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We revisit the traditional type I, II, and III seesaw mechanisms in the presence of a complex scalar field
charged under a global Uð1Þ symmetry that can be identified with lepton number and the Peccei-Quinn
symmetry. After symmetry breaking, the radial mode becomes heavy while the angular mode appears as an
axionlike particle, traditionally dubbed the Majoron. We construct the effective field theory obtained after
integrating out the heavy states and analyze two matching orders: first removing the radial mode and then
the seesaw fields, and vice versa. Both procedures yield the same low-energy Lagrangian containing only
Standard Model fields and the Majoron. Because a single vacuum expectation value fixes the mediator
masses, the radial mode, and every Majoron coupling, these models predict relations among observables
rather than their individual size, and it is these relations that are testable. Indeed, the invisible Higgs width is
locked to the universal suppression of the Higgs couplings, while the Majoron-lepton coupling is fixed by
the measured nonunitarity of the leptonic mixing matrix, and the two independently give comparable lower
bounds on the same lepton-number-breaking scale, of the order of 1–10 TeV. Neutrinoless double beta
decay with Majoron emission, by contrast, has no sensitivity in this class of models. The framework is,
thus, falsifiable even when the new states lie far beyond experimental reach.
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I. INTRODUCTION

The discovery of neutrino oscillations provided the first
unambiguous evidence for physics beyond the Standard
Model (SM). The observation that at least two neutrinos
possess nonzero masses and mix with large angles calls for
an extension of the theory that explains both the smallness
of neutrino masses and the structure of the leptonic mixing
matrix. Among the most compelling and economical
possibilities are the type I [1–4], II [5–10], and III [11]
seesaw mechanisms, which generate Majorana masses for
the active neutrinos through the exchange of fermionic
singlets, scalar triplets, or fermionic triplets, respectively.
These mechanisms are characterized by the explicit

breaking of the lepton number (LN), an accidental sym-
metry of the SM Lagrangian. They provide a description for
the active neutrino masses that can be generically written as
mν ∼ gνv2=MSS, where MSS denotes the mass scale of the
new degrees of freedom (d.o.f.) and gν a combination of
Lagrangian parameters. The active neutrino mass scale can
be naturally suppressed either with large MSS and
gν ∼Oð1Þ, with relatively small MSS and tiny gν, or with
interpolating cases. For example, deviating from the tradi-
tional constructions, a well-known subclass of type I
seesaw scenarios, dubbed low-scale seesaw [12–17], exists,
where the lepton number invariance is an approximate
symmetry of the relevant Lagrangian and active neutrino
masses can be described with TeV right-handed (RH)
neutrinos and a small explicit lepton-number-breaking
parameter. In addition, seesaw frameworks can be
embedded in grand unified theories, can accommodate
leptogenesis, and often arise as low-energy limits of more
fundamental ultraviolet (UV) completions.
Parallel to the neutrino sector, the strong CP problem

remains one of the most persistent puzzles in particle
physics. The Peccei-Quinn (PQ) mechanism [18] offers a
dynamical solution by promoting the QCD θ parameter to a
dynamical field, whose relaxation to zero is ensured by the
presence of a pseudo-Nambu-Goldstone boson: the axion
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[18–24]. While the QCD axion is tightly constrained by
astrophysical and cosmological observations, a broader
class of pseudoscalar particles known as axionlike particles
(ALPs) arises generically in theories with spontaneously
broken approximate global symmetries.
One of the main conceptual differences between the

QCD axion and an ALP is the existence or not of a relation
between its mass ma and its characteristic scale fa. For the
QCD axion, a strict inverse proportionality holds:

mafa ≈mπfπ; ð1:1Þ

where mπ and fπ are the pion mass and its decay constant,
respectively. For a long time, the community considered that
any sizable deviation from this relation would nullify the
explanation of the strong CP problem, but recent results
[25–36] demonstrated that the parameter space accommo-
dating a consistent solution to this problem exceeds that of
the very constrained QCD axion band. A paradigm change
followed, and nowadays an ALP, for which no explicit
relation betweenma andfa is assumed,may represent a low-
energy description of a nontraditional QCD axion that
nevertheless solves the strong CP problem. Even so, the
ALP mass is almost always taken below its characteristic
scale,ma < fa, a habit inherited from the QCD axion rather
than a requirement of the effective description. What the
derivative expansion asks is that ma stay below the cutoff
4πfa, so that thewindow fa < ma < 4πfa remains open, as
recently explored for leptophilic ALPs in Ref. [37].
ALPs appear in a wide range of UV scenarios, including

string compactifications [38–42], supersymmetric exten-
sions [43], and composite Higgs models [44–47]. They
have been considered as possible dark matter candidates
[48–56], and, more generally, their possible impact on
cosmological observables has been investigated [57–68].
Last but not least, ALPs remain an evergreen topic in flavor
model building [69–76]. A recent and complete review that
includes models with ALPs is Ref. [77]. Still from the
theoretical point of view, their interactions with SM fields
are well captured by an effective field theory (EFT)
expansion in inverse powers of the ALP scale fa, and
the community has extensively worked to improve and
complete this description [30,78–88].
Additionally, ALPs are currently the subject of an

extensive experimental program spanning astrophysics,
cosmology, and laboratory searches at both colliders
[80,89–112] and low-energy facilities [113–144]. A very
recent review on ALPs can be found in Ref. [145].
The coexistence of neutrino mass generation mecha-

nisms and spontaneously broken global symmetries natu-
rally raises the question of whether these two sectors may
be structurally connected. A particularly appealing pos-
sibility is that the global symmetry responsible for the ALP
is (or is aligned with) the lepton number. In such scenarios,
the breaking of the symmetry that controls neutrino mass

generation simultaneously gives rise to an ALP, thereby
linking the neutrino and axion sectors in a unified frame-
work. This idea has appeared in various guises, including
Majoron models [146–150] and, more in general, theories
in which the PQ and seesaw scales are related or even
identified [151–154]. However, a systematic and model-
independent EFT treatment of the interplay between the
heavy seesaw d.o.f., the radial mode of the PQ-breaking
scalar, and the resulting ALP remains incomplete [though
recently addressed for Kim-Shifman-Vainshtein-Zakharov
(KSVZ)-type completions [155]]. In particular, the order in
which heavy fields are integrated out can obscure the
physical origin of the effective operators and complicate the
interpretation of ALP couplings in terms of the underlying
neutrino mass mechanism.
In this paper, we revisit the three traditional seesaw

mechanisms in the presence of an additional complex scalar
field ϕ charged under a global Uð1Þ symmetry. We take this
symmetry to be identifiable with the LN, although, due to its
chiral nature, it stands for a PQ symmetry. After spontaneous
symmetry breaking, the radial mode of the scalar, denoted as
ρ, acquires a large mass proportional to the scale of the
breaking, while the angular degree of freedom becomes an
ALP. In this particular case in which the global symmetry
coincides with the LN, it will be dubbedMajoron and labeled
by J. We perform a systematic matching of the UV theory
onto the low-energy EFT in two complementary orders:
(1) first integrating out the radial mode of the

LN-breaking scalar and subsequently the heavy
seesaw d.o.f.;

(2) first integrating out the heavy Seesaw d.o.f. and
subsequently the radial mode.

Both procedures lead to the same low-energy Lagrangian
containing only SM fields and the Majoron, as required by
EFT consistency, but the intermediate EFTs differ in structure
and provide complementary physical insight. Our analysis
yields the complete set of effective operators up to dimension
7 involving the Majoron and SM fields that arise from each
seesaw type, including the contributions to the Weinberg
operator, Majoron-neutrino couplings, Majoron-Higgs inter-
actions, andMajoron-gauge couplings induced at tree level or
through anomaly matching. The resulting EFT provides a
unified and model-independent description of Majoron inter-
actions in seesaw frameworks, valid for arbitrary hierarchies
between the LN scale and the seesaw scale.
The effective interactions derived in this work have

direct implications for ongoing and future experimental
efforts targeting Majoron or ALPs and neutrino physics.
The structure of Majoron couplings to leptons, gauge
bosons, and the Higgs sector depends sensitively on the
underlying mechanism of neutrino mass generation. This
dependence opens the possibility of using Majoron phe-
nomenology as a diagnostic tool to distinguish between
different seesaw realizations, even when the heavy d.o.f.
themselves lie far above the reach of colliders. Our EFT
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results can, in principle, be mapped onto observables as
diverse as rare meson and lepton decays, neutrino experi-
ments, astrophysical probes such as stellar cooling and
supernova energy loss, and cosmological signatures. Which
of these actually retain sensitivity, however, depends
strongly on the scale at which the lepton number is broken
and turns out to be a rather selective question: we address it
in Sec. IV. In particular, the interplay between neutrino
mass generation and Majoron couplings leads to character-
istic patterns of correlations among Majoron interactions
that are experimentally testable.
The framework developed here, thus, establishes the

theoretical foundation for exploiting Majoron searches as
an indirect probe of the origin of neutrino masses. By
connecting UV seesaw physics with low-energy Majoron
signatures in a consistent EFT language, our results
enhance the physics potential of current and future
Majoron experiments and motivate dedicated strategies
to identify the mechanism of neutrino mass generation
through the Majoron portal.
It may be useful to anticipate the outcome of the

phenomenological discussion, since it is the part of the
analysis with the most direct experimental relevance.
Because a single vacuum expectation value (VEV) vϕ
fixes the mediator mass, the radial mode, and every
Majoron coupling, the models do not predict the magnitude
of individual observables, which always depend on
unknown couplings, but relations among them, and it is
these relations that are testable. Two are particularly sharp.
In the Higgs sector, the invisible decay into a Majoron pair
is tied to the universal suppression of the Higgs couplings
κV , and a measured enhancement κV > 1would exclude the
whole class of models. In the leptonic sector, the Majoron-
lepton coupling is fixed by the measured nonunitarity of the
leptonic mixing matrix. Remarkably, these two indepen-
dent lower bounds on vϕ—one from the invisible Higgs
branching ratio and the other from μ → eJ—currently sit in
the same window, vϕ ≳Oð1–10Þ TeV. We also find that
neutrinoless double beta decay with Majoron emission,
usually regarded as the flagship Majoron signature, has no
sensitivity whatsoever in this class of models. Indeed, the

derivative nature of the Goldstone couplings implies that
this process is suppressed by the active neutrino mass. On
the contrary, the informative observables lie instead in
Higgs precision physics and in charged-lepton flavor
violation.
The paper is organized as follows. Section II introduces

the three Majoron seesaw models, fixes conventions and
spectra, and carries out the first integration step for each of
them: since the radial mode and the seesaw mediator may
be ordered in either way, this produces seven intermediate
effective theories, summarized in Table I, in which the
Majoron coexists with one heavy state. Section III com-
pletes the reduction and gives the three low-energy
Lagrangians, dubbed the JSMEFT, i.e., the Standard
Model effective field theory (SMEFT) extended by the
Majoron J, obtained by removing the remaining heavy
field, verifies that the two matching orders agree operator
by operator, reduces the redundant structures to the Warsaw
basis, and collects the outcome in Table V. Section IV is
devoted to the phenomenology and to the question of how
the Majoron sector could actually be identified. Our
conclusions are summarized in Sec. V, while the
Appendix collects the equations of motion and their
perturbative solutions for each model.

II. HIGH-ENERGY EFTS

In this section, we consider the three Majoron seesaw
models and discuss the possible hierarchies of scales. For
each case, we perform the integration out of the heaviest
degree of freedom, leading to seven different intermediate-
energy EFTs, where the SM, the Majoron, and the
intermediate scale d.o.f. are present. A summary of the
different cases can be found in Table I.

A. The type I Majoron model

The type I Majoron model consists in the generalization
of the traditional type I seesaw scenario with the addition of
a scalar singlet [146,147]. The complete spectrum is, thus,
provided by supplementing the SM one with RH neutrinos
NR and a complex scalar boson ϕ, invariant under the SM

TABLE I. The seven intermediate high-energy EFTs obtained by integrating out the heaviest d.o.f. in each seesaw
realization, for the two (type I and III) or three (type II) possible mass hierarchies. In every case, the resulting
Lagrangian additionally contains the SM fields and the Majoron J.

Seesaw Mass hierarchy Field integrated out first Intermediate EFT Section

Type I mρ > MN ρ NJSMEFT II A 1
MN > mρ N ρJSMEFT-I II A 2

Type III mρ > MΣ ρ ΣJSMEFT II B 1
MΣ > mρ Σ ρJSMEFT-III II B 2

Type II mρ > MΔ ρ ΔJSMEFT II C 1
M2

Δ ¼ μ23 þ 1
2
β2v2ϕ > m2

ρ Δ ρJSMEFT-IIa II C 2

MΔ ¼ μ3 > mρ Δ ρJSMEFT-IIb II C 3
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gauge transformations, while transforming under the global
lepton number Uð1ÞL, as shown in Table II. For simplicity,
we will explicitly consider only the case with three RH
neutrinos, although the discussion can be generalized to
any number of RH neutrinos larger than 1. Throughout the
paper, the SM spectrum comes with its ng ¼ 3 generations,
and, unless otherwise stated, all flavor indices are under-
stood to be summed over; correspondingly, we take nN ¼
ng ¼ 3 RH neutrinos here and, in Sec. II B, nΣ ¼ ng ¼ 3

fermionic triplets. This is immaterial for all the tree-level
Wilson coefficients, whose flavor contractions are left
implicit, but it does fix the overall normalization of the
anomalous couplings of Eq. (2.9), which are generated at
one loop and, therefore, receive an explicit sum over the
fields running in the triangle.
The corresponding Lagrangian is given by

Ltype I ¼ LSM þ N̄Ri∂NR

−
�
LL H̃ YNNR þ 1

2
ϕNc

RYNNNR þ H:c:

�

þ ∂μϕ
�
∂
μϕ − Vðϕ; HÞ; ð2:1Þ

where, throughout the paper, ψc ≡ CψT denotes the charge
conjugate of a fermion field ψ , with C the charge-
conjugation matrix satisfying CγμTC−1 ¼ −γμ, and LSM
is the SM Lagrangian without its Higgs scalar potential,
which is instead subsumed, together with all the terms
involving the additional scalar field ϕ, into the complete
scalar potential Vðϕ; HÞ:

Vðϕ; HÞ ¼ −μ21ϕ�ϕþ λ1ðϕ�ϕÞ2 − μ22H
†H

þ λ2ðH†HÞ2 þ β1H†Hϕ�ϕ: ð2:2Þ

While all the parameters entering Vðϕ; HÞ are real by
construction, we can work in the basis where YNN is taken
to be real and diagonal. Likewise, we also assume, without
any loss of generality, that the Yukawa coupling matrix of

the charged leptons is also real and diagonal. As a
consequence, YN is necessarily a generic 3 × 3 complex
matrix.
In principle, one should study the complete potential

Vðϕ; HÞ, identify its true minima, and expand the theory
around them. The only term entangling the Higgs and ϕ
sectors is the mixed quartic coupling β1H†Hϕ�ϕ: once ϕ
acquires a VEV, this operator feeds directly into the
effective Higgs mass parameter through a shift of the order
of β1v2ϕ. Since we take vϕ ≫ vEW, treating this mixing
exactly would reintroduce, and generically worsen, the
electroweak hierarchy problem, for a generic β1. To avoid
this, we take β1 to be a small parameter, so that its effect on
the minimization of Vðϕ; HÞ can be neglected at leading
order. Under this assumption, motivated also by the
absence, so far, of any collider hint of new physics up
to the TeV scale, the ϕ- and H-dependent parts of the
potential effectively decouple, and the minimization can be
performed step by step, first along ϕ and then along H.
Working at leading order in β1, we can, therefore, set
vEW ¼ 0 when extremizing along ϕ, which then acquires a
VEV

v2ϕ ¼ μ21
λ1

: ð2:3Þ

Once ϕ acquires this VEV, it can be written as

ϕ ¼ ðvϕ þ ρÞffiffiffi
2

p eiJ=vϕ ; ð2:4Þ

where J is the massless Majoron and ρ is the heavy radial
mode with mass

m2
ρ ¼ 2λ1v2ϕ: ð2:5Þ

Simultaneously, NR acquires a mass after LN spontaneous
symmetry breaking (SSB):

MN ¼ YNNvϕ=
ffiffiffi
2

p
: ð2:6Þ

Notably, although mρ and MN originate from the same
breaking scale vϕ, they need not be comparable in size,
since they depend independently on λ1 and YNN ,
respectively.
After the LN SSB, the terms of the original Lagrangian

involving ϕ can be rewritten in terms of ρ and J:

Ltype I ⊃
1

2
∂μρ∂

μρþ ðρþ vϕÞ2
2v2ϕ

∂μJ∂μJ −
�
1

2

ðvϕ þ ρÞffiffiffi
2

p eiJ=vϕNc
RYNNNR þ H:c:

�

−
λ1
4
ρ4 − λ1vϕρ3 −

m2
ρ

2
ρ2 −

β1
2
v2ϕðH†HÞ − β1vϕρðH†HÞ − β1

2
ρ2ðH†HÞ: ð2:7Þ

TABLE II. Field content of the SM spectrum and of the type I
Majoron model.

Field Spin SUð3Þc × SUð2ÞL × Uð1ÞY Uð1ÞL
LL 1=2 ð1; 2;−1=2Þ þ1
eR 1=2 ð1; 1;−1Þ þ1
H 0 ð1; 2;þ1=2Þ 0

NR 1=2 ð1; 1; 0Þ þ1
ϕ 0 ð1; 1; 0Þ −2
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The ρ-independent piece− 1
2
β1v2ϕðH†HÞ is simply a shift of

the Higgs mass parameter, μ22 → μ22 − β1v2ϕ=2, usually
reabsorbed into μ22; we keep it explicit here, and in every
Lagrangian below where the same ðvϕ þ ρÞ2 expansion
appears, for consistency with the operator lists in Sec. II
A 1 and beyond. The J dependence in the Yukawa term
proportional to YNN can be rotated away by performing the
following vectorial transformation on the lepton fields:

fLL;NR; eRg → fLL;NR; eRge−iJ=2vϕ : ð2:8Þ

While this is useful to simplify the calculation we are going
to perform, this procedure reintroduces the J dependence in
chirality-preserving couplings with fermions. By applying
that transformation to the lepton field kinetic terms, new
operators containing the Majoron do appear and the
relevant part of the Lagrangian looks like

Ltype I ⊃ −
ðvϕ þ ρÞ
2vϕ

N̄MNN þ ∂μJ

2vϕ

�
LLγ

μLL þ eRγμeR þ 1

2
N̄γμγ5N

�
þ J
vϕ

�
g02cB
16π2

BμνB̃μν þ g2cW
16π2

Wi
μνW̃iμν

�
; ð2:9Þ

where we adopted the Majorana notation for the heavy
neutral leptons (HNLs), N ≡ NR þ Nc

R. The terms propor-
tional to J=vϕ are the so-called anomalous terms and arise
due to the fact that the transformation in Eq. (2.8) is
anomalous under SUð2ÞL ×Uð1ÞY. Their coefficients are
defined as

cB ¼
X
ψ

ηψY2
ψdðRψ Þ and cW ¼

X
ψ

ηψTðRψ Þ; ð2:10Þ

where the sums run over all the Weyl fields rotated in
Eq. (2.8), with ηψ ¼ þ1 (−1) for LH (RH) chiralities,Yψ the
hypercharge, dðRψÞ the dimension of the SUð2ÞL represen-
tation, and TðRψ Þ its Dynkin index (T ¼ 1=2 for the
fundamental). Summing over the ng ¼ 3 generations yields

ðcW; cBÞ ¼
�
þ 3

2
;−

3

2

�
: ð2:11Þ

Note that the quarks are untouched by Eq. (2.8), so no JGG̃
coupling is generated and the Majoron is not a QCD axion.
Since cW þ cB ¼ 0, the photon projection cancels exactly
and theMajoron has no coupling to two photons in the type I
case: as wewill see in Sec. II B, this is no longer true for type
III, and it constitutes the sharpest phenomenological dis-
criminator among these two seesaw realizations.

