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In lattice field theory, field sparsening aims to replace quantum fields, or objects constructed from them,
with approximations that preserve the appropriate symmetries and maintain many aspects of the physics
that the fields determine. For example, an effective sparsening of a quark propagator provides an efficient
map from a quark propagator on a fine lattice geometry to a quark propagator defined on a coarser geometry
in order to reduce storage and computational costs of subsequent calculational stages while maintaining
long-distance correlations and corresponding low-energy physical information. Previous studies have
focused on decimating lattice sites or randomly sampling lattice sites to reduce the size of the propagator
and subsequent costs of Wick contractions. Here, we extend the study of sparsening to incorporate
covariant averaging of spatial sites and examine the effects on two-point and three-point correlation
functions involving various hadrons. We find that sparsening is most effective in reproducing the
unsparsened versions of these correlation functions when weighted covariant-averaging is sequentially
applied many times.

DOI: 10.1103/xfmp-c2d4

I. INTRODUCTION

As the lattice spacings used in lattice quantum chromo-
dynamics (LQCD) calculations have become increasingly
fine, the effects of discretization have been parametrically
reduced. However, correlations between nearby lattice
sites have become increasingly significant, leading to effec-
tively redundant computation and storage at many stages of
LQCD calculations. In principle, making use of improved
actions [1–8] or perfect actions [9–12] can mitigate this
problem as one expects less correlation between neighbor-
ing lattice sites at a given level of discretization effects.
However, such actions are costly and technically challeng-
ing to implement.
A pragmatic way to mitigate this inherent redundancy is

to sparsen the spacetime lattice geometry to a coarser grid at
some stage in the calculation. Effective sparsening reduces
the redundancy by suppressing high-frequency fluctuations
while preserving long-distance correlations that govern
low-energy physics. Consider a gauge field UμðxÞ defined
on a lattice geometry Λ of size N1 ×… × Nd. Sparsening
at this stage consists of defining a map GðUμÞ ↦ U0

μ that

maps the gauge field to a gauge field U0
μ defined on a

second lattice geometry Λ0 of smaller size N0
1 ×… × N0

d. If
G is an effective sparsening, quantities computed from an
ensemble of U0

μ degrees of freedom will preserve low
energy physics (see Refs. [13–17] for some exploratory
works that investigate this direction). It is also possible to
apply sparsening to functions of the underlying gauge field
such as the quark propagator SðxjyÞ computed as the
inverse of the Dirac operator on a background gauge field.
In this case, the propagator computed on the full lattice
geometry Λ is mapped to a propagator S0ðxjyÞ defined on
the coarse geometry Λ0 via a map F ðS;UμÞ ↦ S0ðxjyÞ.
In this study, we focus on sparsening of the propagator

through the construction of the map F , as has been
previously studied in Refs. [18,19]. Reference [18] pre-
sented studies of sparsening via decimation, where the
propagator on the reduced lattice geometry was obtained by
decimation: S0ðxjyÞ ¼ SðxjyÞjy∈Λ0 , with Λ0 < Λ constant
across all gauge configurations. The sparsened propagators
were subsequently used to study hadronic and nuclear
correlation functions. Li et al. [19] studied sparsening in
the context of random field selections, where S0ðxjyÞ ¼
SðxjyÞjx;y∈Λ0ðUÞ and Λ0ðUÞ varies randomly between gauge
configurations. They applied this method to both two-point
and three-point correlation functions for mesons.
Since the computational cost of Wick contractions

increases factorially with the number of quark fields
required in interpolating operators, perhaps the clearest
use case for propagator sparsening is to reduce the cost of
correlation functions of multiple nucleons [20,21] and other
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many-body systems [22,23]. For example, Ref. [20] used
sparsening to reduce the computationally intensive momen-
tum projection in the correlation functions of dibaryon
operators, whose computational cost scales as OðV3Þ
with spatial volume V. Additionally, Ref. [24] studied the
electromagnetic contribution to the mass splitting between
πþ and π0 mesons, which involves a sum over OðV2Þ
contributions, using the random sparsening techniques
developed in Ref. [19] to reduce the computational cost.
In this work, we study an extended form of propagator

sparsening that averages neighboring sites gauge-
covariantly. Throughout, we refer to the projection of the
propagator to a reduced spatial geometry as decimation and
gauge-covariantly averaging as blocking, while the overall
process is referred to as sparsening. This more elaborate
sparsening may be more effective at preserving long-
distance correlations in derived correlation functions and,
given the averaging can be performed in many ways,
provides significant opportunities for optimization.
We begin by introducing general aspects of sparsening

and the particular details of the approach we use in this
work (Sec. II). We then discuss the setup for our experi-
ments in Sec. III and investigate the effects of sparsening on
two-point correlation functions and resulting ground state
energies (Sec. IV). In Sec. V, we expand this analysis to
three-point correlation functions involving the vector cur-
rent and the resulting form factors at varying momenta.1

II. PROPAGATOR SPARSENING

We begin by defining the concept of quark-propagator
sparsening in some generality before specializing to the
approach used in this work. Sparsening of other field
objects can be considered similarly. Conceptually, sparsen-
ing implies a localized reduction of the information con-
tained in a field or product thereof, with decimation [18]
being the simplest example. Consider a d-dimensional
lattice geometry Λ¼ fa¼ ða1;…adÞ;ai∈Z;0 ≤ ai < Nig
where Ni is the extent in the ith dimension. Consider also
a decimated lattice geometry Λ0 ¼ fa ¼ ða1s1;…adsdÞ;
ai ∈Z; 0 ≤ ai < Ni=sig, where si is the sparsening factor in
the ith dimension (a divisor of Ni). There are many possible
sparsening constructions and it is conceptually useful to
think of them as two-step processes. First, a blocking step
F ðS;UμÞ ↦ S̃ is applied to the propagator S and gauge field
Uμ defined on lattice geometry Λ such that S̃ is also defined
on Λ. Subsequently, the propagator is projected to the
decimated geometry Λ0: S0ðxjyÞ ¼ S̃ðxjyÞjx;y∈Λ0 .
In the applications we investigate below, we will con-

sider only isotropic spatial sparsening, in which si ¼ s for
all spatial dimensions and sd ¼ 1, and a spatially isotropic
geometry with Ni ¼ N for i∈ f1;…; d − 1g and Nd ¼ Nt.

