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In the Standard Model (SM), charged lepton flavor-violating (LFV) processes are strictly forbidden, and
thus observation of LFV would signal the presence of new physics. Recently, the Muon g − 2Collaboration
at Fermilab reported their final result for the muon magnetic dipole moment (MDM), which is now
consistent with the latest SM prediction at the 1σ level. This imposes a significant constraint on new-
physics contributions to ðg − 2Þμ. In this work, we study the LFV processes l−

j → l−
i γ and l

−
j → l−

i l
−
i l

þ
i

within the framework of the triplet next-to-minimal supersymmetric standard model (TNMSSM). We
include two-loop contributions to the muon MDM and investigate the resulting constraints on the model
parameter space. Our numerical analysis shows that, in the TNMSSM, doubly charged Higgs bosons and
the couplings YL and YD associated with the type-I+II seesaw mechanism play a crucial role in both LFV
processes and the muon MDM. Moreover, two-loop electroweak corrections have a significant impact on
the muon MDM in this framework.

DOI: 10.1103/x7sb-n9lw

I. INTRODUCTION

Lepton flavor violation (LFV) has been extensively
investigated in both theoretical and experimental studies,
and remains a prominent topic in contemporary particle
physics. The discovery of neutrino oscillations has dem-
onstrated that lepton flavor is not fundamentally conserved
[1,2]. However, in the Standard Model (SM), neutrinos are
massless and lepton flavor is conserved [3–5], which
contradicts experimental observations and motivates exten-
sions beyond the SM [6]. LFV thus provides a valuable
probe for new physics [7–13]. Table I summarizes the
current experimental constraints and future sensitivities for
the LFV decays l−

j → l−
i γ and l−

j → l−
i l

−
i l

þ
i [14–20].

Another important test of new physics is the anomalous
magnetic dipole moment (MDM) of the muon, ðg − 2Þμ
[21–23]. The longstanding discrepancy between
experimental results and SM predictions previously
exceeded 4σ. Recently, the Muon g − 2 Collaboration
at Fermilab reported their final measurement, aμ ¼
1165920705ð148Þ × 10−12 [24], yielding a new world
average aexpμ ¼ 1165920715ð145Þ × 10−12. Compared

with the updated theoretical prediction aSMμ ¼
116592033ð62Þ × 10−11 [25,26], this results in

Δanewμ ¼ aexpμ − aSMμ ¼ ð39� 64Þ × 10−11; ð1Þ

which is within 1σ, in contrast to the previous deviation
Δaoldμ ¼ ð251� 59Þ × 10−11 [21,27–29]. While the new
measurement tightens constraints on new physics, addi-
tional contributions to ðg − 2Þμ remain possible.
In this work, we study charged LFV processes within the

framework of the triplet next-to-minimal supersymmetric
standard model (TNMSSM), considering both one-loop
and two-loop contributions to the muon MDM. The
TNMSSM extends the minimal supersymmetric standard
model (MSSM) with two SUð2ÞL triplets and one singlet
[30–33], addressing the little hierarchy problem and the μ
problem simultaneously [34–44]. A triplet field with
hypercharge þ1, together with three right-handed neutri-
nos, generates tiny neutrino masses via a type-I+II seesaw
mechanism [31,32,45–51]. One-loop radiative corrections
are included using the on shell renormalization scheme to
obtain effective neutrino masses consistent with observed
oscillations [52–55]. The triplet gives rise to doubly
charged Higgs bosons, which dominantly mediate the
tree-level l−

j → l−
i l

−
i l

þ
i LFV processes, providing a dis-

tinctive signal of the TNMSSM. These processes can be
probed in current and future experiments, including high-
energy colliders and precision LFV searches [56–59]. In
addition, one-loop and two-loop electroweak corrections,
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particularly those involving doubly charged Higgs bosons
and their Yukawa couplings, significantly contribute to
ðg − 2Þμ. We consider both normal hierarchy (NH) and
inverted hierarchy (IH) scenarios for neutrino masses.
This paper is organized as follows: The framework of the

TNMSSM, including the superpotential, soft breaking
terms, and the mechanism generating tiny neutrino masses,
is presented in Sec. II. In Sec. III, we present the decay
widths of charged LFV processes and the muon MDM.
Section IV contains the numerical analyses, and conclu-
sions are given in Sec. V. Some key derivations and the
mass matrices of relevant particles are collected in the
Appendixes for completeness.

II. THE TNMSSM

Besides the MSSM superfields, the TNMSSM includes a
gauge singlet S and two SUð2ÞL triplets T and T̄. To
address the μ problem, a discrete Z3 symmetry is imposed,

under which all superfields (Ĥu; Ĥd; Ŝ; T̂;
ˆ̄T) carry charge

1 mod 3 [30–32]. This forbids bilinear terms such as μĤu ·
Hd and allows only cubic terms like λŜĤu · Ĥd and

λTŜTrðT̂ ˆ̄TÞ. After Ŝ acquires a vacuum expectation value,
an effective μ term μeff ¼ λhSi is dynamically generated.
The corresponding superpotential reads [31–33] as

WTNMSSM ¼ SðλHu ·Hd þ λT trðT̄TÞÞ
þ κ

3
S3 þ χuHu · T̄Hu þ χdHd · THd

þ huHu ·Qūþ hdHd ·Qd̄þ heHd · Lē: ð2Þ

Adding three singlet right-handed neutrino superfields
Nc, the superpotential extends to [31]

WTNMSSMþSeesaw ¼ WTNMSSM þ YLL · TL

þ YDL ·HuNc þ YRNcSNc; ð3Þ

where YL;D;R are the corresponding Yukawa matrices.
The soft supersymmetry (SUSY)-breaking Lagrangian is

−Lsoft ¼ m2
Hu
jHuj2 þm2

Hd
jHdj2 þm2

SjSj2 þm2
T trjTj2 þm2

T̄ trjT̄j2 þm2
Nc jNcj2

þm2
QjQj2 þm2

ūjūj2 þm2
d̄
jd̄j2 þm2

L̃
jLj2 þm2

ẽjẽj2

þ
�
AhuQ ·Huū − AhdQ ·Hdd̄ − AheL ·Hdēþ ASHu ·Hd þ ATStrðTT̄Þ þ

Aκ

3
S3

þ AuHu · T̄Hu þ AdHd · THd þ AYL
L · TLþ AYN

L ·HuNc þ AYR
NcSNc þ H:c:

�
−
1

2
ðM3λ̃3λ̃3 þM2λ̃2λ̃2 þM1λ̃1λ̃1 þ H:c:Þ: ð4Þ

The neutral scalar fields in the Higgs and triplet sectors
can be expanded around their vacuum expectation values
(VEVs) as

H0
d ¼

1ffiffiffi
2

p ðvd þ hd þ iPdÞ; H0
u ¼

1ffiffiffi
2

p ðvu þ hu þ iPuÞ;

T0 ¼ 1ffiffiffi
2

p ðvT þ hT þ iPTÞ; T̄0 ¼ 1ffiffiffi
2

p ðvT̄ þ hT̄ þ iPT̄Þ;

S0 ¼ 1ffiffiffi
2

p ðvS þ hS þ iPSÞ; ð5Þ

where hi and Pi denote the CP-even and CP-odd compo-
nents of each field, respectively, and vi are their corre-
sponding VEVs.

It is convenient to define the combined VEVs, ratios, and
the effective μ parameters as

v2ud ¼ v2u þ v2d; v2TT̄ ¼ v2T þ v2T̄ ; ð6Þ

tan β ¼ vu
vd

; tan β0 ¼ vT
vT̄

; ð7Þ

μ ¼ λvS; μT ¼ λTvS: ð8Þ

Products of SUð2ÞL multiplets are understood as the
antisymmetric contraction of their doublet indices, and can
be written explicitly as [30]

Hu ·Hd ¼ Hþ
u H−

d −H0
uH0

d; ð9Þ

TABLE I. Present constraints and future sensitivities on the
branching ratios of LFV processes.

LFV process Present limit Future sensitivity

μ → eγ < 4.2 × 10−13 ∼6 × 10−14 [15]
μ → 3e < 1 × 10−12 [16] ∼10−16 [17]
τ → eγ < 3.3 × 10−8 [18] ∼10−8 − 10−9 [19]
τ → 3e < 2.7 × 10−8 [20] ∼10−9 − 10−10

τ → μγ < 4.2 × 10−8 ∼10−8 − 10−9

τ → 3μ < 2.1 × 10−8 ∼10−9 − 10−10
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Hu · T̄Hu ¼
ffiffiffi
2

p
Hþ

u H0
uT̄− − ðH0

uÞ2T̄0 − ðHþ
u Þ2T̄−−; ð10Þ

Hd · THd ¼
ffiffiffi
2

p
H−

dH
0
dT

þ − ðH0
dÞ2T0 − ðH−

d Þ2Tþþ; ð11Þ

YLL ·TL¼Yij
L

�
νiνjT0þ 1ffiffiffi

2
p ðνiljþliνjÞTþ−liljTþþ

�
;

ð12Þ

YDL ·HuNc ¼ Yij
DðνiH0

u − liHþ
u ÞNc

j : ð13Þ

The complete 6 × 6 neutrino mass matrix in the
TNMSSM, which simultaneously realizes a combined
type-I and type-II seesaw mechanism, is [60–64]

Mν ¼
�
ML MD

MT
D MR

�
; ð14Þ

whereMD is the 3 × 3 Dirac mass matrix, and ML andMR
are the Majorana mass matrices for the left- and right-
handed neutrinos, respectively. They are generated at tree
level by

ML ¼
ffiffiffi
2

p
YLvT; MD ¼ YDvuffiffiffi

2
p ; MR ¼

ffiffiffi
2

p
YRvS: ð15Þ

Diagonalization of the full matrix is achieved by a
unitary matrix ZNν

,

ZT
Nν
MνZNν

¼ diagðmν1 ;…; mν6Þ; ð16Þ

which can be approximated at leading order in ς≡MDM−1
R

as [62,63]

ZT
Nν

¼
�
ST 0

0 RT

��
1 − 1

2
ς†ς −ς†

ς 1 − 1
2
ςς†

�
: ð17Þ

Here S and R diagonalize the light and heavy sub-blocks,

STMtree
ν S ¼ diagðmν1 ; mν2 ; mν3Þ;

