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We obtain a nonrelativistic chiral massive higher-spin gravity in a deformed AdS3 spacetime by applying
a Lifshitz deformation and subsequent null reduction to chiral massless higher-spin gravity in AdS4.
Intriguingly, the vertices of this nonrelativistic theory are less constrained than the ones in the original 4d
chiral massless theory since we do not have enough dynamical generators to fix the couplings uniquely.
Anticipating higher-spin interactions should be suppressed, we propose a simple approximate mass-spin
relation that interpolates between the relativistic and nonrelativistic regimes. With the proposed mass-spin
relation, we observe that higher-spin interactions indeed become suppressed at large spins, consistent with
low-energy physics. We conjecture that the holographic dual of the nonrelativistic chiral massive higher-
spin gravity proposed in this work is a 2d nonrelativistic Landau-Ginzburg theory in the light-cone gauge.
This nonrelativistic theory is expected to describe a two-fluid system with a λ-point constrained in one
spatial dimension.
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I. INTRODUCTION

While studying relativistic theories is essential for
probing ultraviolet (UV) physics, it can be equally valuable
to find suitable nonrelativistic (NR) regimes of the same
theories, where the required energy to test computable
observables is more accessible. Note that this inevitably
contracts the relativistic symmetric group, be it conformal
or Poincaré, to a smaller subgroup as Lorentz boosts
descend to Galilean boosts, leading to different scalings
of space and time [1–3] (see also [4] for a short account on
this line of work). These scenarios are known to appear in
strongly correlated systems, or condensed matter near
criticality; see, e.g., [5–8] and references therein. (See also
[9].) It is also well-known that obtaining consistent non-
relativistic theories from interacting relativistic ones, espe-
cially when gravity is involved, is a challenging task;
see, e.g., [10–13]. Aligning with this line of work is the

construction of covariant NR field theories on curved
backgrounds by gauging the global Galilean symmetry
[14–16], and anisotropic scaling symmetry on the flat
spacetime [17].
Two of the most common routes in taking the NR limit of

relativistic theories are the following1:
(1) The Inönü-Wigner contraction. In this approach, the

speed of light c is sent to ∞, resulting in some
simplification of the relativistic algebra; see, e.g.,
[19] and references therein for a review. As the
number of generators remain unchanged in this
approach, it permits a natural embedding of gen-
erators of the contracted algebra back to the original
relativistic algebra (see, e.g., [20]). Note, however,
that when taking the Galilean limit of a massless
relativistic theory, the notion of mass—which is
crucial and must present in NR systems—is some-
times not well-defined (see, e.g., [21,22]).

(2) The second route for taking the NR limit of a
relativistic theory is to consider Lifshitz anisotropic
scaling, characterized by a dynamical exponent z,
which drives the original relativistic system toward a
Schrödinger-like regime [1–3]. In this approach, one
usually starts with a relativistic theory in d dimen-
sions formulated in the light-cone gauge. Then, upon
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introducing Lifshitz scalings (which break Lorentz
invariance), and performing a compactification
along one of the light-cone directions, one can
obtain a (d − 1)-dimensional NR massive theory
[23]. (This procedure may be viewed as a null
reduction [24].) In this case, the masses of the
resulting NR fields can be viewed as discrete
momentum associated with the contracted light-cone
direction. Notably, in this approach, a portion of
interacting vertices can remain stable under Lifshitz
scaling and dimensional compactification, making it
a compelling approach for obtaining consistent
nonrelativistic systems from relativistic ones.

With what is presented above, we aim to study the NR limit,
via Lifshitz anisotropic scalings, of a specific relativistic
model, which is believed to be UV finite (due to an under-
lying infinite-dimensional symmetry that tends to suppress
any UV divergences). This model is chiral higher-spin
gravity (HSGRA) [25]. It was first discovered in the light-
cone gauge based on the works [26–29], and was sub-
sequently covariantized in, e.g., [30,31] in terms of equations
of motion. (See also [32,33] for various subsectors of chiral
HSGRA in spacetime, and [34–38] for their twistor duals.)2
Several checks performed at one loop in spacetime

[46–48] and at two loops using twistor technique in [49]
suggest that chiral HSGRA is likely UV finite to all orders in
perturbation theory. Intriguingly, the holographic dual of
chiralHSGRA inAdS4 is anticipated to be the chiral sector of
the well-known 3d Chern-Simons matter theories at large N
(see [50,51]). Due to the strong integrability of both the
gravitational and the conformal field theories, the duality is
believed to be exact to all orders in perturbation theory. It is
then natural to ask whether the above exact duality between
the pair of theories mentioned above can be continuously
deformed into a lower-dimensional NR massive dual pair.
In this work, we begin our exploration of the above

proposal from the gravity side, i.e., with chiral HSGRA in
AdS4. In particular, we will introduce a Lifshitz anisotropy
scaling to drift the 4d massless theory to a 3d NR massive
one. Due to the fact that Schrödinger algebra is easily
realized in light-cone coordinates, it is rather suggestive to
start with a light-cone description of chiral HSGRA in
AdS4. Fortunately, most of the work has already been done
in [29,52] up to the cubic order. (See also [53] for another
light-cone construction for a higher-spin extension of self-
dual Yang-Mills and self-dual gravity in dS4.) As a result,
our task is relatively simple—we only need to analyze this
gravitational theory in the NR limit.
Our work is organized as follows. Section II provides

some relevant background on Lifshitz anisotropic scaling,
Schrödinger algebra, as well as a crash course on light-front
formalism for massless fields in AdS4. Section III studies a

specific Schrödinger geometry derived from exact AdS4 in
the light-cone gauge, which is twist-free and torsional.
These materials compose the first part of the paper.
In the second part, we shall explore some simple non-

relativistic dynamics after Lifshitz scalings being intro-
duced to break Lorentz invariance in Sec. IV. In particular,
upon doing a dimensional compactification along one of
the directions of the light-cone we obtain a NR chiral
massive HSGRA in 3d in Sec. V. Some simple correlation
functions and the effect of higher-spin interaction suppres-
sion are also studied in the same section. Collecting the
insights we gain from this work, we propose a conjecture
about the duality between the obtained NR 3d chiral
massive HSGRA with a certain NR chiral massive critical
weakly coupled scalar theory in (1þ 1) dimensions in
Sec. VI. We expect that if our conjecture is true (up to a
certain degree), it may be relevant in the context of a two-
fluid system constrained in one spatial dimension. We
conclude with some remarks in Sec. VII. There are also two
Appendixes that the reader can refer to in due course.

II. REVIEW

This section reviews some basic ingredients to study a
Lifshitz deformation of chiral higher-spin gravity in AdS4.
Our convention aligns with those in [54].

A. Lifshitz anisotropic scaling and Schrödinger algebra

It is well-known that the conformal algebra of a (dþ 2)-
dimensional flat spacetime Mdþ2 is soðdþ 2; 2Þ, which
happens to coincide with the isometry algebra of AdSdþ3.
Within this Lie algebra, one can look for a subalgebra
known as the Schrödinger algebra SchzðdÞ parametrized
by a Lifshitz dynamical exponent z and the number of
spatial dimensions d. This is the algebra that is relevant for
studying various condensed matter systems (cf. [5–8]).
Let ðPA;J AB;D;KAÞ be the generators corresponding to

translations, Lorentz rotations, dilatation, and special con-
formal boosts of the conformal algebra soðdþ 2; 2Þ where
A ¼ 0; 1;…; dþ 1. Then, the generators

ðPþ; P−; Pa; Jab; Ga;D;KÞ; a ¼ 1;…; d; ð2:1Þ

of the Schrödinger algebra SchzðdÞ can be obtained from
ðPA;J AB;D;KAÞ as (see, e.g., [55])

Pþ ¼ 1ffiffiffi
2

p ðPdþ1 þ P0Þ; P− ¼ 1ffiffiffi
2

p ðPdþ1 − P0Þ; ð2:2aÞ

D ¼ ðz − 1ÞJ dþ10 þD; K ¼ 1ffiffiffi
2

p ðKdþ1 þK0Þ≡Kþ;

ð2:2bÞ

Ga ¼ 1ffiffiffi
2

p ðJ dþ1a þ J 0aÞ≡ J þa: ð2:2cÞ2See further [39–42] for recent development related to chiral
HSGRA in the light-cone gauge. See also [43–45].
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Thus, SchzðdÞ is indeed a subalgebra of soðdþ 2; 2Þ.
In the literature (see, e.g., [23]), Pþ is usually referred to

as the number or mass generator. The generators Ga are
known as the Galilean boosts. They are the descendants of
Lorentz boost generators J þa in the light-cone gauge
where x� ¼ 1ffiffi

2
p ðxdþ1 � x0Þ. Note that P− serves as the

Hamiltonian, generating the evolution of the system where
SchzðdÞ is the underlying symmetry.
SchzðdÞ differs from other Inönü-Wigner subalgebras of

the conformal algebra by the dilatation generator D. This
generator is special since it is defined with a Lifshitz twist,
telling the scaling dimensions of other generators in the
Schrödinger regime.
Note that when z ≠ 2, the Schrödinger algebra does not

contain any of the special conformal boost generatorsKA of
soðdþ 2; 2Þ among its generators. On the other hand, when
the Lifshitz scaling z ¼ 2, the Schz¼2ðdÞ algebra acquires
one special conformal boost generator, which is Kþ ≡ K.
In this case, fP−; D; Kg form an slð2;RÞ subalgebra where
½D;P−� ¼ −P−, ½D;K� ¼ 2K, and ½P−; K� ¼ D. For more
details, see [23].
In this work, the Schrödinger algebra of interest will be

Schz¼2ð1Þ ⊂ soð3; 2Þ. This algebra has six generators,
which are ðPþ; P−; P1; G1; D; KÞ—i.e., no spatial rota-
tions. Since SchzðdÞ is conveniently realized in light-cone
coordinates, field theory representations built upon
SchzðdÞ, when available, are most naturally formulated
in the light-cone gauge. It must be noted that, following the
terminology in [56], we shall refer to Schzð1Þ as
Schrödinger algebra for arbitrary z, even though, in other
literature, this terminology is typically reserved only for
z ¼ 2. Note that most of our subsequent analysis will, in
fact, focus on the case z ¼ 2.

