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This is the companion paper to Pan and Yan [arXiv:2410.15695 (2024)], containing all the details and
series of examples on a 4D mirror symmetry for the class-S theories which relates the representation theory
of the chiral quantization of the Higgs branch and the geometry of the Coulomb branch. We study the
representation theory by using the 4D/vertex operator algebra correspondence, (defect) Schur indices, and
(flavor) modular differential equations, and match the data with the fixed manifolds of the Hitchin moduli
spaces. This correspondence extends the connection between the Higgs and Coulomb branch of Argyres-
Douglas theories, and can provide systematic guidance for the study of the representation theory of vertex
operator algebras by exploiting results from Hitchin systems.
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I. INTRODUCTION AND MAIN RESULTS

The 3D mirror symmetry [1] is a remarkable duality
between a pair of 3D theories with eight supercharges such
that the Coulomb branch of one is the Higgs branch of the
other one and vice versa. It is an invaluable tool to study
moduli spaces of 3D theories, and also deeply related to 3D
symplectic duality [2,3] in mathematics. One may also ask
whether similar mirror symmetry exists for 4D N ¼ 2
theories also with eight supercharges. At first glance this
seems impossible, as the Higgs branches and Coulomb
branches in 4D have different geometries, and can never
exchange roles like in 3D. However, inspired by the 3D
symplectic duality where the quantization of the 3D Higgs
branch is connected to the cohomology of the 3D Coulomb
branch, one may view the 4Dmirror symmetry as the relation
between certain “quantization” of the Higgs branch and the
geometry of the Coulomb branch of a given 4D N ¼ 2
theory. A natural choice is the vertex operator algebra (VOA)
from the 4D/VOA correspondence [4] which is viewed as the
chiral quantization of the Higgs branch [5–7].
Such 4D mirror symmetry was proposed and proved

for 4D N ¼ 2 generalized Argyres-Douglas (AD) theories
[8,9] (see also [10,11]). It is shown that given an AD theory
T there is a bijection between simple modules of V½T � and

the connected components of C� fixed points of MC½T �.
Furthermore, the space spanned by characters of simple
modules is isomorphic to the cohomology of fixed points
under the action of the modular group SLð2;ZÞ. In certain
cases, one can further show that Zhu’sC2 algebra of V½T � is
isomorphic to the cohomology ring of MC½T �. These
results imply that there is indeed a deep relation between
the Higgs and Coulomb branches of 4D N ¼ 2 super-
conformal field theories (SCFTs).
In [12] we provided strong evidence for the correspon-

dence between the chiral quantization of the Higgs branch
and geometry of the Coulomb branch for a large class of 4D
N ¼ 2 SCFTs: the A1 class-S theories T g;n constructed by
compactification of 6D (2,0) SCFTs on a genuse g Riemann
surface Σg;n with n regular punctures [13,14]. In this
manuscript we give extensive details and further evidence
for this relation.
The Higgs branch of T g;n is the Moore-Tachikawa

variety [15]. The chiral quantization Vg;n of the Higgs
branch of T g;n has been constructed in [7]. It is expected
that Vg;n has a finite number of simple modules. Characters
of these simple modules, which are meromorphic functions
of the flavor fugacities and modular parameter q, corre-
spond to (defect) Schur indices of the 4D theory, and satisfy
a set of partial differential equations called the flavor
modular differential equations (FMDEs) [16]. The quasi-
modularity [17] of FMDEs implies that these characters
belong to a representation Vmod

g;n of the modular group.
Usually the dimension of Vmod

g;n is larger than the number
of simple modules, where the extra solutions may be
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identified as characters of logarithmic modules. Ordinary
modules are special simple modules whose characters are
still convergent when setting all flavor fugacities to 1.
Such unflavored characters of ordinary modules satisfy a
modular differential equation (MDE) [5,18] and belong
to a smaller representation Vord

g;n of the modular group.
Practically, we often use the correspondence between the
4D defects and VOA modules [4,19–22] to obtain char-
acters of simple modules of Vg;n [21–23], and extract data
of highest weight state from characters. The basis of Vmod

g;n

or Vord
g;n can be constructed using the Schur index and

modular transformations [23].
The geometry of the Coulomb branch of T g;n is

described by the moduli space Mg;n of the SUð2Þ=Z2

Hitchin system on Σg;n [14]. We are interested in the set of
fixed manifolds denoted by MT

g;n of Mg;n under the Uð1Þr
from the superconformal algebra.MT

g;n’s are studied in [24]
for n ¼ 0 and in [25,26] for n > 0. They provide a
description for each fixed manifold and the critical value
of the moment map ofUð1Þr on each fixed manifold, which
will be crucial in matching with data from Vg;n. Notice that
Mg;n is also homeomorphic to the character variety Cg;n on
Σg;n whose geometries are studied in [27]. We also find that
information on fixed manifolds of Mg;n can also be
extracted from geometric data of Cg;n which was not
noticed by the math community before.
Using the above data from both the Higgs branch and

Coulomb branch, we observe a bijection between the simple
modules of Vg;n and the connected components of fixed
manifolds of Mg;n of the class-S theory T g;n. The highest
weight state of each simple module is completely deter-
mined by the value of the moment map of the corresponding
fixed manifold. Moreover, the Jordan type of modular
matrices on Vmod

g;n is determined by dimensions of each fixed
manifold and g. The later observation also provides an
interpretation of logarithmic modules as certain elements in
the cohomology of Mg;n. Our results show that there is a
deep connection between the chiral quantization of the
Higgs branch and geometry of the Coulomb branch for a
large class of 4D N ¼ 2 theories, suggesting a correspon-
dence between the representation theory of VOAs and
geometry of Hitchin systems in more general terms.
This paper is organized as follows. Section II discusses

simple modules of Vg;n whose characters belong to a finite
dimensional representation of the modular group of Vg;n

(we will call them simple modules or modules for short in
this paper) and how to obtain them. Sections III and IV
collect results on fixed manifolds of Hitchin moduli space
Mg;n and mixed Hodge polynomials of the character
variety Cg;n which will be used to match with module
data. With all the preparation, we finally summarize
our statements on the mirror symmetry in Sec. V. We
then provide examples of our conjectures in Sec. VI.

Generalizations to higher rank class-S theories are dis-
cussed in Sec. VII. Finally, generalizations and future
directions will be discussed in Sec. VIII.

II. SIMPLE MODULES OF Vg;n

In this section we review simple modules of Vg;n and
how to obtain their characters from FMDE or (defect)
Schur indices. By simple modules we mean simple mod-
ules whose characters belong to a finite dimensional
representation of the modular group of Vg;n, and we will
call them simple modules for short in this paper.

A. Characters of simple modules
of Vg;n from Schur indices

Any 4D N ¼ 2 SCFT T contains a subsector of
protected local operators (Schur operators) which can be
endowed with the structure of a 2D VOA V½T �with central
charge c ¼ −12c4d [4]. Here c4d is the c central charge of
the 4D theory T . When T enjoys a continuous flavor
symmetry f, V½T � contains an affine subalgebra f̂k at level
k ¼ − 1

2
k4d where k4d is the 4D anomaly coefficient of f.

Through this correspondence, many physical observables
in the 4D theory T are mapped to the representation data of
the associated VOA V½T �. One such example is the Schur
index I ½T � [28,29],

I ½T � ¼ trSchurð−1ÞFqE−Rbhf ; ð1Þ

which is identified with the (normalized) vacuum character
qc=24χ0 of V½T �. Here hf collectively denotes the Cartan
generators of f, and the flavor fugacities b collectively
represents flavor fugacities bi. Similarly, Schur indices with
defects inserted correspond to linear combinations of
characters of simple modules [19]. Therefore, the 4D/
VOA correspondence is a powerful tool to study the
representation theory of V½T � when physical observables
like (defect) Schur indices can be computed explicitly. For
all indices (characters), one can take the unflavored limit by
sending all bi’s to 1; however, the result may not always be
convergent.
In particular, for A1 class-S theory T g;n, the flavored

Schur index Ig;n ¼ χ0½Vg;n� has a closed-form expression
in terms of the Eisenstein series Ek½�1

b � [21],

Ig;n>0 ¼
in

2

ηðτÞ2g−2þnQ
n
j¼1 ϑ1ð2bjÞ

X
αj¼�1

�Yn
j¼1

αj

� X2g−2þn

k¼1

λð2g−2þnÞ
k Ek

×

" ð−1ÞnQ
n
j¼1 b

αj
j

#
; ð2Þ

Ig;0 ¼
1

2
ηðτÞ2g−2

Xg−1
k¼1

λð2g−2Þ2k

�
E2k þ

B2k

ð2kÞ!
�
; ð3Þ
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where λ’s are some rational numbers defined by a set of
recursion relations, and bi ¼ e2πibi denotes the flavor
fugacity of the SUð2Þ flavor symmetry associated to the
i-th puncture on the corresponding Riemann surface Σg;n.
Such a closed-form expression made the study of modular
properties of characters possible.

