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In the Standard Model (SM), charged lepton flavor-violating (LFV) processes are strictly forbidden, and
thus observation of LFV would signal the presence of new physics. Recently, the Muon g — 2 Collaboration
at Fermilab reported their final result for the muon magnetic dipole moment (MDM), which is now
consistent with the latest SM prediction at the 1o level. This imposes a significant constraint on new-
physics contributions to (g — 2) .- In this work, we study the LFV processes £ — £7y and ¢ — et

within the framework of the triplet next-to-minimal supersymmetric standard model (TNMSSM). We
include two-loop contributions to the muon MDM and investigate the resulting constraints on the model
parameter space. Our numerical analysis shows that, in the TNMSSM, doubly charged Higgs bosons and
the couplings Y; and Y, associated with the type-I+1I seesaw mechanism play a crucial role in both LFV
processes and the muon MDM. Moreover, two-loop electroweak corrections have a significant impact on

the muon MDM in this framework.

DOI: 10.1103/x7sb-n91w

I. INTRODUCTION

Lepton flavor violation (LFV) has been extensively
investigated in both theoretical and experimental studies,
and remains a prominent topic in contemporary particle
physics. The discovery of neutrino oscillations has dem-
onstrated that lepton flavor is not fundamentally conserved
[1,2]. However, in the Standard Model (SM), neutrinos are
massless and lepton flavor is conserved [3-5], which
contradicts experimental observations and motivates exten-
sions beyond the SM [6]. LFV thus provides a valuable
probe for new physics [7-13]. Table I summarizes the
current experimental constraints and future sensitivities for
the LFV decays ¢ — ¢;y and £5 — £;7¢7¢F [14-20].

Another important test of new physics is the anomalous
magnetic dipole moment (MDM) of the muon, (g-2),
[21-23]. The longstanding discrepancy between
experimental results and SM predictions previously
exceeded 40. Recently, the Muon g—2 Collaboration

at Fermilab reported their final measurement, a, =

1165920705(148) x 10712 [24], yielding a new world
average a, ' = 1165920715(145) x 10712,  Compared
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with the updated theoretical prediction a3M =

116592033(62) x 107! [25,26], this results in

A = a;? —aM = (39 64) x 10711, (1)
which is within 1o, in contrast to the previous deviation
Aag = (251 £59) x 107" [21,27-29]. While the new
measurement tightens constraints on new physics, addi-
tional contributions to (g — 2), remain possible.

In this work, we study charged LFV processes within the
framework of the triplet next-to-minimal supersymmetric
standard model (TNMSSM), considering both one-loop
and two-loop contributions to the muon MDM. The
TNMSSM extends the minimal supersymmetric standard
model (MSSM) with two SU(2), triplets and one singlet
[30-33], addressing the little hierarchy problem and the u
problem simultaneously [34-44]. A triplet field with
hypercharge +1, together with three right-handed neutri-
nos, generates tiny neutrino masses via a type-I+II seesaw
mechanism [31,32,45-51]. One-loop radiative corrections
are included using the on shell renormalization scheme to
obtain effective neutrino masses consistent with observed
oscillations [52-55]. The triplet gives rise to doubly
charged Higgs bosons, which dominantly mediate the
tree-level £ — £7¢; ¢ LFV processes, providing a dis-
tinctive signal of the TNMSSM. These processes can be
probed in current and future experiments, including high-
energy colliders and precision LFV searches [56-59]. In
addition, one-loop and two-loop electroweak corrections,
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TABLE 1. Present constraints and future sensitivities on the
branching ratios of LFV processes.

LFV process Present limit Future sensitivity

u—ey <42x10718 ~6 x 10714 [15]
u—3e <1x107"2 [16] ~10716 [17]
T ey <33 %1078 [18] ~10"% — 107 [19]
7 3e < 2.7 %1078 [20] ~107% = 10710
T = uy <42 %1078 ~107% —107°

7 3u <2.1x10° ~107% = 10710

particularly those involving doubly charged Higgs bosons
and their Yukawa couplings, significantly contribute to
(9—2),. We consider both normal hierarchy (NH) and
inverted hierarchy (IH) scenarios for neutrino masses.

This paper is organized as follows: The framework of the
TNMSSM, including the superpotential, soft breaking
terms, and the mechanism generating tiny neutrino masses,
is presented in Sec. II. In Sec. III, we present the decay
widths of charged LFV processes and the muon MDM.
Section IV contains the numerical analyses, and conclu-
sions are given in Sec. V. Some key derivations and the
mass matrices of relevant particles are collected in the
Appendixes for completeness.

II. THE TNMSSM

Besides the MSSM superfields, the TNMSSM includes a
gauge singlet S and two SU(2), triplets 7 and 7. To
address the u problem, a discrete Z; symmetry is imposed,

under which all superfields (4, H,, ST, f") carry charge
1 mod 3 [30-32]. This forbids bilinear terms such as uH, -
H,; and allows only cubic terms like ASH .- Hy, and

ApSTr(T 72") After S acquires a vacuum expectation value,
an effective p term p. = A(S) is dynamically generated.
The corresponding superpotential reads [31-33] as

Wrnmssm = S(AH, - Hy + A7te(TT))
n §S3 4 y,H, -TH, +y,H,-TH,
+h,H, - Qi+ h,H; Qd+h,H,-Le. (2)

Adding three singlet right-handed neutrino superfields
N°¢, the superpotential extends to [31]

Winmssm+Seesaw = Wrnmssm + Y.L - TL
4+ YpL - H,N¢ + YpNSN¢, (3)

where Y, p are the corresponding Yukawa matrices.
The soft supersymmetry (SUSY)-breaking Lagrangian is

—Loor = my; |H, | + my; |Hy* + m3|S|* + mpt|T|* + mite|T|> + m3 | N“|*

+mp| QP + mial® + mi|d]® + mZ|L[® + mZ[e]®

_ A
+ (AhMQ “H,i—Ay,Q -Hyd—A,L-Hyje+ASH,-Hy+ ArpStw(TT) + ?"53

+AH, TH, + AjHy THy+ Ay L-TL + Ay L - H,N¢ + Ay N°SN¢ + H.c.)

1 ~ o~ - ~ S o~
- E (M3ﬂ3ﬂ3 + MQJQ)Q + Mll]/’{] + HC) (4)

The neutral scalar fields in the Higgs and triplet sectors
can be expanded around their vacuum expectation values
(VEVs) as

1

1
HY=—(vg+hg+iPy), H)=—(v,+h,+iP,),
d \/E( d d d) \/i( )
1 _ 1
T°=—(vr+hr+iPr), T°=—(vr+hs+iPz),
\/E( T T T) \/z( T T T)
1
§9 = —(vg+ hg +iPy), 5
ﬁ(s s s) (5)

where h; and P; denote the CP-even and CP-odd compo-
nents of each field, respectively, and »; are their corre-
sponding VEVs.

It is convenient to define the combined VEVs, ratios, and
the effective p parameters as

Ri=d4d =R (6)
v v
tanff = =, tanfp = —, (7)
Va vt
H = Avg, Hr = Arvs. (8)

Products of SU(2), multiplets are understood as the
antisymmetric contraction of their doublet indices, and can
be written explicitly as [30]

H, H,;=H;Hy - H)Hy, ©)
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H,TH, = V2H{HT™ = (HOPTO = (H{)?T=. (10)

Hy,-TH, = 2H7HOT* — (HY)2T° — (H;)*T**, (11)

1
+ﬁ(ylfj +f,l/])T+ _fiij++) s

ViL-TL=Y] (v, T
(12)

YpL - H,N¢ = Y3 (v;H) — ¢;H})NS. (13)

The complete 6 x 6 neutrino mass matrix in the
TNMSSM, which simultaneously realizes a combined
type-I and type-II seesaw mechanism, is [60—64]

o= (o ) (14)

MY My

where M, is the 3 x 3 Dirac mass matrix, and M; and My
are the Majorana mass matrices for the left- and right-
handed neutrinos, respectively. They are generated at tree
level by

YDUM
V2

Diagonalization of the full matrix is achieved by a
unitary matrix Zy ,

ML:\/EYL’UT, MD: MR:\/EYRUS' (15)

ZK,DMDZNV = diag(m,,, ..., m,,), (16)
which can be approximated at leading order in ¢ = M, M!
as [62,63]

S0\ /1-3¢"e =
zr :( T)( : 1 ) (17)
v 0 R ¢ 1 -3¢

Here S and R diagonalize the light and heavy sub-blocks,

STMy*S = diag(m,,, m,,, m,,),
RIMpR = diag(m,,. my,.m,). 1

At tree level the effective light-neutrino mass matrix

obtained from Eq. (14) is

M= mll 4 ml = My~ MM Mp. (19)
showing the combined type-II and
contributions.

