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We investigate the asymptotic symmetries of quantum electrodynamics in three dimensions, demon-
strating that their actions on asymptotic states are trivial under the assumption of confinement.

DOI: 10.1103/x92g-9w2h

I. INTRODUCTION

Over the past decade, the infrared (IR) structure of
gauge and gravitational theories on asymptotically flat
spacetime has been studied through asymptotic sym-
metries [1–31]. For example, soft theorems concerning
low-energy scatterings of massless particles were found to
be equivalent to the Ward-Takahashi identity of asymp-
totic symmetries. Moreover, memory effects were
revealed as the conservation law of asymptotic charges.
Asymptotic symmetries are also relevant to numerous
studies, including IR divergences [32–40], amplitudes
[41–46], gravitational waves [47–53], and the celestial
holography [54–65].
Despite many works on low-energy aspects of gauge

theories in terms of asymptotic symmetries, previous
studies have paid little attention to confinement, a crucial
aspect of the low-energy behavior of gauge theories.1 In
gauge theories, the asymptotic symmetries, which are a
class of large gauge transformations, can be physical
symmetry (not gauge redundancy), unlike small gauge
transformations. The action of asymptotic symmetries
depends on the asymptotic structure (i.e., asymptotic
physical phase space) of the theory under consideration.
Since confinement prevents charged particles from
existing independently, it is reasonable to anticipate that
properties of asymptotic symmetries in confinement the-
ories, such as four-dimensional quantum chromodynamics
(QCD), are drastically different from those in deconfined
theories, such as four-dimensional quantum electrodynam-
ics (QED). Indeed, it has been discussed and expected that

a kind of large gauge symmetry2 is spontaneously broken
in QED4 [67] and it is not broken in QCD4 [68].
In QED4, the action of the asymptotic symmetries on

asymptotic states has already been investigated in various
literature, e.g., [4,15,16,28]. The asymptotic charges
defined on future/past infinities are the Noether charges
associated with large U(1) gauge transformations with a
class of gauge parameters αðxÞ and divided into two parts,
the hard and soft parts,

Q�½α� ¼ Q�
hard½α� þQ�

soft½α�: ð1Þ

The hard part is determined from the asymptotic data of
charged particles. The soft part is related to long-range
behaviors of gauge fields and essentially acts only on soft
photons. The sum (1) is conserved as Qþ ¼ Q−, not each
part. Thus, the mixing of the hard and soft parts is allowed,
and it leads to the soft photon theorem [69] and the
electromagnetic memory effect [70,71]. In addition, the
symmetry is spontaneously broken, and consequently the
spectrum of QED4 is infinitely degenerate. More precisely,
the Hilbert space is decomposed into the superselection
sectors determined by the value of Q�, and states in each
sector have dresses of soft photons (see also [72–76]).
Such dressed states are inevitable to realize the conserva-
tion lawQþ ¼ Q− and to obtain IR-safe S-matrix elements
[32,33,39,40].
Does a similar structure hold in confined gauge theories?

We conjecture that the answer is no—the asymptotic
symmetries act on asymptotic states trivially. This is
because in confined theories, there is no charged particle
in asymptotic states and thus there is no way for them to
dress up with soft massless gauge particles. Consequently,
degeneracies arising from dressing are absent, resulting in
the trivial action of asymptotic symmetries. In other words,
the asymptotic symmetries are a gauge redundancy in
confined theories.
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1As far as we know, [66] is one of the few exceptions.

2The large gauge symmetry discussed in [67,68] is slightly
different from the asymptotic symmetry in recent papers because
the charges for the former transformation are not well defined.
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It sounds trivial for gapped theories—such as QCD4,
which is believed to be gapped—because the absence of
massless particles in the spectrum implies that there is no
freedom contributing to the soft part Q�

soft. We speculate
that our conjecture holds even in gapless theories.
As a nontrivial support for this conjecture, we consider

(2þ 1)-dimensional QED in this paper (we refer to [77–82]
for references of QED3). In this theory, charged particles
are confined, while massless photons can exist. We inves-
tigate the connection between the confinement and the
asymptotic symmetries in this theory. Specifically, we
construct the asymptotic charges and demonstrate that their
actions on asymptotic states are trivial. We note here that
asymptotic symmetries in three-dimensional (asymptoti-
cally) flat spacetime are also discussed, e.g., in [83–86].

II. ELECTROMAGNETISM IN THREE
DIMENSIONS

We consider the Maxwell action in 2þ 1 dimensions
minimally coupled with charged fields as

L ¼ −
1

4
FμνFμν þ Lcharge; ð2Þ

where Lcharge is the Lagrangian of charged particles. In this
paper, we consider only massive charged particles to avoid
technical difficulties due to massless particles. Although we
do not specify the kind of matter fields, we assume that they
do not produce the mass term of photons via loop effects.3

Thus, we suppose that photons are massless at the quantum
level.4

We first review the classical property. The confinement
property of this theory indeed can be seen even at the
classical level because the potential between charged
particles diverges as a logarithm of the distance.5

The equation of motion for the gauge field is□Aμ ¼ −jμ
in the Lorenz gauge ∇μAμ ¼ 0, where jμ is the Noether
current associated with global U(1) symmetry of Lcharge and
our convention of the metric signature is mostly plus one. By
means of Green’s function, which satisfies □Gðx − x0Þ ¼
−δð3Þðx − x0Þ, the solution is given by

AμðxÞ ¼
Z

d3x0Gðx − x0Þjμðx0Þ: ð3Þ

We here take the retarded Green function as Gðx − x0Þ, and
the explicit formula in 2þ 1 dimensions is given by

Gðx − x0Þ ¼ Θðt − t0 − jx − x0jÞ
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt − t0Þ2 − jx − x0j2

p e−εðt−t0Þ; ð4Þ

where x; x0 represent the spatial coordinate, ΘðxÞ is the step
function, and ε is an adiabatic factor introduced to shift the
poles in the energy plane, or equivalently, to realize the
boundary condition corresponding to the retarded Green
function. For example, the gauge field produced by a
uniformly moving charged particle (mass m and charge e)
along the trajectory xðtÞ ¼ ðp=EÞt is

