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We compute the 00 element of the spin density matrix, denoted as p(, and called the spin alignment, up
to the second order of the gradient expansion in local equilibrium by Zubarev’s approach. In the first order,
we obtain pyy = 1/3, meaning that the contributions from thermal vorticity and shear stress tensor are
vanishing. The nonvanishing contributions to pyy — 1/3 appear in the second order of gradients in the
Belinfante and canonical cases. We also discuss the properties of the spin density matrix under the time
reversal transformation. The effective transport coefficient for the spin alignment induced by the thermal

shear stress tensor is T odd in the first order, implying that the first order effect is dissipative.
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I. INTRODUCTION

In noncentral heavy-ion collisions there is a huge orbital
angular momentum (OAM) generated in the initial state of
two colliding nuclei at relativistic energies. A small fraction
of the initial OAM can be transferred into the medium in
the form of the spin polarization of quarks (and antiquarks)
via spin-orbit couplings, which leads to the global spin
polarization of hadrons with respect to the reaction plane
[1-4]. Later, Ref. [5] has established a connection between
global spin polarization and hydrodynamic vorticity.

The global spin polarization of A hyperons (including A)
has been measured by experiments of STAR [6-10],
ALICE [11,12] and HADES [13]. These measurements
have been successfully described by a variety of phenom-
enological models [5,14-25]. In contrast, the spin polari-
zation along the beam direction as functions of azimuthal
angles [8,26] cannot be described by the polarization from
the thermal vorticity in hydrodynamic or transport simu-
lations using the Cooper-Frye formula [27,28]. Several
models have been proposed to explain the spin polarization

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2025/112(9)/094040(18)

094040-1

along the beam direction, such as spin polarization from the
temperature vorticity [29], the shear-induced polarization
[30-34], spin Hall effects [25,35,36], weak magnetic fields
induced polarization [37] and corrections from interactions
between quarks and background fields [38]. Very recently,
the hydrodynamical simulations with the assumption of the
isothermal equilibrium [39,40] and the results from blast
wave model [41] can give a quantitatively description to
local spin polarization at very high energy collisions, while,
the recent hydrodynamic studies on the spin polarization
along the beam direction at p + Pb collisions disagrees with
the data measured by CMS experiments [42,43]. Although
the azimuthal angle dependence of the spin polarization
along the beam direction can be qualitatively understood by
incorporating these effects, its quantitative description
remains a challenge in general [8,44,45]. We refer readers
to recent reviews about spin polarization in heavy ion
collisions [46-54].

Meanwhile, the spin alignment of vector mesons in
heavy ion collisions was also proposed [3]. The spin align-
ment of vector mesons is described by the spin density
matrix p,y, where s, s’ = 0, =1 represent spin states with
the specified spin quantization direction. The component
Poo can be measured through the strong decay of vector
mesons [55]. The condition pyy > 1/3 or py, < 1/3
corresponds to longitudinal and transverse polarization
(referred to the polarization vector of the vector meson
field) with respect to the spin quantization direction,
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respectively. The first measurement of the global spin
alignment of ¢ mesons in Au + Au collisions at |/syy =
11.5-200 GeV was performed by the STAR collaboration
[10]. The magnitude of pyy — 1/3 for ¢ mesons at low
energies is significantly larger than expected. In contrast,
the global spin alignment of K*° mesons was also measured
in the same experiment but it was found to be consistent
with zero within errors. Recently, the ALICE collaboration
also observed the spin alignment of J/¥ in Pb+ Pb
collisions at \/syy = 5.02 TeV [11].

The spin alignment of ¢ mesons can be described by the
relativistic quark coalescence model incorporated into the
spin Boltzmann (kinetic) equation for vector mesons,
where the quark and antiquark are polarized by the effective
¢ field [56-59]. There are other studies such as the models
based on glasma [60,61], self-energy effects [38], and
other second-order hydrodynamics effects [62], as well as
those employing the light-cone formalism [63]. It has been
found that unlike ¢ mesons, rescatterings in the medium
lead to a decay in the spin alignment of p mesons [64].
The spin alignment of J/W¥ has also been explored within
the holographic model [65,66]. The spin alignment of
vector mesons can also come from the shear viscous tensor
[67,68]. A study of the shear contribution in the quark-
gluon plasma [69] suggests that such a contribution is not
important as compared to that from the strong force field.

In this work, we investigate the spin alignment of vector
mesons using Zubarev’s approach [70-73] in quan-
tum statistical field theory. In this approach, hydrodynam-
ical quantities can be computed by the quantum statistical
method in global and local equilibrium. The approach
has already been applied to study the spin polarization
of A hyperons in both global [27,74-76] and local
equilibrium [33,34,77].

The structure of the paper is organized as follows.
In Sec. II, we introduce the spin density matrix of vector
mesons. In Sec. III, we expand the spin density matrix in
the gradient expansion. We derive the p® in the first and
second order in the gradient expansion in Sec. I'V. We study
the spin alignment induced by the shear tensor under time
reversal transformation in Sec. V and summarize in Sec. V1.
Throughout this work, we choose the metric ¢ =
diag{1,—1,—1,-1} and Levi-Civita tensor "% = 1.
For simplicity, for a four vector A* = (A, A), we define
A# = (A%, —A) and A* = (0,A).