We then include one-loop radiative corrections, using the
on shell scheme to cancel ultraviolet divergences [61,62].
The v,-v,° mixing arises from loops of three types:
gauge bosons, Higgs bosons (neutral and charged), and
supersymmetric scalars (sneutrinos or sleptons) coupled

type-I seesaw

with neutralinos or charginos. The correction can be

expressed as

om0 = smZy) + omll) + omly) + oml)
+om% P + om&A 4+ om ) 4+ om0,

(20)

2°P denotes the one-loop correction, with details
given in Appendlx A.

With the one-loop corrections, the neutrino mass matrix
defined in Eq. (14) becomes

Here, 5m

My™ =M, + Zy, 6m,Z};,

- ( (ML +6mp)3,3

(Mp +6mp)i.; (Mg +mpg)y.s

Mp + ém

where M, is given in Eq. (14). The matrix M;"™ retains the
seesaw structure. Analogous to Eq. (19), the one-loop
corrected effective light neutrino mass matrix is given by
[31,32]

M~ (M +6my)

—(Mp+6mp) (Mg +mg)~ (Mp+mp)T. (22)
Using the “top-down” method [6,52,64], M can be
diagonalized to obtain the three light neutrino masses
and Pontecorvo-Maki—Nakagawa—Sakata (PMNS) mixing
angles.

In the TNMSSM, tiny neutrino masses arise from both
type-I and type-II seesaw mechanisms. An interesting case
occurs when the type-1I contribution, including its one-loop
correction, M; + om;, is comparable in magnitude to the
type-l term (Mp + 6mp)(Mg + Smg)~'(Mp + mp)T
[65-67]. This partial cancellation naturally explains the
small neutrino masses without requiring extremely sup-
pressed Yukawa couplings Y; and Y, enhancing their
phenomenological impact, particularly in LFV processes.

In our numerical analysis (Sec. IV), the full neutrino mass

matrix is obtained by combining M with Sm, ",

ensuring consistency with experimental constraints on
neutrino masses and PMNS mixing angles.

III. LEPTON FLAVOR VIOLATION AND (g-2),
IN THE TNMSSM

In this section, we compute and analyze the LFV
processes £ — 7y and £7 — £7¢;7¢]. Both channels
are calculated at the one-loop level, while the three-body
decay £; — £;7¢; ¢ also receives tree-level contributions.
In add1t10n we discuss the impact of potential new-physics
two-loop diagrams on the muon MDM.
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F‘]z}
(a)

7(q)

li(p+q)

sy
(b)

FIG. 1. One-loop diagrams contributing to the process £; — ¢;y in the TNMSSM. In panel (a), F; and Sj represent the neutral
fermion and charged scalar, respectively. In panel (b), F{ and S denote the charged fermion and neutral scalar, respectively.

A. Rare decay tf'j‘ - ?Cy

The off shell amplitude for the process £ — ¢y can be
expressed in the general form [22,68]

T = ec"i;(p + q)[q*7u (AL PL + AfPy)
+ mf/iaﬂyqy(AéPL + ASPR)u;(p), (23)

where p and g denote the four-momenta of the incoming
lepton #; and the photon y, respectively. Here ¢ is the
photon polarization vector, P; and Py are the standard
chiral projection operators, and u; is the spinor wave
function of the lepton. The one-loop Feynman diagrams
contributing to the LFV decay £; — ¢y are shown in
Fig. 1. The evaluation of these diagrams yields the
coefficients Af’zR appearing in Eq. (23):

LR a)L.R b)L.R
A= A AP
Aé,R :Aéa)L.R+A§b)L.R’ (24)

where the explicit expressions for Ag‘fz)L'R and AYZ)L’R are
listed in Appendix B. Combining the amplitude in Eq. (23),
the decay width for the process £; — £y can be

expressed as

6‘2

L5 - ¢7r) =~ Ton’

L

my (|AZ 2 + |AS?). (25)

The corresponding branching ratio is then given by

r(¢= - ¢-
Bi(£7 > £77) = % (26)

Here, F,;; denotes the total decay width of the lepton ;.

For numerical evaluations, we approximately use I', ~
2.996 x 1071 GeV for the muon and T, ~2.265 x
10712 GeV for the tauon [69].

B. Rare decay ¢ — €7 ¢, ¢}

The effective amplitude for the process ¢; — £;¢;¢ r
receives contributions from both tree-level and one-loop
diagrams. At tree level, this process is mediated by a doubly
charged Higgs boson, as illustrated in Fig. 2. The corre-
sponding amplitude reads as [14]

i

T =C~k ,.-.C
l;l;H p - P1)2 _ m%]__

x i(p1)Pru;(p)i;(p3)Prvi(pa)- (27)

R
LLH (

Here, my-- denotes the mass of the doubly charged Higgs

. L R .
boson, while C7; . and CT ppe—- 1€ the corresponding

left- and right-handed couplings to the leptons.

We now consider the one-loop contributions. At this
order, the effective amplitude of the LFV processes gen-
erally receives corrections from both penguin-type and
box-type diagrams. As illustrated in Fig. 3, the penguin
diagrams can be classified into two types: those mediated
by a photon (photon type) and those mediated by a massive
vector boson (massive-vector type). The large black dot in
Fig. 3 represents a complete set of one-loop triangle
diagrams, which are of the same type as those shown in

Li(p) li(p1)

|
|
I|
|
Y H-
|
|
|
|

li(p3) li(p2)

FIG. 2. The tree-level Feynman diagrams for the process
;- ¢7¢7¢}, mediated by the doubly charged Higgs bosons
H~™ in the TNMSSM.
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li(p) Li(p1)

v, N

li(p2) li(ps)

FIG. 3. The penguin-type diagrams of the 77} > 07670
process, where N denotes the Z boson, and the large black
dot indicates either the £5¢;y or the £;£7 Z effective vertex.

Fig. 1. In contrast to Fig. 1, which contains only photon-
lepton vertices, the large black dot in Fig. 3 also includes
the couplings to the Z boson. This compact notation
preserves the physical content of both photon and Z boson
interactions while keeping the diagram visually concise,
without omitting the underlying loop structure.

The invariant amplitude for the y-penguin contribution is
given by [14,22,68]

T =

y—penguin

i;(p1)q*y, (AT P + AR Pp)
+ my,io,,q (A5 P + ASPg)]u;(p)

62

X — ;(p2)r*vi(ps3) = (p1 < pa). (28)

'Q

Similarly, the invariant amplitude for the N-type penguin is
written as

T'n_penguin = mfzﬁi(Pl)Yy(FLPL + FRPg)u;(p)
N
X ﬁi(pZ)yM(C%;NliPL + C{Nl,-PR)

xvi(p3) = (p1 < p2). (29)

Here, my denotes the mass of the Z boson, and the explicit
expressions for F® are given in Appendix B.