AμðxÞ ¼ −
epμ

2πm
log

�
εE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp · xÞ2 þm2ðx · xÞ

p
m2

�
; ð5Þ

where we have omitted the terms that vanish in the
limit ε → 0.
This result leads to the logarithmic confinement of

charged particles. The potential energy between two
charged particles with distance r diverges as log r in the
infrared limit r → ∞. For comparison, let us recall QED4,
where the potential energy is suppressed in the infrared as
1=r. This suppression of the potential allows us to separate
two charges at a long distance, and electrons can exist as
independent particles in the asymptotic region. In three
dimensions, however, asymptotic charged particles are
prohibited to exist by the finite energy condition. This is
the logarithmic confinement of QED3.
To investigate asymptotic symmetries later, let us evaluate

the asymptotic behavior of the Coulomb potential (5) near
the future/past null infinities I�. For this purpose, we
use the retarded/advanced Bondi coordinates by introducing
u ≔ t − r; v ≔ tþ r. The three-dimensional Minkowski
coordinates ðt; x; yÞ are related to these coordinates
ðu; r; θÞ or ðv; r; θÞ as

t ¼ uþ r; x ¼ r cos θ; y ¼ r sin θ; ð6Þ

t ¼ v − r; x ¼ r cos θ; y ¼ r sin θ; ð7Þ

and the Minkowski line element is mapped to

ds2 ¼ −du2 − 2dudrþ r2dθ2; ð8Þ

ds2 ¼ −dv2 þ 2dvdrþ r2dθ2: ð9Þ

We reach the future/past null infinityI� by taking a large r
limit with ðu; θÞ or ðv; θÞ fixed, respectively. The behavior
of the gauge field (5) near Iþ is evaluated as

3A charged Dirac fermion with mass m and charge e produces
the Chern-Simons term at the 1-loop, and it induces the photon
mass term proportional to e2sgnðmÞ. For example, the photon
mass term is not induced if we have a pair of Dirac fermions with
the same charge but opposite-sign masses.

4We basically regard the gauge group as noncompact to ensure
the masslessness of photons. Nevertheless, the compact U(1) may
also be allowed if we have a sufficiently large number of massless
flavors.

5We call it logarithmic confinement. Including quantum
effects, this behavior of potential may change. For example, it
is expected that we have a linear potential if the gauge group is
compact U(1) [77].

KEITO SHIMIZU and SOTARO SUGISHITA PHYS. REV. D 112, 105001 (2025)

105001-2



AμðxÞ ∼ −
epμ

2πm
log

�
εEðE − p · x̂Þr

m2

�
; ð10Þ

at the leading order of r, where x̂ ≔ x=r. Each component
behaves as

Au ¼ At ∼Oðlog rÞ;
Ar ¼ At þ cos θAx þ sin θAy ∼Oðlog rÞ;
Aθ ¼ −r sin θAx þ r cos θAy ∼Oðr log rÞ: ð11Þ

Similarly, near I −, we have

AμðxÞ ∼ −
epμ

2πm
log

�
εEðEþ p · x̂Þr

m2

�
: ð12Þ

The leading part of the gauge field (10) or (12) is
independent of u or v, respectively, and does not contribute
to the soft part of asymptotic charges.

III. ASYMPTOTIC BOUNDARY CONDITIONS AND
ASYMPTOTIC SYMMETRY

What contributes to the soft part is a long-range part of the
radiation modes. We define the radiation modes as ones with
the dispersion relation of free photons,6 that is, the modes
that can be expanded by the Fourier modes e�ið−ωðkÞtþk·xÞ
with ωðkÞ ¼ jkj. In four dimensions, the (sub)leading long-
range part of radiations is irrelevant to details of scatterings,
and the typical behavior can be studied by considering the
bremsstrahlung for the sudden acceleration of a charge
[39,40,87]. We follow the same steps in three dimensions,
and we can find that the radiation modes behave nearIþ as

Arad
u ∼O

�
1ffiffiffi
r

p
�
; Arad

r ∼O
�
1

r
3
2

�
; Arad

θ ∼Oð ffiffiffi
r

p Þ: ð13Þ

The detail of the computations is presented in Appendix A.
Note that radiation modes (13) are subdominant compared to
the Coulomb potential (11).
Based on this observation, we impose the asymptotic

boundary condition on the gauge fields near Iþ as

Auðu; r; θÞ ¼ Að0;logÞ
u log rþ Að0Þ

u ðθÞ þ Að−1=2Þ
u ðu; θÞ 1ffiffiffi

r
p þ � � � ;

Arðu; r; θÞ ¼ Að0;logÞ
r ðθÞ log rþ Að0Þ

r ðθÞ þ Að−1=2Þ
r ðθÞ 1ffiffiffi

r
p þ Að−1Þ

r ðu; θÞ 1
r
þ Að−3=2Þ

r ðu; θÞ 1
r
3
2

þ � � � ;

Aθðu; r; θÞ ¼ Að1;logÞ
θ ðθÞr log rþ Að1Þ

θ ðθÞrþ Að1=2Þ
θ ðu; θÞ ffiffiffi

r
p þ � � � ; ð14Þ

in the Lorenz gauge. The first two terms in each component
are independent of u, represent the Coulomb potential, and
do not contain the radiation modes. We also allow a 1=

ffiffiffi
r

p
term in Ar, although the Coulomb potential (5) does not

contain such a term. The coefficient Að−1=2Þ
r is u-indepen-

dent and thus it does not contribute to the radiation modes.

The next order Að−1Þ
r is allowed to have a u dependence.