B. Light-front formalism for massless fields in AdS4

The line element of exact AdS4 spacetime has a
particular nice representation in the Poincaré patch where

ds2 ¼ 1

r2
ð−dx20 þ dx21 þ dx22 þ dr2Þ

¼ 1

r2
ð2dxþdx− þ 2dx21 þ dr2Þ: ð2:3Þ

From (2.3), one can find two groups of isometry generators:
(i) kinematical generators, (ii) dynamical generators
(cf. [54,57]), as

kinematical generators∶ Pþ; P1; Jþ1; Jþ−; D; Kþ; K1;

ð2:4aÞ

dynamical generators∶ P−; J−1; K−: ð2:4bÞ

On the one hand, the kinematic generators, which do not
receive nonlinear corrections on the hypersurface xþ ¼ 0

(cf. [54]) play the role of “constrainers” that shape the
general expressions of the dynamical generators
ðP−; J−1; K−Þ. The dynamical generators, on the other
hand, are crucial in fixing couplings, thus defining a theory
in the light-cone gauge.
Note that when we specify xþ as the time direction, the

number of dynamical generators turn out to be minimal. As
a result, the process of studying deformation of the algebra
can be slightly simpler (in good cases) compared to
covariant approaches. This is one of the advantages of
the light-front formalism. (See further general discussion
in, e.g., [45,58].) Let us elaborate this idea in more detail.
Denoting φ�sðxþ; x−; x1; rÞ as massless spinning fields

in position space, with helicity �s. These fields can be
related to the ones in momentum space via Fourier trans-
form as

φ�sðxþ; x−; x1; rÞ ¼
Z

dρ dβ
2π

eiðβx−þρx1Þφ�sðxþ; β; ρ; rÞ;

ρ≡ p1; β≡ pþ: ð2:5Þ

Note that φ†
þsðxþ;p; rÞ ¼ φ−sðxþ;−p; rÞ, where p ¼

ðβ; ρÞ. (It is well-known that, in 4d, any massless spinning
field can be described by two complex scalar fields φ�s,
which are Hermitian conjugates of each other.)
At the level of free fields, the charges Q associated with

AdS isometry generators G, which are quadratic in fields,
can be defined as

Q ¼
Z

d2p dr β Tr½ðφhÞ†Gðxþ;p; ∂p; r; ∂rÞφh�: ð2:6Þ

Note that the kinematic generators, which keeps the xþ ¼ 0
hypersurface invariant, have the following differential
expression (cf. [29]):

Pþ ¼ β; P1 ¼ ρ; ð2:7aÞ

Jþ1 ¼ ixþρþ ∂ρβ; Jþ− ¼ ixþP−þ ∂ββ; ð2:7bÞ

D ¼ ixþP− − ∂ββ − ∂ρρþ r∂r þ 1; ð2:7cÞ

Kþ ¼ 1

2
ð2ixþ∂β − ∂

2
ρ þ r2Þβ þ ixþD; ð2:7dÞ

K1 ¼ 1

2
ð2ixþ∂β − ∂

2
ρ þ r2Þρ − ∂ρDþMr1rþ iM1−xþ:

ð2:7eÞ

On the other hand, one finds that the dynamical gen-
erators are of the form

P− ¼ −
ρ2

2β
þ ∂

2
r

2β
; ð2:8aÞ
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J−1 ¼ −∂βρþ ∂ρP− −Mr1 1

β
∂r; ð2:8bÞ

K− ¼ 1

2
ð2ixþ∂β − ∂

2
ρ þ r2ÞP− − ∂βDþ 1

β
ð∂r∂ρ − rρÞMr1

−
1

β
Mr1Mr1: ð2:8cÞ

In working in four dimensions, we can replace the helicity
generatorMr1 by a label h. This label stands for the helicity
of the field, whichMr1 acts on. This stems from the fact that
the little group associated with massless fields of the
isometry group of AdS4 is Oð2Þ ≃ Uð1Þ. The helicity h
is then simply a convenient label for the Uð1Þ charges.
In terms of oscillators, the helicity operator Mr1 can be
realized as (see [29])

Mr1 ¼ MLR ¼ ða†ÞRaL − ða†ÞLaR;
where ½aR; ða†ÞL� ¼ 1; ½aL; ða†ÞR� ¼ 1: ð2:9Þ

Here, aL;R are annihilation operators that act on the vacuum
as aL;Rj0i ¼ 0. On the other hand, ða†ÞL;R are creation
operators that generate other higher-spin states as

jφsðp; r;aÞi ¼
1ffiffiffiffi
s!

p ðða†LÞsφsðp; rÞ þ ða†RÞsφ−sðp; rÞÞj0i:

ð2:10Þ

Note that L (left) and R (right) are the directions combined
from the usual ðr; 1Þ directions. Henceforth, we will not use
this representationofMr1 but thehelicity labelh for simplicity.
A crucial step in the light-front approach is to set xþ ¼ 0,

which prevents the kinematic generators from acquiring
nonlinear corrections in fields. Consequently, the gener-
ators that depend on xþ get simplified to

Jþ1 ¼ ∂ρβ; Jþ− ¼ ∂ββ; ð2:11aÞ

D ¼ −∂ββ − ∂ρρþ r∂r þ 1; ð2:11bÞ

Kþ ¼ 1

2
βð−∂2ρ þ r2Þ; ð2:11cÞ

K1 ¼ 1

2
ð−∂2ρ þ r2Þρ − ∂ρDþ hr; ð2:11dÞ

K− ¼ 1

2
ð−∂2ρ þ r2ÞP− − ∂βDþ 1

β
ð∂r∂ρ − rρÞh −

1

β
h2:

ð2:11eÞ

Denote K ¼ fPþ; P1; Jþ1; Jþ−; D; Kþ; K1g to be the set of
kinematic generators above. One finds through various
relations

½K;D� ¼ K; ½K;D� ¼ D; ð2:12Þ

where ½; � denotes the Poisson-Dirac commutation relations
between fields [29]:

½φhðp; rÞ;φh0 ðp0; r0Þ�jequal xþ ¼ δ2ðpþ p0Þδðr − r0Þ
2β

δhþh0;0;

ð2:13Þ

and there will be enough constraints to partially fix the
generic forms of the dynamical generators

D ¼
X∞
n¼2

Dn; ð2:14Þ

which can be higher order in fields indicated by the
subscript n—the number of fields that enter the vertices
(for instance, D2 ¼ fP−; J−1; K−g). Then, to fix a theory
uniquely, one only needs to solve the following set of
equations:

½D;D� ¼ 0: ð2:15Þ

This is the general strategy employed in the light-front
approach to construct theories from the bottom up.

III. TWIST-FREE TORSIONAL
SCHRÖDINGER GEOMETRY

This section studies the twist-free torsional Schrödinger
geometry (cf. [55]) resulting from a Lifshitz deformation
(also known as null deformation) of the AdS4 metric (2.3).
This is a type of deformation that breaks Lorentz invariance
such that time will scale differently from space. This type of
anisotropic scaling is often observed in a condensed matter
system in the vicinity of a fixed point. Our goal is to revisit
this symmetry geometrically in a gravity theory.
As discussed in [59–61], one can deform AdS4 by

introducing the following Lifshitz anisotropic scalings:

xþ → λzxþ; x− → λ2−zx−; x1 → λx1; r → λr:

ð3:1Þ

This leads to the following deformed AdS4 line element
[56,59,62] (see also [61]):

ds2 ¼ L2

�
−
υ2ðdxþÞ2

r2z
þ 1

r2
ð2dxþdx− þ dx21 þ dr2Þ

�
;

ð3:2Þ

where L is the anti–de Sitter (AdS) radius. (Note that we
put L to keep track of the dimensions of generators. It will
be set to 1, when everything is clear as day.) Furthermore, υ
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in (3.2) is an auxiliary parameter of dimension ½length�0,
which should be set to 0 when z ¼ 1, and 1 when
z∈ ð1; 2�. Notice that the Lifshitz dynamical exponent is
geometrized by the radial coordinate r.
Before proceeding, we shall emphasize that away from

z ¼ 1, Eq. (3.2) is not diffeomorphic to (2.3). This stems
from the fact that Lifshitz scaling is a global symmetry,
rather than a gauge redundancy. In fact, Eq. (3.2) can be
viewed as a null deformation of AdS4, where the ðdxþÞ2
term can be viewed as the backreaction on the geometry
when introducing the Lifshitz scaling (3.1) (cf. [63]). It
breaks Lorentz symmetry explicitly, but, nonetheless,
preserves the Schrödinger subalgebra Schz¼2ð1Þ.
Therefore, Eq. (3.2) can help to understand Schrödinger
algebra geometrically.3

Local frame. Denote A;B ¼ þ;−; 1; r as tangent space
indices. The scalar product on the tangent space reads

ηABXAXB ¼ 2XþX− þ ðX1Þ2 þ ðXrÞ2: ð3:3Þ

Here, we avoid introducing the ηþþ component in the
tangent space, despite the presence of the component gþþ
in (3.2), as it may lead to ambiguities when raising and
lowering tangent space indices.
To study a twist-free torsional Schrödinger geometry,

we need to find a suitable set of local frames. A nice set of
local frames that naturally encode Lifshitz scalings (3.1)
are4

eþμ ¼
L
rz

ηþμ −
Lυ2

2r3z−2
δþμ; e−μ ¼

L
r2−z

η−μ;

eiμ ¼
L
r
ηiμ; i ¼ 1; r; ð3:5Þ

where μ ¼ þ;−; 1; r denote spacetime indices. In working
with the vierbein, our convention is such that the tangent
indices will be on the left, while the spacetime indices will
be on the right. We raise and lower tangent indices with
ηAB, while the same actions for spacetime indices will
be done with gμν. Note that even though the metric is not
degenerate, there is a slight degeneracy when converting
spacetime indices to tangent space indices and vice
versa. (This is an unavoidable feature due to the way we

define ηAB.) Nonetheless, we find the following set of
inverse vierbein:

E−
μ ¼ r2−z

L
η−

μ þ υ2r4−3z

2L
δ−

μ; Eþμ ¼ rz

L
ηþμ;

Ei
μ ¼ r

L
ηi

μ; ð3:6Þ

via EAμeBμ ¼ ηAB. It can be checked that EA
νeAμ ¼ δνμ,

along with

EAμeBμ ¼ ηAB; EAμEBνηAB ¼ gμν: ð3:7Þ

Notice that the above defining vierbein and their inver-
ses for the geometry (3.2) do not lead to the same
Newton-Cartan geometry found in [55], since we have
EAμEBνηAB ¼ gμν. Furthermore, as giμeþμ ¼ 0, eþμ is
orthogonal to the spatial direction and defines the so-called
clock form. Henceforth, whenever we have to deal with the
inverse vierbein of Schrödinger geometry explicitly, we
shall implicitly assume z ¼ 2.
Gauging Schrödinger symmetry. From the line element

(3.2), one can read off the following generators [54] in
terms of light-cone momenta Pþ and transverse momenta
P1:

undeformed∶ Pþ ¼ β; P1 ¼ ρ; G1 ¼ ∂ρβ;

Kþ ¼ −
1

2
βð∂2ρ − r2Þ; ð3:8aÞ

deformed∶ D̃ ¼ −ð2 − zÞ∂ββ − ∂ρρþ r∂r þ 1; ð3:8bÞ

P− ¼ −
ρ2

2β
−
υ2r2−2z

2
β þ ∂

2
r

2β
; ð3:8cÞ

on the hypersurface xþ ¼ 0. Note that these are differential
operators that act on the field representations introduced in
(2.5). Here, we treat xþ as time and ∂

− as time derivatives
throughout.
As alluded to above, there will be six generators in

Schzð1Þ at z ¼ 2. Here, we show explicitly how the
auxiliary parameter υ enters P− for dimensional reasons.
(It may be set to 1 if there is no ambiguity.) From the
scaling (3.1), it is clear that P generators scale as

P− → λ−zP−; Pþ → λz−2Pþ; P1 → λ−1P1; ð3:9Þ

so they are conjugate to xI, where I ¼ þ;−; 1, as they
should.
Note that we can now identify the generators in (2.11)

with (3.8a) and (3.8c). In particular, Jþ1 can be identified
with the Galilean boost G1, and D̃ ¼ Dþ Jþ−. It can be
checked that the generators (3.8) satisfy the following
nonvanishing commutation relations:

3In contrast to the usual Lifshitz symmetry, here x− also scales
[cf. (3.1)].

4There is also another illuminating choice for the local frame
such as

eþμ ¼ L
r
ηþμ −

Lυ2

2r2z−1
δþμ ; e−μ ¼ L

r
η−μ ; eiμ ¼

L
r
ηiμ: ð3:4Þ

This choice of local frames can single out the gþþ component of
the deformed spacetime metric (3.2). Indeed, it is easily seen that
only the eþμ component gets deformed, while the remainders
describe exact AdS4.
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½D̃; Pþ� ¼ −ð2 − zÞPþ; ½D̃; P−� ¼ −zP−; ½D̃; P1� ¼ −P1; ð3:10aÞ

½D̃; G1� ¼ ðz − 1ÞG1; ½D̃; Kþ� ¼ zKþ; ½P−; Kþ� ¼ D̃þ ð2 − zÞðβ∂β þ 1Þ; ð3:10bÞ

½G1; P1� ¼ Pþ; ½G1; P−� ¼ −P1: ð3:10cÞ

Observe that the above Schrödinger algebra only closes at
z ¼ 2. Away from z ¼ 2, the above algebra can close if we
drop the special conformal boost generator K (cf. [23]),
reducing Schz≠2ð1Þ to a smaller subalgebra where Pþ no
longer corresponds to the central charge.
Then, following the usual gauging procedure, we can

introduce background gauge fields and gauge parameters
associated with the infinitesimal transformations for each of
the above generators. For convenience, we tabulate these
data in the following table:

Symmetry Generator Type
Gauge
field Parameter

Hamiltonian Pþ D eþμ ξþ

Translation P1 K e1μ ξ1

Number operator P− K e−μ ξ−

Dilatation D̃ K σμ ς
Galilean boost G1 K bμ χ
Special conformal boost K− K kμ κ

Generators in the above table are defined on the tangent
space, and they obey the same algebra (3.10) (cf. [55]).
(We slightly abuse the notation by using the same
symbols.)
For convenience, all of the above gauge fields and

generators can be economically packaged in a master
gauge field

Aμ ¼ eþμPþ þ e−μP− þ e1μP1 þ σμD̃þ b1μG1 þ kμK−;

ð3:11Þ

whose gauge transformation is

δA ¼ dξ þ ½A; ξ�; ð3:12Þ

where

ξ ¼ ξ−P− þ ςD̃þ χG1 þ κK−:

These transformations are referred to as internal sym-
metries [55]. Note that the local P− and P1 symmetries
are not gauge symmetries, but rather time and space
diffeomorphisms, and therefore we will not gauge them.
The transformation for individual fields can be read off
using the commutation relations (3.10) presented above.
For instance,

δeþμ ¼ zςeþμ; ð3:13aÞ

δe1μ ¼ χeþμ þ ςe1μ: ð3:13bÞ

Other transformations can be obtained analogously
(cf. [55]).
Let us now address the subtlety in gauging the

Schrödinger symmetries (3.8). Namely, when drifting
away from a relativistic setting to a nonrelativistic one,
there is a loss in covariance. This, in turn, influences the
way we should interpret the background gauge fields. First,
despite their vectorlike indices, the gauge fields eþμ and e1μ
are, in fact, scalars. Second, due to the lack of spatial
rotations P1 and G1 also behave like scalars. As a result,
ðP−; Pþ; P1; G1; D̃; KÞ can all be viewed as scalars
when the spatial dimension is 1. This means they can be
naturally lifted to the tangent space, explaining why (3.10)
is also the algebra on the tangent space even though the
original generators (3.8a) and (3.8c) are spacetime
generators.
The above discussion may also be applicable for higher

dimensional deformed AdS when the spatial dimension is
d ⩾ 2. In particular, while P−; Pþ; Kþ are again scalars in
nonrelativistic setting, the spacetime generators Pi and Gi

will now transform as vectors under spatial rotations. As a
result, we can lift them to the tangent space via the usual
spatial mapping [54]

Ta1���an ¼ ea1 i1 � � � ean inTi1���in ; ∂i ¼ Ei
a
∂a; ð3:14Þ

which are manifestly spatially covariant. Here, T denotes
some generic tensor, and we use i; j ¼ 1;…; d as spatial
indices in spacetime while a; b ¼ 1;…; d as spatial
indices in the tangent space. Note that Ea

ieaj ¼ δij and
Ea

iEb
jgij ¼ ηab. One can then check that the Killing

vectors in the spatial directions ξa∂a ¼ ξμ∂μ. Thus, gen-
erators on the tangent space in the spatial directions have
the same form with the ones in spacetime. This allows one
to gauge (3.10) on the tangent space.
Twist-free torsional Schrödinger geometry. To make the

above geometry become that of Newton-Cartan (cf. [64]),
we can start to impose appropriate constraints on the
curvature two-form

R ¼ dA þA ∧ A: ð3:15Þ
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Due to the presence of the ðdxþÞ2 term in the metric (3.2)
and the Lifshitz scalings (3.1), the Schrödinger geometry
that we are about to study will intrinsically have torsion,
regardless of what conditions we will impose on (3.15).
The minimal set of constraints that lead to a reasonable
torsional Newton-Cartan geometry turns out to be

R½Pþ� ¼ 0; R½P1� ¼ 0: ð3:16Þ

As the vierbein are the only local fields that transform under
P transformation [cf. (3.12)], we can treat them as
independent fields. Then, we can solve (at z ¼ 2) the
set of constraints (3.16) for various components of the
corresponding gauge fields A through

Pþ∶ R−
μν ¼ ∂½μe−ν� þ b½μe1ν� ¼ 0; ð3:17aÞ

P1∶ R1
μν ¼ ∂½μe1ν� − σ½μe1ν� − b½μeþν� ¼ 0; ð3:17bÞ

where ½; � denotes the antisymmetric combination without a
factor of 1

2
. Plugging (3.5) into the above, we can determine

from (3.17) that

σμ ¼ −
δrμ
r
; ð3:18aÞ

bμ ¼ 0: ð3:18bÞ

Note that the bulk dilaton σ can be associated with the
’t Hooft coupling λ on the boundary theory, which is dual
to the gravitational theory that we aim to construct.
Furthermore, our solution is different from [55] in the
sense that the dilaton can be solved explicitly, and we do
not impose R½P−� ¼ 0 as well as R½D̃� ¼ 0 from
the outset.5 Thus, naturally, we expect the background will
be intrinsically torsional. With the solution (3.18), we have

Rþ
μν½P−� − Tþ

μν ¼ ∂½μeþν� − 2σ½μeþν� − υ2L
σ½μδþν�
r4

¼ 0;

ð3:19Þ

which may be viewed as a vierbein postulate for eþμ. Here,
we may interpret

Tρ
μν ≔

υ2L
r4

σ½μδρν�; ð3:20Þ

as a torsion two-form, which arose due to the Lifshitz
anisotropic scalings (3.1). Note that our way of defining
the torsion two-form is different from [55] in the sense that

it comes out from the flatness completion of R½P−�.
Observe that our clock eþμ is not d-closed. Nevertheless,
it is integrable since eþ ∧ deþ ¼ 0. As a result, the
Schrödinger geometry is said to be twist-free. The physical
implications of the above twist-free torsional geometry will
be explained in Sec. VI.

IV. NONRELATIVISTIC DYNAMICS
ON THE SCHRÖDINGER CONE

The presence of torsion in the geometry calls for a
revisiting of the analysis in [29,54,57] to identify the crucial
modifications in the dynamics relevant for constructing
theories in the light-cone gauge, or rather the Schrödinger
cone. (See also [2] for previous work on free higher-spin
fields on torsional Newton-Cartan background, as well as
the works [65,66].)