II. VECTOR FIELDS AND SPIN DENSITY MATRIX

We start from the Lagrangian for charge nuetral spin-1
particles,

1 1
£:—ZFWFW+§m2A-A—A-j, (1)

where j* represents the source term, and

FW = gAY — A (2)

is the field strength tensor for the spin-1 particle. Note that
the A* field is real for charge neutral particles. The equation
of motion derived from this Lagrangian, known as the
Proca equation, is

(® + m?)A* — #9,AY = j*. (3)

Taking another derivative d, on both sides of the above
equation, we obtain

|
0,A" = Waﬂ J". (4)

If the source current is conserved, d-j = 0, the above
equation leads to a constraint equation

d-A=0. (5)

Under this condition, the Proca equation can be reduced to
the Klein-Gordon equation for each component of the field,

(0? + m?)A+F = jr. (6)

In free space without the source, j* = 0, the solution to
the Proca equation under the constraint (5) can be
expressed as

dp 1
A = [ —=——=
M(x) /(271.)3 /2Ep
x Y [apes(p)e 4+ ay e (p)e”],  (7)
s==1,0

where s = +£1, 0 denote three polarization states, and €;,(p)
is the polarization four-vector corresponding to the spin
state s and the on-shell momentum p* = (E,,p) with
E, =+/ Ip|*> + m?, (through it is denoted as a function of
the three-momentum p). Here, the creation and annihilation
operators satisfy the following commutation rule,

[ap.ay] = (27)°8(p — q)5,,. (8)

Note that the convention in the expansion in (7) is different
from Eq. (5) of Ref. [78] by a factor ,/2E, so the commu-

tation rule (8) is different from Eq. (6) of Ref. [78] by a
factor 2E,,. The constraint equation (5) becomes,

ple(p) =0, ©)

which implies that e;(p) is spacelike and has only three
independent components. In the particle’s rest frame, the
polarization vector is €5 = (0, e;) or €}, = (0, —e,), where
e, is a unit vector for the spin state s. For instance, if the

094040-2



SPIN ALIGNMENT OF VECTOR MESONS IN LOCAL ...

PHYS. REV. D 112, 094040 (2025)

quantization direction is along the y axis, we have

90:(0,1,0),
.
e = —E(I’O, 1),
1
e_; =———=(i,0,-1). 10
== 50.-1) (10)

These polarization vectors in the rest frame can be trans-
formed to the laboratory frame by the Lorentz trans-
formation,

é(p) = (p'e“vew P e (11)

m m(Ep, + m) p).

One can check that these polarization vectors satisfy
orthogonal and completeness relations

e (p)el (p)
_ Q)
m? )’

We can define the Winger function for the vector fields as

W””(x,k):/d4y< (x—§>A"( ;)>eik~a (14)

where (O) = Tr( O) with @ being the density operator to
be defined shortly. Inserting Eq. (7) for A# fields into the
above formula, at the leading order in %, we obtain

= _5&&" ’ (1 2)

S ek (p)et () = —(gw (13)

s

W (x, k) = 228(k> — m? Z{e ko)er (K )k (K) f s, (x, k)
+ 9(_k0)€l;(_k)€llf*(_k) [5” + frs(x’ _k)] }s
(15)

where §,, stands for the vacuum contribution, and f,(x, k)
is the sr component of the matrix valued spin dependent
distribution function (MVSD) [79-82],

3
fsr(x’k)_/(czlﬂ()ljg

where ¢" = (Exiq/2 — Ex_q/2.q)- Note that the MVSD
in (16) is different from that defined in Eq. (12) of Ref. [78]
by a factor 2E) and a transpose in spin space. The factor
2Ey is due to the convention in the expansion (7) and the
corresponding commutation rule (8). The spin density
matrix p for the vector meson is just the normalized MVSD,

for(x. k)
Trf(x, k)

e Tr (@af:—q/z“lr(m/z)’ (16)

psr(x.k) = (17)

In general, the MVSD can be defined in a variety of ways.
We will present an alternative definition for the MVSD
in Sec. IV C.

In this work, we adopt density operators in Zubarev’s
approach, following Refs. [70,72,73,83]. The local equi-
librium density operators have different forms correspond-
ing to different pseudogauges. For example, the Belinfante
or canonical forms of density operators are

on=-ew |- [am0)0)]. (18)

B

oe=-ew{~ [, |TE01.0)- 320030 }
(19

where p# = u*/T with u* being the fluid velocity, Q,, is
the spin potential, and X is a hypersurface. The subscripts
“B” and “C” represent the Belinfante and canonical forms
of energy-momentum tensors which are related by pseudo-
gauge transformation

TH = —FregrA, + g e ro_Lypa ac
C a 4 ap 2 a ’

A A 1 A o A
Ty =T¢ +50,(S" = 9% = 8%). (20)
In Eq. (19), the rank-3 spin tensor $** is given by

Srab — prPA® — Frapp, (21)

As mentioned, we consider real vector fields with vanishing
current density in Egs. (18), (19). If we aim to compute the
spin density matrix at the point x, then X is the hypersurface
passing x [33,84]. The choice of £ depends on what kind of
physics we would like to address, e.g., if we take X as the
freeze-out hypersurface, p(x, k) represents the spin density
matrix on that hypersurface.

II1. SPIN DENSITY MATRIX FOR VECTOR
MESONS IN GRADIENT EXPANSION

In the previous section, we show in Eq. (17) that the spin
density matrix for the vector meson is actually the nor-
malized MVSD which can be evaluated by Eq. (16)
involving the density operator ¢. In this section, we will
expand ¢ in terms of creation and annihilation operators
and compute the MVSD through Eq. (16).

As shown in Egs. (18), (19), ¢ depends on * and Q,,. As
a common strategy, we assume that $#(y) varies slowly in
the region where the correlation length of the system is
much larger than the distance |y —x|. So f#(y) can be
expanded in gradients [33],

Bu(y) = u(x) + 0,8,(x)(y = x)* + O(%).  (22)
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The symmetric and antisymmetric parts of 9,4, are the
thermal shear and vorticity tensors, respectively,

& =S (o' + op),

| =

W = —%(a”ﬁ” —op). (23)

It has been widely discussed that the spin potential is
proportional to the thermal vorticity tensor in global
equilibrium,

Qv = —§<aﬂﬂ” — )~ 0(d"). (24)

For further discussions on the spin potential, we refer the
readers to Ref. [83] in quantum statistical field theory and
to Refs. [85-89] in spin hydrodynamics (see, e.g., Ref. [53]
for a recent review).

