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This is the companion paper to Pan and Yan [arXiv:2410.15695 (2024)], containing all the details and
series of examples on a 4D mirror symmetry for the class-S theories which relates the representation theory
of the chiral quantization of the Higgs branch and the geometry of the Coulomb branch. We study the
representation theory by using the 4D/vertex operator algebra correspondence, (defect) Schur indices, and
(flavor) modular differential equations, and match the data with the fixed manifolds of the Hitchin moduli
spaces. This correspondence extends the connection between the Higgs and Coulomb branch of Argyres-
Douglas theories, and can provide systematic guidance for the study of the representation theory of vertex
operator algebras by exploiting results from Hitchin systems.
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L. INTRODUCTION AND MAIN RESULTS

The 3D mirror symmetry [1] is a remarkable duality
between a pair of 3D theories with eight supercharges such
that the Coulomb branch of one is the Higgs branch of the
other one and vice versa. It is an invaluable tool to study
moduli spaces of 3D theories, and also deeply related to 3D
symplectic duality [2,3] in mathematics. One may also ask
whether similar mirror symmetry exists for 4D N =2
theories also with eight supercharges. At first glance this
seems impossible, as the Higgs branches and Coulomb
branches in 4D have different geometries, and can never
exchange roles like in 3D. However, inspired by the 3D
symplectic duality where the quantization of the 3D Higgs
branch is connected to the cohomology of the 3D Coulomb
branch, one may view the 4D mirror symmetry as the relation
between certain “quantization” of the Higgs branch and the
geometry of the Coulomb branch of a given 4D N =2
theory. A natural choice is the vertex operator algebra (VOA)
from the 4D/VOA correspondence [4] which is viewed as the
chiral quantization of the Higgs branch [5-7].

Such 4D mirror symmetry was proposed and proved
for 4D N = 2 generalized Argyres-Douglas (AD) theories
[8,9] (see also [10,11]). It is shown that given an AD theory
7 there is a bijection between simple modules of V[7] and
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the connected components of C* fixed points of M[7].
Furthermore, the space spanned by characters of simple
modules is isomorphic to the cohomology of fixed points
under the action of the modular group SL(2, Z). In certain
cases, one can further show that Zhu’s C, algebra of V[T is
isomorphic to the cohomology ring of M[7]. These
results imply that there is indeed a deep relation between
the Higgs and Coulomb branches of 4D A = 2 super-
conformal field theories (SCFTs).

In [12] we provided strong evidence for the correspon-
dence between the chiral quantization of the Higgs branch
and geometry of the Coulomb branch for a large class of 4D
N =2 SCFTs: the A class-S theories T, , constructed by
compactification of 6D (2,0) SCFTs on a genuse g Riemann
surface X£,, with n regular punctures [13,14]. In this
manuscript we give extensive details and further evidence
for this relation.

The Higgs branch of 7,, is the Moore-Tachikawa
variety [15]. The chiral quantization V, of the Higgs
branch of 7 ,, has been constructed in [7]. It is expected
that V,, has a finite number of simple modules. Characters
of these simple modules, which are meromorphic functions
of the flavor fugacities and modular parameter g, corre-
spond to (defect) Schur indices of the 4D theory, and satisfy
a set of partial differential equations called the flavor
modular differential equations (FMDEs) [16]. The quasi-
modularity [17] of FMDEs implies that these characters
belong to a representation \/}}}Zd of the modular group.
Usually the dimension of \/g},‘;d is larger than the number
of simple modules, where the extra solutions may be
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identified as characters of logarithmic modules. Ordinary
modules are special simple modules whose characters are
still convergent when setting all flavor fugacities to 1.
Such unflavored characters of ordinary modules satisfy a
modular differential equation (MDE) [5,18] and belong
to a smaller representation \/O‘d of the modular group.
Practically, we often use the correspondence between the
4D defects and VOA modules [4,19-22] to obtain char-
acters of simple modules of V,, [21-23], and extract data

of highest weight state from characters. The basis of \/21,(;‘1
or V% can be constructed using the Schur index and
modular transformations [23].

The geometry of the Coulomb branch of 7, is
described by the moduli space M, , of the SU(2 )/22
Hitchin system on £, [14]. We are interested in the set of
fixed manifolds denoted by M, of M, , under the U(1),
from the superconformal algebra. M7 ,’s are studied in [24]
for n =0 and in [25,26] for n > 0. They provide a
description for each fixed manifold and the critical value
of the moment map of U(1), on each fixed manifold, which
will be crucial in matching with data from V.. Notice that
M, is also homeomorphic to the character variety C, ,, on
%, » whose geometries are studied in [27]. We also find that
information on fixed manifolds of M,, can also be
extracted from geometric data of C,, which was not
noticed by the math community before.

Using the above data from both the Higgs branch and
Coulomb branch, we observe a bijection between the simple
modules of V,, and the connected components of fixed
manifolds of M, of the class-S theory 7. The highest
weight state of each simple module is completely deter-
mined by the value of the moment map of the corresponding
fixed manifold. Moreover, the Jordan type of modular
matrices on V94 is determined by dimensions of each fixed
manifold and g. The later observation also provides an
interpretation of logarithmic modules as certain elements in
the cohomology of M, ,,. Our results show that there is a
deep connection between the chiral quantization of the
Higgs branch and geometry of the Coulomb branch for a
large class of 4D N = 2 theories, suggesting a correspon-
dence between the representation theory of VOAs and
geometry of Hitchin systems in more general terms.