The type I Majoron Lagrangian is characterized by
having two types of heavy d.o.f.: the radial mode ρ and
the HNLs N. The masses of these particles are both
proportional to vϕ, but, while mρ is controlled by

ffiffiffiffiffi
λ1

p
,

MN is instead weighted by YNN. Depending on the relative
magnitude between these two quantities, we have a differ-
ent hierarchy in the masses. Despite the fact that the low-
energy effective Lagrangian is the same after integrating
out both the radial mode and the HNLs, two different
intermediate descriptions can be identified. In what fol-
lows, we will distinguish between the two cases mρ > MN

and MN > mρ.

1. The case mρ > MN and the NJSMEFT Lagrangian

The radial mode ρ is integrated out first, through its
(nonlinear) equation of motion (EOM), solved perturba-
tively in inverse powers of mρ: the relevant ρ Lagrangian,
its EOM, and the perturbative solution ρ ¼ ρð0Þ þ ρð1Þ þ
� � � are collected in Appendix A 1. Substituting the solution
back, one obtains the NJSMEFT Lagrangian, valid at
energies in the window ½MN;mρ�, including the SM
spectrum, the Majoron J, and the HNLs, where with
MN we refer here to the largest HNL mass, in a slight
abuse of language. It can be written as

LNJSMEFT ¼ LSM þ 1

2
∂μJ∂μJ þ

1

2
N̄ði∂ −MNÞN −

1

2
ðJ̄ NN þ N̄J NÞ þ

∂μJ

2vϕ

�
LLγ

μLL þ eRγμeR þ 1

2
N̄γμγ5N

�

−
3J

32π2vϕ
ðg02BμνB̃μν − g2Wi

μνW̃iμνÞ þ
�X

i

CdiO
d
i þ H:c:

�
; ð2:12Þ

where we introduced the leptonic source of the HNLs

J N ≡ Y†
NH̃

†LL þ YT
NH̃

TLc
L; ð2:13Þ

a shorthand adopted here and in the following to keep the equations compact. Wherever a current appears contracted
directly with a fermion field rather than with its Dirac conjugate, as in the term J̄ NN of Eq. (2.12), it is understood as
J ≡ J †γ0, so that the whole expression is a genuine Lorentz scalar. Here, Od

i is the operator of dimension d that receives
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contributions from the integration out of ρ, and Cdi is the
corresponding Wilson coefficient. It is worth commenting
on the fact that the derivative Majoron couplings ∝
∂μJ=2vϕ in Eq. (2.12) are also nonrenormalizable but
are not listed within the sum of the Cdi operators, as they
do not arise due to the integration out of the radial mode but
as a consequence of the field redefinition. Therefore, we
treat them separately. Before listing the operators, it is
worth fixing a convention that would otherwise be a
recurrent source of factors of 2. In this and in all the
effective Lagrangians that follow, the operator sums are
written as in the last line of Eq. (2.12), with the þH:c:
always displayed explicitly, even when it is trivial. This is
precisely the case for the self-Hermitian operators,
Od†

i ¼ Od
i , for which the þH:c: simply doubles the term:

for those, and only for those, a compensating factor 1=2 is
included in the Wilson coefficient, so that Cdi is one-half of
the physical matching value, Cdi ¼ κi=2, and κi is the
quantity to be compared with the literature. The lepton-
number-violating operators, which are not self-Hermitian,
carry instead a genuine and nonredundant þH:c:, and their
Wilson coefficients are the physical ones, Cdi ¼ κi, with no
1=2. This is the case of the Weinberg operator and its
dressings—that is, operators obtained by multiplying the
Weinberg one by isosinglet quantities. We keep the
redundant þH:c: rather than dropping it in the trivial cases,
so that a single expression covers both classes of operators
and the normalization of every Cdi is unambiguous. Where
the comparison with the literature is most likely to be a
source of confusion, we also indicate the physical value κi
explicitly.
The leading contributions to the Cdi operators are

listed below.
(i) d ¼ 2.

Od¼2
H2 ¼ ðH†HÞ; Cd¼2

H2 ¼ −
β1m2

ρ

8λ1
: ð2:14Þ

This operator is the threshold correction to the Higgs
mass parameter μ22 of Eq. (2.2): it is the explicit form
of the ϕ-VEV shift μ22 → μ22 − β1v2ϕ=2, usually
reabsorbed into μ22. As for all self-Hermitian oper-
ators, Cd¼2

H2 carries the 1=2 of the convention above,
so that the physical shift is 2Cd¼2

H2 ¼ −β1v2ϕ=2.

(ii) d ¼ 4.

Od¼4
λ ¼ ðH†HÞ2; Cd¼4

λ ¼ β21
8λ1

: ð2:15Þ

This is trivially the quartic Higgs operator of the SM
scalar potential, leading to a redefinition of the λ2
coefficient in Eq. (2.2).

(iii) d ¼ 5.

Od¼5
NH ¼ðN̄NÞαβðH†HÞ; Cd¼5

NH ¼ β1
8

ffiffiffiffiffi
λ1

p
mρ

ðYNNÞαβ:

ð2:16Þ

The Greek indices refer to the flavor contractions
of the fermion bilinear N̄N. This is one of the two
d ¼ 5 of the νSMEFT Lagrangian [156–163] that is
usually written in terms of the flavor RH neutri-
nos, ðNRNc

RÞðH†HÞ.
(iv) d ¼ 6.

Od¼6
H□

¼ðH†HÞ□ðH†HÞ; Cd¼6
H□

¼−
β21

8λ1m2
ρ
;

Od¼6
□JH¼ð∂μJ∂μJÞðH†HÞ; Cd¼6

□JH¼−
β1
2m2

ρ
;

Od¼6
4N ¼ðN̄NÞαβðN̄NÞγδ; Cd¼6

4N ¼ðYNNÞαβðYNNÞγδ
32m2

ρ
:

ð2:17Þ

While the first operator, Od¼6
H□

, belongs to the d ¼ 6

Warsaw basis of the SMEFT [164] and the last one,
Od¼6

4N , can be found listed in the νSMEFT descrip-
tion [161], the second operator, Od¼6

□JH, received
much less attention. It appears in the specific
scenario where the Majoron is considered a possible
dark matter candidate, and it is referred as derivative
Higgs portal [165] and more recently exploited
for concrete Majoron dark matter phenomenology
in [54–56].

(v) d ¼ 7.

Od¼7
JNN ¼ ð∂μJ∂μJÞðN̄NÞαβ; Cd¼7

JNN ¼ −
ffiffiffiffiffi
λ1

p
4m3

ρ
ðYNNÞαβ;

Od¼7
H□N ¼ ðH†HÞ□ðN̄NÞαβ; Cd¼7

H□N ¼ −
β1

8
ffiffiffiffiffi
λ1

p
m3

ρ
ðYNNÞαβ;

Od¼7
4H2N ¼ ðH†HÞ2ðN̄NÞαβ; Cd¼7

4H2N ¼ β21
16

ffiffiffiffiffi
λ1

p
m3

ρ
ðYNNÞαβ: ð2:18Þ
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To our knowledge, the first operator Od¼7
JNN has never been

considered before in the literature. On the other hand, the
second operator Od¼7

H□N, that is obtained directly from the
matching procedure, should be present in the basis of the
νSMEFT Lagrangian in Ref. [161], but this is not the case.
Using integration by parts and the free equation of motion
of N, it can be reexpressed in terms of the two independent
operators of the N2H2D2 class of the νSMEFT dimension-
seven basis, up to a correction to Od¼5

NH suppressed by
ðMN=mρÞ2 relative to its original coefficient. Moreover,
notice the pattern Cd¼7

H□N ¼ −Cd¼5
NH =m2

ρ, mirroring
Cd¼6
H□

¼ −Cd¼4
λ =m2

ρ.

2. The case MN > mρ and the ρJSMEFT-I Lagrangian

In this case, the HNLs are the most massive d.o.f., and
we proceed along the same lines as the previous subsection

but integrating out the N fields and obtaining an effective
description that includes the radial mode ρ.
The relevant Lagrangian collects all the terms containing

N. Using the current J N of Eq. (2.13) and the axial
Majoron current

J J ≡ ∂J
4vϕ

γ5; ð2:19Þ

theN EOM and its solution as a geometric series inM−1
N are

collected in Appendix A 1. Inserting this solution back, we
obtain the ρJSMEFT-I effective description, valid in the
energy window ½mρ;MN �, including the SM spectrum, the
Majoron J, and the radial mode ρ; also here, in an abuse of
notation, we refer with MN to the lightest HNL mass. The
result reads

LρJSMEFT-I ¼ LSM þ 1

2
∂μJ∂μJ þ

1

2
∂μρ∂

μρ −
λ1
4
ρ4 − λ1vϕρ3 −

m2
ρ

2
ρ2

þ ðρ2 þ 2vϕρÞ
2v2ϕ

∂μJ∂μJ −
β1
2
v2ϕðH†HÞ − β1vϕρðH†HÞ − β1

2
ρ2ðH†HÞ

þ ∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ þ
X
i

ðCdiOd
i þ H:c:Þ; ð2:20Þ

where we used the same notation and conventions as in
Eq. (2.12) (explicit þH:c: and the 1=2 for self-Hermitian
operators) for the effective operators originated by inte-
grating out the HNLs.1 The leading operators and their
corresponding Wilson coefficients are the following:

(i) d ¼ 5.

Od¼5
W ¼ðLLH̃Þα ðH̃TLc

LÞβ; Cd¼5
W ¼1

2
ðYNM−1

N YT
NÞαβ:

ð2:21Þ

This is the well-known Weinberg operator [166]
responsible for the active neutrino masses,
mν ¼ −Cd¼5

W v2. Throughout, we adopt the standard
convention in which the light-neutrino Majorana
mass term reads L ⊃ − 1

2
ðmνÞαβνcLανLβ þ H:c:, with

hH0i ¼ v=
ffiffiffi
2

p
and v ≃ 246 GeV.

(ii) d ¼ 6.

Od¼6
U ¼ ðLL H̃Þα i∂ðH̃†LLÞβ; Cd¼6

U ¼ 1

2
ðYNM−1

N Þαγ ðM−1
N Y†

NÞγβ;

Od¼6
Wρ ¼ ðLL H̃Þα ðH̃TLc

LÞβ ρ; Cd¼6
Wρ ¼ −

1

2vϕ
ðYNM−1

N YT
NÞαβ ¼ −

Cd¼5
W

vϕ
: ð2:22Þ

The first operator, Od¼6
U , describes the violation of the

unitarity associated to the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix [167], and it has been deeply
studied for its possible effects in electroweak precision
observables, lepton-flavor-universality ratios, charged-
lepton-flavor-violating processes, neutrino oscillation
probabilities, and neutrinoless double beta decay (see
Ref. [168] for a recent review). This operator can be easily
written in terms of the operators of the d ¼ 6 Warsaw
SMEFT basis using EOMs and Fierz identities as also

1The β1ðH†HÞ terms appearing explicitly in Eq. (2.20) are not
part of this sum: they are not generated by integrating out N but
are inherited unchanged from the parent Lagrangian, exactly like
the ρ3, ρ4 self-interactions alongside them. Instead, the same
β1ðH†HÞϕ†ϕ coupling reappeared as a genuine cataloged oper-
ator, Od¼2

H2 , in the complementary matching order of Sec. II A 1,
where it is ρ itself that has been integrated out. The same
convention is used throughout, in the ρJSMEFT-II and
ρJSMEFT-III Lagrangians below.
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discussed in Ref. [167]. Being self-Hermitian, Cd¼6
U carries the 1=2 of our convention: the physical value quoted in the

literature is 2Cd¼6
U ¼ ðYNM−1

N ÞðM−1
N Y†

NÞ.
The second operator is the Weinberg one but with the additional insertion of the radial mode. Notice that its Wilson

coefficient turns out to be suppressed by the active neutrino masses through the presence of Cd¼5
W coefficient.

(iii) d ¼ 7.

Od¼7
JHL ¼ ðLL H̃Þα ∂Jγ5ðH̃†LLÞβ; Cd¼7

JHL ¼ 1

4vϕ
ðYNM−1

N Þαγ ðM−1
N Y†

NÞγβ;

Od¼7
DHL ¼ ðLL H̃Þα D2ðH̃TLc

LÞβ; Cd¼7
DHL ¼ −

Cd¼5
W

M2
N

¼ −
1

2M2
N
ðYNM−1

N YT
NÞαβ;

Od¼7
Uρ ¼ ðLL H̃Þα i∂ðH̃†LLÞβρ; Cd¼7

Uρ ¼ −
2Cd¼6

U

vϕ
;

Od¼7
Wρρ ¼ ðLL H̃Þα ðH̃TLc

LÞβρ2; Cd¼7
Wρρ ¼ þ Cd¼5

W

v2ϕ
: ð2:23Þ

The ρ-dressed coefficients are not independent. The heavy
mass entering Eq. (2.9) is not MN but the ρ-dependent
combination

MNðρÞ ¼ MN

�
1þ ρ

vϕ

�
; ð2:24Þ

since the radial mode enters the HNL mass exactly as the ϕ
VEV does. Keeping that dependence unexpanded, the
coefficients above resum into

Cd¼5
W ðρÞ ¼ 1

2

YNYT
N

MNðρÞ
¼ Cd¼5

W

1þ ρ=vϕ
;

Cd¼6
U ðρÞ ¼ 1

2

YNY
†
N

M2
NðρÞ

¼ Cd¼6
U

ð1þ ρ=vϕÞ2
; ð2:25Þ

where the different powers in the denominator simply count
how many heavy propagators each operator contains: one
for OW, two for OU. Expanding in ρ reproduces every
dressing at once, Cd¼6

Wρ ¼ −Cd¼5
W =vϕ, Cd¼7

Wρρ ¼ þCd¼5
W =v2ϕ,

and Cd¼7
Uρ ¼ −2Cd¼6

U =vϕ, the relative factor 2 in the last one
being nothing but the second power in Eq. (2.25). The first
operator, Od¼7

JHL, is instead the leading Majoron operator,
generated by the single insertion of the axial Majoron
current 2J J. Being self-Hermitian, its coefficient carries
the convention 1=2, and it is related to the (equally 1=2-
carrying) unitarity coefficient by Cd¼7

JHL ¼ Cd¼6
U =ð2vϕÞ. The

second operator, Od¼7
DHL, is the derivative (D2) dressing of

the Weinberg operator, generated by two insertions of i∂ in
the fermionic propagator; it is lepton number violating
(hence, with the genuine þH:c:, no 1=2) and its coefficient
is the Weinberg one further suppressed by M2

N,
Cd¼7
DHL ¼ −Cd¼5

W =M2
N , mirroring the type II and type III

cases. The last two operators are the radial-mode dressings

of the unitarity and Weinberg operators, respectively,
generated by the insertions of 2J ρ ∝ ρ.

B. The type III Majoron model

The type III Majoron model is the generalization of the
traditional type III seesaw mechanism [11], in which the
active neutrino masses are generated through the exchange
of fermionic SUð2ÞL triplets with vanishing hypercharge,
and has been considered previously in Ref. [169]. As in the
type I case, we supplement it with the same LN-breaking
complex scalar singlet ϕ, charged under the global Uð1ÞL,
whose spontaneous breaking gives rise to the Majoron
[146,147]. Beyond the SM fields, the spectrum contains the
scalar ϕ and the RH fermionic triplets ΣR, whose quantum
numbers are collected in Table III. As anticipated in
Sec. II A, and in strict analogy with the nN ¼ 3 RH
neutrinos of the type I case, we explicitly consider
nΣ ¼ 3 fermionic triplets. This choice is immaterial for
the tree-level Wilson coefficients and fixes only the
normalization of the anomalous couplings.
The Lagrangian we consider is given by

Ltype III ¼ LSM þ Σ⃗RiDΣ⃗R þ ∂μϕ
�
∂
μϕ−VðH;ϕÞ

−
�
1

2
ϕΣ⃗c

RYΣΣ⃗R þ Σ⃗RYχH̃†σ⃗LL þH:c:

�
; ð2:26Þ

where Σ⃗R ¼ ðΣ1;Σ2;Σ3ÞR is the vector collecting the
components of the triplet, σ⃗ is the vector of Pauli matrices,

TABLE III. Field content of the type III Majoron model beyond
the SM spectrum.

Field Spin SUð3Þc × SUð2ÞL × Uð1ÞY Uð1ÞL
ϕ 0 ð1; 1; 0Þ −2
ΣR 1=2 ð1; 3; 0Þ þ1
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and LL is the SM lepton doublet. As in the previous
cases, we work in the basis where the charged-lepton
Yukawa is real and diagonal, and we take the Majorana
coupling YΣ to be real and diagonal, while Yχ remains a
generic complex 3 × 3 matrix. LSM contains all the SM
terms except the Higgs potential, which is subsumed,
together with the terms involving ϕ, into the complete
scalar potential VðH;ϕÞ that coincides with the one
of the type I case, Eq. (2.2). The same considerations
done before also apply here, and, thus, the minimization of
the potential can be carried out in subsequent steps, with ϕ
acquiring VEV before H and leading to Eqs. (2.3)–(2.5).
After Uð1ÞL is spontaneously broken, the fermion triplets

acquire the Majorana mass

MΣ ¼ YΣvϕffiffiffi
2

p : ð2:27Þ

The mass of the heavy mediator originates entirely from the
LN SSB: above vϕ the triplet is massless, so that Σ admits
no bare-mass regime and only the two hierarchies mρ≷MΣ
are possible, both scales being set by vϕ and controlled,
respectively, by λ1 and YΣ.
The terms of the Lagrangian involving ϕ and Σ can be

rewritten, after the LN SSB but before removing the
Majoron phase, as

Ltype III ⊃
1

2
∂μρ∂

μρþ ðvϕ þ ρÞ2
2v2ϕ

∂μJ∂μJ þ μ21
ðvϕ þ ρÞ2

2
− λ1

ðvϕ þ ρÞ4
4

− β1ðH†HÞ ðvϕ þ ρÞ2
2

þ Σ⃗RiDΣ⃗R −
�
1

2

ðvϕ þ ρÞffiffiffi
2

p eiJ=vϕ Σ⃗c
RYΣΣ⃗R þ H:c:

�

− ðΣ⃗RYχH̃†σ⃗LL þ H:c:Þ; ð2:28Þ

where the first five terms coincide with the ρ–J sector already found in the type I case, Eq. (2.7) [and, as we will see, in the
type II one, too, Eq. (2.46)].
The J dependence in the Yukawa term proportional to YΣ can be rotated away by performing on the lepton fields and on

the triplet the vectorial transformation

fLL;ΣR; eRg → fLL;ΣR; eRge−iJ=2vϕ : ð2:29Þ

As in the type I case, this reintroduces the J dependence in the chirality-preserving kinetic terms, and, using the Majorana
notation for the heavy fermions Σ⃗≡ Σ⃗R þ Σ⃗c

R, the Lagrangian can be rewritten in terms of the new fields as

Ltype III ⊃ μ22H
†H − λ2ðH†HÞ2 þ μ21

ðvϕ þ ρÞ2
2

− λ1
ðvϕ þ ρÞ4

4
− β1ðH†HÞ ðvϕ þ ρÞ2

2

þ 1

2
∂μρ∂

μρþ 1

2
∂μJ∂μJ þ

ð∂μJÞ2
vϕ

�
ρþ ρ2

2vϕ

�

þ 1

2
Σ⃗ðiD −MΣÞΣ⃗ −

ρ

2vϕ
Σ⃗MΣΣ⃗ −

1

2

�
Σ⃗ · J⃗ Σ þ J⃗ Σ · Σ⃗

�

þ ∂μJ

2vϕ

�
1

2
Σ⃗γμγ5Σ⃗þ LLγ

μLL þ eRγμeR

�

−
3J

32π2vϕ
ðg02BμνB̃μν þ 3g2Wi

μνW̃iμνÞ; ð2:30Þ

where we introduced the leptonic source of the triplets, the type III counterpart of the current J N of Eq. (2.13),