In this paper we consider two types of density operators
0p and ¢c in Eqgs. (18), (19) and make gradient expansion
of 0 and O to the linear order. Inserting Egs. (22) and (24)
into Egs. (18) and (19), we obtain

1 R
5 = 5o {—ﬂxx) [ 00 - 0.0

[0 -+ o), (25)

2c = Lexp [—ﬁxx) [0~ 08,00
x [ ampEm) -y

+ %ij(x) é d=, 8" (y) + (9(02)] . (26)

For convenience, we introduce the momentum operator P*
and an auxiliary operator L**, both related to 7%,

P — L dz, T (y), (27)

i = [ dm -1 O, (28)

Replacing 7% in Eq. (25) by 7% in Eq. (20), we can
express the density operators as

1 “ R
5 =5 {—ﬁ,, ()P* — 3,8, (x)L7 ()

-0 + o) (29)

and

1 “ R
e = 5o [—ﬂﬂ ()P = 0,8, (¥) L2 (x)

1 N
+ 33t + o) (30)
where S%" and S/% are operators related to spin tensors

S = [, (50 + 40+ 54 0]. 1)

S — A dz, 8" (y). (32)

In Egs. (29) and (30) we neglected second order terms in
gradient expansion (22) and focus on effects related to 9,3,

Previous studies have shown that the spin polarization
vector for A and A hyperons in local equilibrium depends
on the choice of the hypersurface X in Zubarev’s approach
[33]. Therefore, to study the spin density matrix in local
equilibrium, it is essential to specify the hypersurface X in
density operators (18) and (19). In this paper, we adopt the
isochronous hypersurface %, following Refs. [33,90,91],
then the integral on X is

/ dzt :/d3yn", (33)
%

where n* = (1,0,0,0) is the time-directed normal vector
for the X, so the spin density matrix will depend on n*.

Now we deal with the trace in the distribution func-
tion (16)

<af—q/2alr<+q/2>
(s st
= Tr(QB,Cali—q/Zal};Jrq/Z)

1 S P
= ZCTr{exp [A(x) + BB‘C(x)]akT_q/zqup}, (34)

where Zg - = Trop ¢, and

A

A(x) = =B, (x)P", (35)

Bal) = -0, 0 (120 +38%). 60)

Belx) = =0p, (01 () + 3 (3. (37)

Hereafter we will suppress indices B and C for simple
notations. Using Eq. (8), we obtain the following
commutators
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A, ay] = =pp"ay’, (38)
(A a%y) = B, phay. (39)
B.ay] = Z A Z—sr p)a’,. (40)
Bas,) =Y B (p)ay + Z”‘r p)al,, (41)

r

where B represents By or B, and B} (i, j = %) are given
by Egs. (A21)-(A24) for Behnfante and canonical cases
with detailed derivations in Appendix A.

With the help of the Baker-Hausdorff formula

—1)2
eXYeX =Y — [X, Y] + ( 2,) X, [X, Y]]
(=1)°
+5 X, (X, [X. Y]] +---, (42)
and Eqgs. (38)—(41), we derive

eABgsi Atk — Z(eﬁ PS4+ DY) ay
+) DY al, +0().,  (43)

e‘A‘BaS_pe;”g = Z( PS4+ DY )ar,
ZDY+ap +0(d%), (44)

where B represents By or Be, pt = (Ep.—p), and coef-
ficients DfJ’ , with i, j = %, are given in Egs. (A25)—(A28).
By applying the cyclic property of trace and using Eqgs. (43)
and (44), we find

<ap’aiv31> Z(eﬂp(sn +D )< S1a1r)’>

+ZD” atpar,) +O(d%), (45)

. _ 1 -
k) = [ Pace{pyuapz., o 5 i p.2.0)

1 -
£ (x.k) :/d3qe"“{2 e(x, P)EL

1 —_
3 (IES )1 R N T S f%’é(x P)W'P’dﬂ-]z}

f(x k)('—‘+— —+)§r’

<a;,aip>:2( P55 + D) (a%yal )
+ZDSY

where (-) is defined in (34). Combining Egs. (45) and (46)
with the following relations,

(ayay’) = (ap'ap) +

)+ O(*), (46)

+ (27)6(p — P')5y

<as—pa}r)/> = <a£,a_p>, (47)
we can solve (af,Taw as,
<af;r )= (2x)s(p —p)[(/? =)+ D,
-D, AT'D_. |1+ O(%), (48)
where A = (e?#? —1)I + D__ with I being the unity

matrix in spin space. Inserting Eq. (48) into Eq. (16), we
derive the expression for f, up to O(d?%),

for(x. k) = / dPqe (P k-2 — 1)1+ D, |

- D._A'D_];8(q). (49)
where p* = (k—q/2)*
momentum derivatives.

We then consider the gradient expansion for f,(x, k),

. Note that D,, and D__ contain

= 90 k) + £V k) + F2 (k) + 00,
(50)

for(x, k)

where the superscripts “(i)” (i =0,1,2,...) denote the
power of the gradient. The zeroth order contribution is

1
o r= fBE('x’ k)a\‘r’

0
£ (x. k) = 1%

(51)
which automatically yields the Bose-Einstein distribution
fee(x,K) when s=r. The first and second order
results are,

5(q).

sr

(52)

- _fg/E(x P)E . [B P, E++]

5(q)

sr

(53)
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where f7;; denotes the nth derivative 0" f /0" (B - k) with After integrating over the d*q, Egs. (52), (53) we obtain
n being the number of primes, and f(x, k) is defined as
1
) L ok I3 () = () F . (55)
) k = -
f&k) 2B0Ex (M~ 1)? 1
: 2
1 P _ obk s A x.K) = fo(x, k)5, + 5 £l k)Y FoFo,
APIEK (P = 1)(ePF =) S
+ 7 k)Y = E (56)
In general, as mentioned, there will be additional second s/
order terms in the density operators Qg . The results
presented above do not account for these contributions. where f5(x,K) is defined as

1 1" k? A k* A
Fr(x. k) = (&, — @,5) (€ — 0, )Lz - (x, K)ke /}1<ng ——n ) <g" - )
k k