However, it also does not contribute to the radiation
modes because the u dependence is completely fixed
from other Coulomb potential terms by the Lorenz gauge
condition, as explained below. This is consistent with
(13), where the radiation mode of Ar isOðr−3=2Þ. Fields on
I − have a similar expansion, and we require that they

satisfy the antipodal matching conditionAðaÞ
μ ðu ¼ −∞; θÞ ¼

AðaÞ
μ ðv ¼ þ∞; θ þ πÞ.
Coefficients in the expansion (14) are related, further-

more, as

∂θA
ð0;logÞ
r ¼ Að1;logÞ

θ ; ∂θA
ð0Þ
r ¼ Að1;logÞ

θ þ Að1Þ
θ ; ð15Þ

−Að0;logÞ
u þ Að0;logÞ

r þ ∂θA
ð1;logÞ
θ ¼ 0; ð16Þ

−Að0;logÞ
u þAð0;logÞ

r −Að0Þ
u þAð0Þ

r þ ∂θA
ð1Þ
θ ¼ ∂uA

ð−1Þ
r ; ð17Þ

where the first two equations in (15) represent the condition
of no long-range magnetic flux Frθ ¼ 0 atIþ

− , as imposed
in [4,16], where Iþ

� denotes the sphere at u ¼ �∞ in Iþ

and, similarly, I −
� denotes the sphere at v ¼ �∞. The last

two, Eqs. (16) and (17), are required from the Lorenz gauge
condition. We suppose below that quantized fields in the
covariant gauge satisfy the asymptotic boundary condition
(14), up to the Becchi–Rouet–Stora–Tyutin (BRST) exact
terms. Note that we have not assumed the confinement to
impose (14). If we are in the confinement sector, the leading
part representing the Coulomb potential modes should
vanish.
From (14), the field strength has expansions

Furðu; r; θÞ ¼ Fð−1Þ
ur ðθÞ 1

r
þ Fð−3=2Þ

ur ðu; θÞ 1

r3=2
þ � � � ;

Frθðu; r; θÞ ¼ Fð−1=2Þ
rθ ðu; θÞ 1ffiffiffi

r
p þ � � � ;

Fθuðu; r; θÞ ¼ Fð1=2Þ
θu ðu; θÞ ffiffiffi

r
p þ Fð0Þ

θu ðθÞ þ � � � : ð18Þ

6The Coulomb potential (5) does not contain such radiation
modes because it is expanded by modes e∓ik·pE t�ik·x, which do not
follow the dispersion relation of free photons ωðkÞ ¼ jkj.
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The u-independent terms do not contain the radiation

modes. Note that Að1=2Þ
θ contributes to Fð−1=2Þ

rθ and Fð1=2Þ
θu ,

and Að1=2Þ
θ gives the leading asymptotic data of radiation.

We will see that the soft parts of our asymptotic charges are

indeed determined from Að1=2Þ
θ .

We consider the asymptotic symmetries in this theory as
residual large gauge transformations (modulo the gauge
constraints) that preserve the Lorenz gauge and the above
boundary conditions. Let αðxÞ be a gauge parameter. It
satisfies □α ¼ 0 to preserve the Lorenz gauge. One such
nontrivial large gauge transformation is the one that
approaches to αð1=2ÞðθÞ ffiffiffi

r
p

near Iþ, where αð1=2Þ is an
arbitrary function on the celestial circle, because it trans-

forms the leading radiation data Að1=2Þ
θ . We can find such a

solution of □α ¼ 0 in the form

αðxÞ ¼
Z

dθ0Gð1=2Þðx; θ0Þαð1=2Þðθ0Þ: ð19Þ

See Appendix B for the explicit form ofGð1=2Þðx; θ0Þ, where
we can also see that the gauge parameters satisfy the
antipodal matching condition. Similarly, we can also find
the solution such that it approaches to αð0ÞðθÞ (see
Appendix B) as

αðxÞ ¼
Z

dθ0Gð0Þðx; θ0Þαð0Þðθ0Þ; ð20Þ

although it acts only on the subleading data and does not

transform the leading data Að1=2Þ
θ .7

IV. ASYMPTOTIC CHARGES AND
CONFINEMENT IN QED

We construct the asymptotic charges generating the
asymptotic symmetries. According to Noether’s second
theorem, the charge associated with the gauge parameter
αðxÞ is given by

Q½α� ¼
Z
∂Σ
α � F; ð21Þ

where � denotes the Hodge star and ∂Σ is the one-dimen-
sional (asymptotic) boundary of a Cauchy slice Σ. We take
the future/past infinities as the Cauchy surfaces since we
are interested in the action of asymptotic symmetries on
asymptotic states. The asymptotic charges on the future/
past are given as

Qþ½α� ¼
Z
Iþ

−

α � F; Q−½α� ¼
Z
I−

þ
α � F; ð22Þ

and they are conserved,

Qþ½α� ¼ Q−½α�; ð23Þ

supposing that the gauge parameters satisfy the antipodal
matching condition.
These charges always vanish for gauge parameters that

fall off rapidly at infinity, corresponding to small gauge
transformations associated with gauge redundancy, while
for those related to asymptotic symmetries, they can be
nonzero in principle and can generate physical symmetry
transformations.
However, we will show that the large gauge trans-

formations (19) and (20) are also trivial under the
assumption of confinement. We use the term confinement
to mean that asymptotic states do not contain charged
particles. We here only show the explicit expression of the
future ones Qþ because the analysis on the past ones Q− is
the same.
First, we consider subleading gauge transformations

associated with (20). We denote the charges by Qþ
0 , and

they depend on αð0Þ as

Qþ
0 ½αð0Þ� ¼ lim

r→∞

Z
Iþ

−

dθ rαð0ÞðθÞFru

¼
Z

2π

0

dθ αð0ÞðθÞFð−1Þ
ru ðθÞ: ð24Þ

They only depend on the leading Coulombic electric fields

Fð−1Þ
ur , and thus vanish in the sector where no asymptotic

charged particles exist. Since Qþ
0 ½αð0Þ� are independent of

radiation data, they do not have the soft parts, unlike QED4

(see also Appendix C). We similarly define the past charges
Q−

0 , and the conservation law Qþ
0 ¼ Q−

0 holds.
Next, we consider leading gauge transformations given

by (19). The charges are given by

lim
r→∞

Z
Iþ

−

dθ r
3
2αð1=2ÞðθÞFru; ð25Þ

which have divergent parts schematically written as

lim
r→∞

r
1
2Qþ

0 ½αð1=2Þ�: ð26Þ

We thus define the charges associated with (19) by sub-
tracting the divergent parts as

