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We extend previous holographic studies of the chiral magnetic effect (CME) by incorporating a time-
dependent magnetic field. Various magnetic field profiles proposed in the literature are implemented, and
their impact on the CME signal is analyzed in both static and expanding backgrounds. Interestingly, the
integrated chiral magnetic current can exhibit a nonmonotonic dependence on the collision energy. Our
results suggest that the CME signal is enhanced at collision energies below

ffiffiffi
s

p ¼ 200 GeV. In addition, we
derive a quasiequilibrium formula for the chiral magnetic effect in the expanding background that is valid at
late times.

DOI: 10.1103/xgkt-1qsb

I. INTRODUCTION

The quark-gluon plasma (QGP) formed in heavy-ion
collisions provides an excellent window into the properties
of QCD matter under extreme conditions. The fast moving
ions in noncentral collisions generate sizable magnetic
fields [1–12], while the off-central collisions imprint a large
angularmomentumonto the plasma, causing it to rotate. The
magnetic field strength can reachmagnitudes of eB ≈ 10m2

π ,
where mπ ≈ 0.14 GeV is the pion mass, in ultrarelativistic
heavy ion collisions at the Relativistic Heavy Ion Collider
(RHIC) at energies of

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. These values are
even exceeded at the Large Hadron Collider (LHC).
Similarly, in off-central collisions, thevorticity of the plasma
can be accessed through the decay of the hyperons, and is
estimated to be of the order of 10MeV [13]. Combined with
the chiral imbalance of the plasma, both the magnetic field
and angular velocity can give rise to a variety of anomaly
induced transport phenomena, as was recently reviewed in
Refs. [14,15].

Among these, the chiral magnetic effect (CME) stands
out as one of the most fascinating manifestations [16–18],
and has received most of the theoretical and experimental
attention. The CME is the phenomenon where an electric
current is generated along the direction of the magnetic
field due to the imbalance between left- and right-handed
particles (for a recent review see [19] and references
therein). The chiral imbalance has been argued to arise
from topological fluctuations of the non-Abelian gauge
fields in the QGP [16]. We refer to the electric current
resulting from the CME as the chiral magnetic current.
Similarly, the magnetic field combined with a particle/
antiparticle imbalance gives rise to the chiral separation
effect [20,21], while a helicity imbalance leads to the
helical separation effect [22]. The coherent interplay
between the CME and chiral separation effect (CSE) further
gives rise to the chiral magnetic wave [23,24]. Note also the
recently discovered transport phenomena of Ref. [25]. We
refer the reader to Refs. [26–30] for the rotational counter-
parts of the anomaly induced transport phenomena. Taken
together, these provide a unique opportunity to observe
macroscopic effects of quantum anomalies in quantum
QCD, and to probe indirectly the nontrivial topology of the
non-Abelian gauge fields. In this work, we focus on the
chiral magnetic effect phenomenology in the context of
heavy ion collisions.
The existence of the CME has been experimentally

verified in condensed matter experiments [31–34]. The
measurement of this effect in heavy ion collisions appears
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to be more elusive, with preliminary searches at both RHIC
and LHC, and a subsequent dedicated experiment at RHIC
known as the isobar runs. The blind analysis of the isobar
runs by the Star Collaboration [35] concluded that there
was no CME signal according to the predefined criteria of
the experiment. These criteria were later re-examined and a
postblind analysis was presented in Refs. [36,37], with
results consistent with a finite CME signal. However, this
conclusion is not definitive, and further experimental
analyses are being carried out. In this paper we consider
the theoretical uncertainties arising from the time depend-
ence of the magnetic field, which may help to understand
the experimental results.
The magnitude of the chiral magnetic current strongly

depends on the strength of the magnetic field. However, the
exact time dependence of the magnetic field during heavy-
ion collisions is still debated in the literature. As was
recently suggested in [38], the presence of a conducting
medium (such as the QGP itself) can significantly extend
the lifetime of these magnetic fields through a mechanism
analogous to Faraday induction. As the external magnetic
field begins to decay, it induces electric currents within the
conducting QGP, which in turn generate secondary mag-
netic fields that partially counteract the decay of the
primary field. The authors [38] argue that this interplay
between the decaying external field and the response of the
medium leads to a much more complex time evolution than
previously thought.
The specific temporal profile of the magnetic field is not

just a technical detail but a fundamental factor that directly
influences the magnitude and observability of the chiral
magnetic current. For this reason, we perform a compre-
hensive analysis of the chiral magnetic current with a
variety of magnetic field profiles. The inherent nonequili-
brium nature of the CME poses a challenge to its simulation
within lattice QCD, although recent studies in this direction
are promising [39–41]. Alternatively, the AdS/CFT corre-
spondence naturally provides a framework for addressing
the real-time evolution of the chiral magnetic current in a
strongly coupled out-of-equilibrium plasma. Anomalous
transport phenomena, and in particular the CME, have been
extensively studied in the holographic literature, see
Refs. [42–53] and references therein, and we will also
follow this holographic approach. However, the previous
holographic studies of the CME are restricted to a constant,
or Bjorken expanding,1 magnetic fields. In this work, we
overcome this limitation and implement various time-
dependent magnetic fields, subsequently studying the time
evolution of the chiral magnetic current in these cases.
In particular, we systematically investigate how different

temporal profiles of the magnetic field affect the CME

signal, both in static and expanding backgrounds. For
the time dependence of the magnetic field, we choose
the profiles that are currently used as state-of-the-art in the
literature, as a function of the energy of the collision, closely
following the approach of Ref. [50]. The profiles are based
on detailed calculations incorporating factors such as the
medium’s electrical conductivity, the collision energy, and
the impact parameter. By comparing these different scenar-
ios, we can assess the sensitivity of the CME to specific
details of the magnetic field evolution and identify robust
features that persist across different models. Within the
holographic model we make two important simplifications.
First, we assume that the magnetic field is comparatively
small with respect to the energy density, equivalently the
temperature, of the plasma. This assumption is made more
precise in Sec. II, where its range of applicability is also
discussed. We argue that this approximation is sufficient for
the phenomenological studies of the QGP in heavy-ion
collisions. Secondly, for the case of an expanding plasma,
we consider the late-time Bjorken expanding metric [54] as
the background solution, neglecting possible deviations at
earlier times. We expect, from the analysis in Sec. II that
such deviations do not modify qualitatively our conclu-
sions. Extending the late-time analysis of the equations of
motion to the dynamics of the gauge fields, we are able to
derive a (quasi)equilibrium formula for the chiral magnetic
current in the expanding case,

2κ2Jquasi-eqCME ¼ 8αμ5ðτÞBzðτÞ; ð1:1Þ

in close resemblance to the known result for the equilibrium
chiral magnetic current in a static plasma. The derivation of
the previous formula and its validity are discussed in
Sec. II B 4.
Interestingly, our results reveal a nonmonotonic relation-

ship between the time-integrated chiral magnetic current
and the collision energy. This behavior results from the
interplay between the increasing initial field strength and
the decreasing lifetime of the magnetic field with increasing
collision energy. In particular, the longer lifetime of the
magnetic field at lower energies allows for more CME
signal accumulation even though the initial magnetic field
is weaker. Conversely, at higher energies, the extremely
strong but rapidly decaying fields produce less charge
accumulation. This nonmonotonic behavior offers new
perspectives for the interpretation of experimental data
and highlights the importance of incorporating realistic
time-dependent magnetic fields into theoretical models.
Our paper is organized as follows: In Sec. II, we

introduce the holographic model used in this work and
discuss the setup for the expanding and nonexpanding
plasmas. The different magnetic field profiles as well as the
thermodynamic parameters are discussed in Sec. III. We
then proceed to study the time dependence of the chiral
magnetic current subject to time dependent magnetic fields

1In [50,52] the authors studied a Bjorken expanding plasma
where the magnetic field decays inversely proportional to the
proper time due to dilution.
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in Sec. IV. Finally, we summarize our findings in Sec. Vand
discuss possible avenues for future research.

