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We compute the 00 element of the spin density matrix, denoted as ρ00 and called the spin alignment, up
to the second order of the gradient expansion in local equilibrium by Zubarev’s approach. In the first order,
we obtain ρ00 ¼ 1=3, meaning that the contributions from thermal vorticity and shear stress tensor are
vanishing. The nonvanishing contributions to ρ00 − 1=3 appear in the second order of gradients in the
Belinfante and canonical cases. We also discuss the properties of the spin density matrix under the time
reversal transformation. The effective transport coefficient for the spin alignment induced by the thermal
shear stress tensor is T odd in the first order, implying that the first order effect is dissipative.
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I. INTRODUCTION

In noncentral heavy-ion collisions there is a huge orbital
angular momentum (OAM) generated in the initial state of
two colliding nuclei at relativistic energies. A small fraction
of the initial OAM can be transferred into the medium in
the form of the spin polarization of quarks (and antiquarks)
via spin-orbit couplings, which leads to the global spin
polarization of hadrons with respect to the reaction plane
[1–4]. Later, Ref. [5] has established a connection between
global spin polarization and hydrodynamic vorticity.
The global spin polarization of Λ hyperons (including Λ̄)

has been measured by experiments of STAR [6–10],
ALICE [11,12] and HADES [13]. These measurements
have been successfully described by a variety of phenom-
enological models [5,14–25]. In contrast, the spin polari-
zation along the beam direction as functions of azimuthal
angles [8,26] cannot be described by the polarization from
the thermal vorticity in hydrodynamic or transport simu-
lations using the Cooper-Frye formula [27,28]. Several
models have been proposed to explain the spin polarization

along the beam direction, such as spin polarization from the
temperature vorticity [29], the shear-induced polarization
[30–34], spin Hall effects [25,35,36], weak magnetic fields
induced polarization [37] and corrections from interactions
between quarks and background fields [38]. Very recently,
the hydrodynamical simulations with the assumption of the
isothermal equilibrium [39,40] and the results from blast
wave model [41] can give a quantitatively description to
local spin polarization at very high energy collisions, while,
the recent hydrodynamic studies on the spin polarization
along the beam direction at pþ Pb collisions disagrees with
the data measured by CMS experiments [42,43]. Although
the azimuthal angle dependence of the spin polarization
along the beam direction can be qualitatively understood by
incorporating these effects, its quantitative description
remains a challenge in general [8,44,45]. We refer readers
to recent reviews about spin polarization in heavy ion
collisions [46–54].
Meanwhile, the spin alignment of vector mesons in

heavy ion collisions was also proposed [3]. The spin align-
ment of vector mesons is described by the spin density
matrix ρss0 , where s; s0 ¼ 0;�1 represent spin states with
the specified spin quantization direction. The component
ρ00 can be measured through the strong decay of vector
mesons [55]. The condition ρ00 > 1=3 or ρ00 < 1=3
corresponds to longitudinal and transverse polarization
(referred to the polarization vector of the vector meson
field) with respect to the spin quantization direction,
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respectively. The first measurement of the global spin
alignment of ϕ mesons in Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼
11.5–200 GeV was performed by the STAR collaboration
[10]. The magnitude of ρ00 − 1=3 for ϕ mesons at low
energies is significantly larger than expected. In contrast,
the global spin alignment ofK�0 mesons was also measured
in the same experiment but it was found to be consistent
with zero within errors. Recently, the ALICE collaboration
also observed the spin alignment of J=Ψ in Pbþ Pb
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV [11].
The spin alignment of ϕ mesons can be described by the

relativistic quark coalescence model incorporated into the
spin Boltzmann (kinetic) equation for vector mesons,
where the quark and antiquark are polarized by the effective
ϕ field [56–59]. There are other studies such as the models
based on glasma [60,61], self-energy effects [38], and
other second-order hydrodynamics effects [62], as well as
those employing the light-cone formalism [63]. It has been
found that unlike ϕ mesons, rescatterings in the medium
lead to a decay in the spin alignment of ρ mesons [64].
The spin alignment of J=Ψ has also been explored within
the holographic model [65,66]. The spin alignment of
vector mesons can also come from the shear viscous tensor
[67,68]. A study of the shear contribution in the quark-
gluon plasma [69] suggests that such a contribution is not
important as compared to that from the strong force field.
In this work, we investigate the spin alignment of vector

mesons using Zubarev’s approach [70–73] in quan-
tum statistical field theory. In this approach, hydrodynam-
ical quantities can be computed by the quantum statistical
method in global and local equilibrium. The approach
has already been applied to study the spin polarization
of Λ hyperons in both global [27,74–76] and local
equilibrium [33,34,77].
The structure of the paper is organized as follows.

In Sec. II, we introduce the spin density matrix of vector
mesons. In Sec. III, we expand the spin density matrix in
the gradient expansion. We derive the ρ00 in the first and
second order in the gradient expansion in Sec. IV. We study
the spin alignment induced by the shear tensor under time
reversal transformation in Sec. Vand summarize in Sec. VI.
Throughout this work, we choose the metric gμν ¼
diagf1;−1;−1;−1g and Levi-Civita tensor ϵ0123 ¼ 1.
For simplicity, for a four vector Aμ ¼ ðA0;AÞ, we define
Ãμ ¼ ðA0;−AÞ and Āμ ¼ ð0;AÞ.

II. VECTOR FIELDS AND SPIN DENSITY MATRIX

We start from the Lagrangian for charge nuetral spin-1
particles,

L ¼ −
1

4
FμνFμν þ 1

2
m2A · A − A · j; ð1Þ

where jμ represents the source term, and

Fμν ¼ ∂
μAν − ∂

νAμ ð2Þ

is the field strength tensor for the spin-1 particle. Note that
the Aμ field is real for charge neutral particles. The equation
of motion derived from this Lagrangian, known as the
Proca equation, is

ð∂2 þm2ÞAμ − ∂
μ
∂νAν ¼ jμ: ð3Þ

Taking another derivative ∂μ on both sides of the above
equation, we obtain

∂μAμ ¼ 1

m2
∂μjμ: ð4Þ

If the source current is conserved, ∂ · j ¼ 0, the above
equation leads to a constraint equation

∂ · A ¼ 0: ð5Þ

Under this condition, the Proca equation can be reduced to
the Klein-Gordon equation for each component of the field,

ð∂2 þm2ÞAμ ¼ jμ: ð6Þ

In free space without the source, jμ ¼ 0, the solution to
the Proca equation under the constraint (5) can be
expressed as

AμðxÞ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Ep

p
×

X
s¼�1;0

�
aspϵsμðpÞe−ip·x þ as†p ϵs�μ ðpÞeip·x

�
; ð7Þ

where s ¼ �1, 0 denote three polarization states, and ϵsμðpÞ
is the polarization four-vector corresponding to the spin
state s and the on-shell momentum pμ ¼ ðEp;pÞ with

Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þm2

p
, (through it is denoted as a function of

the three-momentum p). Here, the creation and annihilation
operators satisfy the following commutation rule,

½arp; as†q � ¼ ð2πÞ3δ3ðp − qÞδrs: ð8Þ

Note that the convention in the expansion in (7) is different
from Eq. (5) of Ref. [78] by a factor

ffiffiffiffiffiffiffiffi
2Ep

p
so the commu-

tation rule (8) is different from Eq. (6) of Ref. [78] by a
factor 2Ep. The constraint equation (5) becomes,

pμϵsμðpÞ ¼ 0; ð9Þ

which implies that ϵsμðpÞ is spacelike and has only three
independent components. In the particle’s rest frame, the
polarization vector is ϵμs ¼ ð0; esÞ or ϵsμ ¼ ð0;−esÞ, where
es is a unit vector for the spin state s. For instance, if the
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quantization direction is along the y axis, we have

e0 ¼ ð0; 1; 0Þ;

eþ1 ¼ −
1ffiffiffi
2

p ði; 0; 1Þ;

e−1 ¼ −
1ffiffiffi
2

p ði; 0;−1Þ: ð10Þ

These polarization vectors in the rest frame can be trans-
formed to the laboratory frame by the Lorentz trans-
formation,

ϵμsðpÞ ¼
�
p · es
m

; es þ
p · es

mðEp þmÞp
�
: ð11Þ

One can check that these polarization vectors satisfy
orthogonal and completeness relations

ϵsμðpÞϵμ�s0 ðpÞ ¼ −δss0 ; ð12Þ
X
s

ϵμsðpÞϵν�s ðpÞ ¼ −
�
gμν −

pμpν

m2

�
: ð13Þ

We can define theWinger function for the vector fields as

Wμνðx; kÞ ¼
Z

d4y
�
Aν

�
x −

y
2

�
Aμ

�
xþ y

2

��
eik·y; ð14Þ

where hÔi≡ Trðϱ̂ ÔÞ with ϱ̂ being the density operator to
be defined shortly. Inserting Eq. (7) for Aμ fields into the
above formula, at the leading order in ℏ, we obtain