J I
Σ ≡ YχH̃†σILL þ Y�

χH̃TσITLc
L; ð2:31Þ

with J⃗ Σ ¼ ðJ 1
Σ;J

2
Σ;J

3
ΣÞ and ¯Σ⃗ · J⃗ Σ ≡ Σ̄IJ I

Σ, the adjoint index I being summed. As in the type I case, this shorthand
notation is adopted throughout to keep the equations compact.
The terms in the fourth line arise from the fermion rotation, exactly as in Eq. (2.9) of the type I case: the leptonic

couplings reproduce the same structure found there, while the heavy triplet contributes to the axial current 1
2
Σ⃗γμγ5Σ⃗, the
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extra factor 1=2 following from the Majorana nature of Σ.
The last line is again the anomalous term but now with a
crucial difference with respect to type I: since the rotated ΣR
is an SUð2ÞL triplet (with YΣ ¼ 0) whose mass originates
entirely from vϕ, it contributes to the SUð2Þ2L anomaly, so
the coefficient of g2WW̃ is modified, while the g02BB̃ one is
unchanged with respect to type I.
In terms of the coefficients defined in Eq. (2.10), the

counting goes as follows. Being a gauge singlet under
Uð1ÞY , ΣR leaves cB untouched, so that cB ¼ −3=2 exactly
as in type I. For cW, instead, each RH triplet contributes
ηTðadjÞ ¼ ð−1Þ · 2 ¼ −2 [with η ¼ −1 for the right-handed
ΣR, as defined below Eq. (2.10), and TðadjÞ ¼ 2 the Dynkin
index of the SUð2ÞL adjoint representation], so that

cW ¼ ng ·
1

2
− 2nΣ ¼ 3

2
− 6 ¼ −

9

2
; cB ¼ −ng ·

1

2
¼ −

3

2
;

ð2:32Þ

having set ng ¼ nΣ ¼ 3. This is what Eq. (2.30) displays,
and it makes the contrast with type I sharp: the ratio
cW=cB ¼ þ3, to be compared with cW=cB ¼ −1 of types
I and II, is independent of the overall generation counting
and reads cW=cB ¼ −1þ 4nΣ=ng for a generic number of
triplets. The physically relevant consequence is that now
cγγ ≡ cW þ cB ¼ −2nΣ ¼ −6 ≠ 0: projecting onto the pho-
ton (g02 cos2 θW ¼ g2 sin2 θW ¼ e2), the Majoron acquires a
genuine two-photon coupling

L ⊃
e2

16π2
J
vϕ

cγγFμνF̃μν ¼ −
3e2

8π2
J
vϕ

FμνF̃μν

¼ −
α

2π

J
vϕ

nΣFμνF̃μν; ð2:33Þ

which is absent in types I and II, where cW þ cB ¼ 0. It
originates from the charged components Σ� of the
triplet, and it is a genuine physical discriminator among
the three seesaw realizations. Note that there is no ambi-
guity in the light-heavy split here: the Σ, whose mass
comes entirely from vϕ, decouples leaving its full Wess-
Zumino coefficient behind, while the light leptons con-
tribute cγγ ¼ 0 on their own, a difference already noted in
Ref. [170].
The type III Majoron Lagrangian is therefore charac-

terized, as in the type I case, by two heavy d.o.f.: the radial
mode ρ and the fermion triplets Σ. Since both masses are
proportional to vϕ, their ratio is controlled only by λ1 and
YΣ, and, depending on the relative magnitude, two mass
hierarchies, mρ > MΣ orMΣ > mρ, are possible. While the
final low-energy EFT is the same, the intermediate regime
allows for two different descriptions, corresponding to the
two type III entries in Table I, which we characterize in the
following.

1. The case mρ > MΣ and the ΣJSMEFT Lagrangian

When the radial mode is the heaviest d.o.f., mρ > MΣ, it
is integrated out first, following exactly the procedure of the
NJSMEFT case in Sec. II A 1, with the role of the HNLs
now played by the fermion triplets Σ. The terms of
Eq. (2.30) involving ρ, the corresponding EOM, and its
perturbative solution are collected in Appendix A 2.
Substituting the solution back yields the ΣJSMEFT
Lagrangian, valid in the energy window ½MΣ; mρ� and
containing the SM spectrum, the Majoron J, and the
fermion triplets Σ:

LΣJSMEFT ¼ LSM þ 1

2
∂μJ∂μJ þ

1

2

¯Σ⃗ðiD −MΣÞΣ⃗ −
1

2
ð ¯Σ⃗ · J⃗ Σ þ ¯J⃗ Σ · Σ⃗Þ

þ ∂μJ

2vϕ

�
1

2

¯Σ⃗γμγ5Σ⃗þ LLγ
μLL þ eRγμeR

�
þ
X
i

ðCdiOd
i þ H:c:Þ; ð2:34Þ

where, as in the NJSMEFT case of Eq. (2.12), the source
term ¯Σ⃗ · J⃗ Σ in the first line and the nonrenormalizable
derivative Majoron couplings in the second are not gen-
erated by the integration out of ρ and are, therefore, kept
separate from the sum

P
i C

d
iO

d
i . In particular, the leptonic

Dirac Yukawa Yχ , which is responsible for the active
neutrino masses, does not enter the ρ dynamics. The
generation of the Weinberg operator is, thus, postponed
to the subsequent integration out of the triplet Σ. The
leading operators induced by the ρ exchange are the direct
type III analogs of the NJSMEFT ones, Eqs. (2.15)–(2.18),
obtained with N → Σ and YNN → YΣ.

As in the NJSMEFT and ΔJSMEFT, the sum is under-
stood with the explicitþH:c: and the 1=2 for self-Hermitian
operators. All the operators below are self-Hermitian, so
their coefficients coincide (with N → Σ⃗, YNN → YΣ) with
the NJSMEFT ones, Eqs. (2.14)–(2.18), and carry the
same 1=2.

(i) d ¼ 2.

Od¼2
H2 ¼ ðH†HÞ; Cd¼2

H2 ¼ −
β1m2

ρ

8λ1
: ð2:35Þ
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(ii) d ¼ 4.

Od¼4
λ ¼ ðH†HÞ2; Cd¼4

λ ¼ β21
8λ1

: ð2:36Þ

As in all the previous cases, this is the quartic Higgs
operator, redefining the λ2 coefficient in Eq. (2.2).

(iii) d ¼ 5.

Od¼5
ΣH ¼ð ¯⃗ΣΣ⃗ÞαβðH†HÞ; Cd¼5

ΣH ¼ β1
8

ffiffiffiffiffi
λ1

p
mρ

ðYΣÞαβ;

ð2:37Þ

where the Greek indices refer to the flavor contrac-
tion and the SUð2ÞL adjoint index of the triplet

bilinear is understood to be contracted, ¯Σ⃗ Σ⃗ ≡ Σ̄IΣI .
This is the type III counterpart of the νSMEFT
operator Od¼5

NH in Eq. (2.16) [161], now built out of
the fermion triplet.

(iv) d ¼ 6.

Od¼6
H□

¼ ðH†HÞ□ðH†HÞ; Cd¼6
H□

¼−
β21

8λ1m2
ρ
;

Od¼6
□JH ¼ ð∂μJ∂μJÞðH†HÞ; Cd¼6

□JH ¼−
β1
2m2

ρ
;

Od¼6
ΣΣΣΣ ¼ ð ¯⃗ΣΣ⃗Þαβð ¯⃗ΣΣ⃗Þγδ; Cd¼6

ΣΣΣΣ ¼
ðYΣÞαβðYΣÞγδ

32m2
ρ

:

ð2:38Þ

The first operator, Od¼6
H□

, belongs to the d ¼ 6

Warsaw basis of the SMEFT [164], and the second,
Od¼6

□JH, is the derivative Higgs portal [165] already
found in the NJSMEFT and ΔJSMEFT cases with
the very same coefficient, while the four-fermion
operator Od¼6

ΣΣΣΣ is the triplet analog of Od¼6
NNNN

in Eq. (2.17).
(v) d ¼ 7.

Od¼7
JΣΣ ¼ ð∂μJ∂μJÞð ¯Σ⃗ Σ⃗Þαβ; Cd¼7

JΣΣ ¼ −
ffiffiffiffiffi
λ1

p
4m3

ρ
ðYΣÞαβ;

Od¼7
H□Σ ¼ ðH†HÞ□ð ¯Σ⃗ Σ⃗Þαβ; Cd¼7

H□Σ ¼ −
β1

8
ffiffiffiffiffi
λ1

p
m3

ρ
ðYΣÞαβ;

Od¼7
HHΣΣ ¼ ðH†HÞ2ð ¯Σ⃗ Σ⃗Þαβ; Cd¼7

HHΣΣ ¼ β21
16

ffiffiffiffiffi
λ1

p
m3

ρ
ðYΣÞαβ: ð2:39Þ

Exactly as in the NJSMEFT case, and to the best of our knowledge, the first operatorOd¼7
JΣΣ has never been considered before

in the literature, while the second, Od¼7
H□Σ, follows the same pattern Cd¼7

H□Σ ¼ −Cd¼5
ΣH =m2

ρ, mirroring Cd¼6
H□

¼ −Cd¼4
λ =m2

ρ; the
third, Od¼7

HHΣΣ, is the triplet analog of Od¼7
4H2N .

2. The case MΣ > mρ and the ρJSMEFT-III Lagrangian

When the fermion triplets are the heaviest d.o.f., MΣ > mρ, they are integrated out first, keeping the radial mode ρ
dynamical. The procedure is the exact type III analog of the ρJSMEFT-I case in Sec. II A 2, with the HNLs replaced by the
triplets and the axial Majoron current J J in Eq. (2.19). The Lagrangian collecting the terms in Eq. (2.30) involving Σ [built
out of the triplet current J⃗ Σ in Eq. (2.31) and the radial-mode insertion J ρ], the Σ EOM and its geometric-series solution in
M−1

Σ are collected in Appendix A 2. Inserting the solution back, we obtain the ρJSMEFT-III Lagrangian, valid in the
window ½mρ;MΣ� and containing the SM spectrum, the Majoron J, and the radial mode ρ:

LρJSMEFT-III ¼ LSM þ 1

2
∂μJ∂μJ þ

1

2
∂μρ∂

μρ −
λ1
4
ρ4 − λ1vϕρ3 −

m2
ρ

2
ρ2

þ ðρ2 þ 2vϕρÞ
2v2ϕ

∂μJ∂μJ −
β1
2
v2ϕðH†HÞ − β1vϕρðH†HÞ − β1

2
ρ2ðH†HÞ

þ ∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ þ
X
i

ðCdiOd
i þ H:c:Þ; ð2:40Þ

which has exactly the same ρ-J-SM structure of the ρJSMEFT-I Lagrangian, Eq. (2.20). The operators generated by the
integration out of Σ are the type III analogs of the ρJSMEFT-I ones, Eqs. (2.21)–(2.23), now built out of the SUð2ÞL-triplet
current J I

Σ (the adjoint index I is understood to be contracted). The leading ones read as follows.
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(i) d ¼ 5.

Od¼5
W ¼ ðLc

Lσ
IH̃�ÞαðH̃†σILLÞβ; Cd¼5

W ¼ 1

2
ðYT

χM−1
Σ YχÞαβ: ð2:41Þ

This is the Weinberg operator [166] in its type III realization, responsible for the active neutrino masses,
mν ¼ −Cd¼5

W v2 ¼ − 1
2
YT
χM−1

Σ Yχv2.
(ii) d ¼ 6.

Od¼6
U ¼ ðLLσ

IH̃ÞαiDðH̃†σILLÞβ; Cd¼6
U ¼ 1

2
ðY†

χM−1
Σ ÞαγðM−1

Σ YχÞγβ;

Od¼6
Wρ ¼ ðLc

Lσ
IH̃�ÞαðH̃†σILLÞβρ; Cd¼6

Wρ ¼ −
1

vϕ
Cd¼5
W : ð2:42Þ

The first operator,Od¼6
U , is the type III counterpart of the unitarity operator of Eq. (2.22): it encodes the nonunitarity

of the PMNS matrix induced by the heavy triplets, and, being built out of a charged SUð2ÞL triplet, it modifies both
the neutral- and charged-lepton gauge couplings [17,167,168]. Being self-Hermitian, Cd¼6

U carries the convention 1=2
(physical value 2Cd¼6

U ), exactly as in the type I case. The second operator is the Weinberg one dressed with a radial
mode, with Cd¼6

Wρ ¼ −Cd¼5
W =vϕ.

(iii) d ¼ 7.

Od¼7
JHL ¼ ðLLσ

IH̃Þα∂Jγ5ðH̃†σILLÞβ; Cd¼7
JHL ¼ 1

2vϕ
Cd¼6
U ;

Od¼7
DHL ¼ ðLc

Lσ
IH̃�ÞαD2ðH̃†σILLÞβ; Cd¼7

DHL ¼ −
Cd¼5
W

M2
Σ
;

Od¼7
Uρ ¼ ðLLσ

IH̃ÞαiDðH̃†σILLÞβρ; Cd¼7
Uρ ¼ −

2Cd¼6
U

vϕ
;

Od¼7
Wρρ ¼ ðLc

Lσ
IH̃�ÞαðH̃†σILLÞβρ2; Cd¼7

Wρρ ¼ þ Cd¼5
W

v2ϕ
: ð2:43Þ

The first operator, Od¼7
JHL, is the type III analog of the

Majoron operator in Eq. (2.23), related to the unitarity one
by Cd¼7

JHL ¼ Cd¼6
U =ð2vϕÞ, exactly as in the type I case,

Eq. (2.23). The second, Od¼7
DHL, is the derivative dressing

of the Weinberg operator, generated by theD2 term of the Σ
propagator expansion, with Cd¼7

DHL ¼ −Cd¼5
W =M2

Σ. It is the
exact counterpart of the Od¼7

DHL found in the ρJSMEFT-IIa
case discussed in Sec. II C 2 below, Eq. (2.62). The last two
operators,Od¼7

Uρ andOd¼7
Wρρ, are the radial-mode dressings of

the unitarity and Weinberg operators, respectively, now
written explicitly as in the ρJSMEFT-I case, Eq. (2.23). As
there,Od¼7

JHL andOd¼7
Uρ are self-Hermitian and carry the 1=2,

while Od¼7
DHL and Od¼7

Wρρ are lepton number violating (genu-
ine þH:c:, no 1=2).
The same resummation of Eq. (2.25) holds here, with

MΣðρÞ ¼ MΣð1þ ρ=vϕÞ: the ρ dressings above follow
from expanding Cd¼5

W ðρÞ and Cd¼6
U ðρÞ, which carry one

and two powers of the heavy propagator, respectively.

C. The type II Majoron model

We focus on the type II Majoron model studied in
Ref. [149] and references therein, where a scalar SUð2ÞL

triplet is added on top of the same LN-breaking scalar
singlet ϕ already introduced for the type I and III cases.
While in the standard type II seesaw, with only the heavy
triplet, the LN is broken explicitly by the simultaneous
presence of the trilinear coupling to the Higgs doublet and
the Yukawa coupling to the leptons, here the LN-breaking
trilinear coupling is instead generated dynamically by the
VEV of ϕ, so that the LN symmetry is broken sponta-
neously rather than explicitly.
Beyond the SM fields listed in Table II, the field content

of the type II Majoron model is completed by the same LN-
breaking scalar singlet ϕ of the type I case and by a
complex scalar SUð2ÞL triplet Δ, whose quantum numbers
are collected in Table IV.

TABLE IV. Field content of the type II Majoron model beyond
the SM spectrum.

Field Spin SUð3Þc × SUð2ÞL × Uð1ÞY Uð1ÞL
ϕ 0 ð1; 1; 0Þ −2
Δ 0 ð1; 3;þ1Þ −2
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If we express the triplet in the adjoint representation, i.e., Δ ¼ σIΔI, the Lagrangian reads

Ltype II ¼ LSM þDμΔ†DμΔþ ∂μϕ
�
∂
μϕ − VðΔ;ϕ; HÞ − ðYΔLc

Lϵσ
ILLΔI þ H:c:Þ; ð2:44Þ

where, as in the type I case, LSM does not include the Higgs potential, which is subsumed, together with all the terms
involving ϕ and Δ, into the complete scalar potential2

VðΔ;ϕ; HÞ ¼ −μ21ϕ�ϕþ λ1ðϕ�ϕÞ2 − μ22H
†H þ λ2ðH†HÞ2 þ β1ϕ

�ϕH†H

þ μ23Δ†Δþ λ3ðΔ†
IΔIÞ2 þ λ4jϵIJKΔ†

JΔKj2 þ β2ϕ
�ϕΔ†

IΔI þ β3H†HΔ†
IΔI

− iβ4ðH†σIHÞϵIJKΔ†
JΔK − β5ϕðHTϵσIHÞΔ†

I þ β5ϕ
�ðH†σIϵH�ÞΔI: ð2:45Þ

Notice that, with respect to the Yukawa coupling YΔ, the
trilinear term has been written with ϕ (not ϕ�) coupled to
Δ† (not Δ): this is the assignment required by LN
conservation, given that ϕ and Δ carry LN −2 each; see
Table IV. As for β1, the coupling β5 can be taken real
without loss of generality, since its phase can be reabsorbed
through a redefinition of ϕ. As done for YNN in the type I
case, we work in the basis where the charged-lepton
Yukawa is real and diagonal, while YΔ remains a generic
complex symmetric 3 × 3 matrix.
The mixing couplings β1;…; β5 entangle the ϕ,H, andΔ

sectors. As discussed in Sec. II A, keeping β1 generic would
reintroduce, through theϕVEV, a hierarchy problem for the
Higgs mass. The same reasoning applies to β2 and β5, which
would otherwise feed vϕ-suppressed contributions into the
mass and interactions of Δ and spoil the perturbative
matching performed below. We therefore take β1, β2, and
β5 to be small parameters and work at leading order in them,
so that the minimization of VðΔ;ϕ; HÞ can again be carried
out step by step, first along ϕ and then along H. The
couplings β3 and β4, instead, involve only H and Δ: they
play no role in this step and enter only once Δ itself is
considered. Note the explicit i multiplying β4: the bilinear

ϵIJKΔ†
JΔK is anti-Hermitian, since under conjugation it

picks up ϵIKJ ¼ −ϵIJK, so the i is what makes the term real
for real β4. The same structure is what one obtains by
decomposing the standard type II invariant [171],
H†ΔΔ†H ¼ ðΔ†ΔÞðH†HÞ þ iϵIJKΔIΔ�

JðH†σKHÞ, into
the β3 and β4 structures.
The ϕ sector is, therefore, identical to the type I case: ϕ

acquires the same VEV v2ϕ ¼ μ21=λ1 of Eq. (2.3) and can be
written in terms of the Majoron J and the radial mode ρ as
in Eq. (2.4), with mρ again given by Eq. (2.5).
Also Δ is a massive field, but the explicit expression of

its mass and its relation to mρ depend on further assump-
tions on the parameters.
(1) If vϕ > μ3, the mass of Δ is affected by the LN SSB

and readsM2
Δ ¼ μ23 þ 1

2
β2v2ϕ. In this case, both ρ and

Δ can be the heaviest d.o.f., depending on the
relative size of β2 and λ1: if β2 ≪ λ1 ∼Oð1Þ, then
mρ > MΔ, while if β2 ≫ λ1, then MΔ > mρ;

(2) if μ3 > vϕ, the situation is simpler, since MΔ ¼ μ3
and, for λ1 in the perturbative regime, MΔ > mρ.

After the LN SSB, the terms of the Lagrangian involving
ϕ and Δ can be rewritten in terms of ρ, J, and Δ as

Ltype II ⊃
1

2
∂μρ∂

μρþ ðρþ vϕÞ2
2v2ϕ

∂μJ∂μJ þDμΔ†DμΔ − ðYΔLc
Lϵσ

ILLΔI þ H:c:Þ − λ1
4
ρ4

− λ1vϕρ3 −
m2

ρ

2
ρ2 −

β1
2
v2ϕðH†HÞ − β1vϕρðH†HÞ − β1

2
ρ2ðH†HÞ − μ23Δ†Δ

− λ3ðΔ†ΔÞ2 − ðvϕ þ ρÞ2
2

β2Δ
†
IΔI − β3H†HΔ†

IΔI þ iβ4ðH†σIHÞϵIJKΔ†
JΔK

þ β5
ðvϕ þ ρÞffiffiffi

2
p eiJ=vϕðHTϵσIHÞΔ†

I − β5
ðvϕ þ ρÞffiffiffi

2
p e−iJ=vϕðH†σIϵH�ÞΔI; ð2:46Þ

where the terms not involving Δ are the same ρ, J kinetic, self-interaction, and Higgs-portal terms already found in the type
I case, Eq. (2.7).

