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A growing number of applications in particle physics and beyond use neural networks as unbinned
likelihood ratio estimators applied to real or simulated data. Precision requirements on the inference tasks
demand a high-level of stability from these networks, which are affected by the stochastic nature of
training. We show how physics concepts can be used to stabilize network training through a physics-
inspired optimizer. In particular, the energy conserving descent (ECD) optimization framework uses
classical Hamiltonian dynamics on the space of network parameters to reduce the dependence on the initial
conditions while also stabilizing the result near the minimum of the loss function. We develop a version of
this optimizer known as ECDq¼1, which has few free hyperparameters with limited ranges guided by
physical reasoning. We apply ECDq¼1 to representative likelihood-ratio estimation tasks in particle physics
and find on average that it out-performs the widely used Adam optimizer. We expect that ECD will be a
useful tool for wide array of data-limited problems, where it is computationally expensive to exhaustively
optimize hyperparameters and mitigate fluctuations with ensembling.
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I. INTRODUCTION

Neural networks (NN) are playing a growing role in
nearly all aspects of particle physics and other areas of
science. For most applications, the stochastic nature of NN
training is a small nuisance that does not play a major role
in determining performance. However, these fluctuations
are a major challenge for neural simulation-based inference
(NSBI) [1] and related tasks, where NNs are directly used
as test statistics and for uncertainty quantification, going
beyond usual classification or regression tasks. A typical
setting is that the uncertainty from some component of the
simulation is assessed by repeating the inference with the
component shifted within its uncertainty. It is not possible
to probe uncertainties smaller than the inherent stochas-
ticity of the NN training. So even if the component is
physically unrelated to the inference target, there will be an
apparent uncertainty at a scale set by the NN stochasticity.

This is compounded for every nuisance parameter.
Fluctuations at the 1% level can thus quickly become
the limiting factor in a statistical analysis, thus reducing the
potential gains from NSBI.1 Measurements employing
NSBI have addressed this challenge by ensembling many
NNs [3–7]. Other experimental analyses using NNs for
likelihood-ratio estimation, such as anomaly detection, also
mitigate fluctuations by ensembling [8,9]. Ensembling
works in principle, but is computationally challenging
and in some cases, prohibitive.
A complementary approach to ensembling is hyper-

parameter optimization. The result can be stabilized with a
well-chosen NN architecture and training regimen. The
impact of activation and loss functions in NSBI accuracy
and precision have been well studied [10–19], but the
protocol for optimizing networks has been less explored.
Our goal is to study the impact of the learning procedure on
the NN accuracy and precision for particle physics-relevant
problems. A key feature of NN optimization is differ-
entiability—(stochastic) gradient descent is very efficient
and so most learning methods are based on it. By thinking
about NN optimization as a physical system, where the
learned parameters are the degrees of freedom, we build on
previous work to construct a new optimizer. This optimizer
employs energy conserving descent (ECD) [20,21] and
makes use of the concept that Hamiltonian dynamics give a
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1This can depend on the structure of the data as in [2].
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measure on parameter space that can systematically reduce
spreading. The results with ECD should not depend
strongly on the starting values for the weights, mitigating
the need for carefully constructed initializations (possibly,
through pretraining [22–26]). Furthermore, the ECD opti-
mizer has few free parameters and physical reasoning
provides guidance for their ranges.
This paper is organized as follows. Section II introduces

the neural network optimization algorithms. In order to
showcase the performance of the ECD optimizer, Sec. III
presents numerical results with particle physics-relevant
datasets. In particular, we consider two likelihood-ratio
estimation problems. First, we consider simulation-to-data
reweighting of the thrust distribution from eþe− collisions.
Next, we consider a multidimensional example built from
two simulations of hadronic jets produced in proton-proton
collisions. In both cases, we quantify the accuracy and
precision of likelihood-ratio estimation based on classifiers
trained with the ECD optimizer compared to the widely
used Adam optimizer [27]. The paper ends with conclu-
sions and outlook in Sec. IV. Links to data and code are
available following Sec. IV.

II. METHODS

The “learning” in a machine learning algorithm is
another word for “optimization,” the problem of finding
a good choice of parameters starting from a (usually)
random initialization; this problem is old, hard, and of
general importance, and various algorithms have been
proposed, differing in the amount of information used
about the target function. Part of the machine learning
revolution has been the availability of efficient gradient
computation via automatic differentiation, which has led to
increased interest in gradient-based optimization methods.
The standard approach uses gradient descentlike dynamics,
such as “gradient descent with momentum” [28,29] and
more refined versions like Adam [27], algorithmically
discovered signed optimizers such as Lion [30], or more
recent higher-order methods like Ademamix [31].
Physically, they correspond to friction-dominated motion
on the loss landscape, which generically converges to local
minima, and for which direct analytic control of the
optimization dynamics is hard, in particular due to sto-
chastic effects and the absence of conserved quantities.
Below, wewill use the Adam optimizer as a baseline for our
method. This widely used optimizer maintains an expo-
nential moving average of both the gradients and their
element-wise squares, using the former as a momentum
term and the latter to adaptively tune the step size
independently for each parameter dimension.
Recently, a new class of physics-inspired optimization

algorithms that do not rely on friction to converge has
emerged, providing an immediate constant of motion (the
energy) that can be used to analytically predict and steer the
dynamics in favorable ways. This class of algorithms uses

both the gradient information and the current value of the
function—information always available when using auto-
matic differentiation, yet usually discarded by standard
gradient-based methods. We will now turn to these.