A. Decimation

In applications to momentum-space correlation functions
that involve quark propagators, a decimation amounts to a
partial momentum-projection of the operators in the corre-
lation function, in which higher momentum-modes are not
projected out in the Fourier transform to momentum space.
Therefore, as we will see explicitly below, decimation
typically induces additional excited-state contamination.
However, when the large separation limit of the correlation
function is taken, the larger-momentum states typically
decay rapidly because of their higher energy, leaving only
the lowest-momentum state.
As an explicit example, consider a pion two-point

correlation function in the limit of degenerate quark
masses hπ†ðx⃗; 0Þπð0⃗; 0Þi ¼ hS†ðx⃗j0ÞSðx⃗j0Þi, where πðxÞ ¼
d̄ðxÞγ5uðxÞ is an interpolating operator that has nonzero
overlap with the lowest-energy state with the quantum
numbers of the pion. In this discussion, we denote the set of
spatial components of each vector in Λ as Λ3 ≡ fa⃗ ¼
ða1; a2; a3Þ; ai ∈Z; 0 ≤ ai < Ng.
In order to construct the correlation function of the

momentum-space pion operator, πðp⃗; tÞ ¼Px⃗∈Λ3
×

e−ix⃗·p⃗πðx⃗; tÞ, we take the discrete Fourier transform of
the position-space correlation function

* X
x⃗∈Λ3

e−ix⃗·p⃗π†ðx⃗; tÞ
!
πðx⃗ ¼ 0⃗; 0Þ

+

∝ hπ†ðp⃗; tÞ
X
p0!∈ Λ̃3

πðp⃗0; 0Þi

¼ hπ†ðp⃗; tÞπðp⃗; 0Þii; ð1Þ

where we have used the relation that a correlation function
between operators of different three-momenta at different
times is zero and Λ̃3 ¼ f2πa⃗N ; ai ∈Z; 0 ≤ ai < Ng is the
conjugate lattice of three-momenta.
When applying decimation, we project πðx⃗; tÞ using a

three-dimensional sparse grid Λ0
3 as

P
x⃗∈Λ0

3
e−ix⃗·p⃗πðx⃗; tÞ.

For a given momentum p⃗, we denote the corresponding
vector of integers a⃗p⃗ ≡ N

2π p⃗. The correlation function in
momentum space then becomes

hπ†ðp⃗; tÞπðp⃗; 0ÞiΛ0

¼
X
x⃗∈Λ0

3

X
p⃗0 ∈ Λ̃3

e−ix⃗·ðp⃗−p⃗0Þhπ†ðp⃗0; tÞπðp⃗0; 0Þi

¼
X
x⃗∈Λ0

3

X
p⃗0 ∈ Λ̃3

e−2πi
x⃗·ða⃗p⃗−a⃗p⃗0 Þ

N hπ†ðp⃗0; tÞπðp⃗0; 0Þi

¼
X
⃗l∈A3

hπ†ð⃗l; tÞπð⃗l; 0Þi ð2Þ1The computations in this work are performed using the
GPT [25] Python package
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for

A3 ≡
�
2π

N
½ðap⃗Þi þ cis�; ci ∈Z; 0 ≤ ðap⃗Þi þ cis < N

�
;

ð3Þ

where we have added a subscript Λ0 to the correla-
tion function to denote that only a partial discrete
Fourier transformation has been performed. As t → ∞,

hπ†ðl; tÞπðl; 0Þi → e−E
0 ð⃗lÞt, and the lowest-energy state with

the allowed quantum numbers, corresponding to E0ð⃗lÞ, will
dominate. However, the lowest-energy state on the deci-
mated lattice is not always the lowest-energy state of the
undecimated lattice. Denote the dispersion relation on the
undecimated lattice as Eð⃗lÞ. The undecimated dispersion
relation as a function of a given Euclidean momentum-
component li is symmetric around components of momen-
tum li ¼ π: that is, Eðli; l⊥Þ ¼ Eð2π − ⃗li; l⊥Þ, where “l⊥”
represents the dependence of E on the components of
momentum orthogonal to the ith Cartesian-direction.
Because of the decimation, the effective dispersion relation
on the decimated lattice is

E0ðli; l⊥Þ ¼
(
E
�
limod 2π

s ; l⊥
�
; limod 2π

s ≤ π
s

E
�
2π
s −

�
limod 2π

s

�
; l⊥
�
; limod 2π

s ≥ π
s :

ð4Þ

From the dispersion relation on the decimated lattice, we
see that the decimated correlation functions are therefore
asymptotically sensitive to energies of states with any
momenta p⃗ such that each component of p⃗ is less than
or equal to π

s.
This analysis holds for any local choice of interpolating

operator and also for higher-point correlation functions.
However, more care must be taken in analyzing quantities,
such as form factors, that depend not just on the energies
extracted from correlation functions but also on their
overall normalization. This normalization can be altered
by decimation and is discussed in Sec. VA.

B. Nearest and next-to-nearest-neighbor blocking

In this work, we study an extension of decimation by
gauge-covariantly averaging—or blocking—the propaga-
tor before decimating. Specifically, we consider blocking
that involves nearest-neighbor and next-to-nearest-neigh-
bor lattice sites of the form,

F ½SðxjyÞ� ¼ SðxjyÞ þ α

6

X
μ1

Uμ1ðxÞSðxþ μ1jyÞ þ
α0

6

X
μ2

Sðxjyþ μ2ÞU†
μ2ðyÞ þ

αα0

36

X
μ1;μ2

Uμ1ðxÞSðxþ μ1jyþ μ2ÞU†
μ2ðyÞ

þ β

24

X
μ1≠μ

0
1

μ1≠−μ
0
1

Uμ1ðxÞUμ0
1
ðxþ μ1ÞSðxþ μ1 þ μ01jyÞ þ

β0

24

X
μ2≠μ

0
2

μ2≠−μ
0
2

Sðxjyþ μ2 þ μ02ÞU†
μ2ðyÞU†

μ0
2
ðyþ μ2Þ

þ ββ0

576

X
μ1≠μ

0
1
;μ1≠−μ

0
1

μ2≠μ
0
2
;μ2≠−μ

0
2

Uμ1ðxÞUμ0
1
ðxþ μ1ÞSðxþ μ1 þ μ01jyþ μ2 þ μ02ÞU†

μ2ðyÞU†
μ0
2
ðyþ μ2Þ

þ βα0

144

X
μ1≠μ01;μ2

Uμ1ðxÞUμ0
1
ðxþ μ1ÞSðxþ μ1 þ μ01jyþ μ2ÞU†

μ2ðxÞ

þ αβ0

144

X
μ1;μ2≠μ02

Uμ1ðxÞSðxþ μ1jyþ μ2 þ μ02ÞU†
μ2ðxÞU†

μ0
2
ðyþ μ2Þ; ð5Þ

with μ1; μ01; μ2; μ
0
2 ∈ f−3;−2;−1; 1; 2; 3g and with U−μ≡

U†
μðx − μ̂Þ; μ > 0. The normalization of the coefficients of

the nearest-neighbor and next-to-nearest-neighbor terms,
αð0Þ; βð0Þ, are chosen so that if αð0Þ ¼ 1; βð0Þ ¼ 1, the 6 points
that are nearest neighbors to x (to y) are given a total weight
equal to that of x (of y), and similarly for the 24 next-to-
nearest-neighbor points. When sparsening symmetrically at
both the source and sink, we take α0 ¼ α; β0 ¼ β. In order
that all next-to-nearest neighbors are the same distance
from the central point, we exclude μi ¼ fμ0i;−μ0ig from the
sums, as indicated.