Wμνðx; kÞ ¼ 2πδðk2 −m2Þ
X
r;s

	
θðk0Þϵν�s ðkÞϵμrðkÞfsrðx;kÞ

þ θð−k0Þϵνsð−kÞϵμ�r ð−kÞ½δrs þ frsðx;−kÞ�


;

ð15Þ

where δrs stands for the vacuum contribution, and fsrðx;kÞ
is the sr component of the matrix valued spin dependent
distribution function (MVSD) [79–82],

fsrðx;kÞ ¼
Z

d3q
ð2πÞ3 e

−iq·xTr
�
ϱ̂as†k−q=2a

r
kþq=2

�
; ð16Þ

where qμ ¼ ðEkþq=2 − Ek−q=2;qÞ. Note that the MVSD
in (16) is different from that defined in Eq. (12) of Ref. [78]
by a factor 2Ek and a transpose in spin space. The factor
2Ek is due to the convention in the expansion (7) and the
corresponding commutation rule (8). The spin density
matrix ρ for the vector meson is just the normalized MVSD,

ρsrðx;kÞ≡ fsrðx;kÞ
Tr fðx;kÞ : ð17Þ

In general, the MVSD can be defined in a variety of ways.
We will present an alternative definition for the MVSD
in Sec. IV C.
In this work, we adopt density operators in Zubarev’s

approach, following Refs. [70,72,73,83]. The local equi-
librium density operators have different forms correspond-
ing to different pseudogauges. For example, the Belinfante
or canonical forms of density operators are

ϱ̂B ¼ 1

ZB
exp



−
Z
Σ
dΣμT̂

μν
B ðyÞβνðyÞ

�
; ð18Þ

ϱ̂C ¼ 1

ZC
exp

�
−
Z
Σ
dΣμ



T̂μν
C ðyÞβνðyÞ−

1

2
ΩλνðyÞŜμλνðyÞ

��
;

ð19Þ

where βμ ¼ uμ=T with uμ being the fluid velocity, Ωλν is
the spin potential, and Σ is a hypersurface. The subscripts
“B” and “C” represent the Belinfante and canonical forms
of energy-momentum tensors which are related by pseudo-
gauge transformation

T̂μν
C ¼ −Fμα

∂
νAα þ gμν

�
1

4
FαβFαβ −

1

2
m2AαAα

�
;

T̂μν
B ¼ T̂μν

C þ 1

2
∂λ

�
Ŝλμν − Ŝμλν − Ŝνλμ

�
: ð20Þ

In Eq. (19), the rank-3 spin tensor Ŝμαβ is given by

Ŝμαβ ¼ FμβAα − FμαAβ: ð21Þ

As mentioned, we consider real vector fields with vanishing
current density in Eqs. (18), (19). If we aim to compute the
spin density matrix at the point x, then Σ is the hypersurface
passing x [33,84]. The choice of Σ depends on what kind of
physics we would like to address, e.g., if we take Σ as the
freeze-out hypersurface, ρðx;kÞ represents the spin density
matrix on that hypersurface.

III. SPIN DENSITY MATRIX FOR VECTOR
MESONS IN GRADIENT EXPANSION

In the previous section, we show in Eq. (17) that the spin
density matrix for the vector meson is actually the nor-
malized MVSD which can be evaluated by Eq. (16)
involving the density operator ϱ̂. In this section, we will
expand ϱ̂ in terms of creation and annihilation operators
and compute the MVSD through Eq. (16).
As shown in Eqs. (18), (19), ϱ̂ depends on βμ andΩλν. As

a common strategy, we assume that βμðyÞ varies slowly in
the region where the correlation length of the system is
much larger than the distance jy − xj. So βμðyÞ can be
expanded in gradients [33],

βμðyÞ ¼ βμðxÞ þ ∂λβμðxÞðy − xÞλ þOð∂2Þ: ð22Þ
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The symmetric and antisymmetric parts of ∂μβν are the
thermal shear and vorticity tensors, respectively,

ξμν ¼ 1

2
ð∂μβν þ ∂

νβμÞ;

ωμν ¼ −
1

2
ð∂μβν − ∂

νβμÞ: ð23Þ

It has been widely discussed that the spin potential is
proportional to the thermal vorticity tensor in global
equilibrium,

Ωμν ¼ −
1

2
ð∂μβν − ∂

νβμÞ ∼Oð∂1Þ: ð24Þ

For further discussions on the spin potential, we refer the
readers to Ref. [83] in quantum statistical field theory and
to Refs. [85–89] in spin hydrodynamics (see, e.g., Ref. [53]
for a recent review).
In this paper we consider two types of density operators

ϱ̂B and ϱ̂C in Eqs. (18), (19) and make gradient expansion
of ϱ̂B and ϱ̂C to the linear order. Inserting Eqs. (22) and (24)
into Eqs. (18) and (19), we obtain

ϱ̂B ¼ 1

ZB
exp



−βνðxÞ

Z
Σ
dΣμT̂

μν
B ðyÞ − ∂λβνðxÞ

×
Z
Σ
dΣμT̂

μν
B ðyÞðy − xÞλ þOð∂2Þ

�
; ð25Þ

ϱ̂C ¼ 1

ZC
exp



−βνðxÞ

Z
Σ
dΣμT̂

μν
C ðyÞ − ∂λβνðxÞ

×
Z
Σ
dΣμT̂

μν
C ðyÞðy − xÞλ

þ 1

2
ΩλνðxÞ

Z
Σ
dΣμŜ

μλνðyÞ þOð∂2Þ
�
: ð26Þ

For convenience, we introduce the momentum operator P̂ν

and an auxiliary operator L̂μν, both related to T̂μν
C ,

P̂ν ¼
Z
Σ
dΣμT̂

μν
C ðyÞ; ð27Þ

L̂λν ¼
Z
Σ
dΣμðy − xÞλT̂μν

C ðyÞ: ð28Þ

Replacing T̂μν
B in Eq. (25) by T̂μν

C in Eq. (20), we can
express the density operators as

ϱ̂B ¼ 1

ZB
exp



−βμðxÞP̂μ − ∂λβνðxÞL̂λνðxÞ

−
1

2
∂λβνðxÞŜλνB þOð∂2Þ

�
; ð29Þ

and

ϱ̂C ¼ 1

ZC
exp



−βμðxÞP̂μ − ∂λβνðxÞL̂λνðxÞ

þ 1

2
ΩλνðxÞŜλνC þOð∂2Þ

�
; ð30Þ

where SμνB and SμνC are operators related to spin tensors

ŜλνB ¼
Z
Σ
dΣμ

�
ŜμλνðyÞ þ ŜνλμðyÞ þ ŜλνμðyÞ�; ð31Þ

ŜλνC ¼
Z
Σ
dΣμŜ

μλνðyÞ: ð32Þ

In Eqs. (29) and (30) we neglected second order terms in
gradient expansion (22) and focus on effects related to ∂μβν.
Previous studies have shown that the spin polarization

vector for Λ and Λ̄ hyperons in local equilibrium depends
on the choice of the hypersurface Σ in Zubarev’s approach
[33]. Therefore, to study the spin density matrix in local
equilibrium, it is essential to specify the hypersurface Σ in
density operators (18) and (19). In this paper, we adopt the
isochronous hypersurface Σ0 following Refs. [33,90,91],
then the integral on Σ0 is

Z
Σ0

dΣμ ¼
Z

d3ynμ; ð33Þ

where nμ ¼ ð1; 0; 0; 0Þ is the time-directed normal vector
for the Σ0, so the spin density matrix will depend on nμ.
Now we deal with the trace in the distribution func-

tion (16)

has†k−q=2arkþq=2i
≡ Tr

�
ϱ̂B;Ca

s†
k−q=2a

r
kþq=2

�

¼ 1

ZB;C
Tr
	
exp ½ÂðxÞ þ B̂B;CðxÞ�as†k−q=2arkþq=2



; ð34Þ

where ZB;C ¼ Trϱ̂B;C, and

ÂðxÞ ¼ −βμðxÞP̂μ; ð35Þ

B̂BðxÞ ¼ −∂λβνðxÞ
�
L̂λνðxÞ þ 1

2
ŜλνB

�
; ð36Þ

B̂CðxÞ ¼ −∂λβνðxÞL̂λνðxÞ þ 1

2
ΩλνðxÞŜλνC : ð37Þ

Hereafter we will suppress indices B and C for simple
notations. Using Eq. (8), we obtain the following
commutators
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½Â; as†p � ¼ −βμpμas†p ; ð38Þ

½Â; as−p� ¼ βμp̃μas−p; ð39Þ

½B̂; as†p � ¼
X
r

ΞsrþþðpÞar†p þ
X
r

Ξsrþ−ðpÞar−p; ð40Þ

½B̂; as−p� ¼
X
r

Ξsr
−þðpÞar†p þ

X
r

Ξsr
−−ðpÞar−p; ð41Þ

where B̂ represents B̂B or B̂C, and Ξsr
ij (i; j ¼ �) are given

by Eqs. (A21)–(A24) for Belinfante and canonical cases
with detailed derivations in Appendix A.
With the help of the Baker-Hausdorff formula

e−XYeX ¼ Y − ½X; Y� þ ð−1Þ2
2!