A. Kinetic action in Schrödinger background

From the dynamical generator P−, it is expected that the
Lagrangian for any spinning field on the Schrödinger
background (3.2) should be of the form

L½s� ¼ φ−sð□þ υ2r2−2zð∂−Þ2Þφþs;

□ ¼ 2∂þ∂− þ ∂
2
1 þ ∂

2
r ; ð4:1Þ

where φþs and φ−s are two complex valued fields that are
Hermitian conjugate to each other. Notice that the kinetic
operator □þ υ2r2−2zð∂−Þ2 has dimension ½length�−2 at
z ¼ 2. To show that the above is a valid Lagrangian in
the light-cone gauge, let us study a simple model of a
conformally coupled scalar field φ on the Schrödinger
background (3.2) as an example by looking at the following
action:

S2½0� ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
gμν∂μφ∂νφþ 1

6
Rφ2

�
: ð4:2Þ

For the background (3.2), the Ricci scalar R ¼ − 12
L2. Then,

upon rescaling φ ↦ r
Lφ, the above action reduces to

S2½0� ¼ −
1

2

Z
d4xφð□þ υ2r2−2zð∂−Þ2Þφ: ð4:3Þ

It is important to point out that
ffiffiffiffiffiffi−gp

has been absorbed by
the above rescaling, and there is no AdS radius L remain-
ing. Observe that without the ð∂−Þ2 term, the kinetic
operator is simply the one of flat space.6

At this stage, we can take (4.1) to be the kinetic action for
any spinning fields in the light-cone gauge, since we have
already derived the explicit form of the P− generator;5Due to the form of eþμ , one cannot solve for the dilaton

uniquely if R½P−� ¼ 0 is also imposed. Moreover, with the
provided solution, it can be checked that R½D̃� ¼ 0 without
specifying the field kμ. For convenience, we will also set kμ ¼ 0.

6Note the positions of the indices for such a simplification to
happen.
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keeping in mind that any spinning fields can be described
by two scalars, which are complex conjugate to each other.
(Indeed, while the Mr1 generator [cf. (2.9)] does not
participate in the Schrödinger algebra, it nevertheless
remains present as the operator that specifies the helicity
of fields.) Then, as usual, if we start with a generic tensorial
field and imposing the light-cone gauge, one can choose
two components among the remaining components of the
original tensor field to be the physical ones—the φ�s. For
relevant discussion, see, e.g., Sec. 13 in [45].
In making a connection with the covariant approach, the

reader may find the material in Appendix A helpful.7

B. Bulk-to-boundary propagator
and Schrödinger boundary algebra

Let us now compute the bulk-to-boundary propagator for
the rescaled higher-spin fields in the light-cone gauge,
whose Lagrangian is (4.1).
To compute the bulk-to-boundary propagator for φ�s,

we will follow the techniques developed in [67–69]. Note
that since we are working with rescaled complex scalars,
there are some intermediate details that differ from the
standard treatment in general dimensions, in, e.g., [67–69].
Recall that the equation of motion of a rescaled scalar φ�s
is given by

ð□þ υ2r2−2zð∂−Þ2Þφ�s ¼ 0;

where □≡ 2∂þ∂− þ ∂
2
1 þ ∂

2
r : ð4:4Þ

Since there are translation invariances away from the radial
direction [cf. (3.2)], the solution can be decomposed into
plane wave modes along boundary directions. In particular,

φðxþ; x−; x1; rÞ ¼
Z

d3p

ð2πÞ3=2 e
iðγxþþβx−þρx1ÞKpðrÞ;

p⃗ ¼ ðβ; γ; ρÞ; ð4:5Þ

where we have denoted γ ≡ p−. The radial modeKpðrÞ of a
complex scalar field thus satisfies the following equation:

ð2βγ þ ρ2 þ r2−2zυ2β2 − ∂
2
rÞKpðrÞ ¼ 0: ð4:6Þ

For generic integer values of the dynamical exponent z,
solutions to the above exist but are quite complicated. Here,
we are mainly interested in the case where z ¼ 2, for which
the solution is given by

KpðrÞ ¼ c1ðp⃗Þ
ffiffiffi
r

p
IνðjpjrÞ þ c2ðp⃗Þ

ffiffiffi
r

p
KνðjpjrÞ; ð4:7Þ

where

ν ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4υ2β2

q
and jpj≡

ffiffiffiffiffi
p2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2βγ þ ρ2

q
:

ð4:8Þ

Here, Iν and Kν are modified Bessel functions of the first
and second kind, respectively.
Before proceeding further, it must be noted that our

deformed AdS4 spacetime has a Lorentzian signature,
which brings with it certain subtleties as compared to
the Euclidean case. In particular, regularity of the normal-
izable solutions in the deep bulk region (r → ∞) demands
that c1ðp⃗Þ ¼ 0.8 As a result, to make the solution regular,
we shall impose another boundary condition, which is
Kpjr¼ϵ ¼ 1 at a cutoff r ¼ ϵ. This leads to a complete
solution, which is

KpðrÞ ¼
ffiffiffi
r

p
KνðjpjrÞffiffiffi
ϵ

p
KνðjpjϵÞ

: ð4:10Þ

Note that the cutoff ϵ is important in computing the two-
point function [70] or the loop integrals to regularize
divergences. However, for other higher-point tree-level
amplitudes in AdS, we can safely absorb the factorffiffiffi
ϵ

p
KνðjpjϵÞ in the definition of the higher-point functions.

Furthermore, timelike (p2 < 0) or spacelike (p2 > 0) three-
momentum along the boundary directions will not affect
our analysis below too much since the solution (4.10) has
been amended appropriately such that it is regular every-
where. To this end, the general solution to the equation of
motion (4.4) is

φðxþ; x−; x1; rÞ ¼
Z

d3p

ð2πÞ3=2 e
iðγxþþβx−þρx1Þ

ffiffiffi
r

p
KνðjpjrÞffiffiffi
ϵ

p
KνðjpjϵÞ

:

ð4:11Þ

Next, we will find the conformal dimension of the
operator dual to the bulk rescaled complex scalars φ�s
by examining the behavior of φ�s near the boundary r ¼ 0.
Assuming the solution scales as φ ¼ rΔϕ0ðxþ; x−; rÞ near
the boundary, we obtain

ΔðΔ − 1Þ − υ2β2 ¼ 0: ð4:12Þ

The roots of the above are
7There, we show that after some suitable rescaling, all chiral

spinning fields (specific field representations that are closely
related to our setting) can have a similar kinetic term with the
ones in flat space. This aligns with the result in [54]. However,
due to the lack of Lorentz and gauge invariance, we could not
engineer some terms that give the differential operator
υ2r2−2zð∂−Þ2.

8This follows from the asymptotic expansions for large r of the
modified Bessel functions:

IνðjpjrÞ ∼
ejpjrffiffiffiffiffiffiffiffijpjrp ; KνðjpjrÞ ∼

e−jpjrffiffiffiffiffiffiffiffijpjrp : ð4:9Þ
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Δ� ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4υ2β2

p
2

: ð4:13Þ

For simplicity, we may set υ ¼ 1, assuming that we are
working at z ¼ 2 and β2 is a number. (In fact, after a
dimensional compactification along the x− direction, β can
be replaced with a dimensionless parameter viewed as the
nonrelativistic mass ms associated with φ�s; cf. [23].)
Observe that due to the anisotropic scaling, the above roots
do not satisfy the usual relation ΔðΔ − dÞ ¼ m2L2, which
determines the conformal dimension of a massive scalar
field in AdSdþ1.
In the same spirit with Flato-Fronsdal theorem [71],

keeping in mind the fact that we are in an IR regime after
the deformation of geometry happened [cf. (3.2)], we will
choose Δ0 ¼ Δþ þ 1 to be the conformal dimension of the
rescaled scalar field, and Δs ¼ Δ− þ 1 to be the conformal
dimension of the higher-spin fields in what we call the
Metsaev frame.9 This requires us to modify the bulk-to-
boundary propagator for spinning fields as [52]

K�s
p ¼ 1

p

ffiffiffi
r

p
KνðjpjrÞffiffiffi
ϵ

p
KνðjpjϵÞ

ð4:14Þ

to match the boundary two-point function normalization.
Here, the rescaled higher-spin fields in the bulk correspond
to some rescaled spin-s operators J s≥1 on the boundary

side in the transverse-traceless basis (see [54]). Note also
that unlike the case of exact AdS, here, the dual operators
on the field theory side can be irrelevant depending on the
value of mass that is reasonably assumed to be positive for
NR theories. To this end, let us drag the propagator through
the generators of the Schrödinger algebra

GAdSðφ ¼ KJ ðpÞÞ ¼ KGbJ ðpÞ; p⃗ ¼ ðβ; γ; ρÞ:
ð4:15Þ

We find that

Pþ
b ¼ β; P−

b ¼ γ; P1
b ¼ ρ; ð4:16aÞ

G1
b ¼ β∂ρ − ρ∂γ; ð4:16bÞ

D̃b ¼
�
−ð2 − zÞβ∂β − ρ∂ρ − zγ∂γ −

1

2
− zþ ν

�����
z¼2

;

ð4:16cÞ

Kþ
b ¼ −

1

2
βð2ð2 − zÞ∂γ∂β þ ∂

2
ρÞ − D̃b∂γ ð4:16dÞ

are the generators on the boundary (b for boundary). It can
be checked that

½D̃b; P
þ
b � ¼ −ð2 − zÞPþ

b ; ½D̃b; P−
b � ¼ −zP−

b ; ½D̃b; P1
b� ¼ −P1

b; ð4:17aÞ

½D̃b; G1
b� ¼ ðz − 1ÞG1

b; ½D̃b; K
þ
b � ¼ zKþ

b ; ½P−
b ; K

þ
b � ¼ D̃b þ Jþ−

b ; ð4:17bÞ

½G1
b; P

1
b� ¼ Pþ

b ; ½G1
b; P

−
b � ¼ −P1

b; ð4:17cÞ

matching with the Schrödinger algebra Schzð1Þ on the
bulk side at z ¼ 2. Note that the generator Jþ−

b ¼ −zγ∂γ þ
ð2 − zÞβ∂β is the conformal field theory (CFT) dual of Jþ−

in (2.11) in the Schrödinger setting.