7We may consider larger gauge transformations acting on the
Coulomb potential terms, e.g., Að1;logÞ

θ ðθÞ, in (14). In this paper,
we do not consider them because they are irrelevant to the
radiation data.
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Qþ
1=2½αð1=2Þ�

≔ lim
r→∞

Z
2π

0

dθ αð1=2Þ½r32Fruðu ¼ −∞; r; θÞ − r
1
2Fð−1Þ

ru ðθÞ�

¼
Z
Iþ

−

dθ αð1=2ÞFð−3=2Þ
ru ; ð27Þ

and similarly Q−
1=2. This subtraction trick is the same one

used in [21] (see also [88]). Q�
1=2 are also conserved as long

as Q�
0 are conserved. Furthermore, the subtracted terms are

indeed zero in the confinement sector because Q�
0 vanish.

Equation (27) becomes (see Appendix C for details)

Qþ
1=2½αð1=2Þ� ¼ Qþ

1=2;S½αð1=2Þ� þQþ
1=2;H½αð1=2Þ�; ð28Þ

where Qþ
1=2;S=H represent soft/hard parts of asymptotic

charges, defined as

Qþ
1=2;S½αð1=2Þ� ≔ −

Z
Iþ

ð∂θαð1=2ÞÞð∂uAð1=2Þ
θ Þ; ð29Þ

Qþ
1=2;H½αð1=2Þ� ≔

Z
Iþ

þ
dθ αð1=2ÞFð−3=2Þ

ru : ð30Þ

Qþ
1=2;S has the contribution only from the radiation modes

because Að1=2Þ
θ is the leading asymptotic data of radiation.

In addition, due to the u integral in (29), only soft energy

modes of Að1=2Þ
θ are relevant to it.

We now show that Qþ
1=2;S=H vanish in the confined sector

in QED. We first consider the soft part Qþ
1=2;S. In the

asymptotic region, the radiative part of the gauge field has
the expansion

Arad
μ ðxÞ ¼

Z
d2k

ð2πÞ22jkj ½aμðkÞe
ik·x þ c:c:�

����
k0¼jkj

ð31Þ

in the covariant gauge. The canonical quantization leads to
the commutation relation

½aμðkÞ; a†νðk0Þ� ¼ ð2πÞ2ð2jkjÞημνδ2ðk − k0Þ: ð32Þ

Using the stationary phase approximation, as done in, e.g.,

[4], we can evaluate Að1=2Þ
θ on Iþ as

Að1=2Þ
θ ðu; θÞ

¼
Z

∞

0

dk

2ð2πÞ3=2 ffiffiffi
k

p ½aθðkx̂Þe−iku−iπ4 þ c:c:�; ð33Þ

where

aθðkx̂Þ ≔ ∂θx̂iaiðkx̂Þ; x̂ðθÞ ≔ x=r: ð34Þ

Note that (33) consists only of the transverse components.
Substituting (33) into (29), we obtain

Qþ
1=2;S½αð1=2Þ� ¼

1

2
ffiffiffiffiffiffi
2π

p
Z

2π

0

dθ ∂θαð1=2Þ

× lim
k→0

ffiffiffi
k

p
½aθðkx̂Þe−ikuþiπ

4 þ c:c:�: ð35Þ

It vanishes because of the factor limk→0

ffiffiffi
k

p
, unless aθðkx̂Þ

has a singular behavior in the soft region k ∼ 0. In QED4,
as can be seen in the soft photon theorem, aμðkÞ indeed
gives rise to the soft photon pole 1=jkj when asymptotic
states contain charged particles. This is the same in three
dimensions, as can be confirmed from computations using
Feynman diagrams. However, in the confinement phase,
charged particles cannot appear in asymptotic states or
equivalently in external lines.8 Hence, the creation/anni-
hilation operators of soft photons cannot produce any
singular behaviors.9 Thus, we conclude that Qþ

1=2;S van-
ishes as

hψ jQþ
1=2;S ¼ 0 ð36Þ

for any finite energy final states hψ j. A similar discussion
holds for the past one Q−

1=2;S as Q−
1=2;Sjψi ¼ 0.

The hard part Q�
1=2;H in (30) also vanishes. Q�

1=2;H is
determined by the behaviors of electric fields at the timelike
infinity. In the confinement sector, we do not have any
charged fields, and thus there is no Coulomb potential
associated with them. Thus, the hard part vanishes as Q�

0

does. One may wonder that the radiative modes might have
a nondecaying contribution in the limit u → ∞ because in
odd dimensions, radiations do not have to propagate in the
null direction and can have tails to timelike directions,
unlike four dimensions. Nevertheless, the tails vanish in the
infinite time limit unless charged particles exist for an
infinite time, and radiation modes do not have contributions

to Fð−3=2Þ
ru at u ¼ þ∞ in (30). We also confirm this fact

explicitly in a typical example in Appendix C.
Therefore, we conclude that in the confinement sector of

QED3, the action of the asymptotic charges on any
asymptotic states is trivial (or gauged),

hψ jQþ½α� ¼ 0; Q−½α�jψ 0i ¼ 0: ð37Þ

8Although the classical description of the logarithmic confine-
ment of QED3 may seem to prohibit only charged states, charged
particles flying away in different directions also lead to infinite
energy even in neutral states.