A vortex surface defect of T g;n can be constructed by
coupling the theory to a T 0;3, then turning on a position-
dependent vacuum expectation value (VEV) for a Uð1Þ
baryonic operator, and finally flowing the system to the
infrared [30]. Let κ be the vorticity of the defect; the defect
Schur index Ivortex

g;n ðκÞ is certain residue of the Schur index
Ig;nþ1 [19,30–32],

Ivortex
g;n ðκÞ ¼ 2ð−1Þκq−ðκþ1Þ2

2 Res
bnþ1→q

1þκ
2

ηðτÞ2
bnþ1

Ig;nþ1ðb1;…; bnþ1Þ: ð4Þ

The closed form of Ivortex
g;n ðκÞ is also known [21]:

Ivortex
g;n>0ðκÞ ¼ ð−1Þκ ηðτÞnþ2g−2Q

n
i¼1 ϑ1ð2biÞ

X
αi¼�

�Yn
i¼1

αi

� Xnþ1þ2g−2

l¼1

λ̃nþ1þ2g−2
l ðκ þ 1ÞEl

� ð−1ÞnþκQ
n
i¼1 b

αi
i

�
; ð5Þ

Ivortex
g;0 ðκÞ ¼ ηðτÞ2g−2

Xg−1
l¼0

clðκÞE2l

� ð−1Þκ
1

�
; ð6Þ

for some rational numbers λ̃ð2g−2þnþ1Þ
l and c. For our purpose, we focus on the defects with even vorticity κ. When κ ¼ 0, the

defect is effectively absent, whose index recovers the original Schur index Ig;n.
Since all duality frames of A1 class-S theory T g;n have Lagrangian description with 3g − 3þ n SUð2Þ gauge groups

coupling 2g − 2þ n copies of T 0;3, one can insert Wilson lines charged under the various SUð2Þ gauge groups into the
index. When the Wilson line is charged under only one SUð2Þ gauge group, there are two possible types: type II if T g;n

becomes two decoupled A1 class-S theories in the zero coupling limit of this SUð2Þ gauge group, and type I otherwise. The
index with a type I Wilson line in the spin-j representation inserted is [22]

hWj∈ZiðIÞg≥1;n ¼ Ig;n −
1

2

�Yn
i¼1

iηðτÞ
ϑ1ð2biÞ

�Xþj

m¼−j
m≠0

�
ηðτÞ

qm=2 − q−m=2

�
2g−2 Yn

i¼1

bmi − b−mi
qm=2 − q−m=2 ; ð7Þ

hWj∈Zþ1
2
iðIÞg≥1;n ¼ 0: ð8Þ

For a type II Wilson line, if the two decoupled theories are T g1;n1 and T g1;n1 , then

hWjiðIIÞg1;n1;g2;n2 ¼ Ig1þg2;n1þn2−2δj∈Z þ ηðτÞ2ðg1þg2Þþðn1þn2−2Þ−2

2
Qn1þn2−2

i¼1 ϑ1ð2biÞ

×
Xj

m¼−j
m≠0

X
α⃗

� Yn1þn2−2

i¼1

αi

� Xmaxðniþ2gi−2Þ

l¼0

Λðg1;n1;g2;n2Þ
l ðb2m; q2mÞEl

�
1Qn1þn2−2

i bαii

�
; ð9Þ

where Λ denote some rational functions of q; bi. Wilson
line indices are linear combinations of characters with
coefficients being rational functions of q; bi. All the above
line and surface defect indices have a smooth bi → 1 limit.

B. Modular invariance

By construction, the VOA V½T � is quasilisse [18], whose
modules share similar modularity properties as rational

VOAs. A quasilisse VOA has various types of modules.
The simplest ones are ordinary modules—simple modules
whose weight spaces at any given conformal weight h are
finite dimensional. The vacuum module is one example of
the ordinary module. There are also simple but nonordinary
modules, whose weight spaces are infinite dimensional at
certain h. Finally, modularity requires the existence of
logarithmic modules.
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It is shown that the unflavored limit of the vacuum
character (Schur index) χ0 together with characters of all
ordinary modules of V½T � satisfies an MDE [5,18,33],

DðNÞ
q χ0 þ

XN−1

r¼0

ϕN−rðτÞDðrÞ
q χ0 ¼ 0; ð10Þ

where DðkÞ
q ≔ ∂2k−2∂2k−4 � � � ∂ð0Þ with ∂ðkÞ ≔ q∂q þ kE2ðτÞ,

and the coefficient ϕnðτÞ denotes a modular form [34] of
weight 2n with respect to the modular group Γ of V½T �. A
precise form of ϕn varies according to the theory T . Under
the action of the modular group Γ, the equation transforms
covariantly; therefore all its solutions span a representation
Vord½T � of Γ of dimensionN. Usually Eq. (10) contains also
solutions with log q terms besides unflavored characters of
ordinary modules. These logarithmic solutions could be
viewed as characters of certain logarithmic modules.
Unlike rational VOA, characters of ordinary modules alone
are not modular invariant. The modular invariance is only
achieved with the inclusion of characters of logarithmic
modules.
The full vacuum character (Schur index), together with

characters of other simple modules of V½T � satisfy FMDEs
which is a set of partial differential equations with quasi-
Jacobi forms as coefficients. Schematically, an FMDE
looks likeX

k;l1 ;…;lr
2kþl1þ���þlr≤2n

ϕk;l1;…;lrðq; biÞDl1

b1
…Dlr

br
DðkÞ

q χ0 ¼ 0; ð11Þ

where bi’s are flavor fugacities bi associated to Cartans of
flavor symmetry of T , Dbi ≔ bi∂bi , and ϕk;l1;…;lr

is a
quasi-Jacobi form. Under the modular group, Dbi is of

modular weight 1, DðkÞ
q of 2k, and the weight of

ϕk;l1;…;lrðq; biÞ is determined by requiring homogeneity
of the whole equation. These equations again come from
suitable null states in VOA V½T � which is equivalent to
relations among Schur operators. Similar to the unflavored
case, we expect that the solutions of the FMDEs also form a
representation V ½T � of the modular group Γ [35]. However,
this is a highly nontrivial statement, since an FMDE is in
general not covariant under the modular group Γ; instead, it

exhibits a “quasimodular property” where an FMDE eqðwÞ
of weight w transforms into a sum of FMDEs of equal or
lower weights [16],

eqðwÞ → τweqðwÞ þ
X
i

τw−1bieq
ðw−1Þ
i

þ
X
i;j

τw−2bibjeq
ðw−2Þ
ij þ � � � : ð12Þ

Note that τ ¼ 1
2πi logq, bi ¼ 1

2πi log bi.
These equations are conjectured to be almost covariant

under modular transformation [16], which we refer
to as “quasimodularity” and implies that the characters
belong to a representation Vmod

g;n of the modular group.
Quasimodularity then implies that a solution to eqðwÞ

should simultaneously solve all the eqðw
0Þ

ij��� that appear on
the right. The additional FMDEs are likely to arise from
additional null states, and the modular transformation of the

FMDEs eqðwÞ; eqðw
0Þ

ij��� can be viewed as an action of Γ on
these null states.
FMDEs also have two types of solutions. Solutions

without terms proportional to ðlog qÞn and ðlog biÞn are
(linear combinations) of characters of simple modules,
while logarithmic solutions are also present because of
invariance. A nonlogarithmic solution can be expanded as a
q series a0ðbiÞq−hþc=24 þ � � �, from the leading term of
which one can read off both the conformal weight h and
flavor weight/Dynkin label of the highest weight state of
the corresponding simple modules.
For T g;n with small values of g, n, the corresponding null

states and/or FMDEs can be worked out explicitly, then
used to construct the representation Vmod

g;n of Γ [36].
However, as g or n get larger, it is increasingly difficult
to find out the precise form of all the FMDEs. In that case,
one can build a basis for a subspace Vord

g;n of Vmod
g;n starting

from the closed form expressions of characters of simple
ordinary modules from defected Schur indices mentioned
in the previous subsection, then apply modular trans-
formation on the indices (characters) to complete the whole
basis. In the end, one finds the following basis of Vord

g;n:

fTl
ð2ÞSð2ÞIg;nggl¼0

∪ fTl
ð2ÞSð2ÞT

g
ð2ÞSð2ÞIg;nggþ2

l¼0
∪ fTl

ð2ÞSð2ÞT
gþ2

ð2Þ Sð2ÞT
gþ1

ð2Þ Sð2ÞIg;nggþ4

l¼0

∪ � � � � � � ∪ fTl
ð2ÞSð2ÞT

3g−3þn−2
ð2Þ � � � Sð2ÞTgþ1

ð2Þ Sð2ÞIg;ng3g−3þn
l¼0

: ð13Þ

Here Tð2Þ ≡ e−
πi
3
ðg−n−1ÞT2 − 1, Sð2Þ ≔ STS, which are always elements of either SLð2;ZÞ or Γ0ð2Þ ⊂ SLð2;ZÞ. The

representation matrices for S and T (respectively (resp.) STS and T2) can then be computed explicitly.
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III. FIXED MANIFOLDS OF MODULI SPACES OF
HIGGS BUNDLES