This paper is organized as follows. Section II discusses
simple modules of V,, whose characters belong to a finite
dimensional representation of the modular group of V,,
(we will call them simple modules or modules for short in
this paper) and how to obtain them. Sections III and IV
collect results on fixed manifolds of Hitchin moduli space
M,, and mixed Hodge polynomials of the character
variety C,, which will be used to match with module
data. With all the preparation, we finally summarize
our statements on the mirror symmetry in Sec. V. We
then provide examples of our conjectures in Sec. VI.

Generalizations to higher rank class-S theories are dis-
cussed in Sec. VIL Finally, generalizations and future
directions will be discussed in Sec. VIIL.

II. SIMPLE MODULES OF V,,

In this section we review simple modules of V,, and
how to obtain their characters from FMDE or (defect)
Schur indices. By simple modules we mean simple mod-
ules whose characters belong to a finite dimensional
representation of the modular group of V,,, and we will
call them simple modules for short in this paper.

A. Characters of simple modules
of V, , from Schur indices

Any 4D N =2 SCFT 7 contains a subsector of
protected local operators (Schur operators) which can be
endowed with the structure of a 2D VOA V[T ] with central
charge ¢ = —12c¢44 [4]. Here cy4q is the ¢ central charge of
the 4D theory 7. When 7 enjoys a continuous flavor
symmetry f, V[7] contains an affine subalgebra fk at level
k= —%k4d where k,q is the 4D anomaly coefficient of f.
Through this correspondence, many physical observables
in the 4D theory 7 are mapped to the representation data of
the associated VOA V|[7]. One such example is the Schur
index Z[7] [28,29],

I[T} = trSchur(_l)FqE_Rbhfv (1)

which is identified with the (normalized) vacuum character
q“/*xo of V[T]. Here h; collectively denotes the Cartan
generators of f, and the flavor fugacities b collectively
represents flavor fugacities b;. Similarly, Schur indices with
defects inserted correspond to linear combinations of
characters of simple modules [19]. Therefore, the 4D/
VOA correspondence is a powerful tool to study the
representation theory of V[7] when physical observables
like (defect) Schur indices can be computed explicitly. For
all indices (characters), one can take the unflavored limit by
sending all b;’s to 1; however, the result may not always be
convergent.

In particular, for Al class-S theory 7 ,,, the flavored
Schur index Z,, = xo[V, ] has a closed-form expression

in terms of the Elsenstem series Ei[5'] [21],
2g—2+n

i T 2g—2+n —on
Too =5 e i o, (L) 3 4
a +1 k=1

[T
i 1,

Z,0==n(r)*2 2/1 29-2) <E2k + (129k) > (3)
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where A’s are some rational numbers defined by a set of
recursion relations, and b; = ¢?*® denotes the flavor
fugacity of the SU(2) flavor symmetry associated to the
i-th puncture on the corresponding Riemann surface %,
Such a closed-form expression made the study of modular
properties of characters possible.

A vortex surface defect of 7, can be constructed by
coupling the theory to a 7 3, then turning on a position-
dependent vacuum expectation value (VEV) for a U(1)
baryonic operator, and finally flowing the system to the
infrared [30]. Let x be the vorticity of the defect; the defect
Schur index Z}%'* (k) is certain residue of the Schur index

Ty [19,30-32],

2 2
_ (et )* nr
Ty (x) = 2(=1)*¢~ = Res . b( ) Tyni1(bysoibyyy). (4)
by—=q 2
The closed form of Z75'*(k) is also known [21]:
n+1+2g-2

T3y (x)

z‘v%rtex ( K)

(29-2+n+1)
for some rational numbers /1 9=

- i 2 (L

414202 (=)=
AR | )

3w ], ©)

)-and c. For our purpose, we focus on the defects with even vorticity k. When k = 0, the

defect is effectively absent, whose index recovers the original Schur index 7,

Since all duality frames of A, class-S theory 7 ,, have Lagrangian description with 3g —3 + n SU(2) gauge groups
coupling 2g — 2 + n copies of 73, one can insert Wilson lines charged under the various SU(2) gauge groups into the
index. When the Wilson line is charged under only one SU(2) gauge group, there are two possible types: type IL'if 7,
becomes two decoupled A, class-S theories in the zero coupling limit of this SU(2) gauge group, and type I otherwise. The
index with a type I Wilson line in the spin-j representation inserted is [22]

oo L[y in(e)
Wiez)gorn =Zgn = 2 Ll 91(2b

<WjeZ+%>

For a type II Wilson line, if the two decoupled theories are 7°

g=1.n

+J 29-2 N m —-m
n(t) g bi" — b;
VX ] g o )
m#0

q i—149 q

=0. (8)

and 7 then

g1 91,11

;7(1-)2(91 +g2)+(ny+my=2)-2

(Im) _
<Wj>!/|-,"1;!12,”2 - I{]l+92~,”1+"2—251'52 +

59

A0

where A denote some rational functions of ¢, b;. Wilson
line indices are linear combinations of characters with
coefficients being rational functions of ¢, b;. All the above
line and surface defect indices have a smooth b; — 1 limit.