II. HOLOGRAPHIC Uð1ÞV × Uð1ÞA MODEL

In order to study the out-of-equilibrium response of the
CME at strong coupling we consider the holographic model
put forward in [42]. The matter content of the model
consists of two Abelian gauge fields, denoted Vμ and Aμ,
which are dual to the vector and axial symmetries of the
dual field theory. Their field strengths are denoted F ¼ dV
and F5 ¼ dA, respectively. The Abelian contribution to the
axial anomaly is captured by a Chern-Simons term. The
non-Abelian contribution to the anomaly, which is respon-
sible for the manifestation of the CME in QCD may be
implemented in an extension of the model considered in
Ref. [44]. In previous work, we have discussed its impact
on the CME in Refs. [52,53].
Explicitly, the action of the model is given by

S ¼ 1

2κ2

Z
M

d5x
ffiffiffiffiffiffi
−g

p �
Rþ 12

L2
−
1

4
F2 −

1

4
F2
5

þ α

3
ϵμνρστAμð3FνρFστ þ F5

νρF5
στÞ

�
þ SGHY ð2:1Þ

where SGHY is the Gibbons-Hawking-York boundary term
to make the variational problem well defined. As usual, κ is
related to the Newton constant in five dimensions,M is the
spacetime manifold, and L is the anti-de Sitter (AdS) scale,
which we set to one without loss of generality. The Chern-
Simons coupling α is a parameter of the model that controls
the strength of the anomaly. We define the Levi-Civita
tensor in terms of the Levi-Civita symbol as ϵμνρστ ¼
ϵðμνρστÞ= ffiffiffiffiffiffi−gp

. Finally, we work with the mostly positive
metric convention.
Following [49], we fix the parameters α and κ by

matching to the axial anomaly of QCD as well as to
3=4 of the entropy density in the Stefan Boltzmann limit of
three flavor QCD. In particular, this gives

κ2 ¼ 24π2

19
≃ 12.5; α ¼ 6

19
≃ 0.316: ð2:2Þ

It should be noted that the holographic model describes a
deconfined and chiral symmetry restored phase at all
temperatures. Therefore, the results obtained at lower
temperatures as we approach the phase transition of QCD
become progressively less reliable. However, this approach
aims at capturing the essential physics of anomalous trans-
port, where the underlying mechanisms and scaling behav-
iors we identify are expected to be robust features of any
strongly coupled chiral system, even though detailed
numerical coefficients may differ from realistic QCD. In
Sec. Vwe discuss some of the expectedmodifications of our
conclusions for the physical quark-gluon plasma.

The equations of motion derived from (2.1) are given by

∇νFνμ þ 2αϵμνρστFνρF
ð5Þ
στ ¼ 0; ð2:3Þ

∇νF
νμ
ð5Þ þ αϵμνρστðFνρFστ þ Fð5Þ

νρ F
ð5Þ
στ Þ ¼ 0; ð2:4Þ

Gμν −
6

L2
gμν −

1

2
FμρFν

ρ þ 1

8
F2gμν

−
1

2
Fð5Þ
μρ F

ð5Þρ
ν þ 1

8
F2
ð5Þgμν ¼ 0: ð2:5Þ

The expectation values of the energy-momentum tensor
and of the conserved currents in the field theory are
obtained by the standard holographic prescription, i.e.,
varying the on-shell action with respect to the boundary
value of the metric and gauge fields, respectively (see
Refs. [55,56]). For the Uð1ÞA ×Uð1ÞV model, we have

2κ2hJαi ¼ ffiffiffiffiffiffi
−γ

p
nμðFαμ þ 4αϵμαβγδAβFγδÞj∂M; ð2:6Þ

2κ2hJα5i ¼
ffiffiffiffiffiffi
−γ

p
nμ

�
Fαμ
5 þ 4

3
αϵμαβγδAβF5

γδ

�����
∂M

; ð2:7Þ

κ2hTαβi ¼ ffiffiffiffiffiffi
−γ

p ð−Kαβ þ γαβKÞj
∂M; ð2:8Þ

where J and J5 are the vector and axial currents, respec-
tively. The boundary of spacetime is denoted ∂M and nμ is
the outward pointing unit vector orthonormal to ∂M. The
extrinsic curvature is denoted by K and the induced metric
on the boundary by γαβ.
In order to study the CME in this model, we need to

construct an asymptotic AdS solution at finite temperature,
axial charge, and magnetic field. In the following, we
explain how to implement each of them in two different
setups: (a) a static, nonexpanding plasma and (b) an
expanding plasma. An arbitrary time-dependent magnetic
field renders the system inhomogeneous and the resulting
partial differential equations depend not only on the holo-
graphic coordinate and time, but also on the transverse
plane coordinates, rendering the problem less tractable. In
this work, we make the approximation that the magnetic
field is small compared to the temperature of the system:
B=ðπTÞ2 ≪ 1. This simplifying assumption effectively
removes the dependence of the differential equation on
the transverse plane coordinates to leading order.
Indeed, for collisions at the RHIC accelerator with

center-of-mass energy
ffiffiffi
s

p ¼ 200 GeV, we have a peak
value of the magnetic field of the order of the pion mass
B ∼m2

π ∼ ð140 MeVÞ2 while the temperature is about
T ∼ 300 MeV, which gives B=ðπTÞ2 ∼ 2 × 10−2. The mag-
netic field quickly drops to even smaller values. A similar
estimate for LHC energies with B ∼ 10m2

π and T ∼
600–1000 MeV provides a maximum value for the ratio
B=ðπTÞ2 ∼ ð2–5Þ × 10−2, where again this ratio drops as
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the magnetic field decays. Finally, a comparison between
the results of the model at arbitrary (albeit constant)
magnetic field [49] and the results treating the (constant)
magnetic field as a perturbation are in qualitative agree-
ment. Therefore, we construct a chirally imbalanced, finite
temperature, (non)expanding background and include the
time dependent magnetic field as a perturbation on top of it.
In Fig. 1, we provide a comparison between the chiral
magnetic current obtained for a nonexpanding plasma at
constant magnetic field with backreaction, as done in [49],
and the chiral magnetic current obtained from the linearized
equations of motion at constant magnetic field for the same
dimensionless ratios B=T2 and μ5=T in both cases. The
details about the linearized equations and their solution are
presented in Sec. II A. It is clear from Fig. 1 that the
deviations between the linearized and backreacted solu-
tions are no longer negligible if the magnetic field is larger
than B=ðπTÞ2 ∼ 0.5. Consequently, the small magnetic
field limit is a reasonable approximation for the holo-
graphic study of the QGP in heavy-ion collisions.
The finite temperature is attained in the holographic

model by demanding that the solution features a black hole.
Then the temperature of the dual field theory state is given
by the temperature of such black hole. For the expanding
case, the black hole is evolving with time, but an effective
temperature can be defined as that of the apparent
horizon [57,58]. In the nonexpanding case, the background
is static and there is no ambiguity. As for the chiral
imbalance, this can be introduced through the temporal
component of the axial gauge field, which induces chiral
charge via Eq. (2.7). In the nonexpanding case, a timelike
killing vector ην can be used to define an axial chemical
potential,

μ5 ¼
Z

F5
μνη

μdxν ð2:9Þ

where the integral is performed from the boundary of
spacetime up to the horizon.

A. Nonexpanding plasma

1. Background construction

The background dual to a chirally imbalanced infinite
nonexpanding plasma is given by a chirally charged AdS
black hole. The axial gauge field, in the radial gauge, and
the ansatz for the metric in infalling Eddington-Finkelstein-
like coordinates take the form

A ¼ 1

2
q5u2dv; ð2:10Þ

ds2¼−fðuÞdv2− 2

u2
dvduþ 1

u2
ðdx2þdy2þdz2Þ ð2:11Þ

where u is the holographic radial coordinate, v is the
timelike coordinate, and q5 is a constant controlling
the chiral imbalance of the system. Note that the
Eddington-Finkelstein time coincides with the time t in
Schwarzschild-like coordinates at the boundary (u ¼ 0).
The blackening factor f that solves the background

equations of motion is

fðuÞ¼ 1

u2

�
1−

�
u
uh

�
4

−
1

12

u4

u4h
ðq5u3hÞ2

�
1−

u2

u2h

��
: ð2:12Þ

The boundary is located at u ¼ 0 and the (outermost)
horizon at uh.

2. Magnetizing the state

We now introduce the time-dependent magnetic field to
linear order in the perturbation parameter ϵ. The ansatz for
the vector gauge field, in the radial gauge, is given by

V ¼ ϵ
1

2
V⊥ðv; uÞðydx − xdyÞ þ ϵVzðv; uÞdz: ð2:13Þ

The field V⊥ðv; uÞ contains information about a magnetic
field B pointing in the z direction. In the case of a constant
magnetic field, we have V⊥ðv; uÞ ¼ B, whereas a time-
dependent solution requires that V⊥ depend on the two
coordinates v and u. The z component of the vector gauge
field captures the response of the chiral magnetic current to
the presence of the magnetic field and chiral imbalance.
The background solution given in Eqs. (2.10) and (2.11)

is not modified to linear order in ϵ. The equations of motion
obeyed by the V⊥ and Vz fields are of the form (2.3),

uV̇ 0⊥ −
1

2
V̇⊥ ¼ 1

2
V 0⊥ðu2f þ u3f0Þ þ 1

2
u3fV 00⊥; ð2:14Þ

uV̇ 0
z −

1

2
V̇z ¼

1

2
V 0
zðu2f þ u3f0Þ þ 1

2
u3fV 00

z þ 4q5αu3V⊥:

ð2:15Þ

FIG. 1. Ratio of the chiral magnetic current to its equilibrium
value computed from the model with backreaction [49] (colored
lines) and from the linearized equations of motion (black-dashed
lines). The value of axial charge for each simulation is 2κ2n5=T3 ¼
f1.86; 1.86; 8.68; 6.82; 5.27g corresponding toB=ðπTÞ2 ¼ f0.04;
0.23; 0.47; 0.96; 1.48g, respectively.
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The prime denotes derivatives with respect to the radial
coordinate u, whereas the overdot is used for derivatives
with respect to the time coordinate v. We can solve the
previous equations asymptotically near the boundary. The
result is

V⊥¼Bzþ Ḃzuþ
�
Vð2Þ
⊥ þ1

2
B̈z logu

�
u2

þ
�
V̇ð2Þ
⊥ −

1

3
∂
3
vBzþ

1

2
∂
3
vBz logu

�
u3þOðu4Þ; ð2:16Þ

Vz ¼ Vð2Þ
z u2 þ V̇ð2Þ

z u3 þ
�
5

8
V̈ð2Þ
z − αq5Bz

�
u4 þOðu5Þ;

ð2:17Þ

where Bz is the boundary magnetic field, while Vð2Þ
⊥ and

Vð2Þ
z are not fixed by the near-boundary analysis.

