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The electromagnetic structure of axial-vector mesons is investigated via elastic and two-photon transition
form factors (TFFs). To this end, we employ a framework based on the Dyson-Schwinger and Bethe-Salpeter
equations within a contact interaction (CI) model. This largely algebraic approach exposes the role of
symmetries and their breaking in a transparent manner, and has proven successful in describing anomaly-
sensitive processes, including pseudoscalar to two-photon TFFs, y — 3z, and vector-to-pseudoscalar
radiative decays. Restricting our analysis to the lowest-lying axial-vector meson multiplet,
A ={ay, f1.f}}, we also explore the corresponding light-by-light contribution to the muon anomalous
magnetic moment. This contribution is underestimated in the CI model mainly due to the normalization of the
TFFs. After applying a phenomenologically motivated rescaling to the TFFs, a process required given the
limitations of the CI model, we obtain a; = 8.167]22 x 107!, consistent with contemporary assessments.
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I. INTRODUCTION

The anomalous magnetic moment of the muon, commonly
dubbed muon g — 2 or simply a,, remains one of the most
compelling observables in modern physics. Following the
most recent analysis of the Muon g-2 experiment at Fermilab,
the empirical value of this quantity has been determined as

aEXp = 116592071.5(14.5) x 10~"1 [1]. Meanwhile, the
Muon g-2 Theory Initiative has reached a new consensus,
establishing ;™ = 116592033(62) x 10~"" as the Standard
Model (SM) prediction [2]. Contrary to the situation that
persisted for decades, these latest values suggest that experi-
ment and SM are not in conflict. However, neither for the new
physics enthusiasts nor for the most conservative, this is not
the end of the story. The intricate nature of the nuclear strong
interactions, described within the SM by quantum chromo-
dynamics (QCD), poses a huge challenge in determining the
hadronic contributions to a, [2-4]. These components,
divided into hadronic vacuum polarization (HVP) and
hadronic light-by-light (HLbL), dominate the uncertainty
in aﬁM, preventing its theoretical prediction from reaching the
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same level of precision as its experimental counterpart. Axial-
vector (AV) mesons, while subdominant compared to pseu-
doscalars [5-7], remain a key source of uncertainty in the
HLbL sector, to a great extent because of the limited
experimental knowledge of their relevant transition form
factors (TFFs) [8-10]. Axial-vector mesons are also essential
for enforcing short-distance QCD constraints in HLbL
scattering [11-16], and the need to consider an extended
tower of excitations is becoming increasingly evident, e.g.,
[17-19]. This work is therefore devoted to the study of the
two-photon to AV meson TFFs and their contribution to a,,.

It is well-known that the construction of the AV to two-
photon transition amplitude presents a number of challenges
[17,20-25]. First, as a spin-1 hadron, its Lorentz structure is
naturally more intricate than in the pseudoscalar case.
Symmetry requirements and gauge invariance, among
others, add to this complexity. Moreover, the Landau—
Yang theorem forbids the decay of a spin-1 particle into
two on-shell photons, [26,27]. Consequently, while the on-
shell amplitude vanishes, AV meson TFFs are probed and
defined for configurations with at least one off-shell photon,
where the choice of tensor basis is no longer irrelevant [17].
Because of this limitation, experimental extractions of these
form factors remain challenging, and robust theoretical
descriptions become indispensable. Furthermore, while
vector mesons have been extensively investigated (e.g.,
Refs. [28-36]), axial-vector mesons remain much less
explored. The analysis of the structural similarities and
differences between these correlated systems, i.e., parity
partners, is particularly valuable for probing dynamical
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chiral symmetry breaking (DCSB). This mechanism
strongly shapes the internal structure of hadrons [37,38],
making its proper understanding essential for accurate
Standard Model predictions. In that regard, the exploration
of the electromagnetic structure of the AV mesons, as
revealed by the corresponding elastic electromagnetic form
factors (EFFs), also deserves consideration.

Our approach to QCD is based upon a combination of the
Dyson-Schwinger (DS) and Bethe-Salpeter (BS) equations
[39-41]. This formalism captures essential characteristics of
QCD, such as confinement and DCSB, and has been applied
to a wide range of quantities characterizing the hadronic
structure, including distribution functions and form factors
(see, e.g., [37,38]). Concerning a,, both pseudoscalar pole
and box contributions have been investigated [42-46]. More
recently, the axial-vector and scalar mesons contributions
were discussed in Ref. [24]. Herein we employ a primarily
algebraic framework that makes the origin of symmetries
and anomalies transparent. Specifically, we work within the
contact interaction (CI) model presented in Ref. [31], which
has proven successful in describing anomaly-sensitive proc-
esses such as {z,n,7'} = yy, y = 3=, and vector-to-pseu-
doscalar radiative decays [47-49]. Note from a DS-BS
equations perspective, the description of AV mesons is
rather challenging. Among other issues, typical truncations
such as the well-known rainbow—ladder (RL) approximation
underestimate the mass splittings between parity partners,
with the m, — m, splitting being a prime example [50-54].
This shortcoming largely arises from the absence of certain
effects in the interaction kernels, such as spin—orbit repul-
sion. In addition to systematic rescalings of the RL results,
[24], improved kernels have been proposed [53-55].
Nonetheless, as anticipated, here we adopt a simpler and
more straightforward approach to clarify the role of the AV
meson mass in the elastic and transition form factors, and its
implications. This constitutes a necessary step for future,
more sophisticated evaluations.

The manuscript is organized as follows. We first present the
employed formalism, including the definitions of the matrix
elements, their associated form factors, and the essentials of
their computation within the CI model. Next, we provide
numerical results for the produced mass spectrum, elastic and
transition form factors, and the corresponding contribution a,,.
We capitalize on the role of the AV meson mass on
determining these quantities. Finally, we summarize our
findings and outline directions for future related works.