B. Modular invariance

By construction, the VOA V[7] is quasilisse [18], whose
modules share similar modularity properties as rational

D

2 Hn1+nz 191 (25,)

n;i+2g,-2)

<nl+nz—2 >max(,- !
m==j o =0

ny392,1 m m 1
NP VB, s | )

Hi i

|
VOAs. A quasilisse VOA has various types of modules.
The simplest ones are ordinary modules—simple modules
whose weight spaces at any given conformal weight & are
finite dimensional. The vacuum module is one example of
the ordinary module. There are also simple but nonordinary
modules, whose weight spaces are infinite dimensional at
certain /. Finally, modularity requires the existence of
logarithmic modules.
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It is shown that the unflavored limit of the vacuum
character (Schur index) y, together with characters of all
ordinary modules of V[7] satisfies an MDE [5,18,33],

qxo+Z¢Nr DYy = 0. (10)

r=0
where D i= 0y 504 -+ 0(0) With dy) = g0, + kE(7),
and the coefficient ¢,(z) denotes a modular form [34] of
weight 2n with respect to the modular group I of V[7]. A
precise form of ¢,, varies according to the theory 7. Under
the action of the modular group I', the equation transforms
covariantly; therefore all its solutions span a representation
VO[T ] of T of dimension N. Usually Eq. (10) contains also
solutions with log ¢ terms besides unflavored characters of
ordinary modules. These logarithmic solutions could be
viewed as characters of certain logarithmic modules.
Unlike rational VOA, characters of ordinary modules alone
are not modular invariant. The modular invariance is only
achieved with the inclusion of characters of logarithmic
modules.

The full vacuum character (Schur index), together with
characters of other simple modules of V[7] satisfy FMDEs
which is a set of partial differential equations with quasi-
Jacobi forms as coefficients. Schematically, an FMDE
looks like

Z ¢k,f1 ..... f,(CIv bi)

Llondr
k£ |+ AEr<2n

k
D, .0y DYy =0, (11)

where b;’s are flavor fugacities b; associated to Cartans of
flavor symmetry of 7, D), = b iOp,;» and ¢y o
quasi-Jacobi form. Under the modular group, Db,- is of

modular weight 1, ng) of 2k, and the weight of
¢re,...¢.(q.b;) is determined by requiring homogeneity
of the whole equation. These equations again come from
suitable null states in VOA V[7] which is equivalent to
relations among Schur operators. Similar to the unflavored
case, we expect that the solutions of the FMDEs also form a
representation V|7 | of the modular group I" [35]. However,
this is a highly nontrivial statement, since an FMDE is in
general not covariant under the modular group I'; instead, it

|

(TS0 Tyn}e VTS ST S

7z 3g—3+n— 2,
U-vvee- U {T S( )T<g)

1Lgn}o2 U{T S T S T S o) T

exhibits a “quasimodular property” where an FMDE eq")
of weight w transforms into a sum of FMDEs of equal or
lower weights [16],

eq(w) N 7’_weq(w) 4 Z w—lb_eql(w—l)

+ZW 2Bbeqlw2 (12)

Note that 7 = zm logg, b; = 2m log b;.

These equations are conjectured to be almost covariant
under modular transformation [16], which we refer
to as “quasimodularity” and implies that the characters
belong to a representation \/““’d of the modular group.
Quasimodularity then 1mplles that a solution to eq™)

should simultaneously solve all the eq( ") that appear on

the right. The additional FMDEs are likely to arise from
additional null states, and the modular transformation of the

FMDEs eq(w),eql(-;”_'f? can be viewed as an action of I" on
these null states.

FMDEs also have two types of solutions. Solutions
without terms proportional to (log ¢)" and (log b;)" are
(linear combinations) of characters of simple modules,
while logarithmic solutions are also present because of
invariance. A nonlogarithmic solution can be expanded as a
q series ay(b;)g~"*</** + ..., from the leading term of
which one can read off both the conformal weight /4 and
flavor weight/Dynkin label of the highest weight state of
the corresponding simple modules.

For 7, with small values of g, n, the corresponding null
states and/or FMDEs can be worked out explicitly, then
used to construct the representation \/m"d of T' [36].
However, as g or n get larger, it is 1ncreasmgly difficult
to find out the precise form of all the FMDE:s. In that case,
one can build a basis for a subspace Vo' of V94 starting
from the closed form expressions of characters of simple
ordinary modules from defected Schur indices mentioned
in the previous subsection, then apply modular trans-
formation on the indices (characters) to complete the whole
basis. In the end, one finds the following basis of \/25“11:

g+4
(2) g.n }f:O

g+1
ST S

)

Tynb 200 (13)

Here T(y = e 3072 — 1, S, := STS, which are always elements of either SL(2,Z) or I°(2) C SL(2,Z). The
representation matrices for S and T (respectively (resp.) STS and T?) can then be computed explicitly.

085008-4



MIRROR SYMMETRY FOR 4D A; CLASS-S ...

PHYS. REV. D 114, 085008 (2026)

II1. FIXED MANIFOLDS OF MODULI SPACES OF
HIGGS BUNDLES

In this section we review some information on Higgs
bundles and their fixed points under the U(1)(C*) action.
We will mainly focus on the rank-1 case. Higher rank cases
are discussed in [37].