We also consider multiple sequential applications of
Eq. (5) as

F n½SðxjyÞ� ¼ F ○…○F|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
×n

½SðxjyÞ�; ð6Þ

where n is the number of blocking steps. Iterative
Wuppertal smearing [26], which applies a discretization
of the Klein-Gordon operator to quark fields, corresponds
to this smearing procedure with α ¼ 1, β ¼ 0.
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As n is increased, all paths of gauge links between any
two points x and x0 are eventually included in F n. If the
length of the path is l links and β ¼ 0, then the weight
of the path in its contribution to F n is ðα

6
Þl. If in a given

path the spatial direction of neighboring links is different,
then that path has a joint between those neighboring
links. Let j denote the total number of joints in a given
path. Then the weight of any single path for nonzero β isPj

i¼0
j
i ðα6Þl−2ið β24Þi. Between paths of equal length but with

different numbers of joints, introducing nonzero positive β
has the effect of giving more weight to the path with a
greater number of joints. If we block the propagator sink in
the manner of Eq. (5), and then decimate SðxjyÞ by a factor
of s ≥ 3, then 19 out of every s3 lattice sites contributes
some weight to S0ðxjyÞ. More relevant information is
potentially preserved in this procedure than in decimation
without blocking.

C. Correlation function construction

As an example of the effect of this blocking, we consider
again the case of the pion two-point correlation function.
Instead of using the local pion interpolating operator
dðxÞγ5uðxÞ, we consider the operator

π0ðx; αÞ ¼ d̄ðxÞγ5uðxÞ þ α
X
μ

d̄ðxÞUμðxÞuðxþ μ̂Þ

þ α
X
μ

d̄ðxþ μ̂ÞU†
μðxÞuðxÞ

þ α2
X
μ;μ0

d̄ðxþ μ̂0ÞU†
μ0 ðxÞUμðxÞuðxþ μ̂Þ; ð7Þ

with μ; μ0 ∈ f1; 2; 3;−1;−2;−3g. Projecting to a given
three-momentum gives π0ðp⃗; t; αÞ ¼Px⃗ e

−ip⃗·x⃗π0ðx;αÞ.
The two-point correlation function can then be com-

puted as

hπ0ðp⃗; t; αÞ†π0ð0⃗; α0Þi ¼
X
x⃗∈Λ

eip⃗·x⃗Tr

	

Sdð0jx⃗; tÞ þ α

X
μ0
1

Sdð0jx⃗þ μ̂01; tÞU†
μ0
1
ðx⃗; tÞ þ α0

X
μ0
2

Uμ0
2
ð0ÞSdð0⃗þ μ̂02; 0jx⃗; tÞ

þ αα0
X
μ0
1
μ0
2

Uμ0
2
ð0ÞSdð0⃗þ μ̂02; 0jx⃗þ μ̂01; tÞU†

μ0
1
ðx⃗; tÞÞ

�
γ5



Suðx⃗; tj0Þ þ α

X
μ1

Uμ1ðx⃗; tÞSuðx⃗þ μ̂1; tj0Þ

þ α0
X
μ2

Suðx⃗; tj0þ μ̂2ÞU†
μ2ð0Þ þ αα0

X
μ1;μ2

Uμ1ðx⃗; tÞSuðx⃗þ μ̂1; tj0þ μ̂2ÞU†
μ2ð0Þ

�
γ5

�
: ð8Þ

The form of Eq. (8) is exactly the result of gauge-
covariant averaging with β ¼ β0 ¼ 0 in Eq. (5). This
equivalence is straightforward to see in a diagrammatic
representation; for the case of blocking only the sink
(α0 ¼ β ¼ β0 ¼ 0), we show this explicitly in Fig. 1. The
equivalence when β ≠ 0 and when source blocking is also
applied follows analogously. This diagrammatic represen-
tation also suggests why this correspondence is true for any
local interpolating operator. Explicitly, if an operator is a
function of various local quark fields fqig, blocking the
propagator by covariantly averaging over nearest-neighbors
corresponds to modifying the operator as

OðfqiðxÞgÞ↦O

�

qiðxÞþα
X
μ

UμðxÞqiðxþ μÞ
��

: ð9Þ

D. Sink sparsening

When computing two-point correlation functions, one
would ideally treat the source and sink identically in order
to enforce convexity of correlation functions. However,
propagator inversion is computationally expensive and
below we will study many different sparsening schemes.
In order that we can achieve this with available computa-
tional resources, we also study sparsening of only the sink.

When sparsening the sink but not the source, Eq. (5) with
α0 ¼ β0 ¼ 0 reduces to

F ½SðxjyÞ� ¼ SðxjyÞ þ α

6

X
μ

UμðxÞSðxþ μjyÞ

þ β

24

X
μ≠μ0;μ≠−μ0

UμðxÞUμ0 ðxþ μÞ

× Sðxþ μþ μ0jyÞ; ð10Þ

and correlation functions of the form of Eq. (8),
hO0

αðp⃗ÞO0
α0 ð0Þi, reduce to hO0

αðp⃗ÞOð0Þi, where O0
α is the

smeared operator, and O is the unsmeared operator.