RTMRR ¼ diagðmν4 ; mν5 ; mν6Þ: ð18Þ

At tree level the effective light-neutrino mass matrix
obtained from Eq. (14) is

Mtree
ν ≃mII

ν þmI
ν ¼ ML −MDM−1

R MT
D; ð19Þ

showing the combined type-II and type-I seesaw
contributions.
We then include one-loop radiative corrections, using the

on shell scheme to cancel ultraviolet divergences [61,62].
The νi

0–νj
0 mixing arises from loops of three types:

gauge bosons, Higgs bosons (neutral and charged), and
supersymmetric scalars (sneutrinos or sleptons) coupled

with neutralinos or charginos. The correction can be
expressed as

δm1-loop
ν;ij ¼ δmðZ;ν0Þ

ν;ij þ δmðW;e−Þ
ν;ij þ δmðH0;ν0Þ

ν;ij þ δmðA0;ν0Þ
ν;ij

þ δmðν̃I ;χ̃Þ
ν;ij þ δmðν̃R;χ̃Þ

ν;ij þ δmðHþ;e−Þ
ν;ij þ δmðẽ;χ−Þ

ν;ij :

ð20Þ

Here, δm1-loop
ν;ij denotes the one-loop correction, with details

given in Appendix A.
With the one-loop corrections, the neutrino mass matrix

defined in Eq. (14) becomes

Msum
ν ¼ Mν þ ZNν

δmνZT
Nν

¼
 

ðML þ δmLÞ3×3 ðMD þ δmDÞ3×3
ðMD þ δmDÞT3×3 ðMR þ δmRÞ3×3

!
; ð21Þ

whereMν is given in Eq. (14). The matrixMsum
ν retains the

seesaw structure. Analogous to Eq. (19), the one-loop
corrected effective light neutrino mass matrix is given by
[31,32]

Meff
ν ≈ðMLþδmLÞ

−ðMDþδmDÞðMRþδmRÞ−1ðMDþδmDÞT: ð22Þ

Using the “top-down” method [6,52,64], Meff
ν can be

diagonalized to obtain the three light neutrino masses
and Pontecorvo–Maki–Nakagawa–Sakata (PMNS) mixing
angles.
In the TNMSSM, tiny neutrino masses arise from both

type-I and type-II seesaw mechanisms. An interesting case
occurs when the type-II contribution, including its one-loop
correction, ML þ δmL, is comparable in magnitude to the
type-I term ðMD þ δmDÞðMR þ δmRÞ−1ðMD þ δmDÞT
[65–67]. This partial cancellation naturally explains the
small neutrino masses without requiring extremely sup-
pressed Yukawa couplings YL and YD, enhancing their
phenomenological impact, particularly in LFV processes.
In our numerical analysis (Sec. IV), the full neutrino mass
matrix is obtained by combining Mtree

ν with δm1-loop
ν ,

ensuring consistency with experimental constraints on
neutrino masses and PMNS mixing angles.

III. LEPTON FLAVOR VIOLATION AND ðg− 2Þμ
IN THE TNMSSM

In this section, we compute and analyze the LFV
processes l−

j → l−
i γ and l−

j → l−
i l

−
i l

þ
i . Both channels

are calculated at the one-loop level, while the three-body
decay l−

j → l−
i l

−
i l

þ
i also receives tree-level contributions.

In addition, we discuss the impact of potential new-physics
two-loop diagrams on the muon MDM.
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A. Rare decay l−
j → l−

i γ

The off shell amplitude for the process l−
j → l−

i γ can be
expressed in the general form [22,68]

T ¼ eϵμūiðpþ qÞ½q2γμðAL
1PL þ AR

1PRÞ
þmlj iσμνq

νðAL
2PL þ AR

2PRÞ�ujðpÞ; ð23Þ

where p and q denote the four-momenta of the incoming
lepton l−

j and the photon γ, respectively. Here ϵμ is the
photon polarization vector, PL and PR are the standard
chiral projection operators, and ui is the spinor wave
function of the lepton. The one-loop Feynman diagrams
contributing to the LFV decay l−

j → l−
i γ are shown in

Fig. 1. The evaluation of these diagrams yields the
coefficients AL;R

1;2 appearing in Eq. (23):

AL;R
1 ¼ AðaÞL;R

1 þ AðbÞL;R
1 ;

AL;R
2 ¼ AðaÞL;R

2 þ AðbÞL;R
2 ; ð24Þ

where the explicit expressions for AðaÞL;R
1;2 and AðbÞL;R

1;2 are
listed in Appendix B. Combining the amplitude in Eq. (23),
the decay width for the process l−

j → l−
i γ can be

expressed as

Γðl−
j → l−

i γÞ ¼
e2

16π
; m5

lj
ðjAL

2 j2 þ jAR
2 j2Þ: ð25Þ

The corresponding branching ratio is then given by

Brðl−
j → l−

i γÞ ¼
Γðl−

j → l−
i γÞ

Γl−j

: ð26Þ

Here, Γl−j
denotes the total decay width of the lepton l−

j .

For numerical evaluations, we approximately use Γμ ≃
2.996 × 10−19 GeV for the muon and Γτ ≃ 2.265 ×
10−12 GeV for the tauon [69].

B. Rare decay l−
j → l−

i l
−
i l

+
i

The effective amplitude for the process l−
j → l−

i l
−
i l

þ
i

receives contributions from both tree-level and one-loop
diagrams. At tree level, this process is mediated by a doubly
charged Higgs boson, as illustrated in Fig. 2. The corre-
sponding amplitude reads as [14]

T ¼ CL
liljHc−−�CR

l̄il̄iHc−−

i
ðp − p1Þ2 −m2

H−−

× ūiðp1ÞPLujðpÞūiðp3ÞPRviðp2Þ: ð27Þ

Here, mH−− denotes the mass of the doubly charged Higgs
boson, while CL

liljHc−−� and CR
l̄il̄iHc−− are the corresponding

left- and right-handed couplings to the leptons.
We now consider the one-loop contributions. At this

order, the effective amplitude of the LFV processes gen-
erally receives corrections from both penguin-type and
box-type diagrams. As illustrated in Fig. 3, the penguin
diagrams can be classified into two types: those mediated
by a photon (photon type) and those mediated by a massive
vector boson (massive-vector type). The large black dot in
Fig. 3 represents a complete set of one-loop triangle
diagrams, which are of the same type as those shown in

(a) (b)

FIG. 1. One-loop diagrams contributing to the process l−
j → l−

i γ in the TNMSSM. In panel (a), Fn
k and Scl represent the neutral

fermion and charged scalar, respectively. In panel (b), Fc
k and Sll denote the charged fermion and neutral scalar, respectively.

FIG. 2. The tree-level Feynman diagrams for the process
l−
j → l−

i l
−
i l

þ
i , mediated by the doubly charged Higgs bosons

H−− in the TNMSSM.
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Fig. 1. In contrast to Fig. 1, which contains only photon-
lepton vertices, the large black dot in Fig. 3 also includes
the couplings to the Z boson. This compact notation
preserves the physical content of both photon and Z boson
interactions while keeping the diagram visually concise,
without omitting the underlying loop structure.
The invariant amplitude for the γ-penguin contribution is

given by [14,22,68]

Tγ−penguin ¼ ūiðp1Þ½q2γμðAL
1PL þ AR

1PRÞ
þmljiσμνq

νðAL
2PL þ AR

2PRÞ�ujðpÞ

×
e2

q2
ūiðp2Þγμνiðp3Þ − ðp1 ↔ p2Þ: ð28Þ

Similarly, the invariant amplitude for the N-type penguin is
written as

TN−penguin ¼
e2

m2
N
ūiðp1ÞγμðFLPL þ FRPRÞujðpÞ

× ūiðp2ÞγμðCL
l̄iNli

PL þ CR
l̄iNli

PRÞ
× νiðp3Þ − ðp1 ↔ p2Þ: ð29Þ

Here, mN denotes the mass of the Z boson, and the explicit
expressions for FL;R are given in Appendix B.
The box-type diagrams also provide significant contri-

butions to the l−
j → l−

i l
−
i l

þ
i process. The corresponding

Feynman diagrams are shown in Fig. 4. The effective
amplitude can be written as [14,22]

Tbox ¼ fBL
1 e

2ūiðp1ÞγμPLujðpÞūiðp2ÞγμPLνiðp3Þ þ ðL ↔ RÞg
þ fBL

2 ½e2ūiðp1ÞγμPLujðpÞūiðp2ÞγμPRνiðp3Þ − ðp1 ↔ p2Þ� þ ðL ↔ RÞg
þ fBL

3 ½e2ūiðp1ÞPLujðpÞūiðp2ÞPRνiðp3Þ − ðp1 ↔ p2Þ� þ ðL ↔ RÞg
þ fBL

4 ½e2ūiðp1ÞσμνPLujðpÞūiðp2ÞσμνPLνiðp3Þ − ðp1 ↔ p2Þ� þ ðL ↔ RÞg; ð30Þ

where the coefficients BL;R
1;2;3;4 are obtained from the box-diagram calculations (see Appendix B). The decay width at one-

loop order then follows as [14,22].