Following [14], the Coulomb branch of 7, is described
by the moduli space M, of the SU(2)/Z, Hitchin system
on X,,. Specifically M,, is the solution space of the
Hitchin equations on %, [24]:

Fuo+lp.9'] =0, (14)
5A¢ = 0, (15)

where F, is the curvature of the gauge field A = A_dz +
A.dZ and ¢ is the adjoint scalar. At the i-th regular
puncture, the pair (A, ¢) is singular with the following
asymptotic form around the puncture:

A~ a;db, (16)
f

@ ~ =+ regular. (17)
z

Here f is a nilpotent element in $1(2) Lie algebra. In math
literature, M, , is also called the moduli space of Higgs
bundles, and a; is the parameter that specifies the parabolic
structure of the Higgs bundle around the i-th puncture.
The U(1), R symmetry acts nontrivially on M, which
simply rotate the Higgs field ¢ by a phase. Given a pair
(A, 9) € M, ,, the moment map x of the U(1), is defined as
: tr(po")dzdz, (18)

d

M - 27[ Z.‘/J
which is a Morse function on M, ,. Therefore the set of the
U(1), fixed manifolds M, and critical values of mu on
each fixed manifold are important in studying the topology
of M,,, and we summarize the results here.

Firstly we consider cases with n = 0 punctures; the
moduli space of Higgs bundles is nontrivial when g > 2.
There are exactly g fixed manifolds as described by
proposition 7.1 of [24].

(1) The fixed manifold M, with moment map y = 0 is
diffeomorphic to the moduli space of stable rank-2
bundles of odd degree and fixed determinant over X,

(2) There are g — 1 fixed manifolds {M;},< e, With
p=d-3 and index A, =2(g+2d—-2). M, is
diffeomorphic S‘Zg.o, a 2%-fold covering of
§20-24-1%, o where SYM is the d-th symmetric
product of M.

Note that the moment map formula (M ;) features a % jump
at d = 0. The maximal value of p 1S p = g — %, and the
minimal value p,,;, = 0.

Now we add n > 0 regular singularities to the Riemann
surface. In particular, we consider the cases where
29g—2+n > 1, and the N' = 4 SU(2) theory, correspond-
ing to the (g,n) = (1,1) case but with the free hyper-
multiplet decoupled. For each puncture, we need the
parameter 0 < o; <% to describe the parabolic structure
on the i-th puncture. Fixed manifolds are classified in
[25,26]. Following the notation of [25], define ¢; €{0, 1}
for the i-th puncture and g;(e;, a;) = e; + (—1)%a;. Write
e=(eg,...,e,), a=(ay,...,a,) and B = (f,....0,).
Also define |e| = > " | ;. Then the fixed manifolds are
given as follows:

(1) There is a set of fixed manifolds M, , where d is an

integer, such that the sequence e and d should satisty
the constraint

=S Bilen(n+ 1)) <d<g-1-lel/2. (19)
i=1

On M, the moment map pu = py, :==d+ Y ", f.
The index A;, =2(n+2d+g—1+|e|). My, is
diffeomorphic to §"¢X, ,, a 2% cover of the "%,
with h,, =2g—2—2d—|e|. Here S"X% , de-
notes the &, -fold symmetric product of £, ,,.

(2) When g > 1, there is an additional fixed point M,
with 4 = 0 which is diffeomorphic to the moduli
space of stable rank-2 bundles over X with
dimension dim My = 3g — 3 + n.

A few remarks follow. In the above definition, the fixed
manifolds M,, do not depend on the parabolic structure
parameters {«,;}. However, the values of the moment
map p on each fixed manifold do depend on a;, which will
be mapped to the VOA data. The constraint (19) implies

g.n>

Hd.e > 0, hd,e > 0. (20)

Hence, for g > 1, the moment map assumes its minimum on
My with p;, = 0, while for g = 0, pin = @) — [[1, @; on
M_(, 1) 0.1....1) where 45, = 0.

For any g, n, consider ¢ = (1,---1) and hence |e| = n.
Then we have

Zﬂi(ei’ (n+1)7)

_ 1)~ D((n+1)(n+1)—1) 21

n

= —Zﬂi(ei, (n+ 1)) =1-n. (22)

i=1

As a result, there are always solutions of integer d to the
constraint (19) for this special e = (1, ..., 1),
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l—nSng—l—g. (23)

Therefore, there always exist the fixed manifolds M, ;. ;)
where 1 —n<d<g-1- % In particular, when n is
positive even and d = g—1 -7,

n n
Ha=g-1-2,(1...1) =9~ 1 +§ - ;ai = mgxﬂd:g—l—g,e-

(24)
Note that at a different d there may be some pu,;, >
Hd=g-1-2(1.....1)- When the parabolic parameters further
satisfy >
max, 4 fy.. Therefore we denote pi,y = Hg-1-2.(1.....1) for

a, < <m<a <j Hg—1-2(1,...1) =
positive and even n. Hence, for other d, e,

n n
e =t =16l = (914 5) + 3l + 1

(25)

where the coefficients of «; are all non-negative. In
particular,

n n
Haq,..., 1>—d+n—(g—l—i—E)G{Z—g—z,...,—Z,—l,O}.