II. FORMALISM

A. Matrix elements and form factors

Let us first recall the matrix element that characterizes
the coupling of a photon to an axial-vector meson [56]

/wp K Q ZTL”/’ K Q) (Q2> (1)

/wp(K Q) = 2K Pzz;a<pt)P£p(pf)’

Tiup(K, Q) = {QU P QT in(Py)
o Z]me. @

ZlerZ]  ©

Here PI,(p) =6, — p,p,/p* and the kinematics is
defined as follows: p; = K- Q/2 and p, =K+ Q/2
denote the incoming and outgoing meson momenta,
respectively, and Q = p; — p; is the photon momentum.
The on-shell conditions, p; = p} = —mj} (m, the mass of
the AV meson), imply K - Q = 0 and K> = —m3% — Q?/4.
In addition, the preservation of Ward-Green-Takahashi
identities impose [31]

K
ThnlK.0) =2 [Qy

pli/Aﬂvp ppA/u/p Q/l Uvp O (4)

The electric (Gg), magnetic (Gy) and quadrupole (Gg)
form factors can be constructed in terms of G, ,3(Q?) as
follows [n = Q?/(4m3)]

GE(0%) = G1(0%) + 21Go(Q), (59)
Gu(Q%) = =G,(0%). (5b)
Gol0) = G1(0) + Gal Q) + G5(@V)[1 1. (5¢)

On its part, the AV meson to two-photons transition

amplitude, A,,,, can be parametrized as

/wp Ql) - Z Hrp Q Q/ fl Q2 Q/z) (6)
where Q, Q' are the photon momenta, and f; are Lorentz

scalar functions. The tensors 77 might be expressed rather
generally as follows [24]:

Thwp = €upo- Thp = €upo's
Tip = Quéupo0's Tip = Q€up00'-
Towp = Qu€up00'- Tgw) = 0L€4p00"
w) = Q/) uQQ’» Mvﬂ - Q/) wQQ' - (7)

The momentum appearing in the index of Levi-Civita
symbol is understood as a contraction. Note that the last
two structures can be written in terms of the rest according
to the Schouten identities (X = {Q, Q'})
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—Xp€00m = Xyu€upoo + Xu€p00
+X- Q€Q’/wp +X- Qle;pr' (8)

Bose-symmetry implies A,,(0.0") = A,,,(-0'.-0)
and, according to the gauge invariance and transversality
of the AV meson,

QA L, =0, 0,A,, =0, P,A,,=0. (9)
Here P = Q- Q', such that the on-shell condition
P? = —m3 entails 20 - Q' = Q* + Q” + m4. The con-
straints in Eq. (9) relate the scalar functions f; as follows:

fr+ 0 f3+0-0f,=0, (10a)
fi1+0-0'fs+ Q%f6=0, (10b)
fitf+0-Pf;+Q -Pfsg=0. (10c)

A consequence of these identities is that, at the end,
there are only three independent Lorentz structures and
corresponding scalar functions for the amplitude A,,,.
Accordingly, we adopt the form factors F, 3 defined in
Ref. [24]. The associated tensor basis is detailed therein
and provided here in Appendix A. Its connection to the

scalar functions f; is as follows:

Fi(Q% Q%) = (f3+ fa+ fs + fo)mi, (11a)
2 2 2m4A
Fy(0%,0%) = ——(f3—fa+fs—fs) (11b)
0" -0
2 2 my
F3(0°,07) = 07— (fa=fs—fr—fs). (llc)
Having established the structure of A, and A,,,, we

now discuss the evaluation of the corresponding form
factors within our symmetry-preserving scheme.

B. Impulse approximation

To evaluate the elastic and transition form factors, we
shall consider the so called impulse approximation,
wherein the external probe couples directly to a single
valence constituent while the others remain as spectators.
Therefore, AM,,,, reads

Apup(0?) = N,trp / A (=p)SU+ py)
X iTL(Q)S( + p)TA(p)S().  (12)

An analogous expression holds for the transition amplitude

Auw)

P P
1

«ry-0)s(1+ 25 e (13

Here [, := [d*l/(27)* is a Poincaré invariant four-momen-
tum integral. The symbol tr;, indicates a trace over Dirac
space, N. = 3 is the number of colors, and N, arises from
the color and flavor traces, such that

Nal _L Nfl _

= YT

The rest of the components in Eqgs. (12) and (13) are
defined as usual: S(p) is the fully dressed quark propagator,
while F;,* and I',, denote the AV meson’s Bethe-Salpeter
amplitude (BSA) and quark-photon vertex (QPV), respec-
tively. These pieces are obtained self-consistently within
the CI framework presented below. For simplicity, we have
omitted the flavor indices.

5 '
Nf":§. (14)

C

C. Contact interaction: Highlights

To evaluate the elastic and transition form factors,
Egs. (12) and (13), we shall employ the symmetry-preserv-
ing CI model described in Ref. [31], which incorporate
components beyond the typical RL approximation [57,58].

The first element to be described is the DS equation for
the quark propagator, namely the gap equation. This reads

. 4
S7(p) Zty-p+m+m/w5(q)m- (15)
GJq

Here m is the current quark mass, and m; sets the mass scale
governing the strength of the interaction. The above integral
is divergent, which reflects the fact that the CI model is
nonrenormalizable and thus requires the implementation of
a regularization scheme. We adopt the symmetry-preserving
approach presented in [59], and summarized in Appendix B.
This procedure preserves essential symmetries, including
the identities of Eq. (10), and the gauge invariance of the
A,,, transition amplitude. The so-called gauge symmetry
consistency relations are fulfilled as well, [60,61], and
special care is taken with the ys matrix, whose treatment
is particularly subtle [62-66]. Irrespective of the scheme,
any consistent regularization produces the following form
for the dressed quark propagator:

S p)=ir-p+M. (16)

Evidently, the mass function M turns out to be independent
of the quark momentum p, adopting the role of a constituent
quark mass.

The regularization procedure employed herein incor-
porates infrared and ultraviolet proper-time regulators,
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7, :=A;! and 7,,:=A;l, respectively. The former,
A~ Agcep, ensures the absence of quark production
thresholds, producing a picture compatible with confine-
ment; A, & m, (~protonmass) is irremovable and fixes
the scale of all dimensionful quantities. It is well estab-
lished that the presence of a finite cutoff in effective field
theories can lead to only partial realization of the expected
anomalies [67]. However, it has been suggested that higher-
order corrections designed to emulate the underlying sup-
pressed dynamics can fix this issue [68]. Following these
ideas, we employ the modified rainbow-ladder (MRL)
truncation developed in Ref. [31]. Within this framework,
an anomalous magnetic moment (AMM) term is dynami-
cally generated in the QPV. The infrared strength of such is
governed by DCSB [69,70]. Consequently, it has been
shown to restore the chiral anomaly associated to the
7% = yy andy — 37 processes [47,48], effectively capturing
the short-distance dynamics left out by the ultraviolet cutoff.
Its robustness has also been tested in the 7(5") — yy process
and the vector to pseudoscalar radiative decays [49].