2The complex scalar SUð2ÞL triplet has two independent quartic self-couplings, which we take to be ðΔ†
IΔIÞ2 and jϵIJKΔ†

JΔK j2. The
latter equals ðΔ†

IΔIÞ2 − jΔIΔI j2, so that any two of the three structures ðΔ†
IΔIÞ2, jΔIΔIj2, and jϵIJKΔ†

JΔK j2 form an equivalent basis. In
the matrix basis of Refs. [171,172] one has TrðΔ†ΔÞ ¼ 2Δ†

IΔI and Tr½ðΔ†ΔÞ2� ¼ ½TrðΔ†ΔÞ�2 − 2jΔIΔIj2. Being pure Δ4 self-
interactions, these couplings do not enter the tree-level matching.
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The J dependence in the trilinear term proportional to β5
can be rotated away by performing the following vectorial
transformation on the lepton fields and on the triplet:

fLL; eRg → fLL; eRge−iJ=2vϕ ; Δ → ΔeiJ=vϕ ; ð2:47Þ

where the transformation of the leptons is the same as in
Eq. (2.8), while the coefficient for Δ is twice as large,
consistently with Δ carrying twice the LN charge of a
lepton doublet. As in the previous cases, this procedure
reintroduces the J dependence in the kinetic terms: the
leptonic kinetic terms reproduce exactly the same

contributions already found in Eq. (2.9), while the triplet
kinetic term produces the additional piece

DμΔ†DμΔ ⊃ −
i∂μJ

vϕ
ðΔ†DμΔ − ðDμΔÞ†ΔÞ þ ∂μJ∂μJ

v2ϕ
Δ†Δ:

ð2:48Þ

Collecting all the J-dependent terms together with the (now
phase-free) trilinear coupling, the relevant part of the
Lagrangian reads

Ltype II ⊃
∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ −
i∂μJ

vϕ
ðΔ†DμΔ − ðDμΔÞ†ΔÞ

−
3J

32π2vϕ
ðg02BB̃ − g2WW̃Þ þ ∂μJ∂μJ

v2ϕ
Δ†Δ

þ β5
ðvϕ þ ρÞffiffiffi

2
p ðHTϵσIHÞΔ†

I − β5
ðvϕ þ ρÞffiffiffi

2
p ðH†σIϵH�ÞΔI; ð2:49Þ

where the last line is the analog, for the type II model, of the
trilinear coupling that in the ordinary (explicitly broken) type
II seesaw is usually associated to a dimensionful μ parameter,
here dynamically generated as β5vϕ=

ffiffiffi
2

p
by the ϕ VEV.

Concerning the anomalous couplings, the type II case
reproduces exactly the type I result: only the leptons LL and
eR are rotated by a chiral phase, and, since NR was a gauge
singlet, its absence here changes nothing, so that
ðcW; cBÞ ¼ ðþ3=2;−3=2Þ after summing over the ng ¼ 3

generations, giving the same result of Eq. (2.9). The
rotation of the triplet Δ in Eq. (2.47) is instead a phase
rotation of a scalar field, which does not generate any
chiral anomaly (the anomaly is intrinsically a fermion-loop
effect, requiring the γ5 in the triangle); hence, Δ produces
no additional JFF̃ term.
The type II Majoron Lagrangian is, thus, characterized,

as in the type I case, by two types of heavy d.o.f.: the radial
mode ρ and the triplet Δ. Depending on the relative size of
mρ and MΔ, the integration procedure has to be separated
into three different cases, listed here for convenience:

(i) case 1a: m2
ρ > M2

Δ ¼ μ23 þ 1
2
β2v2ϕ,

(ii) case 1b: M2
Δ ¼ μ23 þ 1

2
β2v2ϕ > m2

ρ,
(iii) case 2: MΔ ¼ μ3 > mρ.

In the following, we will derive the intermediate EFT
Lagrangians integrating out the heaviest d.o.f. in each of
these three cases.
A remark on the matching strategy is in order. The UV

Lagrangian above is written in the exact phase, in which the
global Uð1ÞLN and the gauge symmetries are manifest
and the singlet ϕ has not yet acquired its VEV. Only in the
bare-mass regime of the triplet (case 2, μ3 > vϕ) is Δ
already massive in this exact phase, so that one could, in

principle, integrate it out before ϕ takes its VEV, defining
an intermediate effective Lagrangian in which the singlet ϕ
is still dynamical—a complex-scalar-singlet extension of
the SMEFT. We do not do so. Also in that case we prefer to
lower the scale down to vϕ, where ϕ acquires its VEV and
the lepton number is spontaneously broken, and to write the
effective Lagrangian there, in terms of the radial mode ρ
and the Majoron J, with ρ kept dynamical and integrated
out only in the final step down to the low-energy effective
description dubbed as JSMEFT, whose spectrum includes
only the SM fields and the Majoron. For the HNLs N and
the triplets Σ of type I and III, by contrast, this alternative
does not even arise: their masses, MN ¼ YNNvϕ=

ffiffiffi
2

p
and

MΣ ¼ YΣvϕ=
ffiffiffi
2

p
, are generated entirely by the LN SSB, so

they are exactly massless in the exact phase and cannot be
integrated out before ϕ acquires its VEV.

1. The case m2
ρ > M2

Δ = μ23 + β2v
2
ϕ=2

and the ΔJSMEFT Lagrangian

In this case, the radial mode ρ is the heaviest d.o.f. and is
integrated out first, following exactly the procedure of the
NJSMEFT case in Sec. II A 1. Introducing the notation

J HΔ ≡ ðHTϵσIHÞΔ†
I þ H:c:; ð2:50Þ

the terms of Eq. (2.46) involving ρ [with the phase-free
trilinear obtained after the rotation of Eq. (2.47)], the
corresponding EOM, and its perturbative solution are
collected in Appendix A 3. Substituting the solution back
yields the ΔJSMEFT Lagrangian, valid in the energy
window ½MΔ; mρ� and containing only the SM spectrum,
the Majoron J, and the triplet scalar Δ:

BIGGIO, ZAMORO, LI, MERLO, and OTTONELLO PHYS. REV. D 114, 075023 (2026)

075023-14



LΔJSMEFT ¼ LSM þ 1

2
∂μJ∂μJ þDμΔ†DμΔ −M2

ΔΔ†Δ − λ3ðΔ†ΔÞ2 − β3ðH†HÞðΔ†ΔÞ

þ iβ4ðH†σIHÞϵIJKΔ†
JΔK þ β5mρ

2
ffiffiffiffiffi
λ1

p J HΔ − ðYΔLc
Lϵσ

ILLΔI þ H:c:Þ

−
i∂μJ

vϕ
ðΔ†DμΔ − ðDμΔÞ†ΔÞ þ ∂μJ∂μJ

v2ϕ
Δ†Δþ ∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ þ
X
i

ðCdiOd
i þ H:c:Þ; ð2:51Þ

where M2
Δ ¼ μ23 þ 1

2
β2v2ϕ is the triplet mass, already in-

cluding the shift induced by the ϕ VEV, while the
analogous ϕ-VEV shift of the Higgs mass has been
reabsorbed into μ22. As in the type I and III cases, the
nonrenormalizable terms suppressed by powers of vϕ are
not generated by the integration out of ρ and are, therefore,
kept separate from the sum

P
i C

d
iO

d
i . Among them, the

trilinear J HΔ plays a special role: it is the dynamical
counterpart of the dimensionful μ term of the ordinary type
II seesaw, and, together withMΔ, it induces the triplet VEV
responsible for the active neutrino masses.
The leading contributions to the Cdi operators are listed

below. As in the NJSMEFT, the sum is understood with the
explicitþH:c: and the 1=2 for self-Hermitian operators. All
operators generated here are self-Hermitian (J HΔ is itself
Hermitian by definition), so all coefficients below carry the
convention 1=2.

(i) d ¼ 2.

Od¼2
H2 ¼ ðH†HÞ; Cd¼2

H2 ¼ −
β1m2

ρ

8λ1
: ð2:52Þ

As in the NJSMEFT, Eq. (2.14), this renormalizes μ22
(physical shift 2Cd¼2

H2 ¼ −β1v2ϕ=2); the analogous
triplet-mass shift −β2v2ϕ=2 is instead already in-
cluded in M2

Δ ¼ μ23 þ 1
2
β2v2ϕ.

(ii) d ¼ 4.

Od¼4
λ ¼ ðH†HÞ2; Cd¼4

λ ¼ β21
8λ1

;

Od¼4
λΔ ¼ ðΔ†ΔÞ2; Cd¼4

λΔ ¼ β22
8λ1

;

Od¼4
HΔ ¼ ðH†HÞðΔ†ΔÞ; Cd¼4

HΔ ¼ β1β2
4λ1

: ð2:53Þ

These three operators simply renormalize the
quartic couplings λ2, λ3, and β3 of the scalar
potential, Eq. (2.45), respectively. The first coincides
in form and coefficient with Od¼4

λ of the
NJSMEFT, Eq. (2.15).

(iii) d ¼ 5.

Od¼5
HJ ¼ ðH†HÞ½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼5
HJ ¼ −

β1β5
4

ffiffiffiffiffi
λ1

p
mρ

;

Od¼5
ΔJ ¼ ðΔ†ΔÞ½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼5
ΔJ ¼ −

β2β5
4

ffiffiffiffiffi
λ1

p
mρ

: ð2:54Þ

(iv) d ¼ 6.

Od¼6
□JH ¼ ð∂μJ∂μJÞðH†HÞ; Cd¼6

□JH ¼ −
β1
2m2

ρ
;

Od¼6
□JΔ ¼ ð∂μJ∂μJÞðΔ†ΔÞ; Cd¼6

□JΔ ¼ −
β2
2m2

ρ
;

Od¼6
JJ ¼ ½ðHTϵσIHÞΔ†

I þ H:c:�2; Cd¼6
JJ ¼ β25

8m2
ρ
;

Od¼6
H□

¼ ðH†HÞ□ðH†HÞ; Cd¼6
H□

¼ −
β21

8λ1m2
ρ
;

Od¼6
Δ□ ¼ ðΔ†ΔÞ□ðΔ†ΔÞ; Cd¼6

Δ□ ¼ −
β22

8λ1m2
ρ
;

Od¼6
H□Δ ¼ ðH†HÞ□ðΔ†ΔÞ; Cd¼6

H□Δ ¼ −
β1β2
4λ1m2

ρ
: ð2:55Þ

The first operator,Od¼6
□JH, is exactly the derivative Higgs portal [165] already found in the NJSMEFT case, Eq. (2.17),

with the very sameWilson coefficient, whileOd¼6
□JΔ is its triplet counterpart. Among the□ operators,Od¼6

H□
belongs to

the d ¼ 6 Warsaw basis of the SMEFT [164], while Od¼6
Δ□ and Od¼6

H□Δ are its triplet-sector analogs.
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(v) d ¼ 7.

Od¼7
□JJ ¼ ð∂μJ∂μJÞ½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼7
□JJ ¼

ffiffiffiffiffi
λ1

p
β5

2m3
ρ

;

Od¼7
H2J ¼ ðH†HÞ2½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼7
H2J ¼ −

β21β5
8

ffiffiffiffiffi
λ1

p
m3

ρ
;

Od¼7
Δ2J ¼ ðΔ†ΔÞ2½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼7
Δ2J ¼ −

β22β5
8

ffiffiffiffiffi
λ1

p
m3

ρ
;

Od¼7
HΔJ ¼ ðH†HÞðΔ†ΔÞ½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼7
HΔJ ¼ −

β1β2β5
4

ffiffiffiffiffi
λ1

p
m3

ρ
;

Od¼7
H□J ¼ ðH†HÞ□½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼7
H□J ¼ þ β1β5

4
ffiffiffiffiffi
λ1

p
m3

ρ
;

Od¼7
Δ□J ¼ ðΔ†ΔÞ□½ðHTϵσIHÞΔ†

I þ H:c:�; Cd¼7
Δ□J ¼ þ β2β5

4
ffiffiffiffiffi
λ1

p
m3

ρ
: ð2:56Þ

The first is the Majoron d ¼ 7 operator, the following
three are the trilinear source J HΔ dressed by two scalar
bilinears, and the last two are its derivative (□) dressings,
obeying Cd¼7

H□J ¼ −Cd¼5
HJ =m2

ρ and Cd¼7
Δ□J ¼ −Cd¼5

ΔJ =m2
ρ.

All the operators built out of the triplet Δ as a dynamical
field—namely, the two d ¼ 5 operators, together with
Od¼6

□JΔ, O
d¼6
JJ , Od¼6

Δ□ , Od¼6
H□Δ, and the d ¼ 7 operators—do

not appear in the SMEFT description of the type II seesaw,
where the triplet is instead integrated out [173]. They are
specific to the intermediate ΔJSMEFT and, together with
those involving the Majoron, are considered here for
the first time to the best of our knowledge. Restricted
to the operators built solely out of H and Δ—that is,
dropping the explicit Majoron dependence—this list falls
within the general classification of triplet-dynamical oper-
ators built out of the SM Higgs doublet and Δ, worked out
independently, for the ordinary and explicitly broken type
II seesaw, by Ponce Díaz [174]. The remaining operators,
built solely out of SM fields, are instead already known, as
pointed out above.

2. The case M2
Δ = μ23 +

1
2 β2v

2
ϕ > m2

ρ and
the ρJSMEFT-IIa Lagrangian

In this case, the triplet Δ is the heaviest d.o.f. and is
integrated out first, keeping the radial mode ρ dynamical;

the procedure is the exact type II analog of the ρJSMEFT-I
case in Sec. II A 2. Contrary to the type I and III cases,
where the seesaw fields coupled to a single (Yukawa)
source, the triplet couples to two independent currents:

J I
Δ ≡ β5

ðvϕ þ ρÞffiffiffi
2

p ðHTϵσIHÞ; J I
L ≡ YΔðLc

Lϵσ
ILLÞ;

ð2:57Þ

the gauge trilinear J I
Δ, built out of two Higgs doublets and

proportional to β5ðvϕ þ ρÞ, and the lepton bilinear J I
L,

proportional to the triplet Yukawa YΔ. It is precisely the
interplay of these two sources that generates the active
neutrino masses. The Lagrangian collecting the terms
involving Δ [from Eqs. (2.46) and (2.49)], together with
the leading-order solution of its EOM, is given in
Appendix A 3. Inserting the solution back yields the
ρJSMEFT-IIa Lagrangian, valid in the window ½mρ;MΔ�
and containing the SM spectrum, the Majoron J, and the
radial mode ρ:

LρJSMEFT-IIa ¼ LSM þ 1

2
∂μJ∂μJ þ

1

2
∂μρ∂

μρ −
λ1
4
ρ4 − λ1vϕρ3 −

m2
ρ

2
ρ2

þ ðρ2 þ 2vϕρÞ
2v2ϕ

∂μJ∂μJ −
β1
2
v2ϕðH†HÞ − β1vϕρðH†HÞ − β1

2
ρ2ðH†HÞ

þ ∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ þ
X
i

ðCdiOd
i þ H:c:Þ; ð2:58Þ
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which has exactly the same ρ-J-SM structure of the
ρJSMEFT-I Lagrangian, Eq. (2.20). The only difference
resides in the effective operators

P
i C

d
iO

d
i , now generated

by the integration out ofΔ. In listing the effective operators,
it is convenient to keep together, on the one hand, the
lepton-number-violating operators sourced by the interplay
of the trilinear and the Yukawa currents (built from the
cross term J †

ΔJ L and from J †
LJ L) and, on the other hand,

the purely bosonic operators sourced by the trilinear alone
(J †

ΔJ Δ).
3 The leading operators, organized by dimension,

are the following.
(i) d ¼ 4.

Od¼4
λ ¼ ðH†HÞ2; Cd¼4

λ ¼ β25v
2
ϕ

2M2
Δ
: ð2:59Þ

This operator renormalizes the Higgs quartic cou-
pling λ2, in full analogy withOd¼4

λ of the NJSMEFT
and ΔJSMEFT cases. Being self-Hermitian, it car-
ries the convention 1=2.

(ii) d ¼ 5.

Od¼5
W ¼ðLL H̃ÞαðH̃TLc

LÞβ; Cd¼5
W ¼

ffiffiffi
2

p
β5vϕ
M2

Δ
ðYΔÞαβ;

Od¼5
ρH ¼ ρðH†HÞ2; Cd¼5

ρH ¼ β25vϕ
M2

Δ

�
1−

β2v2ϕ
2M2

Δ

�
:

ð2:60Þ

The first operator is the Weinberg operator [166],
arising from the cross term between the two sources,
J †

ΔJ L. It reproduces the well-known type II seesaw
prediction for the active neutrino masses,
mν ¼ −Cd¼5

W v2 ¼ −
ffiffiffi
2

p
β5YΔvϕv2=M2

Δ, with the
dynamically generated trilinear β5vϕ=

ffiffiffi
2

p
playing

the role of the usual μ parameter. The second
operator, Od¼5

ρH , is the radial-mode dressing of the
Higgs-quartic renormalization.

(iii) d ¼ 6.

Od¼6
4L ¼ ðLc

Lϵσ
ILLÞαβðLLσ

IϵLc
LÞγδ; Cd¼6

4L ¼ ðYΔÞαβðY†
ΔÞγδ

2M2
Δ

;

Od¼6
Wρ ¼ ðLL H̃ÞαðH̃TLc

LÞβρ; Cd¼6
Wρ ¼ Cd¼5

W

vϕ

�
1 −

β2v2ϕ
M2

Δ

�
;

Od¼6
ρρH ¼ ρ2ðH†HÞ2; Cd¼6

ρρH ¼ β25
2M2

Δ

�
1 −

5β2v2ϕ
2M2

Δ

�
: ð2:61Þ

The first operator,Od¼6
4L , is the purely leptonic four-fermion operator arising fromJ †

LJ L and it contributes to lepton-flavor-
violating processes such as μ → 3e. Unlike the type I unitarity operatorOd¼6

U , which camewith a derivative from the fermionic
propagator, here the scalar propagator ofΔ yields a genuine four-lepton contact interaction. The second operator is theWeinberg
one dressed with an extra radial mode, exactly asOd¼6

Wρ in the ρJSMEFT-I case, Eq. (2.22), with Cd¼6
Wρ ¼ Cd¼5

W =vϕ up to the β2
correction discussed below, while the third one is the second radial-mode dressing of the Higgs-quartic renormalization.
(iv) d ¼ 7.