In this section we review some information on Higgs
bundles and their fixed points under the Uð1ÞðC�Þ action.
We will mainly focus on the rank-1 case. Higher rank cases
are discussed in [37].
Following [14], the Coulomb branch of T g;n is described

by the moduli spaceMg;n of the SUð2Þ=Z2 Hitchin system
on Σg;n. Specifically Mg;n is the solution space of the
Hitchin equations on Σg;n [24]:

FA þ ½φ;φ†� ¼ 0; ð14Þ
∂Aφ ¼ 0; ð15Þ

where FA is the curvature of the gauge field A ¼ Azdzþ
Az̄dz̄ and φ is the adjoint scalar. At the i-th regular
puncture, the pair ðA;φÞ is singular with the following
asymptotic form around the puncture:

A ∼ αidθ; ð16Þ

φ ∼
f
z
þ regular: ð17Þ

Here f is a nilpotent element in suð2Þ Lie algebra. In math
literature, Mg;n is also called the moduli space of Higgs
bundles, and αi is the parameter that specifies the parabolic
structure of the Higgs bundle around the i-th puncture.
The Uð1Þr R symmetry acts nontrivially on Mg;n which

simply rotate the Higgs field φ by a phase. Given a pair
ðA;φÞ∈Mg;n, the moment map μ of theUð1Þr is defined as

μ ¼ i
2π

Z
Σg;n

trðφφ†Þdzdz̄; ð18Þ

which is a Morse function onMg;n. Therefore the set of the
Uð1Þr fixed manifolds MT

g;n and critical values of mu on
each fixed manifold are important in studying the topology
of Mg;n, and we summarize the results here.
Firstly we consider cases with n ¼ 0 punctures; the

moduli space of Higgs bundles is nontrivial when g ≥ 2.
There are exactly g fixed manifolds as described by
proposition 7.1 of [24].
(1) The fixed manifold M0 with moment map μ ¼ 0 is

diffeomorphic to the moduli space of stable rank-2
bundles of odd degree and fixed determinant overΣg;0.

(2) There are g − 1 fixed manifolds fMdg1≤d≤g−1 with
μ ¼ d − 1

2
and index λd ¼ 2ðgþ 2d − 2Þ. Md is

diffeomorphic S̃Σg;0, a 22g-fold covering of
S2g−2d−1Σg;0 where SdM is the d-th symmetric
product of M.

Note that the moment map formula μðMdÞ features a 1
2
jump

at d ¼ 0. The maximal value of μ is μmax ¼ g − 3
2
, and the

minimal value μmin ¼ 0.

Now we add n > 0 regular singularities to the Riemann
surface. In particular, we consider the cases where
2g − 2þ n > 1, and the N ¼ 4 SUð2Þ theory, correspond-
ing to the ðg; nÞ ¼ ð1; 1Þ case but with the free hyper-
multiplet decoupled. For each puncture, we need the
parameter 0 < αi < 1

2
to describe the parabolic structure

on the i-th puncture. Fixed manifolds are classified in
[25,26]. Following the notation of [25], define ei ∈ f0; 1g
for the i-th puncture and βiðei; αiÞ ¼ ei þ ð−1Þeiαi. Write
e ¼ ðe1;…; enÞ, α ¼ ðα1;…; αnÞ and β ¼ ðβ1;…; βnÞ.
Also define jej ¼ P

n
i¼1 ei. Then the fixed manifolds are

given as follows:
(1) There is a set of fixed manifolds Md;e where d is an

integer, such that the sequence e and d should satisfy
the constraint

−
Xn
i¼1

βiðei; ðnþ 1Þ−iÞ < d ≤ g − 1 − jej=2: ð19Þ

On Md;e the moment map μ ¼ μd;e ≔ dþP
n
i¼1 βi.

The index λd;e ¼ 2ðnþ 2dþ g − 1þ jejÞ. Md;e is
diffeomorphic to S̃hd;eΣg;n, a 22g cover of the Shd;eΣg;n

with hd;e ¼ 2g − 2 − 2d − jej. Here Shd;eΣg;n de-
notes the hd;e-fold symmetric product of Σg;n.

(2) When g ≥ 1, there is an additional fixed point M0

with μ ¼ 0 which is diffeomorphic to the moduli
space of stable rank-2 bundles over Σg;n, with
dimension dimM0 ¼ 3g − 3þ n.

A few remarks follow. In the above definition, the fixed
manifolds Md;e do not depend on the parabolic structure
parameters fαig. However, the values of the moment
map μ on each fixed manifold do depend on αi, which will
be mapped to the VOA data. The constraint (19) implies

μd;e > 0; hd;e ≥ 0: ð20Þ
Hence, for g ≥ 1, the moment map assumes its minimum on
M0 with μmin ¼ 0, while for g ¼ 0, μmin ¼ α1 −

Q
n
i¼2 αi on

M−ðn−1Þ;ð0;1;…;1Þ where λd;e ¼ 0.
For any g, n, consider e ¼ ð1; � � � 1Þ and hence jej ¼ n.

Then we haveXn
i¼1

βiðei; ðnþ 1Þ−iÞ

¼ n −
ðnþ 1Þ−ðnþ1Þððnþ 1Þðnþ 1Þ − 1Þ

n
ð21Þ

⇒ ⌈ −Xn
i¼1

βiðei; ðnþ 1Þ−iÞ⌉ ¼ 1 − n: ð22Þ

As a result, there are always solutions of integer d to the
constraint (19) for this special e ¼ ð1;…; 1Þ,
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1 − n ≤ d ≤ g − 1 −
n
2
: ð23Þ

Therefore, there always exist the fixed manifoldsMd;ð1;…;1Þ
where 1 − n ≤ d ≤ g − 1 − n

2
. In particular, when n is

positive even and d ¼ g − 1 − n
2
,

μd¼g−1−n
2
;ð1;…;1Þ ¼ g − 1þ n

2
−
Xn
i¼1

αi ¼ max
e

μd¼g−1−n
2
;e:

ð24Þ
Note that at a different d there may be some μd;e ≥
μd¼g−1−n

2
;ð1;…;1Þ. When the parabolic parameters further

satisfy αn < � � � < α2 < α1 <
1
4
, μg−1−n

2
;ð1;…;1Þ ¼

maxe;d μd;e. Therefore we denote μmax ≔ μg−1−n
2
;ð1;…;1Þ for

positive and even n. Hence, for other d, e,

μd;e − μmax ¼ dþ jej −
�
g − 1þ n

2

�
þ
Xn
i¼1

½ð−1Þei þ 1�αi;

ð25Þ
where the coefficients of αi are all non-negative. In
particular,

μd;ð1;…;1Þ ¼dþn−
�
g−1þn

2

�
∈
�
2−g−

n
2
;…;−2;−1;0

�
:

ð26Þ

Similarly, for the theories we consider, there are always
the fixed manifolds

Md;ð0;1;…;1Þ; 1 − n ≤ d ≤ g −
1

2
−
n
2
: ð27Þ

In particular, when n is positive odd and d ¼ g − 1
2
− n

2
∈Z,

μg−1
2
−n
2
;ð0;1;…;1Þ ¼ g −

3

2
þ n

2
þ α1 −

Xn
i¼2

αi ¼ max
e

μg−1
2
−n
2
;e:

ð28Þ
We then denote μmax ¼ μg−1

2
−n
2
;ð0;1;…;1Þ. When the parabolic

parameters further satisfy αn < � � � < α2 < α1 < 1
4
,

μmax ¼ maxe;d μd;e. The difference

μd;e − μmax ¼ dþ jej −
�
g −

3

2
þ n

2

�
þ ½ð−1Þe1 − 1�α1

þ
Xn
i¼2

½ð−1Þei þ 1�αi: ð29Þ

The coefficients of αi¼2;…;n are all non-negative, while the
coefficient of α1 is nonpositive. In particular,

μd;ð0;1;…;1Þ − μmax ¼ d −
�
g −

1

2
−
n
2

�
∈
�
3

2
−
n
2
− g;…;−2;−1; 0

�
: ð30Þ

IV. MIXED HODGE POLYNOMIALS OF
CHARACTER VARIETIES

To complete the last piece of the correspondence, we
review some known results on the mixed Hodge poly-
nomials of the SUð2Þ=Z2 character varieties. Fix a tuple of
n partitions p ¼ ðp1; p2;…; pnÞ of size k. LetG beUðkÞ or
SUðkÞ=Zk. A G character variety CG

p of the Riemann
surface Σg;n is

CG
p ≔ fA1; B1;…; Ag; Bg ∈G;X1 ∈C1;…; Xn ∈Cnj ð31Þ

ðA1; B1Þ � � � ðAg; BgÞX1 � � �Xn ¼ Ikg=G: ð32Þ

Here Ci ⊂ G is the semisimple conjugacy class fixed by the
partition pi. ðA;BÞ ≔ ABA−1B−1 and Ik is the identity
matrix.
The (compactly supported) mixed Hodge polynomials of