A. ECD optimization: Tuneable measure
on parameter space

The ECD framework for optimization [20,21] and
the related sampler [32] leverages energy-conserving
Hamiltonian dynamics to derive algorithms with several
new theoretical handles on their dynamics and performance.
This can lead to qualitative and quantitatative improvements
in practice. In this work, we develop a particular example of
this optimization scheme and design it to parametrically
improve upon a key data analysis problem of neural network
stability from random initializations.
In general, these algorithms arise as a discretized form

of energy-conserving classical Hamiltonian dynamics.
The update rules are governed by a time-independent
Hamiltonian HðΠ;ΘÞ with Θ a d-dimensional vector of
configuration variables (e.g., weights and biases of a neural
network) and Π their conjugate momenta, and obtained by
discretizing the equations of motion

Θ̇ ¼ ∂ΠH; Π̇ ¼ −∂ΘH; ð1Þ

which conserve the total energy HðΠ;ΘÞ ¼ E throughout
the dynamics. For the remainder of this paper, we take the
Hamiltonian to depend on Π via its norm squared Π2.
This physical formalism gives us a handle on three

important features of the dynamics:
(i) The measure on configuration space,

pðΘÞ ¼
Z

ddΠδðHðΠ;ΘÞ − EÞ

¼ Ωd−1jΠjd−1
j∂ΠHj ¼ Ωd−1jΠjd−1

jdΘ=dtj : ð2Þ

This determines the distribution of results after the
chaotic mixing time (which we wish to be short). As
we will review, we can readily obtain Hamiltonians
designed so that this measure concentrates toward
the bottom of the objective function. In terms of the
objective/loss function FðΘÞ, we will in particular
consider Hamiltonians with the property that

pðΘÞ ¼ ðFðΘÞ − F0Þ−dη=2; ð3Þ

where F0 ∈R and η∈ ð0;∞Þ are optimizer hyper-
parameters. Among the choices of η in this range,
values for which dη=2 is an even integer have the
property that the measure (3) does not require a
branch choice if F falls below F0. The concentration
in (3) will reduce spreading of results, helping
to reduce the uncertainties in applying machine
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learning to scientific data. Simple examples ap-
peared in Refs. [20,21], including the case where
the Hamiltonian describes a particle propagating in
configuration space, with the particle having a mass
that goes inversely to the ηth power of the objective
function. This particle slows down and hence con-
centrates measure toward the minimum of the
objective function. In this work, we will consider
an optimization version of a Hamiltonian developed
in the sampling context in Refs. [32,33], laid out
shortly in Sec. II A 1.

Two other features will aid us in characterizing the
dynamics:
(ii) The speed of propagation: Having stipulated that H

is a function of Π2 and Θ, we can obtain Π2 as a
function of E and Θ from the equation H ¼ E. We
then obtain an expression for the speed from (1),

Θ̇2 ¼ 4Π2ð∂Π2HÞ2jΠ2¼Π2ðE;ΘÞ: ð4Þ

This was used in the case of a particular example in
Ref. [21] to determine how to set hyperparameters so
as to keep up the speed of evolution.

(iii) The rate of mixing: We do not have an a priori
calculation of the mixing time for an arbitrary
objective function. To encourage short mixing time,
we follow Ref. [20] and include an option for energy
conserving stochastic bounces as implemented in
smaller steps in Refs. [21,32]. It is possible to
map the evolution to geodesic motion on a curved
manifold, as discussed in Ref. [32] Appendix A, and
generalized in the Appendix below, which can
provide additional insight into the deviation of
trajectories required for chaos. After the mixing
time, the system becomes insensitive to the initial
conditions, as desired.

As we will see in explicit experiments and demonstra-
tions, this strategy will enable us to pin down a Hamiltonian
and hyperparameters such that we can increase η and
therefore parametrically improve on the concentration of
results (3) while maintaining a short mixing time.

1. A particular example: The q = 1 Hamiltonian

In the context of sampling, Ref. [32] introduced a
particular family of Hamiltonians parametrized by a num-
ber q. For precision optimization, we will focus on the
q ¼ 1 Hamiltonian from this family. Different choices
of q within this class define distinct kinetic terms, which
in turn lead to different dynamics in the parameter space
of neural networks. As derived in detail in the Appendix
[cf. Eq. (A6)], a key property of the q ¼ 1 case is that the
velocity remains constant in magnitude throughout the
evolution. This simplifying feature was previously explored
for sampling in Ref. [33].