Γðl−j → l−i l
−
i l

þ
i Þ ¼

e4m5
lj

512π3

�
ðjAL

2 j2 þ jAR
2 j2Þ
�
16

3
ln

mlj

2mli

−
14

9

�

þ ðjAL
1 j2 þ jAR

1 j2Þ − 2ðAL
1A

R�
2 þ AL

2A
R�
1 þ H:c:Þ þ 1

6
ðjBL

1 j2 þ jBR
1 j2Þ

þ 1

3
ðjBL

2 j2 þ jBR
2 j2Þ þ

1

24
ðjBL

3 j2 þ jBR
3 j2Þ þ 6ðjBL

4 j2 þ jBR
4 j2Þ

−
1

2
ðBL

3B
L�
4 þ BR

3B
R�
4 þ H:c:Þ þ 1

3
ðAL

1B
L�
1 þ AR

1B
R�
1 þ AL

1B
L�
2

þ AR
1B

R�
2 þ H:c:Þ − 2

3
ðAR

2B
L�
1 þ AL

2B
R�
1 þ AL

2B
R�
2 þ AR

2B
R�
2 þ H:c:Þ

þ 1

3
½2ðjFLLj2 þ jFRRj2Þ þ ðjFLRj2 þ jFRLj2Þ þ ðBL

1F
LL� þ BR

1F
RR�

þ BL
2F

LR� þ BR
2F

RL� þ H:c:Þ þ 2ðAL
1F

LL� þ AR
1LF

RR� þ H:c:Þ
þ ðAL

1F
LR� þ AR

1LF
RL� þ H:c:Þ − 4ðAR

2F
LL� þ AL

2F
RR� þ H:c:Þ

− 2ðAL
2F

RL� þ AR
2LF

LR� þ H:c:Þ�
�
; ð31Þ

where

FIG. 3. The penguin-type diagrams of the l−
j → l−

i l
−
i l

þ
i

process, where N denotes the Z boson, and the large black
dot indicates either the l−

j l
−
i γ or the l−

j l
−
i Z effective vertex.
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FLL ¼
X
N¼Z

FLCL
liNli

m2
N

; FRR ¼ FLLðL ↔ RÞ;

FLR ¼
X
N¼Z

FLCR
liNli

m2
N

; FLR ¼ FRLðL ↔ RÞ: ð32Þ

C. ðg− 2Þμ
Finally, we further analyze the muon MDM. The latest

discrepancy between the SM theoretical prediction and the
experimental measurement, as shown in Eq. (1), is a 1σ
deviation. This updated result suggests that the SM may
now reasonably account for the long-standing muon g − 2
anomaly. However, this does not definitively rule out
the existence of potential new physics beyond the SM, a topic
that remains a compelling target for both theoretical and
experimental investigation. In general, the MDM of a Dirac
fermion can be expressed through the effective Lagrangian as
[70–74]

LMDM ¼ e
4mμ

aμlμσαβlμFαβ; ð33Þ

where σαβ ¼ i
2
½γα; γβ�, Fαβ denotes the electromagnetic field

strength,mμ is the muon mass, aμ ¼ 1
2
ðg − 2Þμ, and lμ is the

muon field.Using the effectiveLagrangianmethod,weobtain
the expression for aμ as [71–74]

aμ ¼
4Qfm2

μ

ð4πÞ2 ℜðCR
2 þ CL�

2 þ CR
6 Þ; ð34Þ

where Qf ¼ −1, and CL;R
2;6 are the Wilson coefficients of the

operators OL;R
2;6 [31,74]:

OL;R
2 ¼ eQf

ð4πÞ2 ð−iD
�
αÞl̄μγαðF · σÞPL;Rlμ;

OL;R
6 ¼ eQfmμ

ð4πÞ2 l̄μðF · σÞPL;Rlμ; ð35Þ

where Dμ ¼ ∂μ þ ieAμ, PL ¼ 1
2
ð1 − γ5Þ, and PR ¼

1
2
ð1þ γ5Þ. From the diagrams in Fig. 1, the one-loop con-

tribution to the muon MDM is

aone-loopμ ¼ aðaÞμ þ aðbÞμ ; ð36Þ

where aðaÞμ and aðbÞμ correspond to the contributions from
Figs. 1(a) and1(b), respectively. Their explicit expressions are
given in Appendix C.
In a reasonable parameter space, the two-loop Barr–Zee

diagrams shown in Fig. 5, whichmay involve doubly charged
fermions χ̃þþ as well as other particles, can give significant
contributions to the muon MDM. After including these two-
loop corrections, the muon MDM is given by [23,75]

atwo-loopμ ¼ aone-loopμ þ aWW
μ þ aWH

μ þ aγhμ ; ð37Þ

where aWW
μ , aWH

μ , and aγhμ correspond to the contributions
from Fig. 5, with explicit expressions also given in
Appendix C.

(a)

(b)

FIG. 4. Box-type diagrams for the process l−
j → l−

i l
−
i l

þ
i . In diagram (a), Fn

k and Scl denote the neutral fermion and charged scalar,
respectively. In diagram (b), Fc

k and Sll denote the charged fermion and neutral scalar, respectively.
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IV. THE NUMERICAL ANALYSES

In this section, we present the numerical results for the
branching ratiosofLFVprocesses and theMDMof themuon.
For the input parameters of theSM,we take theW bosonmass
mW ¼ 80.377 GeV, the Z boson mass mZ ¼ 90.188 GeV,
theelectronmassme ¼ 0.511 MeV,αemðmZÞ ¼ 1=128.9 for
the electromagnetic coupling, the strong coupling
αsðmZÞ ¼ 0.118, and the top quark mass mt ¼ 172.5 GeV
[69]. We impose the cosmological bound

P
i mνi < 0.12 eV

[69,76]. In our analysis we assume the charged-lepton mass
matrix is diagonal, Ml ¼ diagðme;mμ; mτÞ, which implies
that the charged-leptonYukawamatrixYhe is also diagonal.
This assumption greatly simplifies the determination of the
neutrino mixing matrix: the PMNS matrix is then fixed
entirely by the neutrino mass matrix [53,54]. Since the
absolute neutrino mass ordering is not yet determined,
we consider both hierarchies in what follows: the NH
with mν1 < mν2 < mν3 and the IH with mν3 < mν1 < mν2 .
We use the following 3σ ranges for the mass-squared
differences and mixing angles [69]:

Δm2
ν21 ¼ ð6.99 − 8.07Þ × 10−5 eV2;

jΔm2
ν32 jNH ¼ ð2.371 − 2.539Þ × 10−3 eV2;

jΔm2
ν32 jIH ¼ ð2.442 − 2.616Þ × 10−3 eV2;

sin2 θ12 ¼ 0.270 − 0.345;

sin2 θ23 ¼ 0.495 − 0.603;

sin2 θ13 ¼ 0.0198 − 0.0240; ð38Þ

where jΔm2
ν32 jNH corresponds to the NH, and jΔm2

ν32 jIH
corresponds to the IH. The Yukawa elements YR;ll and YD;ll

are not independent free parameters: once the diagonal
elementsMR;ll (l ¼ 1, 2, 3) are specified, Eqs. (15) and (22)
allow one to express YR;ll and YD;ll in terms of other
parameters. Therefore, only the coupling matrix YL asso-
ciated with the type-II seesaw needs to be specified. In
general YL is a 3 × 3 matrix, which we parametrize as

YL ¼

0
B@

Y11 Y12 Y13

Y21 Y22 Y23

Y31 Y32 Y33

1
CA:

Y11 is constrained strongly by the 0ν2β decay experi-
ments in the range Y11 ≲ 0.04 [77]. For convenience in the
subsequent analysis, we fix Y11 ¼ Y22 ¼ Y33 ¼ 0.04. To
simplify the problem, we set the off diagonal elements to be
equal: Y12 ¼ Y21; Y13 ¼ Y31; Y23 ¼ Y32. For clarity, we
assume that the right-handed neutrino sector is degenerate,
with MR;11 ¼ MR;22 ¼ MR;33 ¼ 500 GeV, and that its off
diagonal elements vanish. We note that the right-handed
neutrino masses are given by Eq. (15). Once the parameters
μ and λ are fixed, the value of vS can be determined, which
then allows us to obtain the explicit expression for YR. We
set mtree

νlightest ¼ 0.01 eV for NH and IH neutrino masses,

s212; s
2
13; s

2
23;Δm2

ν21 ; jΔm2
ν32 j with the center values. Once the

lightest neutrino mass at tree level, the three mixing angles,
and the two mass-squared differences are fixed using
neutrino oscillation data, and given that the structure of
YL and the right-handed Majorana mass matrix MR is
known, as well as the values of tan β, tan β0, and vTT̄ , one
can determine vT and vu. Combining this with Eqs. (15)
and (19), we can then solve for the Dirac Yukawa matrix
YD. In this work, we set all three CP-violating phases of the

FIG. 5. Two-loop Barr–Zee type diagrams contributing to aμ via photon insertions on internal lines.
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neutrinos to zero. Including the one-loop radiative correc-
tions, the light neutrino masses are then fully determined.
The specific details of these calculations are provided in
Appendix A for reference.
The measured mass of the Higgs boson is [69]

mh ¼ 125.25� 0.17 GeV: ð39Þ

Taking into account the tree-level relation between theW
and Z masses, the ρ parameter in the TNMSSM is [33]

ρ ¼ m2
W

cos2 θWm2
Z
¼ 1 −

2v2TT̄
v2ud

; ð40Þ

where θW is the Weinberg angle. Current measurements
give ρexp ¼ 1.00038� 0.00020 (at 2σ), which implies
vTT̄ ≲ 1 GeV to satisfy electroweak precision constraints.
Accordingly, in the following we adopt vTT̄ ¼ 0.001 GeV.
Current experimental constraints on supersymmetric

particle masses are summarized as follows. The lower
limit on the mass of long-lived charginos is mχ̃� >
1090 GeV at the 95% confidence level (CL) [69]. We
conservatively take the mass of the lightest neutralino to be
larger than 300 GeV by fixing the Higgsino sector
parameter to M1 ¼ 800 GeV and choosing M2 ≥
1000 GeV [69]. We assume that the soft-breaking mass
parameters of the sleptons satisfy mL̃ ¼ mẽ ¼ mν̃ ¼
diagðME;ME;MEÞ GeV, where mL̃ and mẽ denote the
soft-breaking masses of the left-handed slepton doublets
and right-handed charged sleptons, respectively, and mν̃

denotes the corresponding sneutrino soft-breaking masses
[78]. Current LHC searches exclude slepton masses below
about 700 GeV; therefore, we take ME ≳ 800 GeV in our
analysis [79–81]. Further details of the slepton mass matrix,
together with the impact ofME and Ahe on its structure, are
provided in Appendix E. However, for the trilinear Higgs-
slepton couplings Ahe , we do not assume a diagonal form.
Instead, we allow flavor-mixing off diagonal terms in the
slepton sector, whose explicit structure is given by

Ahe ¼

0
B@

1 δ12 δ13

δ12 1 δ23

δ13 δ23 1

1
CAAe: ð41Þ

To investigate the variation of the branching ratios in the
processes l−

j → l−
i γ and l−

j → l−
i l

−
i l

þ
i , which are sensi-

tive to the relevant parameters, we first fix several param-
eters in Ahe . We choose Ae ¼ 1000 GeV.
We take the charged Higgs mass MH� > 1500 GeV

[23], and the doubly charged Higgs mass is also considered
to be > 1500 GeV [14]. For squarks, the first two gen-
erations are strongly constrained by direct LHC
searches [69,78]; therefore we set mQ̃1;2 ¼ mũc1;2 ¼
md̃c1;2

¼ 3000 GeV, while the third generation is less

constrained, and we take mQ̃3¼mũc3¼md̃c3
¼2000GeV.