CG
p are

HcðCG
p ; x; y; tÞ ≔

X
hi;j;kc ðCG

p Þxiyjtk; ð33Þ

where hi;j;kc ðCG
p Þ are the compactly supported mixed

Hodge numbers [38,39]. It is a deformation of the
compactly supported Poincare polynomial PcðCG

p ; tÞ ¼
HcðCp; 1; 1; tÞ. The pure part of Hc is the polynomial

PHcðCG
p ; x; yÞ ≔

X
hi;j;iþj
c ðCG

p Þxiyj: ð34Þ

Because hi;j;kc ðCG
p Þ ¼ 0 unless i ¼ j, HcðCG

p ; x; y; tÞ is a
polynomial in variables xy and t, and one can write

HcðCG
p ; q; tÞ ≔ HcðCG

p ; x ¼ ffiffiffi
q

p
; y ¼ ffiffiffi

q
p

; tÞ; ð35Þ

and

PHcðCG
p ; qÞ ≔ PHcðCG

p ; x ¼ ffiffiffi
q

p
; y ¼ ffiffiffi

q
p Þ ð36Þ

for simplicity.
HcðCG

p ; q; tÞ and PHcðCG
p ; qÞ can be computed using the

Macdonald symmetric function [40], which we will recall.
Let the Cauchy function of Σg;n be

Ωðz; wÞ ≔
X
p∈P

Hpðz; wÞ
Yn
i¼1

H̃pðxi; z2; w2Þ; ð37Þ
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where P is the set of all partitions, H̃pðx; z2; w2Þ is the
modified Macdonald symmetric function [41], and
Hpðz; wÞ is the z, w deformation of the (2g − 2)-th power
of the hook polynomial

Hpðz;wÞ≔
Y
□∈p

ðz2að□Þþ1−w2lð□Þþ1Þ2g
ðz2gþ2−w2lð□ÞÞðz2að□Þ−w2lð□Þþ2ÞÞ: ð38Þ

Here the product runs over all boxes□ in p. að□Þ and lð□Þ
are the arm or leg length of the corresponding box.
Given a tuple of n partitions p ¼ ðp1;…; pnÞ∈Pn,

define

Hpðz; wÞ ≔ ðz2 − 1Þð1 − w2ÞhPlog½Ωðz; wÞ�; hpi: ð39Þ

Here hp ≔ hp1ðx1Þ � � � hpnðxnÞ the product of complete
symmetric functions, h·; ·i is the extended Hall pairing

ha1ðx1Þ���anðxnÞ;b1ðx1Þ���bnðxnÞi¼ha1;b1i���han;bni;
ð40Þ

where hai; bii is the Hall pairing on symmetric functions
over xi [42]. Plog is the polytheistic logarithm

Plog½fðx1; x2; � � �Þ� ¼
X∞
n¼1

μðnÞ
n

log fðxn1; xn2; � � �Þ; ð41Þ

where μ is the Mobius function.
The most crucial observation of [40] is that for

G ¼ UðkÞ, the mixed Hodge polynomial and its pure part

of CUðkÞ
p can be expressed in terms of Hp, more precisely,

HcðCUðkÞ
p ; q; tÞ ¼ ðt ffiffiffi

q
p ÞdμHμ

�
−

1ffiffiffi
q

p ; t
ffiffiffi
q

p �
; ð42Þ

and

PHcðCUðkÞ
p ; q; tÞ ¼ ðqÞdμHμð0;

ffiffiffi
q

p Þ; ð43Þ

where dμ is the dimension ofCUðkÞ
p . To get the mixed Hodge

polynomial of CSUðkÞ=Zk
p , one simply removes a factor

ðt ffiffiffi
q

p Þ2gð1þ qtÞ2g from CUðkÞ
p which corresponds to the

mixed Hodge polynomial of CUð1Þ
p . By the definition of the

pure part of mixed Hodge polynomials, PHcðCSUðkÞ=Zk
p Þ

differs from PHcðCUðkÞ
p Þ only by a factor of q2g.

In this paper we consider only k ¼ 2, and each puncture
has only one choice of partition ½12�. The H polynomial for
g and n > 0 is

Hg;n ¼
ðz3 − wÞ2gð1þ z2Þn
ðz2 − w2Þðz4 − 1Þ þ ðw3 − zÞ2gð1þ w2Þn

ðw2 − z2Þðw4 − 1Þ

þ ðz − wÞ2g2n−1
ðw2 − 1Þðz2 − 1Þ : ð44Þ

To get the H polynomial for g and n ¼ 0, one can start with
a genus g Riemann surface with one puncture with partition
½2�, and the result is [27]

Hg;0 ¼
ðz3 − wÞ2g

ðz2 − w2Þðz4 − 1Þ þ
ðz − w3Þ2g

ðw2 − z2Þð1 − w4Þ

−
ðz − wÞ2g

2ðz2 − 1Þð1 − w2Þ −
ðzþ wÞ2g

2ðz2 þ 1Þð1þ w2Þ : ð45Þ

Physically this means that one can remove a puncture
by fully closing it. One can then write down

PHcðCSUð2Þ=Z2
g;n ; q; tÞ from the H polynomials.

To better compare with the fixed manifold, we need a
renormalized version of PHcðCSUð2Þ=Z2

g;n ; qÞ:

Pg;nðqÞ ≔ qðg−1Þð1−δn;0Þþ1−dg;n
2 PHcðCSUð2Þ=Z2

g;n ;qÞ
¼ qðg−1Þð1−δn;0Þþ1Hg;nð0; ffiffiffi

q
p Þ: ð46Þ

This is the polynomial used in conjecture 3.
Remark: the Cauchy function Ωðz; wÞ (37) is very

similar to the Macdonald index [29] of TN theory with
N → ∞. We do not know the reason behind this
similarity yet.

V. MAIN RESULTS

Now we are ready to state our results. First consider
cases with n ¼ 0, since there is no flavor symmetry from
punctures, the highest weight state of a simple module La is
determined by its conformal dimension hðLaÞ [43], and all
La’s are ordinary modules. We have
Conjecture 1. When n ¼ 0, there is a bijection between

the g simple modules fLag of Vg;0 and the g fixed
manifolds fMag0≤a≤g−1 of Mg;0 such that

hðLaÞ¼μðMaÞ−gþ3

2
−
1

2
δμðMaÞ;0¼μ−μmax−

1

2
δμðM0Þ;0:

ð47Þ

Moreover, the Jordan type of modular T matrix is

½ð1 − δμðMaÞ;0ÞðdimMa þ 1Þ þ g�Ma ∈MT
g;0
; ð48Þ

with g Jordan blocks.
The order of MDE (10) of the theory is just the sum of

sizes of all Jordan blocks of T. Our results compute the
order of MDE in terms of dimensions of fixed manifolds.
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When adding regular punctures on the Riemann surface,
one needs also to assign a parabolic parameter αi for the i-
th puncture. The value of the moment map μ on each fixed
manifold will be a function of the parameters fαig1≤i≤n.
The correspondence in this case is given by the following.
Conjecture 2. When n > 0 and assuming

0 < αn < � � � < α1 < 1=4, there is a bijection between
the simple modules fLag of Vg;n and the fixed manifolds
MT

g;n ¼ fMag such that, for even n,

μMa
− μmaxjαi↦−ωðiÞ ¼ hðLaÞ þ

Xn
i¼1

λiω
ðiÞ; ð49Þ

and for odd n,

μMa
− μmaxjα1↦1

2
þωð1Þ;αi>1↦1

2
−ωðiÞ ¼ hðLaÞ þ

Xn
i¼1

λiω
ðiÞ: ð50Þ

Here μmax is defined in Sec. III, and ωðiÞ is the fundamental
weight of the i-th flavor suð2Þ. The highest weight state of

La has conformal dimension hðLaÞ and transforms in the
representation ½λ1; λ2;…; λn� under the flavor symmetry
suð2Þð1Þ × � � � suð2ÞðnÞ. Moreover, the Jordan type of
modular T (resp. STS) is

½ð1 − δμðMaÞ;0ÞðdimMa þ 1Þ þ g�Ma ∈MT
g;n
; ð51Þ

for n even (resp. odd).
When g ¼ 0 the total number of simple and logarithmic

modules is the same as the dimension of the cohomology of
M0;n, hinting strongly that logarithmic modules corre-
spond to elements in the cohomology ring of M0;n.
As the moment map of a fixed manifold completely

determines the highest weight state of the corresponding
simple module, we can identify all the ordinary modules,
and compute the modular matrices among them (and some
of the logarithmic modules) such as Tord, ðSTSÞord.
Corollary 1. All ordinary modules of Vg;n correspond to

fixed manifolds in the subset

Mord
g;n ¼

( fMd;ð1;1;…;1Þg−nþP
i
αi<d≤g−1−n=2; if n is even;

fMd;ð0;1;…;1Þg−nþ1−α1þ
P

i>1
αi<d≤g−1−ðn−1Þ=2; if n is odd;

ð52Þ

such that

μðMÞ − μmax ¼ hðLordÞ: ð53Þ

The Jordan type of Tord [resp. ðSTSÞord] is ½dimM þ gþ
2�M∈Mord

g;n
(resp. ½dimM þ gþ 1�M∈Mord

g;n
).