9We assume that asymptotic states do not have soft photon
dresses that are independent of charged particles. In QED4, we
have to put soft photon dresses on asymptotic states in order to
obtain IR-safe S-matrix elements. The dresses essentially depend
on charged particles because any dressing factor independent of
charged particles is irrelevant to scatterings [40].
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It means that the large transformations with parameters
(19) and (20) are gauge redundancy.
This result stands in contrast to QED4. In the theory,

large transformations can be spontaneously broken. As a
consequence, there exist superselection sectors labeled by
the asymptotic charges, and the soft parts of the charges
are classically related to a memory, i.e., a permanent shift
of gauge fields. It is quantum mechanically realized by a
coherent cloud of soft photons attached to charged
particles [40]. In QED3, no charged particles can appear
on external lines. Then, it is reasonable that the hard parts
of asymptotic charges vanish in the confinement sector.
Our analysis further shows that the soft parts also vanish,
although photons exist.10 It means the absence of the
memory effect in three-dimensional electromagnetism
with finite energy conditions. It can be understood from
the fact that the soft photon theorem is trivial in this
theory.
Reversing our argument, we may discuss that (37) is

regarded as a criterion of the confinement—ifQ�
0 ½αð0Þ� and

Q�
1=2½αð1=2Þ� act trivial on an asymptotic state for any αð0Þ

and αð1=2Þ, the state does not contain asymptotic charged
particles.11 Indeed, Q�

0 ½αð0Þ� ¼ 0 for arbitrary functions
αð0ÞðθÞ requires that the asymptotic electric current in each
celestial angle should vanish at least at the classical level.
In addition, if there is an external charged particle, it
produces a 1=jkj pole for aθðkx̂Þ in (35), and Qþ

1=2;S then

diverges. It thus seems that Q�
1=2½αð1=2Þ� ¼ 0 does not allow

asymptotic charged particles. We leave for future works
the refinement of this discussion to investigate whether
the triviality of the action of asymptotic symmetries can
generally serve as a criterion for confinement in generic
gauge theories. In particular, we speculate that the Kugo-
Ojima confinement criterion [89,90] in QCD4 is connected
to the triviality of asymptotic symmetries.12
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APPENDIX A: RADIATION AND ASYMPTOTIC
BOUNDARY CONDITIONS

In this appendix, we confirm a typical radiation behavior

Arad
u ∼O

�
1ffiffiffi
r

p
�
; Arad

r ∼O
�
1

r
3
2

�
; Arad

θ ∼Oð ffiffiffi
r

p Þ; ðA1Þ

and summarize the asymptotic boundary condition.
As in (11), the Coulomb potential part generally has

higher-order terms. To be more specific, in the potential (5)
for a uniformly moving charge, each component behaves
near Iþ as

Au ∼
eE
2πm

log

�
εEðE − p · x̂Þr

m2

�
;

Ar ∼
eðE − p · x̂Þ

2πm
log

�
εEðE − p · x̂Þr

m2

�
;

Aθ ∼ −
erp · ð∂θx̂Þ

2πm
log

�
εEðE − p · x̂Þr

m2

�

¼ ∂θ

�
erðE − p · x̂Þ

2πm

�
log

�
εEðE − p · x̂Þr

m2

�
− 1

��
:

ðA2Þ

What contributes to the soft part is a long-range part of
the radiation modes, which we will investigate below. In
four dimensions, the (sub)leading long-range part of radi-
ations is irrelevant to details of scatterings, and the typical
behavior can be studied by considering the bremsstrahlung
for the sudden acceleration of a charge [39,40,87]. We
follow the same steps in three dimensions and consider the
following current:

jμðxÞ ¼ e
X
n¼I;F

ΘðηntÞ
pμ
n

En
δð2Þ
�
x −

pn
En

t

�
; ðA3Þ

where ηI ¼ −1 and ηF ¼ 1. This current represents the
trajectory of a charge kicked at t ¼ 0, changing the
momentum from the initial pμ

I to the final pμ
F. We remark

that this current cannot be strictly realized with finite
energy due to the confinement. We will consider a more
realistic current in Appendix C. It will turn out that the
large r behaviors are the same, although u dependence is
different. Thus, the following order estimation in large r
for the current (A3) provides is sufficient for our purpose
of confirmation of (A1).
The Fourier transformation of the current can be com-

puted as

j̃ðkÞ ¼ −ie
X
n¼I;F

ηnpn

k · pn − iηnε
; ðA4Þ

using the Fourier transformation of the step function

10We have not investigated sub-subleading charges that in-
volve higher-order terms in the expansion (18). It might be
possible that they can be nontrivial.

11Here, the absence of the asymptotic charged particles means
that we cannot separate charged particles infinitely. Separation
with a finite distance might be allowed.

12See [68,91], which also discuss “large gauge symmetry” in
non-Abelian gauge theories in a similar spirit.

KEITO SHIMIZU and SOTARO SUGISHITA PHYS. REV. D 112, 105001 (2025)

105001-6



Z
dtΘð�tÞeiωt ¼ lim

ε→0þ
�i

ω� iε
: ðA5Þ

Thus, the gauge field generated by the current can be
computed in the Lorenz gauge as

AμðxÞ ¼ e
X
n¼I;F

Z
d2k

ð2πÞ22jkj
pμ
n

k · pn

h
ηnΘðtÞðeik·x þ e−ik·xÞ

− ΘðηntÞ
�
e−i

k·pn
En

tþik·x þ ei
k·pn
En

t−ik·x	i���
k0¼jkj

: ðA6Þ

We define the radiation modes as ones with the disper-
sion relation of free photons, that is, the modes that can
be expanded by the Fourier modes e�ið−ωðkÞtþk·xÞ with
ωðkÞ ¼ jkj. The second line in (A6) does not have this
dispersion relation and represents the Coulomb (or Lienard-
Wiechert) potential. The first line is the radiation mode for
the kicked current, and we represent it by