The trilinear Higgs-squark couplings are defined as Ahu ≡
diagðYu1; Yu2; Yu3ÞAq and Ahd ≡ diagðYd1; Yd2; Yd3ÞAq,
with Aq ¼ 1000 GeV, where Yqi (q ¼ u, d, i ¼ 1, 2, 3)
denote the corresponding Yukawa coupling constants.
In addition, rare B-meson decay processes, such as B̄ →

Xsγ and B0
s → μþμ−, play an important role in probing new

physics (NP) models beyond the SM, since their theoretical
predictions are tightly constrained by precise experimental
measurements. The current world averages for the branch-
ing ratios are given by [69]

BrðB̄ → XsγÞ ¼ ð3.49� 0.19Þ × 10−4;

BrðB0
s → μþμ−Þ ¼ ð3.01� 0.35Þ × 10−9: ð42Þ

Both of these constraints are included in our numerical
analysis. For further discussions on these rare decays, see
our previous works [22,75] and references therein.
The neutrino oscillation experimental data [69] and the

mass of the lightest CP-even Higgs boson impose strong
constraints on the relevant parameter space. Analytic
formulas, including the two-loop leading-log radiative
corrections from the stop and top-quark contributions
[82–85], are used to compute the SM-like Higgs boson
mass, as shown in Eq. (D18). For completeness, detailed
expressions for the Higgs mass matrix and the two-loop
corrections are given in Appendix D. Moreover, rare
B-meson decays—B̄ → Xsγ and B0

s → μþμ−—together
with the mass bounds on the charged Higgs, doubly
charged Higgs, neutralinos, and sleptons, further restrict
the allowed parameter space. Special attention is given to
the mass of the lightest Higgs boson in Eq. (39). To satisfy
all these experimental constraints while reducing the
number of free parameters in the numerical analysis, we
fix the following parameters:

tan β ¼ 4.3; λ ¼ 0.5; λT ¼ 0.22;

κ ¼ 0.86; tan β0 ¼ 0.8;

χu ¼ 0.1; χd ¼ 1.2; AλT ¼ Aλ ¼ 1000 GeV;

Ae ¼ 1000 GeV; Aκ ¼ −1000 GeV;

Aχu ¼ −850 GeV; Aχd ¼ −500 GeV: ð43Þ

Using the SARAH 4 package [86] to obtain interaction
vertices and particle masses, and taking into account the
experimental constraints on the lightest Higgs boson,
neutrino oscillation data, rare B-meson decays, and the
mass bounds on supersymmetric particles, we determine
the allowed ranges for the parameters listed in Eq. (43). For
simplicity, we fix these values throughout the subsequent
analysis to focus on the most sensitive parameters, which
reduces the number of free parameters while ensuring
consistency with neutrino oscillation data, rare B-meson
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decay bounds, and the mass limits on the charged and
doubly charged Higgs bosons, neutralinos, and sleptons.
As discussed in Sec. III, and considering that super-

symmetric particle masses are significantly heavier than
those of leptons, we adopt an effective Lagrangian
approach to study charged LFV processes and the muon
ðg − 2Þμ, with the corresponding analytic expressions
summarized in Appendixes B and C and implemented in
a self-developed code for numerical evaluation. The result-
ing predictions for LFV and the muon MDM are analyzed
in the following sections.

A. The muon MDM

We analyze the MDM of the muon in the TNMSSM
framework. According to Eq. (1), the new physics con-
tribution ΔaNPμ is constrained within ð−2.5 × 10−10; 10.3 ×
10−10Þ at the 1σ level [25,26]. In Fig. 6, we fix M2 ¼
1000 GeV and set all off diagonal elements of the trilinear
coupling matrix Ahe and the Yukawa matrix YLL to zero.
Panels (a) and (b) correspond to NH and IH, respectively,
with the line styles indicating μ ¼ 1000; 1150; 1300 GeV
(solid, dotted, dashed).
As ME increases, ΔaNPμ decreases, initially rapidly and

then more gradually. This trend arises because larger ME
values yield heavier sleptons and sneutrinos, suppressing
the dominant one-loop contributions. In contrast, two-loop
contributions, primarily from charginos and the doubly
charged fermion χþþ, remain largely unaffected by ME.
Consequently, the relative importance of two-loop effects
increases, moderating the overall decline. Although smaller
in magnitude, these higher-order contributions are non-
negligible, indicating that three-loop or even higher-order
corrections could be relevant in future precision analyses.
The parameter μ also significantly influences ΔaNPμ . For

smallME, the contribution increases with μ, being smallest
at 1000 GeV and largest at 1300 GeV. As ME grows, this
trend reverses, producing a nonmonotonic dependence.
This behavior results from the interplay of model

parameters: for fixed λ, increasing μ enhances the singlet
VEV vS, which shifts the masses of charged Higgs bosons,
sleptons, and winolike charginos, thereby modifying loop
contributions and interference patterns. As ME further
increases, heavy sleptons and sneutrinos decouple, causing
a monotonic suppression of the total loop effects. To remain
consistent with current expectations, we fix ME ¼
1500 GeV in subsequent LFV analyses, also ensuring
compatibility with the neutrino oscillation data as discussed
in Appendix A.
Finally, the small differences between NH and IH curves

reflect the impact of neutrino mass ordering on the Yukawa
couplings YL, YD, and YR, which enter the MDM calcu-
lation indirectly. While nearly identical, these subtle dis-
tinctions suggest that future high-precision measurements
of the muon MDM could provide indirect insights into the
neutrino mass hierarchy.

B. Branching ratios for LFV processes

In Fig. 7, we fix ME ¼ 1500 GeV and μ ¼ 1000 GeV
for both NH [panels (a),(c),(e)] and IH [panels (b),(d),(f)].
The off diagonal elements of YL are set to zero for i ≠ j to
ensure flavor alignment. The branching ratios of radiative
LFV decays, Brðl−

j → l−
i γÞ, are plotted against the off

diagonal parameters δij of Ahe . Panels (a) and (b) show
Brðμ → eγÞ versus δ12 with δ13 ¼ δ23 ¼ 0; panels (c) and
(d) present Brðτ → eγÞ versus δ13; and panels (e) and
(f) display Brðτ → μγÞ versus δ23. Solid, dashed, and dotted
lines correspond to M2 ¼ 1000, 1250, and 1500 GeV,
respectively, while the orange solid and dashed lines
represent the current experimental bounds and the projected
future sensitivities, respectively. From Fig. 7, the exper-
imental bound on Brðμ → eγÞ implies δ12 ≲ 10−5, whereas
τ → eγ and τ → μγ require δ13, δ23 ≲ 0.5. Differences
between NH and IH arise because, for fixed YL and MR,
the Dirac Yukawa couplings YD must adjust to reproduce
the neutrino mass hierarchy, altering SUSY particle mixing
and LFV rates.

 (a)  (b)

FIG. 6. The plot shows ΔaNPμ as a function ofME. Panels (a) and (b) correspond to the NH and IH neutrino mass spectra, respectively.
The solid, dotted, and dashed lines represent the cases where μ is taken to be 1000, 1150, and 1300 GeV, respectively, and the gray band
denotes the experimental 1σ interval.
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In Fig. 8, the same setup is applied to three-body LFV
decays, Brðl−

j → l−
i l

−
i l

þ
i Þ. Panels (a) and (b) show

Brðμ → 3eÞ versus δ12; panels (c) and (d) show Brðτ →
3eÞ versus δ13; and panels (e) and (f) display Brðτ → 3μÞ
versus δ23. The line styles follow the sameM2 convention.
The branching ratios increase with δij because of
enhanced LFV. Current bounds suggest δ12 ≲ 2 × 10−4,
δ13 ≲ 0.1, and δ23 ≲ 0.7. Although M2 influences the
three-body decays, the effect is weaker than in radiative
decays, since these processes are dominated by tree-level
contributions in the TNMSSM. The mild nonmonotonic
M2 dependence originates from partial cancellations
among loop diagrams.
The following discussion focuses on the role of the

Yukawa couplings YLij
within the type-II seesaw frame-

work. Figure 9 shows the branching ratios of radiative LFV

decays, Brðl−
j → l−

i γÞ, as functions of the off diagonal
Yukawa elements YLij

(i ≠ j). We fix ME ¼ 1500 GeV,
M2 ¼ 1000 GeV, and μ ¼ 1000 GeV. Panels (a), (c), and
(e) correspond to the NH, while (b), (d), and (f) correspond
to the IH. In panels (a) and (b), the solid, dotted, and dashed
lines denote δ12 ¼ 10−7; 5 × 10−7; 10−6, respectively; in
panels (c) and (d), they denote δ13 ¼ 10−5; 5 × 10−5; 10−4;
in panels (e) and (f), they denote δ23¼10−5;5×10−5;10−4.
Orange lines indicate current experimental limits (solid)
and projected future sensitivities (dashed). According to
Eq. (12), one can see that even if the off diagonal elements
of YL are nonzero, the LFV process l−

j → l−
i γ receives no

tree-level contribution. Therefore, the amplitude for
Brðl−

j → l−
i γÞ comes entirely from one-loop diagrams.