Again, the total size of Tord or ðSTSÞord (hence the order
of MDE) can be computed using the dimensions of fixed
manifolds corresponding to ordinary modules.
As mentioned before Mg;n is homeomorphic to the

character variety Cg;n. We also find the following relations
among Cg;n, Mg;n and Vg;n.
Conjecture 3. Let Pg;nðqÞ ¼

P
i aiq

di be the renormal-
ization of the pure part of the mixed Hodge polynomial of

MSUð2Þ=Z2
g;n defined in (46). The total number of fixed

manifolds of Mg;n (i.e., the number of simple modules
of Vg;n) is Pg;nð1Þ ¼

P
i ai, dimVmod

g;n ¼ P
i aidi, and the

Jordan type of the modular matrix is ½daii �.
This conjecture, similar to the P ¼ W conjecture, also

builds a bridge between renormalized mixed Hodge poly-
nomials of character varieties and fixed manifolds of
Hitchin moduli spaces. To the best of our knowledge, this
correspondence was not noticed in the math literature.

VI. EXAMPLES

A. g ≥ 2, n= 0 cases

As there is no flavor symmetry from the punctures when
n ¼ 0, in this subsection only ordinary modules and the
corresponding logarithmic sector will be considered. As a
result, we will focus on the MDEs in the n ¼ 0 cases.

1. Example ðg;nÞ= ð2;0Þ
The associated VOA has central charge c ¼ −26, which

has been studied extensively [44,45]. The vacuum character
χ0 satisfies a sixth order MDE given in [5]

½Dð6Þ
q −305E4D

ð4Þ
q −4060E6D

ð3Þ
q þ20275E2

4D
ð2Þ
q

þ2100E4E6D
ð1Þ
q −ð68600E2

6−49125E3
4Þ�χ0¼0; ð54Þ

with two nonlog solutions,

χ0 ¼
1

2
ηðτÞ2

�
E2 þ

1

12

�
; χ1 ¼ ηðτÞ2; ð55Þ

which correspond to the vacuum module (h ¼ 0) and
another module with h ¼ −1 respectively. There are also
four log solutions,
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χlong1 ¼ −
1

24
iτηðτÞ2 þ 1

4π
τ2ηðτÞ2 − i

2
τ3ηðτÞ2E2ðτÞ ð56Þ

χlong2 ¼ −
1

24
iτηðτÞ2 þ 1

4π
ηðτÞ2 þ 1

2π
τηðτÞ2 − i

2
ηðτÞ2E2ðτÞ

ð57Þ

−
3

2
iτηðτÞ2E2ðτÞ −

3

2
iτ2ηðτÞ2E2ðτÞ ð58Þ

χlong3 ¼ þ 1

2π
ηðτÞ2 − 3iηðτÞ2E2 − 3iτηðτÞ2E2ðτÞ ð59Þ

χlong4 ¼ i
π
τηðτÞ2 − 3i

2π
τ2ηðτÞ2 þ 3τ2ηðτÞ2E2ðτÞ

− 3τ3ηðτÞ2E2ðτÞ; ð60Þ

where as usual q ¼ e2πiτ. These six solutions span a six-
dimensional representation of the modular group SLð2;ZÞ.
In the ordered basis ðχ0; χ1; χlog3 ; χlog2 ; χlog4 ; χlog1 Þ, the matrix
representation of the T transformation is0BBBBBBBBBB@

eπi=6 0 0 0 0 0

0 eπi=6 0 0 0 0

−6e2πi=3 1
2
e2πi=3 eπi=6 0 0 0

0 0 eπi=6 eπi=6 0 0

−6eπi=6 eπi=6 2e2πi=3 −6e2πi=3 eπi=6 0

0 0 0 eπi=6 0 eπi=6

1CCCCCCCCCCA
;

ð61Þ

which has a Jordan type [2, 4], the same as the prediction
from the dimension of fixed manifolds, and all diagonal
elements in the Jordan normal form are eπi=6. The renor-

malized mixed Hodge polynomial of CSUð2Þ=Z2

2;0 is

P2;0ðqÞ ¼ q2 þ q4: ð62Þ

Therefore our proposal is confirmed in this example.

2. General g ≥ 2, n = 0

The associated VOA Vg;0 has not been explicitly con-
structed. However, we may resort to indices of T g;0 to make
predictions on the representation theory of Vg;0. The vortex
indices Ivortex

g;0 ðκÞ with even vorticity κ are linear combi-
nations of ηðτÞ2g−2E2lðτÞ;l ¼ 0; 1; 2;…; g − 1, which
predicts g ordinary modules LðhÞ with conformal
weights [46],

h ¼ 0;−1;−2;…;−gþ 1: ð63Þ

Here h ¼ 0 corresponds to κ ¼ 0, the vacuum module of
the VOA.
Let us denote hd ¼ d − gþ 1with d ≔ ðg − 1Þ − κ

2
given

in terms of the vorticity κ. We have a bijection between
modules and fixed manifolds,

LðhdÞ ↔ Md: ð64Þ

The relation between the conformal weights and critical
values of the moment map is simply

hd ¼ μðMdÞ − μmax −
1

2
δd;0; ð65Þ

where μðMd>0Þ ¼ d − 1
2
, μðM0Þ ¼ 0, and μmax ¼ g − 3

2
. In

particular, we see that the vacuum module Lð0Þ corre-
sponds to the fixed manifold Mg−1, while the module
Lðh ¼ −gþ 1Þ associated to the vorticity κ ¼ 2g − 2
corresponds to the fixed manifold M0. The Kronecker
delta term compensates the jump in the moment map
μðMdÞ from d ¼ 0 to d > 0. This relation is consistent
with the relation in [10,11] as there are noM0 when g ¼ 0.
Using either vortex indices or fηðτÞ2g−2E2lg, we

compute the modular T matrix. The Jordan type of
the modular T matrix is ½g; gþ 2; gþ 4;…; 3g − 2�,
where the sizes of the blocks can be identified with
½g; dimMg−1 þ gþ 1;…; dimM1 þ gþ 1�. The total
dimension of V (i.e., the total order of modular linear
differential equation (MLDE)) is then

gþ
Xg−1
d¼1

ðdimMd þ gþ 1Þ ¼ gð2g − 1Þ; ð66Þ

matching the conjecture in [47]. Using Eq. (45) one finds

the renormalized mixed Hodge polynomial of CSUð2Þ=Z2

g;0 is

Pg;0ðqÞ ¼ qg þ qgþ2 þ qgþ4 þ � � � þ q3g−2; ð67Þ

which confirms Conjecture 3 in the case when n ¼ 0.

B. g, n > 0 cases

When the number n of punctures is nonzero, the four-
dimensional A1 theory enjoys at least an SUð2Þn flavor
symmetry, implying the existence of n affine csuð2Þ−2
subalgebras in Vg;n. The flavor symmetry acts nontrivially
on the Higgs branch which corresponds to the associated
variety XVg;n

. Since the classifications of simple modules for
most Vg;n are unknown, we will use the method described
in Sec. II to study its ordinary, simple, and log modules, and
match with fixed manifold data. Our results also provide
predictions on classifications of simple modules of Vg;n.
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1. Example g = 0, n = 3

The theory T 0;3 is the building block of the A1 class-S
theories. It is the theory of four free hypermultiplets which
carries a USpð8Þ flavor symmetry, where only the SUð2Þ3
part is visible in the class-S construction. The associated
VOA V0;3 is four decoupled βγ systems. The Schur index is

I0;3 ¼
Y

α;β¼�

ηðτÞ
ϑ1ðb1 þ αb2 þ βb3Þ

: ð68Þ

There are two crucial flavored MLDEs coming from the
null states of the chiral algebra,�

Dð1Þ
q −

1

2

X
αi¼�

E2

� −1Q
3
i¼1 b

αi
i

��
I0;3 ¼ 0 ð69Þ

�
Dbi −

X
α;β¼�

E1

� −1
bibαj b

β
k

��
I0;3 ¼ 0; i ≠ j ≠ k: ð70Þ

It straightforward to show that the two equations have only
one simultaneous solution given simply by I0;3.
On the Hitchin moduli space side, there is only one

fixed manifold M−2;ð0;1;1Þ with the unique moment map
μ − μmax ¼ 0. The fixed manifold corresponds precisely to
the unique character I0;3.