½X; ½X; Y��

þ ð−1Þ3
3!

½X; ½X; ½X; Y��� þ � � � ; ð42Þ

and Eqs. (38)–(41), we derive

e−Â−B̂as†p eÂþB̂ ¼
X
r

�
eβ·pδsr þDsrþþ

�
ar†p

þ
X
r

Dsrþ−a
r
−p þOð∂3Þ; ð43Þ

e−Â−B̂as−peÂþB̂ ¼
X
r

�
e−β·p̃δsr þDsr

−−
�
ar−p

þ
X
r

Dsr
−þa

r†
p þOð∂3Þ; ð44Þ

where B̂ represents B̂B or B̂C, p̃μ ¼ ðEp;−pÞ, and coef-
ficients Dsr

ij , with i; j ¼ �, are given in Eqs. (A25)–(A28).
By applying the cyclic property of trace and using Eqs. (43)
and (44), we find

harp0as†p i ¼
X
s0

�
eβ·pδss0 þDss0þþ

�has0†p arp0 i

þ
X
s0
Dss0þ−has0−parp0 i þOð∂3Þ; ð45Þ

harp0as−pi ¼
X
s0

�
e−β·p̃δss0 þDss0

−−
�has0−parp0 i

þ
X
s0
Dss0

−þhas
0†
p arp0 i þOð∂3Þ; ð46Þ

where h·i is defined in (34). Combining Eqs. (45) and (46)
with the following relations,

harp0as†p i ¼ has†p arp0 i þ ð2πÞ3δðp − p0Þδrs;
has−parp0 i ¼ harp0as−pi; ð47Þ

we can solve has†p arp0 i as,

has†p arp0 i ¼ ð2πÞ3δðp − p0Þ�ðeβ·p − 1ÞI þDþþ

−Dþ−A−1D−þ
�−1
sr þOð∂3Þ; ð48Þ

where A ¼ ðe−β·p̃ − 1ÞI þD−− with I being the unity
matrix in spin space. Inserting Eq. (48) into Eq. (16), we
derive the expression for fsr up to Oð∂2Þ,

fsrðx;kÞ ¼
Z

d3qe−iq·x
�ðeβ·ðk−q=2Þ − 1ÞI þDþþ

−Dþ−A−1D−þ
�
−1
sr δðqÞ; ð49Þ

where pμ ¼ ðk − q=2Þμ. Note that Dþþ and D−− contain
momentum derivatives.
We then consider the gradient expansion for fsrðx;kÞ,

fsrðx;kÞ ¼ fð0Þsr ðx;kÞ þ fð1Þsr ðx;kÞ þ fð2Þsr ðx;kÞ þOð∂3Þ;
ð50Þ

where the superscripts “(i)” (i ¼ 0; 1; 2;…) denote the
power of the gradient. The zeroth order contribution is

fð0Þsr ðx;kÞ ¼ 1

eβ·k − 1
δsr ¼ fBEðx;kÞδsr; ð51Þ

which automatically yields the Bose-Einstein distribution
fBEðx;kÞ when s ¼ r. The first and second order
results are,

fð1Þsr ðx;kÞ ¼
Z

d3qe−iq·x
�
−f0BEðx;pÞΞþþ þ 1

2
f00BEðx;pÞ½β · p;Ξþþ�

�
sr
δðqÞ; ð52Þ

fð2Þsr ðx;kÞ ¼
Z

d3qe−iq·x
�
1

2
f00BEðx;pÞΞ2þþ −

1

6
f000BEðx;pÞΞþþ½β · p;Ξþþ�

−
1

3
f000BEðx;pÞ½β · p;Ξþþ�Ξþþ þ 1

8
f0000BEðx;pÞ½β · p;Ξþþ�2

�
sr
δðqÞ

þ f̃ðx;kÞðΞþ−Ξ−þÞsr; ð53Þ

SPIN ALIGNMENT OF VECTOR MESONS IN LOCAL … PHYS. REV. D 112, 094040 (2025)

094040-5



where f0���0BE denotes the nth derivative ∂nfBE=∂nðβ · kÞ with
n being the number of primes, and f̃ðx;kÞ is defined as

f̃ðx;kÞ ¼ −
1

2β0Ek

eβ·k

ðeβ·k − 1Þ2

−
1

4β20E
2
k

e−β·k̃ − eβ·k

ðeβ·k − 1Þðe−β·k̃ − 1Þ : ð54Þ

In general, as mentioned, there will be additional second
order terms in the density operators ϱ̂B;C. The results
presented above do not account for these contributions.

After integrating over the d3q, Eqs. (52), (53) we obtain

fð1Þsr ðx;kÞ ¼ f0BEðx;kÞF sr; ð55Þ

fð2Þsr ðx;kÞ ¼ f2ðx;kÞδsr þ
1

2
f00BEðx;kÞ

X
s0
F ss0F s0r

þ f̃ðx;kÞ
X
s0
Ξss0þ−Ξs0r

−þ; ð56Þ

where f2ðx;kÞ is defined as

f2ðx;kÞ ¼ ðξρσ − ωρσÞðξμν − ωμνÞ


1

12
f000BEðx;kÞkσβλ

�
gρν −

kρ

Ek
nν
��

gμλ −
kμ

Ek
nλ
�

þ 1

8
f00BEðx;kÞ

�
gρν −

kρ

Ek
nν
��

gμσ −
kμ

Ek
nσ
�
þ 1

24
f000BEðx;kÞkσkνβ0

�
Δρμ

Ek
þ k̄μk̄ρ

E3
k

��
; ð57Þ

with k̄μ ¼ ð0;kÞ and Δμν ¼ gμν − gμ0gν0, and the functions F sr corresponding to Belinfante and canonical cases read

F ðBÞ
sr ¼ −iωλν

�
m

Ek þm
nνΨλ

sr þ
1

2
Ψνλ

sr

�
þ iξλν

1

Ek

m
Ek þm

kνΨλ
sr; ð58Þ

F ðCÞ
sr ¼ i

2
ωλν

1

Ek

Ek −m
Ek þm

kνΨλ
sr −

i
2
ξλν

1

Ek

Ek −m
Ek þm

kνΨλ
sr −

i
2
Ωλν

�
Ψνλ

sr þ
2m

Ek þm
nνΨλ

sr þ
1

Ek

Ek −m
Ek þm

kνΨλ
sr

�
; ð59Þ

where

Ψμ
sr ¼ k · ϵs

m
ϵμ�r −

k · ϵ�r
m

ϵμs ¼ 1

m

�
0;−k × ðes × e�rÞ

�
;

Ψνλ
sr ¼ ϵν�r ϵλs − ϵλ�r ϵνs; ð60Þ

and ϵμs ¼ ϵμsð0Þ ¼ ð0; esÞ is the polarization vector in the particle’s rest frame. After a lengthy but straightforward
calculation, we obtain expressions of

P
s0 Ξss0þ−Ξs0s

−þ for Belinfante and canonical cases,

X
s0
Ξss0
ðBÞþ−Ξ

s0s
ðBÞ−þ ¼ 1

4
ξλνξρσ

�
Ξss
ðBÞββ

�
λν;ρσ; ð61Þ

X
s0
Ξss0
ðCÞþ−Ξ

s0s
ðCÞ−þ ¼ 1

4
ðξλν − ωλνÞðξρσ − ωρσÞðΞss

ðCÞββÞλν;ρσ þ
1

4
ΩλνΩρσðΞss

ðCÞΩΩÞλν;ρσ

þ 1

4
ðξλν − ωλνÞΩρσ

�ðΞss
ðCÞβΩÞλν;ρσ þ ðΞss

ðCÞβΩÞ�ρσ;λν
�
; ð62Þ

where the coefficients Ξss are given in Appendix B.