Od¼7
DHL ¼ ðLL H̃ÞαD2ðH̃TLc

LÞβ; Cd¼7
DHL ¼ −

ffiffiffi
2

p
β5vϕ
M4

Δ
ðYΔÞαβ ¼ −

Cd¼5
W

M2
Δ
;

Od¼7
WH ¼ ðLL H̃ÞαðH̃TLc

LÞβðH†HÞ; Cd¼7
WH ¼ −

ffiffiffi
2

p ðβ3 þ β4Þβ5vϕ
M4

Δ
ðYΔÞαβ;

Od¼7
Wρρ ¼ ðLL H̃ÞαðH̃TLc

LÞβρ2; Cd¼7
Wρρ ¼ −

3
ffiffiffi
2

p
β2β5vϕ
2M4

Δ
ðYΔÞαβ ¼ −

3β2
2M2

Δ
Cd¼5
W ;

Od¼7
ρρρH ¼ ρ3ðH†HÞ2; Cd¼7

ρρρH ¼ −
β2β

2
5vϕ

M4
Δ

;

Od¼7
ρH6 ¼ ρðH†HÞ3; Cd¼7

ρH6 ¼ −
ðβ3 þ β4Þβ25vϕ

M4
Δ

: ð2:62Þ

The ρ-dressed coefficients above are not independent: they all follow from a single observation. The triplet mass in
Eq. (A23) is not M2

Δ but the ρ-dependent combination

3We use the SUð2ÞL identity
P

I jHTϵσIHj2 ¼ 2ðH†HÞ2, so that J †
ΔJ Δ=M2

Δ ¼ β25ðvϕ þ ρÞ2ðH†HÞ2=M2
Δ.
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M2
ΔðρÞ≡μ23þ

β2
2
ðvϕþ ρÞ2 ¼M2

Δþ β2vϕρþ
β2
2
ρ2;

ð2:63Þ

since the radial mode enters the Δ mass exactly as
the ϕ VEV does. Solving the Δ EOM at leading
order in 1=M2

ΔðρÞ and keeping the ρ dependence
unexpanded, the whole trilinear-induced sector of
the ρJSMEFT-IIa Lagrangian resums into the two
compact expressions

Leff ⊃
β25ðvϕ þ ρÞ2ðH†HÞ2

M2
ΔðρÞ

þ
� ffiffiffi

2
p

β5ðvϕ þ ρÞ
M2

ΔðρÞ
ðYΔÞαβOd¼5†

W þ H:c:

�
;

ð2:64Þ

where we used
P

I jHTϵσIHj2 ¼ 2ðH†HÞ2
and ðLc

Lϵσ
ILLÞðHTϵσIHÞ ¼ −2Od¼5†

W . Expanding
Eq. (2.64) in powers of ρ reproduces, order by
order, every coefficient listed above: Cd¼4

λ , Cd¼5
ρH , and

Cd¼6
ρρH from the first term and Cd¼5

W , Cd¼6
Wρ , and Cd¼7

Wρρ

from the second, together with the d ¼ 7 coefficients
Cd¼7
ρρρH and, at the order of β3 and β4, Cd¼7

WH and Cd¼7
ρH6 .

We quote all the coefficients in this unreduced form,
as we already did for Od¼6

U and Od¼7
DHL, neither

of which belongs to the Warsaw basis.4 In particular,
the apparently accidental rational factors have a
transparent origin: the 5=2 in Cd¼6

ρρH and the 3=2 in
Cd¼7
Wρρ are simply the ρ2 Taylor coefficients of

ðvϕ þ ρÞ2=M2
ΔðρÞ and ðvϕ þ ρÞ=M2

ΔðρÞ. It also fixes
the expansion in which the list above is written: the ρ
dressings organize themselves in powers of
β2v2ϕ=M

2
Δ, small in the regime discussed below

Eq. (2.45), and we quote every coefficient to first
order in that ratio, with MΔ the physical mass of
Eq. (2.63). Writing the coefficients in terms of MΔ

does not, however, remove β2 from them.
What the resummed mass absorbs is the value
M2

Δð0Þ, while the slope ∂ρM2
Δ ¼ β2ðvϕ þ ρÞ is an

independent piece of information: any coefficient
obtained by differentiating Eq. (2.64) therefore
retains an explicit β2, as Cd¼5

ρH , Cd¼6
Wρ , and Cd¼6

ρρH above
already show. The same mechanism survives the
removal of ρ itself and reappears in Eqs. (3.9) and
(3.10).

The first d ¼ 7 operator, Od¼7
DHL, is the derivative

dressing of the Weinberg operator, generated by the
D2 term of the Δ propagator expansion, and its
coefficient is simply the Weinberg one further sup-
pressed by M2

Δ, C
d¼7
DHL ¼ −Cd¼5

W =M2
Δ. The second,

Od¼7
WH , is the Weinberg operator dressed with an

additional Higgs bilinear, generated by the β3 and β4
corrections to the Δ mass in the propagator expan-
sion. The last three are the radial-mode dressings:
Od¼7

Wρρ is the Weinberg operator with two extra radial
modes, while Od¼7

ρρρH and Od¼7
ρH6 dress the Higgs-

quartic renormalization and the ðH†HÞ3 interaction.
All three are controlled by the ρ dependence of the
triplet mass and are, therefore, proportional to β2 or
to β3 þ β4, as Eq. (2.64) makes manifest.

We stress that the Majoron does not generate any new
operator up to d ¼ 7 beyond the derivative lepton coupling
already displayed in Eq. (2.58).

3. The case MΔ = μ3 > mρ and the ρJSMEFT-IIb
Lagrangian

When the triplet mass is dominated by the bare term,
μ3 > vϕ, one has MΔ ¼ μ3 and, for λ1 in the perturbative
regime, MΔ > mρ, so that the triplet is again the
heaviest d.o.f. and is integrated out first. The procedure
follows step by step the one of the ρJSMEFT-IIa case in
Sec. II C 2: the currents J I

Δ and J I
L, the Δ EOM, and the

resulting ρJSMEFT-IIb Lagrangian are exactly those of
Eqs. (A23) and (2.58), and the effective operators coincide
with the basis of Eqs. (2.59)–(2.62). The only difference is
that the triplet mass is now the bare, LN-independent scale
μ3. The Wilson coefficients are, therefore, obtained through
the replacement M2

Δ ¼ μ23 þ 1
2
β2v2ϕ → μ23, and read, for the

operators Od
i defined in Eqs. (2.59)–(2.62) of the

ρJSMEFT-IIa case,

d ¼ 4∶ Cd¼4
λ ¼ β25v

2
ϕ

2μ23
; ð2:65Þ

d¼5∶ Cd¼5
W ¼

ffiffiffi
2

p
β5vϕ
μ23

ðYΔÞαβ; Cd¼5
ρH ¼β25vϕ

μ23

�
1−

β2v2ϕ
2μ23

�
;

ð2:66Þ

4This isworth keeping inmindwhen comparingwith listswritten
directly in the Warsaw basis, since the same physics then
appears distributed over several operators. The relevant example
here is ðH†HÞ□ðH†HÞ, generated by the D2 dressing
of the trilinear source with coefficient ∝ β25v

2
ϕ=M

4
Δ. Using the

Higgs EOM, D2H ¼ μ22H − 2λ2ðH†HÞH − ðLLYleR þ � � �Þ,
one finds ðH†HÞ□ðH†HÞ ¼ 2μ22ðH†HÞ2 − 4λ2ðH†HÞ3 − ðH†HÞ
½LLHYleR þ H:c:� þ 2ðH†HÞðDμH†DμHÞ, so that a single oper-
ator redistributes into ðH†HÞ3—with the characteristic 4λ2—
into the charged-lepton Yukawa structure ðH†HÞðLLHeRÞ—
together with the analogous quark structures ðH†HÞðQLHdRÞ
and ðH†HÞðQL H̃ uRÞ—and, through a further SUð2Þ rearrange-
ment, into ðH†DμHÞ†ðH†DμHÞ, all sharing the same β25v

2
ϕ=M

4
Δ

prefactor.

BIGGIO, ZAMORO, LI, MERLO, and OTTONELLO PHYS. REV. D 114, 075023 (2026)

075023-18



d ¼ 6∶ Cd¼6
4L ¼ ðYΔÞαβðY†

ΔÞγδ
2μ23

; Cd¼6
Wρ ¼ Cd¼5

W

vϕ

�
1 −

β2v2ϕ
μ23

�
;

Cd¼6
ρρH ¼ β25

2μ23

�
1 −

5β2v2ϕ
2μ23

�
; ð2:67Þ

d ¼ 7∶ Cd¼7
DHL ¼ −

ffiffiffi
2

p
β5vϕ
μ43

ðYΔÞαβ ¼ −
Cd¼5
W

μ23
; Cd¼7

WH ¼ −
ffiffiffi
2

p ðβ3 þ β4Þβ5vϕ
μ43

ðYΔÞαβ;

Cd¼7
Wρρ ¼ −

3β2
2μ23

Cd¼5
W ; Cd¼7

ρρρH ¼ −
β2β

2
5vϕ
μ43

; Cd¼7
ρH6 ¼ −

ðβ3 þ β4Þβ25vϕ
μ43

: ð2:68Þ

The physical content mirrors that of Sec. II C 2, with one
key difference: since μ3 is an independent scale, decoupled
from the LN-breaking one, the active neutrino mass scales
as mν ¼ −Cd¼5

W v2 ∼ β5YΔvϕv2=μ23, i.e., as v
2=μ23 instead of

the v2=vϕ behavior of the ρJSMEFT-IIa case, with the
dynamically generated trilinear β5vϕ=

ffiffiffi
2

p
playing the role

of the μ parameter of the traditional type II description. As
before, the Majoron generates no new operator up
to d ¼ 7, and the status in the literature is the same as
in Sec. II C 2. The Weinberg operator Od¼5

W [166] and the
four-lepton Od¼6

4L , together with the d ¼ 7 corrections,
belong to the SMEFT of the type II seesaw [173],
while the radial-mode operators are specific to the inter-
mediate ρJSMEFT and appear here for the first time. The
resummation of Eq. (2.64) holds here as well, with
M2

ΔðρÞ ¼ μ23 þ β2
2
ðvϕ þ ρÞ2. Expanding it in ρ reproduces

the ρ-dressed coefficients above, which in this case are
further suppressed since μ3 > vϕ.
Concerning the status in the literature, the pattern is the

same as in the ρJSMEFT-IIa case. The Weinberg operator
Od¼5

W [166] and the four-lepton operator Od¼6
4L are well

known—the latter being the standard d ¼ 6 operator of the
SMEFT description of the type II seesaw [173], relevant for
charged-lepton-flavor-violating observables—together
with their d ¼ 7 corrections Od¼7

DHL and Od¼7
WH [173]. The

operators dressed by the radial mode ρ (Od¼5
ρH , Od¼6

Wρ , O
d¼6
ρρH ,

and at d ¼ 7Od¼7
Wρρ,O

d¼7
ρρρH, andO

d¼7
ρH6 ) are instead specific to

the intermediate ρJSMEFT and are considered here, to the
best of our knowledge, for the first time.

III. LOW-ENERGY EFTS: THE JSMEFT
LAGRANGIAN

Below both heavy scales, the theory reduces to an
effective Lagrangian containing only the SM fields and
theMajoron J, whichwe dub the JSMEFT.As anticipated in
Sec. I, it can be reached along the two complementary
matching orders: integrating out the radial mode ρ first and
then the seesawmediator, or vice versa. ByEFT consistency,
the twomust yield the same result, andwe have checked that

they do, operator by operator. The purely bosonic operators
are generated by the ρ exchange and are common to the two
orders, the lepton-number-violating and Majoron operators
are generated by the seesaw-mediator exchange, and the
mixed operator QHW arises identically in the two orders—
from the ρ dressing of the Weinberg operator when ρ is
removed last and from the Higgs dressing of the mediator
mass when the mediator is removed last. We collect here the
resulting JSMEFT for each seesaw realization, the starting
point for the phenomenological analysis in Sec. IV. All
coefficients follow the conventions of Eq. (2.12).

A. The type I Majoron model

Integrating out both ρ and the HNLsN—either removing
ρ from the ρJSMEFT-I Lagrangian, Eq. (2.20), or removing
N from the NJSMEFT Lagrangian, Eq. (2.12)—yields the
same JSMEFT Lagrangian, valid below minðmρ;MNÞ:

LJSMEFT
I ¼ LSM þ 1

2
∂μJ∂μJ þ

∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ

−
3J

32π2vϕ
ðg02BμνB̃μν − g2Wi

μνW̃iμνÞ

þ
X
i

ðCdiQd
i þ H:c:Þ: ð3:1Þ

The purely bosonic operators, generated by the ρ exchange
and inherited unchanged from the NJSMEFT, are

Qd¼2
H2 ¼ ðH†HÞ; Cd¼2

H2 ¼ −
β1m2

ρ

8λ1
;

Qd¼4
λ ¼ ðH†HÞ2; Cd¼4

λ ¼ β21
8λ1

;

Qd¼6
H□

¼ ðH†HÞ□ðH†HÞ; Cd¼6
H□

¼ −
β21

8λ1m2
ρ
;

Qd¼6
JH ¼ ð∂μJ∂μJÞðH†HÞ; Cd¼6

JH ¼ −
β1
2m2

ρ
; ð3:2Þ

while the lepton-number-violating and Majoron operators,
generated by the N exchange, are
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Qd¼5
W ¼ ðLL H̃Þα ðH̃TLc

LÞβ; Cd¼5
W ¼ 1

2
ðYNM−1

N YT
NÞαβ;

Qd¼6
U ¼ ðLL H̃Þα i∂ðH̃†LLÞβ; Cd¼6

U ¼ 1

2
ðYNM−1

N ÞαγðM−1
N Y†

NÞγβ;

Qd¼7
JHL ¼ ðLL H̃Þα ∂Jγ5ðH̃†LLÞβ; Cd¼7

JHL ¼ Cd¼6
U

2vϕ
;

Qd¼7
HW ¼ ðLL H̃Þα ðH̃TLc

LÞβðH†HÞ; Cd¼7
HW ¼ β1

m2
ρ
Cd¼5
W ;

Qd¼7
DHL ¼ ðLL H̃Þα D2ðH̃TLc

LÞβ; Cd¼7
DHL ¼ −

Cd¼5
W

M2
N
: ð3:3Þ

The Weinberg operator Qd¼5
W reproduces the active neutrino masses, mν ¼ −Cd¼5

W v2; Qd¼6
U is the unitarity operator; Qd¼7

JHL
the leading Majoron-lepton coupling, tied to the unitarity one by Cd¼7

JHL ¼ Cd¼6
U =ð2vϕÞ; Qd¼7

HW the Higgs dressing of the
Weinberg operator, with Cd¼7

HW ¼ β1Cd¼5
W =m2

ρ reproduced identically in the two matching orders; and Qd¼7
DHL its derivative

dressing, Cd¼7
DHL ¼ −Cd¼5

W =M2
N . The Majoron couples to the light leptons through the derivative current in the first line in

Eq. (3.1) and to the electroweak gauge bosons through the anomalous term, which yields no coupling to two photons
since cW þ cB ¼ 0.

B. The type III Majoron model

Integrating out both ρ and the fermion triplets Σ—either removing ρ from the ρJSMEFT-III Lagrangian, Eq. (2.40), or
removing Σ from the ΣJSMEFT Lagrangian, Eq. (2.34)—yields the same JSMEFT Lagrangian, valid below minðmρ;MΣÞ:

LJSMEFT
III ¼ LSM þ 1

2
∂μJ∂μJ þ

∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ

−
3J

32π2vϕ
ðg02BμνB̃μν þ 3g2Wi

μνW̃iμνÞ þ
X
i

ðCdiQd
i þ H:c:Þ: ð3:4Þ

The whole construction is the exact analog of the type I case, with the HNLs replaced by the triplets, N → Σ, YN → Yχ , and
MN → MΣ. The purely bosonic operators are generated by the ρ exchange alone—the type III model contains no extra scalar
—and coincide, operator by operator and coefficient by coefficient, with those of the type I JSMEFT, Eq. (3.2):

Cd¼2
H2 ¼ −

β1m2
ρ

8λ1
; Cd¼4

λ ¼ β21
8λ1

; Cd¼6
H□

¼ −
β21

8λ1m2
ρ
; Cd¼6

JH ¼ −
β1
2m2

ρ
: ð3:5Þ

The lepton-number-violating andMajoron operators are instead generated by the exchange of the fermion triplets. Being built
out of the SUð2ÞL-triplet current J I

Σ of Eq. (2.31), they carry the adjoint structure σI ⊗ σI absent in the type I case and read

Qd¼5
W ¼ ðLc

Lσ
IH̃�ÞαðH̃†σILLÞβ; Cd¼5

W ¼ 1

2
ðYT

χM−1
Σ YχÞαβ;

Qd¼6
U ¼ ðLLσ

IH̃ÞαiDðH̃†σILLÞβ; Cd¼6
U ¼ 1

2
ðY†

χM−1
Σ ÞαγðM−1

Σ YχÞγβ;

Qd¼7
JHL ¼ ðLLσ

IH̃Þα∂Jγ5ðH̃†σILLÞβ; Cd¼7
JHL ¼ Cd¼6

U

2vϕ
;

Qd¼7
HW ¼ ðLc

Lσ
IH̃�ÞαðH̃†σILLÞβðH†HÞ; Cd¼7

HW ¼ β1
m2

ρ
Cd¼5
W ;

Qd¼7
DHL ¼ ðLc

Lσ
IH̃�ÞαD2ðH̃†σILLÞβ; Cd¼7

DHL ¼ −
Cd¼5
W

M2
Σ
: ð3:6Þ

The Weinberg operator reproduces the type III seesaw prediction for the active neutrino masses, mν ¼
−Cd¼5

W v2 ¼ − 1
2
YT
χM−1

Σ Yχv2. The unitarity operator Qd¼6
U encodes the nonunitarity of the PMNS matrix and, being built
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out of a charged triplet, modifies both the neutral- and
charged-lepton gauge couplings [17,167,168]. Qd¼7

JHL is its
Majoron dressing, tied to it by Cd¼7

JHL ¼ Cd¼6
U =ð2vϕÞ, exactly

as in type I. The Higgs dressingQd¼7
HW arises identically in the

two matching orders—from the ρ dressing of the Weinberg
operator when ρ is removed last and from the Higgs
dependence of the triplet mass when Σ is removed last—
with Cd¼7

HW ¼ β1Cd¼5
W =m2

ρ, the same sign as in type I, Eq. (3.3),
since here too the radial mode couples to the Weinberg
operator through the heavy-mass insertion; and Qd¼7

DHL is its
derivative dressing.
We have written these operators in Eq. (3.6) with the

explicit σI ⊗ σI structure, as it makes their SUð2ÞL-triplet
origin transparent, but this form is redundant and calls for a
comment. The Weinberg operator is the clearest instance:
the dimension-five operator is unique [166], so the triplet
writing is not an independent operator. Using the identity
σIabσ

I
cd ¼ 2δadδcb − δabδcd, it reduces to the standard

Weinberg operator of Eq. (3.3), precisely the situation
used in Ref. [164] to illustrate the elimination of redundant
structures from the operator basis. Its contribution is,
therefore, reported directly on that operator, with the very
same coefficient Cd¼5

W ¼ 1
2
YT
χM−1

Σ Yχ—unchanged because
the two forms yield the same neutrino mass,
mν ¼ −Cd¼5

W v2. The same holds for its dressings Qd¼7
HW

and Qd¼7
DHL, which reduce to the corresponding type I

operators. In the minimal basis, these operators are,
thus, identical to the type I ones. Indeed, in the summary
of Table V they appear as a single, unambiguously
identified operator, and they cannot be used to distinguish
the fermionic-singlet from the fermionic-triplet realization.
The one genuine exception among the triplet operators is
the unitarity operator Qd¼6

U : it is redundant, too, but its

reduction [Sec. III D, Eq. (3.12)] distributes onto Qð1Þ
Hl and

Qð3Þ
Hl with a coefficient ratio 3∶1 that differs from the type I

one, −1∶1, and additionally generates QeH. It is this
different pattern of Warsaw coefficients, and not the
presence of the operator itself, that carries genuine type
III information at the level of the effective interactions.
Beyond it, the sharpest distinctive feature of the type III

realization is in the anomalous couplings of the Majoron.
The charged components Σ� of the triplets contribute to the
SUð2Þ2L anomaly, so that cW=cB ¼ þ3 instead of the −1 of
types I and II, and cW þ cB ¼ −6 ≠ 0. As shown in
Eq. (2.30), projecting the anomalous term onto the photon
then yields a genuine two-photon coupling of the Majoron,
L ⊃ −ðα=2πÞðJ=vϕÞnΣFμνF̃μν, absent in the other two
realizations. This J → γγ vertex is the sharpest phenom-
enological discriminator among the three seesaw mecha-
nisms, as we discuss in Sec. IV.

TABLE V. Operators of the low-energy JSMEFT in the minimal (Warsaw) basis and the seesaw realization that generates each of
them, grouped into the bosonic and Higgs-Yukawa, Majoron, lepton-number-violating, and lepton-number-conserving sectors. Check
marks with the footnote a flag the operators generated purely by the radial-mode (ρ) exchange. These owe their existence to the Majoron
sector, whereas all the others already appear in the effective description of the ordinary seesaws. The redundant type III triplet operators
of Eq. (3.6) have been reduced to this basis, as discussed in the text. The Wilson coefficients are listed in Secs. III A, III B, and III C.