2. Example g = 0, n = 4

T 0;4 is theN ¼ 2 SUð2Þ gauge theory coupled with four
fundamental hypermultiplets. The associated VOA V0;4 is
isomorphic to the affine vertex algebra L−2ðD4Þ whose
simple modules are classified in [48,49]. There are four
nonvacuum simple modules whose highest weight states
have D4 weights −2ω1;−ω2;−2ω3;−2ω4. If we choose
fθ; α1; α3; α4g of D4 to be positive roots of the suð2Þ⊗4

subalgebra of D4, the Dynkin labels of the highest weight
states of nonvacuum simple modules under suð2Þ⊗4

will be ½−2;−2; 0; 0�, ½−2; 0; 0; 0�, ½−2; 0;−2; 0�, and
½−2; 0; 0;−2�. The vacuum module has 0 conformal weight
while the other four simple modules have conformal
weight −1.
There are five fixed manifolds in the Hitchin moduli

space. The data of the five fixed manifolds are collected in

Table I, and the bijection between the simple modules and
fixed manifolds is clear from the same table. The maximal
value μmax ¼ 1 −

P
4
i¼1 αi of the moment map is defined in

Sec. III, namely, the moment map on the fixed manifold
M−3;f1;1;1;1g corresponding to the vacuum module. μ − μmax

of the other four fixed manifolds are −1þ 2α1,
−1þ 2α1 þ 2α2, −1þ 2α1 þ 2α3, and −1þ 2α1 þ 2α4.
Under the change of variable αi ↦ −ωðiÞ they become

μ−μmaxjαi↦ωðiÞ∶ −1−2ωð1Þ;−1−2ωð1Þ−2ωð2Þ;−1−2ωð1Þ

−2ωð3Þ;−1−2ωð1Þ−2ωð4Þ: ð71Þ

Clearly the constant term gives h, and the coefficients of
ωðiÞ’s give the Dynkin label of the corresponding module.
The characters of all simple modules are linear combi-

nations of residues Ri ≔ Resa→mi
ZðaÞ [16,50],

χ−2ω1
¼ I0;4 − 2R1 ð72Þ

χ−ω2
¼ −I0;4 þ 2R1 þ 2R2 ð73Þ

χ−2ω3
¼ I0;4 − R1 − R2 − R3 − R4 ð74Þ

χ−2ω4
¼ I0;4 − R1 − R2 − R3 þ R4; ð75Þ

where ZðaÞ denotes the integrand that computes the Schur
index I0;4 via a contour integral I0;4 ¼

H
ZðaÞ. The

characters of the vacuum, above simple modules and an
extra logarithmic solution have been shown to be the
complete solution set to the FMDEs coming from the null
states in L−2ðD4Þ [16,17], so the dimension of Vmod

0;4 is 6 and
the Jordan type of T matrix is ½2; 14�. The Jordan type of T
matches exactly dimM þ 1 from each fixed manifold. The
renormalized mixed Hodge polynomial is

P0;4ðqÞ ¼ 4qþ q2; ð76Þ

reflecting the Jordan type of T, as is consistent with the
conjecture.

3. Example g = 1, n = 1

T 1;1 is the N ¼ 4 SUð2Þ super Yang-Mills coupled
with a free hypermultiplet. The associated VOA V1;1 is

TABLE I. Fixed points for g ¼ 0, n ¼ 4. Here FðΛÞ represents the fixed manifold and corresponds to the simple module LðΛÞ.
LðΛÞ hðΛÞ FðΛÞ ¼ Md;e dim μðFðΛÞÞ μ − μmax

Lð−ω2Þ −1 M−3;f0;1;1;1g 1 α1 − α2 − α3 − α4 −1þ 2α1
Lð−2ω1Þ −1 M−2;f0;0;1;1g 0 α1 þ α2 − α3 − α4 −1þ 2α1 þ 2α2
Lð−2ω3Þ −1 M−2;f0;1;0;1g 0 α1 − α2 þ α3 − α4 −1þ 2α1 þ 2α3
Lð−2ω4Þ −1 M−2;f0;1;1;0g 0 α1 − α2 − α3 þ α4 −1þ 2α1 þ 2α4
Lð−2ω0Þ 0 M−3;f1;1;1;1g 0 1 − α1 − α2 − α3 − α4 0

YIWEN PAN and WENBIN YAN PHYS. REV. D 114, 085008 (2026)

085008-10



isomorphic to the 2D smallN ¼ 4 superconformal algebra
with central charge c ¼ −9 coupled with a free βγ system
with c ¼ −1 that descends from the free hypermultiplet [4].
For simplicity, we only turn on the diagonal SUð2Þ of the
SUð2Þ × SUð2Þ flavor symmetry. As classified in [51],
there are only two simple modules from category-O of the
2D small N ¼ 4 superconformal algebra. On the other
hand, there are three independent FMDEs, of weight-two,
three, and four respectively, with two nonlog solutions of
weight h ¼ 0 and h ¼ − 1

2
,

ηðτÞ
ϑ1ð2b1Þ

E1

�−1
b1

�
;

ηðτÞ
ϑ1ð2b1Þ

: ð77Þ

The first solution, which is simply the Schur index without
defect, belongs to a two-dimensional representation of the
modular group Γ0ð2Þ. The second solution corresponds to
the character of a free field realization of V1;1 in terms of a
bcβγ system [52] coupled with the c ¼ −1 free βγ system,
which corresponds to the module Lð−ω1Þ in [51] (ignoring
the factor of vacuum module of the βγ system). Lð−ω1Þ is
nonordinary, whose h ¼ −1=2 weight space forms an
infinite dimensional representation of suð2Þ with the
highest weight −ω1. This result implies that V1;1 is
three-dimensional. The T2 matrix can be easily computed
with Jordan type [2, 1].
On the Hitchin side, there are two fixed manifolds, M0

and M0;0. The moment map μ is summarized in Table II.
The bijection between simple modules and two fixed
manifolds is obvious, and again the constant term and
the coefficient of ω in μ − μmaxjα↦1

2
þω gives conformal

weight and Dynkin labels respectively. The renormalized
mixed Hodge polynomial is

P1;1ðqÞ ¼ qþ q2; ð78Þ

which, together with dimensions of fixed manifolds,
encodes the Jordan type of T2.

4. Example ðg;nÞ= ð1;2Þ
T 1;2 is given by an SUð2Þ2 gauge theory coupled with

some fundamental and adjoint hypermultiplets. Little is
known about the associated VOA V1;2; therefore the fixed
manifold data of the Hitchin side predict the representation
theory of V1;2. The four fixed manifolds in M1;2 are

summarized in Table III, and the renormalized mixed
Hodge polynomial is

P1;2ðqÞ ¼ qð1þ 2qþ q2Þ; ð79Þ

so we predict that there are four simple modules of V1;2, the
dimension of V1;2 is 8, and the Jordan type of the modular T
matrix is ½3; 22; 1�.
As a consistency check, we compare predictions from

the Hitchin side with characters from the indices. Since the
work of [16], several FMDEs up to modular-weight five
have been constructed. As reviewed in Sec. II, solutions of
these FMDEs can be constructed from computing the Schur
index with or without defects [22]. For example, one may
insert a half Wilson line operator transforming in the spin-j
representation with respect to the SUð2Þ gauge group
shown in Fig. 1, and the line index hWji,

hWji ¼ δj∈ZI1;2 −
ηðτÞ2

4
Q

2
i¼1 ϑ1ð2biÞ

Xþj

m¼−j
m≠0

ðqm þ q−mÞ
Y2
i¼1

b2mi − b−2mi

qm − q−m

−
ηðτÞ2

2
Q

2
i¼1 ϑ1ð2biÞ

X
α¼�

�
αE1

�
1

b1bα2

�Xþj

m¼−j
m≠0

ðb1bα2Þ2m − ðb1bα2Þ−2m
qm − q−m

�
; ð80Þ

TABLE II. g ¼ 1, n ¼ 1. dimM0;0 þ gþ 1 ¼ 2, so it corre-
sponds to the 2 × 2 Jordan block of T2. We are not listing the
dimension of M0 because it is not used in all conjectures.

h suð2Þ rep Md;e dim ðμ − μmaxÞjα↦1
2
þω

−1=2 [−1] M0 � � � −1=2 − ω
0 [0] M0;0 0 0

TABLE III. g ¼ 1, n ¼ 2. The conformal dimension and
Dynkin labels are the same as the constant terms and coefficients
of ωðiÞ of μ − μmaxjαi↦−ωðiÞ . The dimension of M0 is not listed
because it is not used in all conjectures.

h suð2Þ⊗2 Dynkin label Md;e dim μ − μmaxjαi↦−ωðiÞ

−1 ½−1;−1� M0 � � � −1 − ωð1Þ − ωð2Þ
−1 ½−2;−2� M0;ð0;0Þ 0 −1 − 2ωð1Þ − 2ωð2Þ

−1 ½−2; 0� M−1;ð0;1Þ 1 −1 − 2ωð1Þ

0 [0, 0] M−1;ð1;1Þ 0 0

FIG. 1. AWilson line operator in the genus-one theory with two
punctures. Each long tube or handle denotes an SUð2Þ
gauge group.
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is the linear combination of the following four quasimod-
ular forms including the Schur index I1;2,

I1;2;
ηðτÞ2Q

2
i¼1 ϑ1ð2biÞ

;
ηðτÞ2Q

2
i¼1 ϑ1ð2biÞ

E1

�
1

b1b2

�
;

ηðτÞ2Q
2
i¼1 ϑ1ð2biÞ

E1

�
1

b1b−12

�
; ð81Þ

with coefficients being rational functions of bi and q. These
four expressions are solutions to all the known FMDEs, and
are convincing candidates of module characters. They are
recombined into four q series which we believe to be the
characters of simple modules of V1;2. Below we list
explicitly the leading terms of these quasi-modular forms,
which suggest charges and conformal weights of the
module.