Taking all these observations into account, we express
the homogeneous BS equation for an arbitrary meson H as
follows:

ru(Q) = —3:% / 1eS(@T(Q)S(q — OV
+ 347‘5 F,S(@)Tu(Q)Sg - O)F,.  (17)

The first line in the above equation stems from the RL
truncation. The second line contains the beyond RL
contribution, defined by the tensors fj = {l,, 75,ﬁ6aﬁ},

and weighted by the dimensionless parameter . As can be
noted, the meson BSA depends solely on the meson’s total
momentum Q (with Q? = —m?%). There is no dependence
on the relative momentum between the valence quark and
antiquark. This, together with the momentum-independent
mass function, is an essential characteristic of the CI.

The general tensor decomposition of the BSA is deter-
mined by the meson’s quantum numbers. For example, for
the AV meson

[(0Q) = rs7iEA(Q), (18)

In this case, the combination of Egs. (17) and (18) yields
@a@=1-a

1=K(P?=-m3).
16 [1

K(P)=-—
(P)==-5z |,

da(M?* +aaP?)ly(M? +aaP?), (19)

from which one can identify the AV meson mass m,. The
resulting amplitudes must be then normalized according to
the canonical condition, [71], such that

1 ImZ dK(P?)

E2 2 dP?

(20)

2 _ 2
P =—my

Within the present scheme, the QPV is obtained from the
corresponding inhomogeneous BS equation

r(0) =7, - 3:1% st 0)sta - o,
+ 3475 F,5(q)T,(0)S(q - Q)F,. (21)

The structure acquired by the QPV is
L) = A71(0%) +7tFr(0Y) + 22 Fa0”).  (22)
_ do,

QZ ’
Eq. (21), it can be readily shown that f;(Q?) = 1. The
remaining part of the vertex has a similar structure to that of
the vector meson BSA, therefore both f7 ,(Q?) exhibit a
vector meson pole in the timelike axis (Q? = —m?).
Moreover, the AMM-related term f,(Q?) is zero when
& =0, reflecting that its existence emerges from contribu-
tions beyond RL. Additional characteristics of the QPV
dressing functions are examined in Refs. [31,49].

where y/ =7, vk =y, —vL. Plugging it into

III. RESULTS AND DISCUSSION

A. Parameters and mass spectrum

Being focused on the lightest AV mesons, namely
ay, f1, f}, we adopt CI model parameters typical for the
light-sector [31,59]. First, the parameters defining the
CI model are fixed as

mg =0.132 GeV, A, = 0.240 GeV,
A,, = 0.905 GeV. (23)

In addition, & = 0.151 is chosen to ensure the fulfillment of
the chiral anomaly [47,48]. Note the variation of £ only
affects the vector channels, e.g. the vector meson masses.
Assuming isospin symmetry m, = my, and seeking to
reproduce the pion and kaon masses, we set m,;; =
0.007 GeV and mg = 0.170 GeV. This setup yields the
constituent quark and meson masses collected in Table I.

It is important to highlight that the beyond RL contribu-
tion favors a better description of the vector channels, and so
the QPV, but it does not contribute at all to the axial-vector

TABLE I. Quark and meson masses (in GeV).
m, my M, M, m, mg m, mg
0.007 0.170 0.368 0.533 0.140 0.499 0.879 1.058
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FIG. 1. Computed m,, (blue) and mp (orange) masses as a
function of the spin-orbit repulsion parameter gso. The blue
and orange bands point out to m, = 1.230(40) GeV and
m,, = 1.333(41) GeV, corresponding to the empirical values

of m, and m, —m,, respectively [73].

case [31]. Accordingly, AV mesons are described solely by
the RL truncation, which is known to fail because it omits
spin-orbit repulsion effects expected to be relevant in states
with non-negligible components of orbital angular momen-
tum [50-54]. Among other issues, this results in under-
estimated AV meson masses. A typical solution within the
CI framework is to multiply the RL kernel by a dimension-
less coupling g3, <1 in these channels [50-52,72]. A
smaller ggo translates into a larger mass, while the original
result is clearly recovered with ggo = 1.

The impact of spin-orbit coupling on m, is illustrated in
Fig. 1, with the relevant numerical values summarized in
Table II. We consider three cases: gso fixed to either
produce the experimental m, — m, mass-splitting (case I)
or the empirical value m, (case II), [73]; and 1 — ggo = 0,
corresponding to the omission of spin-orbit repulsion
effects (case O). These three cases will be used later for
the analysis of the form factors and their contribution to a,,.
Note, due to isospin symmetry (m, = m,) and no mixing
between the f| and f/ sates, the a; and f; mesons become
mass degenerate while the f} is described as a purely
ss state.

B. Elastic form factors

Let us consider the positively charged state a; and, for
the purposes of the discussion, the f| and f| mesons are
likewise treated as if they were positively charged. The
same applies to the p™ meson and its s3 counterpart, the ¢
meson. Within the present scheme, a; and f; are thus
identical and the resulting EFFs are the same. These,
together with the f| case, are depicted in Fig. 2. It is
evident that, within the range of variation for the AV meson
masses in Table II, the EFFs exhibit little sensitivity.

The Q? — 0 limit of the EFFs, Eq. (5), defines the
charge, magnetic, and quadrupole moments

TABLE II.  Axial-vector meson masses (in GeV), and the spin-
orbit coupling gso- The bold quantities indicate the experimental
values used to determine ggo [73].

Mg, mg my, —n, 1 —gso

Case-1 1.333(41) 1.553(35) 0.452(41) 0.69(7)

Case-II 1.230(41) 1.469(31) 0.351(40) 0.49(10)
Case-O 1.080 1.352 0.200 0

Ge0)=1.  Gu(0)=u.  Go(0)=0Q. (24)

The produced values are collected in Table III, in addition
to the corresponding ones for the vector mesons p and ¢.
The magnetic moments are essentially the same for the
AV mesons under examination, y = 2.13, and somewhat
smaller than those of their vector meson counterparts. The
f} quadrupole moment exhibits a ~25% reduction in
magnitude with respect to a;. This pattern in repeated in
the vector meson case and, in fact, we find Qa. ~ Qp
and Qf/] ~ Q¢.