The box-type diagrams also provide significant contri-
butions to the £ — £7¢7¢7 process. The corresponding
Feynman diagrams are shown in Fig. 4. The effective
amplitude can be written as [14,22]

Toox = {Bfe?u;(p1)y,Pru;(p)i;(p2)r* Pryi(ps) + (L < R)}

+ {B5[eu;(p1)y,Pru;(p)a;(p2)y* Prri(ps) —
2)Prri(p3) —
i(p2)o"Prvi(ps) —

+ {Bf[e*u:(p, )PLM (p)ui(p
+ {B%[e*u;(p1)o,, Pru;(p)i

(p1 < p2)l+ (L < R)}
(1 < p2)l+ (L < R)}
(p1 < p2)]+ (L < R)}. (30)

where the coefficients Bl 53,4 are obtained from the box-diagram calculations (see Appendix B). The decay width at one-

loop order then follows as [14,22].

e“m5

(l - ll ll lj_)

51273
+ (IA€I2+ AT) -

T2 (BSP + [BEP) +

va—w|

s { gt + lage) (5

161 my 14
2m1i 9
2(ALAR*+ALAR*—|—HC)+ (|BL|2+|BR|)
1
57 UBsI* + |BF[) + 6(|Bs[* + |BEP)

1
—— (BB + BEBR* + Hee) + 3 (AL BL* + ARBR+ 4 AL BL*

2
+ AfBS* +H.c.) - 3 (AXBL* + ALBR* + ALBEY* + ARBS* + H.c.)

1
+ 3 ROFEEP + FRER) +

(|FLR|2+ |FRL|2) + (B{JFLL* +BII?FRR*

+ BYFER*  BRFRLx 4 He.) + 2(ALFLLr + ARLFRR* + H.c.)

+ (ALFLRe 4 ARLFRL* 4 H c.)

— 4(ARFLLx L ALFRR: L H ¢))

— 2(ALFRL* 4 AR FLR+ 4 H.c.)]}, (31)

where
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li(p) Ey li(p1) Li(p) li(p1)

S5

- < — -
- > —
La
3

1i(p3) Fy li(p2)

S Sy

1i(p3) Fy li(p2)
(b)

FIG. 4. Box-type diagrams for the process £; — £;¢7 £7. In diagram (a), F7 and S¢ denote the neutral fermion and charged scalar,
respectively. In diagram (b), F{ and S! denote the charged fermion and neutral scalar, respectively.

FLL — Z FLCI%NI,- FRR — FLL(L & R) where Oy = —1, and Cé_’6R are the Wilson coefficients of the
= my ’ operators O% ¢ [31,74]:
FECR
LR _ LiN1; LR _ pRL eQ T
FLR = NEZ o F'® = FRY(L < R). (32) OL® — (4_ﬂ)f2(_,1)a)lﬂ}, (F - 6)Ppxl,.
LR lem —
C. (g-2), Os —MT);I#(F"’)PL,RZ ; (35)

Finally, we further analyze the muon MDM. The latest
discrepancy between the SM theoretical prediction and the ~ where D, =09, +ieA,, P, = % (I1—ys), and Pp=
experimental measurement, as shown in Eq. (1), is a lo %(1 + 75). From the diagrams in Fig. 1, the one-loop con-
deviation. This updated result suggests that the SM may  ribution to the muon MDM is
now reasonably account for the long-standing muon g — 2
anomaly. However, this does not definitively rule out one-loop (a) (b)
the existence of potential new physics beyond the SM, a topic a = A (36)
that remains a compelling target for both theoretical and @ ) o
experimental investigation. In general, the MDM of a Dirac ~ Where @, " and a, " correspond to the contributions from
fermion can be expressed through the effective Lagrangianas ~ Figs. 1(a) and 1(b), respectively. Their explicit expressions are
[70-74] given in Appendix C.
In a reasonable parameter space, the two-loop Barr—Zee
Laom = c a,,z,, o L,F op. (33)  diagrams shown in Fig. 5, which may involve doubly charged
4m, fermions 7" as well as other particles, can give significant
contributions to the muon MDM. After including these two-

where 6% = % [y, v7), F .3 denotes the electromagnetic field loop corrections, the muon MDM is given by [23,75]

strength, m,, is the muon mass, a, = %(g - 2)”, and /,, is the
muon ﬁeld.'Using the effective Lagrangian method, we obtain aLWO-IOOP — azne'loop +alV 4 a4 a/};h’ (37)
the expression for a, as [71-74]

4 5 where a/V, a)*, and a,’:h correspond to the contributions
a, = Oy n;” R(CE + CL* + Cg ), (34) from Fig. 5, with explicit expressions also given in
(4r) Appendix C.
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h

I
h

H Vg K K H H H K
FIG. 5. Two-loop Barr-Zee type diagrams contributing to a, via photon insertions on internal lines.

IV. THE NUMERICAL ANALYSES

In this section, we present the numerical results for the
branching ratios of LFV processes and the MDM of the muon.
For the input parameters of the SM, we take the W boson mass
my = 80.377 GeV, the Z boson mass m; = 90.188 GeV,
theelectronmassm, = 0.511 MeV, a,,,(m,) = 1/128.9 for
the electromagnetic coupling, the strong coupling
ag(mz) = 0.118, and the top quark mass m, = 172.5 GeV
[69]. We impose the cosmological bound ) ; m, < 0.12 eV
[69,76]. In our analysis we assume the charged-lepton mass
matrix is diagonal, M, = diag(m,, m,,m.), which implies
that the charged-lepton Yukawa matrix Y, is also diagonal.
This assumption greatly simplifies the determination of the
neutrino mixing matrix: the PMNS matrix is then fixed
entirely by the neutrino mass matrix [53,54]. Since the
absolute neutrino mass ordering is not yet determined,
we consider both hierarchies in what follows: the NH
with m, < m,, <m,, and the IH with m,, <m, <m,,.
We use the following 30 ranges for the mass-squared
differences and mixing angles [69]:

mZ, = (6.99 —8.07) x 107> eV?
|Amv3z|NH = (2.371 —2.539) x 1073 eV?,
|Am? |y = (2442 —2.616) x 1073 e
sin® @), = 0.270 — 0.345,
sin® 653 = 0.495 — 0.603,
sin® 6,3 = 0.0198 — 0.0240, (38)

where |Am], |yy corresponds to the NH, and |Amg, |y
corresponds to the IH. The Yukawa elements Y ; and Y,

are not independent free parameters: once the diagonal
elements My, (I = 1,2, 3) are specified, Eqs. (15) and (22)
allow one to express Yp, and Y, in terms of other
parameters. Therefore, only the coupling matrix Y, asso-
ciated with the type-II seesaw needs to be specified. In
general Y, is a 3 x 3 matrix, which we parametrize as

Yll Y12 Y13
YL = Y21 Y22 Y23
Y31 Y32 Y33

Y, is constrained strongly by the Ov2f decay experi-
ments in the range Y;; < 0.04 [77]. For convenience in the
subsequent analysis, we fix Y| = Y, = Y33 =0.04. To
simplify the problem, we set the off diagonal elements to be
equal: Y12 = Y21’ Y13 = Y31, Y23 = Y32. For Clarlty, we
assume that the right-handed neutrino sector is degenerate,
with My 11 = Mgy = Mp3;3 = 500 GeV, and that its off
diagonal elements vanish. We note that the right-handed
neutrino masses are given by Eq. (15). Once the parameters
u and 1 are fixed, the value of vy can be determined, which
then allows us to obtain the explicit expression for Y. We
set mi® =0.01 eV for NH and IH neutrino masses,

Vlightes l
5. 873, 833, Am?, , |Am, | with the center values. Once the
lightest neutrino mass at tree level, the three mixing angles,
and the two mass-squared differences are fixed using
neutrino oscillation data, and given that the structure of
Y, and the right-handed Majorana mass matrix Mp is
known, as well as the values of tan f3, tan #, and v;7, one
can determine vy and v,. Combining this with Egs. (15)
and (19), we can then solve for the Dirac Yukawa matrix
Yp. In this work, we set all three CP-violating phases of the
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neutrinos to zero. Including the one-loop radiative correc-
tions, the light neutrino masses are then fully determined.
The specific details of these calculations are provided in
Appendix A for reference.