Given a C1 real function LðΘÞ, the Hamiltonian for
q ¼ 1 is given by,

HðΘ;ΠÞ ¼ jΠj − e−
LðΘÞ
d−1 þ E ð5Þ

with dynamics (1),

Θ̇i ¼ Πi

jΠj≡ ui; ð6Þ

Π̇i ¼ ∂
iLðΘÞ
d − 1

e−
LðΘÞ
d−1 ; ð7Þ

jΠj ¼ e−
LðΘÞ
d−1 : ð8Þ

We can relate L to the target F as

e−LðΘÞ ≡ ðFðΘÞ − F0Þ−
dη
2 ; ð9Þ

LðΘÞ≡ ηd
2
lnðFðΘÞ − F0Þ; ð10Þ

such that the marginal of the distribution δðHðΘ;ΠÞ − EÞ
over dΠ, the momentum, gives us the desired target pðΘÞ,
the distribution over model parameters,

pðΘÞ ∝
Z
Rd

δðHðΘ;ΠÞ − EÞjΠjd−1dΠ

¼ ðFðΘÞ − F0Þ−
ηd
2 : ð11Þ

Our goal is to increase η so as to concentrate the results
toward the bottom of the loss function, reducing the
variance of results in the process.
In addition to F0 and η, we have two additional hyper-

parameters,Δt and ν, corresponding to the learning rate and
stepwise bounce angle; these appear in our discrete update
rule at the end of this section. In Sec. II B, we will motivate
relatively narrow priors on their values (as a function of
model dimension).
It is important to note that the distribution (11) becomes

exponentially concentrated around the maximum as we
increase η, and hence more concentrated around the
minimum of the loss F. In fact, we will work in a regime
where this exponential effect is reduced to a power law, as
follows. Consider the case where the minimal value of F,
denoted Fmin, satisfies ΔF≡ Fmin − F0 > 0. Then, within
a quadratic basin FðΘÞ ∼ Fmin þ F2Θ2 the saddle point of
the integral

Z
ddΘpðΘÞ; ð12Þ

is given by [21]

OPTIMIZERS FOR STABILIZING LIKELIHOOD-FREE … PHYS. REV. D 112, 092008 (2025)

092008-3



Θ2� ¼ jΘj2� ¼
ðFmin − F0Þðd − 1Þ
F2ð1þ dðη − 1ÞÞ ≈

ΔF
F2η

; ð13Þ

when d ≫ 1 and η > 1. The distance of the loss to its
minimal value ðF − FminÞj� ¼ F2Θ2� reduces like η−1 in this
regime. This yields a weaker dependence on η than the
original exponential, but still decreases with η. This milder
regime features less extreme behavior in the trajectories as
wewill see shortly from the update rules and in theAppendix
from a geometrical point of view. In Sec. II B we will
motivate some simple default values for most of the hyper-
parameters in this regime, with the learning rate scanned in a
limited way. This will prove effective compared to Adam,
with its hyperparameters treated similarly.
The update rules for Θ and u in the continuum are,

Θ̇ ¼ u; ð14Þ

u̇ ¼ −ηd
2ðd − 1ÞðF − F0Þ

ð∇F − ðu · ∇FÞuÞ: ð15Þ

In the second formula we see a divergence in the update
rule as F → F0, but in the regime Fmin − F0 > 0 (say ∼1),
the behavior is less extreme and the saddle (13) still yields a
parametrically decreasing loss as a function of η.
In the discrete case, using a first order integrator, the

update rules are as follows,

u ←
uþ νz
juþ νzj ≈ uþ νz; for ν ≪ 1; ð16Þ

u ← uþ Δtu̇; ð17Þ

Θ ← Θþ Δtu: ð18Þ

The velocity u is first updated with a bounce, u → uþ νz
where z is drawn from a d-dimensional normal distribution
z ∼N ð0; 1Þ before updating with the dynamical equations
of motion. The bounce angle ν, when turned on as an
option, is introduced to add chaos to the dynamics in order
to ensure ergodicity. We will call (16)–(18) the ECDq¼1

optimizer.

2. Adam in physical language

It can be instructive to compare the update rules
(16)–(18) with the corresponding update rules for Adam
[27], which wewill use as a baseline. Before doing so, let us
start with the simpler example of gradient descent with
momentum (GDM) [28,29]. Its update rules can bewritten as

Π ← βΠ −∇FðΘÞ; ð19Þ

Θ ← Θþ αΠ; ð20Þ

where β∈ ð0; 1Þ is called the “momentum” hyperparameter
(not to be confused with Π) and α is the learning rate.

Notice that we can rewrite the term proportional to Π on the
right-hand side of (19) as Π − fΔtΠ, with f ≡ ð1 −
βÞðΔtÞ−1 playing the role of a friction coefficient—i.e.,
the coefficient of a negative additive term in the update
for the momentum, proportional to the momentum itself.
Friction is how GDM converges: setting f ¼ 0 (i.e. β ¼ 1)
removes the friction and ruins convergence.
Adam improves on this scheme by adaptively tuning the

learning rate for each individual direction. Specifically, the
Adam update rules can be written as [27]

Π ←
β1

1 − βt1
Πþ 1 − β1

1 − βt1
∇FðΘÞ; ð21Þ

τ ←
β2

1 − βt2
τ þ 1 − β2

1 − βt2
ð∇FðΘÞÞ2; ð22Þ

Θ ← Θ − α
Πffiffiffi
τ

p þ ε
; ð23Þ

where the vector operations ð∇FðΘÞÞ2 and Πffiffi
τ

p þε
are

performed element-wise, and ε > 0 is a regularization
coefficient. In addition to the friction term, Adam adap-
tively changes the learning rate for each component by
keeping track of the square of the gradient along that
direction. This improves performance at the cost of
memory: for a d-dimensional problem, Adam needs to
store 3d variables, as opposed to 2d for GDM and ECD.
Along these lines, the recent Ademamix optimizer [31] has
found further improvements by keeping track of even more
independent momentum buffers, again at the expense of
memory usage. It would be interesting to see whether the
performance of ECD algorithms can be further improved
by similarly keeping more momentum buffers to adaptively
tune the learning rate.2 However, as we will see next, for the
class of problems studied in this work, ECD outperforms
Adam even with a lower memory usage.