I1;2 ¼ q5=6 þ � � � ; ð82Þ

ηðτÞ2Q
2
i¼1 ϑ1ð2biÞ

¼ b−11 b−12
ð1 − b−21 Þð1 − b−22 Þ q

−1=6 þ � � � ; ð83Þ

ηðτÞ2Q
2
i¼1 ϑ1ð2biÞ

�
E1

�
1

b−11 b−12

�
þ 1

2

�
¼ b−21 b−22 q−1=6

ð1 − b−21 Þð1 − b−22 Þð1 − b−11 b−12 Þ þ � � � ; ð84Þ

ηðτÞ2Q
2
i¼1 ϑ1ð2biÞ

�
E1

�
1

b−11 b2

�
þ 1

2

�
¼ b−21 q−1=6

ð1 − b−21 Þð1 − b−22 Þð1 − b−11 b2Þ
þ � � � : ð85Þ

Here we have used Ek½þ1
b−1� ¼ ð−1ÞkEk½þ1

b �. From these
q-series expansions, we can read off the conformal weight
h ¼ 0;−1;−1;−1, and the suð2Þ2 weights 0, −ωð1Þ − ωð2Þ,
−2ωð1Þ − 2ωð2Þ,−2ωð1Þ of the correspondingmodules. Here
ωðiÞ denotes the fundamental weight of the i-th suð2Þ. These
data match exactly the prediction from fixed manifolds.
Finally, the Schur index I1;2 and other quasimodular

forms in Eq. (81) belong to a dimension 8 representation of
the modular group SLð2;ZÞ, and the T matrix has the
Jordan type ½3; 22; 1�, again consistent with the prediction
from the Hitchin side and renormalized mixed Hodge
polynomials.

5. Example ðg;nÞ= ðg ≥ 2;1Þ
Little is known about the associated VOA of these

theories, so we again extract module information from
indices and compare it with fixed manifold data from the
Hitchin side. One can show that the Schur index Ig;1,
the vortex surface defect indices T vortex

g;1 ðκ ¼ evenÞ, and the

Wilson line indices are linear combinations of

ηðτÞ2g−2þn

ϑ1ð2b1Þ
;

ηðτÞ2g−2þn

ϑ1ð2b1Þ
Ek

�−1
b1

�
; k¼1;2;…;2g−2þ1;

ð86Þ

therefore they are likely to form a basis of characters of
simple modules.
As a simplest example, we consider g ¼ 2. This basis of

indices consists of four quasimodular forms,

ηðτÞ3
ϑ1ð2b1Þ

;
ηðτÞ3

ϑ1ð2b1Þ
E1

� −1
b1

�
;

ηðτÞ3
ϑ1ð2b1Þ

E2

� −1
b1

�
;

ηðτÞ3
ϑ1ð2b1Þ

E3

� −1
b1

�
; ð87Þ

which can be used to construct the following four q series
which should be characters of simple modules,

iηðτÞ3
ϑ1ð2b1Þ

¼ b−11
1 − b−21

þOðqÞ ð88Þ

Ivortex
2;1 ð2Þ ¼ iηðτÞ3

ϑ1ð2b1Þ
�
5

8
E1

�−1
b1

�
þ 3E3

�−1
b1

��
¼ q

1
2 þO

	
q

3
2


 ð89Þ
iηðτÞ3
ϑ1ð2b1Þ

�
E2

�−1
b1

�
þ1

2
E1

�−1
b1

�
−

1

24

�
¼ b−21 q

1
2

1−b−21
þO

	
q

3
2



ð90Þ

I2;1¼
iηðτÞ3
ϑ1ð2b1Þ

�
−
1

8
E1

�−1
b1

�
þE3

�−1
b1

��
¼q

3
2þO

	
q

5
2



:

ð91Þ
From the leading term of each character, we predict
conformal weights h and Dynkin labels of four simple
modules which are summarized in Table IV. We further
perform modular transformation on the basis to obtain the
full basis of V2;1 and explicit expressions of STS; T2

matrices. In the end, V2;1 is 14-dimensional, and the
Jordan type of T2 is [2, 3, 4, 5]. They are the same as
predictions from fixed manifolds which are also listed in
Table IV. The renormalized mixed Hodge polynomial is

P2;1ðqÞ ¼ q2ð1þ qþ q2 þ q3Þ: ð92Þ

Next consider g ¼ 3. The basis of indices has six
quasimodular forms,

ηðτÞ5
ϑ1ð2b1Þ

;
ηðτÞ5

ϑ1ð2b1Þ
Ek

� −1
b1

�
; k ¼ 1; 2;…; 5; ð93Þ
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which can be recombined into the following q series which
could be characters of simple modules

iηðτÞ5
ϑ1ð2b1Þ

¼ b−11 q
1
12

1 − b−21
þOðq13

12Þ ð94Þ

Ivortex
3;1 ð4Þ ¼ iηðτÞ5

ϑ1ð2b1Þ
�
5E5

�−1
b1

�
þ 95

24
E3

�−1
b1

�
þ 63

128
E1

�−1
b1

��
¼ q

7
12 þOðq13

12Þ ð95Þ

iηðτÞ5
ϑ1ð2b1Þ

�
E2

�−1
b1

�
þ 1

2
E1

�−1
b1

�
−

1

24

�
¼ b−21 q

7
12

1 − b−21
þOðq13

12Þ ð96Þ

Ivortex
3;1 ð2Þ¼ iηðτÞ5

ϑ1ð2b1Þ
�
3E5

�−1
b1

�
þ3

8
E3

�−1
b1

�
−

7

128
E1

�−1
b1

��
¼q

19
12þOðq31

12Þ ð97Þ

iηðτÞ5
ϑ1ð2b1Þ

�
E4

�−1
b1

�
þ 1

2
E3

�−1
b1

�
−

1

24
E2

�−1
b1

�
−

1

16
E1

�−1
b1

�
þ 17

5760

�
¼ b−21 q

19
12

1 − b−21
þOðq31

12Þ ð98Þ

I3;1 ¼
iηðτÞ5
ϑ1ð2b1Þ

�
E5

�−1
b1

�
−

5

24
E3

�−1
b1

�
þ 3

128
E1

�−1
b1

��
¼ q

31
12 þOðq43

12Þ: ð99Þ

Again properties of highest weight vectors can be read off
from leading order terms and are summarized in Table V.
These characters belong to a 33-dimensional representation
of the modular group Γ0ð2Þ, and the Jordan type of T2 is [8,
7, 6, 5, 4, 3]. The fixed manifold information is also listed

in Table V, and the renormalized mixed Hodge polynomial
is

P3;1ðqÞ ¼ q3ð1þ qþ q2 þ q3 þ q4 þ q5Þ: ð100Þ

All conjectures are correct in this case.
For general g ≥ 2, the fixed manifolds are listed in

Table VI. The renormalized mixed Hodge polynomial
Pg;1ðqÞ is

Pg;1ðqÞ ¼ qgð1þ qþ � � � þ q2g−1Þ: ð101Þ

It is natural to identify the original Schur index and the
g − 1 vortex defect indices with the subset fMd;ð0Þg0≤d≤g−1
of fixed manifolds. The module whose character is
iηðτÞ2g−2=ϑ1ð2b1Þ is identified with M0. The remaining
fixed manifold fMd;ð1Þg0≤d≤g−2 is matched with modules
whose characters start with Eevenk½−1b1 �.

C. Ordinary modules of Vg;n

In this subsection we study the subset Mord
g;n of fixed

manifolds ofMg;n which corresponds to ordinary modules
of Vg;n. Given an ordinary module L of Vg;n, the weight
space of L at any conformal weight should be finite
dimensional; hence the highest weight state of L should
generate a finite dimensional representation of suð2Þ⊗n,
i.e., its Dynkin label ½j1; � � � jn� should be all non-negative.
On the Hitchin side, when n is even, the difference

between the critical value μd;e of the fixed manifold Md;e

TABLE IV. g ¼ 2, n ¼ 1. The conformal dimension and
Dynkin labels are the same as the constant terms and coefficients
of ωðiÞ of μ − μmaxjα↦1

2
þω. The dimension of M0 is not listed

because it is not used in all conjectures.

h suð2Þ Dynkin label Md;e dim μ − μmaxjα↦1
2
þω

− 3
2

[−1] M0 � � � − 3
2
− ω

−1 [0] M0;ð0Þ 2 −1
−1 [−2] M0;ð1Þ 1 −1 − 2ω
0 [0] M1;ð0Þ 0 0

TABLE V. g ¼ 3, n ¼ 1. The conformal dimension and Dynkin
labels are the same as the constant terms and coefficients of ωðiÞ
of μ − μmaxjα↦1

2
þω. The dimension ofM0 is not listed because it is

not used in all conjectures.

h suð2Þ Dynkin label Md;e dim μ − μmaxjα↦1
2
þω

− 5
2

[−1] M0 � � � − 5
2
− ω

−2 [0] M0;ð0Þ 4 −2
−2 [−2] M0;ð1Þ 3 −2 − 2ω
−1 [0] M1;ð0Þ 2 −1
−1 [−2] M1;ð1Þ 1 −1 − 2ω
0 [0] M2;ð0Þ 0 0

TABLE VI. Fixed manifolds of Mg;1. The dimension of M0 is
not listed because it is not used in all conjectures.