Operator Type I Type II Type III

QH2 ¼ ðH†HÞ ✓a ✓a ✓a

Qλ ¼ ðH†HÞ2 ✓a ✓ ✓a

QH□ ¼ ðH†HÞ□ðH†HÞ ✓a ✓ ✓a

QHD ¼ ðH†DμHÞ†ðH†DμHÞ ✓

QH ¼ ðH†HÞ3 ✓

QeH ¼ ðH†HÞðLLHeRÞ ✓ ✓

QuH;QdH ¼ ðH†HÞðQL H̃ uRÞ; ðH†HÞðQLHdRÞ ✓

QJL ¼ ∂μJðLLγ
μLLÞ ✓ ✓ ✓

QJe ¼ ∂μJðeRγμeRÞ ✓ ✓ ✓

QJH ¼ ð∂μJ∂μJÞðH†HÞ ✓a ✓a ✓a

QJHL ¼ ðLL H̃Þ∂Jγ5ðH̃†LLÞ ✓ ✓

JFμνF̃μνðJ → γγÞ ✓

QW ¼ ðLL H̃ÞðH̃TLc
LÞ ✓ ✓ ✓

QHW ¼ QWðH†HÞ ✓ ✓ ✓

QDHL ¼ ðLL H̃ÞD2ðH̃TLc
LÞ ✓ ✓ ✓

Qll ¼ ðLLγ
μLLÞðLLγμLLÞ ✓

Qð1Þ
Hl ¼ ðH†iD

↔

μHÞðLLγ
μLLÞ ✓ ✓

Qð3Þ
Hl ¼ ðH†iD

↔I
μHÞðLLσ

IγμLLÞ ✓ ✓

aGenerated purely by the radial-mode ðρÞ exchange.
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C. The type II Majoron model

Integrating out both ρ and the tripletΔ—either removing ρ
from the ρJSMEFT-IIa Lagrangian, Eq. (2.58) (which, with
M2

Δ → μ23, also covers the ρJSMEFT-IIb case), or removing
Δ from the ΔJSMEFT Lagrangian, Eq. (2.51)—yields the
same JSMEFT Lagrangian, valid below minðmρ;MΔÞ:

LJSMEFT
II ¼ LSM þ 1

2
∂μJ∂μJ þ

∂μJ

2vϕ
ðLLγ

μLL þ eRγμeRÞ

−
3J

32π2vϕ
ðg02BμνB̃μν − g2Wi

μνW̃iμνÞ

þ
X
i

ðCdiQd
i þ H:c:Þ: ð3:7Þ

TheMajoron couplings are the very same as in the type I case,
Eq. (3.1): the derivative coupling to the light-lepton current
and the electroweak anomaly, the latter yielding again no Jγγ
vertex since cW þ cB ¼ 0. Indeed, the type II model adds no
charged fermion to the SM spectrum, so the anomaly
coefficients coincide with those of type I. Contrary to that
case, however, the Majoron does not couple to the leptons
through anyQJHL-like operator. In fact, the unitarity operator
Qd¼6

U and its Majoron dressing are absent here, as they
originated from the fermionic propagator of the heavy N,
whereas the scalar Δ yields instead a genuine four-lepton
contact interaction.
Most of the operators coincide with those already

introduced for the type I JSMEFT, generated by the same
ρ exchange and, in addition, by the Δ exchange. We do not
repeat their definitions and quote only the Wilson coef-
ficients. The bosonic operators Qd¼2

H2 , Qd¼4
λ , Qd¼6

H□
, and

Qd¼6
JH of Eq. (3.2) reappear with

Cd¼2
H2 ¼ −

β1m2
ρ

8λ1
; Cd¼6

JH ¼ −
β1
2m2

ρ
;

Cd¼4
λ ¼ β21

8λ1
þ β25v

2
ϕ

2M2
Δ
; Cd¼6

H□
¼ −

β21
8λ1m2

ρ
þ β25v

2
ϕ

2M4
Δ
;

ð3:8Þ

where Qd¼2
H2 and Qd¼6

JH keep exactly the type I coefficients,
while Qd¼4

λ and Qd¼6
H□

acquire, on top of the type I ρ
contribution, theΔ-induced β5 pieces. Likewise, the lepton-
number-violating Qd¼5

W , Qd¼7
DHL, and Qd¼7

HW of Eq. (3.3)
reappear, now generated by the Δ exchange, with

Cd¼5
W ¼

ffiffiffi
2

p
β5vϕ
M2

Δ
ðYΔÞαβ; Cd¼7

DHL ¼ −
Cd¼5
W

M2
Δ
;

Cd¼7
HW ¼ −

ffiffiffi
2

p ðβ3 þ β4Þβ5vϕ
M4

Δ
ðYΔÞαβ −

β1
m2

ρ
Cd¼5
W

�
1 −

β2v2ϕ
M2

Δ

�
:

ð3:9Þ

The Weinberg operator reproduces the standard type II
seesaw prediction for the active neutrino masses,
mν ¼ −Cd¼5

W v2 ¼ −
ffiffiffi
2

p
β5YΔvϕv2=M2

Δ, with the dynami-

cally generated trilinear β5vϕ=
ffiffiffi
2

p
playing the role of the

ordinary μ parameter, and Qd¼7
DHL is again its derivative

dressing, Cd¼7
DHL ¼ −Cd¼5

W =M2
Δ. The Higgs dressing Qd¼7

HW
instead receives two contributions: the ðβ3 þ β4Þ piece
from the Higgs dependence of the triplet mass, already
present in the ρJSMEFT-IIa, and the −β1Cd¼5

W =m2
ρ piece

from the ρ dressing of the Weinberg operator when ρ is
removed last—with a sign opposite to the type I one,
Eq. (3.3), since here the radial mode couples to the
Weinberg operator through the trilinear source rather than
through the heavy-mass insertion. The β2 correction
multiplying that piece is the one already carried by Cd¼6

Wρ ,
Eq. (2.61), and originates in the ρ dependence of the
triplet mass.
Genuinely new to the type II realization are the four-

lepton contact operator, which replaces the type I unitarity
operator, and a set of purely bosonic operators descending
from the Δ exchange:

Qd¼6
ll ¼ðLLγ

μLLÞαβðLLγμLLÞγδ; Cd¼6
ll ¼−

ðY†
ΔÞαγðYΔÞβδ
2M2

Δ
;

Qd¼6
HD ¼ðH†DμHÞ†ðH†DμHÞ; Cd¼6

HD ¼ β25v
2
ϕ

M4
Δ
;

Qd¼6
H ¼ðH†HÞ3; Cd¼6

H ¼ 2λ2β
2
5v

2
ϕ

M4
Δ

−
ðβ3þβ4Þβ25v2ϕ

2M4
Δ

−
β1β

2
5v

2
ϕ

m2
ρM2

Δ

�
1−

β2v2ϕ
2M2

Δ

�
;

Qd¼6
eH ¼ðH†HÞðLLHeRÞ; Cd¼6

eH ¼ β25v
2
ϕ

M4
Δ
Yl ð3:10Þ

together with the quark analogs of the last operator,
Qd¼6

uH ¼ ðH†HÞðQL H̃ uRÞ and Qd¼6
dH ¼ ðH†HÞðQLHdRÞ,

with Cd¼6
uH ¼ β25v

2
ϕYu=M4

Δ and Cd¼6
dH ¼ β25v

2
ϕYd=M4

Δ. The
four-lepton operator, arising from the square of the Yukawa
current J †

LJ L, contributes to charged-lepton-flavor-
violating processes such as μ → 3e. Unlike the type I
unitarity operator, which came with a derivative from the
fermionic propagator, here the scalar propagator ofΔ yields
a genuine contact interaction. Fierzing the SUð2ÞL-triplet
contraction, it takes the standard Warsaw formQd¼6

ll [164],
the same d ¼ 6 operator of the SMEFT description
of the type II seesaw [173]. The bosonic operators
Qd¼6

HD , Qd¼6
H and the Yukawa ones all descend from

the D2 dressing of the trilinear source J Δ, which
generates ðH†HÞðDμH†DμHÞ þ jH†DμHj2 with coeffi-
cient β25v

2
ϕ=M

4
Δ: the second structure is directly Qd¼6

HD ,
while the first is redistributed onto the Warsaw basis
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through the Higgs EOM, as detailed below Eq. (2.62). That
reduction feeds the λ2 piece of Cd¼6

H and the Yukawa
operators and further shifts Cd¼4

λ by −μ22β25v2ϕ=M4
Δ, which

merely renormalizes λ2 and we do not display; the ðβ3 þ
β4Þ piece of Cd¼6

H comes instead from the Higgs depend-
ence of the triplet mass—the very combination entering
Cd¼7
HW—and the last piece from the ρ-Δ cross term, whose β2

correction is inherited from Cd¼5
ρH , Eq. (2.60). As in the

intermediate EFTs, theWeinberg and four-lepton operators,
together with their d ¼ 7 corrections, belong to the SMEFT
of the type II seesaw [173], while the Majoron and radial-
mode operators are specific to the present construction.

D. Summary and comparison

We collect in Table V the operators of the three low-
energy JSMEFTs derived above, Eqs. (3.1), (3.7), and
(3.4), indicating which seesaw realization generates each of
them, with the Wilson coefficients being collected in the
respective subsections. In the table, the check marks
labelled by the footnote a flag the operators generated
purely by the radial-mode ρ exchange: the β1 Higgs-portal
operators QH2 , Qλ, QH□, and the Majoron kinetic dressing
QJH. These are the ingredients genuinely specific to the
Majoron extension, since the mutual comparison of the
ordinary type I, II, and III seesaws is by itself standard, and
it is only the addition of the lepton-number-breaking scalar
ϕ—and, hence, of the radial mode ρ and the Majoron J—
that brings them in. Notice that in type II Qλ and QH□

receive in addition a contribution from the tripletΔ, already
present in the ordinary type II seesaw, and are, therefore,
not flagged in that column. The comparison makes the
disentangling power of the effective description explicit.
All three realizations share the bosonic Higgs-portal
operators inherited from the radial mode ρ and the
derivative Majoron couplings to the light leptons, so these
are blind to the underlying mechanism. The discriminating
information sits instead in a few well-defined places. The

Higgs-current operators Qð1Þ
Hl and Qð3Þ

Hl—the Warsaw form
of the unitarity operator; cf. Eq. (3.12)—and the Majoron
dressing Qd¼7

JHL, which stem from the derivative expansion
of a heavy fermionic propagator, are generated in types I
and III but not in type II, where the scalar triplet yields
instead the four-lepton contact operator Qd¼6

ll and the
additional operators Qd¼6

HD and Qd¼6
H and the Higgs-dressed

Yukawas QeH, QuH, and QdH. The two fermionic realiza-
tions are distinguished in three complementary ways: the
two-photon coupling JFμνF̃μν, generated by the charged
components of the SUð2ÞL triplet and present only in type

III; the different coefficient ratio Cð1ÞHl∶C
ð3Þ
Hl , equal to −1∶1 in

type I and to 3∶1 in type III; and the Yukawa operatorQeH,
produced in type III by the same reduction of the unitarity
operator but forbidden in type I by H̃†H ¼ 0. No single
operator identifies a mechanism, but the pattern of

presences, absences, and coefficient ratios does, and it is
the starting point of the phenomenological discussion
in Sec. IV.
A comment on the unitarity operator Qd¼6

U is in order,
given its central phenomenological role. As anticipated, it
does not belong to the Warsaw basis of the SMEFT [164].
However, through the fermion equations of motion and
Fierz identities [167], it can be traded for the Higgs-current
operators

Qð1Þ
Hl ¼ ðH†iD

↔

μHÞðLLγ
μLLÞ;

Qð3Þ
Hl ¼ ðH†iD

↔I
μHÞðLLσ

IγμLLÞ; ð3:11Þ

where H†iD
↔

μH≡ iH†ðDμHÞ− iðDμH†ÞH and H†iD
↔I

μH≡
iH†σIðDμHÞ − iðDμH†ÞσIH. Carrying out the reduction,
one finds

type I ∶ Cð1ÞHl ¼ −Cð3ÞHl ¼
1

4
Cd¼6
U ;

type III∶ Cð1ÞHl ¼ 3Cð3ÞHl ¼
3

4
Cd¼6
U ; ð3:12Þ

with, in the type III case only, an additional Higgs-dressed
charged-lepton Yukawa operator

QeH ¼ ðH†HÞðLLHeRÞ with CeH ¼ Cd¼6
U Yl: ð3:13Þ

The latter is absent in type I, where it is forbidden by
H̃†H ¼ 0, while in type III it is generated because the
charged components of the triplet make H̃†σIH ≠ 0. The

different ratio Cð1ÞHl∶C
ð3Þ
Hl—equal to −1∶1 for the fermionic

singlet and to 3∶1 for the fermionic triplet—together with
the presence or absence of QeH—encodes the distinct way
the two fermionic realizations modify the neutral- and
charged-current couplings of the light leptons and provides
a further handle, beyond the J → γγ coupling, to disen-
tangle type I from type III in electroweak-precision and
nonunitarity observables, as we discuss next.

IV. PHENOMENOLOGICAL ANALYSIS

The three low-energy Lagrangians in Sec. III differ from
one another in ways that, taken by themselves, reproduce
the familiar comparison among the ordinary type I, II, and
III seesaws: the nonunitarity of the leptonic mixing matrix,
the four-lepton contact interactions, and the custodial-
breaking effects of a scalar triplet. That comparison is
standard, and we refer to the citations already mentioned
for this part of the analysis. The question specific to the
present construction is a different one: the models in Sec. II
do not merely realize a seesaw, they realize it through the
spontaneous breaking of the lepton number, and the
price—or the reward—is a pair of new states, the radial
mode ρ and the Majoron J. Can one establish that this is
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what happened? And, if so, can one identify which
Majoron model is at work?
The answer rests on a single structural fact, which the

effective description makes manifest. The VEV vϕ is the only
scale that simultaneously sets themass of the seesawmediator
(MN ¼ YNNvϕ=

ffiffiffi
2

p
,MΣ ¼ YΣvϕ=

ffiffiffi
2

p
, or the β2 part ofM2

Δ),
themass and couplings of the radial mode (m2

ρ ¼ 2λ1v2ϕ), and
the couplingsof theMajoron,which is theGoldstonebosonof
the very symmetry whose breaking generates the neutrino
mass. Nothing in the Majoron models is free to move
independently: every signature is a correlation that collapses
onto vϕ. Generic new physics, in contrast, populates the same
operators with unrelated Wilson coefficients. It is, therefore,
the pattern of relations among observables, and not the size of
any single one, that carries the identification power, and the
phenomenological program is to find the places where that
pattern is sharp enough to be tested.
Two regimes must be distinguished, mirroring the two-

step matching in Sec. II. Either one of the heavy states lies
within kinematical reach and can be produced as a
resonance, in which case the correlations can be tested
directly on the spectrum (Sec. IVA); or both lie far above,
only the JSMEFT is accessible, and the model can be
probed solely through the correlated pattern of its Wilson
coefficients (Sec. IV B). The logic of the two regimes, and
the specific tests associated to each of them, are summa-
rized in Fig. 1, which may serve as a map of the rest of this
section.

Both regimes, however, are probes of ρ and of the seesaw
mediators. A direct search targets one of them on shell; an
indirect one constrains the pattern of Wilson coefficients
they leave behind once removed. The Majoron itself enters
only through these same channels, never as the target of a
dedicated search of its own. This is a choice of focus, not an
approximation. Throughout this work, J is the Goldstone
boson of an exactly unbroken continuous Uð1ÞL and is
accordingly treated as exactly massless. A nonzero mJ
would open genuinely Majoron-specific channels, among
them a two-loop Majoron-diphoton coupling and an
enhanced charged-lepton-flavor-violating vertex, both pro-
portional to m2

J [175,176]. Such a mass is, in fact,
generically expected, since nonperturbative gravitational
effects are believed to explicitly break every global con-
tinuous symmetry [177,178], but its size is set by the free
coefficient of the corresponding Planck-suppressed oper-
ator and calls for a dedicated study across the possible mass
regimes [151], which we leave for future work.
Before concluding, it may be convenient to phrase part of

the discussion in the standard κ framework [179,180], in
which every Higgs coupling is normalized to its SM value,
κi ≡ gi=gSMi , so that κi ¼ 1 reproduces the SM. This
parametrization assumes that new physics presents the
same tensor structure of the couplings as in the SM. In
the following, we use κV for the universal coupling
modifier to gauge bosons W and Z, while κf refers to
the modification of the couplings involving fermions. On
the other hand, κ3 and κ4 stand for the trilinear and quartic

FIG. 1. Logical structure of the phenomenological analysis. The two branches correspond to the two regimes in Secs. IVA and IV B.
In each case, the identification does not rest on the size of a single observable but on whether independent measurements return a
consistent value of the lepton-number-breaking scale vϕ, which is what the Majoron models—and not generic new physics—predict.
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Higgs self-couplings modifiers, respectively. In the specific
case of type II, we additionally need κW and κZ, the
coupling toW or Z bosons alone, since custodial-symmetry
breaking decouples the coupling to W from that to Z.

A. Higher energies

This regime refers to the energy scales in which only one
of the heavier d.o.f. has been integrated out. The discussion
that follows is deliberately kept qualitative. No resonance
attributable to either the radial mode or a seesaw mediator
has been observed, and, in the absence of any experimental
indication of its mass, of its mixing with the Higgs, or of the
size of the invisible Higgs decay, a numerical analysis
would require choosing those quantities by hand. Any such
choice would be arbitrary, and quoting rates or exclusion
regions derived from it would suggest a predictivity that the
framework does not have in this regime. What the effective
description does provide, and what we therefore emphasize
here, is the structure of the relations that a discovery would
have to satisfy: these are fixed by the model and indepen-
dent of where the resonance happens to sit.
Suppose then that a new state is discovered. Two cases

arise, according to whether it belongs to the symmetry-
breaking sector or to the seesaw sector, and in both the
diagnostic question is the same: are the couplings of the
new state related to vϕ in the way the Majoron models
demand?

1. A scalar resonance compatible with ρ

A new neutral scalar mixing with the Higgs is by
itself a generic signal: any singlet coupled through a
Higgs portal produces one. What distinguishes the radial
mode is that its couplings are not independent parameters.
It couples to the Higgs through β1, which, after electro-
weak symmetry breaking, induces an off-diagonal mass
term β1vϕvhρ between the CP-even fluctuations h and ρ.
Diagonalizing the resulting 2 × 2 mass matrix defines the
h-ρ mixing angle:

tan 2θhρ ¼
2β1vϕv

m2
ρ −m2

h

; ð4:1Þ

and the light mass eigenstate, identified with the observed
Higgs boson, inherits only the h component of every SM
coupling, uniformly rescaled by cos θhρ. This is precisely
κV , the universal modification of the Higgs couplings to
gauge bosons (and, by the same mechanism, to fermions),
which reduces to κV ¼ 1þ Cd¼6

H□
v2 of Eq. (4.4) once ρ is

integrated out, in the EFT limitmρ ≫ mh. The same β1 also
fixes the whole set of bosonic operators in Sec. III. ρ
couples to a pair of Majorons through the scalar potential,
with a strength controlled by m2

ρ=vϕ, so that a ρ → JJ
channel—invisible, or displaced, depending on the
Majoron lifetime—is unavoidable and not optional; and,

crucially, it couples to the seesaw mediator through the ρ
dependence of the heavy mass, MðρÞ ¼ Mð1þ ρ=vϕÞ for
the fermionic realizations, so that the ρ-mediator vertex is
fixed to M=vϕ once the mediator mass is known.
The consequence is an overconstrained system. The

observables fmρ; θhρ;Γðρ → JJÞg, and, if a mediator is
also within reach, fMmed;Γðρ → medmedÞg, are all deter-
mined by the three underlying parameters β1, λ1, and vϕ.
Measuring more of them than the total number of param-
eters constitutes a genuine test: a generic singlet passes it
only by accident. This is the sense in which a ρ discovery
could be attributed to a Majoron model rather than merely
be compatible with one. Which realization is at work is then
read from the accompanying Majoron couplings and, in
particular, from the two-photon vertex of Eq. (2.30),
present in type III and absent in types I and II.