III. LATTICE DETAILS

We perform the computations in this study on a 243 × 48
lattice geometry. We use a smaller lattice than in Ref. [18]
so that we can perform a larger set of analyses efficiently.
Additionally, a spatial lattice size of L ¼ 24 has more
divisors and therefore results can be computed for more
decimations. We use a tree-level improved Lüscher-Weisz
gauge action [7] with β ¼ 6.1 and one level of stout
smearing [27] with ρ ¼ 0.125 and a Wilson-clover fermion
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action [8] with an unrenormalized quark mass of m0 ¼
−0.245, csw ¼ 1.249, and Nf ¼ 3 degenerate flavors of
quarks. We use Ncfg ¼ 100 gauge configurations.
We compute quark propagators from a single point

source on each configuration and decimate them by factors
of s∈ f2; 3; 4; 6; 8; 12g. Measurement errors are computed
using the bootstrap procedure: we draw 100 gauge con-
figurations with replacement 10,000 times and calculate the
quantities of interest each time. Then we use the standard
deviation of the resulting distribution as the measurement
uncertainty.

IV. TWO-POINT CORRELATION FUNCTIONS

A. Details of lattice calculations

We compute two-point correlation functions of the pion
and proton for momenta p⃗∈ 2π

N f½0; 0; 0�; ½1; 0; 0�; ½2; 0; 0�g,
as well as for the Δ baryon for zero momentum. For the
pion, we use the interpolating operator

πðxÞ ¼ ūaðxÞγ5daðxÞ; ð11Þ

and for the proton, we use

NðxÞ ¼ ϵabcuTaðxÞðubðxÞCγ5dcðxÞ; ð12Þ

where color indices are shown explicitly and summed over,
γ5 ¼ γ1γ2γ3γ4 is the product of Euclidean Dirac matrices γμ
and C ¼ iγ2γ4 is the charge conjugation operator. For theΔ
baryon, we use [28]

ΔμðxÞ ¼ ϵabcðuTaðxÞCγμdbðxÞÞγ5ucðxÞ; ð13Þ

where μ∈ f1; 2; 3g.
For the Δ baryon two-point correlation function at zero

momentum, we project onto states with definite spin-3
2

using the projection operator [29]

P3=2
μν ¼ ðημν − γμγνÞδμ≠4;ν≠4 ð14Þ

(this simplified expression only holds for zero momentum).
Explicitly, we then compute the correlation functions as

Cπðt; p⃗Þ ¼
X
x⃗

e−ix⃗·p⃗Tr½π†ðx⃗; tÞπðx⃗; tÞ�; ð15Þ

CNðt; p⃗Þ ¼
X
x⃗

e−ix⃗·p⃗Tr½PN†ðx⃗; tÞNðx⃗; tÞ�; ð16Þ

CΔðt; 0⃗Þ ¼
X
x⃗

Tr½PΔ†
2ðx⃗; tÞΔλð0ÞP3=2

λ2 �; ð17Þ

where P ¼ 1
2
ðI þ γ0Þ is the parity projection operator and

Tr denotes the Hilbert space and spin trace.

B. Metrics for measuring the effects of modifying
interpolating operator

In the discussion below, statistical analysis procedures
are applied to both the sparsened and unsparsened quan-
tities. We differentiate between the two when necessary
using a s or us subscript, respectively, but otherwise leave
this dependence implicit. We compute the effective energy
function for hadron h with momentum p⃗ at time t using the
expression

Ehðt; p⃗Þ ¼
8<
:

arcsinh½Chðt−1;p⃗Þ�−arcsinh½Chðtþ1;p⃗Þ�
2Chðt;p⃗Þ h∈ fπg

arccosh½Chðt−1;p⃗Þ�þarccosh½Chðtþ1;p⃗Þ�
2Chðt;p⃗Þ h∈ fN;Δg:

ð18Þ

In order to find the energy associated to a corresponding
momentum, we adopt a simplified version of the fitting
procedure of Ref. [30]. We denote the effective energy for a
given bootstrap sample i as Eh

i ðt; p⃗Þ. For a given time-range
½t−; tþ�, for each bootstrap sample i we compute

ðχ2i;t−;tþÞh;p⃗ðEÞ ¼
Xtþ
t¼t−

ðEh
i ðt; p⃗Þ − EÞ2
ðσh;p⃗ðtÞÞ2 ; ð19Þ

FIG. 1. A diagrammatic demonstration of the relation between
Eqs. (5) and (8). d̄—u represents the pion operator πðxÞ, while
d̄—u↑ (the upper right object with u shifted down and a vertical
arrow emanating from u) represents the nonlocal operator
d̄ðxÞUμðxÞuðxþ μÞ. ū ← u represents Suð0jxÞ, while ū ← ↑u
(the lower left object with a line with an arrow connecting ū; u
and a vertical arrow emanating from u) represents Suð0jxÞUμðxÞ.
The symbol w represents Wick contraction of quark operators,
while the multiplication symbol × represents matrix multiplica-
tion of propagators.
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where σh;p⃗ðtÞ is the bootstrapped standard deviation

of the effective energy at time t. We take Eh;p⃗
i;min;t−;tþ to

be the value of E that minimizes this χ2 for a given

bootstrap sample i. We then compute Eh;p⃗
min;t−;tþ as the mean

value of the Eh;p⃗
i;min;t−;tþ , and σh;p⃗min;t−;tþ ¼ Q5=6ðEh;p⃗

i;min;t−;tþÞ−
Q1=6ðEh;p⃗

i;min;t−;tþÞ, where Qa is the ath quantile of the
bootstrap distribution.
We then compute a mean χ2 as

ðχ2t−;tþÞh;p⃗ ¼
Xtþ
t¼t−

ðEhðt; p⃗Þ − Eh;p⃗
min;t−;tþÞ2

ðσh;p⃗ðtÞÞ2 ð20Þ

and reject any time-ranges ½t−; tþ� for which ðχ2t−;tþÞh;p⃗ > 2.
For each time window, we compute the corresponding

p-value as ph;p⃗
t−;tþ ¼ 1 − CDFχ2ððχ2t−;tþÞh;p⃗Þ, where CDFχ2 is

the cumulative distribution function of the χ2 distribution
with the number of degrees of freedom being the number of
time-steps. Finally, we take weighted means of these
quantities as a function of the fit-range boundaries, t−
and tþ. The energy plateau E

h;p⃗
p and standard deviation σh;p⃗p

we report are constructed as

wh;p⃗
t−;tþ ¼ 1

N

ph;p⃗
t−;tþ

ðσh;p⃗min;t−;tþÞ2
; ð21Þ

Eh;p⃗
p ¼

X
t−≥2;tþ≥t−þ2

Eh;p⃗
min;t−;tþw

h;p⃗
t−;tþ ; ð22Þ

ðσh;p⃗statÞ2 ¼
X

t−≥2;tþ≥t−þ2

ðσh;p⃗Þ2min;t−;tþw
h;p⃗
t−;tþ ; ð23Þ

ðσh;p⃗systÞ2 ¼
X

t−≥2;tþ≥t−þ2

ðEh;p⃗
min;t−;tþ − Eh;p⃗

p Þ2wh;p⃗
t−;tþ ;