Increasing the off diagonal Yukawa elements YLij
requires

(a)

(c) (d)

(e) (f)

(b)

FIG. 7. The branching ratio Brðl−
j → l−

i γÞ is shown as a function of the off diagonal elements δij of the trilinear coupling matrix Ahe ,
with panels (a), (c), and (e) corresponding to the NH and panels (b), (d), and (f) to the IH. The black solid, dotted, and dashed lines
represent M2 ¼ 1000, 1250, and 1500 GeV, respectively, while the orange solid and dashed lines indicate the current and projected
future experimental bounds on LFV.
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larger Dirac Yukawa elements YD to satisfy neutrino mass
constraints. Both YL and YD enhance mixings between
sneutrinos and charginos, and between charged leptons and
doubly charged Higgs bosons, thereby increasing the loop
amplitude. However, the overall branching ratio remains
moderate due to the smallness of these loop contributions.
As a result, current bounds constrain Y12 ≲ 10−4 for
δ12 ∼ 10−7, providing a quantitative measure of the allowed
off diagonal Yukawa coupling.
Figure 10 shows three-body LFV decays,

Brðl−
j →l−

i l
−
i l

þ
i Þ, as functions of YLij

, with the same
parameter setup. Panels (a), (c), and (e) correspond to NH,
while (b), (d), and (f) correspond to IH. The line con-
ventions follow those in Fig. 9. Unlike radiative decays,
these processes receive tree-level contributions from dou-
bly charged Higgs exchange, making them more sensitive

to YL. The branching ratios increase significantly as Yij

grows. The convergence of the curves at large Yij indicates
that δij-induced effects become less important compared to
loop corrections. Considering current experimental limits,
we find Y12 ≲ 7 × 10−7 [panels (a) and (b)], Y13 ≲ 7 ×
10−5 [(c) and (d)], and Y23 ≲ 10−4 [(e) and (f)]. The
branching ratios also show mild differences between NH
and IH, reflecting the hierarchy-dependent structure of the
Yukawa couplings and the resulting mixings among
charged leptons.
Currently, the neutrino mass ordering, CP-violating

phases, and the Majorana or Dirac nature of neutrinos
remain unknown. Future theoretical and experimental
studies of charged LFV decays could provide valuable
insights into these fundamental properties, underlining the
importance of this research direction in particle physics.

(a)

(c) (d)

(e) (f)

(b)

FIG. 8. The variation of δij associated with the LFV branching ratios Brðl−
j → l−

i l
−
i l

þ
i Þ is shown for both neutrino mass hierarchies:

(a), (c), and (e) correspond to the NH, while (b), (d), and (f) correspond to the IH. The black solid, dotted, and dashed lines correspond to
M2 ¼ 1000, 1250, and 1500 GeV, respectively. The orange solid and dashed lines represent the current experimental limits and the
projected future sensitivity, respectively.
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(a)

(c) (d)

(e) (f)

(b)

FIG. 9. The dependence of Yij on the LFV branching ratios Brðl−
j → l−

i γÞ is shown for both neutrino mass hierarchies: panels (a), (c),
and (e) correspond to the NH, while (b), (d), and (f) display the IH. In (a)–(b), the solid, dotted, and dashed lines indicate
δ12 ¼ 10−7; 5 × 10−7; 10−6, respectively; in (c)–(d) they indicate δ13 ¼ 10−5; 5 × 10−5; 10−4; and in (e)–(f) the same line styles
correspond to δ23 with the same set of values. The orange solid and dashed lines represent the current experimental limits and the
projected future sensitivity, respectively.
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V. CONCLUSIONS

This paper investigates LFV processes and the two-loop
contributions to the muon MDM, ΔaNPμ , within the frame-
work of the TNMSSM. In this model, neutrino masses are
generated via a combination of type-I and type-II seesaw
mechanisms. Additional one-loop radiative corrections are
included in the analysis.
Under the constraints of current experimental data in

neutrino physics, we explore the implications of two
neutrino mass orderings: the NH and the IH. Compared
to the MSSM, the TNMSSM features an extended particle
spectrum—including additional sleptons, sneutrinos, neu-
tralinos, Higgs bosons, as well as doubly charged Higgs
bosons and their supersymmetric partners—which signifi-
cantly enriches the phenomenology and opens new chan-
nels for LFV processes.

In particular, the doubly charged Higgs bosons intro-
duced by the type-II seesaw mechanism can mediate LFV
decays such as l−

j → l−
i l

−
i l

þ
i at tree level. This enhances

their branching ratios. Our numerical analysis shows that
the branching ratios Brðl−

j → l−
i γÞ and Brðl−

j →
l−
i l

−
i l

þ
i Þ increase with the enhancement of the off diagonal

elements in the trilinear coupling matrix Ahe . Moreover,
loop diagrams involving neutralinos and charginos also
contribute significantly to these processes.
The predictions exhibit sensitivity to the neutrino mass

hierarchy, and if future neutrino oscillation experiments
cannot resolve the ordering, LFV decays may serve as an
alternative probe, potentially providing complementary
insights into the fundamental nature of neutrinos
and helping to distinguish between Majorana and Dirac
neutrinos.

(a)

(c) (d)

(e) (f)

(b)

FIG. 10. The variation of YLij
associated with the LFV branching ratios Brðl−

j → l−
i l

−
i l

þ
i Þ is shown for both neutrino mass

hierarchies: plots (a), (c), and (e) correspond to the NH, while (b), (d), and (f) correspond to the IH. In panels (a)–(b), solid, dotted, and
dashed lines denote δ12 ¼ 10−7; 5 × 10−7; 10−6, respectively; in panels (c)–(d), they denote δ13 ¼ 10−5; 5 × 10−5; 10−4; and in panels
(e)–(f), δ23 takes the same values. The orange solid and dashed lines indicate the current experimental limits and the projected future
sensitivities, respectively.
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We have further analyzed the muon MDM in the allowed
parameter space of the TNMSSM. When two-loop con-
tributions are included, the doubly charged fermion χþþ
plays an essential role. As the soft mass parameter ME
increases, the masses of the associated sleptons and
sneutrinos grow, suppressing the one-loop contributions,
while the two-loop contributions become increasingly
relevant. The combined one- and two-loop effects yield
predictions for ΔaNPμ that are consistent with the latest
experimental results, demonstrating the significant impact
of the extended particle spectrum on the muon MDM.
With the continuous advancement in lepton physics, the

uncertainty in the new physics contribution to the muon
MDM, ΔaNPμ , has been substantially reduced. Recent
studies indicate that the observed anomaly could be
explained within the SM; nevertheless, this does not
completely exclude potential contributions from new phys-
ics. As experimental precision continues to improve,
including higher-order corrections—such as two-loop or
even three-loop contributions—may be necessary to main-
tain consistency between theoretical predictions and mea-
surements. This highlights the ongoing importance of
precision studies in probing physics beyond the SM.
Although the TNMSSM represents a relatively minimal

extension of the MSSM, it offers a considerably richer
phenomenology. It can enhance new physics contributions
to both LFV processes and the muon MDM to potentially
observable levels. Current theoretical and experimental
studies of the muon MDM may indirectly shed light on
undetected LFV phenomena and supersymmetric physics.
While the TNMSSM is not necessarily a final theory, it
provides a compelling framework that deepens our under-
standing of particle physics and may guide future efforts to
resolve outstanding questions in the field.
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APPENDIX A: THE ONE-LOOP CORRECTIONS
TO THE NEUTRINO MASSES

In this section we present the one-loop corrections to
neutrino masses in the TNMSSM, following an on shell

renormalization procedure but streamlining the derivation
for clarity (see also Ref. [31] for related treatments). The
general self-energy for neutral-neutrino mixing νi

0 − νj
0

takes the form [61]

ΣðkÞij ¼ cijmjω− þ dijmiωþ þ eij=kω− þ fij=kωþ: ðA1Þ

For k2 ≪ m2
0—with m0 the heaviest internal mass—the

coefficients can be expanded as [62]

cij ¼ c0ij þ k2c1ij; dij ¼ d0ij þ k2d1ij;

eij ¼ e0ij þ k2e1ij; fij ¼ f0ij þ k2f1ij: ðA2Þ

Counterterms are introduced,

ΣRen
ij ðkÞ¼ΣijðkÞþðc�ijmjω−þd�ijmiωþþe�ij=kω−þf�ij=kωþÞ;

ðA3Þ

and the on shell conditions

ΣRen
ij ðkÞuiðkÞjk2¼m2

i
¼ 0; ūjðkÞΣRen

ij ðkÞjk2¼m2
j
¼ 0; ðA4Þ

yield

c�ij ¼−c0ijþm2
i d

1
ijþm2

i e
1
ijþmimjf1ij;

d�ij ¼−d0ijþm2
jc

1
ijþm2

je
1
ijþmimjf1ij;

e�ij ¼−e0ij −m2
jc

1
ij−m2

i d
1
ij− ðm2

i þm2
jÞe1ij−mimjf1ij;

f�ij ¼−f0ij−mimjc1ij−mimjd1ij−mimje1ij− ðm2
i þm2

jÞf1ij:
ðA5Þ

Substituting into Eq. (A3) gives

ΣRen
ij ðkÞ ¼ ð=k −mjÞΣ̂ijðkÞð=k −miÞ; ðA6Þ

with

Σ̂ijðkÞ ¼ c1ijmjωþ þd1ijmiω−þ e1ijðmiω−þmjωþ þ=kωþÞ
þf1ijðmiωþ þmjω−þ=kω−Þ: ðA7Þ

For convenience define

δZL
ij ¼−m2

jc
1
ij −m2

i d
1
ij− ðm2

i þm2
jÞe1ij−mimjf1ijþ e1ijk

2;

δZR
ij ¼−mimjc1ij−mimjd1ij−mimje1ij

− ðm2
i þm2

jÞf1ijþ f1ijk
2;

δmL
ij ¼ ðm2

i d
1
ijþm2

i e
1
ijþmimjf1ijþ c1ijk

2Þmj;

δmR
ij ¼ ðm2

jc
1
ijþm2

je
1
ijþmimjf1ijþd1ijk

2Þmi: ðA8Þ
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The two-point Green function up to one loop is then