1, k” K+ APH kP
- k v __ U uo " ko kY 7
el e L Rt A L - | I
with & = (0,k) and A® = ¢* — ¢*9¢**, and the functions F,, corresponding to Belinfante and canonical cases read
1 1
]:Ef) _ m N7 Z i a2 , 38
S lwy, Ek + mn sr + 2 sr + lély Ek Ek +m sr ( )
€ _ i 1 Ey - 1 Ey — 22 7. iQ Pl 2m A LEk k'/llﬂ 59
]:.SV 2 MEkEk—f—m gqukEk_’_m sr 2 ‘v sr+Ek+m sr+EkEk+ sr | ( )
where
k-e . k-€f 1
W, = 6“6’,’ _ne el =—(0,—Kk x (e, x €})),
m m m
Pl = elret — ee, (60)

and €§ = ¢5(0) = (0, e,) is the polarization vector in the particle’s rest frame. After a lengthy but straightforward
calculation, we obtain expressions of >, 2% E%% for Belinfante and canonical cases,

D Q)
=ss’ =s's 1 v v c AYe=IX] 1 vOPo (=SS
Z:‘A(C)+_‘z(c) Z (5/{ - a)l )(fp -’ )(:‘(C)/}ﬁ)ly,/m + 492 Qr (:‘( )QQ)AD,/)(;

1 =S *
+ Z (é%y — " )Qﬂ [(“ ﬂg)ﬂy PO + (:(C)ﬁg)pa,iu} ’ (62)
where the coefficients Z** are given in Appendix B.

IV. GRADIENT EXPANSION FOR p"

A. First order results

To the first order in the gradient expansion, the spin density matrix p,, in Eq. (17) is given by

(0) (1) 2

O Lo@)
(X, K) = =20,
Prle ) =g 1y o) 3%

o+ O(? 63
3fBEf + O(0°). (63)
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We can explicitly express the components of p,, as

B C
o) (6. K) = i) (x. k) + O(?),
P (. k) = pP, (3. )

' 1 k 1
= 3J;I‘BBEE |:Ek +m €ﬂﬁ/)(7nﬂkﬂ€z—1 <wﬂynv — & E:;) + Ea)ﬂyeﬂvlmn[}eil ’
C C
Pl (k) = pf, (v k)

' 1 Ey — Ey — Ey —
- o Cupar R0 (v, T — gk, TR g FZTE o,
6fBE Ek +m mEk mEk mEk

— Q””eﬂypgnpeil} + 0(0%),

P (x k) = O(%). (64)

In global equilibrium, the Killing condition [83] gives Fir = —=(=1)SF7s, (67)
& =0 and Q" = w". The result in Eq. (64) reproduces

that in Ref. [92], and we have pﬁl:) = p§9 to the first order ~ Which further leads to
in the gradient expansion. In local equilibrium, however, ) .
the thermal shear stress tensor & is nonvanishing, so we haes (x, k) =—=(=1)""f W (x, k), (68)

have pglf) *+ p.(gf) except s = r = 0 to the first order.

A discussion about the result Eq. (64) is needed. and
We notice that the unit vector e, satisfies the identity W
e; = (—1)%e_, which leads to Trf) foo = f1 L4 =/2i1=0,
(1)

1 fio = f 0,~1°
Wi = (=1)"—(0.~k x (e, x e_,)) = —(=1)"""WL, _,

m

These properties of El,) follow Eq. (64).
(65)
pi (=1)"(e~ L& — ¢t e vy = (= )r+s\1111/1 (66) B. Second order results
To the second order in the gradient expansion the spin

Using the above relationship, we obtain density matrix reads

FO LD 4 D 4 o)

Por(x,K) = Tr(f(o) f(l) f(z)) T 0(03)
1
=30 g U+ )~ g T+ 00, (69)

We focus on the py, component of the spin density matrix. Inserting Eq. (56) into Eq. (69), we obtain

(B) _ 1 _ 1 ! 2 _ 1 / . 2 AU gpo ol _ =SS 3
Poo (ka)—g 18f2s BES2(p) /o 5e(Q(p) - €0)° + 367, Ef‘f & { (E%)55) 10po Z:("'(B)ﬂﬁ)ﬂy,/m:| + 0(°),

(70)

for the Belinfante case, and
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1 1

Poo)(x k)=z-— %EQ(C) ——[5(Qc) - €0)* +

37 18fp f

36f 5

Hle - - )

x |:3 (E(()g)/ﬁ’/)’)/ly,pa - Z(E?SC)/)'/)’)M,/M] + (éb - a)/lu)gpor |:3 (E‘( )/39)/11/ o + 3( =(c )ﬂQ)pa Av

N

-2 &

s

/JQ A, po - Z (—fs )ﬂQ)/)o’ iy:| QﬂUQPG |:3 (E(g)QQ)ly,pﬂ - Z (Efé’)QQ)Ab,po’:| } + 0(63) ’ (71)

N

for the canonical case. Here, we introduced the ) and € vectors for both Belinfante and canonical cases

1 kY 1
Q‘(’B) = E tm e’“’"’nlk ( Kfﬂ,, ) + Ewﬂbeﬂ”p"np,
1 1 Ey —m E,—m 1
[ Apc k k k -
ey =~ 2E, +m ks <a)m,k” mEk ~ Sk mE, ke mE, ZQﬂDn”> - EQ’“’e’W mp (72)

We find that nonvanishing contributions to pgy— 1/3
appear in the second order of gradients. In the Belinfante
case, the contributions come from quadratic forms of
thermal shear and vorticity tensors, while in the canonical
case there are extra terms of (3*4")(0f°), (0*f*)¥° and
Qe

We can roughly estimate the magnitude of the correc-
tions to pgg — % shown in Egs. (70), (71). Based on previous
hydrodynamic studies of the polarization of A hyperons,
e.g., in Refs. [25,93], the local polarization induced by
thermal vorticity and thermal shear tensor is of the order
of 1072. Consequently, the corrections to poy — % shown in
Egs. (70), (71) are estimated to be as large as 10~*. On the
other hand, determining the exact value and the sign of
0o —% requires systematic hydrodynamic simulations,
which will be presented elsewhere.