The measured mass of the Higgs boson is [69]

my, = 12525 +0.17 GeV. (39)

Taking into account the tree-level relation between the W
and Z masses, the p parameter in the TNMSSM is [33]

2 202
P= 2mW ;=1-—", (40)
cos” Oymy Vig

where 8y, is the Weinberg angle. Current measurements
give pey, = 1.00038 + 0.00020 (at 20), which implies
vy <1 GeV to satisfy electroweak precision constraints.
Accordingly, in the following we adopt v+ = 0.001 GeV.
Current experimental constraints on supersymmetric
particle masses are summarized as follows. The lower
limit on the mass of long-lived charginos is mg: >
1090 GeV at the 95% confidence level (CL) [69]. We
conservatively take the mass of the lightest neutralino to be
larger than 300 GeV by fixing the Higgsino sector
parameter to M; =800 GeV and choosing M, >
1000 GeV [69]. We assume that the soft-breaking mass
parameters of the sleptons satisfy mj; = m; = my =
diag(M g, Mg, Mg) GeV, where m; and m; denote the
soft-breaking masses of the left-handed slepton doublets
and right-handed charged sleptons, respectively, and m;
denotes the corresponding sneutrino soft-breaking masses
[78]. Current LHC searches exclude slepton masses below
about 700 GeV; therefore, we take My = 800 GeV in our
analysis [79-81]. Further details of the slepton mass matrix,
together with the impact of My and A, on its structure, are
provided in Appendix E. However, for the trilinear Higgs-
slepton couplings A;, , we do not assume a diagonal form.
Instead, we allow flavor-mixing off diagonal terms in the
slepton sector, whose explicit structure is given by

L 6 613
Ahﬂ = | dn 1 023 Ae- (41)
513 523 1

To investigate the variation of the branching ratios in the
processes ; — ¢y and £ — £7¢7¢, which are sensi-
tive to the relevant parameters, we first fix several param-
eters in A, . We choose A, = 1000 GeV.

We take the charged Higgs mass My+ > 1500 GeV
[23], and the doubly charged Higgs mass is also considered
to be > 1500 GeV [14]. For squarks, the first two gen-
erations are strongly constrained by direct LHC
searches [69,78]; therefore we set My = mii{ , =
Mo = 3000 GeV, while the third generation is less

constrained, and we take mp3 =miis =mgz =2000 GeV.

The trilinear Higgs-squark couplings are defined as A;,, =
diag(Y,1,Y,»,Y,3)A, and A, =diag(Yy, Y, Ya3)A,,
with A, = 1000 GeV, where Y,; (¢ =u, d, i =1, 2, 3)
denote the corresponding Yukawa coupling constants.

In addition, rare B-meson decay processes, such as B —
X,y and BY — u*yu~, play an important role in probing new
physics (NP) models beyond the SM, since their theoretical
predictions are tightly constrained by precise experimental
measurements. The current world averages for the branch-
ing ratios are given by [69]

Br(B — X,7) = (3.49 £ 0.19) x 107,
Br(BY - ptu~) = (3.01 £0.35) x 1070, (42)

Both of these constraints are included in our numerical
analysis. For further discussions on these rare decays, see
our previous works [22,75] and references therein.

The neutrino oscillation experimental data [69] and the
mass of the lightest CP-even Higgs boson impose strong
constraints on the relevant parameter space. Analytic
formulas, including the two-loop leading-log radiative
corrections from the stop and top-quark contributions
[82—85], are used to compute the SM-like Higgs boson
mass, as shown in Eq. (D18). For completeness, detailed
expressions for the Higgs mass matrix and the two-loop
corrections are given in Appendix D. Moreover, rare
B-meson decays—B — X,y and B? — u*u —together
with the mass bounds on the charged Higgs, doubly
charged Higgs, neutralinos, and sleptons, further restrict
the allowed parameter space. Special attention is given to
the mass of the lightest Higgs boson in Eq. (39). To satisfy
all these experimental constraints while reducing the
number of free parameters in the numerical analysis, we
fix the following parameters:

tanf=43,1=05, Ay =022,
k=086, tanp = 0.8,
u=01,  y;=12, A, =A;=1000 GeV,
A, = 1000 GeV, A, = —1000 GeV,
A, = -850 GeV, A, =-500 GeV. (43)

Using the SARAH 4 package [86] to obtain interaction
vertices and particle masses, and taking into account the
experimental constraints on the lightest Higgs boson,
neutrino oscillation data, rare B-meson decays, and the
mass bounds on supersymmetric particles, we determine
the allowed ranges for the parameters listed in Eq. (43). For
simplicity, we fix these values throughout the subsequent
analysis to focus on the most sensitive parameters, which
reduces the number of free parameters while ensuring
consistency with neutrino oscillation data, rare B-meson
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decay bounds, and the mass limits on the charged and
doubly charged Higgs bosons, neutralinos, and sleptons.

As discussed in Sec. III, and considering that super-
symmetric particle masses are significantly heavier than
those of leptons, we adopt an effective Lagrangian
approach to study charged LFV processes and the muon
(9—2),, with the corresponding analytic expressions
summarized in Appendixes B and C and implemented in
a self-developed code for numerical evaluation. The result-
ing predictions for LFV and the muon MDM are analyzed
in the following sections.

A. The muon MDM

We analyze the MDM of the muon in the TNMSSM
framework. According to Eq. (1), the new physics con-
tribution Aa)* is constrained within (—2.5 x 1071°,10.3 x
10719) at the 1o level [25,26]. In Fig. 6, we fix M, =
1000 GeV and set all off diagonal elements of the trilinear
coupling matrix A; and the Yukawa matrix ¥, to zero.
Panels (a) and (b) correspond to NH and IH, respectively,
with the line styles indicating ¢ = 1000, 1150, 1300 GeV
(solid, dotted, dashed).

As M increases, Aaj" decreases, initially rapidly and
then more gradually. This trend arises because larger Mg
values yield heavier sleptons and sneutrinos, suppressing
the dominant one-loop contributions. In contrast, two-loop
contributions, primarily from charginos and the doubly
charged fermion y™", remain largely unaffected by Mp.
Consequently, the relative importance of two-loop effects
increases, moderating the overall decline. Although smaller
in magnitude, these higher-order contributions are non-
negligible, indicating that three-loop or even higher-order
corrections could be relevant in future precision analyses.

The parameter y also significantly influences Aa)®. For
small M, the contribution increases with y, being smallest
at 1000 GeV and largest at 1300 GeV. As My grows, this
trend reverses, producing a nonmonotonic dependence.
This behavior results from the interplay of model

40

2000 2500 3000
(a) Mg [Gev]

0 n
1000 1500

parameters: for fixed 4, increasing u enhances the singlet
VEV wvg, which shifts the masses of charged Higgs bosons,
sleptons, and winolike charginos, thereby modifying loop
contributions and interference patterns. As My further
increases, heavy sleptons and sneutrinos decouple, causing
a monotonic suppression of the total loop effects. To remain
consistent with current expectations, we fix Mg =
1500 GeV in subsequent LFV analyses, also ensuring
compatibility with the neutrino oscillation data as discussed
in Appendix A.

Finally, the small differences between NH and IH curves
reflect the impact of neutrino mass ordering on the Yukawa
couplings Y;, Yp, and Yy, which enter the MDM calcu-
lation indirectly. While nearly identical, these subtle dis-
tinctions suggest that future high-precision measurements
of the muon MDM could provide indirect insights into the
neutrino mass hierarchy.

B. Branching ratios for LFV processes

In Fig. 7, we fix M = 1500 GeV and p = 1000 GeV
for both NH [panels (a),(c),(e)] and IH [panels (b),(d),()].
The off diagonal elements of Y, are set to zero for i # j to
ensure flavor alignment. The branching ratios of radiative
LFV decays, Br(£; — £7y), are plotted against the off
diagonal parameters J;; of A, . Panels (a) and (b) show
Br(u — ey) versus §;, with ;3 = 6,3 = 0; panels (c) and
(d) present Br(z — ey) versus &;3; and panels (e) and
(f) display Br(z — uy) versus 8,3. Solid, dashed, and dotted
lines correspond to M, = 1000, 1250, and 1500 GeV,
respectively, while the orange solid and dashed lines
represent the current experimental bounds and the projected
future sensitivities, respectively. From Fig. 7, the exper-
imental bound on Br(u — ey) implies 6;, < 107>, whereas
T — ey and 7 — py require O3, 5,3 < 0.5. Differences
between NH and IH arise because, for fixed Y; and Mp,
the Dirac Yukawa couplings Y, must adjust to reproduce
the neutrino mass hierarchy, altering SUSY particle mixing
and LFV rates.