ΓijðkÞ ¼ ð=k −mtree
i Þδij þ ΣRen

ij ðkÞ
¼ ð=k −mtree

i Þδij þ δZL
ij=kω− þ δZR

ij=kωþ − δmL
ijω− − δmR

ijωþ

¼ ðδij þ δZL
ijÞð=k −mtree

i − δmL
ij þ δZL

ijm
tree
i Þω−

þ ðδij þ δZR
ijÞð=k −mtree

i − δmR
ij þ δZR

ijm
tree
j Þωþ; ðA9Þ

where δZL;R
ij act as left/right wave function renormalization factors and mtree

i is the tree-level mass. Applying the on shell
conditions finally yields

δmloop
ij ¼ 	½δmL

ij þ δmR
ij�k2¼0 − ½miδZL

ijjk2¼m2
i
þmjδZR

ijjk2¼m2
j
�


¼ 3mtree
i ðmtree

j Þ2c1ij þ ðmtree
i mtree

j þ ðmtree
i Þ2

þ ðmtree
j Þ2Þmtree

i d1ij þ ððmtree
i Þ2mtree

j þ 3mtree
i ðmtree

j Þ2Þe1ij
þ ð3ðmtree

i Þ2mtree
j þmtree

i ðmtree
j Þ2Þf1ij; ðA10Þ

which is the final one-loop correction to the neutrino mass matrix.
Figure 11 shows the one-loop self-energy Feynman diagrams for neutrinos in the TNMSSM. The exchanged bosons can

be either vector or scalar particles, leading to distinct loop integrals. Specifically, Fig. 11(a) corresponds to loops with
fermion-vector boson pairs (Fβ, Vα), while Fig. 11(b) involves fermion-scalar boson pairs (Fβ, Sα). For the contributions
from vector boson loops, the one-loop amplitude can be written as

AmpVðkÞ ¼ ðμwÞ2ϵ
Z

dDQ
ð2πÞD ðiAðVÞ

σ1 γμωσ1Þ
ið=Qþ =kþmfÞ
ðQþ kÞ2 −m2

f

ðiBðVÞ
σ2 γμωσ2Þ

−i
Q2 −m2

V

¼ −
Z

1

0

dx
Z

dDQ
ð2πÞD

1

ðQ2 þ xð1 − xÞk2 − xm2
f − ð1 − xÞm2

VÞ2

× fð2 −DÞAðVÞ
σ BðVÞ

σ ð1 − xÞ=kωσ þDmfA
ðVÞ
σ̄ BðVÞ

σ ωσg

¼ −i
Z

1

0

dx
Z

dDQ
ð2πÞD

1

ðQ2 þ xm2
f þ ð1 − xÞm2

VÞ2
�
1þ 2xð1 − xÞk2

Q2 þ xm2
f þ ð1 − xÞm2

V

�

× fð2 −DÞAðVÞ
σ BðVÞ

σ ð1 − xÞ=kωσ þDmfA
ðVÞ
σ̄ BðVÞ

σ ωσg; ðA11Þ

where D ¼ 4 − 2ϵ and μw is the renormalization scale. The couplings AðVÞ
σ and BðVÞ

σ with σ ¼ � denote the interaction
vertices, which can be obtained using SARAH [86]. Here mV and mf represent the masses of the vector boson and fermion
circulating in the loop, respectively.
Using Eqs. (A1), (A2), and (A11), the coefficients for the self-energy expansion become

c0ijðmV;mfÞ ¼ −iD
mf

mj
AðVÞ
þ BðVÞ

− F2aðmf;mVÞ; d0ijðmV;mfÞ ¼ −iD
mf

mi
AðVÞ
− BðVÞ

þ F2aðmf;mVÞ;

e0ijðmV;mfÞ ¼ −ið2 −DÞAðVÞ
− BðVÞ

− F2bðmf;mVÞ; f0ijðmV;mfÞ ¼ −ið2 −DÞAðVÞ
þ BðVÞ

þ F2bðmf;mVÞ;
c1ijðmV;mfÞ ¼ −i4

mf

mj
AðVÞ
þ BðVÞ

− F3aðmf;mVÞ; d1ijðmV; mfÞ ¼ −i4
mf

mi
AðVÞ
− BðVÞ

þ F3aðmf;mVÞ;

e1ijðmV; mfÞ ¼ i2AðVÞ
− BðVÞ

− F3bðmf;mVÞ; f1ijðmV;mfÞ ¼ i2AðVÞ
þ BðVÞ

þ F3bðmf;mVÞ: ðA12Þ

LEPTON-FLAVOR VIOLATION AND TWO LOOP ELECTROWEAK … PHYS. REV. D 112, 073003 (2025)

073003-15



The loop integrals F2a; F2b; F3a, and F3b are defined as

F2aðm1; m2Þ ¼ ðμwÞ2ϵ
Z

1

0

dx
Z

dDQ
ð2πÞD

1

ðQ2 þ xm2
1 þ ð1 − xÞm2

2Þ2
;

F2bðm1; m2Þ ¼ ðμwÞ2ϵ
Z

1

0

dx
Z

dDQ
ð2πÞD

1 − x
ðQ2 þ xm2

1 þ ð1 − xÞm2
2Þ2

;

F3aðm1; m2Þ ¼ ðμwÞ2ϵ
Z

1

0

dx
Z

dDQ
ð2πÞD

2xð1 − xÞ
ðQ2 þ xm2

1 þ ð1 − xÞm2
2Þ3

;

F3bðm1; m2Þ ¼ ðμwÞ2ϵ
Z

1

0

dx
Z

dDQ
ð2πÞD

2xð1 − xÞ2
ðQ2 þ xm2

1 þ ð1 − xÞm2
2Þ3

: ðA13Þ

Similarly, for scalar boson loops, the amplitude reads as

AmpSðkÞ ¼ ðμwÞ2ϵ
Z

dDQ
ð2πÞD ðiAðSÞ

σ1 ωσ1Þ
ið=Qþ =kþmfÞ
ðQþ kÞ2 −m2

f

ðiBðSÞ
σ2 ωσ2Þ

i
Q2 −m2

S

¼ i
Z

1

0

dx
Z

dDQ
ð2πÞD

1

ðQ2 þ xm2
f þ ð1 − xÞm2

SÞ2
�
1þ 2xð1 − xÞk2

Q2 þ xm2
f þ ð1 − xÞm2

S

�

× fAðSÞ
σ̄ BðSÞ

σ ð1 − xÞ=kωσ þmfA
ðSÞ
σ BðSÞ

σ ωσg; ðA14Þ

where the vertices AðSÞ
σ and BðSÞ

σ are also obtained via
SARAH, and mS denotes the scalar boson mass. The

corresponding coefficients c0;1ij ; d
0;1
ij ; e

0;1
ij ; f

0;1
ij follow analo-

gously from Eqs. (A1) and (A2), replacing the vector boson
masses and vertices with the scalar ones.

In this work, the mixing of νi0 − νj
0 originates from the

following types of one-loop diagrams:
(1) Gauge boson loops involving the Z boson with

neutrinos ν0α (α ¼ 1; 2;…; 6) and the W boson with
charged leptons eα (α ¼ 1, 2, 3).

(2) Higgs boson loops, including CP-even Higgs bo-
sons H0

β and CP-odd Higgs bosons A0
β

(β ¼ 1; 2;…; 5) with neutrinos ν0α (α ¼ 1; 2;…; 6),
and charged Higgs bosons Hþ

β (β ¼ 1; 2;…; 4) with
charged leptons eα (α ¼ 1, 2, 3).

(3) Supersymmetric scalar loops involvingCP-even sneu-
trinos ν̃Rβ and CP-odd sneutrinos ν̃Iβ (β ¼ 1; 2;…; 6)
with neutralinos χ̃α (α ¼ 1; 2;…; 7), and sleptons ẽβ
(β ¼ 1; 2;…; 6) with charginos χ−α (α ¼ 1, 2, 3).

Then, the one-loop corrections to the neutrino mass
matrix elements can be obtained:

δm1-loop
ν;ij ¼ δmðZ;ν0Þ

ν;ij þ δmðW;e−Þ
ν;ij þ δmðH0;ν0Þ

ν;ij þ δmðA0;ν0Þ
ν;ij

þ δmðν̃I ;χ̃Þ
ν;ij þ δmðν̃R;χ̃Þ

ν;ij þ δmðHþ;e−Þ
ν;ij þ δmðẽ;χ−Þ

ν;ij :

ðA15Þ

We will briefly outline in the subsequent analysis how
our neutrino masses are obtained. First, following Eq. (19)
and incorporating experimental neutrino data, we fix the
value of YL. Since MR is already determined, and the
parameters μ and λ are fixed, the value of vs is thus known.
This allows us to determine the expression for YR. The
neutrino data are taken from the Particle Data Group [69],
enabling us to solve the relevant equations to obtain the
value of YD, thereby yielding the tree-level neutrino
masses. With the tree-level masses in hand, we can further
incorporate the one-loop effects via Eq. (19). To analyze the

(a) (b)

FIG. 11. One-loop neutrino self-energy corrections in the TNMSSM from fermion-vector (Fβ, Vα) and fermion-scalar (Fβ, Sα) loops.
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impact of the one-loop corrections on the neutrino masses,
we proceed with the following formula:

Cratio ¼
mνlightest −mtree

νlightest

mνlightest

; ðA16Þ

where mνlightest denotes the lightest neutrino mass in the NH
or IH mass ordering, and mtree

νlightest represents its correspond-
ing tree-level value. Equation (A16) thus quantifies the
relative effect of one-loop corrections on the lightest
neutrino mass. In our analysis, we set mtree

νlightest ¼ 0.01 eV
for both NH and IH scenarios, while the oscillation
parameters s212; s

2
13; s

2
23;Δm2

21; jΔm2
32j are fixed to their

central values.
Figure 12 illustrates the variation of the neutrino mixing

angles and mass-squared differences with respect to the
parameter ME. In this figure, we take, μ ¼ 1000 GeV,
M2 ¼ 1000 GeV. Panels (a)–(c) show the mixing angles

sin2 θ12, sin2 θ13, and sin2 θ23, respectively, while panels (d)
and (e) present the mass-squared differences Δm2

ν21 and
jΔm2

ν32 j. The gray bands in these plots represent the 1σ
experimental bounds obtained from neutrino oscillation
data, serving as a reference for the allowed parameter
space. Panel (f) depicts the ratio of the one-loop radiative
correction to the lightest neutrino mass, defined in
Eq. (A16), as a function of ME. The solid and dashed
curves correspond to the inverted IH and the NH, respec-
tively. These results allow us to directly compare the
theoretical predictions with current experimental con-
straints and to assess the impact of varying ME on both
the tree-level and loop-corrected neutrino observables. As
ME increases, both the neutrino mixing angles and the
neutrino mass-squared differences exhibit noticeable var-
iations. The three mixing angles are clearly correlated with
one another, and a similar correlation is observed between
the two mass-squared differences. The parameterME enters

(a)

(c) (d)

(e) (f )

(b)

FIG. 12. The dependence of the neutrino mixing angles and the neutrino mass-squared differences on the parameter ME is illustrated
in the figures. Panels (a), (b), and (c) correspond to the mixing angles sin2 θ12, sin2 θ13, and sin2 θ23, respectively, while panels (d) and
(e) show the mass-squared differences Δm2

ν21 and jΔm2
ν32 j. The gray bands indicate the experimental bounds from neutrino oscillation

data. Panel (f) presents the ratio of the one-loop radiative correction as a function ofME, where the solid line corresponds to the IH and
the dashed line to the NH.
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the mass matrices of sleptons, CP-even sneutrinos, and
CP-odd sneutrinos. As ME increases, the masses of these
particles become larger, which in turn suppresses the one-
loop contributions. From panel (f), it can be clearly seen
that the ratio defined in Eq. (A16) decreases with increasing
ME for both the IH and NH neutrino mass orderings. A
small oscillatory behavior appears in the IH case, which
originates from the interference between different loop
diagrams. The figure indicates that to ensure that the
neutrino masses, including one-loop radiative corrections,
are consistent with the experimental limits from neutrino
oscillation measurements, the parameterME must be raised
to values exceeding roughly 1300 GeV.