C. Cubic vertices in Schrödinger background

In the light-front approach for field theories with local
interactions, the dynamical generators will acquire correc-
tions that are higher order in fields (see [45,58] for a
review). In our nonrelativistic setting, the interactions
encoded in higher-order Hamiltonians P−

n≥3 are required
to satisfy [29]

½K;D� ¼ D ⇒

� ½K;P−� ¼ 0; K ¼ fG1; Kþg;
½D̃;P−� ¼ −2P−;

ð4:18Þ
where ½; � denotes the Poisson-Dirac bracket [cf. (2.13)]. Here,

P− ¼ P−
2 þ

X
n≥3

P−
n ; ð4:19Þ

where P−
2 is the Hamiltonian generator that is quadratic in the

fields. In the above, the constraint ½D̃;P−� ¼ −2P− is a bit
special and deserved a clarification. In position space, a
generic action at order n in fields can be written as
Sn ¼

R
dxþdx−dx1drVnðφ1;…;φnÞ. A simple counting

tells us that the associated Hamiltonian,

P−
n ¼

Z
dx−dx1drVnðφ;…;φÞ ð4:20Þ

will have mass dimension two.

9This is the frame where the kinetic term for higher-spin fields
in AdS reduces to that of flat space, and all higher-spin fields have
the same conformal dimensions upon rescaling [54]. Recall the
manipulation around (4.2).
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Next, as all dynamical boost generators are absent once the system is driven away from the exact AdS4 background, we
will not have enough constraints to fix the cubic couplings uniquely as in [29]. Nevertheless, the leading contribution should
follow the analysis of [29], with some small modification due to the Lifshitz anisotropic scalings. In momentum space, we
shall denote

P−
n ¼

Z
dΓn Tr

�Yn
a¼1

φ†
a

�
p−
n ðpa; ∂ra ; rÞδr; δr ≔

Yn
a¼1

δðr − raÞ; ð4:21Þ

where p⃗a ¼ ðβa; γa; ρaÞ, and

dΓn ¼ ð2πÞ2δ2
�Xn

a¼1

pa

�Yn
a¼1

d2pa

2π
dradr; d2pa ¼ dρadβa: ð4:22Þ

Note that a is the label of the external fields.
Next, from ½K;D� ¼ D, we get the following constraints for higher-order Hamiltonians (at z ¼ 2):

Xn
a¼1

βa∂ρap
−
n ðpa; ∂ra ; rÞδr ¼ 0; ð4:23aÞ

Xn
a¼1

ð−ρa∂ρa þ ∂raraÞp−
n ðpa; ∂ra ; rÞδr ¼ ðn − 3Þp−

n ðpa; ∂ra ; rÞδr; ð4:23bÞ

Xn
a¼1

βað∂2ρa − r2aÞp−
n ðpa; ∂ra ; rÞδr ¼ 0; ð4:23cÞ

using (2.13) and doing integration by part. In particular, we have used the simple relations

½FðφÞ;K� ¼ ½φ;K� δFðφÞ
δφ

¼ Kφ
δFðφÞ
δφ

; ð4:24Þ

where FðφÞ is some generic function in φ and ½; � is the Poisson-Dirac bracket (2.13). Note that as dΓn contains
δ2ðPn

a¼1 paÞ, there is an extra −1 when D̃ acts on it. Recall that β is dimensionless, so D̃ only counts the dimension
of δðPa ρaÞ.
In what follows, we will only focus on the case n ¼ 3. Equation (4.23a) tells us that the density p−

3 ðpa; ∂ra ; rÞδr will be
polynomial in

P ¼ 1

3
ðβ̌1ρ1 þ β̌2ρ2 þ β̌3ρ3Þ; β̌a ¼ βaþ1 − βaþ2; a ¼ 1; 2; 3: ð4:25Þ

With this in mind, we can replace
P

a¼1;2;3 ρa∂ρa ↦ P∂P and
P

a¼1;2;3 βa∂βa ↦ P∂P by a mere change of variables. Then,
at z ¼ 2, Eq. (4.23b) becomes

�
−ð3 − zÞP∂P þ

X
a

∂rara

�
p−
3 ðpa; ∂ra ; rÞδr

����
z¼2

¼ 0: ð4:26Þ

This indicates that the Lifshitz deformation under consideration can preserve some part of the cubic vertices in exact AdS4
(cf. [29]). In particular, we get

NP ¼ Nr þ 1; NP ¼ P
∂

∂P
; Nr ¼ r

∂

∂r
: ð4:27Þ

Next, using momentum conservation, Eq. (4.23c) gives us

�
B∂P∂P þ

X3
a¼1

βar2a

�
p−
3 ðpa; ∂ra ; rÞδr ¼ 0; B ¼ β1β2β3: ð4:28Þ
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One can then show that the sum of quadratic Hamiltonians reduces to the usual one in AdS4, i.e.,

X
a¼1;2;3

P−
a ¼

X
a¼1;2;3

�
−

ρ2a
2βa

−
1

2
r2−2zβa þ

∂
2
ra

βa

�
¼ P2

2B
þ

X
a¼1;2;3

∂
2
ra

βa
: ð4:29Þ

Following [29], one can show that the above can be written as

X
a¼1;2;3

P−
a ¼ P2 − P2

r

2B
þ Δβ

36B
∂
2
r þ

1

3
Pr∂r; ð4:30Þ

where

Pr ¼
1

3

X
a

β̌a∂ra ; Pr ¼
X
a

∂ra

βa
; Δβ ¼ β21 þ β22 þ β23; B ¼ β1β2β3: ð4:31Þ

This indicates that p−
3 ðpa; ∂ra ; rÞ ¼ p−

3 ðP;Pr;Pr; ∂ra ; raÞ. Assuming p−
3 ðP;Pr;Pr; ∂ra ; raÞ is harmonic in ðP;PrÞ, i.e.,

ð∂2P − ∂
2
Pr
Þp−

3 ¼ ð∂P − ∂Pr
Þð∂P þ ∂Pr

Þp−
3 ¼ 2∂PR∂PLp−

3 ðP;Pr;Pr; ∂ra ; raÞ ¼ 0; ð4:32Þ

it can then be shown, using (4.28), that p−
3 ðP;Pr;Pr; ∂ra ; raÞ is independent of Pr (cf. [29]), and

ðNr − NPL − NPR þ 1Þp−
3 ðPL;PR; βa; rÞ ¼ 0; ð4:33Þ

where

ðPL;PRÞ ¼ 1ffiffiffi
2

p ðPþ Pr;P − PrÞ; Nr ¼ r∂r; NP• ¼ P•
∂P• ; • ¼ L;R: ð4:34Þ

At this stage, one has the option to split the cubic vertex into a holomorphic piece, denoted as VðPL; βa; rÞ, and an
antiholomorphic piece, denoted as V̄ðPR; βa; rÞ. These vertices obey the following constraints:

ðNr − NPL þ 1ÞV ¼ 0; ðNr − NPR þ 1ÞV̄ ¼ 0: ð4:35Þ

Thus, in a Lifshitz anisotropic setting, the relations between
the power of ðPL;PRÞ and the power of r in the cubic
vertices remains the same as in the case of exact AdS4 [29].
To this end, we note that we do not have enough dynamical
boost generators to completely fix the cubic interactions.
This brings us to the next point.

V. A NONRELATIVISTIC CHIRAL MASSIVE
HIGHER-SPIN THEORY

As shown in Sec. III, the twist-free torsional Schrödinger
geometry is geometrized by the vierbein (3.5), and the
dilaton (3.18a). These dynamical fields, naturally Higgs
masses for massless relativistic fields when they propagate
on the Schrödinger background, effectively drive the
massless chiral higher-spin gravity in AdS4 to a mas-
sive one.
Since we must keep the number of degrees of freedom

intact, the resulting massive system should live in a three-
dimensional spacetime. As x− is frozen at z ¼ 2 under the

Lifshitz scaling following (3.1), it is thus natural to
compactify the x− direction of the Schrödinger cone (cf.
[23]) to bring our 4d system to a 3d spacetime. Note that
this procedure differs from standard Kaluza-Klein com-
pactification in relativistic theories in the sense that the
kinetic term is first order in time derivative ∂þ, leading to a
massive nonrelativistic field theory in a Lifshitz deformed
AdS3, whose line element is

ds2 ¼ −
ðdxþÞ2
r4

þ 1

r2
ðdx21 þ dr2Þ: ð5:1Þ

Here, we have set υ ¼ 1 and L ¼ 1, as there is no
ambiguity.
Kinetic action. Let us elaborate the above idea.

Decomposing fields into their Kaluza-Klein modes on a
circle along the x− direction:

φ�s ¼
X
ms

e�imsx−φ�s; ½ms� ¼ ½length�0; ð5:2Þ
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and feeding them back to the free action for relativistic
fields, the resulting action becomes an action for non-
relativistic fields of the form

S2½s� ¼
Z

φ−s

�
2ims∂þ þ ∂

2
1 þ ∂

2
r −

1

r2
υ2m2

s

�
φþs: ð5:3Þ

Here, we do not exclude the possibility that the mass ms is
spin dependent. Moreover, it is easy to notice that the zero
modes in the discrete light-cone quantization (5.2) is
nondynamical and, thus, can be ignored. This subtlety is
rather crucial in obtaining reasonable nonrelativistic phys-
ics. To this end, we shall emphasize that the mechanism that
generates mass for higher-spin fields considered here is
different with the one of “topological” massive gravity
in [72].10

Interactions. As shown in Sec. IV, it is complicated even
with the help of the light-front approach to make explicit
statements at the interacting level, as the Lifshitz expo-
nential scaling tends to drift the original relativistic system
onto a twist-free torsional Schrödinger background,
unavoidably breaking gauge invariance and Lorentz invari-
ance. Nonetheless, we can still borrow the 4d cubic vertices
in [29] and perform a dimensional reduction to obtain part
of the interaction vertices for a massive theory in a
deformed AdS3 via (5.2).
As mentioned in the Introduction, there exists a unique

local massless higher-spin gravity in 4d that admits, to
some extent, a field-theoretic interpretation. This theory is
chiral HSGRA [29,52]. At cubic level, chiral HSGRA
contain only one type of vertices, either holomorphic or
antiholomorphic. Here, we consider the holomorphic sec-
tor, with the following cubic action:

S3 ¼
Z

dr
Y3
a¼1

dra V3½h1; h2; h3�
Y3
a¼1

δðr − raÞφh1φh2φh3 ;

ð5:4Þ

where

V3½h1; h2; h3� ¼
1

ΓðHÞ ×
1

r

XH−1
n¼0

ðrPLÞH−n
βh11 βh22 βh33

Qn;

H ¼ h1 þ h2 þ h3 > 0: ð5:5Þ

Here, QðC; B̌;HÞ is referred to as the Metsaev polynomial,
which is a certain combination of

C¼1

3

X
a¼1;2;3

β̌aha; B̌¼ β̌1β̌2β̌3; H¼
X

a¼1;2;3

ha
βa

; ð5:6Þ

reflecting the noncommutativity of covariant derivatives in
AdS. Note that the cosmological constant or AdS radius
does not appear explicitly in any of the cubic vertices
because we are working with the rescaled fields φha .
However, we should remember that they have conformal
dimensionsΔ ¼ 3

2
� ν, as mentioned in the previous section.