In the global equilibrium characterized by &* = 0 and

= Q. p% converges to the same value for both
Belinfante and canonical cases

1 1

M) =37 187 T 6f

+ O0(0%), (73)

Poo(x, he(Q-€)?

where Q° is given as

Q=

(8) =

(©)

1 1
— vy HUpO
= € n/lk w,,n" + Zw” LEMP%n

74
Ek—l—m ( )

P+

In local equilibrium, the expressions for pg, are different for
Belinfante and canonical cases, even when integrated over
space. The difference stems from distinct definitions of the
density operator ¢ in Eqgs. (18) and (19). Notably, in the
context of the spin polarization for A and A hyperons, ¢ is
typically chosen to be in the Belinfante form, as utilized in

|
the modified Cooper-Frye formula [27,28]. However, we
note that the results of the canonical and other forms of
density operators are very different from those of the
Belinfante form [77]. This discrepancy has led to discus-
sions regarding the physical appropriateness of these forms,
particularly in how they align with experimental data.
The choice of a specific form is often made a posteriori,
emphasizing the need for further empirical validation [77].
So which form of the density operator has more reflection
on the physical reality remains an open question. This
underscores the importance of continued experimental and
theoretical investigation to resolve this issue.

C. Another choice for MVSD

There is an alternative definition for the MVSD f,.
From the definition of the Wigner function in Eq. (15),
we can decompose the Wigner function into timelike and
spacelike parts in momentum [81],

W (x, k) = WE (x, k) + WH (x, k) + W (x, k), (75)
where WX’ (x, k) is the spacelike part and W* (x, k) are the
timelike parts (upper/lower sign corresponds to the pos-
itive/negative energy branch respectively), defined as

WA (x.K) = Wi (x, k) ko )O(K). (76)
Wi (x, k) = W (x, K)O(—ko)O(K2), (77)
W (x, k) = W (x, K)O(=K?). (78)

Different from Eq. (16), one can also introduce an alter-
native MVSD (also see Refs. [79-82] for the fermion’s
MVSD),
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fsr(x9 k) = —eZ*(k)e,‘/(k)Wff(x, k)

2

Ek—Q/2+Ek+Q/2>< s'F >

1 / dq Ze‘iq"‘é k
= - a
(27)° ) \/*Exiq2Ex—q2 5 0 2 a2 %2
x e (K)es (K )evr <k - 9)4‘ <k + ﬂ) (79)
ﬂ v SI 2 r/ 2 .
We can make a gradient expansion following the same procedure as in Eq. (50), we obtain
S (e k) = 8k = m?)6(ko) f s (x. KB, (80)
13 (e, k) = 6k = m?)0 (ko) fpp(x. K) F
£ (k) = 8% — m?)0(ko) | £57) (x. k)8, + - f Zﬂ«fﬂﬂ‘(x k) _EE

s

411_ BE(x k)(é:ﬂu - wiu)(f{m’ - /)o’)krn_z(éfcka)(g’/;kﬂ)ez*(k)e})’(k)]

b= B )6~ 00 o — i (4 ) (81)
YR k X, w— Wy o — Wpg T4 srs
16 BE / / E;  E}
with &'(x) = 96(x)/ox and
) ., o1 N
f2 (x’k) :f2(x’k) _ZfBE(é/lu_a)ﬂu)(gpo'_ /)a)k k 2 E2 +E—;1( ’ (82)
Fi) = iy (K)el (k) + gk [ ()€l (k) - (K )e (k)] (83)
Ey
Fi) = —iQ e (k) (k) — i(wy, — @, — &,)k 2Ek[ e (k)ei(k) — ed(k)er (k). (84)
In the comparison with Egs. (58) and (59), F §§) and F Ef) in Egs. (83) and (84) have an additional term
AFF = AFS = 9,8,k ide (k)] (K), (85)

where (_}“k = (0, —V,). In global equilibrium, we observe that F §‘§’C> in Eqgs. (83) and (84) do not depend on »n*, while f §3> in
Eq. 81), F89 in Egs. (58), (59) and £'+? in Egs. (55) and (56) do depend on n*. According to Eq. (85), the extra term
proportional to (_)“ke;*(k) cancels the terms related to n# in F Elf’o in Egs. (58), (59).
From Egs. (17) and (69) we can obtain the spin density matrix as the normalized MVSD in Egs. (81),
P K) = 3 = ey — i () €0 ~ e (B = ) (G = ) EL°
3 18fBE (B) — 6fBE BE\®%(B) " €0 36 BE\SAv Av)\Spo o) =(+)

T LT Z(Efgw,)@.,m} +0@). (36)

for the Belinfante case, and

094040-9



YANG, XIE, PU, GAO, and WANG

PHYS. REV. D 112, 094040 (2025)

1 1

(€) 1
K)=-——
pOO ('x’ ) 3 18fBE BE'

+

36/ e

8 = ) 3 i + 3

1 1
%C) - @f%E(Q(C) : 60)2 - %ng(é/ly - a)/lv)(g/)(r - w/)a)‘:(+)

Hlie - e -3

—Av,po

=00 _ =ss
E(Cypp)ivpo Z(H(cw)ﬂvm}

Bt o= D Eleyp) o — Z(Efém);m}

N N

+mw#@%@m—§@mﬁwﬁ+aﬂ, (87)
for the canonical case, where we defined
Q) = %gﬂlﬂﬁnlkp <a)ﬂynv Ek’j— . + @, Ekk:— —— En LI;_:) 4 %wﬂbeﬂwvnw (88)
=7 =3 % [66*65 " Ek(E:(nJr m) <k ::8 o+ k;:O eé*]}p) * Ei(E;nir m)? : ;:6 k;O K
28 (w0, (90)

Here, we simply drop 6(k*> — m?) in the numerator and
denominator in the definition of the spin density matrix
(69) and take ky = Ey.