It is also revealed by Fig. 2 that, despite being somewhat
compatible within errors, the f} form factors exhibit a
slightly less pronounced large-Q” falloff. This can be
quantified through the corresponding radii, defined as

1 0G:(Q?)
2 _ — = . 25
=G0 007 s ®)

The results of this evaluation are presented in Table III.

!
Unsurprisingly, for all radii shown, we find r{‘ < i
Moreover, as with the magnetic and quadrupole moments,

rit ~ r? and r{ (I r?. Although the vector-meson case is
not shown explicitly, all these quantities reflect the sim-
ilarity between the EFFs of vector and AV mesons in the
low-Q? region.

Turning our attention to G(Q?), we observe a sign flip
near Q?~ 11 and 13 GeV? for the a; and f| states,
respectively. This zero-crossing reflects the predicted
lalrge-Q2 behavior of spin-1 mesons, [74,75], and arises
from the destructive interference between the G, 3 form
factors defining G, Eq. (5a). However, the zero-crossing
occurs much more rapidly for the p and ¢: at around
Q% = 3.5 and 5 GeV?, respectively. The specific values are
listed in Table III. When expressing this sign change in
terms of x. = Q%/m?,, such that G (Q?) = 0, the value of
x. 1s smaller for the heavier system. This pattern is
consistent with the findings reported in Ref. [30]. Thus,
although the EFFs of vector and axial-vector mesons are
similar in the low-virtuality domain, differences emerge as
0? increases. This would result, for instance, into appreci-
ably different charge distributions, [36].
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20 - a1/f1 - GE
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c\g 1.0
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0.0 R
—05 7
-1.0
0 5 10 15
Q% [GeV?

FIG. 2. Axial-vector meson EFFs. The band reflects the
variation of m, and mg within the whole range considered
here (see Table II).

TABLEIII.  Static properties of axial-vector and vector mesons.
Herein x, = Q2/m?, defined by the zero-crossing G2 (02) = 0.
The error in the AV case stems from the variation on the
corresponding masses (see Table II).

u Q ry/fm ro/fm Xe
ay; 2.12(5) —-0.69(6) —0.59(2) 0.57(1) 0.58(1) 6.55(1.61)
f1 2.13(6) —0.50(12) —0.53(1) 0.52(1) 0.52(1) 5.61(1.43)
p 222 —-0.63 -0.61 0.55 0.56 4.57
¢ 226 —-0.53 -0.51 047 048 4.38

rE/fm

C. Transition form factors

As in the case of EFFs, our present framework produces
identical a; and f; TFFs, differing solely by the flavor-
color factors N . given in Eq. (14). The f| remains a purely
s5 state. Thus, considering first case I, where the exper-
imental value of m, —m, is reproduced, in the limit
0?%, 0" - 0 we obtain:

Fp,5(0,0) = 0.5547001%,0.2801 50 . —0.006 501 . (26)

Each F# arises from adding the individual contributions of
{ay. f1. f}} with their corresponding N, weights. When
we consider case II instead, with the empirical value for
m,,, our exploration leads us to

F,5(0,0) = 0.5327007.0.263%000¢ . —0.00470 50! . (27)

The asymmetric errors in both case I and case II account
for the experimental uncertainty associated to m, —m,
and m, , respectively. Finally, the omission of spin-orbit
repulsion in the interaction kernels, characterized by
m,, = 1.080 GeV, yields

F2,,(0,0) = 0.518,0.230, —0.002. (28)

It is worth noting that the magnitude of all F2 exhibit a
mild increasing trend with m,,, and, in fact, the TFFs in the
whole range are just mildly affected by the variation of
the AV meson mass. This is a common feature with the
corresponding EFFs. The resulting F5 (0, 0) are practically
negligible, despite the fact that it exhibits the largest
relative variation among the different setups. By contrast,
the variation range is below 20% for F5(0,0), and under
10% for F(0,0). Therefore, in the remainder of the
discussion we will consider an average that accounts for
the entire range of m, values being considered (see Fig. 1
and Table II). This leads us to the following:

F2,4(0,0) = 0.545(27),0.259(30), —0.005(2).  (29)

According to the analysis of Ref. [24], which makes use of
data-driven TFF parametrizations from Refs. [9,10], one
expects the following constraints:

2,45(35)} {2.18(1.17)] [—0.74(84)}
1.96(42) | 1 0.42(1.49) | " [ —0.33(84) |
(30)

F,4(0.0) = [

Clearly, our expectations for Fﬁzj (0,0) are underesti-
mated, with the latter being particularly notable. It can be
thus anticipated that the resulting contribution to a, will
be smaller than expected. Increasing £ = 0.151 — 0.38 in
the BS kernel, Eq. (17), allows one to reproduce the
physical p-meson mass without affecting that of the AV
meson. This modification enhances F;(0,0) by approx-
imately 50%, 80%, and 600% for i = 1, 2, 3, respectively.
This would certainly bring our expectations closer to the
constraints in Eq. (30). On the other hand, in a RL-like
setup (£ =0, m, = 0.929 GeV), the situation would be
much worse. We choose to retain our preferred value of
£ =0.151, as its determination is dictated by the chiral
anomaly, [47,48]. Another contributing factor for this
shortcoming arises from the CI model itself, where
axial-vector mesons are described by a single BSA and
vector mesons by two. This approach oversimplifies the
rich tensor structure that characterizes the BSAs of these
systems, [76]. In an ideal scenario, one would use a
truncation that captures both symmetry requirements (e.g.,
the chiral anomaly) and the properties of the vector and
axial-vector mesons, guaranteeing that the AV TFFs fulfill
the low-energy constraints.

The photon virtuality dependence of the TFFs is illus-
trated in Fig. 3, in the symmetric limit Q?> = Q">. The
|F{| > |F2| > |F4| hierarchy is readily apparent. This
ordering persists over a broad range, with all TFFs
decreasing in magnitude as Q2 increase. Notably, this
falloff is much sharper than that seen in the CI description
of the pion elastic and transition form factors [47,57,58].