2. A Seesaw mediator

Suppose instead that a seesaw mediator is found. The
seesaw interpretation is then immediate, but it does not by
itself reveal how lepton number is broken: the ordinary
seesaws break it explicitly and reproduce the same neutrino
masses. The discriminating observable is the coupling of
the mediator to the Majoron. We restrict what follows to the
two fermionic mediators, the HNL of type I and the fermion
triplet of type III, whose mass comes entirely from vϕ. The
same Yukawa that generates their mass also couples them
to the Goldstone direction, with a strength fixed by M=vϕ,
and a mediator whose lepton number is broken explicitly
has no such vertex. Observing the seesaw production and
decay modes and a Majoron emission of the predicted
relative strength would establish the spontaneous nature of
the breaking; observing the former without the
latter, at a sensitivity where the latter is predicted, would
exclude it. The scalar triplet of type II admits the same test
but not the same formula: part of its mass is the lepton-
number-conserving μ23, and its Majoron coupling descends
from the kinetic term, Eq. (2.49), so it is derivative
and set by the LN charge of Δ rather than proportional
to its mass.
The collider phenomenology of precisely this vertex has

been studied in Refs. [103,108], in the closely related
language of a heavy neutral lepton coupled to an axionlike
particle, of which the Majoron is an instance. Two features
of those analyses are worth importing here. The first is that,
because a Goldstone couples to fermions proportionally to
their mass, the vertex is enhanced for heavy mediators
rather than suppressed, so that TeV-scale heavy neutral
leptons give a phenomenologically relevant signal. This is
the same mass proportionality that will reappear, with the
opposite consequence, when we discuss the light-lepton
couplings in Sec. IV B. The second, and more important, is
that the sensitivity of the relevant channels—a clean final
state with four jets and two charged leptons at the LHC in
Ref. [103], extended to muon colliders in Ref. [108]—does
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not depend on the light-heavy mixing, whose overall scale
drops out. This matters because the mixing is the parameter
that the ordinary seesaw makes small: a probe that is
independent of it can reach down to the genuine seesaw
regime, and it tests the Majoron coupling directly rather
than through the suppressed mixing. Concretely, the
mediators are produced in pairs through the Majoron vertex
itself, Eq. (2.12), and each of them decays, via its mixing
with the active neutrinos, into a charged lepton and two jets,
which is where the four jets and two leptons come from.
Because the mediators are on shell, the overall scale of the
mixing cancels between the partial and the total width, and
what the rate measures is the Majoron-mediator coupling
alone. In the Majoron models that coupling is not free but
equal toM=vϕ, so a signal in this channel is a determination
of vϕ once the mediator mass has been reconstructed. It
should be stressed that in these searches the mediator is
produced on shell but is never observed as such: what is
reconstructed are the decay products, as is always the case
for heavy states, and the Majoron itself contributes as
missing energy.
The same logic answers the complementary question of

whether an observed deviation is due to the radial mode or
to the mediator itself: the two contributions carry different
vϕ dependences, and the presence of the scalar partner with
the mass and mixing predicted from m2

ρ ¼ 2λ1v2ϕ is what
settles it. In all cases, the identification comes from the
pattern of relations among the mediator, the radial mode,
and the Majoron, never from a single rate.

B. Lower energies

If both heavy scales are out of reach, only the JSMEFT
survives, and the Majoron models must be identified
indirectly. This is the situation in which the correlations
are most valuable, because the Wilson coefficients in
Sec. III are not independent: those generated by the ρ
exchange all descend from β1 and mρ, and their ratios are
free of the underlying parameters.

1. The Higgs-Majoron correlation

This correlation is specific to the fermionic realizations,
type I and III, where the radial mode ρ is the only source of
the relevant bosonic operators. In type II, the scalar tripletΔ
contributes to them as well, and the lock relation derived
below does not hold there, as discussed separately below.
Consider first the operators generated purely by the

radial mode. Of the four listed in Eq. (3.2), two are not
observable on their own: Qd¼2

H2 and Qd¼4
λ merely renorm-

alize μ22 and λ2 and are reabsorbed into the measured values
of v and mh. The physical content is carried by the
remaining two,Qd¼6

H□
andQd¼6

JH , and these are tied together.
Usingm2

ρ ¼ 2λ1v2ϕ in the coefficients of Eq. (3.2), one finds
the parameter-free relation

Cd¼6
H□

¼ −v2ϕðCd¼6
JH Þ2; ð4:2Þ

which holds identically in β1 and λ1. The two operators
control very different observables. The Majoron dressing
Qd¼6

JH ¼ ð∂μJ∂μJÞðH†HÞ contains, after electroweak sym-
metry breaking, the vertex Cd¼6

JH vh∂μJ∂μJ and, therefore, an
invisible Higgs decay into a Majoron pair,

Γðh → JJÞ ¼ ðCd¼6
JH Þ2v2m3

h

32π
; ð4:3Þ

while Qd¼6
H□

modifies the Higgs kinetic term and, hence,
after canonical normalization, rescales all the Higgs cou-
plings universally:

κV ¼ 1þ Cd¼6
H□

v2: ð4:4Þ

Eliminating the Wilson coefficients between these expres-
sions through Eq. (4.2), the electroweak VEV cancels, and
one is left with

Γðh → JJÞ ¼ ð1 − κVÞm3
h

32πv2ϕ
: ð4:5Þ

This is the sharpest statement the low-energy theory allows.
The invisible width of the Higgs is not a free parameter,
since, once the suppression of the Higgs couplings is
measured, it is fixed by vϕ alone. The relation is moreover
consistent only in one direction, because Cd¼6

H□
¼

−β21=8λ1m2
ρ is negative definite, being proportional to β21:

the radial mode necessarily suppresses the Higgs cou-
plings, κV < 1, and it is precisely this sign that makes the
right-hand side of Eq. (4.5) positive. A measured enhance-
ment, κV > 1, would exclude the whole class of models
irrespective of any other observable.
Numerically, with ΓSM ≃ 4.1 MeV, the current bound on

the invisible branching ratio, BRinv < 0.107 [181], trans-
lates into

vϕ >
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − κV

p
× 6.3 TeV; ð4:6Þ

that is, vϕ ≳ 0.6–1.4 TeV for a coupling suppression in the
range 1 − κV ¼ 1%–5%, while the projected high-
luminosity sensitivity BRinv < 2.5% would push the same
combination to 13.6 TeV. The relevant window is, there-
fore, vϕ ∼Oð1–10Þ TeV, exactly where the precision
Higgs program is most effective. The importance of
Eq. (4.5) is that vϕ is not a parameter local to the Higgs
sector: it is the same scale that normalizes the derivative
Majoron coupling to the lepton current, ∂μJ=2vϕ, and the
anomalous couplings to the gauge bosons, J=vϕ, in
Eqs. (3.1)–(3.4). Higgs coupling precision, invisible
Higgs decays, and direct Majoron searches—astrophysical,
cosmological, and in flavor experiments—therefore probe
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one and the same number, and the requirement that they
agree is a closed and nontrivial test of the framework.

2. Higgs self-couplings

The Higgs self-interactions are distorted as well, and the
way in which they are distorted differs sharply between the
fermionic and the scalar realizations. We treat the two cases
separately, since they are governed by different sets of
operators.
Type I and type III. Here, the radial mode is the only

source of bosonic operators, and, among those, the single
physical one is again Qd¼6

H□
: no ðH†HÞ3 and no Qd¼6

HD are
generated, as Table V shows. Because one parameter
controls everything, the self-couplings are not free.
Writing κ3 and κ4 for the trilinear and quartic couplings
normalized to their SM values, one finds, to linear order,

κ3 − 1 ¼ 3ðκV − 1Þ; κ4 − 1 ¼ 50

3
ðκV − 1Þ; ð4:7Þ

so that the entire Higgs sector—couplings to gauge bosons
and fermions, trilinear and quartic self-couplings—is gov-
erned by the single combination Cd¼6

H□
v2, with the sign fixed

as above.5 Measuring κV predicts κ3 and κ4 with no freedom
left, and a violation of Eq. (4.7) would signal that the radial
mode is not the only contribution. Note that Eq. (4.7) is a
statement about the fermionic realizations only and does
not apply to type II.
Type II. The scalar triplet generates two further bosonic

operators, Eq. (3.10), and both affect the self-couplings.
The first is the genuine dimension-six Higgs potential
operator Qd¼6

H ¼ ðH†HÞ3, which shifts the self-couplings
without touching the single-Higgs ones; taken alone, it
would give the well-known one-parameter line

6κ3 ¼ κ4 þ 5; ð4:8Þ

equivalently, Δκ4 ¼ 6Δκ3, the standard correlation of a
jHj6-dominated deformation. The second is Qd¼6

HD , which
acts instead on the kinetic side: in unitary gauge it
decomposes into a Higgs kinetic piece and a term involving
the Z boson only, never the W, and it therefore breaks
custodial symmetry. Its net effect on the Higgs wave
function is to replace Cd¼6

H□
by the combination

Cd¼6
H□

− Cd¼6
HD =4, so that in type II the analog of Eq. (4.7)

reads

6ðκ3 − 1Þ − ðκ4 − 1Þ ¼ 4

3
ðκW − 1Þ; ð4:9Þ

where κW , and not κV , is the correct reference precisely
because Qd¼6

HD does not affect the W. Equation (4.9) has a
transparent reading: the right-hand side is the universal
wave function distortion, and once it is subtracted—using a
measurement of κW—the pure ðH†HÞ3 line in Eq. (4.8) is
recovered. In the fermionic realizations, the same combi-
nation vanishes identically, by Eq. (4.7).
The ðκ3; κ4Þ plane. The two cases just discussed have a

compact geometrical description, common to all three
realizations, which is summarized in Fig. 2. Eliminating
the underlying parameters between the relations above, the
Majoron models do not populate the plane of the two self-
couplings freely: they occupy a set of measure zero in it and
a different one in each case.
In types I and III, there is a single parameter, so the

model traces a straight line through the SM point. Dividing
the two relations of Eq. (4.7),

κ4 − 1 ¼ 50

9
ðκ3 − 1Þ ðtypes I and IIIÞ; ð4:10Þ

and, since Cd¼6
H□

< 0 is sign definite, only the half line with
κ3 < 1 and κ4 < 1 is physical. In type II, there are two

FIG. 2. Current and projected experimental constraints in the
ðκ3; κ4Þ plane of the Higgs trilinear and quartic self-couplings,
compared with the SM point. Shown are the ATLAS expected
95% CL region from run-2 data [182], the CMS observed
95% CL region from the same channel [183], the expected
95% CL reach of the combined ATLAS and CMS HL-LHC
program [184], and the perturbative-unitarity bound on HH →
HH scattering [185] as quoted in the same reference. Super-
imposed are the regions selected by the Majoron models: types I
and III lie on the half line of Eq. (4.10), of slope 50=9 through the
SM point and restricted to κ3 < 1 by the sign of Cd¼6

H□
, shown as

the red line; type II fills the band of Eq. (4.11), of slope 6 and of
width set by the current determination of κW , shown as the green
line, the band itself being too narrow to be visible at the scale of
the figure.

5The coefficient of κ3 agrees with the standard SMEFT expre-
ssion κλ ¼ 1− 2v4CH=m2

h þ 3ðCH□ − CHD=4Þv2 once CHD ¼ 0,
as is the case here. The coefficient of κ4 does not seem to have
been quoted in the literature.
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independent parameters, Cd¼6
H and the wave function

combination Cd¼6
H□

− Cd¼6
HD =4, and the model therefore fills

a region. Rewriting Eq. (4.9),

κ4 − 1 ¼ 6ðκ3 − 1Þ − 4

3
ðκW − 1Þ ðtype IIÞ; ð4:11Þ

which is a family of parallel lines of slope 6, whose offset
from the origin is set by κW alone. The width of the band is,
thus, fixed not by theory but by how well κW is measured:
with the current determination κW ¼ 1.05� 0.06 [186],
that is, 0.93≲ κW ≲ 1.17 at 95% confidence level (CL),
the allowed offsets span −0.23≲ − 4

3
ðκW − 1Þ ≲ 0.09.

Note also that, unlike in the fermionic realizations, the
sign of κW − 1 is not fixed in type II: the radial mode
contributes negatively but the triplet positively, through
Cd¼6
H□

− Cd¼6
HD =4 ¼ −β21=8λ1m2

ρ þ β25v
2
ϕ=4M

4
Δ, so the band

straddles the SM point.
The two predictions are geometrically distinct—a half

line of slope 50=9 through the SM point on one side and a
band of slope 6 of experimentally determined width on the
other—and this is what makes the ðκ3; κ4Þ plane a genuine
discriminator between the fermionic and the scalar real-
izations, independent of, and complementary to, the J → γγ
and nonunitarity handles discussed elsewhere. Figure 2
collects the present and projected sensitivity in the plane.
The CMS observed 95% CL region [183] is the tightest
constraint available today, comparable in shape to the
expected ATLAS reach from the same channel [182],
and both leave the type I and III half line and the (invisibly
narrow) type II band unconstrained near the SM point. The
projected sensitivity of the combined ATLAS and CMS
HL-LHC program [184], shown together with the pertur-
bative-unitarity bound quoted in the same reference [185],
narrows the allowed region enough to start probing the
edge of that bound directly, without yet reaching either
theoretical prediction. The point of the figure is not that the
discrimination can be performed today but that it is well
posed: it requires measuring κ3, κ4, and κW , and noth-
ing else.

3. Custodial breaking and the type II pattern

The custodial violation just mentioned deserves to be
isolated, because in the type II model it is again sign
definite and correlated. From Cd¼6

HD ¼ β25v
2
ϕ=M

4
Δ, manifestly

positive, one obtains

αT ¼ −
Cd¼6
HD v2

2
< 0; κZ − κW ¼ −αT;

κf − κW ¼ 2αT; ð4:12Þ

so that the oblique parameter is necessarily negative and the
departures of the Z, W, and fermionic couplings from one
another are all fixed by it. The shift of the fermionic

couplings deserves a comment: it originates from the
Higgs-dressed Yukawa operators, whose coefficients obey
Cd¼6
eH ¼ Cd¼6

HD Yl and likewise for the quarks, so that the
Yukawa matrix cancels in κf and the shift is flavor
universal, with no accompanying flavor-changing neutral
currents.
The sign is what makes this predictive. Global electro-

weak fits return a slightly positive central value, T ¼
0.11� 0.12 [187], whereas Eq. (4.12) forbids T > 0
altogether. The type II Majoron model can move the fit
only in the disfavored direction, and the resulting constraint
is one sided. Taking jTj < 0.13 at the two-sigma level
gives6

Cd¼6
HD ¼ β25v

2
ϕ

M4
Δ

< 3.4 × 10−8 GeV−2;

i:e:;
β5vϕ
M2

Δ
< 1.8 × 10−4 GeV−1; ð4:13Þ

a bound on the dynamically generated trilinear β5vϕ=
ffiffiffi
2

p
relative to the triplet mass. It is instructive to rewrite it using
the relations in Sec. III C. Since Cd¼6

HD ¼ ðCd¼5
W Þ2=2Y2

Δ and
mν ¼ −Cd¼5

W v2, the custodial parameter is controlled by the
neutrino mass and the triplet Yukawa alone:

αT ¼ −
m2

ν

4Y2
Δv

2
; ð4:14Þ

and Eq. (4.13) becomes a bound on the combination
mν=YΔ, which is precisely what plays the role of the
induced triplet VEV in the ordinary type II seesaw:

mν

YΔ
< 2v

ffiffiffiffiffiffiffiffiffi
αjTj

p
≃ 16 GeV: ð4:15Þ

This reproduces the familiar electroweak-precision bound
on the triplet VEV of the type II seesaw, here derived
entirely within the effective description and in the con-
ventions in Sec. II C. For neutrino masses of the atmos-
pheric scale, it implies only YΔ ≳ 3 × 10−12, so it does not
constrain the Yukawa in any useful way; its real content is
the upper bound on the trilinear-to-mass ratio in Eq. (4.13),
which caps how much of the neutrino mass can come from
a large induced VEV rather than from a sizable Yukawa.
Together with the fact that the same Cd¼6

HD fixes κZ − κW and
κf − κW through Eq. (4.12), this makes the type II reali-
zation the most predictive of the three in the bosonic sector
and, correspondingly, the most constrained.

6Since the model generates T but not S, a fit conditioned on
S ¼ 0 would be somewhat more constraining than the marginal
bound used here; the refinement would not change the picture and
we do not pursue it.
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4. The leptonic sector and the absence of correlations

In the fermionic realizations, the Majoron couples to the
leptons through Qd¼7

JHL, whose coefficient is locked to the
unitarity operator by Cd¼7

JHL ¼ Cd¼6
U =2vϕ, Eqs. (3.3) and

(3.6). This is the leptonic counterpart of Eq. (4.5): the
strength with which the Majoron couples to leptons is not
an independent quantity but is predicted by the nonunitarity
of the leptonic mixing matrix, which is measured in
electroweak precision and oscillation data, together
with vϕ.
Which observables this coupling actually feeds requires

some care, because the Majoron is a genuine Goldstone
boson and, therefore, couples derivatively. Upon electro-
weak symmetry breaking,Qd¼7

JHL reduces, in the type I case,
to 1

2
Cd¼7
JHLv

2νL∂Jγ5νL, carrying the flavor structure of
Cd¼6
U ∝ YNM−2

N Y†
N ; in type III, the SUð2ÞL-triplet contrac-

tion makes the charged leptons participate as well, as the
appearance of QeH in the reduction of Eq. (3.12) already
signals. Integrating by parts and using the equations of
motion, a derivative coupling of this form becomes an
effective pseudoscalar one, gαβlαγ5lβJ, whose strength is
proportional to the mass of the fermion involved. This
single fact organizes the whole discussion, and it separates
the observables into two very unequal groups.
For the neutrinos, one recovers the standard singlet-

Majoron result gνν ∼mν=vϕ. Numerically, this is minute:
for mν at the atmospheric scale and vϕ ∼ 1 TeV, one finds
gνν ∼ 5 × 10−14. Neutrinoless double beta decay with
Majoron emission, ðA; ZÞ → ðA; Z þ 2Þ þ 2e− þ J, whose
distinctive electron sum-energy spectrum would separate it
both from the standard 0νββ peak and from the two-
neutrino continuum, is currently constrained at the level
hgeei≲ 10−5 [188], 9 orders of magnitude above the
prediction. It is important to be explicit about this, since
0νββ with Majoron emission is often presented as the
Majoron observable: in the models considered here, with a
lepton-number-breaking scale at or above the TeV, it carries
no sensitivity whatsoever.
The bounds from meson decays [189] and the cosmo-

logical constraints on neutrino free streaming and on the
effective number of relativistic species [190] are likewise
far from the relevant range for a massless Goldstone.
The underlying reason is that every portal between J
and the SM plasma is suppressed by at least one power
of vϕ: the derivative lepton coupling by mν=vϕ; the
anomalous gauge couplings by 1=vϕ; and the Higgs portal
by 1=v2ϕ. As a result, for the TeV-scale vϕ required
throughout this work, the Majoron never thermalizes with
the SM plasma after the electroweak phase transition, and
its contribution to ΔNeff is automatically negligible. The
bound would become relevant for vϕ only many orders of
magnitude below the range considered here.
The situation is entirely different for the charged leptons

and, hence, for the type III realization. There, the same

operator produces μ → eJ with

gμe ≃
ημemμ

2vϕ
; ð4:16Þ

where η is the usual nonunitarity matrix, η ¼ Cd¼6
U v2=2.