Aμ
radðxÞ≔e

X
n¼I;F

Z
d2k

ð2πÞ2ð2jkjÞ
ηnp

μ
n

k ·pn
ΘðtÞðeik·xþe−ik·xÞ

����
k0¼jkj

:

ðA7Þ
The behavior near Iþ is evaluated by the stationary

phase approximation as13

Aμ
radðxÞ ¼

e
2
ffiffiffi
r

p
X
n¼I;F

ηnp
μ
n

−Enþ pn · x̂

Z
∞

0

dk

ð2πkÞ32 ðe
−iku−iπ

4 þ c:c:Þ

þO
�
r−

3
2

	
: ðA8Þ

Unlike the four-dimensional case, the remaining k integral
has an IR divergence near k ∼ 0, reflecting the fact that the
current (A3), where charged particles exist for infinite time,
cannot be strictly realized due to the logarithmic confine-
ment, as noted above. Nevertheless, it does not affect the
r dependence, and we conclude that the radiation mode
behaves near Iþ as (A1). Note that 1=

ffiffiffi
r

p
order in Arad

r
vanishes14 due toX

n¼I;F

ηnpnr

−En þ pn · x̂
¼
X
n¼I;F

ηn ¼ 0; ðA9Þ

and it is also required from Fur ¼ Oð1=rÞ, which is the
finiteness condition of electric flux discussed below. The
radiation modes (A1) are subdominant compared to the
Coulomb potential (A2).
We can also see that the behavior (18), which is derived

from the asymptotic boundary condition (14), is consistent
with physical conditions, as follows. Since the energy flux

passing through the null infinity whose surface area grows
like r should be finite, we must have

Tuu ∼O
�
1

r

�
: ðA10Þ

Similarly, from the finiteness of physical quantities, such
as the current, the total electric charge, and the magnetic
charge, we find

ju ∼O
�
1

r

�
; Fur ∼O

�
1

r

�
; Frθ ∼Oð1Þ: ðA11Þ

Combining them with the Bianchi identity, we obtain the
general large r expansion of the field strength near Iþ as

Furðu; r; θÞ ¼ Fð−1Þ
ur ðu; θÞ 1

r
þ � � � ; ðA12Þ

Frθðu; r; θÞ ¼ Fð0Þ
rθ ðu; θÞ þ � � � ; ðA13Þ

Fθuðu; r; θÞ ¼ Fð1=2Þ
θu ðu; θÞ ffiffiffi

r
p þ � � � : ðA14Þ

If we further require that there is no long-range magnetic

flux, as in the main text, we should have Fð0Þ
rθ ðu; θÞ ¼ 0,

and then the large r behavior of the field strength is
consistent with (18).

APPENDIX B: LARGE GAUGE PARAMETERS

In this appendix, we provide the explicit expressions of
the large gauge parameters used in the main text.
The residual gauge parameters satisfying □αðxÞ ¼ 0

such that it asymptotically approaches to αð1=2ÞðθÞ ffiffiffi
r

p
in

the limit that x reaches Iþ, where αð1=2Þ is an arbitrary
function on the celestial circle, are given as

αðxÞ ¼
Z

dθ0Gð1=2Þðx; θ0Þαð1=2Þðθ0Þ; ðB1Þ

Gð1=2Þðx; θ0Þ ≔ lim
ϵ→0þ

�ð−x · xþ 2iðuþ rÞϵÞ
8
ffiffiffi
2

p ½−qðθ0Þ · xþ iϵ�32 þ c:c:

�
; ðB2Þ

where qμðθ0Þ ¼ ð1; cos θ0; sin θ0Þ. Of course, the solutions
are not unique in the sense that we have the freedom to add
subleading terms that do not change the leading behavior
αð1=2ÞðθÞ ffiffiffi

r
p

. Thus, (B2) is just one of the solutions. ϵ is
introduced to avoid the branch cuts by shifting xμ ¼
ðt; rx̂Þ → ðt� iϵ; rx̂Þ in the Cartesian coordinate. It is
equivalent to shifting u as u� iϵ in the retarded coordinates.
In the limit approaching the past null infinity I −, αðxÞ
asymptotically approaches to αðxÞ → αð1=2Þðθ þ πÞ ffiffiffi

r
p

.
Thus, the gauge parameters satisfy the antipodal matching
condition

lim
u→−∞

lim
r→∞

αðt; rx̂Þ ¼ lim
v→∞

lim
r→∞

αðt;−rx̂Þ: ðB3Þ

13We take the contributions from the stationary point θ ¼ 0
and drop the ones from another stationary point θ ¼ π, as, e.g., in
[22].

14It vanishes even for the more general kick process considered
in [39], when we have the charge conservation.
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Similarly, the residual gauge parameters asymptotically
approaching to αð0ÞðθÞ in the limit approaching Iþ, where
αð0Þ is an arbitrary function on the celestial circle, are given as

αðxÞ ¼
Z

dθ0Gð0Þðx; θ0Þαð0Þðθ0Þ; ðB4Þ

Gð0Þðx; θ0Þ ≔ lim
ϵ→0þ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−x · xþ 2iðuþ rÞϵp
4πð−qðθ0Þ · xþ iϵÞ þ c:c:

#
: ðB5Þ

It also satisfies the antipodal matching condition.