Furthermore, only terms with total helicity H > 0 can
contribute nontrivially to the cubic vertices.
Now, to drive chiral HSGRA from exact AdS4 to the

deformed AdS3, we can simply replace11

βa ↦ signðhaÞmaðsaÞ; ð5:7Þ

assuming that momentum conservation is preserved even
after dimensional compactification. Then, ðP;PrÞ reduce to

P↦P½m� ¼ 1

3

X
a¼1;2;3

m̌aρa; Pr ↦Pr½m� ¼ 1

3

X
a¼1;2;3

m̌a∂ra ;

ð5:8Þ

where

m̌a ¼ signðhaþ1Þmaþ1 − signðhaþ2Þmaþ2: ð5:9Þ

As the result, the holomorphic cubic vertices of our 3d NR
massive chiral HSGRA have the form

V3½h1; h2; h3� ¼ V3½h1; h2; h3� þ corrections; ð5:10Þ

where the “correction” part stands for the tail coming from
commuting covariant derivatives in the deformed AdS3
[cf. (5.1)]. Here, we still have the notions of helicity in 3d
thanks to the fact that our higher-spin fields are massive and
have 2 degrees of freedom. That said, our massive
gravitational theory in AdS3 is not topological.
To this end, we shall emphasize that symmetry con-

straints in the bottom-up approach are insufficient to make
explicit statements about the correction terms without
additional input. However, if one assumes that the AdS/
CFT correspondence remains valid in the nonrelativistic
regime, one can compute correlation functions on the dual
field theory side with the hope that they may help to
constrain many of the correction terms. We will present a
simple nonrelativistic higher-spin/field theory duality pro-
posal in Sec. VI.

A. Some simple correlation functions

Given that our bulk-to-boundary propagator has the
same simple expression for all spins in the light-cone
gauge, let us proceed and compute some simple correlation
functions such as the two-point and three-point functions.

10Despite the name, the massive graviton in [72] does, in fact,
propagate.

11This is slightly different from the relativistic compactifica-
tion considered in [73,74].
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Possible checkpoints for our computation will be those
in [59,67–69]. These works have previously considered
field theories that admit gravitational duals on the
Schrödinger background.
Two-point function. The two-point function can be

obtained from the on-shell action of a free scalar field in
the bulk. In particular, following the standard procedure
given in [59] (see also Appendix B 1), we obtain

ð2ptÞ≡ hOðp1ÞOðp2Þi
¼ δ3ðp⃗1 þ p⃗2Þlim

ϵ→0
ðlim
r→ϵ

ϵ1−2νKðp1; rÞ∂rKðp2; rÞÞ

¼ δ3ðp⃗1 þ p⃗2Þ
Γð1 − νÞ
ΓðνÞ jp1j2ν: ð5:11Þ

One can check that upon Fourier transforming the above
(two-point) functions, we can obtain a similar structure
with the two-point functions in position space (cf. [59,67]).
(See also Appendix B 1.) Next, to extract Kubo-like
quantities (see, e.g., [9]), we define

η½m� ≔ 1

γ
Imð2ptÞ: ð5:12Þ

These quantities are only different by the mass ms, which
can be spin dependent. (We will elaborate this matter in the
next section.) Now, in the static case,

lim
γ→0

η½m� ∼ lim
γ→0

1

γ
ð2ptÞ

����
ρ¼0

≫ 1; ð5:13Þ

which signals the existence of conserved higher-spin modes.
As a result, it is tempting to say that the holographic dual of
our nonrelativistic massive chiral HSGRA may be a weakly
coupled Laudau-Ginzburg theory, which describes a two-
fluid system with a λ-point. This is in accordance with the
strength of the ’t Hooft coupling λ ∼ eσ ¼ e−

1
r ∈ ð0; 1Þ,

which indicates that our dual field theory is effectively free
in the UV (where r → 0), and becomes slightly more
interacting in the IR (where r → ∞).12

Three-point functions. As alluded to above, we do not
have complete information about the cubic vertices
[cf. (5.10)]. Nevertheless, we can still proceed with the
part of the data available after compactification, which is
V3½h1; h2; h3�. This portion of the three-point functions for
spinning fields reads13

ð3ptÞ0 ¼
Z

drdr1dr2dr3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r1r2r3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1jjp2jjp3j

p Kν1ðjp1jr1ÞKν2ðjp2jr2ÞKν3ðjp3jr3ÞV3½h1; h2; h3�: ð5:14Þ

Note that
ffiffiffi
ϵ

p
KνðjpjϵÞ factors can be absorbed appropriately, as the integral over the radial coordinate r is completely

regular. In computing the above integral, we shall express two of the Bessel functions of the second kind KνðzÞ in terms of
JνðzÞ via

KνðzÞ ¼
π

2 sinðπνÞ ðI−νðzÞ − IνðzÞÞ ¼
π

2 sinðπνÞ ½i
νJ−νðizÞ − i−νJνðizÞ�; ð5:15Þ

then subsequently apply the formula 6.578 in [75]
Z

∞

0

xρ−1JλðaxÞJμðbxÞKνðcxÞdx ¼ 2ρ−2aλbμc−ρ−λ−μ

Γðλþ 1ÞΓðμþ 1ÞΓ
�
ρþ λþ μ − ν

2

�
Γ
�
ρþ λþ μþ ν

2

�

× F4

�
ρþ λþ μ − ν

2
;
ρþ λþ μþ ν

2
; λþ 1; μþ 1;−

a2

c2
;−

b2

c2

�
; ð5:16Þ

where F4 is an Appell function, to obtain parts of the three-
point functions.
Unfortunately, the final expressions do not admit a

concise form. (We refer the reader to Appendix B for a
sketch of the computation.) This is expected since the
underlying symmetry of the NR massive model is not as
powerful as the one in massless chiral HSGRA. (See [52]
for three-point functions in exact AdS4, which have very
simple expressions.)

B. Higher-spin interaction suppression

There are various reasons to believe that the interactions
between massive higher-spin fields in the proposed theory

should be suppressed. We will now show that if the masses
are related to spins in an intricate way, higher-spin inter-
actions will indeed be suppressed. Suppose momentum
conservation in the pþ-direction holds even after compacti-
fication, i.e.,

X
a¼1;2;3

βa ¼ 0 ↦
X

a¼1;2;3

signðhaÞmaðsaÞ ¼ 0: ð5:17Þ

12Note that the radial coordinate r may be interpreted as the
RG scale in the boundary theory.

13See also [5] for previous work. Note that we drop the δ
function on the support of boundary momentum conservation for
simplicity.
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Then, since ma come from a relativistic system, we may
assume the spin-mass relations, at z ¼ 1, follow the usual
Regge trajectory. Namely,

s ¼ α0 þ α0m2; ð5:18Þ
where α0 is the intercept and α0 is the slope. (A somewhat
similar idea that emphasizes describing string theory as a
brokenphase of higher-spin gravity can be found in [76].)We
now want to propose a formula, which can capture the
approximate change of the above mass-spin relation for
z∈ ½1; 2�, in the c ¼ ℏ ¼ 1 unit.
Let us make a rather strong assumption that massive

spinning particles have some sort of bodies after doing the
above null reduction to go to a nonrelativistic regime. That
is, they are composite and may be described by a spinning
sphere or a spinning string of size L, aligning with the
previous consideration in [77–79].
Now, in the NR regime, we can imagine particles as

some spinning sphere with fixed radius L and the angular
velocity v. Then, the total angular momentum (viewed as
the “classical spin”) reads very roughly as J ∼m. On the
other hand, in the relativistic regime, we can view our field
as an open string of size L with some tension T. As the
string is stressed, we can assume that the relativistic string
carries an energy of E ∼ TL. Then, the angular momentum

scales as J ∼ p E
T ∼

p2

T where E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
. This implies

that in the relativistic regime, J ∼m2. As a consequence,
we can consider

s ¼ α0 þ α0m2
z; ð5:19Þ

to be an approximate spin-mass relation that can interpolate
between z∈ ½1; 2�. (A more sophisticated way to obtain the
above approximate formula can be found, e.g., in [77–79].)
Observe that at z ¼ 2, and for sufficiently large s,

ms ∝ s: ð5:20Þ
This implies that

P
a ha ¼ 0 for sufficiently large spins in

3d via (5.17). Thus, there will be no cubic interactions
in this case, as the coupling constant 1=ΓðPa haÞ will
effectively trivialize cubic interactions in the large spin
sector, leading to a suppression of higher-spin interactions.
From the low-energy physics point of view, this is totally
expected and acceptable.