B. Hyperparameter defaults and ranges

The ECDq¼1 optimizer has a space of hyperparameters
traced out by the learning rate Δt, the loss offset F0, the
bounce amplitude ν, and the measure concentration param-
eter η. These parameters have nontrivial relations to each
other and to the dimensionality d, range Θmax of the
configuration space, and step count budget nstep. In this
section, we will explain these relations and define appro-
priately scaled versions of them. Finally, we will motivate a
simple choice of default values and priors, which will prove
to be effective in the experiments in Sec. III.
Before proceeding, we note that two broad regimes of

interest have been identified in neural network training
[34]. One is the traditional regime where overfitting is a

2We thank Vasudev Shyam for discussions on this point.
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limiting factor. This applies to the experiments in the
current work, where early stopping is useful. The second
is the more recently defined scaling regime, applicable for
example to data-dominated large language model pretrain-
ing. The parameter count, data quantity, hyperparameters,
and relations among them may differ for these two types of
problems. We focus on the first regime.
First, for problems where the nominal objective is F ¼ 0,

in order to work in the regime leading to (13) as described
in the previous section, we set

F0jdefault ¼ −1: ð24Þ

In particular, this mitigates against very strong exponential
factors in the evolution on phase space. In situations where
the objective Fmin is approximately known and different
from zero, we can set −ΔFjdefault ¼ F0jdefault − Fmin ¼ −1.
Then, given the formula (13) for the typical set of evolution,
we aim to take a step ΔΘ≲ Θ� to resolve that scale. Since
the velocity is constant, we have ΔΘ ¼ Δt. Defining a
rescaled learning rate

Δt̂ ¼ Δt
ffiffiffi
η

p
; ð25Þ

we set a small range of learning rates

Δt̂jdefault ∈ ð0.1; 1.0Þ ⇒ ΔΘ∈ ð0.1; 1.0ÞΘ�: ð26Þ

Our experiments below will exhibit the utility of both
orders of magnitude 0.1,1.0 for the rescaled learning rate.
As derived in Ref. [32], the bounce angle scales like

ν
ffiffiffi
d

p
; we define a scaled value ν̂ ¼ ν

ffiffiffi
d

p
. Since chaos is

generic, one might expect a typical system not to require
these bounces, although experiments on language models
that we have done along with previous experiments in
[20,32]3 show the utility of bounces to improve the mixing
time. In the particle physics problems we study in the rest of
this paper, we will find that no bounces are needed, so we
can set ν̂ ¼ 0. We find the results robust to a range of small
values of ν̂, so we recommend

ν̂∈ ð0; 10−6Þ; ð27Þ

on a problem of the scale of the experiments in this work. In
the sampling setting [32], the need to accurately sample the
typical set of the target distribution motivates a prescription
of one full bounce per orbit of that locus. More generally,
one may consider a value of ν̂ such that one full bounce
occurs over a chosen range of motion in Θ space, which
may depend on the dimensionality and geometry of the
network. The optimization problem does not require fine
sampling of a detailed distribution, so it may be less

sensitive to ν̂, as we have found in the experiments below,
but more generally nonzero ν̂ can be a useful option.
The final ECDq¼1 hyperparameter is η, which provides

our parametric improvement in concentration of results. At
the level of the measure formula (3), the concentration
improves monotonically with η. Experiments show strong
improvement as a function of η, but it breaks down at some
point. We can understand and estimate this as follows, to
prescribe the maximal useful value of η. In the realization of
ECDgiven in Sec. II A 1, the speed on configuration space is
fixed at unity. Consider a problem subject to a given budget
of update stepsnsteps, andwith a range in configuration space
of order Θmax, which will be of order the distance from the
initial Θ to the typical set at Θ� for a reasonably direct
trajectory. In this situation, the variables are related as

nstepsΔt̂Θ� ∼ nsteps
Δt̂ffiffiffiffiffiffiffiffi
ηF2

p ∼ Θmax: ð28Þ

Consider an initialization such that Θmax ∼
ffiffiffiffiffiffiffiffiffiffiffi
fanin

p
, with

fanin the number of weights that feed into a given neuron,
which is roughly speaking thewidth of the network.We then
expect themaximal useful η to be of order n2steps=fanin.With
a particular network architecture containing layers of differ-
ent width, one can use this logic to derive a more precise
value of η. This goes into the values of η we use as in the
discussion around equation (32) below.
In the next section, we will analyze two (sets of)

scientific problems, comparing the performance of
ECDq¼1 with these default hyperparameters and learning
rate range to the default values of Adam, allowing it a scan
over its learning rate. One can also perform a larger
hyperparameter scan for both, but this adds computational
cost and the ECDq¼1 priors defined in this section will
prove effective compared to Adam.

III. NUMERICAL RESULTS

A key application of precision neural networks in
particle physics is the reweighting of one dataset to match
another. Often, one of the datasets is from a real detector
and the other is from a simulated detector. This is the setting
we will focus on for the following two examples.