40

B I ey —

2000 2500 3000
(b) Mg [Gev]

0 n
1000 1500

FIG. 6. The plot shows Aa}jp as a function of M. Panels (a) and (b) correspond to the NH and IH neutrino mass spectra, respectively.
The solid, dotted, and dashed lines represent the cases where y is taken to be 1000, 1150, and 1300 GeV, respectively, and the gray band

denotes the experimental 1o interval.
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FIG.7. The branching ratio Br(f‘ — £;y) is shown as a function of the off diagonal elements §;; of the trilinear coupling matrix A ,
with panels (a), (c), and (e) correspondmg to the NH and panels (b), (d), and (f) to the IH. The black solid, dotted, and dashed lines

represent M, =
future experimental bounds on LFV.

In Fig. 8, the same setup is applied to three-body LFV
decays, Br(fjf — ¢£7¢7¢7). Panels (a) and (b) show
Br(u — 3e) versus §,,; panels (¢) and (d) show Br(z —
3e) versus &3; and panels (e) and (f) display Br(z — 3u)
versus d,3. The line styles follow the same M, convention.
The branching ratios increase with &;; because of
enhanced LFV. Current bounds suggest §;, <2 x 1074,
013 50.1, and 6,3 <0.7. Although M, influences the
three-body decays, the effect is weaker than in radiative
decays, since these processes are dominated by tree-level
contributions in the TNMSSM. The mild nonmonotonic
M, dependence originates from partial cancellations
among loop diagrams.

The following discussion focuses on the role of the
Yukawa couplings Yr, within the type-II seesaw frame-
work. Figure 9 shows the branching ratios of radiative LFV

1000, 1250, and 1500 GeV, respectively, while the orange solid and dashed lines indicate the current and projected

decays, Br(fjf — ¢7y), as functions of the off diagonal
Yukawa elements Y, (i # j). We fix My = 1500 GeV,
M, = 1000 GeV, and u = 1000 GeV. Panels (a), (c), and
(e) correspond to the NH, while (b), (d), and (f) correspond
to the IH. In panels (a) and (b), the solid, dotted, and dashed
lines denote &y, = 1077,5 x 1077, 107°, respectively; in
panels (c) and (d), they denote §;5 = 107,5 x 107>, 107%;
in panels (e) and (f), they denote &,3 =107,5x107>,107%,
Orange lines indicate current experimental limits (solid)
and projected future sensitivities (dashed). According to
Eq. (12), one can see that even if the off diagonal elements
of Y are nonzero, the LFV process £ — ¢y receives no
tree-level contribution. Therefore, the amplitude for
Br(f} — ¢7y) comes entirely from one-loop diagrams.
Increasing the off diagonal Yukawa elements Yr, requires
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FIG. 8. The variation of §;; associated with the LFV branching ratios Br(¢; — £7¢7 ¢7) is shown for both neutrino mass hierarchies:
(a), (¢), and (e) correspond to the NH, while (b), (d), and (f) correspond to the IH. The black solid, dotted, and dashed lines correspond to
M, = 1000, 1250, and 1500 GeV, respectively. The orange solid and dashed lines represent the current experimental limits and the

projected future sensitivity, respectively.

larger Dirac Yukawa elements Y, to satisfy neutrino mass
constraints. Both Y; and Y, enhance mixings between
sneutrinos and charginos, and between charged leptons and
doubly charged Higgs bosons, thereby increasing the loop
amplitude. However, the overall branching ratio remains
moderate due to the smallness of these loop contributions.
As a result, current bounds constrain Y, <10~* for
812 ~ 1077, providing a quantitative measure of the allowed
off diagonal Yukawa coupling.

Figure 10 shows three-body LFV  decays,
Br(f}ef,-‘f,-‘ff), as functions of Y, , with the same
parameter setup. Panels (a), (c), and (e) correspond to NH,
while (b), (d), and (f) correspond to IH. The line con-
ventions follow those in Fig. 9. Unlike radiative decays,
these processes receive tree-level contributions from dou-
bly charged Higgs exchange, making them more sensitive

to Y. The branching ratios increase significantly as Y;
grows. The convergence of the curves at large Y;; indicates
that 9;;-induced effects become less important compared to
loop corrections. Considering current experimental limits,
we find Y, <7 x 1077 [panels (a) and (b)], Y53 <7 x
10~ [(c) and (d)], and Y3 <10™* [(e) and (f)]. The
branching ratios also show mild differences between NH
and IH, reflecting the hierarchy-dependent structure of the
Yukawa couplings and the resulting mixings among
charged leptons.

Currently, the neutrino mass ordering, CP-violating
phases, and the Majorana or Dirac nature of neutrinos
remain unknown. Future theoretical and experimental
studies of charged LFV decays could provide valuable
insights into these fundamental properties, underlining the
importance of this research direction in particle physics.
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FIG.9. The dependence of ¥;; on the LFV branching ratios Br(¢ il ¢7y) is shown for both neutrino mass hierarchies: panels (a), (c),
and (e) correspond to the NH, while (b), (d), and (f) display the IH. In (a)—(b), the solid, dotted, and dashed lines indicate
81, =1077,5x 1077, 107°, respectively; in (c)—(d) they indicate ;3 = 107,5 x 1073,107%; and in (e)—(f) the same line styles
correspond to J,3 with the same set of values. The orange solid and dashed lines represent the current experimental limits and the
projected future sensitivity, respectively.
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FIG. 10. The variation of Y - associated with the LFV branching ratios Br(¢; — ¢7¢7 Zf) is shown for both neutrino mass
hierarchies: plots (a), (c), and (e) correspond to the NH, while (b), (d), and (f) correspond to the IH. In panels (a)—(b), solid, dotted, and
dashed lines denote §;, = 1077,5 x 1077, 107°, respectively; in panels (c)—(d), they denote ;5 = 107,5 x 107, 107*; and in panels
(e)—(D), 6,3 takes the same values. The orange solid and dashed lines indicate the current experimental limits and the projected future

sensitivities, respectively.

V. CONCLUSIONS

This paper investigates LFV processes and the two-loop
contributions to the muon MDM, Aa}*, within the frame-
work of the TNMSSM. In this model, neutrino masses are
generated via a combination of type-I and type-II seesaw
mechanisms. Additional one-loop radiative corrections are
included in the analysis.

Under the constraints of current experimental data in
neutrino physics, we explore the implications of two
neutrino mass orderings: the NH and the IH. Compared
to the MSSM, the TNMSSM features an extended particle
spectrum—including additional sleptons, sneutrinos, neu-
tralinos, Higgs bosons, as well as doubly charged Higgs
bosons and their supersymmetric partners—which signifi-
cantly enriches the phenomenology and opens new chan-
nels for LFV processes.

In particular, the doubly charged Higgs bosons intro-
duced by the type-II seesaw mechanism can mediate LFV
decays such as ¢ — £7¢7¢7 at tree level. This enhances
their branching ratios. Our numerical analysis shows that
the branching ratios Br(¢£7 — ¢;7y) and Br(¢; —
£7¢7¢;}) increase with the enhancement of the off diagonal
elements in the trilinear coupling matrix A, . Moreover,
loop diagrams involving neutralinos and charginos also
contribute significantly to these processes.

The predictions exhibit sensitivity to the neutrino mass
hierarchy, and if future neutrino oscillation experiments
cannot resolve the ordering, LFV decays may serve as an
alternative probe, potentially providing complementary
insights into the fundamental nature of neutrinos
and helping to distinguish between Majorana and Dirac
neutrinos.
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We have further analyzed the muon MDM in the allowed
parameter space of the TNMSSM. When two-loop con-
tributions are included, the doubly charged fermion y*+
plays an essential role. As the soft mass parameter Mg
increases, the masses of the associated sleptons and
sneutrinos grow, suppressing the one-loop contributions,
while the two-loop contributions become increasingly
relevant. The combined one- and two-loop effects yield
predictions for Aah® that are consistent with the latest
experimental results, demonstrating the significant impact
of the extended particle spectrum on the muon MDM.