3. Temperature and one-point functions

The temperature of the solution is that of the black hole,
which is obtained as

T ¼ 1

2π

�
−
u2h
2
f0ðuhÞ

�
¼ 1

uhπ

�
1 −

ðq5u3hÞ
24

�
; ð2:18Þ

where we have used the solution for the blackening
function in the static plasma given in Eq. (2.12). The axial
charge and chiral magnetic current, denoted as n5 and
JCME, respectively, are obtained substituting the near-
boundary behavior of A and V, given in Eqs. (2.10),
(2.16), and (2.17), into the one-point functions (2.6)
and (2.7), resulting in2

n5 ≡ hJ05i ¼
q5
2κ2

; JCME ≡ hJzi ¼ Vð2Þ
z

κ2
: ð2:19Þ

Note that solutions with a time-dependent magnetic field
give rise to a nonvanishing value of Vð2Þ

⊥ , which is
ultimately related to the generation of currents in the
transverse plane: Jx and Jy. In this case, the on-shell action
needs to be properly renormalized with additional counter-
terms that remove divergences proportional to the temporal
gradients of the source term Ḃz and correct the finite
contribution to Eq. (2.6). We do not pursue such renorm-
alization, since our main interest resides on the chiral
magnetic current, and instead define the transverse plane
currents through the finite contribution of Eq. (2.6) propor-

tional to Vð2Þ
⊥ ,

Jx ≡ 1

4κ2
yVð2Þ

⊥ ; Jy ≡ −
1

4κ2
xVð2Þ

⊥ : ð2:20Þ

We further define J⊥ as the curl of the circular current
above,

J⊥ ≡ 1

2κ2
Vð2Þ
⊥ : ð2:21Þ

4. Out-of-equilibrium initial state

Starting from Eqs. (2.14) and (2.15), we can first obtain
the equilibrium configurations for the system. Setting the
time derivatives of Eq. (2.14) to zero, we integrate from the
location of the horizon uh until an arbitrary point u to
obtain

ufV 0⊥ ¼ 0; ð2:22Þ

which is solved by the constant V⊥ ¼ Bz. Similarly, we can
set the time derivatives of (2.15) to zero, divide by u2 and
integrate once to obtain

ufV 0
z ¼ −4q5αðu2 − u2hÞBz: ð2:23Þ

Evaluating the previous equation near the boundary u → 0,
and using the asymptotic expansion (2.17), reveals the
well-known result that the time-independent configuration
has a constant chiral magnetic current given by

2κ2JeqCME ¼ 8αμ5Bz: ð2:24Þ

In our analysis, we will implement a time-dependent
magnetic field BðtÞ. In this way, the out-of-equilibrium
dynamics is driven by the gradients of B. We start with a
state with zero chiral magnetic current. In addition, we start
with some constant magnetic field Bzð0Þ and provide the
time derivative Ḃz as a boundary condition during the time
evolution. Thus, any arbitrary profile BðtÞ can be gener-
ated. In particular, the initial state is chosen as,

V ini
z ¼ 0 V ini⊥ ¼ Bzð0Þ þ Ḃzð0Þu: ð2:25Þ

In Sec. IVA, we discuss the different magnetic field
profiles BzðtÞ studied in this work.

B. Expanding plasma

1. Background construction

Similarly to the previous case, we want a background
that is dual to a chirally imbalanced state with finite energy
density. The magnetic field is later introduced as a
perturbation on top of this background. The fact that the
plasma is expanding can be realized by demanding that the
conformal boundary undergoes Bjorken expansion at late
times [58–63]. We choose that the expansion takes place

2Note that the terms proportional to α in Eqs. (2.6) and (2.7)
do not contribute for our ansatz, and similarly for Refs. [49,50].
The same will be true in the expanding case.
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along the x direction, and express the boundary coordinates
in terms of the rapidity η, the proper time τ, and the
coordinates transverse to the expansion y and z.
Specifically, we work with the ansatz for the gauge field
and the metric given, in infalling Eddington-Finkelstein-
like coordinates, by

A ¼ Avdv;

ds2 ¼ −fdv2 −
2

u2
dudv

þ Σ2ðe−2ξdη2 þ eξdy2 þ eξdz2Þ; ð2:26Þ

where (Av; f;Σ; ξ) are functions of the Eddington-
Finkelstein time v and the holographic radial coordinate
u. The boundary is located at u ¼ 0, at which the
Eddington-Finkelstein time v coincides with the proper
time τ. Both time coordinates τ and v will be used without
distinction for boundary quantities. The chiral imbalance is
implemented through the time component of the axial
gauge field, whereas the finite energy density of the state is
related to the presence of an apparent horizon at a distance
uhðvÞ. We demand that the metric functions near the
boundary behave as

f →
1

u2
; Σ →

τ1=3

u
; ξ → −

2

3
logðτÞ; ð2:27Þ

which is tantamount to demanding that the induced metric
at the boundary asymptotes to

ds2 →
1

u2
ð−dτ2 þ τ2dη2 þ dy2 þ dz2Þ ð2:28Þ

where we can identify τ with the proper time and η with the
spacetime rapidity, which are related to the Minkowski time
t and spatial coordinate x via

t ¼ τ cosh η; x ¼ τ sinh η: ð2:29Þ

The equations of motion for the axial gauge field (2.4) can
be integrated once to give

A0
v ¼

q̃5
u2Σ3

; ð2:30Þ

where q̃5 is an integration constant, which controls the axial
charge n5 of the system. The equations of motion for the
metric tensor (2.5) can be compactly written as

ðu2Σ0Þ0 þ 1

2
u2Σðξ0Þ2 ¼ 0;

ðdΣÞ0 þ 2
Σ0

Σ
dΣþ 2

u2
Σ −

q25
12u2Σ5

¼ 0;

ðdξÞ0 þ 3Σ0

2Σ
dξþ 3dΣ

2Σ
ξ0 ¼ 0;

f00 þ 2

u
f0 þ 12Σ0

u2Σ2
dΣ −

3ξ0

u2
dξþ 4

u2
−

7q25
6u4Σ6

¼ 0;

ddΣþ 1

2
u2f0dΣþ 1

2
u3f2Σ0 þ 1

2
dξ2Σþ 1

8
u4f2ξ2Σ ¼ 0;

ð2:31Þ

where we have traded temporal derivatives with the
derivatives along infalling null geodesics d,

d ¼ ∂v −
u2f
2

∂u: ð2:32Þ

2. Late-time solution

We can construct an analytical solution for the late-time
dynamics, in a similar spirit to the work of Ref. [57], that is
chirally imbalanced, expanding, and boost invariant. This
problem has been previously addressed in Ref. [54]. We
repeat the derivation here for completeness and to set the
notation. Inspired by the late-time expanding solution of
the aforementioned work, we define the metric functions in
Eq. (2.26) as

fðv; uÞ ¼ Fðv; uÞ
u2

; Σðv; uÞ ¼ v1=3

u
σðv; uÞ;

ξðv; uÞ ¼ −
2

3
logðvÞ þ…; ð2:33Þ

where the dots denote subleading contributions as v → ∞.
Under these replacements the metric ansatz becomes

ds2 ¼ 1

u2
ð−Fdv2 − 2dudvþ σ2ðv2dη2 þ dy2 þ dz2ÞÞ;

ð2:34Þ

while the gauge field is still given by Eq. (2.30), which
under the definitions in Eq. (2.33) become

A0
vðv; uÞ ¼

q̃5
v

u
σðv; uÞ3 : ð2:35Þ

We now expand the unknown functions F and σ at late
times as

Fðv; uÞ ¼ GðζÞ þOðv−kÞ;
σðv; uÞ ¼ SðζÞ þOðv−kÞ ð2:36Þ
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where k is some positive number, such that the corrections
in the previous expansion are negligible at late times
(v → ∞), and we defined the scaling variable3