A. Electron-positron collisions

First, we consider a one-dimensional example using
eþe− collisions at the Z pole from the ALEPH experiment
at large electron-positron collider [35]. The corresponding
data and simulations (with Pythia 6 [36] and Geant 3 [37]) are
the same as prepared by Ref. [38]. Each event is charac-
terized by a set of outgoing particles, each with a four-
vector and other information (such as electric charge).
Here, we examine the thrust (T) distribution [39], which
interpolates between dijets as T → 1 and uniformly dis-
tributed particles as T → 0. The input thrust distributions
are shown in Fig. 1.

3In some situations, this may reflect symmetries in the problem
or large number in the problem that weakens chaotic interactions.
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The simulated thrust distribution is reweighted to match
the measured thrust distribution by training a neural net-
work classifier to distinguish the two datasets from
each other. Repurposing neural network classifiers as
reweighters has been extensively used in particle physics
for nearly a decade [10], as the starting point for a number
of downstream inference tasks. The neural network is
composed of three, fully connected layers, with 50, 100,
and 50 nodes, respectively. Intermediate layers use the
rectified linear unit (ReLU) activation function. Each
hidden layer is followed by a dropout layer [40] with
dropout probability p ¼ 5%. The output is passed through
a sigmoid and the models are trained using the binary cross
entropy loss. We did not extensively optimize these hyper-
parameters. Our models trained using ECDq¼1 and Adam
have the same setup. For many scientific machine learning
applications, the noise resulting from a singular model
initialization can be problematic and can even dominate the
data noise. Thus, we are often lead to taking an average
over an ensemble of networks to reduce the model noise.
However, such a procedure is computationally expensive
especially if one needs to additionally perform some
hyperparameter optimization.
For ECDq¼1 we fix ν ¼ 0, η ∼ n2steps=fanin, and F0 ¼

Fmin − 1 and perform a small scan over Δt̂∈ ½0.1; 0.5; 1; 2�.
For Adam we sample 100 points of ðΔt; β1; β2Þ from the
distribution,

Δt ∼ 10−Uð1;5Þ;

β1 ∼ 1 − 10−Uð0.5;3Þ;

β2 ∼ 1 − 10−Uð0.5;4Þ; ð29Þ

where U denotes the uniform distribution. This use of
100 tries compared to a scan of four values for ECD
(having fixed the other hyperparameters to defaults)
gives Adam many more chances to succeed. In the
experiments in the next section, we will instead scan
Adam learning rates similarly to the small scan for ECD.
The results of both pipelines demonstrate an advantage
for ECD.
Ultimately, a particular advantage of ECDq¼1 over

Adam is the reliable performance of its default parameters
and relatively narrow priors, as described in Sec. II B. With
default hyperparameter initialization, the theory behind
ECDq¼1 predicts that it should reduce the noise and bias
of each model initialization compared to Adam.
With finite samples of data and simulation, our goal is to

reduce the spread of optimizer results below the level of the
statistical uncertainties. We train N ¼ 10 classifiers with
random initializations and compute the mean absolute error
(MAE) to assess the performance. The MAE is averaged
over these N classifiers. For each classifier, the MAE is
defined as the data-density-weighted, bin-wise4 absolute
error between the likelihood ratio from the neural network
and the histogram ratio, summed over the bins from Fig. 1
with T ≤ 0.3. The uncertainty on the MAE is estimated
from the standard deviation of MAE values across the N
classifiers.

FIG. 1. Residual ALEPH likelihood ratios trained with
ECDq¼1, Adam after hyperparameter tuning, and default Adam
hyperparameters compared to the truth ratio estimated from the
histogram directly. The MAEs for the three estimates are
1.48ð29Þ × 10−3 for ECDq¼1, 2.59ð27Þ × 10−3 for Adam, and
3.20ð87Þ × 10−3 for default (Def.) Adam.

FIG. 2. Corner plot of the normalizing flow dataset from [19].
The distributions of the “Monte Carlo” and “data” datasets match
those generated by the trained normalizing flows.

4We approximate the density on the NN side using the bin
center. This could be improved in the future by taking into
account the within-bin distribution.

DE LUCA, NACHMAN, SILVERSTEIN, and ZHENG PHYS. REV. D 112, 092008 (2025)

092008-6



To compare the performance of a given ensemble of
classifiers, we introduce the weighted MAE, which is given
by,

MAE≡ 1

MN

XN
n¼1

XM
i¼1

wijL̃n
i − L̂ij ð30Þ

where wi is the weighting of each thrust bin by the fraction
of samples within the bin, L̃n

i is the nth classifier’s
prediction on the Ti thrust bin, L̂i is the ground truth of
the Ti thrust bin, M is the number of thrust bins, and N is
the number of classifiers in the ensemble. To focus on
regions of the data where thrust bins contain sufficient
samples, we additionally restrict our computation of the
MAE to thrust bins T ≤ 0.3.
We also compute the mean two sample Kolmogorov-

Smirnov statistic for the classifier’s prediction and the
ground truth,

MKS≡ 1

N
KSðF̃n; FÞ ð31Þ

where KS is the Kolmogorov-Smirnov statistic between
the empirical distribution function of the nth classifier’s
prediction F̃n and the ground truth F and F ¼
CDFðLpðθ1ÞÞ ¼ CDFðpðθ0ÞÞ. To obtain the classifier’s
empirical distribution function, we approximate it as
F̃n ≈ CDFðL̃n

i pðθ1ÞÞ, in order to work with a probability
distribution rather than a ratio of probabilities.
The resulting MAE values are 1.48ð29Þ × 10−3 for