To quantify this rate, one may define transition radii rfy in
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0.6
— Ff
0.5 Fy
A
0.4 Fs
Zo3
-
0.2
0.1
0.0
0.0 0.2 0.4 0.6 0.8 1.0
x [GeV?]
FIG. 3. Axial-vector meson to two-photon TFFs, as a function

of x = (Q* + 0'%)/2. The band reflects both the variation on m,,
and the kinematic range from the symmetric (Q*> = Q%) to the
asymmetric (Q? = 0 or Q"> = 0) limits.

analogy to Eq. (25), which yield
r1 3 =0.76(1),0.86(1),0.95(1) fm. (31)

The AV TFFs display not only a noticeable decrease with
momentum transfer but also the correct asymptotic power-
law behavior [23]. On the other hand, by definition, the
CI model does not reproduce certain aspects of perturbation
theory, including the anomalous dimensions of the form
factors. To account for this limitation, we extrapolate our
numerical results using the QCD-driven parametrization of
Ref. [24]. The explicit representation and related param-
eters might be found in Appendix C.

Finally, it is worth pointing out that the detailed break-
down of the TFFs into a;, fi, and f| contributions is
omitted here, as a; and f; possess identical form factors
and the f'| ones are quite similar in shape. For reference, the
f contribution amounts to about 10%-25% of the whole.
Alternatively, assuming that the TFFs of all these mesons
are identical, Eq. (14) indicates that f| would account for
~18% of the total.

D. Hadronic light-by-light contributions

For the computation of the HLbL contribution, we
consider the master formula presented in [77]

L — 4‘;;'”2/ZT 01.0,. 03)IL(0). 05, 03).
(32)

where a,,, is the QED coupling constant, and

A:AmdzﬁlldrrMAhd(ﬁ. (33)

The integration variables {X,r,¢} are related with the
(Buclidean) photon virtualities, Q7 , 5, as follows:

Q1 §<l—§cos¢——\/§sm¢>
Q%:§< —%cosrﬁ—k%\@sinfﬁ)v
3 =21+ reosh). (34)

The kernel functions T; entering Eq. (32) are well known.
These are of purely kinematic nature and are provided in
the Appendix of Ref. [77]. The dynamical component,
specific to each type of HLbL contribution, is encoded in
the twelve scalar functions I1;. As discussed in Ref. [78],
these can be expressed via six representative functions ﬁ,-.
The case of the AV meson contribution is presented in [78],
in terms of form factors ;. When translated into the form
factors F; defined in Eq. (11), these read

12
Figon = -2 2
my

1 2
FZ(Qzﬂle)ZE(Fl_QZ 2Q 2)7

_ N
+%F2). (35)

37

1
F5(Q%0%) =3 (F1

Numerical integrations are performed using the CUBA
library [79]. To calibrate and benchmark our approach,
we compute the pion pole and box contributions, where the
associated form factors are derived consistently within the
CI formalism [47]. By employing Padé-type parametriza-
tions for each form factors [80], both considered at different
orders, we obtain

ap ™ = =21.2(3) x 1071,
ay ™ = 94.1(4) x 10711, (36)

The uncertainty combines both the parametrization and
numerical errors. As can be noted, the produced values are
about 30%-50% larger than typical estimates, including
DSE evaluations, [42-46], and the 2025 White Paper
(WP2) consensus [2]. For instance, al’j_b‘”‘ [WP2] =
—15.9(2) x 107!, This outcome is not unexpected given
the fact that the CI not only produces hard form factors
but, in these cases, also drives their asymptotic behavior
toward a constant [57,58], failing to fulfill the asymptotic
expectations [23,81]. Furthermore, the CI model delivers a
flat-top valence-quark distribution function, [58], corre-
sponding to one of the physical bounds identified for this
system, [82]. The results in Eq. (36) should therefore be
interpreted as limiting cases rather than precise estimates
for these quantities.

Turning our attention to the AV meson case, and con-
sidering solely the lowest-lying multiplet, {ay, f1, f}}, we
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arrive at the following:

af[Case-I] = 0.7715 5 x 1071, (37a)
af[Case-1I] = 1.14703) x 10711, (37b)
af[Case-O] = 2.24 x 107", (37¢)

Here, the asymmetric error accounts for the variation of ggq
to produce the experimental mass splitting m, — m, in case
I, and the empirical value m, in case II. Recall case O
corresponds to neglecting the spin-orbit coupling (gso = 1),
hence producing a smaller AV mass, m,, = 1.08 GeV (see
Table IT). The numerical and parametrization error estimates
are minimal and shall be omitted in the discussion. The
produced values are nevertheless disfavored by recent
analyses. For instance, results from holographic models
[25], referred to in the WP2 [2], place the contribution of
the lowest-lying multiplet at

aﬁ[HL — WP2] = 15.8(1.6) x 107!, (38)
while the DSE evaluation from [24] favors
ai}[DSE] = 17.4(4.0)(4.0)(0.5) x 107", (39)

This positions our estimates below recent trends. The
underestimation is evidently driven by the value of the form
factors at 02, Q"> — 0, Eq. (29). To address this issue, and in
line with Ref. [24], we rescale the TFFs so as to enforce

ﬂ , (40)
ﬂ'agm ma

[F(0.0)] =

with T',, = 3.5(6)(5) keV for f,(1285) [83]. Accounting
only for the central value of the decay width, we find

a®[Case 1] = 6.337 )45 x 10711, (41a)
a[Case 11 = 9.997 %1} x 10711, (41b)
a®[Case O] = 22.53 x 107" (41c)

It is evident that these estimates are closer to those in
Eq. (39). However, as exposed by Fig. 4, aﬁ‘ is in fact highly
sensitive to the AV meson mass. Since the variation in the
magnitude of the form factors with m, is relatively modest,
Eq. (29), the 1/m, factors appearing in the HLbL master
formula are primarily responsible for this behavior. To
mitigate this sensitivity, we compute aﬁ for a range of
m,, and consider the expectation value

(am = #/ml dmalaﬁ(mal), (42)

my — my my

20

15

(ma,)

A
u

10

10" &

1.10 1.15 1.20 1.25 1.30 1.35
m,,[GeV]