(26)

Similarly, for the theories we consider, there are always
the fixed manifolds

1
l-n<d<g---2. (27)

M .
d,(0.1.....1)> 575

In particular, when 7 is positive odd and d = g — % -5 €7,

3 n n
Ho-i01..1) =975 + 5 +a = ;ai = maxp, s,

(28)

We then denote pina = py 11 ,1.....1)- When the parabolic
parameters  further  satisfy

Hmax = Max, 4 u1g.. The difference

1
an<"'<az<al<z,

e =t = d-+ el = (5=3+3) +[-1)° - 1
+ Zn:[(—l)ef + 1a;. (29)
i=2

The coefficients of a;_, _, are all non-negative, while the
coefficient of a; is nonpositive. In particular,

IV. MIXED HODGE POLYNOMIALS OF
CHARACTER VARIETIES

To complete the last piece of the correspondence, we
review some known results on the mixed Hodge poly-
nomials of the SU(2)/Z, character varieties. Fix a tuple of
n partitions p = (p', p?, ..., p") of size k. Let G be U(k) or
SU(k)/Zy. A G character variety C§ of the Riemann

surface X, is

Cg = {AI’BI’ ...,Ag,BQEG,Xl ECI, ...,XnECn\ (31)

(AI’BI)(A Bt/)Xan:Ik}/G (32)

g

Here C; C G is the semisimple conjugacy class fixed by the
partition p’. (A,B):= ABA~'B~! and I is the identity
matrix.

The (compactly supported) mixed Hodge polynomials of
Cf,; are

H (C§ix,y.1) = heP(C§)xiyit,  (33)

where hi’j;k(Cg ) are the compactly supported mixed
Hodge numbers [38,39]. It is a deformation of the
compactly supported Poincare polynomial P.(C§;t) =
H.(Cy;1,1,t). The pure part of H, is the polynomial

PH.(C§:x,y) = Z hi"';i+-7(C€)xiyf- (34)

Because hi‘j;k(Cg) =0 unless i = j, H.(C5;x,y,1) is a
polynomial in variables xy and ¢, and one can write

H (Cyiq.1) = H(Cy:x = \/q.y = /q.1). (35)

and

PH.(Cy:q) = PH.(CJ;x = \/q.y = \/q) (36)

for simplicity.

H.(CS;q.t) and PH.(C§; q) can be computed using the
Macdonald symmetric function [40], which we will recall.
Let the Cauchy function of £, be

n

Q(z.w) =Y H,(z.w) [[H,(xi:2w?).  (37)

pEP i=1
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where P is the set of all partitions, H,(x;z?, w?) is the
modified Macdonald symmetric function [41], and
H,,(z, w) is the z, w deformation of the (2g — 2)-th power
of the hook polynomial

(2a(O+1 _y2(E)+1y29

H (Z,W) =
p Ell;[p<zzg+2 _WZI(D))(Zza(D) _

W21(D)+2)>' (38)

Here the product runs over all boxes O in p. a([J) and {([7)
are the arm or leg length of the corresponding box.

Given a tuple of n partitions p = (p',..., p") €P",
define
Hp(z.w) = (22 = 1)(1 — w?)(Plog[Q(z. w)]. hp).  (39)

Here hy = h,i(x;)- - hy(x,) the product of complete
symmetric functions, (-,-) is the extended Hall pairing

<al(xl)"'an<xn)vb1(xl)"'bn<xn>> = <a1»b1>"'<anvbn>’

(40)

where (a;, b;) is the Hall pairing on symmetric functions
over Xx; [42]. Plog is the polytheistic logarithm

[se] ,Lt n
= —log f(xl,xh,--),  (41)

Plog|[f (x1,x,, -
n=1 n

where p is the Mobius function.
The most crucial observation of [40] is that for
G = U(k), the mixed Hodge polynomial and its pure part

of Cg ®) can be expressed in terms of Hj, more precisely,

Hﬂﬂﬂmozm@ww(j%xq) (42)
and

PH,(C3";q,1) = (9)%4,(0,/9), (43)

U(k)

where d,, is the dimension of C},
U(k)/Zx

. To get the mixed Hodge
polynomial of Cls, , one simply removes a factor
(1/@)*(1 + q1)* from cy ®)" which corresponds to the
mixed Hodge polynomial of CUm By the definition of the

pure part of mixed Hodge polynomials, PH, (C v/ Z")

differs from PHC(CP( >) only by a factor of ¢9.

In this paper we consider only k = 2, and each puncture
has only one choice of partition [12]. The H polynomial for
gand n > 0 is

(Z3 _ W)Zg 1+ ZZ)n (W3 _ Z)Zg(l + W2)n

_ (
BT @ SAE ) T WA o)

( W)Zgzn—l

o=@ 1) “”

To get the H polynomial for g and n = 0, one can start with
a genus g Riemann surface with one puncture with partition
[2], and the result is [27]

o 2=w =)
9.0 (2 - wz)(z4 -1) W =221 -wh
(z—w)% (z+w)*

- - . 45
2@ - 2@ i) )
Physically this means that one can remove a puncture
by fully closing it. One can then write down
PH, (C vy Zz,q, t) from the H polynomials.
To better compare with the fixed manifold, we need a
renormalized version of PHC(C;,Q,Z,{ A, q):

Pg,n(q) = q(g—l)(1—5n_o) —TPH (C ( )/Zz’q)
2(0.v/4). (46)

This is the polynomial used in conjecture 3.