ζ ¼ u

v1=3
: ð2:37Þ

The boundary is located at ζ ¼ 0, while the bulk is defined
for ζ > 0. In order to find the solution at late times, we
substitute the definitions (2.33) and the asymptotic expan-
sion (2.36) into Einstein equations (2.31). As pointed out in
Ref. [57], ζ is the relevant quantity that appears in the near-
boundary solution of the equations of motion as we send
v → ∞. This motivates that we expand around v → ∞
while keeping the scaling variable ζ fixed. We defer the
reader to Refs. [54,57] for a more detailed discussion. With
this procedure, the first relation in Eq. (2.31) gives, to
leading order,

∂
2
ζSþ… ¼ 0 ⇒ S ¼ s0 þ s1ζ þ… ð2:38Þ

where s0 and s1 are integration constants. The dots denote
subleading contributions as v → ∞. We can set s0 ¼ 1
without loss of generality by simultaneous rescalings of the
spatial coordinates η, y, z. The scaling variable is positive
by definition ζ > 0, and therefore we have to choose s1 ≥ 0
as well, otherwise the volume of the spatial sections,
controlled by S2, vanishes at some finite value of ζ and
the geometry terminates at that point. We choose s1 ¼ 0 for
simplicity. Then, we find that axial gauge field obtained
from (2.35) is

Avðv; uÞ ¼
1

2

q̃5
v
u2 þ…: ð2:39Þ

Substituting the previous solutions into Einstein equa-
tions (2.31) at late times gives two differential equations for
the function G,

ζ

2
∂ζG − 2G −

q̃25ζ
6

12
þ 2 ¼ 0; ð2:40Þ

1

2
ζ2∂2ζG − 3ζ∂ζGþ 6G − 6 −

q̃25ζ
6

4
¼ 0 ð2:41Þ

where we have omitted subleading contributions at late
times. The system of equations is consistent, in the sense
that any solution to the first order differential equation also
satisfies the second order differential equation. In fact, the
equations can be solved exactly, giving

GðζÞ ¼ 1þ g4ζ4 þ
q̃25
12

ζ6 ð2:42Þ

with g4 an integration constant that controls the energy
density of the solution. Rewriting the solution in terms of
the v, u coordinates we obtain

ds2 ¼ 1

u2

�
−
�
1þ g4

v4=3
u4 þ 1

12

q̃25
v2

u6
�
dv2 − 2dudv

þ ðv2dη2 þ dy2 þ dz2Þ
�
; ð2:43Þ

which is somewhat similar to a Reissner-Nordström AdS
black hole except that in Eq. (2.43) both the axial charge
and energy density decay with time. Accordingly, the
effective temperature and chemical potential of the dual
field theory decay with time as

T ≃
1

2πuh

�
1 −

g4
τ4=3

u4h −
1

6

q̃25
τ2

u6h

�

¼ 1

τ1=3
1

πζh

�
1 −

1

24
q̃25ζ

6
h

�
; ð2:44Þ

μ5 ≃
q̃5
2τ

u2h; ð2:45Þ

where ζh is a constant corresponding to the smallest
positive zero of GðζÞ [cf. Eq. (2.42)]. Note that the location
of the horizon in infalling Eddington-Finkelstein-like
coordinates changes with time according to

uhðvÞ ¼ ζhv1=3: ð2:46Þ

We will come back to this observation in Sec. III B.
The agreement between the late-time solution compared

to the full expanding solution to Eq. (2.31) is presented in
Fig. 2. The energy density, obtained from Eq. (2.31) and
controlled by g4ðvÞ, quickly follows the Bjorken scaling
ϵ ∼ τ−4=3. The chiral magnetic current, shown in the bottom
panel, is also similar in both approaches, with a slight
deviation at early times. We will make use of the late-time
solution for our simulations.

3. Magnetizing the state

We assume that the magnetic field is small and write the
following ansatz for the vector gauge field:

V ¼ ϵηV⊥ðv; uÞdyþ ϵVzðv; uÞdz: ð2:47Þ

The interpretation of V⊥ and Vz is similar to the non-
expanding case. The former controls the magnetic field
pointing in the z direction while the latter encodes the chiral
magnetic current generated in the system. The equations of
motion (2.3), to leading order in ϵ, become

3As discussed in Ref. [57], one can define the scaling
coordinate ζ ¼ uv−m=4, in which case the energy density decays
as ϵ ∼ τ−m.
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�
∂u −

1

2
ξ0 þ 1

2

Σ0

Σ

�
dV⊥ −

�
1

2
dξ −

dΣ
2Σ

�
V 0⊥ ¼ 0; ð2:48Þ

�
∂u −

1

2
ξ0 þ 1

2

Σ0

Σ

�
dVz −

�
1

2
dξ −

dΣ
2Σ

�
V 0
z ¼ −

4αq̃5V⊥eξ
u2Σ4

:

ð2:49Þ

In the late-time expanding ansatz (2.34), the equations
further simplify to

�
∂u −

1

2u

�
dV⊥ þ

�
1

2v
þ u

4
f

�
V 0⊥ ¼ 0; ð2:50Þ

�
∂u−

1

2u

�
dVzþ

�
1

2v
þu
4
f

�
V 0
z¼−

4αq̃5u2V⊥
v2

; ð2:51Þ

where f is given by

f ¼ 1

u2

�
1þ g4

v4=3
u4 þ 1

12

q̃25
v2

u6
�
: ð2:52Þ

Near the boundary (u ¼ 0) the gauge field components Vz
and V⊥ that solve Eq. (2.50) behave as

V⊥¼bzþ ḃzuþ
�
bð2Þ⊥ þ∂vðvḃzÞ

2v
logu

�
u2þOðu3Þ; ð2:53Þ

Vz ¼ Vð2Þ
z u2 þ

�
2Vð2Þ

z

3v
þ V̇ð2Þ

z

�
u3 þOðu4Þ; ð2:54Þ

where we have set the leading solution of the latter to zero,

Vð0Þ
z ¼ 0, which is tantamount to not sourcing the chiral

magnetic current in the dual field theory, while Vð2Þ
z , Vð2Þ

⊥ ,
and bz are integration constants. As we shall soon see, the
integration constants control the CME response, the trans-
verse current, and the magnetic field, respectively. As
pointed out in [50], the magnetic field in the comoving
frame uμ ¼ ð1; 0; 0; 0Þ gets corrected by a factor of τ−1,

Bz ¼ 1

2
ϵzνρσuνFρσ ¼

bzðτÞ
τ

; ð2:55Þ

where Fρσ is the field strength of the boundary field theory,
obtained from the corresponding gauge field

V ¼ lim
u→0

V ¼ ηbzdy: ð2:56Þ

The axial charge and chiral magnetic current are, in
this case

n5 ¼ hJ05i ¼
1

2κ2
q̃5
τ
; JCME ¼ hJzi ¼ 1

κ2
Vð2Þ
z : ð2:57Þ

4. Initial state and late-time response

Similarly to the nonexpanding case, we consider an
initial state with Vz ¼ 0, thus with vanishing chiral mag-
netic current, and a radial profile for V⊥ that contains
information about the magnetic field at initial time as well
as its first time derivative,

V ini
z ¼ 0; V ini⊥ ¼ bzð0Þ þ ḃzð0Þu: ð2:58Þ

We can also extract the expected late-time behavior of
the chiral magnetic current following a similar strategy
used to obtain the late-time geometry in Sec. II B 2. In
particular, we consider the following late-time ansatz for
the components of the vector gauge field,

V⊥ðv; uÞ ¼ Ṽ⊥ðζÞbzðvÞ þ…;

Vzðv; uÞ ¼ ṼzðζÞgðvÞ þ…; ð2:59Þ

where ζ is the scaling coordinate defined in Eq. (2.37). The
function bzðvÞ is arbitrary and eventually related to the
magnetic field profile, while the function gðvÞ will be
determined from the equations of motion. The dots denote
subleading corrections as v → ∞. Then, the equations of
motion (2.50) can be written as

FIG. 2. Top panel: time dependent integration constant for the
blackening function f controlling the energy density, normalized
to its initial value. In the late-time expanding solution (2.52), the
shown quantity is given by g4ðτÞ ¼ g4=τ4=3. Bottom panel: chiral
magnetic current. Both: comparison between the solution of
Eqs. (2.31) and the late-time approximation of Eq. (2.43) for the
same thermodynamic parameters and initial time τini ¼ 0.6 fm=c.
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v2=3bzðvÞ½∂ζṼ⊥ðζ∂z − 1ÞGþ ζG∂2ζṼ⊥�
þ vḃzðvÞð1 − 2ζ∂ζÞṼ⊥ þ � � � ¼ 0; ð2:60Þ

v2=3gðvÞ½∂ζṼzðζ∂ζ − 1ÞGþ ζG∂2ζṼz� þ vġðvÞð1 − 2ζ∂ζÞṼz

þ 8q̃5αζ3Ṽ⊥bzðvÞ þ � � � ¼ 0; ð2:61Þ

where G is defined in Eq. (2.42). The second term in
Eq. (2.60) is subleading in the late-time expansion for a
large class of choices of the magnetic field bzðvÞ, all those
for which v2=3jbzj > vjḃzj, in particular for any magnetic
field that decays with a powerlike behavior. At the end of
this section, we comment on the exceptions to the previous
inequality. Neglecting the second term in Eq. (2.60), it is
easy to show that the only solution that is regular at the
horizon ζh, where GðζhÞ ¼ 0, is V⊥ ¼ constant, where the
constant can be set to unity without loss of generality, since
it can be absorbed into bz. Regarding Eq. (2.61), we can
similarly neglect the term proportional to ġðvÞ. In addition,
a nontrivial solution is attained when both v2=3gðvÞ and
bzðvÞ are of the same order at late times. Therefore, gðvÞ ¼
bzðvÞv−2=3 up to an irrelevant constant that can be reab-
sorbed into Ṽz. Under these considerations, we can
integrate Eq. (2.61) once to find