ECDq¼1 and 2.59ð27Þ × 10−3 for Adam. The default
ECDq¼1 trained classifier outperforms both the default
Adam classifier and the scanned Adam classifier (with
Δt ¼ 10−5, β1 ¼ 0.997, β2 ¼ 0.998). The KS values are
4.97ð99Þ × 10−4 for ECDq¼1 and 73ð14Þ × 10−5 for the
scanned Adam classifier. We note also that the default
ECDq¼1 hyperparameters (F0 ¼ −1, ν ¼ 0, η ¼ 106) with
Δt̂ ¼ 0.1 achieved the lowest MAE and KS compared to
the other scanned configurations, substantiating the robust-
ness of the theory of our choice of default parametrization.
In comparison, the default Adam (with Δt ¼ 10−3,
β1 ¼ 0.9, β2 ¼ 0.999) achieves an MAE value of
3.20ð87Þ × 10−3 and a KS value of 6.38ð77Þ × 10−4. We
find also that the deviations for ECDq¼1 are small com-
pared to the statistical uncertainties, which is not true in all
bins for Adam as shown in Fig 1. We did not explore the
effect of different binning strategies in this work: while we
expect these MAE numbers to be slightly dependent on the
binning choice, we do not expect the qualitative behavior to
be affected.
Our default hyperparameter initialization takes into

account the dimensionality of the neural network. To test
the robustness of the default initialization to scaling
dimensionality, we perform the same tests on two larger

NN models, one with an extended depth and one with
extended width. In both versions, the model size is scaled
by a factor of 4. We find in Table I that classifiers trained
with ECDq¼1 are more robust to width and depth scaling
compared to Adam.

B. Example with a higher-dimensional physical
parameter space

As a second example, we consider the task of simulta-
neously reweighting many jet substructure observables
from proton-proton collisions [41]. The “data” are based
on a simulation with Herwig 7.1.5 [42–44] while the
“MonteCarlo” simulation are based on a dataset constructed
with Pythia 8.243 [45–47]. Both datasets use the Delphes 3.4.2

fast detector simulation [48]. Using the same setup as in
Ref. [19], we consider a subset of six observables: jet
mass m, constituent multiplicity M, jet width w, jet
mass after Soft Drop grooming [49] ln ρ ¼ lnðm2

SD=p
2
TÞ,

n-subjettiness ratio [50,51] τ21 ¼ τðβ¼1Þ
2 =τðβ¼1Þ

1 and trans-
verse momentum pT . Normalizing flows [52] were trained
on the “Monte Carlo” and “data” datasets in order to
build surrogate models for which the true event-by-event
probability density is known. We build datasets for the
classifier by sampling 107 events from the normalizing flows
with probability p ¼ 0.5 of sampling from either the
“Monte Carlo” flow or the “data” flow, and the test dataset
is generated by sampling 105 events.5 See Fig. 2.
The classifier NNs are constructed as fully connected

networks with three layers of 64, 128, and 64 nodes,
respectively. As in the previous section, ReLU activations
are used for hidden layers and a dropout of 10% provides
regularization. The particular architecture here informs the
choice of η as anticipated above in Sec. II B. For each layer,
we have an initialization Θi ∼ 1=

ffiffiffiffiffiffiffiffiffiffiffi
fanin

p
. Each set of

weights consists of a total of fanin × fanout parameters.
Let us denote the largest width in the problem as n ¼ 128 in
the present architecture. In this network we have two sets of
weights with dimension n=2 × n ¼ 64 × 128. We have

Θmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiXd
i¼1

Θ2
i

vuut ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
αI

1

n
þ
X
Jβ

1

n=2

s
¼

ffiffiffiffiffiffi
3

2
n

r
; ð32Þ

TABLE I. MAE’s achieved by ECDq¼1 and Adam on the
Aleph dataset when the dimensionality of the NN is scaled by a
factor of 4 widthwise and depthwise.

ECDq¼1 Adam

Width extended 1.58ð18Þ × 10−3 3.23ð19Þ × 10−3

Depth extended 1.87ð58Þ × 10−3 2.72ð42Þ × 10−3

5The trained flows are taken from the code base of Ref. [19],
https://github.com/shahzarrizvi/reweighting-schemes.
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where in this formula Θ2
i refers to the variance of the ith

parameter obtained from the initialization, and where
α; β ¼ 1;…n=2 and I; J ¼ 1;…n. In choosing η in our
experiments, we apply the estimate η ∼ n2stepsΔt̂2=Θ2

max ∼
2n2steps=3n. This is indicated with a ∼ due to the uncertainty
in the Hessian scale F2 in (28), here taken to be of order 1.
The final layer activation will depend on the type of loss

and the choice of parametrization. Following Ref. [19], we
study a variety of options. For each option, the learning rate
Δt was scanned in the values Δt̂∈ ½0.1; 0.5; 1; 2� for
ECDq¼1 and Δt∈ ½10−4; 10−3; 10−2; 10−1� for Adam. In
this regard, we gave Adam more choices since as discussed
in Sec. II B we need only scan ECD over the values 0.1,
1. Additionally, we implemented early stopping during our
training with a patience of ten epochs on validation loss to
reduce overfitting and compute.
For each optimizer, we perform our experiments over six

types of classifiers categorized by the loss type and final
layer activation type. The two types of loss functionals used
to train our classifiers are the maximum likelihood clas-
sifier (MLC) loss [53,54] and the binary cross entropy
(BCE) loss. The MLC and BCE losses are parametrized as,