We can define the momentum dependent spin density
matrix as,

_ xS R) 60— m)Tr(aya)
J&@xTef(x, k) S8k — m?)Tr(pdl ay)

st

_ Tr(eay ay)
Zx’Tr(@aiv(-}'ai/)

where in the third equality, §(k*> — m?) functions cancel in
the numerator and denominator and ky = Ey is taken.

Interestingly, although pég,c) (x,k) in Egs. (86) and (87)

differ from p{p”(x.k) in Egs. (70), (71), the momentum
dependent spin density matrix is the same for both choices

of MVSDs.

psr(K)

(1)

V. TIME REVERSAL PROPERTY OF SPIN
ALIGNMENT INDUCED BY SHEAR
STRESS TENSOR

In this section, we discuss the time reversal property of
the spin alignment induced by the shear stress tensor, which
is related to the question if the spin alignment induced by
the shear stress tensor dissipative.

If a transport coefficient in hydrodynamics is even under
the time reversal transformation (T even), the transport

|
effect is called nondissipative, while it is called dissipative
if the corresponding transport coefficient is T odd [94,95].
For example, the chiral magnetic effect is described by
Jj = &gB with & being the transport coefficient and is
nondissipative as it does not lead to entropy production
[96,97]. This can be seen by the time reversal trans-
formation of the current and magnetic field, j — —j and
B — —B, so the coefficient £z is T even.
We consider the spin alignment induced by the shear
stress tensor in this work. From Eq. (79), we have
P, k) ~ € (ke () W, (92)
Given W being a symmetric rank-2 tensor, it can be
associated with other symmetric tensors. In this context, we
consider the following terms

e (K)e) (k)W ~ ade; (K )ej (k) + b(§85 + &8,
<€ (k)ep (k) + O(G). (93)

where a and b are interpreted as transport coefficients.
Under the time reversal transformation, the polarization
vector transforms as

ey (k) = (=1)"Meg*(—k). ef(k) = (=1)*e* (k).

1

(94)

which leads to the time reversal transformation of the spin
density matrix p,, as
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TABLE 1. Time reversal transformation (TRT) for components of the shear stress tensor and spin density matrix.

Terms 9 Po oo oi &ij (=1)"*pg, (2. %, k)
TRT —dy +ho —&0o +&oi =& P—r—s(—1. X, —K)
Terms 9, Bi (=1)"""eg" (k)eg (k) (=1)"eg" (K)e; (k) (=1)ef (k)ej (k)

TRT +0; —Bi +e; (—k)ey* (k) -y (—k)er*(—k) —&—ei"*(—k)e;“’(—k)

psr(t,X,k) - (_1)S+rp—r.—s(_tvxv_k)' (95)

Additional related quantities under the time reversal trans-
formation are detailed in Table I. From this analysis, we
find that the transport coefficient a is T odd while b is T
even for py,. Therefore, following this analysis, it implies
that the spin alignment induced by the shear stress tensor in
the first order of the gradient expansion is dissipative.

The density operator g for a real system in local equili-
brium differs from ¢ introduced in Egs. (18) and (19).
From ¢ and ¢ we can obtain statistical average values of
the energy momentum tensor 7% = Tr(9g7*) and T =
Tr(¢T*) which are related by [72,84],

where n,, is the unit vector perpendicular to the hypersur-
face X chosen in the density operator ¢. It is important to
note that 7% is not necessarily equal to 7%, which is
computed from the density operators in Egs. (18) and (19).
Following the Refs. [72,84], one can demonstrate that the
entropy production rate is given by

d,s" = (T —T")0,p,. (97)
When ¢ = Qg, we have T = T#, resulting in conserved
entropy. Consequently, any thermal quantity Tr(9 O) com-
puted using the density operator ¢ in Eqgs. (18) and (19) is
nondissipative, while the real ensemble averaged quantity
Tr(¢grO) can be dissipative which can be computed using

n, g = n,T", (96)  the Kubo formula [71,72],
|
A~ A~ t r A A~ . ’
T060(0)] = Trlg O(x)] = 9,8, ()timimT [ a2’ [ do(#(0.x). O(0)] e (98)
- 1o to

For the spin alignment induced by the shear stress tensor
computed using the above formula, we refer the readers to
Ref. [69]. We also refer to the very recent analysis of the
nature of dissipation in shear-induced polarization within
the framework of quantum kinetic theory [98].

VI. SUMMARY

We have computed the spin density matrix element py,
up to the second order of gradient expansion at local equili-
brium using Zubarev’s approach. The spin density matrix is
obtained through the matrix valued spin dependent dis-
tribution function f,. It is defined as the ensemble average
on the density operators ¢, which depend on the choice of
the energy-momentum and spin tensors or pseudogauge.
We choose two forms of the energy-momentum and
spin tensors: Belinfante and canonical ones. Then we
obtain f, up to the second order by making the gradient
expansion for Q.

The results for py to the first order are given in Egs. (64).
We find pgy = 1/3, meaning that there is no contribution
from the thermal vorticity and shear stress tensor to the first
order. The off-diagonal elements of the spin density matrix
are nonzero.

|

The results for py, in the second order are presented in
Egs. (70) and (71) with nonvanishing contributions from
both the thermal vorticity and shear stress tensors. The
exact expression for p, depends on the pseudogauge, so
poo are different in the Belinfante and canonical cases. In
global equilibrium with Killing conditions, pg, in both
cases converge to a unique expression as shown in Eq. (73).
The choice of the pseudogauge is a posteriori and should
be validated by experimental data.

The definition of f, is also not unique. We discussed an
alternative choice of f, in Eq. (79). The expressions for f,
up to the second order of gradient expansion are given in
Eq. (81). Although the spin density matrices are different
from the previous one, they give the same integrated result
over the spatial coordinate, as shown in Eq. (91).