IV. GRADIENT EXPANSION FOR ρ00

A. First order results

To the first order in the gradient expansion, the spin density matrix ρsr in Eq. (17) is given by

ρsrðx;kÞ ¼
fð0Þsr þ fð1Þsr þOð∂2Þ

Trðfð0Þ þ fð1ÞÞ þOð∂2Þ ¼
1

3
δsr þ

1

3fBE
fð1Þsr þOð∂2Þ: ð63Þ
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We can explicitly express the components of ρsr as

ρðBÞ00 ðx;kÞ ¼ ρðCÞ00 ðx;kÞ þOð∂2Þ;
ρðBÞ10 ðx;kÞ ¼ ρðBÞ0;−1ðx;kÞ

¼ f0BE
3fBE



1

Ek þm
ϵμλρσnλkρϵσþ1

�
ωμνnν − ξμν

kν
Ek

�
þ 1

2
ωμνϵμνρσnρϵσþ1

�
;

ρðCÞ10 ðx;kÞ ¼ ρðCÞ0;−1ðx;kÞ

¼ −
f0BE
6fBE



1

Ek þm
ϵμλρσnλkρϵσþ1

�
ωμνkν

Ek −m
mEk

− ξμνkν
Ek −m
mEk

−Ωμνkν
Ek −m
mEk

− 2Ωμνnν

�

−Ωμνϵμνρσnρϵσþ1

�
þOð∂2Þ;

ρðB;CÞ1;−1 ðx;kÞ ¼ Oð∂2Þ: ð64Þ

In global equilibrium, the Killing condition [83] gives
ξμν ¼ 0 and Ωμν ¼ ωμν. The result in Eq. (64) reproduces

that in Ref. [92], and we have ρðBÞsr ¼ ρðCÞsr to the first order
in the gradient expansion. In local equilibrium, however,
the thermal shear stress tensor ξμν is nonvanishing, so we

have ρðBÞsr ≠ ρðCÞsr except s ¼ r ¼ 0 to the first order.
A discussion about the result Eq. (64) is needed.

We notice that the unit vector es satisfies the identity
e�s ¼ ð−1Þse−s which leads to

Ψλ
sr ¼ ð−1Þr 1

m
ð0;−k × ðes × e−rÞÞ ¼ −ð−1ÞrþsΨλ

−r;−s;

ð65Þ

Ψνλ
sr ¼ ð−1Þrðϵν−rϵλs − ϵλ−rϵ

ν
sÞ ¼ −ð−1ÞrþsΨνλ

−r;−s: ð66Þ

Using the above relationship, we obtain

F sr
i ¼ −ð−1ÞrþsF−r−s

i ; ð67Þ

which further leads to

fð1Þsr ðx;kÞ ¼ −ð−1Þrþsfð1Þ−r;−sðx;kÞ; ð68Þ

and

Trfð1Þ ¼ fð1Þ00 ¼ fð1Þ1;−1 ¼ fð1Þ−1;1 ¼ 0;

fð1Þ10 ¼ fð1Þ0;−1:

These properties of fð1Þsr follow Eq. (64).

B. Second order results

To the second order in the gradient expansion the spin
density matrix reads

ρsrðx;kÞ ¼
fð0Þsr þ fð1Þsr þ fð2Þsr þOð∂3Þ

Trðfð0Þ þ fð1Þ þ fð2ÞÞ þOð∂3Þ
¼ 1

3
δsr þ 1

3fBE
ðfð1Þsr þ fð2Þsr Þ − 1

9f2BE
fð0Þsr Trfð2Þ þOð∂3Þ: ð69Þ

We focus on the ρ00 component of the spin density matrix. Inserting Eq. (56) into Eq. (69), we obtain

ρðBÞ00 ðx;kÞ ¼
1

3
−

1

18fBE
f00BEΩ2

ðBÞ −
1

6fBE
f00BEðΩðBÞ · ϵ0Þ2 þ

1

36fBE
f̃ξλνξρσ



3
�
Ξ00
ðBÞββ

�
λν;ρσ −

X
s

�
Ξss
ðBÞββ

�
λν;ρσ

�
þOð∂3Þ;

ð70Þ

for the Belinfante case, and
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ρðCÞ00 ðx;kÞ ¼ 1

3
−

1

18fBE
f00BEΩ2

ðCÞ −
1

6fBE
f00BEðΩðCÞ · ϵ0Þ2 þ

1

36fBE
f̃

�
ðξλν − ωλνÞðξρσ − ωρσÞ

×



3
�
Ξ00
ðCÞββ

�
λν;ρσ −

X
s

�
Ξss
ðCÞββ

�
λν;ρσ

�
þ ðξλν − ωλνÞΩρσ



3
�
Ξ00
ðCÞβΩ

�
λν;ρσ þ 3

�
Ξ00
ðCÞβΩ

��
ρσ;λν

−
X
s

�
Ξss
ðCÞβΩ

�
λν;ρσ −

X
s

�
Ξss
ðCÞβΩ

��
ρσ;λν

�
þΩλνΩρσ



3
�
Ξ00
ðCÞΩΩ

�
λν;ρσ −

X
s

�
Ξss
ðCÞΩΩ

�
λν;ρσ

��
þOð∂3Þ; ð71Þ

for the canonical case. Here, we introduced the ΩðBÞ and ΩðCÞ vectors for both Belinfante and canonical cases

Ωσ
ðBÞ ¼

1

Ek þm
ϵμλρσnλkρ

�
ωμνnν − ξμν

kν

Ek

�
þ 1

2
ωμνϵ

μνρσnρ;

Ωσ
ðCÞ ¼ −

1

2

1

Ek þm
ϵμλρσnλkρ

�
ωμνkν

Ek −m
mEk

− ξμνkν
Ek −m
mEk

−Ωμνkν
Ek −m
mEk

− 2Ωμνnν
�
þ 1

2
Ωμνϵ

μνρσnρ: ð72Þ

We find that nonvanishing contributions to ρ00 − 1=3
appear in the second order of gradients. In the Belinfante
case, the contributions come from quadratic forms of
thermal shear and vorticity tensors, while in the canonical
case there are extra terms of ð∂λβνÞð∂ρβσÞ, ð∂λβνÞΩρσ and
ΩλνΩρσ.
We can roughly estimate the magnitude of the correc-

tions to ρ00 − 1
3
shown in Eqs. (70), (71). Based on previous

hydrodynamic studies of the polarization of Λ hyperons,
e.g., in Refs. [25,93], the local polarization induced by
thermal vorticity and thermal shear tensor is of the order
of 10−2. Consequently, the corrections to ρ00 − 1

3
shown in

Eqs. (70), (71) are estimated to be as large as 10−4. On the
other hand, determining the exact value and the sign of
ρ00 − 1

3
requires systematic hydrodynamic simulations,

which will be presented elsewhere.
In the global equilibrium characterized by ξμν ¼ 0 and

ωμν ¼ Ωμν, ρ00 converges to the same value for both
Belinfante and canonical cases

ρ00ðx;kÞ ¼
1

3
−

1

18fBE
f00BEΩ2 −

1

6fBE
f00BEðΩ · ϵ0Þ2

þOð∂3Þ; ð73Þ

where Ωσ is given as

Ωσ ≡Ωσ
ðBÞ ¼ Ωσ

ðCÞ

¼ 1

Ek þm
ϵμλρσnλkρωμνnν þ

1

2
ωμνϵ

μνρσnρ: ð74Þ

In local equilibrium, the expressions for ρ00 are different for
Belinfante and canonical cases, even when integrated over
space. The difference stems from distinct definitions of the
density operator ϱ̂ in Eqs. (18) and (19). Notably, in the
context of the spin polarization for Λ and Λ̄ hyperons, ϱ̂ is
typically chosen to be in the Belinfante form, as utilized in

the modified Cooper-Frye formula [27,28]. However, we
note that the results of the canonical and other forms of
density operators are very different from those of the
Belinfante form [77]. This discrepancy has led to discus-
sions regarding the physical appropriateness of these forms,
particularly in how they align with experimental data.
The choice of a specific form is often made a posteriori,
emphasizing the need for further empirical validation [77].
So which form of the density operator has more reflection
on the physical reality remains an open question. This
underscores the importance of continued experimental and
theoretical investigation to resolve this issue.

C. Another choice for MVSD

There is an alternative definition for the MVSD fsr.
From the definition of the Wigner function in Eq. (15),
we can decompose the Wigner function into timelike and
spacelike parts in momentum [81],

Wμνðx; kÞ ¼ Wμν
þ ðx; kÞ þWμν

− ðx; kÞ þWμν
S ðx; kÞ; ð75Þ

where Wμν
S ðx; kÞ is the spacelike part and Wμν

� ðx; kÞ are the
timelike parts (upper/lower sign corresponds to the pos-
itive/negative energy branch respectively), defined as

Wμν
þ ðx; kÞ ¼ Wμνðx; kÞθðk0Þθðk2Þ; ð76Þ

Wμν
− ðx; kÞ ¼ Wμνðx; kÞθð−k0Þθðk2Þ; ð77Þ

Wμν
S ðx; kÞ ¼ Wμνðx; kÞθð−k2Þ: ð78Þ

Different from Eq. (16), one can also introduce an alter-
native MVSD (also see Refs. [79–82] for the fermion’s
MVSD),
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fsrðx; kÞ ¼
1