With the continuous advancement in lepton physics, the
uncertainty in the new physics contribution to the muon
MDM, Aa}¥, has been substantially reduced. Recent
studies mdlcate that the observed anomaly could be
explained within the SM; nevertheless, this does not
completely exclude potential contributions from new phys-
ics. As experimental precision continues to improve,
including higher-order corrections—such as two-loop or
even three-loop contributions—may be necessary to main-
tain consistency between theoretical predictions and mea-
surements. This highlights the ongoing importance of
precision studies in probing physics beyond the SM.

Although the TNMSSM represents a relatively minimal
extension of the MSSM, it offers a considerably richer
phenomenology. It can enhance new physics contributions
to both LFV processes and the muon MDM to potentially
observable levels. Current theoretical and experimental
studies of the muon MDM may indirectly shed light on
undetected LFV phenomena and supersymmetric physics.
While the TNMSSM is not necessarily a final theory, it
provides a compelling framework that deepens our under-
standing of particle physics and may guide future efforts to
resolve outstanding questions in the field.
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APPENDIX A: THE ONE-LOOP CORRECTIONS
TO THE NEUTRINO MASSES

In this section we present the one-loop corrections to
neutrino masses in the TNMSSM, following an on shell

renormalization procedure but streamlining the derivation

for clarity (see also Ref. [31] for related treatments). The

general self-energy for neutral-neutrino mixing v;° —v;°

takes the form [61]

Z(k) ij Cum]w— + dl]m (OFE + ez]kw +fl]kw+ (Al)
For k* < m{—with m the heaviest internal mass—the

coefficients can be expanded as [62]

C = C  + k2 tlj’ dlj = dO kzdllj,
elj—e +k2 llj, fl]: l]+k2flj (A2)

Counterterms are introduced,

RN (k) =Z;(k) + (cjmjo_+dimiw. + e} Jo_+ fHw, ),

(A3)
and the on shell conditions
den(k)u,-(kﬂkz:m‘; =0, ﬁj(k)de“(k)|k2:m§ =0, (A4)
yield
c,/ =—c} —l—mlzdllj +m12e,j +m; m]f}j,
_ 2 1
=-d’. +mjclj+m]eu+m m;fi,
efj ==, —micl, —midj;, — (m} +m3)el; —mm;f};,
jfj:—f?j—mimjcij—mimjd mm]ellj—(m + m; 3 ,lj
(A5)
Substituting into Eq. (A3) gives
ZRen(k) (- j)iij(k)(k —-m;), (A6)
with
2(k) = cimjw, +dimo_+ ej;(mo_+m;o, + o)
+flimo, +mjo_+ fo_). (A7)
For convenience define
6Zf = —mic —mid — (m; +m3)e, —mm;f|, + e k>,
YA mmjc,lj mm]dl] mim;e;
smb; = (m lzd}]+m, U+m mjf1 +cl. kz)
dmf = (micl +miel, +mm;fl + dj;k*)m, (A8)
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The two-point Green function up to one loop is then

Lyi(k) = (K = m{*)5;; + Z5e (k)
— mi®)8;; —|—5ZL w_ +5ZR w, —smEw_ — 5mk )
+ ij +
= (8 + 6Z) (K — m* — dmf; 4 6Z5m™)w_
(8 + OZE) (- m™ — Smk + 5ZEm™)a, (A9)

where 5Zf,-’R act as left/right wave function renormalization factors and m!™ is the tree-level mass. Applying the on shell
conditions finally yields

omys = {[omb + omB] oy — [mSZL oy + m6ZE] o, o]}

_ 3mtree(mtree)2 1 4 ( treem;ree + (m}ree)Z
+ (m}ree)Z)mEreedl!j ((msree)Zm}ree + 3m}ree(m;ree)2)el!j

+ (3(m:_ree)2m}ree + m';ree(mt_ree)Z) 1 (AIO)

J i’

which is the final one-loop correction to the neutrino mass matrix.

Figure 11 shows the one-loop self-energy Feynman diagrams for neutrinos in the TNMSSM. The exchanged bosons can
be either vector or scalar particles, leading to distinct loop integrals. Specifically, Fig. 11(a) corresponds to loops with
fermion-vector boson pairs (F, V), while Fig. 11(b) involves fermion-scalar boson pairs (Fg, S,). For the contributions
from vector boson loops, the one-loop amplitude can be written as

dP s m
Aoy () = P [ &8 A ) £ 5 o)

QZ_mZ

[ f 0 :
0 * (27)P (Q* + x(1 = x)k* — xm7 — (1 = x)m3)?
x {(2 = D)AY'BY (1 = x)fw, + DmAY B w,}

_ ld 1 1 2x(1 — x)k?
o x/< P (02 +xm? + <1—x>mzv>2{ +Q2+xm}+(1—X)m2v}
x {(2=D)AY'BY (1 = x)fw, + Dm ALY B w,}, (All)

where D =4 — 2¢ and p,, is the renormalization scale. The couplings AS;V) and BE;V) with ¢ = &+ denote the interaction
vertices, which can be obtained using SARAH [86]. Here m, and m/ represent the masses of the vector boson and fermion
circulating in the loop, respectively.

Using Eqgs. (Al), (A2), and (A11), the coefficients for the self-energy expansion become

L mg oy My 14
cfi(my,mg) = —ID#Ai )B(—V)an(mf,mv), b (my,my) = —ID#AQ/)B(Jr )an(mf,mv),
J i
. . \%4 \%4
& (my.my) = —i(2 = D)AVIBY Fyy(mp.my).  fO(my.ms) = —i(2 = D)AYBY Fyy(my.my),

m
c}j(mv,mf) =—i4 fA( ) )Fga(mf,mv) d}j(mv,mf) = —14#A(_V)B(+V>F3a(mf, my),
] i

el(my,ms) = 2AVIBOFy, (mpmy),  fli(my,mp) = i2AY BY Fy(my.my). (A12)
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The loop integrals F»,, F»,, F3,, and F3;, are defined as
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One-loop neutrino self-energy corrections in the TNMSSM from fermion-vector (Fj, V) and fermion-scalar (F, S,) loops.

1

F , w d
2a(m1 mZ ﬂ / )C/ 27 )D Q2 +xm

+ (1= x)m3)*’

1—x

F k] w d El
{1, ) = (i) /x/w) (Q* +xm + (1 = x)m3)?

2x(1=x)
F d
3a(m1am2 /’lw / x/ 7 )D Q2+xm1 (1—x)m%)3’
2x(1 = x)?
F , W d . Al3
3b(ml m2 //l / .X/ 27[)D Q2+xm1 (1—x)m%)3 ( )
Similarly, for scalar boson loops, the amplitude reads as
[ dP0 i(/Q+ ¥+ my) i
Ampg(k) = () / iAD w, ) SE LI (8 6, ) s
pS( ) (/’t ) (271’)D( 1 1) (Q+k) _mf( 2 )Qz_mg
1 2x(1 — x)k?
= d 1
/ / P(Q% + xmj + <1—x>m§>2{ +Q2+xm;+<1—x>m%}
X {A (l — X)fw, + mfA 6} (Al4)

where the vertices AE;S) and BE,S) are also obtained via
SARAH, and mg denotes the scalar boson mass. The

corresponding coefficients AL d%t 0% %1 follow analo-

ij %ij 2 €ij o
gously from Egs. (A1) and (A2), replacmg the vector boson
masses and vertices with the scalar ones.

In this work, the mixing of v,° — v;° originates from the

following types of one-loop diagrams:

(1) Gauge boson loops involving the Z boson with
neutrinos 19 (a = 1,2, ...,6) and the W boson with
charged leptons e, (o =1, 2, 3).

(2) Higgs boson loops, including CP-even Higgs bo-
sons Hj and CP-odd Higgs bosons A}
(B =1,2,...,5) with neutrinos % (a = 1,2, ...,6),
and charged Higgs bosons H; B =1,2,....,4) with
charged leptons ¢, (¢ =1, 2, 3).