We finally discussed the time reversal property of the
spin alignment induced by the shear stress tensor, which is
related to the question of if the spin alignment induced by
the shear stress tensor is dissipative. The effective transport
coefficient for the spin alignment induced by the thermal
shear stress tensor is T odd in the first order, implying that
the first order effect is dissipative. For the ensemble defined
by the density operators in Egs. (25) and (26), the
contribution to the spin alignment from the thermal shear
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stress tensor only appears in the second order, since such ~ Contract No. 2022YFA1605500, by the Chinese Academy

density operators can only give nondissipative effects. of Sciences (CAS) under Grant No. YSBR-088 and by
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Note added. Recently, we were informed of Ref. [99] Grants No. 12075235, No. 12135011, No. 12175123, and

which works on a similar topic and appeared on arXiv on  No. 12147101.
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1 d3p S}"I/ STiUy r' —
_§/d3y”ﬂ/(2n)3/ 32[ 1 (p.a)ay age' Y + O (p. q)apaq e P

q)zr)ﬂl/ (p q)apa e i(p+q)y q)ir)}w (p q)ai)i'arlel(]7Jrc])~y:|7 (A])

No data were created or analyzed in this study.

where the auxiliary functions ®@(;) are

sr ;w

(p.q)=[®}" (p.9)]"

- {[(p-q—m*)g™ —2p"q"][e;(p) - €.(@)] — ¢*“[q - €:(p)][p - €.(q)] +2¢°€5™ (p)[p - €,(q)]}.

—
—

= {[(p-q+m*)g” =2p'q"|les(p) - €.(q)] — 9“[q - (P[P - €-(q)] + 2¢*€5(p)[p - €.(q)]}-

P q
(A3)
After integrating over y and ¢ in Eq. (A1) and replacing p with ¢ as the integral variable, we obtain
ﬁy _ 1 d3q q)xr;;w st r q)sr;,uy s rf
= E”u Wz (1)+_(q’ q)aq aq + (1)_+(‘]7 Q)aqaq
s,r
- O (q. 3)ajarqe B — @) (. q)ay ale et . (A4)
where § = (E4, —q). The commutators are
> i 1 rs; ST, rt r ~ T —2i
[Py,af)‘] :Enﬂz [d)(l’);f:_(p,p) +®El>lf+( :| ——i’l Z[ e +¢>E )ﬂy (P p)] e~ 2Eply
=p a,‘f,
[fw Z[ D" ;w ﬁ l~7 +(I)<‘r)”” (ﬁ P :| a, + Z[ @' ﬁ:r b —|—(D‘X;>’f:+(ﬁ,p):| alr"l'e2iEpz).
= —p‘al,, (AS)

where we have used following identities
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m [ Q[ (p.p) + O (p. )] = 2p76,
[ @ (P p) + O (p.B)| = m [ (p. B) + O, (. p)] = 0. (A6)

Analogous to the above formula, we obtain expressions for other operators. From Egs. (27), (28) and (A1) we obtain

~ a l sr v Sripy r —l .
L/w_—_lel’—FE/d:z'yylnﬂ/ / 32[ ” p q ap aqe i(p— Q)y+(l)( )ﬂ (p q) T i(p=q)-y

_(I)Eryﬂ/ (p.q)ajane™ oy —q)Er)lj:Jr(p q)ay ag ¢ (p+61)'y]' w

From Egs. (21), (31) and (32), we obtain

Qv d3p FOS Ay i(p—q)- SripAy s T —q)-
5 :_2/d3y"”/(2n)3/ 32[ Y (P q)ay e 70 + O (p. g)apag e

- O (p. q)apaye 0 — O (p. q)aylaylellrH -

v _ /d3 / 27[)3/ 32{[ O (p _(Dz"r)ﬂvﬂ(p q)}a alei(r=a)y

+ [q’fﬁﬁ’fi(p,q) - o (p, q)} sag e POy — [d)fg"_‘f(p,q) - 5" (p, q)]  alei(P )y

- [(Df’)’f’jr(p q) — <I>f’)’fi(p q)} ayay' e (p+q)~y}, (A9)
where auxiliary functions @, are

O (p.q) = O (p.q)

=L L ipeei(p) - pret (p))et(a). (A10)

O (p.g) = d’f’)"”*(p q)

=\/ﬁ\/ﬁi[p”eﬁ(p)—p*e’s‘(p)}eﬁ(q)- (Al1)

Now we integrate over y and g in Eqs. (A7)-(A9) and replace p with g as the integral variable, we obtain

i‘iu:_xlpu+ n / 3Z{|: frpw ( zgfa’q fr;w q q) aq aq_'_lg,{q)srm/ (6] q)(a,a )
_ql T
Sy i sr v . ST P r
+ tyE—qcDm/‘ )= ighdl O, (g, q>] a = i O}, (q.q)(9ay)dg
r A
T ] I
[ O 0 = 10 B 0.0 [ e e, i (0. e

A
q . sr ; 5 . l )
-+ l‘yE—q(DEI)’j: ( +lgﬂa vrﬂv (6] (]):| 2iEqt, sl i‘(]—l-lg’lq)‘”w (q C]) 2iEyt, (dilas )ar_}(l} (A12)
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Q d3 sr v SripAv ri
Sy = —2nﬂ/ E Z[ ’M “(g.q)ay ai + @, )”’1 (q.q)ayaq

- O (q. @)agar e — QU (g.3)ay e . (A13)
st =, [ & Gt A [P ) = 0t ) Ja a + [0 (0. - @05 0

— |5 (0.9) ~ O (q.9) | ajar e — |00 (4.9) - O (q.9)|a e} (AL4)

where 0(;) acts only on the first variable of ®(1,2) in Eq. (A12). We can also define 0(2)» which acts only on the second
variable of ®(1,2). The commutators between OAM and spin tensor operators are

7 s s 1 . I Ykt i @S 1 v i v i r
[Li”,a‘pw = —x’lp”a‘pT +—{ |:Nl”g?L (ap(l) a )ﬂ (p p) +0 p(2) ( )ﬂ (P P)) + 2tyE_p/1p 55r + 2155rp g;lap:| apT
r