2π
ϵr�μ ðkÞϵsνðkÞWμν

þ ðx; kÞ

¼ 1

ð2πÞ3
Z

d3qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Ekþq=2Ek−q=2

p X
s0;r0

e−iq·xδ

�
k0 −

Ek−q=2 þ Ekþq=2

2

�
has0†k−q=2ar

0
kþq=2i

× ϵr�μ ðkÞϵsνðkÞϵν�s0
�
k −

q
2

�
ϵμr0

�
kþ q

2

�
: ð79Þ

We can make a gradient expansion following the same procedure as in Eq. (50), we obtain

fð0Þsr ðx; kÞ ¼ δðk2 −m2Þθðk0ÞfBEðx;kÞδsr; ð80Þ

fð1Þsr ðx; kÞ ¼ δðk2 −m2Þθðk0Þf0BEðx;kÞF sr;

fð2Þsr ðx; kÞ ¼ δðk2 −m2Þθðk0Þ


fðþÞ
2 ðx;kÞδsr þ

1

2
f00BEðx;kÞ

X
s0
F ss0F s0r þ f̃ðx;kÞ

X
s0
Ξss0þ−Ξs0r

−þ

−
1

4
f00BEðx;kÞðξλν − ωλνÞðξρσ − ωρσÞ

kνkσ

m2
ð∂λkkαÞð∂ρkkβÞϵr�α ðkÞϵsβðkÞ

�

−
1

16
δ0ðk0 − EkÞf00BEðx;kÞðξλν − ωλνÞðξρσ − ωρσÞkσkν

�
Δρλ

E2
k
þ k̄ρk̄λ

E4
k

�
δsr; ð81Þ

with δ0ðxÞ ¼ ∂δðxÞ=∂x and

fðþÞ
2 ðx;kÞ ¼ f2ðx;kÞ −

1

4
f00BEðξλν − ωλνÞðξρσ − ωρσÞkσkν

�
1

2

Δλρ

E2
k
þ k̄λk̄ρ

E4
k

�
; ð82Þ

F ðBÞ
sr ¼ −iωλνϵ

ν�
r ðkÞϵλsðkÞ þ iξλνkν

1

Ek
½ϵ0�r ðkÞϵλsðkÞ − ϵ0sðkÞϵλ�r ðkÞ�; ð83Þ

F ðCÞ
sr ¼ −iΩλνϵ

ν�
r ðkÞϵλsðkÞ − iðωλν −Ωλν − ξλνÞkν

1

2Ek
½ϵ0�r ðkÞϵλsðkÞ − ϵ0sðkÞϵλ�r ðkÞ�: ð84Þ

In the comparison with Eqs. (58) and (59), F ðBÞ
sr and F ðCÞ

sr in Eqs. (83) and (84) have an additional term

ΔF ðBÞ
sr ¼ ΔF ðCÞ

sr ¼ ð∂μβνÞkν½i∂μkϵr�β ðkÞ�ϵβsðkÞ; ð85Þ

where ∂μk ≡ ð0;−∇kÞ. In global equilibrium, we observe that F ðB;CÞ
sr in Eqs. (83) and (84) do not depend on nμ, while fð2Þsr in

Eq. (81), F ðB;CÞ
sr in Eqs. (58), (59) and fð1;2Þsr in Eqs. (55) and (56) do depend on nμ. According to Eq. (85), the extra term

proportional to ∂
μ
kϵ

r�
β ðkÞ cancels the terms related to nμ in F ðB;CÞ

sr in Eqs. (58), (59).
From Eqs. (17) and (69) we can obtain the spin density matrix as the normalized MVSD in Eqs. (81),

ρðBÞ00 ðx;kÞ ¼
1

3
−

1

18fBE
f00BEΩ2

ðBÞ −
1

6fBE
f00BEðΩðBÞ · ϵ0Þ2 −

1

36
f00BEðξλν − ωλνÞðξρσ − ωρσÞΞλν;ρσ

ðþÞ

þ 1

36fBE
f̃ξλνξρσ



3ðΞss

ðBÞββÞλν;ρσ −
X
s

ðΞss
ðBÞββÞλν;ρσ

�
þOð∂3Þ; ð86Þ

for the Belinfante case, and
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ρðCÞ00 ðx;kÞ ¼ 1

3
−

1

18fBE
f00BEΩ2

ðCÞ −
1

6fBE
f00BEðΩðCÞ · ϵ0Þ2 −

1

36
f00BEðξλν − ωλνÞðξρσ − ωρσÞΞλν;ρσ

ðþÞ

þ 1

36fBE
f̃

�
ðξλν − ωλνÞðξρσ − ωρσÞ



3ðΞ00

ðCÞββÞλν;ρσ −
X
s

ðΞss
ðCÞββÞλν;ρσ

�

þ ðξλν − ωλνÞΩρσ



3ðΞ00

ðCÞβΩÞλν;ρσ þ 3ðΞ00
ðCÞβΩÞ�ρσ;λν−

X
s

ðΞss
ðCÞβΩÞλν;ρσ −

X
s

ðΞss
ðCÞβΩÞ�ρσ;λν

�

þ ΩλνΩρσ



3ðΞ00

ðCÞΩΩÞλν;ρσ −
X
s

ðΞss
ðCÞΩΩÞλν;ρσ

��
þOð∂3Þ; ð87Þ

for the canonical case, where we defined

Ωσ
ðBÞ ¼

1

m
ϵμλρσnλkρ

�
ωμνnν

m
Ek þm

þ ωμν
kν

Ek þm
− ξμν

kν

Ek

�
þ 1

2
ωμνϵ

μνρσnρ; ð88Þ

Ωσ
ðCÞ ¼ −

1

2m
ϵμλρσnλkρ

�
ξμν

kν

Ek
− ωμν

kν

Ek
− Ωμν

kν

Ek

Ek −m
Ek þm

−
2m

Ek þm
Ωμνnν

�
þ 1

2
Ωμνϵ

μνρσnρ; ð89Þ

Ξλν;ρσ
ðþÞ ¼ 3

kνkσ

m2



ϵλ�0 ϵρ0 þ

m
EkðEk þmÞ

�
k · ϵ�0
m

ϵρ0k̄
λ þ k · ϵ0

m
ϵλ�0 k̄

ρ

�
þ m2

E2
kðEk þmÞ2

k · ϵ�0
m

k · ϵ0
m

k̄λk̄ρ
�

þ kνkσ

m2

�
Δλρ þ k̄λk̄ρ

E2
k

�
: ð90Þ

Here, we simply drop δðk2 −m2Þ in the numerator and
denominator in the definition of the spin density matrix
(69) and take k0 ¼ Ek.
We can define the momentum dependent spin density

matrix as,

ρsrðkÞ ¼
R
d3xfsrðx; kÞR
d3xTrfðx; kÞ ¼

δðk2 −m2ÞTrðϱ̂as†k arkÞP
s0δðk2 −m2ÞTrðϱ̂as0†k as

0
kÞ

¼ Trðϱ̂as†k arkÞP
s0Trðϱ̂as

0†
k as

0
kÞ

; ð91Þ

where in the third equality, δðk2 −m2Þ functions cancel in
the numerator and denominator and k0 ¼ Ek is taken.

Interestingly, although ρðB;CÞ00 ðx;kÞ in Eqs. (86) and (87)

differ from ρðB;CÞ00 ðx;kÞ in Eqs. (70), (71), the momentum
dependent spin density matrix is the same for both choices
of MVSDs.

V. TIME REVERSAL PROPERTY OF SPIN
ALIGNMENT INDUCED BY SHEAR

STRESS TENSOR

In this section, we discuss the time reversal property of
the spin alignment induced by the shear stress tensor, which
is related to the question if the spin alignment induced by
the shear stress tensor dissipative.
If a transport coefficient in hydrodynamics is even under

the time reversal transformation (T even), the transport

effect is called nondissipative, while it is called dissipative
if the corresponding transport coefficient is T odd [94,95].
For example, the chiral magnetic effect is described by
j ¼ ξBB with ξB being the transport coefficient and is
nondissipative as it does not lead to entropy production
[96,97]. This can be seen by the time reversal trans-
formation of the current and magnetic field, j → −j and
B → −B, so the coefficient ξB is T even.
We consider the spin alignment induced by the shear

stress tensor in this work. From Eq. (79), we have

ρsrðx;kÞ ∼ ϵr�μ ðkÞϵsνðkÞWμν: ð92Þ

Given Wμν being a symmetric rank-2 tensor, it can be
associated with other symmetric tensors. In this context, we
consider the following terms

ϵr�μ ðkÞϵsνðkÞWμν ∼ aξμνϵr�μ ðkÞϵsνðkÞ þ b
�
ξμλξνλ þ ξμλξνλ

�
× ϵr�μ ðkÞϵsνðkÞ þOðξ3μνÞ; ð93Þ

where a and b are interpreted as transport coefficients.
Under the time reversal transformation, the polarization
vector transforms as

ϵs0ðkÞ→ ð−1Þsþ1ϵ−s0 ð−kÞ; ϵsi ðkÞ→ ð−1Þsϵ−si ð−kÞ; ð94Þ

which leads to the time reversal transformation of the spin
density matrix ρsr as
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ρsrðt;x;kÞ → ð−1Þsþrρ−r;−sð−t;x;−kÞ: ð95Þ