The enhancement factor relative to the neutrino case is
mμ=mν ∼ 109, which overwhelms the suppression by the
off-diagonal ημe ≲ 10−5 [168]. The relevant experimental
constraint comes from searches for the two-body decay
μþ → eþX into a light neutral boson, the strongest
assumption-free one being that of the TWIST experiment
at TRIUMF, a precision measurement of the muon decay
spectrum, which gives BRðμ → eXÞ < 5.8 × 10−5 at
90% CL [191]. This translates into gμe < 9 × 10−11, and,
hence,

vϕ >
ημemμ

2gmax
μe

≃ 6 TeV for ημe at its current upper bound;

ð4:17Þ

and proportionally weaker for smaller ημe.
7 This is the

significant point of the section: the lower bound reached
here, vϕ ≳Oð1–10Þ TeV, sits in the same window singled
out by the invisible Higgs width in Eq. (4.5), reached
through a completely unrelated measurement. Two observ-
ables as distant as a Higgs decay at the LHC and a muon
decay at rest give comparable lower limits on the same
lepton-number-breaking scale, and in the type III model they
are not independent: both are fixed by vϕ, the first together
with κV and the second together with the nonunitarity.
The lock relation is what gives this its force. The matrix

Cd¼6
U that sets the rate of Majoron emission is the very

matrix whose entries are bounded by nonunitarity searches,
so the flavor pattern of Majoron emission is predicted
rather than fitted: the ratio of μ → eJ to τ → μJ follows
from the same YNM−2

N Y†
N that controls deviations from

unitarity in oscillations and in electroweak precision data.
A Majoron-lepton coupling observed at a strength or with a
flavor structure incompatible with the measured nonun-
itarity would point to a different origin of the Goldstone
boson. Conversely, nonunitarity established without the
corresponding Majoron coupling, at a sensitivity where the
latter is predicted, would indicate an explicitly broken
lepton number.
It isworth stressing, finally, that the absence of a correlation

is as informative as its presence. The operators in Sec. III span

7A nominally stronger limit on the same decay, BR <
2.6 × 10−6, was obtained much earlier in Ref. [192] but assuming
isotropic emission of the light boson. That assumption fails here:
for a Majoron coupled to a V − A current, the emission from a
polarized μþ is anisotropic, so the bound does not apply as quoted
and we use the weaker but assumption-free TWIST one.
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amuch larger space than thehandful of underlyingparameters
β1, λ1, β5, vϕ, and the Yukawas, and generic new physics has
no reason to respect the resulting relations. Deviations found
in the Higgs sector that do not satisfy Eqs. (4.5) and (4.7), an
enhancement rather than a suppression of the Higgs cou-
plings, a positive T parameter accompanied by the type II
operator pattern, or a Majoron-like state whose lepton
couplings are unrelated to the nonunitarity would each
exclude the corresponding realization without requiring the
heavy states to be produced. In this sense, the effective
description turns the Majoron models into a falsifiable
framework even in the regime where the states responsible
for the neutrino mass are entirely out of reach.

V. CONCLUSIONS

We have constructed the effective field theory of the
Majoron seesaw models, in which the lepton number of
the type I, II, and III seesaws is broken spontaneously by
the VEV of a complex scalar rather than explicitly. Each
realization admits two hierarchies between the radial mode
and the seesaw mediator, and we have integrated the heavy
states out in both orders, obtaining seven intermediate
effective theories and, below all thresholds, the three low-
energy Lagrangians that we have called the JSMEFT. The
two matching orders agree operator by operator, which is a
nontrivial check of the whole construction, and the result-
ing operator bases are collected in Table V. The technical
content is summarized there and in Sec. III.
The analysis we presented is relevant for several reasons.

The main point is that the Majoron sector is not a
decoration that can be added to a seesaw and then tuned
away. If the lepton number is broken spontaneously, the
Goldstone boson and the radial mode are not optional, and
their couplings are not free: the same VEV vϕ fixes the
mediator mass, the mass and interactions of the radial
mode, and the normalization of every Majoron coupling.
The effective description makes this visible in the only
place where it can be tested, namely, in relations among
Wilson coefficients that survive the elimination of the
underlying parameters. What the framework predicts is,
therefore, not the size of any single observable—which
always depends on unknown couplings—but a web of
correlations, and it is falsified if the correlations fail. This
changes what one has to do experimentally: establishing
that lepton number is broken spontaneously does not
require producing the heavy states; it requires measuring
several ordinary quantities well enough to check whether
they are consistent with a single vϕ.
Concretely, the two sharpest consequences are

of this kind. The Higgs sector gives Γðh → JJÞ ¼
ð1 − κVÞm3

h=32πv
2
ϕ, in which the electroweak VEV can-

cels: the invisible width is fixed once the suppression of the
Higgs couplings is measured, and the suppression is itself
sign definite, so that an enhancement κV > 1 would

exclude the entire class of models. The leptonic sector
gives, independently, the Majoron-lepton coupling in terms
of the measured nonunitarity of the leptonic mixing matrix.
That these two independent lower bounds on vϕ currently
sit in the same window, vϕ ≳Oð1–10Þ TeV—the first
through the invisible Higgs branching ratio and the second
through μ → eJ—is the most encouraging feature of the
analysis, because it means the consistency test is not
academic but is being performed, at low precision, already
now. We have also found that the traditional flagship
signature of Majoron models, neutrinoless double beta
decay with Majoron emission, carries no sensitivity what-
soever in this class: the derivative nature of the Goldstone
coupling suppresses it by the neutrino mass, leaving it 9
orders of magnitude below the experimental reach. The
observables that matter are elsewhere, in Higgs precision
and in charged-lepton flavor violation, and we regard this
reallocation of experimental attention as one of the more
useful outcomes of the effective analysis.
Several things would sharpen the picture. On the theory

side, the matching has been performed at tree level. Going
to one loop would generate the operators that are absent
here and would allow a consistent treatment of the running
between the matching scales, which for widely separated
thresholds can matter. The same logic extends beyond the
three canonical tree-level seesaws considered here. Any
mechanism in which the lepton number is broken sponta-
neously by the same ϕ—including inverse or linear seesaw
variants or radiative constructions such as Zee-Babu—
would generate an analogous JSMEFT. Each would differ
in flavor structure and, in the loop-induced cases, in the
anomalous-coupling pattern set by the particles running in
the triangle. Working out these variants case by case is a
natural extension of the present framework, left for future
work. On the experimental side, the program is well
defined and needs no new ideas: better determinations of
κV and κW;Z, a stronger bound on the invisible Higgs width,
an improved search for μ → eJ, and eventually the Higgs
self-couplings, whose position in the ðκ3; κ4Þ plane sepa-
rates the fermionic realizations—confined to a half line
through the Standard Model point—from the scalar one,
which fills a band. None of these is a dedicated Majoron
search, which is precisely the point: the question of whether
the lepton number is a spontaneously broken symmetry is
answerable with measurements that the field is already
committed to making.
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APPENDIX: EQUATIONS OF MOTION AND
PERTURBATIVE SOLUTIONS

For each hierarchy in Table I, the heaviest state is removed
through a standard, if case-dependent, manipulation: one
collects the terms of the corresponding post-SSB
Lagrangian involving the field to be integrated out, derives
its EOM and solves it perturbatively in the inverse heavy
mass; substituting the solution back generates the effective
operators order by order. We collect here these intermediate
steps for all seven cases. In each case, the starting point is the
post-SSB Lagrangian quoted in the main text, and the end
point is the intermediate effective Lagrangian listed there.

1. The type I Majoron model

a. Integrating out ρ (NJSMEFT)

The radial mode ρ is integrated out first. Collecting from
Eq. (2.7) the terms involving ρ, the relevant Lagrangian reads

Lρ ¼
1

2
∂μρ∂

μρ −
λ1
4
ρ4 − λ1vϕρ3 −

m2
ρ

2
ρ2 þ ðρ2 þ 2vϕρÞ

2v2ϕ
∂μJ∂μJ − β1vϕρðH†HÞ − β1

2
ρ2ðH†HÞ − ρ

vϕ

N̄MNN
2

: ðA1Þ

Adopting the definition of mρ in Eq. (2.5), we obtain the EOM

−
�
□þm2

ρ þ β1ðH†HÞ − 1

v2ϕ
∂μJ∂μJ

�
ρ ¼ λ1ρ

3 þ 3λ1vϕρ2 þ β1vϕðH†HÞ − 1

vϕ
∂μJ∂μJ þ

1

vϕ

N̄MNN
2

: ðA2Þ

Eq. (A2) is nonlinear in ρ, due to the cubic and quartic self-interactions, and cannot be solved in closed form. We solve it
perturbatively in inverse powers of mρ, writing ρ ¼ ρð0Þ þ ρð1Þ þ � � �: at leading order, ρð0Þ ¼ Oð1=m2

ρÞ follows from
dropping both □ρ and the nonlinear terms ρ2, ρ3, which are subleading once ρð0Þ itself scales as 1=m2

ρ; each subsequent
order resums these neglected terms evaluated on the previous-order solution. The leading and next-to-leading orders read

ρð0Þ ¼ −
β1vϕ
m2

ρ
ðH†HÞ þ 1

vϕm2
ρ
∂μJ∂μJ −

1

2vϕm2
ρ
N̄MNN; ðA3Þ

ρð1Þ ¼ 1

m2
ρ

�
−
�
β1ðH†HÞ − 1

v2ϕ
∂μJ∂μJ

�
ρð0Þ − 3λ1vϕðρð0ÞÞ2 −□ρð0Þ

�
; ðA4Þ

and higher orders are obtained by iteration. Inserting
the solution back into Eq. (A1)—equivalently, using the
compact form Leff ¼ 1

2
Aρcl þ 1

2
λ1vϕρ3cl þ λ1

4
ρ4cl with A

the source linear in ρ—generates the effective operators
of the NJSMEFT Lagrangian, Eq. (2.12).

b. Integrating out N (ρJSMEFT-I)

TheHNLs are integrated out first. The relevant Lagrangian
collects all the terms of Eq. (2.9) containing N, which, using
the current J N of Eq. (2.13), reads compactly

LN¼
1

2
N̄ði∂−MNÞNþN̄J JNþN̄J ρN−

1

2
ðJ̄ NNþN̄J NÞ;

ðA5Þ

where J J is the axial Majoron current of Eq. (2.19) and we
further introduced the radial-mode insertion

J ρ ≡ −
YNNρ

2
ffiffiffi
2

p ¼ −
MNρ

2vϕ
; ðA6Þ

following from MN ¼ YNNvϕ=
ffiffiffi
2

p
. Varying with respect to

N̄, and recalling that for a Majorana field N and N̄ are not
independent, so that each bilinear contributes twice, the EOM
reads

ði∂ −MN þ 2J J þ 2J ρÞN ¼ J N; ðA7Þ

whose solution is the geometric series
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N ¼ −½MN − ði∂þ 2J J þ 2J ρÞ�−1J N

¼ −
X
k≥0

M−1
N ½ði∂þ 2J J þ 2J ρÞM−1

N �kJ N; ðA8Þ

that is, order by order,

Nð0Þ ¼ −M−1
N J N;

Nð1Þ ¼ −M−1
N ði∂þ 2J J þ 2J ρÞM−1

N J N;

Nð2Þ ¼ −M−1
N ði∂þ 2J J þ 2J ρÞ

×M−1
N ði∂þ 2J J þ 2J ρÞM−1

N J N; ðA9Þ

where the d ¼ 5, 6 operators come fromNð0;1Þ and the d ¼ 7

ones from Nð2Þ or from a single J J insertion. Inserting this
solution back into Eq. (A5) generates the effective operators
of the ρJSMEFT-I Lagrangian, Eq. (2.20).

2. The type III Majoron model

a. Integrating out ρ (ΣJSMEFT)

The radial mode ρ is the heaviest d.o.f. and is integrated out
first, exactly as in the NJSMEFT case, with the HNLs replaced
by the fermion triplets Σ. Collecting from Eq. (2.30) the terms
involving ρ, the relevant Lagrangian reads

Lρ ¼
1

2
∂μρ∂

μρ −
λ1
4
ρ4 − λ1vϕρ3 −

m2
ρ

2
ρ2 þ ðρ2 þ 2vϕρÞ

2v2ϕ
∂μJ∂μJ − β1vϕρðH†HÞ − β1

2
ρ2ðH†HÞ − ρ

vϕ

Σ⃗MΣΣ⃗
2

; ðA10Þ

the exact type III analog of the type I Lagrangian of Eq. (A1), with N̄MNN → Σ⃗MΣΣ⃗. Adopting the definitionm2
ρ ¼ 2λ1v2ϕ,

the corresponding EOM reads

−
�
□þm2

ρ þ β1ðH†HÞ − 1

v2ϕ
∂μJ∂μJ

�
ρ ¼ λ1ρ

3 þ 3λ1vϕρ2 þ β1vϕðH†HÞ − 1

vϕ
∂μJ∂μJ þ

1

vϕ

Σ⃗MΣΣ⃗
2

; ðA11Þ

solved perturbatively in inverse powers of mρ exactly as in Appendix A 1, with leading and next-to-leading orders

ρð0Þ ¼ −
β1vϕ
m2

ρ
ðH†HÞ þ 1

vϕm2
ρ
∂μJ∂μJ −

1

2vϕm2
ρ
Σ⃗MΣΣ⃗; ðA12Þ

ρð1Þ ¼ 1

m2
ρ

�
−
�
β1ðH†HÞ − 1

v2ϕ
∂μJ∂μJ

�
ρð0Þ − 3λ1vϕðρð0ÞÞ2 −□ρð0Þ

�
: ðA13Þ

Substituting the solution back into Eq. (A10) generates
the effective operators of the ΣJSMEFT Lagrangian,
Eq. (2.34).

b. Integrating out Σ (ρJSMEFT-III)

The fermion triplets are integrated out first, keeping ρ
dynamical. Collecting from Eq. (2.30) the terms involving
Σ, with the triplet current J⃗ Σ of Eq. (2.31) and the axial
Majoron current J J of Eq. (2.19), the relevant Lagrangian
reads

LΣ ¼ 1

2
Σ⃗ðiD −MΣÞΣ⃗þ Σ⃗J JΣ⃗þ Σ⃗J ρΣ⃗

−
1

2
ðJ⃗ Σ · Σ⃗þ Σ⃗ · J⃗ ΣÞ; ðA14Þ

where, in close analogy with the type I case in Eq. (A6), we
further introduced the radial-mode insertion

J ρ ≡ −
YΣρ

2
ffiffiffi
2

p ¼ −
MΣρ

2vϕ
: ðA15Þ

Equation (A14) is then term by term the type III tran-
scription of the type I Lagrangian, Eq. (A5), with N → Σ⃗
and J N → J⃗ Σ; as for J J of the type I case, the Majoron
current carries a factor 1=2 relative to the vectorial lepton
currents, following from the Majorana nature of Σ. Varying
with respect to Σ⃗, the EOM reads

ðiD −MΣ þ 2J J þ 2J ρÞΣ⃗ ¼ J⃗ Σ; ðA16Þ

whose solution is the geometric series

Σ⃗ ¼ −½MΣ − ðiDþ 2J J þ 2J ρÞ�−1J⃗ Σ

¼ −
X
k≥0

M−1
Σ ½ðiDþ 2J J þ 2J ρÞM−1

Σ �kJ⃗ Σ; ðA17Þ

that is, order by order,
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Σ⃗ð0Þ ¼ −M−1
Σ J⃗ Σ;

Σ⃗ð1Þ ¼ −M−1
Σ ðiDþ 2J J þ 2J ρÞM−1

Σ J⃗ Σ;

Σ⃗ð2Þ ¼ −M−1
Σ ðiDþ 2J J þ 2J ρÞM−1

Σ ðiDþ 2J J þ 2J ρÞM−1
Σ J⃗ Σ: ðA18Þ

Substituting the solution back into Eq. (A14) generates the effective operators of the ρJSMEFT-III Lagrangian, Eq. (2.40).

3. The type II Majoron model

a. Integrating out ρ (ΔJSMEFT)

The radial mode ρ is the heaviest d.o.f. and is integrated out first, exactly as in the NJSMEFT case above. Collecting from
Eq. (2.46) the terms involving ρ, using the phase-free form of the trilinear coupling obtained after the rotation of Eq. (2.47)
and the shorthand J HΔ of Eq. (2.50), the relevant Lagrangian reads

Lρ ¼
1

2
∂μρ∂

μρ −
λ1
4
ρ4 − λ1vϕρ3 −

m2
ρ

2
ρ2 þ ðρ2 þ 2vϕρÞ

2v2ϕ
∂μJ∂μJ − β1vϕρðH†HÞ

−
β1
2
ρ2ðH†HÞ − β2vϕρðΔ†ΔÞ − β2

2
ρ2ðΔ†ΔÞ þ β5ffiffiffi

2
p ρJ HΔ: ðA19Þ

With respect to the type I case, Eq. (A1), the source coupling linearly to ρ now includes, besides the Higgs bilinear, the
triplet bilinear Δ†Δ (weighted by β2) and the gauge-invariant trilinear J HΔ (weighted by β5), while the role played there by
the HNL bilinear N̄MNN is here absent. Adopting the definition of mρ in Eq. (2.5), the corresponding EOM reads

−
�
□þm2

ρ þ β1ðH†HÞ þ β2ðΔ†ΔÞ − 1

v2ϕ
∂μJ∂μJ

�
ρ

¼ λ1ρ
3 þ 3λ1vϕρ2 þ β1vϕðH†HÞ þ β2vϕðΔ†ΔÞ − 1

vϕ
∂μJ∂μJ −

β5ffiffiffi
2

p J HΔ: ðA20Þ

Its perturbative solution ρ ¼ ρð0Þ þ ρð1Þ þ � � � follows exactly as in the type I case, with leading and next-to-leading orders

ρð0Þ ¼ −
β1vϕ
m2

ρ
ðH†HÞ − β2vϕ

m2
ρ
ðΔ†ΔÞ þ 1

vϕm2
ρ
∂μJ∂μJ þ

β5ffiffiffi
2

p
m2

ρ

J HΔ; ðA21Þ

ρð1Þ ¼ 1

m2
ρ

�
−
�
β1ðH†HÞ þ β2ðΔ†ΔÞ − 1

v2ϕ
∂μJ∂μJ

�
ρð0Þ − 3λ1vϕðρð0ÞÞ2 −□ρð0Þ

�
: ðA22Þ

Substituting the solution back into Eq. (A19) generates the effective operators of the ΔJSMEFT Lagrangian, Eq. (2.51).

b. Integrating out Δ (ρJSMEFT-IIa and IIb)

The tripletΔ is integrated out first, keeping the radial mode ρ dynamical. Collecting from Eqs. (2.46) and (2.49) the terms
involving Δ, with the two currents J I

Δ and J I
L in Eq. (2.57), the relevant Lagrangian reads

LΔ ¼ DμΔ†DμΔ −
�
M2

Δ þ β2vϕρþ
β2
2
ρ2
�
Δ†Δ − λ3ðΔ†ΔÞ2 − β3ðH†HÞΔ†Δ

þ iβ4ðH†σIHÞϵIJKΔ†
JΔK −

i∂μJ

vϕ
ðΔ†DμΔ − ðDμΔÞ†ΔÞ þ ∂μJ∂μJ

v2ϕ
Δ†Δ

þ ðJ I
ΔΔ

†
I þ H:c:Þ − ðJ I

LΔI þ H:c:Þ; ðA23Þ

where M2
Δ ¼ μ23 þ 1

2
β2v2ϕ. The leading-order solution of the Δ EOM reads
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ΔI ¼
1

M2
Δ
ðJ I

Δ − J I†
L Þ þO

�
1

M4
Δ

�
ðA24Þ

and, substituting back into Eq. (A23), generates the
effective operators of the ρJSMEFT-IIa Lagrangian,
Eq. (2.58). The leading term reproduces the operators up
to d ¼ 6; the d ¼ 7 ones—the derivative dressing Od¼7

DHL,

the Higgs dressing Od¼7
WH , and the ρ dressings—arise from

the subleadingOð1=M4
ΔÞ term of the propagator expansion

together with the ρ dependence of MΔ and are most
compactly obtained from the resummation of Eq. (2.64).
The ρJSMEFT-IIb case (MΔ ¼ μ3 > mρ) follows identi-
cally, with M2

Δ → μ23.
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