ðσh;p⃗p Þ2 ¼ ðσh;p⃗statÞ2 þ ðσh;p⃗systÞ2; ð24Þ

where the normalization factor N is such that the weights

sum to one and σh;p⃗stat ; σ
h;p⃗
syst are the statistical and systematic

uncertainties, respectively.
We consider two main approaches to defining the effec-

tiveness of the sparsening procedure. One is to compute the
distance of the sparsened Eh

s ðt; p⃗Þ from the unsparsened
Eh
usðt; p⃗Þ. Another is to compute the difference of the

sparsened Eh
s ðt; p⃗Þ from the ground state energy. For the

latter metric, one must be careful if only blocking the sink
as in that case, the correlation function is no longer convex.
Therefore, it is not necessarily best to optimize recovery
of the ground state, as there is no way to tell from the
sparsened correlator alone that this is the genuine ground-
state energy or instead arises from cancellations between
different states. However, the second approach can be used

to optimize for sparsening procedures that have less
excited-state contamination when both the source and sink
are sparsened. It is also desirable to minimize the uncer-
tainty in the sparsened correlation functions, as compared
to the unsparsened correlation function.
Specifically, we focus on three different metrics that

measure the efficacy of sparsened quantities in reproducing
the unsparsened quantities:
(1) The difference in effective energy between the

unsparsened effective energy and sparsened effective
energy at all times less than a fixed maximum time,
t̂, weighted by the absolute error of the two

Mh;p⃗
1 ðt̂Þ ¼

X̂t
t¼1

ðEh
usðt; p⃗Þ − Eh

s ðt; p⃗ÞÞ2
ðσh;p⃗us ðtÞÞ2 þ ðσh;p⃗s ðtÞÞ2

: ð25Þ

(2) The difference between extracted energy [from
Eq. (21)] and sparsened effective energy, weighted
by the absolute error of the two

Mh;p⃗
2 ðt̂Þ ¼

X̂t
t¼1

ðEh
sðt; p⃗Þ − Eh;p⃗

p Þ2
ðσh;p⃗s ðtÞÞ2 þ ðσhpÞ2

: ð26Þ

We also compareMh
2 to the same quantity computed

from the unsparsened correlation function; and
(3) The summed ratio of the squared standard deviations

of the unsparsened and sparsened correlation func-
tions at all times less than a maximum time.

Mh;p⃗
3 ðt̂Þ ¼

X̂t
t¼1

ðσh;p⃗s ðtÞÞ2
ðσh;p⃗us ðtÞÞ2

: ð27Þ

For each correlation function, we define t0 as the mini-

mum t for which σh;p⃗us =Eh
usðt; p⃗Þ > smax ¼ 0.5 and then use

it to set t̂ ¼ minðt0; 17Þ. For a subset of our results, we varied
the chosen cutoff smax and found no significant dependence
of our results on its value, provided that smax ≃ 1.

C. Results

We compute these correlation functions and metrics for
the pion and proton two-point correlation functions for
momenta p⃗∈ 2π

N f½0; 0; 0�; ½1; 0; 0�; ½2; 0; 0�g, as well as the
Δ two-point correlation function for zero momentum.
Correlation functions are computed for sinks constructed
for seven decimation factors (including the undecimated
case, s ¼ 1) and for blocking templates F 1 and F 5 [see
Eq. (5)], varying α, β over the range ½−1; 1� × ½−1; 1�. For a
single coupling value (α ¼ β ¼ 1), we also compute F 20.
For α ¼ β ¼ 1, we study symmetric blocking of the source
and sink using F 1, F 5, and F 20.
The large number of sparsening parameters that can vary

in our studies lead to many possible ways to present the
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data. In the main text, we present examples that highlight
trends that are present, with a more extensive set of results
available in the Supplemental Material [31].
A sample of the results with one step of blocking is

shown in Fig. 2. We present results from the proton, but
these results are largely representative of those for the other
hadrons (the zero-momentum pion correlation function is
different in some respects because of constant ratio of
signal-to-noise, however similar trends in M1;2;3 as a
function of α and β are observed). The average measure-
ment errors, as quantified byM3 are shown as a function of
α and β in Fig. 3.
A few trends are apparent in these results. Broadly

speaking, we recover the previous results of Ref. [18],
where sparsening reproduces the ground-state energy
robustly, but with more excited-state effects than the
unsparsened correlation function because of the incomplete
momentum projection. Since in most cases we are only
sparsening the sink, the effective-energy function will not
necessarily monotonically decrease in time as the correla-
tion function is not convex. Indeed, we observe that for
couplings approximately along the line αþ β ¼ −1, there
is nonmonotonic behavior.

We also consider multiple applications of blocking as in
Eq. (6), showing example results in Fig. 4. For a small
decimation of factor of s ¼ 2, higher-energy states are more
suppressed with increasing applications of the blocking
procedure, as can be seen in the upper left panel of Fig. 4.
For larger decimation factors such as s ¼ 8, the effective-
energy functions for large coupling values are smaller at
small times but then require a larger time to plateau than the
unsparsened correlation function. The fact that correlation
functions built from sparsened propagators for small s and
α, β ≠ 0 recover the ground-state energy at earlier times
than a naive point source is not a surprising result and is
similar to previous results found for smearing. The results
are reflective of the blocking step of our analysis, and not
the sparsening process which also includes decimation.
Because the large number of smearing steps efficiently

eliminates higher-energy contributions, for relatively small
decimation factors, the effective energy is almost exactly
the same as the undecimated—but still blocked—effective
energy. This effect can be seen in Fig. 5 which summarizes
the results of applying 1 versus 20 blocking steps on the
proton effective energy at momentum p⃗ ¼ 2π

N ½1; 0; 0�.
Applying 20 steps of blocking decreases excited state

FIG. 2. Examples of the typical effects observed in the two-point correlation functions as a function of the couplings in Eq. (5) with 1
step of blocking applied to the sink. In this specific example, we show the proton effective-energy function at momentum p⃗ ¼ 2π