APPENDIX B: THE WILSON COEFFICIENTS OF
THE PROCESS l −j → l −i γ AND l −j → l −i l −i l +i

The coefficients corresponding to the Feyaman diagrams
shown in Figs. 1(a) and (b) can be expressed as

AðaÞL
1 ¼ 1

6m2
W
CL
l̄iFn

kS
c
l
CR
F̄n
kS

c�
l lj

I4ðxFn
k
; xScl Þ;

AðaÞL
2 ¼ mFn

k

mljm
2
W
CL
l̄iFn

kS
c
l
CL
F̄n
kS

c�
l lj

½I3 − I1�ðxFn
k
; xScl Þ;

AðaÞR
1;2 ¼ AðaÞL

1;2 ðL ↔ RÞ;

AðbÞL
1 ¼ 1

6m2
W
CR
l̄iFc

kS
n
l
CL
F̄c
kS

n
l lj
½I1 − 2I2 − I4�ðxFc

k
; xSnl Þ;

AðbÞL
2 ¼ mFc

k

mljm
2
W
CL
l̄iFc

kS
n
l
CL
F̄c
kS

n
l lj
½I1 − I2 − I4�ðxFc

k
; xSnl Þ;

AðbÞR
1;2 ¼ AðbÞL

1;2 ðL ↔ RÞ: ðB1Þ

Here, xi ¼ m2
i =m

2
W , andC

L;R
abc represent the constant parts of

the interaction vertices for particles a, b, and c, which can
be obtained using SARAH [86]. The explicit forms of the
loop functions I1;2;3;4 and G1;2;3;4 are given in
Refs. [12,22,31].
The contributions from N-penguin diagrams can be

expressed through the following coefficients:

FL ¼ 1

2e2
CR
l̄iFn

kS
c
l
CR
Sc�l NScβ

CF̄n
kS

c�
β ljG2ðxFn

k
; xScβ ; xScl Þ þ

mFc
k
mFc

α

e2m2
W

CR
l̄iSnβF

c
k
CL
F̄c
kNFc

α
CL
F̄c
αSnβ lj

G1ðxSnβ ; xFc
k
; xFc

α
Þ

−
1

2e2
CR
l̄iSnβF

c
k
CR
F̄c
kNFc

α
CL
F̄c
αSnβ lj

G2ðxSnβ ; xFc
k
; xFc

α
Þ;

FR ¼ FLðL ↔ RÞ: ðB2Þ

Here, the loop functions G1 and G2 originate from the evaluation of the three-point integrals with different chiral structures
and encode the mass dependence of the internal fermions and scalars.
Similarly, the coefficients for box-type diagrams are given by

BL
1 ¼mFn

k
mFn

α

e2m2
W

G3ðxFn
k
; xFn

α
; xScβ ; xScl ÞCL

l̄iScl F
n
k
CL
F̄n
kS

c�
β lj

CR
l̄iScl F

n
α
CR
F̄n
αSc�β li

þ 1

2e2m2
W
G4ðxFn

k
; xFn

α
; xScβ ; xScl Þ

h
CR
l̄iScl F

n
k
CL
F̄n
kS

c�
β lj

CR
l̄iScβF

n
α
CL
F̄n
αSc�l li

þCL
l̄iScl F

n
k
CR
F̄n
kS

c�
β lj

CR
l̄iScl βF

n
α
CL
F̄n
αSc�l li

i
þ 1

2e2m2
W
G4ðxFc

k
; xFc

α
; xSnβ ; xSnl ÞCR

l̄iSnl F
c
k
CL
F̄c
kS

n
β lj
CR
l̄iSnβF

c
α
CL
F̄c
αSnl li

;

BL
2 ¼ −

mFn
k
mFn

α

2e2m2
W

G3ðxFn
k
; xFn

α
; xScβ ; xScl ÞCR

l̄iScl F
n
k
CR
F̄n
kS

c�
β lj

CL
l̄iScβF

n
α
CL
F̄n
αSc�l li

þ 1

4e2m2
W
G4ðxFn

k
; xFn

α
; xScβ ; xScl Þ

h
CR
l̄iScl F

n
k
CL
F̄n
kS

c�
β lj

CL
l̄iScβF

n
α
CR
F̄n
αSc�l li

þCR
l̄iScl F

n
k
CL
F̄n
kS

c�
β lj

CR
l̄iScl F

n
α
CL
F̄n
αSc�β li

i

þ 1

4e2m2
W
G4ðxFc

k
; xFc

α
; xSnβ ; xSnl ÞCR

l̄iSnl F
c
k
CL
F̄c
kS

n
β lj
CL
l̄iSnβF

c
α
CR
F̄c
αSnl li

−
mFc

k
mFc

α

2e2m2
W
G3ðxFc

k
; xFc

α
; xSnβ ; xSnl ÞCR

l̄iSnl F
c
k
CR
F̄c
kS

n
β lj
CL
l̄iSnβF

c
α
CL
F̄c
αSnl li

;

BL
3 ¼mFn

k
mFn

α

e2m2
W

G3ðxFn
k
; xFn

α
; xScβ ; xScl Þ

h
CL
l̄iScl F

n
k
CL
F̄n
kS

c�
β lj

CL
l̄iScβF

n
α
CL
F̄n
αSc�l li

−
1

2
CL
l̄iScl F

n
k
CL
F̄n
kS

c�
β lj

CL
l̄iScl F

n
α
CL
F̄n
αSc�β li

i

þmFc
k
mFc

α

2e2m2
W
G3ðxFc

k
; xFc

α
; xSnβ ; xSnl ÞCR

l̄iSnl F
c
k
CR
F̄c
kS

n
βlj
CL
l̄iSnβF

c
α
CL
F̄c
αSnl li

;

BL
4 ¼mFn

k
mFn

α

8e2m2
W

G3ðxFn
k
; xFn

α
; xScβ ; xScl ÞCL

l̄iScl F
n
k
CL
F̄n
kS

c�
β lj

CL
l̄iScl F

n
α
CL
F̄n
αSc�β li

;

BR
1;2;3;4 ¼ BL

1;2;3;4ðL↔ RÞ: ðB3Þ
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APPENDIX C: THE SUSY CONTRIBUTIONS TO THE MDM OF THE MUON

The one-loop contributions to the MDM corresponding to Fig. 1 can be expressed as

aðaÞμ ¼ ℜ
n
4xμ½−I3ðxFn

k
; xScl Þ þ I4ðxFn

k
; xScl Þ�

�ðCL
μ̄Scl F

n
k
CR
F̄n
kS

c�
l μ
Þ þ ðCR

μ̄Scl F
n
k
CL
F̄n
kS

c�
l μ
Þ��

þ ffiffiffiffiffiffiffiffiffiffiffi
xμxFn

k

p ½−I3ðxFn
k
; xScl Þ þ I4ðxFn

k
; xScl Þ�CR

μ̄Scl F
n
k
CR
F̄n
kS

c�
l μ

o
;

aðbÞμ ¼ ℜ
n
xμ½−I1ðxFc

k
; xSnl Þ þ 2I3ðxFc

k
; xSnl Þ�½ðCR

μ̄Snl F
c
k
CL
F̄c
kS

n
l μ
Þ þ ðCL

μ̄Snl F
c
k
CR
F̄c
kS

n
l μ
Þ��

þ ffiffiffiffiffiffiffiffiffiffiffi
xμxFc

k

p ½2I1ðxFc
k
; xSnl Þ − 2I2ðxFc

k
; xSnl Þ�CR

μ̄Snl F
c
k
CR
F̄c
kS

n
l μ

o
: ðC1Þ

Under the assumptions mF ¼ mχþi
¼ mχ0j

≫ mW and mF ¼ mχþi
≫ mh, the Barr-Zee type contributions to aμ, shown in

the upper row of Fig. 5, can be approximated as [22,75]

aWW
μ ¼ GFm2

μ

192
ffiffiffi
2

p
π4

n
5ðjCL

χ̄0jW
−χþi

j2 þ jCR
χ̄0jW

−χþi
j2Þ − 6ðjCL

χ̄0jW
−χþi

j2 − jCR
χ̄0jW

−χþi
j2Þ þ 11ℜðCL

χ̄0jW
−χþi

CR�
χ̄0jW

−χþi
Þ
o
;

aWH
μ ¼ GFmμm2

WC
L
μ̄H−νl

128π4mFg2

�

179

36
þ 10

3
Jðm2

F;m
2
W;m

2
H�Þ
�
ℜðCL

χ̄0jW
−χþi

CL
χ̄0jW

−χþi
þ CR

χ̄0jW
−χþi

CR
χ̄0jW

−χþi
Þ

þ


−
1

9
−
2

3
Jðm2

F;m
2
W;m

2
H�Þ
�
ℜðCL

χ̄0jW
−χþi

CR
χ̄0jW

−χþi
þ CR

χ̄0jW
−χþi

CL
χ̄0jW

−χþi
Þ

þ


−
16

9
−
8

3
Jðm2

F;m
2
W;m

2
H�Þ
�
ℜðCL

χ̄0jW
−χþi

CL
χ̄0jW

−χþi
− CR

χ̄0jW
−χþi

CR
χ̄0jW

−χþi
Þ

þ


−
2

9
−
4

3
Jðm2

F;m
2
W;m

2
H�Þ
�
ℜðCL

χ̄0jW
−χþi

CR
χ̄0jW

−χþi
− CR

χ̄0jW
−χþi

CL
χ̄0jW

−χþi
Þ
�
;

aγhμ ¼ −
GFmμm2

WCμ̄h0μ

32π4mF
ℜðCL

χ̄þi h
0χþj

Þ


1þ ln

m2
F

m2
h

�
; ðC2Þ

where

Jðx; y; zÞ ¼ ln x −
y ln y − z ln z

y − z
: ðC3Þ

The diagrams in the lower row of Fig. 5 yield analogous contributions, with the same functional structure but with
internal neutralinos and charginos replaced by singly charged charginos and the model-specific doubly charged
fermions χ̃þþ.