2

+ inﬂgf [ai;(l) (rs)ﬂb (p.p) + al fr)’w (ps P)} 2iE"["'ar—p}v (A15)
7 v at 1 i rs ;w i SEHY [~ o~ ]3/1]3” . ~y i -
LY, atp,] = xtpY aly, + —in g’l(a (p p)+0 ) ¢>(l)+_(p,p)) —2tyE—5S, —2ib,,p gﬁa,, al,

p
~inug; [al Ojis (D) + 0 )‘I’frfﬁ(ﬁ»p)}eZiE"’-"af)T}, (Al6)

Qv st rr Av STHAY rs;puld SriHAY ~ —2i 7
St ay'] = =2, [OF1 (p. ) + O (0. p) | = [@1% (5. p) + O™ (p. )| 2 Ertary | (A17)
[S‘/g, a‘ip] = —Znﬂ{_ [q)zr)ﬂ/lv (ﬁ p) + q)g)”_/{i(f?, ﬁ)} aip + [(DZ;)Ti(P, ﬁ) + @E;;ﬁi(i), p):| 2iE t, apT} (A18)

8t ay] = = d @51 (0. p) = @58 (p. p) | + [@35 (. ) = @3 (1. )| ap

TSV [ ~ rs VA i SripuAY ~ Sriuvi ~ —2iE.t, 1
- {‘I’@)ﬂ——(l’vl’) - O 72 (P, p)] bl [‘%" (p.p)— <I><2>"__(p,p)}e ”P“a_p}, (A19)
Sv/lu s ] — _ q)sr;ulu ~ o~ (I)fr/u//l ~ o~ cI)rf/Mu ~ o~ q)rf;w/l ~ ~ r
[S¢, alp) = —n, @)1 (P P) = @) (P, P)|a ()t (P D) = P25 (P, P) | aly
+ [‘PE’)’fi(p p) =@y (p.p ] Mt ay [ o (p. p) —<1>E§3’ffi(p,i?)}eZiEﬂ’>'a£T}. (A20)

Using Eqgs. (36), (37), the commutation coefficients of Egs. (40), (41) become,
=5, (p) = —Ei5__(p < P)
= x*p*(0,8,)85, = (9,,) { in,g;d, (0’ Y (p.p) +0§,(z>q’ff}"_”+(p,p))

1 IS UAV S, v
+1, —p AprS,, + i, pY gf()’ —-n CI)( )’M (p.p)—n, <I> ’M ( p)] (A21)

Elhy+-(P) = —Eip_.(p < P)

—@mwM"{@Pl “w:m+%@®mmwﬂ+¢Xﬂnm+¢ﬁﬂnm} (A22)
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B, () =B __(p < D)
= x*p¥(0:,)85r — (9,8, { in,gto, [ rs’w _(p.p) +0’( %) Er)’”’ (p, p)} —l—tyELpp’lp”éS,#— iésrp”gfdfp}
1 rsyp rs VA sriudv sr VA

=3 [OF (b, p) = O (. ) + O (p. p) — @5 (. p)]. (A23)
By (p) = ”E”} (p < p)

—zi(alﬂy)e‘ZiEv’yn#gﬁ [02(1) ZS)W (P.p)+ fy ) Sr)}w (p. P)} +%Q/I 2 Py,

x (@01 (B, p) = ™ (b, p) + O™ (p. B) - ® (1. ). (A24)

We use Egs. (38)—(41) and (42) to evaluate Egs. (43) and (44), the coefficients are obtained as

D++:_e/fp/ daePrEsT, /1/31’_|_Ze/’!’/ d/ll/ ddpe ™ PPESS, ehPPe~hPPEST ehhr
0
+Zeﬁp/ d/ll/ dllze-alﬁpws —Alﬁ~pelzﬁ-ﬁ551exzﬁ-p’ (A25)

1 A
DY = _eﬁ-P/ dpe P PEST_e~P 4 Zeﬁ-p/ di, / : dgze—ilﬁ-pgiie/hﬂpe—izﬁ-pgir_e—lz/ﬁv
0 0 0

1 A , L .
+Ze/”'f’ A di, A Al HPPESS o~hPP I PPES T PP, (A26)
DS — —/317/ dAeMPEsT o /1/317+Ze—/)’p/ d/ll/ dAy e PPESS o=hPP B DS T g=ab P
0
+Ze—ﬂp/ dﬂl/ ddo @M PPESS, PP e hP PEST =i D, (A27)

DS, = —e” -iv/ dierEs, ﬂ/3p+ze—ﬁn/ d/ll/ dan et PPESS o~hPD b PEST ghafp
+Ze—/”'f’ / dir / iy PPESS, PP o~ iaP ST g, (A28)
7 0 0

APPENDIX B: COEFFICIENTS FOR EQS. (62), (61)
Here, we list the coefficients in Egs. (61) and (62),

Elop)non = ~Badyo = Baley s + ) - pa<€“‘*€i +ee) +(erabd, teral, +eral,, +ereh,,)
m -~ |k-€r, -
A Sk sk ‘*k o
Ek (Ek + m) Av |: m (€/) el + €{r ) (6 + €o, /)):|
B = A k ' €;k <€S]_( + €SI_€ ) =+ k "6 (€S*]_C + €S*I_€ )
Ex(Ex +m) 7| m 47 v ek ek
m k-ef - - o o
" Ex(Ex +m) S (Bypkees + Ay kges + Ajokyel + Aok ,el)
m k-e, ~ - o o o
" Ex(Ex +m) m (Bpikyes’ + Djokye) + Ayghae)” + A, kaes’)
m* k-€eik-eg o o o o
" E2 (Ek =+ m)2 m (Aipk k + A’lﬁk k Awkﬂko— + Auo—k/lk/) - 2Alyk/)kn - ZA/)ﬁk,lky)y (Bl)
k
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s . ki, k2 . k. k-€l y ke ke kk,)\ kK,
(Eten)pr = “BaByedu + " Eq m2 2% " Ey pha Ex m i [(AM_ Eﬁ)  mE,
k k-e; .« k,k, ; 2kk,  k-ctk-e,
T 63 Apa L - (mAllu - ”vk/l) 2 £
Ek m mEk Ek(Ek+m) m m
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