APPENDIX C: NOTES ON ASYMPTOTIC
CHARGES

We here summarize some results of asymptotic charges
that we use in the main text.
In order to decompose the asymptotic charges into the

hard and soft parts, we use a constrained equation,

−ju ¼ ju þ jr ¼ ∇μFuμ þ∇μFrμ

¼ −∂uFru þ
1

r
∂rðrFruÞ −

1

r2
∂θFuθ: ðC1Þ

It leads to

∂uFru ¼ ju þ
1

r
∂rðrFruÞ −

1

r2
∂θFuθ: ðC2Þ

Substituting the expansion (18), we obtain, e.g.,

∂uF
ð−1Þ
ru ¼ jð−1Þu ; ∂uF

ð−3=2Þ
ru ¼ jð−3=2Þu − ∂θF

ð1=2Þ
uθ ðC3Þ

on Iþ, where jðaÞu represent coefficients of OðraÞ terms in
the large r expansion of ju. If the theory does not contain

massless charged particles, jð−1Þu and jð−3=2Þu vanish because
ju decays faster than r−1. Intuitively, we can understand it
from the fact that massive particles reach the timelike
infinity rather than the null infinity. This fact can also be
seen explicitly by expanding a massive matter field, say a
Dirac field, in the Fourier modes and checking that it has no
saddle points for large r with u fixed. We, therefore, have

∂uF
ð−1Þ
ru ¼ 0; ∂uF

ð−3=2Þ
ru ¼ −∂θF

ð1=2Þ
uθ : ðC4Þ

Let us rewrite the asymptotic charges using the above
equations. We first consider Q0 given in (24). It is given by

Qþ
0 ½αð0Þ� ¼

Z
2π

0

dθ αð0ÞðθÞFð−1Þ
ru ðu ¼ −∞; θÞ

¼ −
Z

∞

−∞
du
Z

2π

0

dθ αð0ÞðθÞ∂uFð−1Þ
ru ðu; θÞ

þ
Z

2π

0

dθ αð0ÞðθÞFð−1Þ
ru ðu ¼ þ∞; θÞ: ðC5Þ

The first term vanishes by (C4). We thus have

Qþ
0 ½αð0Þ� ¼

Z
2π

0

dθ αð0ÞðθÞFð−1Þ
ru ðu ¼ þ∞; θÞ: ðC6Þ

In other words, since Fð−1Þ
ru ðθÞ is independent of u, we can

just write

Qþ
0 ½αð0Þ� ¼

Z
2π

0

dθ αð0ÞðθÞFð−1Þ
ru ðθÞ: ðC7Þ

We can also say that Q0 does not have the soft part because
the u integral part [the first term in (C5)] vanishes.
We can also see that the hard part of Q0 vanishes in the

confinement sector. Fð−1Þ
ru ðθÞ contains only the Coulomb

modes, as explained in the main text. We here evaluate it for
a case such that there are outgoing charged particles
(labeled by n) with mass mn, momentum pμ

n, and charge
en in the asymptotic future. The Coulomb potential is
given as

AμðxÞ¼−
X
n

enp
μ
n

2πmn
log

 
εEn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpn ·xÞ2þm2

nðx ·xÞ
p

m2
n

!
: ðC8Þ

It leads to

Fð−1Þ
ur ðθÞ ¼ −

X
n

enmn

2πðEn − pn · x̂ðθÞÞ
: ðC9Þ

In particular, in the confinement sector, there are no asymp-

totic charged particles, and thus we have Fð−1Þ
ur ðθÞ ¼ 0. It

means Qþ
0 ¼ 0. Conversely, if we have Qþ

0 ½αð0Þ� ¼ 0 for
arbitrary αð0ÞðθÞ, we can conclude that there are no asymp-
totic charged particles (assuming all asymptotic charged
particles have different velocities).
We next consider Q1=2 in (27). It is rewritten as

Qþ
1=2½αð1=2Þ� ¼

Z
2π

0

dθ αð1=2ÞðθÞFð−3=2Þ
ru ðu ¼ −∞; θÞ

¼ −
Z

∞

−∞
du
Z

2π

0

dθ αð1=2ÞðθÞ∂uFð−3=2Þ
ru ðu; θÞ

þ
Z

2π

0

dθ αð1=2ÞðθÞFð−3=2Þ
ru ðu ¼ þ∞; θÞ

¼
Z

∞

−∞
du
Z

2π

0

dθ αð1=2ÞðθÞ∂θFð1=2Þ
uθ ðu; θÞ

þ
Z

2π

0

dθ αð1=2ÞðθÞFð−3=2Þ
ru ðu ¼ þ∞; θÞ;

ðC10Þ

where we have used (C4). The asymptotic boundary

condition further leads to Fð1=2Þ
uθ ¼ ∂uA

ð1=2Þ
θ . We thus obtain

)28 ) with (29) and (30).
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We now confirm that the hard part (30) of the asymptotic
charge Qþ

1=2 vanishes in the confinement sector. The
absence of contributions from the Coulomb modes is
similar to the above discussion of Qþ

0 . Below, we see that
the radiation modes also do not contribute to (30). The
example with current (A3) is not appropriate to this aim
because the charged particles exist in the asymptotic region.
We thus consider the following example, where charged
particles exist only for a finite time, and explicitly dem-
onstrate the vanishing of contributions from the radiation
modes. The current, which mimics a particle-antiparticle
creation and annihilation process, is depicted as

where a particle with charge þe goes along the left path
(x1 → x2 → x4) and an antiparticle with charge −e along
the right path (x1 → x3 → x4). First of all, let us evaluate

the radiation from one edge of the above paths, described as

or equivalently,

jμðxÞ ¼ qΘðt − taÞΘðtb − tÞp
μ

E
δ

�
x −

p
E
ðt − taÞ − xa

�
;

ðC11Þ

where q takes the value �e corresponding to the choice of
edges. The electromagnetic potential is given by

AμðxÞ ¼
Z

d3x0 Gðx − x0Þjμðx0Þ: ðC12Þ

Since in the momentum space the current can be written as

j̃μðkÞ ¼ q
ipμ

p · k
½e−ik·xb − e−ik·xa �; ðC13Þ

the radiation modes are given by

Aμ
radðxÞ ¼ q

Z
d2k

ð2πÞ22jkj

�

pμ

p · k
eik·xðe−ik·xb − e−ik·xaÞ

�����
k0¼jkj

þ c:c:

�
; ðC14Þ

where we do not consider the pole corresponding to p · k ¼ 0 since we are interested only in the radiation modes here. We
have also assumed that t is much larger than each ta, which is always satisfied if we only consider the radiation near Iþ