(3) Supersymmetric scalar loops involving CP-even sneu-
trinos ﬂg and CP-odd sneutrinos 17;f B=12..6)
with neutralinos ¥, (@ = 1,2, ...,7), and sleptons éﬁ
B =1,2,...,6) with charginos y, (a =1, 2, 3).

Then, the one-loop corrections to the neutrino mass
matrix elements can be obtained:

1-loop (Z10) (W.e7) (H.0) (A%2°)
éml/,ij = om v,ij + om I./l] +om I./l] + 6m v,ij
+5m§”,j’) + om ,(J”UZ) +6ml<,,j )—i—émielf ),
(A15)

We will briefly outline in the subsequent analysis how
our neutrino masses are obtained. First, following Eq. (19)
and incorporating experimental neutrino data, we fix the
value of Y;. Since My is already determined, and the
parameters u and 4 are fixed, the value of v, is thus known.
This allows us to determine the expression for Y. The
neutrino data are taken from the Particle Data Group [69],
enabling us to solve the relevant equations to obtain the
value of Yp, thereby yielding the tree-level neutrino
masses. With the tree-level masses in hand, we can further
incorporate the one-loop effects via Eq. (19). To analyze the
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impact of the one-loop corrections on the neutrino masses,
we proceed with the following formula:

tree
m -
C _ Vlightest Vlightest
ratio — ’

Vlightest

(A16)

where m

Uianes. dENOtEs the lightest neutrino mass in the NH

and mUee

or IH mass ordering, Viighest

represents its correspond-
ing tree-level value. Equation (A16) thus quantifies the
relative effect of one-loop corrections on the lightest

neutrino mass. In our analysis, we set mﬁff;ll =0.01 eV

for both NH and IH scenarios, while the oscillation
parameters s2,, 525, 533, Am3,, |[Am3,| are fixed to their
central values.

Figure 12 illustrates the variation of the neutrino mixing
angles and mass-squared differences with respect to the
parameter M. In this figure, we take, 4 = 1000 GeV,
M, = 1000 GeV. Panels (a)—(c) show the mixing angles

1.0

800 1000 1200 1400 1600 1800 2000
Mg [Gev]
1.0
0.8
& 0.6
~
[=4
]
S 04
0.2
800 1000 1200 1400 1600 1800 2000
ME [Gev]
3.0

(e)

sin® 6,,, sin® 6,5, and sin® 6,5, respectively, while panels (d)
and (e) present the mass-squared differences Amg21 and
|Am?_|. The gray bands in these plots represent the lo

V3
experimental bounds obtained from neutrino oscillation
data, serving as a reference for the allowed parameter
space. Panel (f) depicts the ratio of the one-loop radiative
correction to the lightest neutrino mass, defined in
Eq. (A16), as a function of Mg. The solid and dashed
curves correspond to the inverted IH and the NH, respec-
tively. These results allow us to directly compare the
theoretical predictions with current experimental con-
straints and to assess the impact of varying Mg on both
the tree-level and loop-corrected neutrino observables. As
M, increases, both the neutrino mixing angles and the
neutrino mass-squared differences exhibit noticeable var-
iations. The three mixing angles are clearly correlated with
one another, and a similar correlation is observed between
the two mass-squared differences. The parameter M enters
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1800 2000
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Mg [Gev]
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FIG. 12. The dependence of the neutrino mixing angles and the neutrino mass-squared differences on the parameter M, is illustrated
in the figures. Panels (a), (b), and (c) correspond to the mixing angles sin” @,,, sin® @, and sin” 0,3, respectively, while panels (d) and

2

V3

(e) show the mass-squared differences Am,%2l and |Am

|. The gray bands indicate the experimental bounds from neutrino oscillation

data. Panel (f) presents the ratio of the one-loop radiative correction as a function of Mg, where the solid line corresponds to the IH and

the dashed line to the NH.
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the mass matrices of sleptons, CP-even sneutrinos, and @ 1 R
. . Al Cl e CF"S‘* (an,xSc),

CP-odd sneutrinos. As M increases, the masses of these 6m i L
particles become larger, which in turn suppresses the one- (@)L " "

. . . A2 2 CIF"S‘CF"S”Z [ 3 Il](xF”7xSf)a
loop contributions. From panel (f), it can be clearly seen mp my, koo
that the ratio defined in Eq. (A16) decreases with increasing AR _ 4L (L < R)
M, for both the IH and NH neutrino mass orderings. A 1.2 1,2 ’

) . . . w1
sn.lan oscillatory behaimor appears in the IH. case, which A = Cfpfs" Cfst" (I, =21, — 1] (XFZ’ xs,"),
originates from the interference between different loop

. . . ML
dlagr.ams. The f1.gure %ndlcates that tol e.nsure that. the Ag L _ . CILF‘S” C}stn (1, =1, — 1] (XFZ’ xs;*)’
neutrino masses, including one-loop radiative corrections, my,my
are consistent with the experimental limits from neutrino (bR _ 4 (b)L
p AL =A75 (L < R). (B1)

oscillation measurements, the parameter My must be raised
to values exceeding roughly 1300 GeV.

APPENDIX B: THE WILSON COEFFICIENTS OF
THE PROCESS I — Iy AND I — I7 71}

The coefficients corresponding to the Feyaman diagrams
shown in Figs. 1(a) and (b) can be expressed as

Here, x; = m?/m3,, and Ca o Tepresent the constant parts of
the interaction vertices for particles a, b, and ¢, which can
be obtained using SARAH [86]. The explicit forms of the
loop functions and Gj,34 are given in
Refs. [12,22,31].

The contributions from N-penguin diagrams can be
expressed through the following coefficients:

L1234

Mpcm

FL = 702 CanS( CS‘*NS”CF”SC*I Gy (xpr, Xs5s Xse) +—55— i, Cfsnpr Cé(NFszcgnl Gl(xs;,xF;,xF;)
R R
T9.2 Cl SpFS CF‘NF‘ CF;,SHZ G, (XS,”,’ sz,ng),
FR =FL(L < R). (B2)

Here, the loop functions G and G, originate from the evaluation of the three-point integrals with different chiral structures
and encode the mass dependence of the internal fermions and scalars.
Similarly, the coefficients for box-type diagrams are given by

anan
L FiFa vl )CL L R R e xe x ) CR L R L
Bl =5 > G3(XFZ,XF;;,XSZ,XSI)CliSLFnCFnSM CZSLFZCFHSH "!‘2 ) G4(ka7xF,xs/,,xs,) CliSC»FnCFnS(x CIISLFHCFHSH
e my, 1 e myy ] s
1
L R R . L R L
+C1 S‘F"CF”S” Cl sep F”CF”S‘* ] 22m2. G4(XF;,,XF§,vxs;;,xs7)C S,XFCCFLS,,, CAS,”,F‘ CFLSn,,
Bt =~ G e xpn g xg )CRL OB CL (L
2 zezm%v 3 F;’ Fj» S/‘}’ Sl‘ l[SIan FZS;}*j I/S/;F" F"S”/
1
e V(R L L R R L R L
+4ezm%VG4(xFZ’xFZ’xS;’xS?)[CI,S;F"CF;S;; CZ,S;,F”CF"S“ +CISLF"CF;5;,*1 CZS‘F"CF"S‘*Z}
B ek ¢t cb, ek _THM G CR., CR. . CL, CL
+4ezm%/ 4(xF;’xF2’xS}}’xS;’) LS)FS S Fesil I ShF - Fasyl; 2e2m%4, 3(XF£’XF2’xS;’x5}‘) L) Fg RSyl ST SyFs SRS
L MR E, L L L L L L L L
B = =55 Gy (g xy ) | Ol Chyy Chop Chy let cho cf e
3 ezmﬁ, 3( Fo A Fg Sy S,) LS Fy RSy LSO FL T Fsit T ISy FySel ~1S{Fy  FaSH
Mp Mg R R L L
+ Zezm%}v G?’(sz’ngt’xS;}’xS/n)Ci,'S;’FLCFrS"l CIIS;,F{‘CF{S”Z 5
L MEME; L L L L
By = mG3 (Xrys Xpg X5 X, )C?,S;F" CF”S‘* < SLFZCFL;S“I ’
R _ pL
By,34=Bis34(L < R). (B3)
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APPENDIX C: THE SUSY CONTRIBUTIONS TO THE MDM OF THE MUON