∂ζṼz ¼ −
4αq̃5ζðζ2 − ζ2hÞ

G
; ð2:62Þ

where we have set the integration constant such that the
solution is regular at the location of the horizon ζh. We can
now substitute GðζÞ from Eq. (2.42) and solve Eq. (2.62)
near the boundary (ζ ¼ 0) to obtain

Ṽz ¼ 2αq̃5ζ2hζ
2 þOðζ3Þ: ð2:63Þ

Finally, we can go back to the original coordinates u and v
and calculate the asymptotic form of Vzðv; uÞ of Eq. (2.59),

Vz ¼ ṼzgðvÞ þ � � �

¼ 4α

�
1

2
q̃5ζ2h

�
bzðvÞ
v4=3

u2 þOðu3Þ þ…; ð2:64Þ

from which we obtain that the chiral magnetic current at
late times follows the magnetic field decay bzðτÞ=τ times a
factor of τ−1=3. In particular, for the purely Bjorken
expansion bz ¼ 1, the chiral magnetic current decays as
τ4=3, as it was numerically verified in Ref. [52]. As a last
step, we can define the effective chemical potential in the
late-time expanding solution from the temporal component
of the axial gauge field (2.39),

μ5 ¼
1

2

q̃5u2h
τ

¼ 1

2

q̃5ζ2h
τ1=3

: ð2:65Þ

Then, the chiral magnetic current can be compactly
written as

2κ2Jquasi-eqCME ¼ 8αμ5
bzðτÞ
τ

¼ 8αμ5Bz; ð2:66Þ

recovering the (quasi)equilibrium formula for the expand-
ing case at late times. A numerical verification of the
previous formula is presented in Sec. IVA.
Notably, the assumption that v2=3jbzj > vjḃzj, made in

Eqs. (2.60) and (2.61), does not hold for the cases where the
magnetic field decays exponentially at late times. In
general, if the late time behavior of the magnetic fields
is such that v2=3jbzj < vjḃzj, then one should neglect the
first term in Eqs. (2.60) and (2.61). In such a case,
Eq. (2.60) becomes

ð1 − 2ζ∂ζÞṼ⊥ ¼ 0 ⇒ Ṽ⊥ ¼ c0
ffiffiffi
ζ

p
: ð2:67Þ

Such a solution is incompatible with the asymptotic
behavior of V⊥ near the boundary in Eq. (2.53).
Therefore, we are forced to set the integration constant
c0 ¼ 0. Similarly, form Eq. (2.61) we find that Ṽz ¼ c1

ffiffiffi
ζ

p
and we set c1 ¼ 0 for consistency with the near-boundary
asymptotics of Eq. (2.54). The previous result can be
interpreted as the fact that if the magnetic field decays
sufficiently fast, i.e., vjḃzj < v2=3jbzj, then it is incompat-
ible with a Bjorkenlike regime. In other words, such a
magnetic field would be negligible while the plasma
continues to expand. As a result, the chiral magnetic
current similarly vanishes at late times for such rapidly
vanishing magnetic fields.

III. THERMODYNAMIC PARAMETERS
AND NUMERICAL SETUP

In this section, we discuss the physical parameters
corresponding to the quark-gluon plasma generated in
heavy-ion collisions as well as the mapping to the values
used in the numerical simulations.

A. Thermodynamic parameters

The model presented in Sec. II allows us to study the
dynamical response of the chiral magnetic current in an
infinite (non)-expanding plasma, characterized by the
energy density ϵ, equivalently the temperature T, the axial
charge n5, and the time-dependent magnetic field B. For the
case of an expanding plasma, there is an extra parameter
related to the initial time of the simulation τini ≠ 0. In this
section, we discuss the parameters for the quark-gluon
plasma generated in heavy ion collisions, as well as their
scaling with the center-of-mass energy of the collision

ffiffiffi
s

p
,

that we use in the numerical studies of Sec. IV. We scale all
quantities with the collision energy.
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1. Temperature and axial charge

The temperature of the QGP can be extracted from the
leptons emitted in the collision. Although the effective
temperature extracted from photon production is relatively
insensitive to the actual temperature of the plasma, the
effective temperature obtained from the dilepton spectra
can be used as a sensitive probe of the true temperature of
the plasma [64], since the leptons have a longer mean free
path. A recent study from the STAR Collaboration [65]
concludes that the effective temperature of the QGP at
energies

ffiffiffi
s

p ¼ 27 GeV and
ffiffiffi
s

p ¼ 54.4 GeV in Au-Au
collisions extracted from the low mass region thermal
dilepton spectra is about 167� 21� 18 MeV and 172�
13� 18 MeV respectively. A similar extraction from the
intermediate mass region, corresponding to dileptons emit-
ted at an earlier stage of the plasma, reveals Teff ¼
280� 64� 10 MeV and 303� 59� 28 MeV respec-
tively. The quoted values of temperatures for the low
and intermediate mass regions are compatible with those
used in the holographic study [50] (cf. Table I of Ref. [50]).
In this paper, we fit the values of Ref. [50] and extrapolate
to different energies. Specifically, our obtained fit is

Tð ffiffiffi
s

p Þ ¼ 96.50ð ffiffiffi
s

p Þ0.23 − 23.51 MeV; ð3:1Þ

where the center of mass energy is measured in GeV.
Although the previous scaling does not follow from
physical considerations, it is sufficient to set the value of
the temperature at the collision energies considered in
Sec. IV:

ffiffiffi
s

p ¼ 19–400 GeV.
The chiral imbalance of the plasma, controlled by the

axial charge n5, is similarly affected by uncertainties. In this
work, we assume that the axial charge scales with energy as
ð ffiffiffi

s
p Þ1=3 and use the value at

ffiffiffi
s

p ¼ 200 GeV as a bench-
mark. The estimate given in Ref. [50], supported by
references therein, is n5ð200 GeVÞ ¼ 0.0027 GeV3. Note
that there are different estimates of the amount of axial
charge, for example Ref. [66], that suggest n5=s ¼ 0.065 at
200 GeV, where s is the entropy density of the plasma. This
value is approximately ten times larger than the one
considered in [50]. However, in both cases the axial charge
is sufficiently small compared to the temperature of the
plasma and therefore the difference between using either of
the values is expected to be an overall multiplicative factor,
as we already argued in Ref. [49]. All in all, we set

n5ð
ffiffiffi
s

p Þ ¼ 0.0027

� ffiffiffi
s

p
200 GeV

�
1=3

: ð3:2Þ

In the nonexpanding case, both temperature T and axial
charge n5 are constant in time, and we employ Eqs. (3.1)
and (3.2) to set the values of temperature and axial charge in
the plasma. For the expanding case, the two quantities
decay with time and we use Eqs. (3.1) and (3.2) to set their
respective values at equilibration time, i.e., n05 ¼ n5ðτ0Þ and

T0 ¼ Tðτ0Þ as given in Eqs. (2.44) and (2.57). We take the
equilibration time to be τ0 ¼ 0.6 fm=c.