Additional related quantities under the time reversal trans-
formation are detailed in Table I. From this analysis, we
find that the transport coefficient a is T odd while b is T
even for ρ00. Therefore, following this analysis, it implies
that the spin alignment induced by the shear stress tensor in
the first order of the gradient expansion is dissipative.
The density operator ϱ̂R for a real system in local equili-

brium differs from ϱ̂ introduced in Eqs. (18) and (19).
From ϱ̂R and ϱ̂ we can obtain statistical average values of
the energy momentum tensor Tμν

R ≡ Trðϱ̂RT̂μνÞ and Tμν ≡
Trðϱ̂T̂μνÞ which are related by [72,84],

nμT
μν
R ¼ nμTμν; ð96Þ

where nμ is the unit vector perpendicular to the hypersur-
face Σ chosen in the density operator ϱ̂. It is important to
note that Tμν

R is not necessarily equal to Tμν, which is
computed from the density operators in Eqs. (18) and (19).
Following the Refs. [72,84], one can demonstrate that the
entropy production rate is given by

∂μsμ ¼ ðTμν
R − TμνÞ∂μβν: ð97Þ

When ϱ̂ ¼ ϱ̂R, we have Tμν
R ¼ Tμν, resulting in conserved

entropy. Consequently, any thermal quantity Trðϱ̂ÔÞ com-
puted using the density operator ϱ̂ in Eqs. (18) and (19) is
nondissipative, while the real ensemble averaged quantity
Trðϱ̂RÔÞ can be dissipative which can be computed using
the Kubo formula [71,72],

Tr½ϱ̂RÔðxÞ� − Tr½ϱ̂ ÔðxÞ� ¼ ∂μβνðxÞlim
k→0

ImT
Z

t

t0

d4x0
Z

t0

t0

dθh½T̂μνðθ;x0Þ; ÔðxÞ�iβðxÞe−ik·ðx0−xÞ: ð98Þ

For the spin alignment induced by the shear stress tensor
computed using the above formula, we refer the readers to
Ref. [69]. We also refer to the very recent analysis of the
nature of dissipation in shear-induced polarization within
the framework of quantum kinetic theory [98].

VI. SUMMARY

We have computed the spin density matrix element ρ00
up to the second order of gradient expansion at local equili-
brium using Zubarev’s approach. The spin density matrix is
obtained through the matrix valued spin dependent dis-
tribution function fsr. It is defined as the ensemble average
on the density operators ϱ̂, which depend on the choice of
the energy-momentum and spin tensors or pseudogauge.
We choose two forms of the energy-momentum and
spin tensors: Belinfante and canonical ones. Then we
obtain fsr up to the second order by making the gradient
expansion for ϱ̂.
The results for ρ00 to the first order are given in Eqs. (64).

We find ρ00 ¼ 1=3, meaning that there is no contribution
from the thermal vorticity and shear stress tensor to the first
order. The off-diagonal elements of the spin density matrix
are nonzero.

The results for ρ00 in the second order are presented in
Eqs. (70) and (71) with nonvanishing contributions from
both the thermal vorticity and shear stress tensors. The
exact expression for ρ00 depends on the pseudogauge, so
ρ00 are different in the Belinfante and canonical cases. In
global equilibrium with Killing conditions, ρ00 in both
cases converge to a unique expression as shown in Eq. (73).
The choice of the pseudogauge is a posteriori and should
be validated by experimental data.
The definition of fsr is also not unique. We discussed an

alternative choice of fsr in Eq. (79). The expressions for fsr
up to the second order of gradient expansion are given in
Eq. (81). Although the spin density matrices are different
from the previous one, they give the same integrated result
over the spatial coordinate, as shown in Eq. (91).
We finally discussed the time reversal property of the

spin alignment induced by the shear stress tensor, which is
related to the question of if the spin alignment induced by
the shear stress tensor is dissipative. The effective transport
coefficient for the spin alignment induced by the thermal
shear stress tensor is T odd in the first order, implying that
the first order effect is dissipative. For the ensemble defined
by the density operators in Eqs. (25) and (26), the
contribution to the spin alignment from the thermal shear

TABLE I. Time reversal transformation (TRT) for components of the shear stress tensor and spin density matrix.

Terms ∂0 β0 ξ00 ξ0i ξij ð−1Þsþrρsrðt; x;kÞ
TRT −∂0 þβ0 −ξ00 þξ0i −ξij ρ−r;−sð−t; x;−kÞ
Terms ∂i βi ð−1Þsþrϵr�0 ðkÞϵs0ðkÞ ð−1Þsþrϵr�0 ðkÞϵsi ðkÞ ð−1Þsþrϵr�i ðkÞϵsjðkÞ
TRT þ∂i −βi þϵ−r�0 ð−kÞϵ−s0 ð−kÞ −ϵ−r�0 ð−kÞϵ−si ð−kÞ þϵ−r�i ð−kÞϵ−sj ð−kÞ
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stress tensor only appears in the second order, since such
density operators can only give nondissipative effects.

Note added. Recently, we were informed of Ref. [99]
which works on a similar topic and appeared on arXiv on
the same day.
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APPENDIX A: DERIVATIONS OF EQS. (38)–(44)

From Eqs. (7), (21), (20) and (27), we obtain

P̂ν ¼ 1

2

Z
d3ynμ

Z
d3p
ð2πÞ3

Z
d3q
ð2πÞ3

X
s;r

h
Φsr;μν

ð1Þþ−ðp; qÞas†p arqeiðp−qÞ·y þΦsr;μν
ð1Þ−þðp; qÞaspar†q e−iðp−qÞ·y

−Φsr;μν
ð1Þ−−ðp; qÞasparqe−iðpþqÞ·y −Φsr;μν

ð1Þþþðp; qÞas†p ar†q eiðpþqÞ·y
i
; ðA1Þ

where the auxiliary functions Φð1Þ are

Φsr;μν
ð1Þþ−ðp; qÞ ¼

�
Φsr;μν

ð1Þ−þðp; qÞ
��

¼ 1ffiffiffiffiffiffiffiffi
2Ep

p 1ffiffiffiffiffiffiffiffi
2Eq

p f½ðp · q −m2Þgμν − 2pμqν�½ϵ�sðpÞ · ϵrðqÞ� − gμν½q · ϵ�sðpÞ�½p · ϵrðqÞ� þ 2qνϵμ�s ðpÞ½p · ϵrðqÞ�g;

ðA2Þ

Φsr;μν
ð1Þ−−ðp; qÞ ¼

�
Φsr;μν

ð1Þþþðp; qÞ
��

¼ 1ffiffiffiffiffiffiffiffi
2Ep

p 1ffiffiffiffiffiffiffiffi
2Eq

p f½ðp · qþm2Þgμν − 2pμqν�½ϵsðpÞ · ϵrðqÞ� − gμν½q · ϵsðpÞ�½p · ϵrðqÞ� þ 2qνϵμsðpÞ½p · ϵrðqÞ�g:

ðA3Þ

After integrating over y and q in Eq. (A1) and replacing p with q as the integral variable, we obtain

P̂ν ¼ 1

2
nμ

Z
d3q
ð2πÞ3

X
s;r

h
Φsr;μν

ð1Þþ−ðq; qÞas†q arq þΦsr;μν
ð1Þ−þðq; qÞasqar†q

−Φsr;μν
ð1Þ−−ðq; q̃Þasqar−qe−2iEqty −Φsr;μν

ð1Þþþðq; q̃Þas†q ar†−qe2iEqty
i
; ðA4Þ

where q̃ ¼ ðEq;−qÞ. The commutators are

½P̂ν; as†p � ¼ 1

2
nμ
X
r

h
Φrs;μν

ð1Þþ−ðp; pÞ þΦsr;μν
ð1Þ−þðp; pÞ

i
ar†p −

1

2
nμ
X
r

h
Φrs;μν

ð1Þ−−ðp̃; pÞ þΦsr;μν
ð1Þ−−ðp; p̃Þ

i
ar−pe−2iEpty

¼ pνas†p ;

½P̂ν; as−p� ¼ −
1

2
nμ
X
r

h
Φrs;μν

ð1Þþ−ðp̃; p̃Þ þΦsr;μν
ð1Þ−þðp̃; p̃Þ

i
ar−p þ

1

2
nμ
X
r

h
Φrs;μν

ð1Þþþðp; p̃Þ þΦsr;μν
ð1Þþþðp̃; pÞ

i
ar†p e2iEpty

¼ −p̃νas−p; ðA5Þ

where we have used following identities
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nμ
h
Φrs;μν

ð1Þþ−ðp; pÞ þΦsr;μν
ð1Þ−þðp; pÞ

i
¼ 2pνδsr;

nμ
h
Φrs;μν

ð1Þ−−ðp̃; pÞ þΦsr;μν
ð1Þ−−ðp; p̃Þ

i
¼ nμ

h
Φrs;μν

ð1Þþþðp; p̃Þ þΦsr;μν
ð1Þþþðp̃; pÞ

i
¼ 0: ðA6Þ

Analogous to the above formula, we obtain expressions for other operators. From Eqs. (27), (28) and (A1) we obtain