VI. A HOLOGRAPHY CONJECTURE

Given all the information of the bulk theory presented
above, let us now give a discussion on what the dual theory
on the boundary should be.
As briefly discussed above, the ’t Hooft coupling λ is

related to the vacuum expectation value (VEV) of the
dilaton via λ ∼ e−1=r. Thus, the boundary theory is expected
to be asymptotically free at high energy and weakly
interacting in the IR. These facts align with the duality

between parity-violated higher-spin gravity and Chern-
Simons matter theories proposed in [80]. In the presence
of torsion, it is expected that the theory on the resulting
boundary theory should contain some massive gauge fields
Aμ with a certain null profile along xþ to break the Lorentz
invariance. From the holography perspective, any change in
these massive gauge fields will trigger the change of the
bulk geometry.
Given these data points, we conjecture that there should

be a duality between
(i) a NR massive chiral HSGRA in deformed AdS3, and
(ii) a NR massive critical 2d chiral scalar theory

obtained via compactification of the chiral sector of
3dChern-Simons–matter theories (cf. [29,50,51,81]).
This theory is anticipated to describe a two-fluid
system (with a λ-point featuring a second-order phase
transition) in a constrained space along the line
of [6,8].

If correct, this conjecture should extend the statement of
[82,83] to the nonrelativistic case. We shall study this
conjecture in a companion work.

VII. CONCLUSION

In this work, we study the nonrelativistic limit of
massless chiral HSGRA in AdS4 by introducing a
Lifshitz dynamical exponential that drags the relativistic
system to a lower dimensional NR chiral massive theory in
a deformed AdS3. We find that the resulting nonrelativistic
chiral massive theory is not topological and can have
reasonable physics with higher-spin interactions sup-
pressed in the large spin sector. We expect that the massive
theory in this work can be used to describe a two-fluid
system in one spatial dimension [6,8]. This study will be
done in a companion work.
Based on the fact that the Schrödinger algebra is a light-

cone one, we have adapted our analysis along the settings of
light-front formalism (cf. [29,52,54,57]). This turns out to be
an advantage, as some observables can be computed quite
easily. Nevertheless, we are not able to fix all the couplings,
leaving the 3d chiral massive theory only partially deter-
mined. This stems from the fact that all Lorentz boosts
generators either descend to Galilean ones or simply are
absent after Lifshitz scalings kick in and deform the
geometry.
If our conjectures regarding the duality between (1þ 1)-

dimensional superfluid and 3d NR massive higher-spin
gravity hold approximately, it may offer a possibility to
study the superfluid-to-fluid transition from a gravitational
perspective. Intriguingly, this aligns with the conjecture in
the early 2000s by Klebanov and Polyakov that higher-spin
gravity might provide insight into classical critical phe-
nomena of the 3d Wilson-Fisher OðNÞ vector models [82].
Furthermore, as our bulk theory consists of complex
massive higher-spin fields, it would be interesting to study
the effects of temperature in chiral higher-spin gravity by
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considering blackbrane geometry (see, e.g., [65,66,84–88]
for previous work in this direction).
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APPENDIX A: ON THE RESCALED
SPINNING FIELDS

Let us elaborate how to reach the action (4.1) from the
covariant gauge.Given that our framework involves complex
scalar fields in the light-cone gauge, it may be unnecessary to
employ Fronsdal field representations (see, e.g., the reviews
[45,89]), which are doubly traceless and primarily suited for
amaximally symmetric background.Rather,we can consider
chiral field representations (cf. [34]), which have a close
connection to the light-front approach.
There exists a well-known action that remains valid for

any self-dual background—a broader class of backgrounds
whose the anti-self-dual component of the Weyl tensor
vanishes—which has the following simple form:

S2½s� ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Bαð2sÞ∇α

α̇Aαð2s−1Þα̇;

α ¼ 1; 2; α̇ ¼ 1̇; 2̇: ðA1Þ

Here, Aαð2s−1Þα̇ denotes the positive-helicity spin-s field,
and Bαð2sÞ denotes the negative-helicity spin-s field. The
action is invariant under δAαð2s−1Þα̇ ¼ ∇αα̇ξαð2s−2Þ.

To project (A1) to the light-cone gauge, we shall focus
on the equations of motion of the positive-helicity fields. In
exact AdS4, ∇ acts on Aαð2s−1Þα̇ as

∇α
α̇Aαð2s−1Þα̇ ¼ ∂

α
α̇Aαð2s−1Þα̇ þ ð2s − 1ÞΠα

γ
α
α̇A

αð2s−2Þγα̇

þ Πα̇
γ̇
α
α̇A

αð2s−1Þγ̇; ðA2Þ
where we have used the following notations:

Πα
γ
α
α̇ ¼ ðϖμÞαγðEμÞαα̇; Πα̇

γ̇
α
α̇ ¼ ðϖμÞα̇γ̇ðEμÞαα̇; ðA3Þ

and the convention for symmetrization as vαuα ¼
1
2
ðvα1uα2 þ vα2uα1Þ. Note that Eαα̇ are the inverse vielbein

of exact AdS4, whose line element is (2.3). Moreover, ϖαβ

and ϖα̇ β̇ are the anti-self-dual and self-dual components of
the spin-connection ϖab ¼ −ϖba in vectorial language.
Their explicit forms can be computed via the usual Cartan
structure equations (see, for instance, [90]) (we set L ¼ 1
for simplicity here)

ϖαβ ¼ þ iffiffiffi
2

p σαβ
r

; ϖα̇ β̇ ¼ −
iffiffiffi
2

p σα̇ β̇
r

: ðA4Þ

A short computation shows that

∇α
α̇Aαð2s−1Þα̇ ¼ ∂

α
α̇Aαð2s−1Þα̇ − i

ðsþ 1Þffiffiffi
2

p Aαð2sÞ: ðA5Þ

At this stage, we can impose the light-cone gauge where
Aαð2s−2Þ00̇ ¼ 0. Then, the above equation results in a set of
two equations14

14In the spinorial notation, a point xαα̇ on the tangent space can
be expressed in a light-cone coordinate as

xαα̇ ¼ 1ffiffiffi
2

p
�
x2 þ x0 x1 − ir

x1 þ ir x2 − x0

�
¼

�
xþ xR

xL −x−

�
↔ ∂

αα̇

¼
�
∂
þ

∂
R

∂
L −∂−

�
; ðA6Þ

where the basis for Pauli matrices associated with a spacetime
point xμ ¼ ðx0; x1; x2; rÞ is

σαα̇μ ¼ 1ffiffiffi
2

p ð1; σ1; σ3; σ2Þ: ðA7Þ

Our normalization is such that σαα̇σββ̇ ¼ ϵαβϵα̇ β̇ and
∂
αα̇xββ̇ ¼ ϵαβϵα̇ β̇. The derivatives are given by

∂
L ¼ ∂1þ i∂rffiffiffi

2
p ; ∂

R ¼ ∂1 − i∂rffiffiffi
2

p ; ∂
LxR ¼ 1; ∂

RxL ¼ 1: ðA8Þ

Denoting ϵαβ; ϵα̇ β̇ as SLð2;CÞ invariance tensors, we raise and
lower the spinorial indices as

Xαϵαβ ¼ Xβ; ϵαβXβ ¼ Xα; X0 ¼ −X1; X1 ¼ X0: ðA9Þ

THREE-DIMENSIONAL NONRELATIVISTIC CHIRAL MASSIVE … PHYS. REV. D 113, 106012 (2026)

106012-15



F1ð2s−1Þ0 ¼−∂Lφþsþ ∂
þΞþs− i

ðsþ 1Þffiffiffi
2

p φþs ¼ 0; ðA10aÞ

F1ð2sÞ ¼ þ∂
−φþs þ ∂

RΞþs − i
ðsþ 1Þffiffiffi

2
p Ξþs ¼ 0; ðA10bÞ

where Ξþs is an auxiliary field that needs to be solved for.
Observe that upon a simple rescaling15

φþs ↦ rsþ1φþs; Ξþs ↦ rsþ1Ξþs; ðA11Þ

we can reduce (A10) to

∂
−φþs þ

∂
R
∂
L

∂
þ φþs ¼ 0; ðA12Þ

after solving for Ξþs in terms of φþs. Treating B1ð2sÞ ¼ φ−s,
and making a suitable rescaling, we obtain

S2½s� ¼
Z

d4xφ−s□φþs; ðA13Þ

in what we will call the Metsaev frame [54]—a choice of
gauge up to field redefinition that makes the kinetic terms
for massless spinning fields in AdS4 look similar to the
ones in flat space.
To this end, we can add the term υ2

R
φ−sr2−2zð∂−Þ2φþs

into the above action, to obtain the correct Hamiltonian P−

[cf. (3.8c)] for all free higher-spin fields. This is acceptable
due to the fact that we are not obligated to fulfill gauge
invariance as the Lifshitz deformation (3.1) drags our 4d
massless theory to a 3d massive one.

APPENDIX B: COMPUTATIONS OF
CORRELATION FUNCTIONS

This appendix contains some information about the
computations for the two-point and three-point functions.