APPENDIX D: THE MASS OF HIGGS

In the basis ðϕd;ϕu;ϕs;ϕT;ϕT̄Þ, the definition of mass-squared matrix for neutral Higgs is given by

m2
h ¼

0
BBBBBB@

mϕdϕd
mϕuϕd

mϕsϕd
mϕTϕd

mϕT̄ϕd

mϕdϕu
mϕuϕu

mϕsϕu
mϕTϕu

mϕT̄ϕu

mϕdϕs
mϕuϕs

mϕsϕs
mϕTϕs

mϕT̄ϕs

mϕdϕT
mϕuϕT

mϕsϕT
mϕTϕT

mϕT̄ϕT

mϕdϕT̄
mϕuϕT̄

mϕsϕT̄
mϕTϕT̄

mϕT̄ϕT̄

1
CCCCCCA
; ðD1Þ

where
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mϕdϕd
¼ m2

Hd
þ 1

8
ðg21 þ g22Þð2v2T̄ − 2v2T þ 3v2d − v2uÞ

þ
ffiffiffi
2

p
vTℜðAχdÞ þ

jλj2
2

ðv2s þ v2uÞ
− vsvT̄ℜðχdλ�TÞ þ ð3v2d þ 2v2TÞjχdj2; ðD2Þ

mϕdϕu
¼ −

1

4
ðg21 þ g22Þvdvu −

1ffiffiffi
2

p vsℜðAλÞ

þ 1

2
vTvT̄ℜðλλ�TÞ þ vdvujλj2 − vsvT̄ℜðχuλ�Þ

− vsvTℜðχdλ�Þ −
1

2
v2sℜðκλ�Þ; ðD3Þ

mϕuϕu
¼ m2

Hu
−
1

8
ðg21 þ g22Þð2v2T̄ − 2v2T − 3v2u þ v2dÞ

þ
ffiffiffi
2

p
vT̄ℜðAχuÞ þ

1

2
ðv2d þ v2sÞjλj2

− vsvTℜðχuλ�TÞ þ ð2v2T̄ þ 3v2uÞjχuj2; ðD4Þ

mϕdϕs
¼ vdvsjλj2 −

1ffiffiffi
2

p vuℜðAλÞ − vsvuℜðκλ�Þ

− vTvuℜðλχ�dÞ − vT̄vuℜðχuλ�Þ − vdvT̄ℜðλTχ�dÞ;
ðD5Þ

mϕuϕs
¼ vsvujλj2 −

1ffiffiffi
2

p vdℜðAλÞ − vdvsℜðλκ�Þ

− vTvdℜðλχ�dÞ − vdvT̄ℜðλχ�uÞ − vTvuℜðχuλ�TÞ;
ðD6Þ

mϕsϕs
¼ m2

S þ
jλT j2
2

ðv2T þ v2T̄Þ − vTvT̄ℜðκλ�TÞ

þ 3v2s jκj2 − vdvuℜðλκ�Þ þ 1

2
ðv2d þ v2uÞjλj2;

þ
ffiffiffi
2

p
vsℜðAκÞ; ðD7Þ

mϕdϕT
¼ −

1

2
ðg21 þ g22Þvdvu þ

1

2
vuvT̄ℜðλλ�TÞ

− vuvsℜðλχ�dÞ þ 4vdvT jχdj2 þ
ffiffiffi
2

p
vdℜðAχdÞ;

ðD8Þ

mϕuϕT
¼ 1

2
ðg21 þ g22ÞvdvT − vuvsℜðλTχ�uÞ

− vdvsℜðλχ�dÞ þ
1

2
vdvT̄ℜðλλ�TÞ; ðD9Þ

mϕsϕT
¼ vsvT jλj2 −

1ffiffiffi
2

p vT̄ℜðAλÞ − vsvT̄ℜðκλ�TÞ

− vdvuℜðλχ�dÞ −
1

2
v2uℜðχuλ�TÞ; ðD10Þ

mϕT ;ϕT
¼ m2

T −
1

4
ðg21 þ g22Þð2v2T̄ − 6v2T − v2u þ v2dÞ

þ 2v2djχdj2 þ
1

2
ðv2s þ v2T̄ÞjλT j2; ðD11Þ

mϕd;ϕT̄
¼ 1

2
ðg21 þ g22ÞvdvT̄ þ 1

2
vTvuℜðλλ�TÞ

− vdvsℜðχdλ�TÞ − vsvuℜðχuλ�Þ; ðD12Þ

mϕu;ϕT̄
¼ −

1

2
ðg21 þ g22ÞvT̄vu þ

ffiffiffi
2

p
vuℜðAχuÞ

þ 1

2
vdvTℜðλλ�TÞ − vdvsℜðλχ�uÞ þ 4vT̄vujχuj2;

ðD13Þ

mϕs;ϕT̄
¼ vsvT̄ jλT j2 −

1ffiffiffi
2

p vTℜðAλÞ − vsvTℜðκλ�TÞ

−
1

2
v2dℜðλTχ�dÞ − vdvuℜðλχ�uÞ; ðD14Þ

mϕT ;ϕT̄
¼ −ðg21 þ g22ÞvTvT̄ −

1ffiffiffi
2

p vsℜðAλÞ

−
1

2
v2sℜðκλ�TÞ þ

1

2
vdvuℜðλλ�TÞ þ vTvT̄ jλT j2;

ðD15Þ

mϕT̄ ;ϕT̄
¼ m2

T̄ þ 1

4
ðg21 þ g22Þðv2d − v2u − 2v2T þ 6vT̄Þ

þ 1

2
ðv2s þ v2TÞjλT j2 þ 2v2ujχuj2: ðD16Þ

This matrix is diagonalized by ZH:

ZHm2
hZ

H;† ¼ diagðm2
h1
; m2

h2
;…Þ ðD17Þ

with

ϕd ¼
X
j

ZH
j1hj; ϕu ¼

X
j

ZH
j2hj; ϕs ¼

X
j

ZH
j3hj;

ϕT ¼
X
j

ZH
j4hj; ϕT̄ ¼

X
j

ZH
j5:

From the tadpole equations, the soft mass parameters m2
Hd
,

m2
Hu
, m2

S, m2
T , and m2

T̄ can be determined from the
minimization conditions of the scalar potential.
In the TNMSSM framework, the SM-like Higgs boson

mass is

mh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmtree

h1
Þ2 þ Δm2

h

q
; ðD18Þ

where mtree
h1

is the tree-level mass of the lightest CP-even
Higgs state and Δm2

h denotes the loop-induced radiative
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correction. The dominant two-loop leading-logarithmic contribution is [82–85]

Δm2
h¼

3m4
t

4π2v2



t̃þ1

2
X̃tþ

1

16π2

�
3m2

t

2v2
−32παs

�
ðt̃2þ t̃X̃tÞ

�
; ðD19Þ

t̃ ¼ log

�
M2

S

m2
t

�
; X̃t ¼

2Ã2
t

M2
S

�
1 −

Ã2
t

12M2
S

�
: ðD20Þ

Here αs is the running strong coupling constant, MS ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffimt̃1mt̃2
p is the geometric mean of the stop masses, and Ãt ¼

At − μ cot β with At ≡ Au;33.

APPENDIX E: MASS MATRIX FOR SLEPTONS

The slepton mass matrix is given by

M2
ẽ ¼

0
BBB@

mẽLẽ�L

�
− 1

2
vsvuλþ vdvTχd

�
Y†
e þ 1ffiffi

2
p vdA

†
he

1ffiffi
2

p vdAhe þ Ye

�
− 1

2
vsvuλ� þ vdvTχ�d

�
mẽRẽ�R

1
CCCA: ðE1Þ

The matrix elements are defined as

mẽLẽ�L
¼ 1

2
v2dY

†
he
Yhe þ

1

8
ð−g22 þ g21Þ1ð2v2T − 2v2T − v2u þ v2dÞ þm2

L̃
; ðE2Þ

mẽRẽ�R
¼ 1

2
v2dYheY

†
he
þ 1

4
g211ð−2v2T þ 2v2T − v2d þ v2uÞ þm2

ẽ: ðE3Þ

This matrix is diagonalized by ZE:

ZEM2
ẽZ

E;† ¼ diagðM2
ẽ1
;M2

ẽ2
;…Þ; ðE4Þ

with

ẽL;i ¼
X
j

ZE;�
ji ẽj; ẽR;i ¼

X
j

ZE;�
ji ẽj: ðE5Þ

Here, Yhe denotes the Yukawa coupling matrix of the charged leptons. The soft SUSY breaking mass parametersm2
L̃
andm2

ẽ

correspond to the left-handed slepton doublets and right-handed charged sleptons, respectively, and are taken as diagonal in
the flavor basis. They do not include the left-right mixing contributions proportional to Ahe. The physical slepton masses
Mẽi that enter the muonMDM calculation are obtained after diagonalizing the full mass-squared matrixM2

ẽ with the unitary
matrix ZE.
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