M μ − μmaxjα→1
2
þω dimM

M0 − g−1
2
− ω � � �

Md;ð0Þ; 0 ≤ d ≤ g − 1 dþ 1 − g 2g − 2 − 2d
Md;ð1Þ; 0 ≤ d ≤ g − 2 dþ 1 − g − 2ω 2g − 3 − 2d
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and μmax is

μd;e − μmax ¼ dþ jej −
�
g − 1þ n

2

�
þ
Xn
i¼1

½ð−1Þei þ 1�αi;

ð102Þ

which after substituting αi ↦ −ωðiÞ becomes

μd;e − μmaxjαi↦−ωðiÞ

¼ dþ jej −
�
g − 1þ n

2

�
−
Xn
i¼1

½ð−1Þei þ 1�ωðiÞ: ð103Þ

Coefficients of ωðiÞ are all non-negative (actually all 0) only
when e ¼ ð1; 1;…; 1Þ. Similarly, when n is odd,

μd;e − μmax ¼ dþ jej −
�
g −

3

2
þ n

2

�
þ ½ð−1Þe1 − 1�α1

þ
Xn
i¼2

½ð−1Þei þ 1�αi; ð104Þ

which become

μd;e − μmaxjαi→1
2
þð−1Þδi1ωðiÞ

¼ dþ jej −
�
g −

3

2
þ n

2

�
þ ½ð−1Þe1 − 1�

�
1

2
þ ωð1Þ

�
þ
Xn
i¼2

½ð−1Þei þ 1�
�
1

2
− ωðiÞ

�
; ð105Þ

upon the replacement αi → 1
2
þ ð−1Þδi1ωðiÞ. This time, the

coefficients of ωðiÞ are all non-negative only when e ¼
ð0; 1; 1;…; 1Þ. Therefore we deduce from Conjecture 2 that
ordinary modules of Vg;n correspond to the subset Mord

g;n ¼
fMd;1;1;…;1g (resp. Mord

g;n ¼ fMd;0;1;1;…;1g) when n is even
(resp. odd), and the conformal weight h of the highest
weight state is given by μ − μmax which are
0;−1;…;−⌈ 2g−2þn

2
⌉þ 1. Here ⌈x⌉ is the ceiling of x.

Next we study the relation between dimensions of fixed
manifolds and modularity of the character of ordinary
modules. As explained in Sec. II, unrefined characters of
ordinary modules of Vg;n are solutions of certain MDEs,
hence also belong to a representation Vord

g;n of the modular
group. The dimension of Vord

g;n is conjectured in [47] to be

dimVord
g;nðχ0Þ¼ð1−δg;0Þgð2gþn−1Þþð1−δn;0Þ

�
n−1

2

�
×

�
gþn−1−

�
n−1

2

��
: ð106Þ

When g and n are small, one can find the MDE explicitly
and obtain a basis of Vord

g;n including characters of ordinary
modules. When g and n become large, it is difficult to find
the explicit expression of the MDE, but one can still get a
basis of Vord

g;n by looking at the orbit of Ig;n under the action
of the modular group. One possible basis is given by [23]

fTl
ð2ÞSð2ÞIg;nggl¼0

∪ fTl
ð2ÞSð2ÞT

g
ð2ÞSð2ÞIg;nggþ2

l¼0
∪ fTl

ð2ÞSð2ÞT
gþ2

ð2Þ Sð2ÞT
gþ1

ð2Þ Sð2ÞIg;nggþ4

l¼0

∪ � � � � � � ∪ fTl
ð2ÞSð2ÞT

3g−3þn−2
ð2Þ � � � Sð2ÞTgþ1

ð2Þ Sð2ÞIg;ng3g−3þn
l¼0

; ð107Þ

where Tð2Þ ≡ e−
πi
3
ðg−n−1ÞT2 − 1, Sð2Þ ≔ STS. We use T2 and

STS here because they are present in both SLð2;ZÞ and
Γ0ð2Þ. With the given basis, we work out the representation
matrices of the generators T, S, or T2; STS of the modular
group. The Jordan type of the T (resp. T2) matrix for even
(resp. odd) n is

½2þg;4þg;…;2g−2þnþg�; whenn is even; ð108Þ

½1þg;3þg;…;2g−2þnþg�; whenn is odd; ð109Þ

with ⌈ 2g−2þn
2

⌉ Jordan blocks in total. We note that when n
is even, S is diagonalizable (while T has a nontrivial Jordan
type), but when n is odd, the counterpart STS shares the
same nontrivial Jordan type with T2.

On the Hitchin side, when n is even, the dimensions of
fixed manifolds corresponding to ordinary modules are

dimMd;ð1;…;1Þ ¼ 0; 2;…; gþ n; ð110Þ

so fdimMd;1;1;…;1 þ gþ 2g matches the above Jordan
type. When n is odd, the dimensions of fixed manifolds
corresponding to ordinary modules are

dimMd;ð0;1;…;1Þ ¼ 0; 2;…; gþ n − 3; ð111Þ

so fdimMd;0;1;1;…;1 þ gþ 1g matches with the above
Jordan type as well. We list a few examples in
Tables VII and VIII where we see the agreement explicitly.
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VII. GENERALIZATIONS TO HIGHER RANK

One can also find evidence of the mirror symmetry for
higher rank class-S theories. Notable examples include the
Minahan-Nemeschansky E6, E7, E8 theories, and our
conjecture holds for all these cases [49].
In higher rank cases, it is much easier to compute the

mixed Hodge polynomials of the character variety. For
example, let us consider the SUð3Þ N ¼ 2� theory, which
is the compactification of 6D A2 SCFT on a torus with one
minimal puncture. The corresponding VOA V is con-
structed in [4,52,53]. The pure part of its mixed Hodge
polynomial is

qð1þ qþ q2Þ: ð112Þ

Following our conjecture, we predict that there are three
simple modules contained in a dimension 6 representation
V of the modular group, and the Jordan type of the T matrix
is [3, 2, 1].
On the other side, we observe that all (defect) indices are

a linear combination of the following expressions:

IN¼4SUð3Þ;
ϑ4ðbÞ
ϑ4ð3bÞ

;

IW ≔
ϑ4ðbÞ
ϑ4ð3bÞ

�
E1

� −1
b

�
þ E1

� −1
b2q

1
2

��
: ð113Þ

They belong to a six-dimensional representation of the
modular group Γ0ð2Þ, and the Jordan type of T2 is [3, 2, 1].
This provides another example of our conjecture in higher
rank. It would be interesting to explore additional higher
rank examples and establish the mirror symmetry.

VIII. OUTLOOK

Our proposal of the 4D mirror symmetry for class-S
theories provides a powerful tool to study the representa-
tion theory and modular properties of the corresponding
VOA Vg;n. It would be nice if one can further confirm our
prediction, or even prove our conjecture, by using tools like
the free field realization of Vg;n proposed in [54–56].
Recently in 3D N ¼ 4 theory, the relation between the
chiral quantization of the Higgs branch and the coordinate
ring of the Coulomb branch was discovered [57,58]. It
would be interesting to discuss connections between the 4D
mirror symmetry and these 3D ones.
One may also ask what the Coulomb branch counterpart

of the log modules is. When g ¼ 0, each fixed pointMd;e is
isomorphic PdimMd;e , hence dimH�ðMd;eÞ ¼ dimMd;e þ 1,
and we propose that both simple modules and log modules
are bijection to elements of the cohomology ring of fixed
points. However, when g > 0 there the cohomology ring of
fixed points is more complicated, and the counterpart of log
modules needs further study.
Another related question is how the modular group

appears in the Coulomb branch side. In generalized AD
theory, the action of the modular group was realized by the
automorphism of double affine Hecke algebra acting on the
cohomology of fixed points. In class-S cases, the modular
group action may also realized by certain action on the
cohomology of fixed manifolds as well. Identifying this
action may also help one to understand the previous
question.
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TABLE VII. Ordinary modules of Vg;n with n even. The
number in brackets is the dimension of the fixed manifold with
the value μ − μmax.

g, n h JðTÞ μ − μmaxðdimÞ
0, 4 0 [2] 0(0)
0, 6 0;−1 [4, 2] −1ð2Þ; 0ð0Þ
0, 8 0;−1;−2 [6, 4, 2] −2ð4Þ;−1ð2Þ; 0ð0Þ
1, 2 0 [3] 0(0)
1, 4 0;−1 [5, 3] −1ð2Þ; 0ð0Þ
1, 6 0;−1;−2 [7, 5, 3] −2ð4Þ;−1ð2Þ; 0ð0Þ
2, 2 0;−1 [6, 4] −1ð2Þ; 0ð0Þ
2, 4 0;−1;−2 [8, 6, 4] −2ð4Þ;−1ð2Þ; 0ð0Þ

TABLE VIII. Ordinary modules of Vg;n with n odd. The
number in brackets is the dimension of the fixed manifold with
the value μ − μmax.

g, n h JðT2Þ μ − μmaxðdimÞ
1, 3 0;−1 [4, 2] −1ð2Þ; 0ð0Þ
2, 1 0;−1 [5, 3] −1ð2Þ; 0ð0Þ
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