þ.
In order to evaluate the behavior near Iþ, we use the saddle point approximation as

Z
yf

yi

dy fðyÞe−rgðyÞ ¼ e−rgs

 
fs

ffiffiffiffiffiffi
2π

g00s

s
r−1=2 þ

ffiffiffi
π

2

r  
f00sffiffiffiffiffiffiffi
g00s 3

p −
f0sg

ð3Þ
sffiffiffiffiffiffiffi
g00s 5

p −
fsg

ð4Þ
s

4
ffiffiffiffiffiffiffi
g00s 5

p þ 5fsðgð3Þs Þ2
12

ffiffiffiffiffiffiffi
g00s 7

p
!
r−3=2 þOðr−5=2Þ

!
: ðC15Þ

Notations used above are defined as

ys∶ saddle of gðyÞ; fs ¼ fðysÞ; fðnÞs ¼ dn

dyn
fðyÞ

����
y¼ys

: ðC16Þ

We have also assumed yi < ys < yf. In our case, f and g are replaced by

fðyÞ → e−ijkju
pμ
i

pi · k
e−ik·xb ; gðyÞ → ijkjð1 − cos θÞ; ðC17Þ

respectively, where θ (which is the angle between k and x) corresponds to the integration variable y in the above saddle point
approximation formula. Here, b denotes 1;…; 4, and each variable is given by

ys ¼ θs ¼ 0; gs ¼ g0s ¼ 0; g00s ¼ ijkj; gð3Þs ¼ 0; gð4Þs ¼ −ijkj: ðC18Þ

Thus, to the order of r−3=2, we have
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Z
d2k

ð2πÞ22jkj e
−ijkju pμ

i

pi · k
e−ik·xbe−r·ijkjð1−cos θÞ

¼ pμ
i

−Ei þ pi · x̂

�Z
∞

0

djkj
2ð2πÞ3=2

e−ijkju−ijkjð−tbþx̂·xbÞ

ðijkjÞ1=2jkj
�
× r−1=2

þ
�

pμ
i

ð−Ei þ pi · x̂Þ3
Z

∞

0

djkj
4ð2πÞ3=2

e−ijkju−ijkjð−tbþx̂·xbÞ

ðijkjÞ3=2jkj ðαðpi; x̂Þ þ jkjβðpi; xb; x̂Þ þ jkj2γðxb; x̂ÞÞ
�
× r−3=2

þOðr−5=2Þ; ðC19Þ

where α, β, and γ are some functions with the stated
arguments, and the detailed expressions of them are
unnecessary in the following analysis. We represent
(C19) by Aμ

i;bðxÞ below.
We have obtained the radiation from the original paths as

Aμ
radðxÞ ¼ e

X
i;b

ηibðAμ
i;bðxÞ þ c:c:Þ; ðC20Þ

where ηib is given by

η11 ¼ η32 ¼ η23 ¼ η44 ¼ −1; η12 ¼ η34 ¼ η21 ¼ η43 ¼ 1:

ðC21Þ

What is of interest now isFð−3=2Þ
ru because it constitutes the

hard part (30) of the asymptotic charge as Qþ
1=2;H½αð1=2Þ� ¼R

Iþ
þ
dθαð1=2ÞF−3=2

ru . This component of the field strength can

be written in terms of the gauge field as

Fð−3=2Þ
ru ¼ ∂uAu;ð−3=2Þ þ 1

2
Au;ð−1=2Þ þ 1

2
Ar;ð−1=2Þ: ðC22Þ

First of all, note that the second term vanishes since the
factor in front of the leading term is independent of the paths,
as

pu
i

−Ei þ pi · x̂
¼ Ei − x̂ · pi

−Ei þ pi · x̂
¼ −1; ðC23Þ

and this independence leads to the cancellation of the
contributions of all paths due to ηia. The first and third
terms of (C22) are given by

∂uAu;ð−3=2Þ

¼
X
i;b

ηib
ie

ð−Ei þ pi · x̂Þ2
Z

∞

0

djkj
4ð2πÞ3=2

e−ijkju−ijkjð−tbþx̂·xbÞ

ðijkjÞ3=2 ðαðpi; x̂Þ þ jkjβðpi; xb; x̂Þ þ jkj2γðxbÞ; x̂Þ þ c:c: ðC24Þ

and

1

2
Ar;ð−1;2Þ ¼

X
i;b

eηib
pi · x̂

−Ei þ pi · x̂

Z
∞

0

djkj
4ð2πÞ3=2

1

ðijkjÞ1=2jkj e
−ijkju−ijkjð−tbþx̂·xbÞ þ c:c:; ðC25Þ

respectively. In fact, these terms vanish in the limit of u → ∞ since the region around jkj ∼ 0 dominates in this limit, and all
integrands, behaving asOðjkj−1=2Þ near jkj ¼ 0, do not lead to any divergences. Indeed, each term in the integrand behaves as
jkj−3=2, jkj−1=2, or higher-order terms in jkj as jkj ∼ 0. All terms behaving as jkj−3=2, such as the term including α in the first
integral of (C24) and the integrand of (C25), depend on b only through the factor e−ijkjð−tbþx̂·xbÞÞ and, after summation over b
with fixed i, this dependence yields OðjkjÞ asX

b

ηibe−ijkjð−tbþx̂·xbÞ ∼ e−ijkjð−tbþx̂·xbÞ − e−ijkjð−tb0þx̂·xb0 Þ ∼ jkj ðjkj → 0Þ: ðC26Þ

Consequently, the integrands behave as jkj−1=2 near jkj ¼ 0.
After all, since we have confirmed that F−3=2

ur vanishes in the limit of u → ∞, we can conclude that Qþ
1=2;H½αð1=2Þ� ¼R

Iþ
þ
dθαð1=2ÞFð−3=2Þ

ru also disappears.
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