FIG. 4. AV meson mass dependence on aﬁ, obtained form
the original (blue) and rescaled (orange) TFFs. The blue
and orange bands point out to m, = 1.230(40) GeV and
m,, = 1.333(41) GeV, corresponding to the empirical values

of m, and m, —m,, respectively [73].

such that my = 1.080 GeV and m; = 1.374 GeV (the
smallest and largest m, being considered). Defining the
standard deviation in the usual way, we thus find:

a® = 11.30(4.71) x 10711, (43)

With a somewhat conservative uncertainty, this evaluation is
consistent with current trends. Conversely, averaging only
the physically motivated cases I and II yields

ah = 8.161153 x 1071 (44)

Although intended mainly for illustration, this result will be
taken as our final assessment. It is important to recall,
however, that it is based on TFFs whose normalization is
underestimated and has been rescaled to reproduce the decay
width in Eq. (40). The shortcoming is naturally attributable
to the limitations of the CI model, including momentum-
independent quark mass functions and the oversimplified
structure of the meson BSA. However, the most fundamental
cause of the problem is the current inadequacy of the
interaction kernels in capturing the properties of AV mesons.
As pointed out before, such kernels should also comply with
both symmetry and phenomenological requirements [53,54].

IV. SUMMARY AND SCOPE

For the lowest-lying axial-vector meson multiplet,
{ai. f1.f}}, we computed the elastic and two photon
TFFs, and corresponding contributions to the HLbL piece
of a,,. The form factors are defined in a symmetry-preserving
basis and obtained via the impulse approximation, with each
element therein derived within a CI framework of the DS and
BS equations. By extending the usual RL truncation, this
approach improves the treatment of anomalous processes
(e.g., those involving the chiral anomaly) and provides a
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more accurate description of vector channels. This results in
vector meson masses closer to their empirical values, an
improved description of the QPV, and a more realistic Q>
dependence of the TFFs. For the AV channels, the present
approach is supplemented by an effective coupling that
allows emulating the spin-orbit repulsion effects neglected in
the interaction kernels. The variation of this coupling, gso,
translates into the changes in the mass of the AV meson.
Consequently, the dependence of the form factors and a,, on
the AV meson mass is also studied.

In the present context, the a; and f; mesons are mass-
degenerate, while the f'| is a purely s5 state. Therefore, the
form factors associated with the a; and f; are identical, up
to differences in the color-flavor factors in the case of the
TFFs. The EFFs show little sensitivity to variations in the
AV meson mass, such that the form factors associated with
the f' decrease only slightly more slowly than those of the
a;. In the Q% — 0 region, which defines the associated
radii, magnetic and quadrupole moments, the EFFs of the
AV mesons are, within uncertainties, fully consistent with
those of their corresponding vector mesons, i.e. their parity
partners. Nevertheless, as the photon virtuality grows,
differences emerge. A notable outcome is the position of
the zero-crossing of the form factor Gp(Q?), which is
located in the range Q° ~ 3.5-5 GeV? for the light vector
mesons, but much further in the AV mesons case (above
10 GeV?). This could result in a noticeably different charge
distribution. These features will be explored in more detail
in a future work.

A first approach to the TFFs reveal that their magnitudes
are underestimated. In particular, in the soft limit
02, 0" — 0, this effect appears moderately for F,, more
clearly for F'|, and most strongly for F3, which is negative
and practically negligible over the entire range of photon
virtualities. These patterns will eventually translate into a
rather small value of aﬁ. On the other hand, note that
the p-meson mass predicted by our scheme is about
m, = 0.879 GeV. Bringing it closer to the empirical value
by increasing the parameter & which characterizes the
beyond-RL contribution in the interaction kernels, signifi-
cantly improves the TFF normalization. The RL limit
(& = 0) yields the opposite result, as in that case m, =
0.929 GeV adopts its largest value. Given the fact that £ is
set by the chiral anomaly, we keep it fixed in our analysis.
Adding to this drawback, there is also the fact that, within
the present CI model, the vector and axial-vector mesons
are described by two and one BSAs, respectively. This is an
evident oversimplification of their otherwise rich struc-
tures. Altogether, the need for interaction kernels that are
robust enough to satisfy both symmetry constraints and
phenomenological consistency is evident. One positive
aspect is the Q? evolution of the TFFs. Unlike typical
CI model results, the produced form factors show a more

visible drop, with larger transition radii and a correct
power-law fall- off in the asymptotic limits.

Regarding a;, we first observe that the initial values
obtained lie notlceably below recent estimates. This stems
from an underestimation of the magnitude of the TFFs. A
significant sensitivity to the AV meson mass is also
observed. It is therefore clear that a precise description
of the AV mesons, starting with their masses, is essential.
From the perspective of the DS and BS equations, this is
already a highly challenging task. In this context, CI-based
studies are valuable, as they provide a clear and transparent
way to disentangle the role of each component, while
maintaining the symmetry requirements and key nonper-
turbative features of the theory. After rescaling the TFFs
according to the empirical estimate of the two-photon to
f1 decay, our final result becomes consistent with recent
estimates. This emphasizes once again that the main
limitation of the present analysis lies in the normalization
of the calculated TFFs. The rescaling procedure is therefore
necessary not only because of the drawbacks of the
CI model, but also, more generally, because of those
inherent to the interaction kernels commonly used in DS
and BS equations studies. As we have established, these
issues could be resolved within a consistent scheme that
simultaneously provides a good description of vector and
axial-vector channels. Consequently, the present explora-
tion constitutes a necessary step toward the refinement of
subsequent assessments. Within this same framework, we
are also in position to analyze the process y*z — yy, which
plays a role in the data-driven determination of a,.
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APPENDIX A: ALTERNATE DECOMPOSITION

The amplitude decomposition for A

L Suggested in
Ref. [24] reads

(=)}

i(0%.07),

Z 7,,(Q. Q)F

;w/) Q Q/ = (Al)
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where
el = 3 (€000 (Q) = 51 Qétucr).
M = 5 (€08 (Q) + e Q)eupng).
Mz Ty = 20€,,00'%),

3.4 _
MaATup = €uoo Py,
mAT;Swp = 6;41//)27
mirpr = W€,,p- (A2)
with &7, (X) = X*5,, — X, X, and £ = (Q + Q')/2. The
transversality of the AV meson and gauge invariance reduce

the number of nontrivial scalar functions F;(Q? Q). In
particular, F456 = O for all kinematics.