2. Magnetic field

We now turn our attention to the main focus of this work:
the inclusion of a time-dependent magnetic field. The peak
value of the magnetic field Bmax is reached at the time when
the colliding nuclei have maximum overlap, which we set
to t� ¼ τ� ¼ 0. The overall magnitude of the magnetic field
can be estimated to scale as Bmax ∼

ffiffiffi
s

p
, see Ref. [12] for a

more extensive discussion. We set the value of the magnetic
field at

ffiffiffi
s

p ¼ 200 GeV to be Bmax ¼ m2
π , with mπ ¼

140 MeV the pion mass. Therefore, we work with

Bmaxð
ffiffiffi
s

p Þ ¼
� ffiffiffi

s
p

200 GeV

�
m2

π: ð3:3Þ

There are several works in the literature that address the
question of the time dependence of the magnetic field. In
this paper, we consider several of them, which we introduce
in the following, in order to extract more robust conclu-
sions. The profiles presented will be considered both in the
expanding and nonexpanding backgrounds. For compact-
ness, we express the magnetic field as a function of τ, while
it is understood that in the nonexpanding scenario one
replaces τ → t.
We first consider the simplest profile, where the mag-

netic field follows the Bjorken expanding scaling

Profile A∶ BðτÞ ¼ Bmaxτini
τ

: ð3:4Þ

Such a profile is obtained in the expanding plasma of
Sec. II B with a time-independent V⊥. This profile was
considered in Ref. [50] and is included here for comparison
purposes. The profile (3.4) is divergent as τ → 0 and the
estimation of the magnetic field given in Eq. (3.3) is set at
the initial time of the simulation τini.
In Ref. [67], three different temporal dependencies of the

magnetic field were considered that would explain the
observed polarization measurements in the Λ and Λ̄
baryons. Each of them contains a parameter τB controlling
the lifetime of the magnetic field and its scaling with
energy. In particular, they introduce the following time-
evolving magnetic fields:

Profile B∶

B ¼ Bmax

1þ ðτ=τBÞ2
; τB ¼ 92 GeV · fm=cffiffiffi

s
p : ð3:5Þ

Profile C∶

B¼ Bmax

½1þðτ=τBÞ2�3=2
; τB¼

125GeV· fm=cffiffiffi
s

p : ð3:6Þ
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Profile D∶

B ¼ Bmaxe−τ=τB ; τB ¼ 128 GeV · fm=cffiffiffi
s

p : ð3:7Þ

Another important profile that we consider is that of
Ref. [12] (cf. blue curve of Fig. 5 in Ref. [12]). The
evolution of the magnitude of the magnetic field is obtained
from magnetohydrodynamic (MHD) simulations of Au-Au
collisions at

ffiffiffi
s

p ¼ 200 GeV. We shall refer to the afore-
mentioned profile as

BHAC-QGP∶ BðτÞ from MHD ð3:8Þ

In order to extrapolate the BHAC-QGP profile to different
collision energies, we fit the magnetic field to a function of
the form 1= sinhðτ=τBÞ, which follows a Bjorken-like
evolution at early times and decays exponentially at late
times. The fitting parameter is found to be τB ¼ 2.42 fm=c.
The lifetime of the magnetic field in this case is controlled
by τB, which we assume scales as the parameters of profiles
B, C, and D, namely τB ∼ ð ffiffiffi

s
p Þ−1. Consequently, we

consider the following profile to extrapolate the BHAC-
QGP data to different collision energies:

Profile E∶

B¼Bmax
sinhðτini=τBÞ
sinhðτ=τBÞ

; τB ¼
484GeV · fm=cffiffiffi

s
p ; ð3:9Þ

where the value of τB directly follows from the fit to the
BHAC-QGP data. The late-time exponential behavior of
profile E is suggestive of profile D. For this reason, we also
consider profile Ē, which has the same functional depend-
ence as in Eq. (3.9) but with the lifetime of Eq. (3.7).
All profiles considered in this paper are shown in Fig. 3

at a center-of-mass energy of
ffiffiffi
s

p ¼ 200 GeV. The BHAC-
QGP magnetic field overlaps with the fit that leads to

profile E. The profiles B, C, and D were obtained by
matching to the same physical phenomenon and are
qualitatively similar to each other. In addition, they are
systematically smaller than the other profiles considered in
this work. Note that the hierarchy of magnetic fields, that is
which magnetic field is bigger (smaller), changes at differ-
ent collision energies due to the scaling of the lifetimes τB.
The crossing of hierarchies turns out to be crucial for the
interpretation of the results in Sec. IV.

3. Initial time

In the expanding scenario of Sec. II B, there is an extra
parameter that necessarily enters in the description of the
system: the initial time of the simulation. In this respect, we
follow the considerations of Ref. [38], for which the
maximum overlap of the nuclei in the collision takes place
at t ¼ τ ¼ 0. In the range between τ∈ ð0; 0.1Þ fm=c, the
plasma is assumed to be gluon dominated and therefore
there is no response from the quark degrees of freedom,
consequently no chiral magnetic current develops. Shortly
after, for τ∈ ð0.1; τ0Þ fm=c, the system is out of equilib-
rium but both quarks and antiquarks are present in the
plasma. At this stage, the plasma is Bjorken expanding,
which we describe with the metric background in
Eq. (2.43). The parameter τ0 is the equilibration time,
which we take to be τ0 ¼ 0.6 fm=c. After the temperature
drops to the critical value, the plasma hadronizes and the
holographic description given by model (2.1) is no longer
applicable.
The previous discussion leads us to establish the initial

time of the simulation as τini ¼ 0.1 fm=c. Such an early
time can be argued to be in conflict with the purely Bjorken
expanding background described through the dual metric
(2.43), and we further consider τini ¼ 0.6 fm=c, for which
we have shown in Fig. 2 that the evolution in the back-
ground (2.43) is expected to be a sufficiently good
approximation.

B. Numerical setup

The dynamical response of the chiral magnetic current to
the time-dependent magnetic field is encoded in the near
boundary expansion of the holographic gauge field Vz. In
order to access it, we solve the differential equations (2.14)
and (2.15) for the nonexpanding and (2.50) and (2.51) for
the expanding case, respectively, with the initial state
described in Sec. II. As it is standard, we solve the
differential equations with pseudo-spectral methods in
the radial direction while we implement a Runge-Kutta
routine for the temporal evolution. Further details can be
found in [49,50,52] and references therein.
Note that the model (Sec. II) exhibits a scaling symmetry,

ðv; u; x; y; zÞ → λðv; u; x; y; zÞ, with the thermodynamic
parameters transforming according to their scaling dimen-
sion. Thus, it is enough to consider the dimensionless
combinations of the parameters given in Sec. III A.

FIG. 3. Magnetic fields described in Sec. III A normalized to
Bmax for the center-of-mass energy

ffiffiffi
s

p ¼ 200 GeV. The profiles
A, E, and Ē are initialized at the equilibration time
τ� ¼ τ0 ¼ 0.6 fm=c, while the profiles B, C, and D are initialized
at the time of maximum overlap τ� ¼ 0.
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The dimensionless combinations fix all parameters of the
model except one, which we take to be the location of the
horizon uh in the nonexpanding case, and the integration
constant g4 [see Eq. (2.52)] in the expanding case. In the
nonexpanding case, we arbitrarily set uh ¼ 1 and perform
the radial integration over the region between the boundary
and the horizon, i.e., u∈ ½0; 1�.
For the expanding case, the situation is slightly different.

On the one hand, the implementation of the pseudo-spectral
methods require that the radial domain of integration be
rectangular, that is, a fixed interval for all times. On the
other hand, the integration needs to be performed at least
over the region causally connected to the boundary, in other
words, between the boundary at u ¼ 0 and the horizon at
uh. However, in the expanding case, the location of the
horizon changes with time according to Eq. (2.46). In order
to have a rectangular domain that always includes the
causally connected region to the boundary we integrate
over u∈ ½0; uhðvendÞ�, where uhðvendÞ is the location of the
horizon at the final time of the simulation vend. Finally, we
use the integration constant g4 such that the final location of
the horizon is uhðvendÞ ¼ 1, and the integration domain is
u∈ ½0; 1� also in the expanding case.

IV. NUMERICAL RESULTS

We now combine the physical considerations of Sec. III
with the holographic model of Sec. II in both expanding
and nonexpanding plasmas under the approximation that
the magnetic field is sufficiently small. Firstly, in Sec. IVA
we discuss the sensitivity of the CME signal to the different
magnetic fields displayed in Fig. 3. Then, in Sec. IV B, we
make use of the scaling with the energy of the collision

ffiffiffi
s

p
to draw conclusions of the CME signal as a function of
energy, in a similar spirit as in Ref. [50].

A. Sensitivity at
ffiffi
s

p
= 200 GeV

The CME signal for the time-dependent magnetic fields
introduced in Sec. III A is presented in Fig. 4 (upper panel)
for the nonexpanding plasma and in Fig. 6 (upper panel) for
the expanding plasma. At initial time, the plasma has some
finite magnetic field and vanishing chiral magnetic current.
The response of the system is to build up the CME, a
phenomenon that should be independent of the details of
the time evolution of the magnetic field provided that
the latter is not violently changing. The previous statement
is in agreement with the response of the CME in the two
figures.
Once the chiral magnetic current has reached its peak

value, it starts to decay. In the nonexpanding plasma, the
CME signal follows the trend dictated by the time evolution
of the magnetic field for profiles A–C, as demonstrated in
Fig. 5. The magnetic field of profiles D and E decay faster
than that of profiles A–C, which explains why the chiral
magnetic current does not reach the quasiequilibrium

regime in these two cases.4 In the expanding plasma, the
late-time response of the system also depends on the details
of the magnetic field, as discussed in Sec. II B 4. If the
decay of the magnetic field is sufficiently slow, then we
reach the quasiequilibrium regime in which the response of
the CME signal is instantaneous and given by the

FIG. 4. Normalized chiral magnetic current (top panel) and
transverse current (bottom panel) at

ffiffiffi
s

p ¼ 200 GeV for a non-
expanding plasma and different magnetic fields (Fig. 3). The
simulation is initialized at t0 ¼ 0.41 fm=c.