LMLC½f� ¼
1

N

XN
i¼1

yi ln fðxiÞ þ ð1 − yiÞð1 − fðxiÞÞ; ð33Þ

LBCE½f� ¼
1

N

XN
i¼1

yi lnfðxiÞþð1−yiÞ lnð1−fðxiÞÞ; ð34Þ

where yi ∈ f0; 1g indicating whether the event was drawn
from the “Monte Carlo” flow or the “data” flow, respec-
tively, f is the NN, and xi are the input features. Denoting
f ¼ ϕðzÞ where z is the final layer preactivation, for the
BCE loss any function ϕ∶R → ð0; 1Þ is sufficient, while for
the MLC loss any function ϕ∶R → ð0;∞Þ is sufficient. We
have chosen three different realizations of ϕ for each type
of loss as shown in Table II.
We use again the MAE as a metric for the performance of

our trained classifiers. The average is computed over 100
initializations and we use the multidimensional, unbinned
true likelihood ratio (from the ratio of normalizing flows)
event-by-event for the absolute difference.
As shown in Table III, ECDq¼1 achieves lower MAE on

all parametrizations of MLC and BCE loss, with σðzÞ and

arctanðzÞ giving the best overall MAE. For ECD, the
hyperparameters are the defaults, with the learning rate
within its narrow prior given in Sec. II B. Its learning rates
here and in the ALEPH case are 1 and 0.1, respectively. For
Adam, the best learning rate is its default 10−3 here, and
was orders of magnitude lower (10−5) for the ALEPH case.
While the effect size is not as big as in the previous section,
the ReLU and z2 parametrization demonstrate a statistically
significant improvement compared to Adam at the two-
sigma level. in many cases. The ECDq¼1 advantage is with
a narrower range of hyperparameters overall, including the
experiments in this section and the last. We also report the
hyperparameters for each experiment in Table IV.

IV. CONCLUSIONS AND OUTLOOK

In this paper, we have developed a new, physics-inspired
optimizer, ECDq¼1 building from [20,21,32,33]. While this
optimizer can be applied to any problem with gradients, we
have focused on neural networks due to their large number
of parameters and the large stochasticity from random
initializations. In contrast to other gradient-based methods
that rely on the analog of friction to converge to reasonable
solutions, the ECDq¼1 optimizer conserves the analog
of energy. This allows for different handles to tune the

TABLE II. List of parametrizations of f ¼ ϕðzÞ for MLC and
BCE loss used to train classifiers.Φ is the cumulative distribution
function (CDF) of a normal distribution.

BCE MLC

ϕ ¼ σðzÞ ϕ ¼ ReLUðzÞ
ϕ ¼ ΦðzÞ ϕ ¼ z2

ϕ ¼ arctanðzÞ ϕ ¼ ez

TABLE III. MAE for various loss parametrizations of MLC
and BCE classifiers trained with ECDq¼1 and Adam over 100
independent initializations. The uncertainites are computed as the
standard deviation of the mean absolute errors.

Loss Param. ECDq¼1 Def. Adam jzj-score
MLC ReLUðzÞ 0.407ð5Þ 0.432(5) 3.54

z2 0.412ð7Þ 0.434(5) 2.56
expðzÞ 0.401ð4Þ 0.402(6) 0.14

BCE σðzÞ 0.391ð4Þ 0.398(5) 1.09
ΦðzÞ 0.391ð4Þ 0.397(5) 0.94

arctanðzÞ 0.393ð5Þ 0.399(5) 0.85

TABLE IV. MAE and hyperparameters used for ECDq¼1 runs
reported in Table III. We have fixed F0 ¼ −0.3 for BCE loss as
empirically we found Fmin ∼ 0.68 while for MLC loss Fmin ∼ 0.
To fix η, we find that nsteps ¼ epochs × batch size ∼ 800 such
that η ∼ 2n2steps=3n ∼ 1.6 × 103 according to Eq. (32).

Loss Parametrization MAE η ν F0 Δt̃

MLC ReLUðzÞ 0.407ð5Þ 1.6 × 103 0 −1 1
z2 0.412ð7Þ 1.6 × 103 0 −1 1

expðzÞ 0.401ð4Þ 1.6 × 103 0 −1 1

BCE σðzÞ 0.391ð4Þ 1.6 × 103 0 −0.3 1
ΦðzÞ 0.391ð4Þ 1.6 × 103 0 −0.3 1

arctanðzÞ 0.393ð5Þ 1.6 × 103 0 −0.3 1
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optimization and provides for physical intuition about the
values of hyperparameters.
While this new optimizer may have widespread use, we

believe it will be particularly useful for particle physics.
Machine learning for particle physics is entering a precision
regime, where neural networks are being deployed to
utilize all available information in complex events, but
extreme precision requirements demand high-levels of
robustness in network predictions. For two representative
examples in collider physics, we showed that the ECDq¼1

optimizer performs as well as or (much) better than the
widely used Adam optimizer, recognizing that in the cases
of the exponential parametrization of the MLC loss and all
parametrizations of BCE loss, ECD only achieves slightly
better performance. Overall, ECD demonstrates greater
robustness to such choices.
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APPENDIX: GEOMETRIC INTERPRETATION
AND CURVATURE FORMULA

