = — mg’w. (60)
Let us consider now the backreaction of nonlinear
conformal matter on this space. Thus, inserting these
Ansditze into the field equation (32), we find that the solution
of the system is given by

2
f(r) = 1 ‘I‘%"’%‘i‘ br4, a(r) = pr2€V _|_ qr_zey’
1 /e
¢(r) =51/ (61)

where b, ¢, 7, q, and p are integration constants, which are
related via the constraint

96¢2vpge’ — c(1 + 192av) = 0. (62)

In the case where ¢ = 0, the space becomes globally self-
dual. However, this choice trivializes the scalar field, and it
forces the integration constants of the ModMax fields to
vanish in order to satisfy the constraint in Eq. (62). On the
other hand, in the limit & — 0 one recovers the metric
function reported in Ref. [92], which is globally antiself-dual
in the limit # — oo, as can be seen from Eq. (64b). Similar to
the vacuum case, the limit » — 0 should not be taken just for
the sake of comparison, since their curvature invariants are
singular as r — oo. Therefore, in this case, the condition
b = 0 is required for regularity.

The absence of conical singularities at the horizon
f(r,) = 0 of the Eguchi-Hanson instanton (61) is achieved
by identifying the Euclidean time by 7~ 7+ f, whose
period is

87 4xr? 2
p= " = 2 + 2 a1 (63)
rf (r) r=ry (2r++3c)f +r+

The Euler characteristic is y(M) = 2, similar to the Taub-
Bolt solution.

There are special limits where this solution becomes
(anti)self-dual. To verify this, we compute the following
invariants

v 57UV A 3 7A, 38462

(W = Wi (Wit - W) =25, (64a)
v T 7Y Ap 5 7Ap 384

(W’jp + W’jp)(W/],, + W) = S (64b)
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As we discussed above, in the limit ¢ — O the original
Eguchi-Hanson instanton of Einstein gravity is recovered,
which is self-dual in the absence of the cosmological constant.
However, from Eq. (64b), one can see that this configuration
is also globally antiself-dual in the limit # — oo.

Since this gravitational instanton is not asymptotically
locally AdS, the renormalization of the Euclidean on-shell
action is not guaranteed by conformal invariance of the
theory. However, according to the evidence provided in
Ref. [92], the renormalization of conserved charges on
Eguchi-Hanson spaces can benefit from the introduction of
topological terms of the Pontryagin class; the latter are
conformal invariants, so they do not spoil the symmetries of
the full theory. Adding the SO(4) and U(1) Pontryagin
densities, together with an appropriate choice of their
coupling constants, we find that the renormalized
Euclidean action is given by

1 -
I(ren) =7 -1 44 R/I/ZJ/R/W
+<144y )/M XV 19K R,
1 -
+ - / d*x/[g|F F*
4 Jm

(5 - 576va)
= 4znp (— + q2r‘4”> . (65)
96vr *

where [ is given in Eq. (31).

The conserved charges of ModMax fields defined via the
Gauss law in Eq. (46) are modified by the presence of the
U(1) Pontryagin density, and they behave as

1 . o
~ g (*P—F):}L%(—qu 2 =0. (66)

0. =
Therefore, the electric charge of the ModMax solution is
zero in the presence of the Pontryagin density. Additionally,
the magnetic charge is divergent for p # 0; this can be seen
from Eq. (46), which gives

Q,, = lima(r) = lim (qr=2¢ + pr*). (67)
r—o0 r—00
Thus, the regularity of nonlinear conformal fields requires
that p = 0. This condition renders the solution self-dual,
and its conserved charges vanish.

VIII. DISCUSSION

In this work, we studied nonconformally Ricci-flat
gravitational instantons in conformal gravity, both in vac-
uum and in the presence of nonlinear conformal matter that
also preserves conformal symmetry. To this end, we focused
on conformally coupled scalar fields and ModMax electro-
dynamics. We first revisited the Kerr-NUT-AdS extension
constructed in Ref. [59], which possesses a vanishing Bach
tensor. Since conformal gravity is finite for asymptotically
locally AdS spaces, we computed the conserved charges of

this solution using the Noether-Wald prescription [78-80].
In particular, we obtained its mass and angular momentum,
which reduce to the corresponding expressions in general
relativity in the limit » - 0 and ¢ — 0 of the metric
parameters b, c. However, other interesting limits are
possible. After performing the continuation to Euclidean
signature, we explored the curve in parameter space along
which the solution becomes globally (anti)self-dual. Using
the Dunajski-Tod theorem [62], we showed that the one-
parameter extension of the Kerr metric is not conformally
Ricci-flat. Its Euclidean on-shell Euclidean action was
obtained, which turns out to be proportional to the
Chern-Pontryagin index, thereby saturating a gravitational
BPS bound. We also demonstrated that this (anti)self-dual
instanton dominates the path integral over the complete
projective space CP?, previously studied by Strominger
et al. in Ref. [16].

In the second part of the paper, we found gravitational
instantons in conformal gravity with conformally coupled
scalars and ModMax fields. In particular, we presented the
generalization of two well-known gravitational instantons
of general relativity: the Taub-NUT-AdS and Eguchi-
Hanson metrics. For both cases, their temperature, the
curve in parameter space where they become (anti)self-
dual, their partition function, and nonlinear Abelian charges
were obtained. Similarly to the Kerr-NUT-AdS extension,
we used the Dunajski-Tod theorem [62] to show that the
vacuum Taub-NUT-AdS instanton in conformal gravity is
not conformally Ricci-flat. Its Euclidean on-shell action
was computed following the prescription in Ref. [93],
where suitable boundary terms are added without breaking
the conformal invariance of the action. The electric and
magnetic charges associated with the ModMax fields,
defined through a Gauss law and through the integral of
the first Chern class, respectively, were also computed. We
showed that these charges are directly related to the two
integration constants appearing in the ModMax field
configuration. Furthermore, we analyzed the static limit
of the NUT charge n — 0, in which the solution reduces to
the massless limit of the Riegert metric [14] dressed with
nonlinear conformal matter.

There are several possible extensions of this work. One
direction would be to study the holographic properties of the
Kerr-NUT-AdS metric extension with weakened boundary
conditions. Since conformal gravity possesses a well-defined
variational principle for holographic sources [7], it would be
possible to compute the partially massless response asso-
ciated with this space, thereby allowing the exploration of
holographic features beyond those typically found in stan-
dard general relativity. Regarding the gravitational instantons
dressed with nonlinear conformal matter presented in this
work, another natural extension would be to investigate
whether phase transitions to a holographic state exist, in a
manner similar to the studies in Refs. [122,123]. These
questions are left open for future work.
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