FIG. 5. Chiral magnetic current for a nonexpanding plasma as
in Fig. 4 normalized to the quasiequilibrium at

ffiffiffi
s

p ¼ 200 GeV.

4Note that profile E slowly departs from the final quasiequili-
brium value. We have extended the simulation to later times to
verify unambiguously that this is the case.
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formula (2.61), derived for late times and small magnetic
fields. This is true for the profiles A, B, and C that we study.
The agreement between Eq. (2.61) and the numerical
solution is verified in Fig. 7 for such profiles in the
expanding case. We can clearly see that the Bjorken
expanding magnetic field (profile A) quickly reaches the
asymptotic regime, while subleading corrections to the
formula (2.61) delay the onset of quasiequilibrium for
profiles B and C. The magnetic field profiles D, E, Ē, and

BHAC-QGP decay faster, in the sense specified in
Sec. II B 4, and the quasiequilibrium formula for the
late-time response of the chiral magnetic effect does not
apply, also shown in Fig. 7.
The transverse (circular) currents Jx and Jy in Eq. (2.20)

are triggered by the time dependence of the magnetic field
itself, and its overall magnitude is controlled by J⊥, defined
in Eq. (2.21). We show the dynamical evolution of J⊥ in
Fig. 4 (lower panel) for the nonexpanding plasma and in
Fig. 6 (lower panel) for the expanding counterpart. In the
nonexpanding case, the initial stages of the evolution are
mostly insensitive to the specifics of the dynamics of the
magnetic field. After a peak value is reached, the transverse
current slowly decreases. Remarkably, the early time
response for the transverse current in the expanding case
depends on the chosen profile for the magnetic field,
increasing initially for profiles B and C, which decay
slower than profile A, while it decreases initially for
profiles D, E, Ē, and BHAC-QGP, which decay faster than
profile A. The latter are precisely the profiles for which the
late-time formula for the chiral magnetic effect (2.61) does
not apply. The response of the transverse current for profile
A is trivially 0. Note that the current generated from the
time evolution of the magnetic field is circular and does not
lead to accumulation of charge.

B. Exploring collision energies

We now turn our attention to the impact of the collision
energy

ffiffiffi
s

p
on the expected signal for the chiral magnetic

current. Following Ref. [50], we take the time-integrated
chiral magnetic current normalized to the transverse area as
a proxy for the experimentally accessible measurement of
the CME. Therefore, we introduce

qV ≡
Z

dxdydt JCME; ð4:1Þ

and normalize it to the transverse areas A ¼ R
dxdy and

Ã ¼ R
dξdy for the nonexpanding (nonexp) and expanding

(exp) cases respectively:

qnonexpV

A
¼

Z
tend

tini

dtJnonexpCME ;

qexpV

Ã
¼

Z
τend

τini

dττJexpCME; ð4:2Þ

where we have included the superscripts to emphasize that
the chiral magnetic current obtained in either case follows
from the dynamical evolution of the gauge fields in
different background metrics. The initial time for the static
scenario is set to tini ¼ 0 for the profiles B, C, and D, while
it is set to tini ¼ 0.4 fm=c in the other cases. Conversely, in
the expanding scenario we consider two different initial
times, τini ¼ 0.1 fm=c and τini ¼ 0.6 fm=c, as discussed in

FIG. 7. Chiral magnetic current as in Fig. 6 normalized to the
quasi-equilibrium result of Eq. (2.61). The formula applies for the
profiles A, B, and C, while it does not apply for the other profiles.
This is in agreement with the derivation in Sec. II B 4.

FIG. 6. Normalized chiral magnetic current (top panel) and
normalized transverse current (bottom panel) at

ffiffiffi
s

p ¼ 200 GeV
for an expanding plasma and different time-evolving magnetic
fields (see Fig. 3). The simulation is initialized at τini ¼
0.42 fm=c.
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Sec. III A. In all instances, we set the final time to
tend ¼ τend ¼ 5 fm=c.
The results for the integrated measure of the chiral

magnetic effect are shown in Fig. 8 for the nonexpanding
plasma and in Fig. 9 for the expanding plasma at the two
quoted values of the initial time τini. The profile A
corresponds to the Bjorken expanding magnetic field
considered in Ref. [50]. The setup considered in our work
corresponds to the Case VI in their work. The authors
of [50] conclude that, for Case VI, the chiral magnetic
effect signal increases with collision energy, and the same
result can be extracted for the profile A in Figs. 8 and 9 of
our work.
Interestingly, the integrated measure of the chiral mag-

netic current in the nonexpanding plasma for the
1= sinhðt=tBÞ extrapolation of the BHAC-QGP data (pro-
files E and Ē), features a plateau as the energy of the
collision is increased. The same holds true for the expand-
ing case with initial time τini ¼ 0.1 fm=c. Conversely, the
profiles B–D in both the nonexpanding and the expanding
cases predict an optimal collision energy, for which the
CME signal is maximal, at approximately

ffiffiffi
s

p
∼ 40 GeV.

On the other hand, profiles E and Ē in the expanding
scenario with initial time τini ¼ 0.6 fm=c suggest that the
optimal collision energy lies slightly below 200 GeV.
Finally, the integrated CME signal coming from the
Bjorken expanding magnetic field (profile A) is increasing
with collision energy without bounds. We emphasize that
the BHAC-QGP data of Ref. [12] is given atffiffiffi
s

p ¼ 200 GeV, and extrapolating profiles different than
the inverse sinh function can lead to different qualitative
results. Conversely, the magnetic field profiles B, C, and D
extracted from [67] are obtained from a fit to different
collision energies

ffiffiffi
s

p
∼ 10–200 GeV, and the results

displayed in Figs. 8 and 9 for those collision energies is
more reliable. In all three cases, the integrated measure of
the chiral magnetic effect gets enhanced at lower collision
energies (

ffiffiffi
s

p
< 200 GeV) with the optimal energy aroundffiffiffi

s
p

∼ 40 GeV. The previous conclusion holds true for the
profiles B, C, and D in the three scenarios considered in
this work.
We now address the discrepancy in the conclusions

following from profile A and the rest of the profiles. We
argue that the decreasing lifetime of the magnetic field with
the energy of the collision, parametrized as τB ∼ ð ffiffiffi

s
p Þ−1,

plays a fundamental role. The Bjorken expanding magnetic
field (profile A) lacks a measure of the lifetime of the
magnetic field, and therefore the scaling of profile A with
energy is a trivial increase in the overall magnitude
according to Eq. (3.3), as shown in Fig. 10 (top panel).
For this reason, it is natural that the chiral magnetic current
(Fig. 10 bottom panel) similarly increases in magnitude
with the collision energy. Conversely, the profiles B–E of
the magnetic field include an extra parameter, τB, control-
ling the different decays of the magnetic field in the plasma.
In Fig. 11, we show the results for profile B, as an

FIG. 9. Integrated measure of the chiral magnetic effect
(normalized by unit area) for a expanding background as a
function of the collision energy for two different choices of initial
time τini. The expanding background is introduced in Sec. II B
and the parameters are set according to Sec. III A. We note again
that the profile A monotonically increases with collision energy.
The result for the profiles B − Ē predict an optimal collision
energy below

ffiffiffi
s

p ¼ 200 GeV for which the CME signal is
enhanced.

FIG. 8. Integrated measure of the chiral magnetic effect
(normalized by unit area) for a nonexpanding background as a
function of the collision energy. The nonexpanding background is
introduced in Sec. II A and the parameters are set according to
Sec. III A. We note that the profile A monotonically increases
with collision energy. The result for profiles B–D are qualitatively
similar and predict an optimal collision energy aroundffiffiffi
s

p ¼ 20 GeV. Profiles E and Ē similarly predict the existence
of an optimal collision energy.
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illustrative example of this discussion, at different collision
energies. From the time evolution of the magnetic field
(Fig. 11 top panel) we already note that, as the energy
increases, the magnetic fields cross each other, and the
hierarchy of the magnetic fields is inverted. Clearly, this
inversion of hierarchies is due to the competing scaling of
the magnetic field with energy: the overall peak increases
with energy while the lifetime decreases. As a result, the
chiral magnetic current, shown in the middle and lower
panels of Fig. 11 for different initial times τini, also
decreases as the energy of the collision is increased,
especially at late times. The overall integrated measure,
defined in Eq. (4.2) and shown in Fig. 9, is similarly
decreasing as the energy of the collision increases.
We note that the energy dependence of the integrated

chiral magnetic current is in close resemblance with the
integrated magnetic field as a function of the collision
energy, see Fig. 12. Comparing with the nonexpanding
results of Fig. 8 we recover the existence of an optimal
collision energy for profiles B, C, and D; the plateaus for
profiles E and Ē; and the monotonic increase for profile A.
The same structure is observed for the expanding results of
Fig. 9. The absence of the plateau for the expanding case
can be attributed to the additional time decay of the
effective axial chemical potential and energy density.
This result suggests that the energy dependence of the

CME signal is largely controlled by the time-dependence of
the magnetic field.
We conclude this section commenting on the validity of

the model at different collision energies. As we pointed out
in Sec. II, the model considered here is insensitive to the
phase transitions. Moreover, the model is conformal and
does not exhibit a realistic scaling behavior of the entropy
density when approaching the phase transition. Therefore,
the model constitutes a good approximation at high temper-
atures, similarly high collision energies, where the non-
conformal effects are less pronounced. As the collision
energy decreases, so does the temperature, and the non-
conformal effects become increasingly important, so that

FIG. 10. Top panel: Bjorken expanding magnetic field (profile
A in Sec. III A) at different collision energies. Bottom panel:
chiral magnetic current corresponding to the expanding back-
ground with profile A for the magnetic field. The CME signal is
increased with increasing collision energies.