APPENDIX B: SYMMETRY PRESERVING
REGULARIZATION

1. Loop integrals

Due to the nonrenormalizable nature of the CI, any loop
integral must be regularized in a Poincare invariant manner.
Herein we adopt the symmetry preserving regularization
scheme described in Ref. [59], which expresses any one
loop integral with a class of the so-called irreducible loop
integrals (ILIs) introduced in Ref. [60]

1
I—Za(Mz)_/iv
p (q2+M2)a+2
9.9y
P = [ b
2a( ) p (q2_|_M2)a+3
44949490

MO = | e B

These ILIs are regularized through the Schwinger’s proper
time method. For the scalar type ILIs

1 Ta, 72, M?*] = Tla, 12, M?]
2N s Ly ir
l2ar M) = 152 M*T(a +2) ’

(B2)

where 7,,;, are ultraviolet (UV) and infrared (IR) regu-
lators, respectively, and I'(n, z) is the incomplete gamma
function. The label R stands for regularized integrals and
will be suppressed for simplicity. For the tensor type ILlIs, it
is proved that they can be related with the scalar type ones
through

I'a+2)

Hy 2\ 2

I—ZaR(M ) - 2F(a + 3) 5;41/1—2(1R(M )v (B3)
I'(a+2)

Hrpo 2\ 2

I—ZaR(M ) - 4F((l+4) S;wpnl—ZaR(M ) (B4)

These relations are precisely the so-called consistency
conditions of gauge symmetry in Refs. [60,61], which are
independent of regularization and are necessary for preserv-
ing the gauge invariance of theories.

2. Transition amplitude: Scalar functions

The structure of A,,,, demands the evaluation of a chiral
trace, i.e., that containing a ys matrix. Regularizing such
traces entails well-known subtleties [62—64]. Herein we
adopt the process described in Ref. [48] to handle the chiral
trace and express it in terms of scalar ILIs. For this purpose,
the transition amplitude is first regularized employing
dimensional regularization within the Breitenlohner-
Maison/’t Hooft-Veltman scheme [65,66]. Among others,
this process avoids ambiguities from the Schouten identity.
The dimensionally regularized scalar ILIs are then mapped
onto their counterparts in proper-time regularization. The
resulting form factors can be expressed as follows:

Fi=2NGENY X020 Fx(0)4(Q%).  (BS)
XY

with X, Y = {L,T,A} and i = 1, ..., 8. The functions ]A‘XA,Y
are those that appear in the QPV, Eq. (22). Meanwhile, after
regularization, the functions fX¥ can be written as

r A —4((Buy = DIo(w) + Al (@), (B6a)
A — L8(2u1u2(mi + 0%+ Q07?)

+ Q%u; (2uy —3) +2Q%u% — Q"uy)I_(w), (B6D)
1= [ S+ 02+ 07 - Qs (B6)
3 = [ HQuw) = BLs(w)/ M (B6d)
= [ 4G = Dio(w) + CLa(@)/Q% (Boe)

= AS(QZ(I = 2uy )y + Q7 uy (2uy — 1)1 (@) / O,
(B6f)

. / 4((3us — Io(w) + DIo(@)/Q%  (B6g)
Q

T LS(QZ(S =2uy)u; + Q% (1 = 2uy)ur) 1 (w)/ 0,
(B6h)

AT [) 81_y(w), (B6i)
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1 = [ ~auto(w) - 1 2(w)/02 (B6j)
I [z 161, 4yl o (o), (B6K)
™w = L —32uyu,1_, (o), (B6l)
AT = A —16u,1_5(w), (B6m)
a— L 161y (=2M? + uyuy (m3 + Q%)

+ Q%uy (uy + uy — 1))y (w)/M?, (B6n)

I 4-4«3”1 +3uy — 2)Io() + FI_y(w))/md,

(B6o)

A — / 8(mauy (2uy 4 1) +20Q%uy (uy +uy — 1)
Q

+02(2uy + 1) (uy + uy = 1)1 5 (w)/my,  (B6p)

7= / 8(mR (2ur + Duy + Q*(2uy + 1) () +up — 1)
Q

+ 207Uy (uy + uy — 1))1_5(w)/m3, (B6q)

. / 4((Q2uy + Q%us)lo(@) + Gl (w))/ (M2m2).
(B6r)

where [, = [ duy [¢7" duy = [} duy [T duy, o =
M? — mjuyuy — (uy + uy — 1)(Q%uy + Q"uy) and

A =2((uy — Vupy(2miu; + Q2 (2u; + 2u, — 1))

+ Q%uy (2uy (uy — 1) 4 uy(2uy — 3) +2)), (B7a)
B = 2(u; (Q%*uy(2m3 (uy 4 uy — 1)

+ 0% (2uy = 1)) + uy(m3 + 07)?

+ O0*Q2uf + uy (2uy — 3) + (u; — 1)?))

—2M*(uy(m3 + Q% + Q7) — 07)). (B7b)
C = 2uy(mu; (2uy — 1) +2Q%u (u; +upy — 1)

+ 0% (2uy — 1) (uy + up — 1)), (B7c)
D = 2(uy(2uy — 1) (miu, + Q?(u; + up — 1))

+20%u; (uy (uy — 1) + uy(uy — 1) + 1)), (B7d)

E=202M?* + u; (—uy(m3 +20"u,)

+ Q*uy (2u; = 3) = Q%uy + 07)), (B7e)
F =202m3uyuy(uy + uy —2)

+ Q%uy (uy + uy — 1)(2uy +2u; - 3)

+ Q"uy (uy 4 uy = 1)(2uy + 2up = 3)), (B7f)

G =202M*(m3 (uy + up) + Q*(uy +uy — 1)
+ 02 (uy +uy — 1)) = 2Q%uyuy (m3 (2uy + uy — 1)
+ Q% (uy +uy — 1)) — up (mpuy (uy + uy)
+ ZmiQ/zul (Ml + 2”2 - 1)
+ Q" (uy + uy — 1) (uy + 2up — 1))

— Q% (uy 4 uy — 1) (2uy +up — 1)). (B7g)

For remaining scalar functions, considering the symmetry
of the Feynman parameters, i.e., that the interchange

u; <> u, does not effect the Feynman parameter integra-
tion, one finds

f1(0%.0%) = £2(Q7. %), (B8a)
f5(0%.07) = f4(Q7. 0%). (B8b)
f6(0%.0%) = f3(Q%. 0%). (B8c)
f2(0%.07) = f+1(Q?. 0%). (B8d)

In addition, regardless of the choice of &, one finds the
relation

fs(0%,.07) = —f7(Q*. Q%) (B9)

and if one turns off the AMM channel, i.e., £ =0, one
obtains

f4(Q% 07) = f5(0%. Q7).

which leads to F5(Q?, Q") = 0. That is, the form factor
F5(Q?, Q) is generated by the AMM effect.