N ½1; 0; 0�.
Upper left: effective-energy function of the proton on a 123 grid (decimation factor s ¼ 2) for α; β∈ ½−1; 1�. The color indicates the value
of αþ β. Lower left: the same, but for a 33 grid (decimation factor s ¼ 8). Upper right: metric M2 [Eq. (26)] as a function of α, β on a
123 grid (decimation factor s ¼ 2). M2 computed for the unsparsened two-point correlation function is shown as a white line on the
color-bar. Lower right: M2 for a 33 grid (decimation factor s ¼ 8).
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contamination, in-line with previous results for operator
smearing. However, we also see improved agreement
between undecimated and decimated results for 20 block-
ing steps compared to 1 blocking step, suggesting that one
can generally utilize larger decimation factors for 20
blocking steps versus 1 blocking step. This result is in
line with the expectation that sparsenings with more
blocking steps retain more long-distance information after
decimation.
In Fig. 6, we show the best-fit energy of the pion, proton,

and Δ two-point correlation function at momentum p⃗ ¼
2π
N ½1; 0; 0� for the case of the pion and proton, and p⃗ ¼
½0; 0; 0� for the case of the delta baryon according to the
procedure of Sec. IV B for varying blocking and decima-
tion factors. Comparing the measurement uncertainty on
the best-fit energy as a function of blocking and decimation
step shows the competing effects of both increasing
statistical uncertainty and decreasing excited states with
increasing blocking steps. On the left-hand side of this
figure, we see that in the case of the proton at momentum
p⃗ ¼ 2π

N ½1; 0; 0�, the measurement uncertainty in the best-fit
energy decreases as the number of blocking steps is
increased. On the right-hand side of this figure, we show
the best-fit energy for all possible decimations at a fixed
blocking (n ¼ 20). We observe that as the number of

blocking steps is increased, the best-fit energy becomes
increasingly biased away from its undecimated value,
although it remains consistent within one standard
deviation of the undecimated result.
A trade-off with additional blocking steps is that they

tend to increase the statistical uncertainty. In Table I, we
show the average uncertainty in the proton effective-energy
function for p⃗ ¼ 2π

N ½1; 0; 0� for α ¼ β ¼ 1 as a function of
blocking step. Additionally, M3 [Eq. (27)], a measure of
the average error present for given couplings and blocking
steps, is shown in Fig. 3 for all α, β. In both cases, we see
that as the number of blocking steps is increased, the
statistical uncertainty typically increases as well.

V. THREE-POINT CORRELATION FUNCTIONS

Having investigated more general forms of sparsening in
two-point correlation functions, we now turn to three-point
correlation functions used to determine hadronic matrix
elements, focusing in particular on the vector current and
the corresponding electromagnetic form factors.
Three-point correlation functions involving operator

insertions can in principle be sparsened at all three
coordinate-locations: the operator insertion, and both the
source or sink hadronic interpolating operators. Sparsening
at the operator changes the matrix element that is being

FIG. 3. M3 [Eq. (27)] as a function of various couplings, blocking steps, and decimation levels. The couplings, blocking steps, and
grids of the upper two panels correspond to Fig. 2, while the lower two panels correspond to Fig. 4. Upper left: the M3 metric as a
function of α and β for 1 blocking step and a 123 grid. The color is saturated at 1.3, so any metrics with log10ðM3Þ ≥ 1.3 appear as the
same color. Upper right: the same but for decimation to a 33 grid. Lower two panels: the same but for 5 blocking steps.
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computed in nonperturbative ways and will require addi-
tional renormalization. In most scenarios, it is also not clear
how sparsening at the operator insertion leads to significant
cost savings (see Ref. [32] for a related discussion).

Consequently, in this study we construct sequential propa-
gators through the operator insertion and then compute
three-point correlation functions sparsened at the source
and sink that involve the sequential propagator.

FIG. 4. Examples of the typical effects observed in the two-point correlation functions as a function of the couplings in Eq. (5) with 5
steps of blocking according to Eq. (6) applied to the sink. In this specific example, we show the proton effective-energy function at
momentum p⃗ ¼ 2π

N ½1; 0; 0� analogously to Fig. 2. Upper left: effective-energy function of the proton on a 123 grid (decimation factor
s ¼ 2) for all α, β. The color represents the value of αþ β. Lower left: the same, but for a 33 grid (decimation factor s ¼ 8). Upper right:
a plot of metricM2 [Eq. (26)] as a function of α, β on a 123 grid (decimation factor s ¼ 2).M2 computed for the unsparsened two-point
correlation function is shown as a white line on the color-bar. Lower right: M2 for a 33 grid (decimation factor s ¼ 8).

FIG. 5. Examples of the typical effects observed in the two-point correlation functions as a function of the time extent. We show the
proton effective-energy function at momentum p⃗ ¼ 2π

N ½1; 0; 0� and use α ¼ β ¼ 1. For the case of n ¼ 1, we only block the sink but for
n ¼ 20, we block both the source and sink. Left: effective-energy function of the proton with one step of blocking (n ¼ 1) for different
decimation factors ðs ¼ 1; s ¼ 2; s ¼ 8Þ. Right: effective-energy function of the proton with 20 steps of blocking (n ¼ 20) for different
decimation factors ðs ¼ 1; s ¼ 2; s ¼ 8Þ. In both panels, the pink shaded-region corresponds to the unsparsened correlation function
and its uncertainties.
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A. Details of lattice calculations

We compute three-point correlation functions of the pion
and proton with vector-current operator insertions of the
form

Ch
3ðt; τ; p⃗; q⃗Þ≡ hO†

hðp⃗; tÞV4ðq⃗; τÞOhðx⃗ ¼ 0; 0Þi; ð28Þ

where Vμðq⃗; τÞ ¼
P

x⃗ e
−iq⃗·x⃗q̄ðx⃗; τÞγμqðx⃗; τÞ corresponds to

the vector current in momentum space. We write x⃗ ¼ 0 to

FIG. 6. The best-fit values of the pion, proton, and Δ baryon effective energy Eh;p⃗
p . We use α ¼ β ¼ 1 throughout. In the case of n ¼ 1

and 5, we block only the sink but for n ¼ 20, we block both the source and sink. Left: Eh;p⃗
p with varying steps of blocking

ðn ¼ 1; n ¼ 5; n ¼ 20Þ and decimation factors ðs ¼ 1; s ¼ 2; s ¼ 8Þ. Right: effective energies of the pion, proton, and Δ baryon with
20 steps of blocking (n ¼ 20) for different decimation factors ðs ¼ 1; s ¼ 2; s ¼ 8Þ.
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emphasize that the source operator is not momentum
projected. In the large-time limit, it is straightforward to
show that