FIG. 11. Top panel: time dependence of the magnetic field for
profile B for different collision energies. Middle and bottom
panels: chiral magnetic current corresponding to the expanding
background with the magnetic field displayed in the top panel for
two values of the initial time τini. The signal is enhanced at
intermediate collision energies and decreases for sufficiently
large values of

ffiffiffi
s

p
.
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the model itself departs progressively from the physical
description of the quark-gluon plasma. Nonetheless, the
chiral magnetic effect is expected to be augmented slightly
above the critical temperature [68,69], and we expect that
the enhancement of the chiral magnetic effect at smaller
collision energies to similarly hold for the physical quark-
gluon plasma.

V. DISCUSSION AND CONCLUSIONS

The uncertainties related to the dynamical evolution of
the quark-gluon plasma, generated in heavy-ion collisions,
hinder an accurate theoretical description of the expected
chiral magnetic effect signal. In this paper, we focus on the
impact of the dynamical evolution of the magnetic field on
the out-of-equilibrium response of the chiral magnetic
effect in the QGP. To this end, we use a holographic
model, introduced in [42], which provides a window into
the strongly coupled out-of-equilibrium dynamics of the
CME in a conformal plasma.
In Ref. [49] a similar question was addressed for a

constant electromagnetic field in a nonexpanding plasma,
while in Ref. [50] the discussion was extended to a purely
Bjorken expanding plasma, focusing on the energy depend-
ence. Furthermore, in [52] we extended this study to
include the effects of the non-Abelian anomaly that are
responsible for the occurrence of the chiral magnetic effect
in QCD. The three studies considered a full backreacted
geometry, without any assumption on the strength of the
magnetic field. We partially extend the previous construc-
tions to include a more generic time dependence of the
magnetic field, while assuming that the magnetic field is
small compared to the energy density of the plasma. The
validity of the small magnetic field assumption is discussed
in Sec. II (Fig. 1). This assumption is technically conven-
ient, because the transverse-plane anisotropies due to the
time-dependence of the magnetic field can be neglected to
leading order.

The extension to time-dependent magnetic fields is done
for both a nonexpanding and an expanding plasma. We
obtain the “late-time” geometry of the chirally charged
expanding plasma, as done in Ref. [54], and we are able to
derive analytically the (quasi)equilibrium formula for the
chiral magnetic effect in the expanding plasma,

2κ2Jquasi-eqCME ¼ 8αμ5Bz; ð5:1Þ

where an effective notion of the axial chemical potential in
this quasiequilibrium setup is defined in analogy to the
nonexpanding equilibrium state [see Eq. (2.65)]. The same
“late-time” expanding geometry is later used as a back-
ground to study the evolution of the CME.
The question of the dynamical evolution of the magnetic

field in the quark-gluon plasma is a research topic in its own
right, with several research groups devoted to its under-
standing and description. In order to ameliorate the
uncertainty in the CME coming from the dynamical
evolution of the magnetic field, and extract more robust
conclusions, we incorporate in our description the different
profiles BðτÞ studied in Refs. [12,67], see also Fig. 3. On
the other hand, we choose the values of temperature and
axial charge as in Ref. [50], and we similarly study the
energy dependence of the integrated CME signal. Note that
the work of Ref. [50] uses a purely Bjorken expanding
magnetic field (profile A in our work). Finally, we consider
two values of the initial time, τini ¼ 0.1 fm=c and
τini ¼ 0.6 fm=c. The first of them encodes the fact that
the initial stages of the plasma are gluon dominated and
there should be no response from the quarks [38], while the
second is a more conservative approach that initializes the
evolution at the equilibration time.
In Sec. IVA, we study the sensitivity of the chiral

magnetic current to the different possible time evolution
of the magnetic field. It is manifest that the qualitative
features of the CME are similar to each other. At early
times, the current builds up independently of the details of
the magnetic field evolution. Shortly afterward, there is a
transient regime where the CME reaches its maximum
value. Finally, the current decays following the profile of
the magnetic field in agreement with Eq. (5.1). The same
conclusions hold for the expanding and nonexpanding
scenarios. In addition, we note that the time gradients of
the homogeneous magnetic field generate a circular current
J⊥, which peaks shortly after the start of the simulation and
disappears at late times.
We then turn our attention to the energy dependence of

the integrated CME in Sec. IV B. We recover the result
obtained in Ref. [50] (case VI in their work) that, for profile
A, increasing the collision energy leads to an increase in the
integrated CME observable without bounds. However, the
conclusion is the opposite for all other profiles (B − Ē)
considered in our work, since we observe that the integrated
measure of the chiral magnetic current is generally

FIG. 12. Time integrated magnetic fields between τini ¼
0.6 fm=c and τend ¼ 5 fm=c as a function of the collision energyffiffiffi
s

p
. The structure is in close resemblance with the integrated

measure of the CME signal in the nonexpanding plasma (Fig. 8).
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nonmonotonic with collision energy. The nonmonotonicity
of the integrated CME signal is encompassed by the
prediction of an optimal collision energy for which the
observed signal is maximal. The exact value of the optimal
collision energy depends on the studied magnetic field
profile. We argue that the source of the discrepancy
between the conclusions following from profiles A and
B − Ē stems from the fact that profile A has no parameter
controlling the lifetime of the magnetic field at different
collision energies, while the profiles B − Ē take into
account that the lifetime of the magnetic field decreases
with increasing collision energy. Note that in all cases, the
peak value of the magnetic field increases with the energy
of the collision. We further conclude that the energy
dependence of the integrated chiral magnetic current is
dominated by the integrated magnetic field in each case.
The previous discussion highlights the need to include

the time evolution of the magnetic field in the holographic
simulations describing the out-of-equilibrium evolution of
the chiral magnetic current. The different cases studied in
this work also lead us to conclude that the interplay
between the lifetime of the magnetic field and its peak
value leads to an enhancement of the CME signal at lower
collision energies. The magnetic field profiles B, C, and D
are the only ones obtained from a fit at different collision
energies, and therefore the extrapolation to different colli-
sion energies is more reliable in these three cases. The
profiles B, C, and D predict that the optimal collision
energy is about

ffiffiffi
s

p
∼ 40 GeV, with the integrated CME

signal decreasing as the collision energy exceeds this value.
We also find that the inclusion of the nonconformal

effects can become relevant as we approach the phase
transition temperature from above. The 1þ 1 dimensional
study of Ref. [70] suggests an additional enhancement of
the CME signal in the region close to the conjectured
critical point of the QCD phase diagram. While we expect
the conclusions of this work to remain qualitatively
unchanged, a separate study is required to assess the effects
of the nonconformality of the plasma. This study could be
conducted using a V-QCD model similar to the one used
in [71]. Other avenues for future research include the study
of the inhomogeneous effects that appear from the depend-
ence of the magnetic field on the transverse plane coor-
dinates, which can be readily studied in the model used in
this paper. In the discussion so far, we have considered
the magnetic field as a source, whose dependence on
time and transverse coordinates is fixed in advance.
The incorporation of the magnetic fields in a truly

dynamical approach is an interesting topic that should also
be studied separately. The work of Ref. [72] already
provides the setup for such a dynamical study.
Finally, from a theoretical point of view, it would be very

interesting to better understand the black hole geometries
subjected to a very strong magnetic field in the presence
of anomalies. The work of [46,73] (and subsequently
[49,52,53,74]) observed undamped oscillations of the
chiral magnetic current that can be traced back to a
quasinormal mode approaching the real axis (for increasing
magnetic field) in the complex frequency plane. This was
also recently discussed in [75,76]. These undamped oscil-
lations only appear when the Chern-Simons coupling
(strength of the Abelian anomaly) is above a certain critical
value, which seems to be in agreement with Ref. [77]. It
would also be interesting to investigate how time-depen-
dent magnetic fields affect this behavior.

Note added. After the first version of this manuscript
appeared on arXiv, new results from the STAR collabora-
tion on the CME became available [78,79]. The results
indicate that there are charge separation signals in Auþ Au
collisions with significance levels of about 3σ at collision
energies of

ffiffiffiffiffiffiffiffi
sNN

p ∼ 11.5, 14.6, and 19.6 GeV, respectively.
This trend aligns with our holographic predictions.
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