The Hamiltonian approach introduced in Sec. II A can
also be understood in the language of Riemannian geom-
etry, with the benefit of allowing the use of well-developed
geometric techniques to understand the dynamics. In
particular, curvature controls the spread of geodesics, thus
influencing the mixing rate.
Upon choosing a Riemannian metric in the configuration

space M, the natural motion to consider is the geodesic
motion. For simplicity, we will focus on isotropic con-
formally flat metrics

ds2 ¼ hðΘÞ2=dδijdΘidΘj; ðA1Þ

which is equivalent to restricting to Hamiltonians depend-
ing on Π only through jΠj. When the geodesic motion is
ergodic, trajectories are distributed in configuration space
according to the Riemannian volume form

ffiffiffi
g

p ¼ hðΘÞ,
where the function hðΘÞ is assumed to be non-negative.

More generally, for a generic observable O, its expectation
value on M agrees with its expectation value along the
geodesic trajectory if the geodesic motion is ergodic. In
formulas Z

M

ffiffiffi
g

p
OðΘÞddΘ ∝

1

T

Z
T

0

OðΘðtÞÞdt; ðA2Þ

when ΘðtÞ is a solution of the system of second order
ordinary differential equation (ODEs)

hðΘÞ d
dt

�
hðΘÞ2d dΘ

i

dt

�
¼ 1

d
∂hðΘÞ
∂Θi : ðA3Þ

Along solutions of this equation the geodesics have
tangent vectors with constant unit norm, as measured with
the metric (A1), implying hðΘÞ2=dðdΘdt Þ2 ¼ 1. Choosing
hðΘÞ ¼ μðΘÞ with μ as in Eq. (3) and prescribing a certain
first order scheme to integrate the geodesic equation (A3)
results in the ECDq¼0 optimization algorithm introduced
in Ref. [21].
Changing the parametrization of the “time” coordinate

along the geodesics by reparametrizing it as tðτÞ, the points
ΘðτÞ visited during the evolution are not distributed to hðΘÞ
anymore, since the integral on the right hand side of (A2)
would pick up a factor of dt

dτ. If we do not correct for this
factor, effectively we explore a different distribution μ ≠ h.
Taking this into account, by this simple reparametrization
argument we obtain that points collected along solutions of
the system of second order ODEs

μðΘÞ d
dτ

�
μðΘÞhðΘÞ2d−1 dΘ

i

dτ

�
¼ 1

d
∂hðΘÞ
∂Θi ðA4Þ

are distributed according to μðΘÞ for any choice of hðΘÞ.
The length of the tangent vector now is not constant, and
we have μðΘÞ2hðΘÞ2d−2ðdΘdτÞ2 ¼ 1. While hðΘÞ ¼ μðΘÞ
reproduces (A3) and thus the ECDq¼0 optimization algo-
rithm, more general choices are possible, resulting in
different optimization algorithms when an integration
scheme is prescribed.
A simple class is given by hðΘÞ depending on μðΘÞ via a

power law. By parametrizing it as hðΘÞ ¼ μðΘÞ d
d−q, we get

μðΘÞ2q−dq−d
d
dτ

�
μðΘÞq−2q−d

dΘi

dτ

�
¼ 1

d − q
∂μðΘÞ
∂Θi ; ðA5Þ

where now

μðΘÞ2ð1−qÞd−q

�
dΘ
dτ

�
2

¼ 1: ðA6Þ

Different choices of q ⩾ 0 produce new optimization
algorithms ECDq, upon identifying μ with the objective
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F as in (3) and choosing an integration scheme. Connecting
to the original physical dynamics, notice from (A5) that
q ¼ 2 results in simple Newtonian evolution on a potential
related to μ; q ≠ 2 instead corresponds to noncanonical
kinetic terms, with the same q parametrization introduced
in Ref. [32] in context of sampling. From (A6) we see that
for the particular choice q ¼ 1 the speed is constant, as
discussed from the Hamiltonian point of view in Sec. II A 1
for the ECDq¼1 algorithm.
For general q, the continuum update rules (14) general-

ize to

Θ̇ ¼ u

u̇ ¼ −ηd
2ðd − 1ÞðF − F0Þ

ððF − F0Þ−dη
q−1
d−q∇F

þ ðq − 2Þðu · ∇FÞuÞ: ðA7Þ

The geometrical formulation allows one to use geometric
quantities to understand the spread of the geodesics, and
thus of the optimization trajectories. In particular, the

sectional curvature controls the rate at which different
close-by geodesics spread (if negative) or converge (if
positive). For the metric associated to general q, the
sectional curvature on the plane i, j reads

Kij ¼ðF−F0Þ
ηd
d−q

dη
2ðd−qÞ

�
∂
2
i logðF−F0Þ

þ∂
2
j logðF−F0Þ−

ηd
2ðd−qÞ

X
k≠i;j

ð∂k logðF−F0ÞÞ2
�
:

ðA8Þ

The rate of divergence among close-by geodesics can be
then obtained via the Jacobi equation, and is controlled by
the curvature. We do not write the full expression here, but
we notice that close to the bottom F ∼ Fmin the same
exponential divergences that appear in the evolution
equations (A7) and (7) also appear in the curvature. As
in the discussion in Sec. II A 1, these are mitigated in the
regime ΔF≡ Fmin − F0 of order 1.
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