Remark: the Cauchy function Q(z,w) (37) is very
similar to the Macdonald index [29] of Ty theory with
N — . We do not know the reason behind this
similarity yet.

_ q(g 1)(1-6,0) +1|]_|]

V. MAIN RESULTS

Now we are ready to state our results. First consider
cases with n = 0, since there is no flavor symmetry from
punctures, the highest weight state of a simple module L, is
determined by its conformal dimension i(L,) [43], and all
L,’s are ordinary modules. We have

Conjecture 1. When n = 0, there is a bijection between
the g simple modules {L,} of V o and the g fixed
manifolds {M, }o<,<,1 of Mg such that

1
0= H— Hmax _Eaﬂ(Mo),O’

(47)

3

h(La) :ﬂ(M

Moreover, the Jordan type of modular 7" matrix is

[(1 - 5/4(Ma),0)(dimMa + 1) + g]Mae./\/lgT_O7 (48)
with g Jordan blocks.

The order of MDE (10) of the theory is just the sum of
sizes of all Jordan blocks of 7. Our results compute the
order of MDE in terms of dimensions of fixed manifolds.
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When adding regular punctures on the Riemann surface,
one needs also to assign a parabolic parameter «; for the i-
th puncture. The value of the moment map u on each fixed
manifold will be a function of the parameters {;},<;<,-
The correspondence in this case is given by the following.

Conjecture 2. When n>0 and assuming
O<a,<---<a <1/4, there is a bijection between
the simple modules {L,} of V,, and the fixed manifolds
M?, = {M,} such that, for even n,

tat, = Halao a0 = h(Le) + D A, (49)
i=1

and for odd n,
Hr, = Finaxl gl . si-o = P(La) + Zﬁiwm- (50)
i=1

Here y,,,, is defined in Sec. I, and () is the fundamental
weight of the i-th flavor 3u(2). The highest weight state of
|

ord __
MY =

such that

H(M) = pax = H(L). (53)

The Jordan type of 7°% [resp. (STS)°™] is [dim M + g +
2menmgn (resp. [dimM + g+ 1]y ¢ pgon).

Again, the total size of 7% or (ST'S)°™ (hence the order
of MDE) can be computed using the dimensions of fixed
manifolds corresponding to ordinary modules.

As mentioned before M, is homeomorphic to the
character variety C,,. We also find the following relations
among C,,, M, and V.

Conjecture 3. Let P, ,(q) = >_; a;q" be the renormal-
ization of the pure part of the mixed Hodge polynomial of

M;ff,{(z)/ % defined in (46). The total number of fixed
manifolds of M,, (i.e., the number of simple modules
of V) is Py,(1) =", a;, dimVId = 3~ a;d;, and the
Jordan type of the modular matrix is [d"].

This conjecture, similar to the P = W conjecture, also
builds a bridge between renormalized mixed Hodge poly-
nomials of character varieties and fixed manifolds of
Hitchin moduli spaces. To the best of our knowledge, this
correspondence was not noticed in the math literature.

{ {Md-(lsl--wl)}—11+Z[a,-<d§g—l—n/2’

{Md-(oslw-wl)}—n+1—a1+Zi>lai<d§g—1—(n—1)/2’

L, has conformal dimension /(L,) and transforms in the
representation [y, 4,, ..., 4,] under the flavor symmetry
3u(2)M x --- 8u(2)(". Moreover, the Jordan type of
modular 7 (resp. STS) is

(1= 5/4(M,,),0)(dimMa +1)+ Q}MaeM;,,a (51)

for n even (resp. odd).

When g = 0 the total number of simple and logarithmic
modules is the same as the dimension of the cohomology of
M., hinting strongly that logarithmic modules corre-
spond to elements in the cohomology ring of M.

As the moment map of a fixed manifold completely
determines the highest weight state of the corresponding
simple module, we can identify all the ordinary modules,
and compute the modular matrices among them (and some
of the logarithmic modules) such as 7°9, (STS)°r.

Corollary 1. All ordinary modules of V, correspond to
fixed manifolds in the subset

if nis even,

52
if nis odd, ( )

VI. EXAMPLES
A. g > 2, n=0 cases

As there is no flavor symmetry from the punctures when
n =0, in this subsection only ordinary modules and the
corresponding logarithmic sector will be considered. As a
result, we will focus on the MDEs in the n = 0 cases.

1. Example (g.n)=(2,0)

The associated VOA has central charge ¢ = —26, which
has been studied extensively [44,45]. The vacuum character
o satisfies a sixth order MDE given in [5]

DY -305E,Df}) ~4060E, DS +20275E3D

+2100E4E¢D\)) — (68600E2 —49125E3)]y, =0,  (54)

with two nonlog solutions,

o=y (B ) m =R, (59)

which correspond to the vacuum module (4 = 0) and
another module with 7 = —1 respectively. There are also
four log solutions,
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on, 1 . 1 1
)(11 - ——17,';7(7:)2 +—7.'217(T)2 - —TSH(T)ZEz(T) (56)

24 4r 2
Zlong . _i iT}’](T)Z + LH(T)Z + izn/](,[)z — 177(1>2E2(T)
2 Y s 2 2
(57)
3. 3.
=5 (@) Ex(7) = S ien(z) Ex () (58)

on, 1 . .
25" = 5 on(@) = 3in(z)Ey = 3im(0) Exe)  (59)