L̂λν ¼ −xλP̂ν þ 1

2

Z
d3yyλnμ

Z
d3p
ð2πÞ3

Z
d3q
ð2πÞ3

X
s;r

h
Φsr;μν

ð1Þþ−ðp; qÞas†p arqeiðp−qÞ·y þΦsr;μν
ð1Þ−þðp; qÞaspar†q e−iðp−qÞ·y

−Φsr;μν
ð1Þ−−ðp; qÞasparqe−iðpþqÞ·y −Φsr;μν

ð1Þþþðp; qÞas†p ar†q eiðpþqÞ·y
i
: ðA7Þ

From Eqs. (21), (31) and (32), we obtain

ŜλνB ¼ −2
Z

d3ynμ

Z
d3p
ð2πÞ3

Z
d3q
ð2πÞ3

X
s;r

h
Φsr;μλν

ð2Þþ−ðp; qÞas†p arqeiðp−qÞ·y þΦsr;μλν
ð2Þ−þðp; qÞaspar†q e−iðp−qÞ·y

−Φsr;μλν
ð2Þ−−ðp; qÞasparqe−iðpþqÞ·y −Φsr;μλν

ð2Þþþðp; qÞas†p ar†q eiðpþqÞ·y
i
; ðA8Þ

ŜλνC ¼ −
Z

d3ynμ

Z
d3p
ð2πÞ3

Z
d3q
ð2πÞ3

X
s;r

nh
Φsr;μλν

ð2Þþ−ðp; qÞ −Φsr;μνλ
ð2Þþ−ðp; qÞ

i
as†p arqeiðp−qÞ·y

þ
h
Φsr;μλν

ð2Þ−þðp; qÞ −Φsr;μνλ
ð2Þ−þðp; qÞ

i
aspa

r†
q e−iðp−qÞ·y −

h
Φsr;μλν

ð2Þ−−ðp; qÞ −Φsr;μνλ
ð2Þ−−ðp; qÞ

i
asparqe−iðpþqÞ·y

−
h
Φsr;μλν

ð2Þþþðp; qÞ −Φsr;μνλ
ð2Þþþðp; qÞ

i
as†p a

r†
q eiðpþqÞ·y

o
; ðA9Þ

where auxiliary functions Φð2Þ are

Φsr;μλν
ð2Þþ−ðp; qÞ ¼ Φsr;μλν�

ð2Þ−þ ðp; qÞ

¼ 1ffiffiffiffiffiffiffiffi
2Ep

p 1ffiffiffiffiffiffiffiffi
2Eq

p i½pμϵλ�s ðpÞ − pλϵμ�s ðpÞ�ϵνrðqÞ; ðA10Þ

Φsr;μλν
ð2Þ−−ðp; qÞ ¼ Φsr;μλν�

ð2Þþþ ðp; qÞ

¼ 1ffiffiffiffiffiffiffiffi
2Ep

p 1ffiffiffiffiffiffiffiffi
2Eq

p i½pμϵλsðpÞ − pλϵμsðpÞ�ϵνrðqÞ: ðA11Þ

Now we integrate over y and q in Eqs. (A7)–(A9) and replace p with q as the integral variable, we obtain

L̂λν ¼ −xλP̂ν þ 1

2
nμ

Z
d3q
ð2πÞ3

X
s;r

�

ty
qλ

Eq
Φsr;μν

ð1Þþ−ðq; qÞ þ igλi∂
i
qð1ÞΦ

sr;μν
ð1Þþ−ðq; qÞ

�
as†q arq þ igλiΦ

sr;μν
ð1Þþ−ðq; qÞð∂iqas†q Þarq

þ


ty
qλ

Eq
Φsr;μν

ð1Þ−þðq; qÞ − igλi∂
i
qð1ÞΦ

sr;μν
ð1Þ−þðq; qÞ

�
asqa

r†
q − igλiΦ

sr;μν
ð1Þ−þðq; qÞð∂iqasqÞar†q

þ


ty
qλ

Eq
Φsr;μν

ð1Þ−−ðq; q̃Þ − igλi∂
i
qð1ÞΦ

sr;μν
ð1Þ−−ðq; q̃Þ

�
e−2iEqtyasqar−q − igλiΦ

sr;μν
ð1Þ−−ðq; q̃Þe−2iEqtyð∂iqasqÞar−q

þ


ty
qλ

Eq
Φsr;μν

ð1Þþþðq; q̃Þ þ igλi∂
i
qð1ÞΦ

sr;μν
ð1Þþþðq; q̃Þ

�
e2iEqtyas†q a

r†
−q þ igλiΦ

sr;μν
ð1Þþþðq; q̃Þe2iEqtyð∂iqas†q Þar†−q

�
; ðA12Þ
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ŜλνB ¼ −2nμ
Z

d3q
ð2πÞ3

X
s;r

h
Φsr;μλν

ð2Þþ−ðq; qÞas†q arq þΦsr;μλν
ð2Þ−þðq; qÞasqar†q

−Φsr;μλν
ð2Þ−−ðq; q̃Þasqar−qe−2iEqty −Φsr;μλν

ð2Þþþðq; q̃Þas†q ar†−qe2iEqty
i
; ðA13Þ

ŜλνC ¼ −nμ
Z

d3q
ð2πÞ3

X
s;r

nh
Φsr;μλν

ð2Þþ−ðq; qÞ −Φsr;μνλ
ð2Þþ−ðq; qÞ

i
as†q arq þ

h
Φsr;μλν

ð2Þ−þðq; qÞ −Φsr;μνλ
ð2Þ−þðq; qÞ

i
asqa

r†
q

−
h
Φsr;μλν

ð2Þ−−ðq; q̃Þ −Φsr;μνλ
ð2Þ−−ðq; q̃Þ

i
asqar−qe−2iEqty −

h
Φsr;μλν

ð2Þþþðq; q̃Þ −Φsr;μνλ
ð2Þþþðq; q̃Þ

i
as†q a

r†
−qe2iEqty

o
; ðA14Þ

where ∂ð1Þ acts only on the first variable of Φð1; 2Þ in Eq. (A12). We can also define ∂ð2Þ, which acts only on the second
variable of Φð1; 2Þ. The commutators between OAM and spin tensor operators are

½L̂λν; as†p � ¼ −xλpνas†p þ 1

2

�

inμgλi

�
∂
i
pð1ÞΦ

rs;μν
ð1Þþ−ðp; pÞ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þ−þðp; pÞ

�
þ 2ty

1

Ep
pλpνδsr þ 2iδsrpνgλi∂

i
p

�
ar†p

þ inμgλi
h
∂
i
pð1ÞΦ

rs;μν
ð1Þ−−ðp̃; pÞ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þ−−ðp; p̃Þ

i
e−2iEptyar−p

�
; ðA15Þ

½L̂λν; as−p� ¼ xλp̃νas−p þ
1

2

�

−inμgλi

�
∂
i
pð1ÞΦ

rs;μν
ð1Þ−þðp̃; p̃Þ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þþ−ðp̃; p̃Þ

�
− 2ty

p̃λp̃ν

Ep
δsr − 2iδsrp̃νgλi∂

i
p

�
ar−p

− inμgλi
h
∂
i
pð1ÞΦ

rs;μν
ð1Þþþðp; p̃Þ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þþþðp̃; pÞ