1. Calculation of two-point function

The two-point function of the operator, dual of the
rescaled scalar field, follows from the on-shell action that
takes the form

Sbdy ¼
1

L

Z
∂M

d3xφ∂rφ

¼
Z

d3pφbdyðp; ϵÞF ðpÞφbdyð−p; ϵÞ; ðB1Þ

where

F ðpÞ ¼ lim
r→ϵ

1

L
Kðp; rÞ∂rKðp; rÞ: ðB2Þ

Kðp; rÞ was introduced earlier in (4.5). Finally, the two-
point correlator of the dual operator in momentum space
can be written as

hOðp1ÞOðp2Þi ¼ δ3ðp1 þ p2ÞðF ðp1Þ þ F ð−p1ÞÞ: ðB3Þ

Now, to evaluate the above near the boundary, we require
the appropriate power series expansion for the modified
Bessel function

KνðxÞ ¼ x−νða0 þ a1x2 þ a2x4 þ � � �Þ
þ xνðb0 þ b1x2 þ b2x4 þ � � �Þ; ðB4Þ

where

a0 ¼ 2ν−1ΓðνÞ; b0 ¼ −2−ν−1Γð1 − νÞ=ν: ðB5Þ

Note that all other higher coefficients will not play
important roles here. Substituting (B4) to (B2) and taking
the limit r → ϵ carefully, we obtain (5.11).
Position space representation. Following, e.g.,

Appendix B in [67], let us rewrite the two-point function
(5.11) in position space by considering

Gðxþ; x1; x−Þ ¼
Z

dβ
2π

eiβx
−
Z

dγdρ
ð2πÞ2 jpj

2νeiðγxþþρx1Þ;

ν > 0; ðB6Þ

where p2 ¼ 2βγ þ ρ2. Taking β ≠ 0 where β∈R (β
becomes the physical nonrelativistic mass after dimen-
sional compactification along the x− direction, which can
be �m for m > 0), the above can be reduced to

Gðxþ; x1; x−Þ ¼
Z

dβ
2π

eiβx
− ð2βÞν

π

Z
∞

0

dρ cosðρx1Þ

×
Z

dγ
2π

eiγx
þ
�
γ þ ρ2

2β

�
ν

: ðB7Þ

First, we focus on the γ integral. Following [67], we first

perform a shift γ → γ − ρ2

2β in the integration variable which
results in

Gðxþ; x1; x−Þ ¼
Z

dβ
2π

eiβx
− ð2βÞν

π

Z
∞

0

dρ cosðρx1Þe−iρ2xþ
2β

×
Z þ∞

−∞

dγ
2π

eiγx
þ
γν: ðB8Þ

It is then convenient to choose the branch cut along the
positive imaginary axis connecting the branch points at
γ ¼ 0 and γ ¼ i∞

15Note that sþ 1 happens to be the conformal dimensions on
the unitary bound for all massless higher-spin fields in AdS4 (see,
e.g., [91]).
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Upon parametrizing γ as γ ¼ �ϵþ iχ along the contours
running counterclockwise near the branch cut, and using
the Cauchy’s residue theorem, we obtain

Z
∞

−∞

dγ
2π

eiγx
þ
γν ¼ iνþ1ðe2πiν − 1Þ

Z
∞

0

dχ χνe−χx
þ

¼ iνeiπν
ðxþÞ−ν−1
Γð−νÞ θðxþÞ: ðB9Þ

At this stage let us replace xþ ¼ t, x1 ¼ x, and x− ¼ ξ to
ease the notations. Then, our two-point function reads

Gðt; x; ξÞ ¼ θðtÞ
Z

dβ
2π

eiβξ
ð2βÞν
π

Z
∞

0

dρ cosðρx1Þe−iρ
2t
2β

× iνeiπν
1

Γð−νÞ
1

tνþ1
: ðB10Þ

Here, the factor θðtÞ in front encapsulates the fact that this
is the retarded propagator. Our next task is to perform the ρ
integral, which results in

Gðt; x; ξÞ

¼ θðtÞ
Z

dβ
2π

eiβξ
ð−2iβÞν
πΓð−νÞ

1

tνþ1

Z
∞

0

dρ cosðρx1Þe−iρ2t
2β

¼ θðtÞ
Z

dβ
2π

eiβξ
ð−2iβÞνffiffiffiffiffiffi
2π

p
Γð−νÞ

ffiffiffi
β

p

tνþ3
2

e−i
π
4e

ix2β
2t : ðB11Þ

Note that the above integral over ρ is convergent pro-
vided Imð tβÞ < 0.
The two-point function of the effective 2d nonrelativistic

theory is then simply proportional to the integrand of the
β-integral after stripping off the measure eiβξ

2π and identifying
β ¼ im. The reason is that from a 2d perspective ξ is an
unphysical scaleless dimension. As such, we do not need to
integrate over β if we want to obtain the expression of the
two-point function in 2d. Furthermore, as noted in [67], the
extraction of two-dimensional correlation functions in
position space starting from a 3d expression in momentum
space only makes sense in the Euclidean signature. This
suggests we should rotate β ¼ im and ξ ¼ −iξ, leading to
the expected result

G2dðt; xÞ ¼ θðtÞ 2
ν−1

2mνþ1
2ffiffiffi

π
p

Γð−νÞ ×
1

tνþ3=2 e
−mx2

2t : ðB12Þ

The complete two-point function in position space can be
obtained by multiplying the above with the Γð1 −
νÞ=Γð−νÞ factor. We obtain

ð2ptÞNR ¼ −2νθðtÞ 1

ð2πÞ1=2
ν

ΓðνÞ
mνþ1

2

tνþ3
2

exp

�
−
mx2

2t

�
;

ðB13Þ

which has a similar structure with the two-point function in
[59,67–69]. Note that the above makes sense only ifm > 0,
which is natural from the nonrelativistic viewpoint.
Let us finish this appendix by giving the exact form of

the position space correlator in the dual three-dimensional
theory by doing the β integral

Gðt; x; ξÞ ¼ θðtÞ ð−1Þ
ν2ν−1=2iν−1=2

π1=2Γð−νÞ
1

tνþ3
2

Z þ∞

−∞

dβ
2π

eiβ
�
ξþx2

2t

�
βνþ1

2

¼ θðtÞθ
�
ξþ x2

2t

� ð−1Þν2ν−1=2iν−1=2
π1=2Γð−νÞ

1

tνþ3
2

×
iνþ1

2eiπðνþ1
2
Þ

Γ
	
−ν − 1

2


 ð2tÞνþ3
2

ð2tξþ x2Þνþ3
2

¼ θðtÞθð2tξþ x2Þ ð−1Þνþ1
222νþ1ffiffiffi

π
p

Γð−νÞΓ�−ν − 1
2

� 1

ð2tξþ x2Þνþ3
2

; ðB14Þ

where we have used (B9) to reach the second line. Note that ð2tξþ x2Þ ¼ ð−x20 þ x22 þ x21Þ is precisely the distance between
two points in 3dwhen wewrite light-cone coordinates in Cartesian ones [cf. (2.3)]. Notice that the theta functions appearing
in the above expression automatically encode the retarded nature of the propagator. Furthermore, as t ¼ xþ and ξ ¼ x− are
related by an overall rotation, one expects the final result to be symmetric in xþ and x−, which we happily see in the above
expression. To this end, we write the three-dimensional two-point function in position space as
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ð2ptÞ3d ¼ −ð−1Þνþ1
222νþ1θðtÞθð2tξþ x2Þ ν

ΓðνÞΓ
	
−ν − 1

2


 1

ð2tξþ x2Þνþ3
2

: ðB15Þ

Notice that the above two-point function is real as expected in nonrelativistic physics.

2. Calculation of three-point functions

This appendix computes some simple three-point functions from the portion of the three-point vertices that we know
from (5.14). Recall that the propagator is

Kðp; rÞ ¼ 1

jpj
ffiffiffi
r

p
KνðjpjrÞffiffiffi
ϵ

p
KνðjpjϵÞ

; ν ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4υ2m2

p
: ðB16Þ

Expressing

KνðjpjrÞ ¼
π

2 sinðπνÞ ðI−νðjpjrÞ − IνðjpjrÞÞ ¼
π

2 sinðπνÞ ½i
νJ−νðijpjrÞ − i−νJνðijpjrÞ�; ðB17Þ

and absorbing
ffiffiffi
ϵ

p
KνðjpjϵÞ factors in the definition of the portion of the three-point function that we are computing, we can

rewrite (5.14) as

3pt0 ¼
Z

drdr1dr2dr3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r1r2r3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1jjp2jjp3j

p Kν1ðjp1jr1ÞKν2ðjp2jr2ÞKν3ðjp3jr3ÞV3½h1; h2; h3�

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1jjp2jjp3j
p

Z
drdr1dr2dr3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r1r2r3

p
i−ν1−ν2

4 sinðπν1Þ sinðπν2Þ
× ði2ν1J−ν1ðip1r1Þ − Jν1ðip1r1ÞÞði2ν2J−ν2ðip2r2Þ − Jν2ðip2r2ÞÞKν3ðp3r3ÞV3½h1; h2; h3�: ðB18Þ

Substituting (5.5) and doing integrations by part with the note that

∂rJνðijpjrÞ ¼ −
ijpj
2

ðJνþ1ðijpjrÞ − Jν−1ðijpjrÞÞ; ðB19aÞ

∂rKνðjpjrÞ ¼ −
jpj
2
ðKνþ1ðjpjrÞ þ Kν−1ðjpjrÞÞ; ðB19bÞ

we will get some integrals of the form

Z
∞

0

rρ−1Jλðijp1jrÞJμðijp2jrÞKνðjp3jrÞdr

¼ 2ρ−2ðijp1jÞλðijp2jÞμðjp3jÞ−ρ−λ−μ
Γðλþ 1ÞΓðμþ 1Þ Γ

�
ρþ λþ μ − ν

2

�
Γ
�
ρþ λþ μþ ν

2

�

× F4

�
ρþ λþ μ − ν

2
;
ρþ λþ μþ ν

2
; λþ 1; μþ 1;

p2
1

p2
3

;
p2
2

p2
3

�
: ðB20Þ

Notice that each time ∂r acts on JνðijpjrÞ or KνðjpjrÞ, it will generate an extra term. Thus, as the number of the derivatives
PL in the vertices go higher, the results will be more complicated but nevertheless controllable. The three-point functions
with the portion that we know read
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3pt0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijp1jjp2jjp3j
p

Z
drdr1dr2dr3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r1r2r3

p
i−ν1−ν2

4 sinðπν1Þ sinðπν2Þ
× ði2ν1J−ν1ðijp1jr1Þ − Jν1ðijp1jr1ÞÞði2ν2J−ν2ðijp2jr2Þ − Jν2ðijp2jr2ÞÞKν3ðjp3jr3Þ

×
XH−1
n¼0

ðrPLÞH−n
m1m2m3

Qn
Y3
a¼1

δðr − raÞ; ðB21Þ

where Q is r independent and

PL ¼ 1

3
ffiffiffi
2

p
X3
a¼1

m̌aðρa þ ∂raÞ: ðB22Þ

Now, we can integrate by part, using (B19) to generate the final form of the integral before substituting r1;2;3 ↦ r by
integration over δ-functions δðr − raÞ. After the dust settled, one can subsequently use (B20) to get to the final expression.
We refrain ourselves from exhibiting the final result since even with the total helicity H ¼ 1, we get 44 integrals of the form
(B20). Since there are in general no constraints between ν1;2;3, the final result will be complicated.
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