. 3 ;
)(zong _ %1'11(1')2 _ 5212”(7)2 + 312,1(1-)2132(1')

= 30n(2)*Ex (1), (60)

where as usual ¢ = ¢?**. These six solutions span a six-
dimensional representation of the modular group SL(2, Z).
In the ordered basis (yo. 71, 7%, 152, 74, 7\8), the matrix

representation of the 7' transformation is

e™i/® 0 0 0 0 0
0 emi/® 0 0 0 0
_6e2m’/3 %627[1'/3 eﬂi/6 0 0 0
0 0 em‘/6 em’/6 0 0 ’
_6en:i/6 em’/é 2627:1'/3 —662”i/3 em’/6 0
0 0 0 e”i/6 0 ™/t
(61)

which has a Jordan type [2, 4], the same as the prediction
from the dimension of fixed manifolds, and all diagonal
elements in the Jordan normal form are /¢, The renor-

malized mixed Hodge polynomial of ng@)/ % s

Pro(q) = ¢* + 4" (62)
Therefore our proposal is confirmed in this example.

2. General g > 2, n=0

The associated VOA V has not been explicitly con-
structed. However, we may resort to indices of 7, to make
predictions on the representation theory of V. The vortex
indices Z} ' (k) with even vorticity « are linear combi-
nations of (7)) 2E(7),¢ =0,1,2,...,g—1, which
predicts ¢ ordinary modules L(h) with conformal
weights [46],

h=0,-1,-2,....,—g+1. (63)

Here 4 = 0 corresponds to ¥ = 0, the vacuum module of
the VOA.

Letus denote iy = d — g+ 1 withd := (g— 1) —§ given
in terms of the vorticity x. We have a bijection between
modules and fixed manifolds,

L(hy) < M,. (64)

The relation between the conformal weights and critical
values of the moment map is simply

1
hy = ﬂ(Md) ~ Hmax — §5d.o, (65)

where ﬂ(Md>0) =d- %’ /‘(MO) =0, and Hmax = 9 — % In
particular, we see that the vacuum module L(0) corre-
sponds to the fixed manifold M,_;, while the module
L(h=—-g+1) associated to the vorticity x =2g—2
corresponds to the fixed manifold M. The Kronecker
delta term compensates the jump in the moment map
u(M,) from d =0 to d > 0. This relation is consistent
with the relation in [10,11] as there are no M when g = 0.

Using either vortex indices or {n(7)%72E,;}, we
compute the modular 7 matrix. The Jordan type of
the modular 7 matrix is [g,g+2,9+4,...,39—2],
where the sizes of the blocks can be identified with
lg.dimM,_; +g+1,....dimM, +g+1]. The total
dimension of V (i.e., the total order of modular linear
differential equation (MLDE)) is then

g—1

g+ Y (dimM;+g+1)=g(2g-1),  (66)
d=1

matching the conjecture in [47]. Using Eq. (45) one finds

SU(2)/Zy ;

the renormalized mixed Hodge polynomial of C| S

Pyo(q) = ' + ¢ + " + -+ g2, (67)
which confirms Conjecture 3 in the case when n = 0.

B. g, n > 0 cases

When the number n of punctures is nonzero, the four-
dimensional A; theory enjoys at least an SU(2)" flavor
symmetry, implying the existence of n affine 8u(2)_,
subalgebras in V. The flavor symmetry acts nontrivially
on the Higgs branch which corresponds to the associated
variety X Vo Since the classifications of simple modules for
most V, , are unknown, we will use the method described
in Sec. II to study its ordinary, simple, and log modules, and
match with fixed manifold data. Our results also provide
predictions on classifications of simple modules of V.
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TABLE I. Fixed points for g = 0, n = 4. Here F(A) represents the fixed manifold and corresponds to the simple module L(A).
L(A) h(A) F(A) = MdA,e dim ,“(F(A)) M — Kmax
L(—a») -1 M 50111 1 ap— oy — a3 —0y =1+ 2q
L(—2w,) -1 M_ 00113 0 ata—o3—ay —1+2a; +2ay
L(—2a)3) -1 M—ZA,{O.],OA,I} 0 a —a2+a3 — 0y —1 +26¥] +2a3
L(—2ay) -1 M_; 0110 0 A= -3ty —1+2a; +2a4
L(-2w,) 0 M_5 0000 0 l—ay—m—o3—ay 0

1. Example g=0, n=3
The theory 7 5 is the building block of the A; class-S
theories. It is the theory of four free hypermultiplets which
carries a USp(8) flavor symmetry, where only the SU(2)?
part is visible in the class-S construction. The associated
VOA V3 is four decoupled fy systems. The Schur index is

n(z)
Loz = .
03 agi 9,(b; + ab, + pbs)

(68)

There are two crucial flavored MLDEs coming from the
null states of the chiral algebra,

1 -1
P S

i=1"i

Hlm =0 (69)

-1
{Db,-—ZEl{bibM”Io,g—o, i#j#k (70)

af=+

It straightforward to show that the two equations have only
one simultaneous solution given simply by Z .

On the Hitchin moduli space side, there is only one
fixed manifold M_; ;) with the unique moment map
U — fmax = 0. The fixed manifold corresponds precisely to
the unique character 7 .