Ch
3ðt; τ; p⃗; q⃗Þ ⟶

0≪τ≪t≪T=2
e−E

h;p⃗ðt−τÞe−Eh;p⃗þq⃗;τ

× hΩjO†
hðp⃗; tÞjhihhjV4ðq⃗; τÞjh0i

× hh0jOhðp⃗þ q⃗; 0ÞjΩi; ð29Þ

where jhi and jh0i are the lowest energy states with the
appropriate quantum numbers and momenta, and jΩi is the
vacuum state. Lorentz invariance implies hhjVμðq⃗; τÞjh0i
can be written in terms of known kinematic quantities and
form factors that are functions of only q2. For simplicity, we
consider only the coupling to the u quark, Vμðq⃗; τÞ ¼P

x⃗ e
−iq⃗·x⃗ūðx⃗; τÞγμuðx⃗; τÞ, ignore disconnected insertions,

and set p⃗ ¼ 0.
Sparsening modifies the normalizations of two- and

three-point correlation functions differently and care must
be taken to account for this. The essential point is that we
recover the matrix element of interest for sufficiently
separated t, τ, T in the case that any component of q⃗ is
not equal to π

s from the ratio

Rhðt; τ; q⃗Þ≡ Ch
3ðt; τ; 0⃗; q⃗Þ
Chðt; 0⃗Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Chðt; 0⃗ÞChðτ; 0⃗ÞChðt − τ; q⃗Þ
Chðt; q⃗ÞChðτ; q⃗ÞChðt − τ; 0⃗Þ

s
;

ð30Þ

where in particular

Rhðt; τ; q⃗Þ ⟶
0≪τ≪t≪T=2 hhjV4ðq⃗; τÞjh0i: ð31Þ

This quantity allows combinations of the electromagnetic
form-factors of hadron h to be determined, but it involves
both the two- and three-point correlation functions. We
focus on this ratio in our numerical investigations. One
could alternatively compare the ratio of the sparsened three-
point correlation function divided by the original, unspars-
ened two-point correlation function, but differences in

normalization would be seen due to the blocking and
decimation steps. This normalization cannot be simply
corrected for (e.g., multiplying by the number of points lost
due to decimation) because of the effects of the relative
values of the covariantly transported neighboring points
controlled by α, β. Indeed, Eq. (30) must be modified if
any component of the momentum vector is q⃗ is π

s, which
according to the analysis in Sec. II A is the maximum
momentum that can be accessed using sparsening. At
this momentum, the two-point correlation function asymp-
totes as

Ch



t; q⃗ ¼



π

s
; q⊥

��
⟶
t→∞

ce−E
hðπs;q⊥Þt þ ce−E

hð2π−π
s;q⊥Þt

¼ 2ce−E
hðπs;q⊥Þt; ð32Þ

where c is an overlap factor. This analysis is similar to that
of Sec. II A for momenta greater than π

s, where different
momentum-modes dominate the result due to the periodic
dispersion-relation. Here, there are 2mmomenta values that
contribute equally, where m is the number of Cartesian
momenta components equal to π

s. In our numerical studies,
m ¼ 1 at most and therefore, the ratio in Eq. (30) is
modified as

Rh



t; τ; q⃗¼



π

s
; q⊥
��

≡ ffiffiffi
2

p Ch
3ðt; τ; 0⃗; q⃗Þ
Chðt;0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Chðt; 0⃗ÞChðτ; 0⃗ÞChðt− τ; q⃗Þ
Chðt; q⃗ÞChðτ; q⃗ÞChðt− τ; 0⃗Þ

s
: ð33Þ

As in the analysis of two-point correlation functions, we
find the best-fit plateau to Rhðt; τ; q⃗Þ at fixed τ and q⃗
according to the procedure of Sec. IV B. We denote this
quantity Rh

pðτ; q⃗Þ. Since the form factor is extracted from
the 0 ≪ τ ≪ t ≪ T=2 limit, we also study the effects of
sparsening as τ is varied.

B. Results

The metrics M1, M2, and M3 constructed from
Rhðt; τ; q⃗Þ as a function of α, β and number of blocking
steps and decimation factors largely follow the patterns
found from the two-point correlation functions. For exam-
ple, the couplings that give the best agreement with the
ground state tend to be near α ¼ β ¼ 1. For one step of
blocking, the couplings that introduce the most excited
states and deviate the most from a positive-definite function
tend to be along the line αþ β ¼ −1.
In contrast to the two-point correlation functions, there

are differences in the efficacy of the sparsening procedure
between the three-point correlation functions for the pion
and the proton. In Fig. 7, we show example blocking and
decimation steps for the case of the pion and proton. In
Fig. 8, we show the best-fit values to Rπ

p and RN
p determined

TABLE I. The mean standard deviation of the proton effective-
energy function for p⃗ ¼ 2π

N ½1; 0; 0� between t ¼ 1 and 10, σ̄,
computed using the bootstrap procedure for various levels of
blocking and decimation for sparsening both the source and sink
with α ¼ β ¼ 1.

s n σ̄

1 0 0.022
2 0 0.022
2 1 0.021
2 5 0.041
2 20 0.064
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according to the procedure of Sec. IV B. Comparing these
results, we observe that the Rh

p value is recovered to some
degree in both the pion and proton when blocking is
applied, but the uncertainty on the plateau for the pion
decreases significantly with increasing blocking. In Fig. 7,
we see that this is because for RN, statistical uncertainties
dominate over excited-state effects.2 In the case of RN with
a large number of blocking steps (n ¼ 20), the effects of
excited states are subdominant to the statistical uncertain-
ties. Therefore, blocking is less effective for RN than for Rπ.

In Fig. 9, we show the best-fit values for RN
p as a func-

tion of varying momenta and operator insertion times τ
for a range of blocking and decimation factors. We find
that sparsening robustly recovers the best-fit values as a
function of momentum. Additionally, we observe that as
we vary τ, the best-fit plateau of RN

p remains relatively con-
stant, indicating we are studying the region of RNðt; τ; q⃗Þ
where t and τ are sufficiently well-separated such that the
ground states dominate before and after the operator
insertion.

VI. DISCUSSION

Some overall observations on the effects of the more
general sparsening procedure that was introduced here can
be made based on the preceding studies of two- and three-
point correlation functions.