With the above expressions, one can demonstrate the
gauge invariance of the amplitude A,,,, by showing that the
scalar functions fulfill the relations in Egs. (10a)—(10c).
This verification is straightforward and the key steps

given below.

(B10)

3. Transition amplitude: Gauge invariance

To prove these relations, consider the following integral

7, = [) 0., (4uslo(@)) - 3, (4 To(@))  (BI1)

034010-11



ZANBIN XING, LEI CHANG, and KHEPANI RAYA

PHYS. REV. D 113, 034010 (2026)

treat the undifferentiated Feynman parameter as constant,
one obtains

1
7, ZA duy (4urlo(@) |, — 1y, — 4ualo(®)],,—0)
|
—A duy (4uiIy(0)] 21—y, — 411 1o(@)],,—0)

1
:/ d“l4(1_ul)IO(M2_m12\ul(l_ul))
0

- Al duy 4(1 = up)Io(M? = m3u (1 = uy))
o (B12)

While directly computing the partial derivative
1, = 44(10(60) + 130, Io(w) — Ip(@) = u;0,,Ip(w))
= Lg(ul (1=2u,)0% = ur(1 = 2up) Q)1 5 ().
(B13)

For the evaluation of the last line, we use the relation

1 d
(ar2are =M

I pqiy(M?) = — (B14)

which is valid under the proper time regularization
Eq. (B2). Therefore, one has

0= / 81y (1= 20) 0% — (1 = 2u,) Q) [y () (BIS)

Similarly, by considering

T,- / 0., (4(1 ~ )L (@) =0, (4uyurlo(w)).  (B16)

one arrives at another identity

0212:/94((1-3142)10(@)—@_2(@)). (B17)

Note that Egs. (B15) and (B17) leads to vanishing f47
and f%A’, which indicates that the longitudinal part of the
QPV does not contribute to the transition amplitude, as

expected. Plugging in the regularized form factors f; into
Egs. (10a)—(10c), one finds that Eq. (10a) becomes

2N EA(fL(Q*)f1(Q%) T + f1.(Q*)fa(Q)I,) = 0.
(B18)

On its part, Eq. (10b) can be verified by just changing Q?
and Q” in Eq. (10a). For the remaining piece, Eq. (10c),

we see that it trivially vanishes when inserting the form
factors f; into it. This of course can be expected from the
transverse structure of the AV meson BSA. At this stage,
we have proved that the gauge invariance of the transition
amplitude. It should be noted that, within our formalism
and regularization, gauge invariance is preserved for
arbitrary quark masses, AV meson masses, and the
dressing functions of the QPV, even if these functions
are not obtained from the corresponding equations.

APPENDIX C: PARAMETRIZATIONS

Let us consider the representation for the AV TFFs
introduced in Ref. [24]

Fp(x,w) = GRHox)HP (x, w). (C1)
Here x=(Q*+ Q7?)/(2my) and w=(Q*-07)/
(Q* + Q"), with |w| < 1. Clearly, w = 0 corresponds to
the symmetric limit, whereas w = £1 stem from either
0? =0 or Q" = 0. The functions G2 (x) and H? (x, w) are
defined as follows:

TABLE IV. Fit parameters for the {ay, f|, f}} components of
the AV TFFs, according to the representation in Eq. (C1).

Case 1
Flll|+f1 F;1+f1 Fgl+f1 F{/l F;N] F:/l
a; 0.486 0.249  -0.005 0.068 0.031 -0.001
b; 0.955 0.944 -0.016 0.124 0.127 —0.003
Ci 4.344 0.437 -0.013 0.136 0.055 —-0.003
d; 17.800 2.363 0.797 11.317  3.082 1.414
e; 174.01 0.0 0.0 25971 0.442 0.117
Wi 1.434 1.552 e 1.396 1.464 e
Ai 4.235 5.813 4553  6.331
Case 11
F¢11|+f 1 Fgl +f1 F;‘l +f1 FJIr 1 sz‘ f F§ f
a; 0.465 0.231 —-0.003 0.067 0.032 —-0.001
b; 0.916 0.802 —-0.010 0.123 0.100 —0.001
I 8.733 0443 -0.098 0.136  0.057 —-0.002
d; 14.378 2.131 1.055 8.698 2318 2.934
e; 296.089 0.0 0.188 19.650 0.0 0.0
Wi 1.498 1.598 S 1.48 1.524 cee
Ai 3.916 5.711 4.619 5.752
Case O
Flll|+f1 F5211+f1 Fgﬁfl F{/l FJ;] F};l
a; 0.448 0.196  —-0.002 0.070 0.032 —-0.001
b; 0.894 0.683 —-0.006  0.131 0.106  —0.002
Ci 2.886 0.425 —-0.173 0.141 0.070  —0.002
d; 8.876 1.904 2.251 6.099 1.862 1.052
e; 59.960 0.0 57.629 12.685 0.0 0.301
Wi 1.534 1.186 1.497 1.525 cee
Ai 3.605 5.421 3.846 5.682
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GiMx) = a; + bix 4 cix%i

Ha (1 + n)w"

x—|—d,-

1 N X
T N0, £ HA ’ - 1 R
(1+x>2”f< x+e,-> ) +;x’“+ﬂln1+%”

N
Hé(x’w) =1+ X;xﬂz
n—

X
+Aon (1+2)(1 + 2

W2n

H4 (x,w) = 1. (C2)

The profile of G*(x) governs the power-law falloff, so we adopt v; = 2 and v, ; = 3. The functions H (x, w) encode the
asymptotic logarithms in the limit N — co. For convenience, we set N = 100. Recall, in our case, m, 4 = 0.879,
1.058 GeV. The rest of the parameters are collected in Table I'V.
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