i
e2iEptyar†p

�
; ðA16Þ

½ŜλνB ; as†p � ¼ −2nμ
nh

Φrs;μλν
ð2Þþ−ðp; pÞ þΦsr;μλν

ð2Þ−þðp; pÞ
i
ar†p −

h
Φrs;μλν

ð2Þ−−ðp̃; pÞ þΦsr;μλν
ð2Þ−−ðp; p̃Þ

i
e−2iEptyar−p

o
; ðA17Þ

½ŜλνB ; as−p� ¼ −2nμ
n
−
h
Φsr;μλν

ð2Þþ−ðp̃; p̃Þ þΦrs;μλν
ð2Þ−þðp̃; p̃Þ

i
ar−p þ

h
Φrs;μλν

ð2Þþþðp; p̃Þ þΦsr;μλν
ð2Þþþðp̃; pÞ

i
e2iEptyar†p

o
; ðA18Þ

½ŜλνC ; as†p � ¼ −nμ
nh

Φrs;μλν
ð2Þþ−ðp; pÞ −Φrs;μνλ

ð2Þþ−ðp; pÞ
i
ar†p þ

h
Φsr;μλν

ð2Þ−þðp; pÞ −Φsr;μνλ
ð2Þ−þðp; pÞ

i
ar†p

−
h
Φrs;μλν

ð2Þ−−ðp̃; pÞ −Φrs;μνλ
ð2Þ−−ðp̃; pÞ

i
e−2iEptyar−p −

h
Φsr;μλν

ð2Þ−−ðp; p̃Þ −Φsr;μνλ
ð2Þ−−ðp; p̃Þ

i
e−2iEptyar−p

o
; ðA19Þ

½ŜλνC ; as−p� ¼ −nμ
n
−
h
Φsr;μλν

ð2Þþ−ðp̃; p̃Þ −Φsr;μνλ
ð2Þþ−ðp̃; p̃Þ

i
ar−p −

h
Φrs;μλν

ð2Þ−þðp̃; p̃Þ −Φrs;μνλ
ð2Þ−þðp̃; p̃Þ

i
ar−p

þ
h
Φsr;μλν

ð2Þþþðp̃; pÞ −Φsr;μνλ
ð2Þþþðp̃; pÞ

i
e2iEptyar†p þ

h
Φrs;μλν

ð2Þþþðp; p̃Þ −Φrs;μνλ
ð2Þþþðp; p̃Þ

i
e2iEptyar†p

o
: ðA20Þ

Using Eqs. (36), (37), the commutation coefficients of Eqs. (40), (41) become,

Ξsr
ðBÞþþðpÞ ¼ −Ξsr�

ðBÞ−−ðp ↔ p̃Þ

¼ xλpνð∂λβνÞδsr − ð∂λβνÞ


1

2
inμgλi∂

i
p

�
∂
i
pð1ÞΦ

rs;μν
ð1Þþ−ðp; pÞ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þ−þðp; pÞ

�

þ ty
1

Ep
pλpνδsr þ iδsrpνgλi∂

i
p − nμΦ

rs;μλν
ð2Þþ−ðp; pÞ − nμΦ

sr;μλν
ð2Þ−þðp; pÞ

�
; ðA21Þ

Ξsr
ðBÞþ−ðpÞ ¼ −Ξsr�

ðBÞ−þðp ↔ p̃Þ

¼ −ð∂λβνÞe−2iEptynμ

�
1

2
igλi

h
∂
i
pð1ÞΦ

rs;μν
ð1Þ−−ðp̃; pÞ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þ−−ðp; p̃Þ

i
þΦrs;μλν

ð2Þ−−ðp̃; pÞ þΦsr;μλν
ð2Þ−−ðp; p̃Þ

�
; ðA22Þ
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Ξsr
ðCÞþþðpÞ ¼ −Ξsr�

ðCÞ−−ðp ↔ p̃Þ

¼ xλpνð∂λβνÞδsr − ð∂λβνÞ
�
1

2
inμgλi∂

i
p

h
∂
i
pð1ÞΦ

rs;μν
ð1Þþ−ðp; pÞ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þ−þðp; pÞ

i
þ ty

1

Ep
pλpνδsr þ iδsrpνgλi∂

i
p

�

−
1

2
Ωλνnμ

h
Φrs;μλν

ð2Þþ−ðp; pÞ −Φrs;μνλ
ð2Þþ−ðp; pÞ þΦsr;μλν

ð2Þ−þðp; pÞ −Φsr;μνλ
ð2Þ−þðp; pÞ

i
; ðA23Þ

Ξsr
ðCÞþ−ðpÞ ¼ −Ξsr�

ðCÞ−þðp ↔ p̃Þ

¼ −i
1

2
ð∂λβνÞe−2iEptynμgλi

h
∂
i
pð1ÞΦ

rs;μν
ð1Þ−−ðp̃; pÞ þ ∂

i
pð2ÞΦ

sr;μν
ð1Þ−−ðp; p̃Þ

i
þ 1

2
Ωλνe−2iEptynμ

×
h
Φrs;μλν

ð2Þ−−ðp̃; pÞ −Φrs;μνλ
ð2Þ−−ðp̃; pÞ þΦsr;μλν

ð2Þ−−ðp; p̃Þ −Φsr;μνλ
ð2Þ−−ðp; p̃Þ

i
: ðA24Þ

We use Eqs. (38)–(41) and (42) to evaluate Eqs. (43) and (44), the coefficients are obtained as

Dsrþþ ¼ −eβ·p
Z

1

0

dλe−λβ·pΞsrþþeλβ·p þ
X
s0
eβ·p

Z
1

0

dλ1

Z
λ1

0

dλ2e−λ1β·pΞss0þþeλ1β·pe−λ2β·pΞs0rþþeλ2β·p

þ
X
s0
eβ·p

Z
1
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Dsrþ− ¼ −eβ·p
Z

1

0

dλe−λβ·pΞsrþ−e
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X
s0
eβ·p

Z
1

0

dλ1

Z
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0
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Z
1

0

dλ1

Z
λ1

0

dλ2e−λ1β·pΞss0þ−e
−λ1β·p̃eλ2β·p̃Ξs0r

−−e−λ2β·p̃; ðA26Þ

Dsr
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Z
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Dsr
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1
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X
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1

0

dλ1
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0
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APPENDIX B: COEFFICIENTS FOR EQS. (62), (61)

Here, we list the coefficients in Eqs. (61) and (62),

ðΞss
ðBÞββÞλν;ρσ ¼ −Δ̃λνΔ̃ρσ − Δ̃λνðϵs�ρ ϵsσ þ ϵs�σ ϵsρÞ − Δ̃ρσðϵs�λ ϵsν þ ϵsλϵ

s�
ν Þ þ ðϵs�ρ ϵsνΔ̃λσ þ ϵs�σ ϵsνΔ̃λρ þ ϵs�ρ ϵsλΔ̃νσ þ ϵs�σ ϵsλΔ̃νρÞ

−
m

EkðEk þmÞ Δ̃λν



k · ϵ�s
m

ðϵsρk̄σ þ ϵsσ k̄ρÞ þ
k · ϵs
m

ðϵs�ρ k̄σ þ ϵs�σ k̄ρÞ
�

−
m

EkðEk þmÞ Δ̃ρσ



k · ϵ�s
m

ðϵsλk̄ν þ ϵsνk̄λÞ þ
k · ϵs
m

ðϵs�λ k̄ν þ ϵs�ν k̄λÞ
�

þ m
EkðEk þmÞ

k · ϵ�s
m

ðΔ̃λρk̄σϵsν þ Δ̃νρk̄σϵsλ þ Δ̃λσ k̄ρϵsν þ Δ̃νσ k̄ρϵsλÞ

þ m
EkðEk þmÞ

k · ϵs
m

ðΔ̃ρλk̄νϵs�σ þ Δ̃λσ k̄νϵs�ρ þ Δ̃νσ k̄λϵs�ρ þ Δ̃ρνk̄λϵs�σ Þ

þ m2

E2
kðEk þmÞ2

k · ϵ�s
m

k · ϵs
m

ðΔ̃λρk̄νk̄σ þ Δ̃λσ k̄νk̄ρ þ Δ̃νρk̄λk̄σ þ Δ̃νσ k̄λk̄ρ − 2Δ̃λνk̄ρk̄σ − 2Δ̃ρσ k̄λk̄νÞ; ðB1Þ
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ðΞss
ðCÞββÞλν;ρσ ¼ −Δ̃λνΔ̃ρσδss þ

k̃νk̃σ
E2
k

k̄2

m2
ϵsλϵ

s�
ρ −

kσ
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k · ϵ�s
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ϵsρΔ̃λν þ
k̃σ
Ek

k · ϵs
m

ϵs�ρ


�
Δλν −

k̄λk̄ν
E2
k

�
−

k̄λk̃ν
mEk

�

−
kν
Ek

k · ϵs
m

ϵs�λ Δ̃ρσ þ
k̃ν
Ek

k · ϵ�s
m

ϵsλ


�
Δρσ −

k̄ρk̄σ
E2
k

�
−
k̄ρk̃σ
mEk

�
− ðmΔλν − uνk̄λÞ

2k̄ρk̄σ
E2
kðEk þmÞ

k · ϵ�s
m

k · ϵs
m

− ðmΔρσ − uσ k̄ρÞ
2k̄λk̄ν

E2
kðEk þmÞ

k · ϵ�s
m

k · ϵs
m

þ kνkσ
E2
k
Δλρ

k · ϵ�s
m

k · ϵs
m

; ðB2Þ

ðΞss
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E2
k

k̄2

m2
ϵs�ρ ϵsλ −

k̃νkσ
E2
k

k̄ρ
m
k · ϵ�s
m

ϵsλ − Δ̃λν
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−
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k

k · ϵs
m
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þ Δλρ
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2
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m

; ðB3Þ

ðΞss
ðCÞΩΩÞλν;ρσ ¼

k̃νk̃σ
E2
k

k̄2

m2
ϵs�ρ ϵsλ −

k̃νkσ
E2
k

k̄ρ
m
k · ϵ�s
m

ϵsλ −
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m
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Δλρ; ðB4Þ

where we defined

Δ̃μν ¼ Δμν þ
k̄μk̄ν
E2
k
: ðB5Þ
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