The one-loop contributions to the MDM corresponding to Fig. 1 can be expressed as

al(la) — Sf{4xﬂ [—13 (XF; , .X'37> + I4(xFZ s XSi)] I:(C,‘%S;FZ CIG;ZS;'*/J> + <CI§S;FZ C%ZS;‘}‘)*]
+ /XX (13 (X, xse) + (X, xge)] C;I;S;'F’k’ Clﬁens;*,l }
E}i{ [~1 (XF‘ XS") + 213(XF‘ xs")][(cﬂsnp‘ Clﬁcsn )+ (C,%syF;C%s;rﬂ)*]

+ X .xF( [21 (xF( xSn) 212()(:}:2’,XSZI)}C/I;S?FECFZS;,”}. (Cl)

Under the assumptions mp = = My =My > my, and myp = = My > my, the Barr-Zee type contributions to a,, shown in

the upper row of Fig. 5, can be appr0x1mated as [22,75]

Gpm2
WW* m 2 R L 2 3 Rx*
Ay 192V2% 4{ (|C—0W;ﬁ| +|C Wf| )~ (|C W;(*| |C Wy *l )+ 1I9(C _OW_,CX/WZ )}
Grm mWCﬁHD 179 10 2 9
al‘;VH W{ |:36 +—= J(mF, mW,m ):|ER(CL0W_ CLOW— + +C Ow— CROW— )
1 2
+ _§_§J(mF’mW’m )}R(C“Wx C"WX*JFC)};W% OWf)
16 8 2 2 L L R R
+ —j—gj(mpmw’myi) (e AWt + G AWt -G Wt G B! 2
2 4
+ —§—§J(mpvmw’m -) %(C"W;( C'OW;( COW;( C;{”Wx ) (-
Grm,myy,Cypo m>
rh _ M, L -F
where
Iny—z1
J(x,y.2) gy _Yy—zmz (C3)
y—z

The diagrams in the lower row of Fig. 5 yield analogous contributions, with the same functional structure but with
internal neutralinos and charginos replaced by singly charged charginos and the model-specific doubly charged
fermions 7+

APPENDIX D: THE MASS OF HIGGS

In the basis (¢y, @, P, 7, P7), the definition of mass-squared matrix for neutral Higgs is given by

Mgty Mpuba Mbsda Mbrda  "Mrda
Mpopy Mo M Mrdy i,
my, = | My My Mg My My | (D1)
Myypr Mppr Mppr Mprgr Mergr
Myypr Moy Mppr Morgr Morgr

where
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|
my 4 < (97 + 65) (203 = 207 + 305 — v7)

Myppy = ]
4] 2 2
+ \/EETSR(A“) + 7 (Us + ”u)
— 0,0 (radr) + 307 + 207) vl (D2)
1 1
My,p. = 1(91 + B3)VaV, — \/Z v,N(A))
1
+ 5 UTUTSR(&/I’}&) + Ud/uu|/1|2 - ysvfm()(u/l*)
1
— v, 0N (ygA*) — 3 V2N (kA¥), (D3)
1
Myg, = my, = ¢ (91 +92) (20} = 207 = 3vj, + v])
1
+V20r(4,,) + 5 (05 + 03) AP
— 0,0 R (rudr) + 203 4 303) [l (D4)
, 1 «
My g = V04" — 75%5){(141) — v, N (kA)
- vTUum(/IZZ) - vTvum()(u/l*) - ’UdUTm(/lT)(fi),
(Ds)
5 1 o
My g = V;0,[A]" = 751@9%(14,0 — 00 M (AkY)
- UTUd'g}t(/b(Z) - Ud”f‘?}t(/bﬁ;) - UTvum(Zul;)’
(D)
= Pl 2R (kA
Mg,p, = mg + > (vF + v3) — vrVER(kA})
1
+ 303 |k|* — vav,M(Ax*) + 3 (V3 + v2)
+V2u,R(A,), (D7)
1 2 2 1 i) *
M,y = ) (91 + gz)”dvu + 5 Uu”TEMMT)
— v, M (Ary) + dvgvrlial® + V20,M(A,,),
(DS)
1 ,
m(/’u(/)r - 5 (g% + g%)ydvT - Uuysm(j'T)(Z>
1 ,
— v v R (A + 5 vavFR(A45), (D9)
My 4. = V07|A]" = EUTER(A,{) — v, 0N (kA5)
1
— 00, N(Ayh) — 3 V2N (r,A5), (D10)

1
My gy = MG = 1 (91 + 93) (203 — 607 — vi + v3)

1
+ 2030l + 5 (03 + o)A, (D11)
Loa o 1 o
My,pr =5 (91 + BIvavy + 5 vrv, R (W)
= vav; M (xadr) = v, 0, M (A7), (D12)

1
My b = —5 (gf + g%)vau + \/EUMER(AL‘)

1
+ 5 VgV R(AA5) — v R (Axs) + 4vrv, x|

’

(D13)
My g7 = vz ar|* = LUTSR(AA) — v, orR(Kdy)
YT \/E
1
— 3 R Czs) = van i), (D14)
— 2 2 _ 1 R(A
my, 4. = —(91 + g3)vrv7 — ﬁ% (A;)
1 1 !
-5 VIR (kAG) + 5 v, R(AA%) + vpvz|dr]?,
(D15)
My, 4, = M7+ 92 + 3) (v — v2 — 207 + 6v;7)
1
+5 (v% + o)zl + 20l (D16)
This matrix is diagonalized by ZH:
ZHmiZM = diag(mj, ,mj, , ...) (D17)
with
ba=D 2ty be=D Zhhy b= T
J J
I ST )
J J

From the tadpole equations, the soft mass parameters m? ,
d

2 2 2 2
my , ms, mr, and ;.

minimization conditions of the scalar potential.
In the TNMSSM framework, the SM-like Higgs boson
mass is

can be determined from the

my, = +/(m tree) + Am?, (D18)
where m‘hrlee is the tree-level mass of the lightest CP-even

Higgs state and Am%, denotes the loop-induced radiative
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correction. The dominant two-loop leading-logarithmic contribution is [82-85]

3mp [L 1. 1 [3m? o |
e A e [l o
B M?> . 2A7 A?
i=log <—§) X =" <1 - 2). (D20)
m M 12M%

Here a; is the running strong coupling constant, Mg = , /m; m;, is the geometric mean of the stop masses, and A =
A;—pcotf with A, = A, 33.

APPENDIX E: MASS MATRIX FOR SLEPTONS

The slepton mass matrix is given by

, M, & (— % vV, A+ UdvT)(d) Y+ \/LE vdAIw
M; = 1 1 . (El)
ﬁvdAhe + Ye <—§USUM/1* + Ud”T)(Z) mz,Ré;
The matrix elements are defined as
1 1
Mg,z = Evleze Yy, + 3 (=5 + g)1(20% — 2v% — v2 + v3) + m%, (E2)
1 1

Mo, =5 VY, YZE + Zg%l(—Zv% + 20} —v3 + v3) + m2. (E3)

This matrix is diagonalized by Z%:
ZEMgZE-* = diag(M%l,Mé, ce)s (E4)

with
éL,i — ZZﬁ'*é], ER,i — ZZJEIY*EI (ES)
J J

Here, Y}, denotes the Yukawa coupling matrix of the charged leptons. The soft SUSY breaking mass parameters mi and m2
correspond to the left-handed slepton doublets and right-handed charged sleptons, respectively, and are taken as diagonal in
the flavor basis. They do not include the left-right mixing contributions proportional to A;,. The physical slepton masses
M. that enter the muon MDM calculation are obtained after diagonalizing the full mass-squared matrix M 2 with the unitary
matrix ZF.
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