FIG. 7. Examples of the typical effects observed in the improved ratio of the three- and two-point correlation functions,
Rhðt; τ; q⃗ ¼ 2π

N ½1; 0; 0�Þ. Throughout, we set α ¼ β ¼ 1 and τ ¼ 8. Left: Rπ as a function of sink time t for four choices of blocking
and decimation factors, n∈ f1; 20g and s∈ f2; 6g. For n ¼ 1 we only block the sink but for n ¼ 20 we block both the source and sink.
The pink shaded-region shows the mean and uncertainty of the unblocked, undecimated form-factor. Right: the same parameter
variations are shown for RN.

FIG. 8. Best-fit plateau values Rh
p [Eq. (30)] determined using the procedures of Sec. IV B. Left: the best-fit plateau of Rπ

p at
momentum q⃗ ¼ 2π

N ½1; 0; 0� and varying decimation factors (s ¼ 2, s ¼ 6) and blocking factors (n ¼ 0, n ¼ 1, n ¼ 5, n ¼ 20). The
unblocked, undecimated result is shown in red. Right: the best fit plateau values RN

p for the same parameter variations.

2Note that in this study, the two-point correlation functions in
Eq. (30) have all plateaued to their ground state at the times that
are studied. If not, there could be cancellations in the decay of
two- and three-point correlation functions, leading to a spurious
plateau in Rh.
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(1) Figures 2 and 4 demonstrate that across varying
number of blocking steps, the ground state of the
two-point correlation function is recovered at in-
creasingly earlier times for larger α, β. These figures
also demonstrate that sparsening with αþ β < 0
generally does not recover the ground state effec-
tively, as measured through the metric M2.

(2) For α ¼ β ¼ 1, Figs. 5 and 8 demonstrate that
increasing the number of blocking steps recovers
the ground state of the two-point correlation function
and the optimized ratio of three-point to two-point
correlation functions at earlier times across different
amounts of decimation. In both examples, as time
increases, the magnitude of the statistical uncertainty
also increases.

(3) One way to measure the trade-offs of these two
competing effects is to determine the ground state
of the respective correlation functions (Sec. IV B),
and then compare the statistical uncertainties of this
extracted ground state across different sparsening
methods. Figures 6, 8, and 9 demonstrate that for
large amounts of decimation (s ¼ 6), increasing the
number of blocking steps decreases the statistical
uncertainty in extracted ground states.

(4) Finally, across all quantities that we computed, the
effects of increasing α and β are very similar, as
measured through the M2 metric. More precisely,
the results of sparsening for ðα; βÞ ¼ ðA;BÞ and
ðα; βÞ ¼ ðB; AÞ produce sparsened correlation func-
tions with absolute differences of log10ðM2Þ less
than 0.1 in almost all cases. Moreover, for one step
of blocking, the right hand side of Fig. 2 demon-
strates that the least effective sparsening (as mea-
sured through the metricM2) is for α, β near the line
αþ β ¼ −1. As discussed in the Appendix, this

is similar to the results obtained for a free propa-
gator. At small separations where QCD becomes
asymptotically free, sparsening parameters around
αþ β ¼ −1 lead to nearly total cancellation of the
nearest-neighbor and next-to-nearest-neighbor sites
against the central site.

VII. CONCLUSION

In this study, we have tested a more general form of
propagator sparsening, focusing on various combinations
of sequential blocking (sequentially covariantly averaging
propagators) and decimation (discarding a certain set of
sites to reduce the spatial lattice size). The results of this
study suggest that sparsening with sequential blocking
is effective at preserving long-distance correlations in the
sparsened propagator and therefore at preserving low-
energy components of hadronic correlation functions at
high fidelity. Consequently, larger decimations can be used,
reducing storage requirements and subsequent computa-
tional costs of Wick contractions. In deciding on an optimal
choice of sparsening, the competing effects of suppression
of excited states and additional noise must be balanced
against these computational improvements.
Computations in this work were carried out using the

Chroma [33] and GPT/GRID [25,34] software libraries.
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APPENDIX: FREE PROPAGATOR

In this appendix, we perform the same analysis for a free
lattice-fermion action as was performed for QCD. To
closely mirror our previous analysis, we use the same

lattice geometry and use the Wilson-clover fermion action.
For this toy model, instead of antiperiodic boundary
conditions in the temporal direction, we use periodic
boundary conditions so the gauge field can be set to the
identity everywhere.
We perform our analysis directly for the free-fermion

propagator since any other correlation functions built from
fermion field operators are simply determined from this by
Wick’s theorem. We use a bare quark mass of 0.3 and vary
α; β∈ ½−1; 2�. To quantity our results in the absence of
noise, we use the metric

M4ðtÞ ¼ jEusðtÞ − EsðtÞj: ðA1Þ

The results of this experiment are shown in Fig. 10 for
p⃗ ¼ 2π

N ½1; 0; 0�. Comparing the upper-right of this figure to
the upper-right and lower-right of Fig. 2, we see qualitative
similarities. In particular, both have slope −1 in how the
magnitude varies with coupling, and the sparsened results
show large disagreement with the unsparsened results
around αþ β ¼ −1. This similarity suggests that in the
QCD case, the nearest- and next-to-nearest-neighbor terms
are largely probing the asymptotically free regime of the
propagator.

FIG. 10. Defining features of results computed from a free propagator at momentum p⃗ ¼ 2π
N ½1; 0; 0�. Upper left: the effective energy of

the free propagator with 1 blocking step and s ¼ 1 decimation to a 123 spatial grid for varying α, β. We compare to the original,
unsparsened result in red. Lower left: the same but with 20 blocking steps. Upper right: the energy difference at time t ¼ 5 for the
sparsened propagator of the upper left compared to the original unsparsened propagator. Lower right: the same but for 20 blocking steps,
corresponding to the lower left.
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Similarities are also seen when a large number of
blocking steps are applied. Comparing the lower-right of
Fig. 10 and the right-hand side of Fig. 4 reveals qualitative
similarities. For example, the sparsened free-propagator
results reproduce the unsparsened result more and more
accurately as the number of blocking steps is increased for
positive couplings. This is similar to the example in Fig. 4,
although in the case of QCD, increased blocking also
results in increased statistical uncertainty. Moreover, this

figure confirms the theoretical expectations in Eq. (3).
Instead of decaying to the ground state energy of 0.262, the
left-hand side of the figure shows that some choices of α
and β result in Eðt; p⃗Þ temporarily plateauing to 1.193. For
the unsparsened dispersion relation, this corresponds to p⃗ ¼
2π
N ð13; 0; 0Þ, which is the second contribution in Eq. (3). For
these choices of α and β, the coefficient for the lowest
momentum contribution in Eq. (3) is very small such that the
second contribution dominates for larger times.
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