2. Example g=0, n=4

T o4isthe N =2 SU(2) gauge theory coupled with four
fundamental hypermultiplets. The associated VOA V4 is
isomorphic to the affine vertex algebra L_,(D4) whose
simple modules are classified in [48,49]. There are four
nonvacuum simple modules whose highest weight states
have D, weights —2w;, —w,, —2ws3, —2w,4. If we choose
{0,a,,a3,a,} of D, to be positive roots of the $u(2)®*
subalgebra of D,, the Dynkin labels of the highest weight
states of nonvacuum simple modules under 8u(2)®*
will be [-2,-2,0,0], [-2,0,0,0], [-2,0,-2,0], and
[-2,0,0, —2]. The vacuum module has 0 conformal weight
while the other four simple modules have conformal
weight —1.

There are five fixed manifolds in the Hitchin moduli
space. The data of the five fixed manifolds are collected in

Table I, and the bijection between the simple modules and
fixed manifolds is clear from the same table. The maximal
value pp = 1 — Z?:l a; of the moment map is defined in
Sec. III, namely, the moment map on the fixed manifold
M _3 411,11y corresponding to the vacuum module. p — i,
of the other four fixed manifolds are -1+ 2qa,
-1 + 26{1 + 26!2, -1 + 2611 + 26{3, and —1 + 2a1 + 2“4.
Under the change of variable o; — —o(?) they become

= Hmax g0 = 1 =20, 1201 —20® -1 =240
—200), -1 =20 —20®). (71)

Clearly the constant term gives &, and the coefficients of

o)’s give the Dynkin label of the corresponding module.

The characters of all simple modules are linear combi-
nations of residues R; := Res,_,,, Z(a) [16,50],

X-2w, = Io,4 — 2R, (72)

X-w, = —Los+2R; + 2R, (73)

X 2w, =Zos—Ri—Ry—R3— Ry (74)
X-20, = Los— Ry — Ry — Ry + Ry, (75)

where Z(a) denotes the integrand that computes the Schur
index 7,4 via a contour integral Z,, = f Z(a). The
characters of the vacuum, above simple modules and an
extra logarithmic solution have been shown to be the
complete solution set to the FMDEs coming from the null
states in L_,(D,) [16,17], so the dimension of \/gfgd is 6 and
the Jordan type of T matrix is [2, 14]. The Jordan type of T
matches exactly dim M + 1 from each fixed manifold. The
renormalized mixed Hodge polynomial is

Poa(q) =4q+q°, (76)
reflecting the Jordan type of 7, as is consistent with the
conjecture.

3. Example g=1, n=1

T, is the N =4 SU(2) super Yang-Mills coupled
with a free hypermultiplet. The associated VOA V,; is
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TABLE II. g=1, n=1.dmM,,+g+1=2, so it corre-
sponds to the 2 x 2 Jordan block of 72. We are not listing the
dimension of M, because it is not used in all conjectures.

h §u(2) rep Md.e dim (/" - ﬂmax) ‘m—>%+w
1/2 [—1] M, -1/2-w
0 [0] My 0 0

isomorphic to the 2D small N = 4 superconformal algebra
with central charge ¢ = —9 coupled with a free fy system
with ¢ = —1 that descends from the free hypermultiplet [4].
For simplicity, we only turn on the diagonal SU(2) of the
SU(2) x SU(2) flavor symmetry. As classified in [51],
there are only two simple modules from category-O of the
2D small N' =4 superconformal algebra. On the other
hand, there are three independent FMDEs, of weight-two,
three, and four respectively, with two nonlog solutions of
weight 7 =0 and h = -3,

n(t) -1 n(z)
91(2b)) E [ b, } ' 7

The first solution, which is simply the Schur index without
defect, belongs to a two-dimensional representation of the
modular group I'°(2). The second solution corresponds to
the character of a free field realization of V| ; in terms of a
bcPy system [52] coupled with the ¢ = —1 free fiy system,
which corresponds to the module L(—w;) in [51] (ignoring
the factor of vacuum module of the fy system). L(—w) is
nonordinary, whose h = —1/2 weight space forms an
infinite dimensional representation of 8u(2) with the
highest weight —w,. This result implies that V,, is
three-dimensional. The 72 matrix can be easily computed
with Jordan type [2, 1].

On the Hitchin side, there are two fixed manifolds, M,
and M. The moment map y is summarized in Table II.
The bijection between simple modules and two fixed
manifolds is obvious, and again the constant term and
the coefficient of w in u —,umax|a,_,% +o gives conformal

weight and Dynkin labels respectively. The renormalized
mixed Hodge polynomial is

Pii(q) =q+ ¢ (78)

which, together with dimensions of fixed manifolds,
encodes the Jordan type of 72

4. Example (g.n)=(1.2)

T, is given by an SU(2)? gauge theory coupled with
some fundamental and adjoint hypermultiplets. Little is
known about the associated VOA V/ ,; therefore the fixed
manifold data of the Hitchin side predict the representation
theory of V;,. The four fixed manifolds in M;, are

TABLE IIl. ¢g=1, n=2. The conformal dimension and
Dynkin labels are the same as the constant terms and coefficients
of w® of u— /’tm'clx|(l,-»—>—a)(')' The dimension of M, is not listed
because it is not used in all conjectures.

h  %u(2)®? Dynkin label ~M,, dim pu — Himax |y s —a®

1 [—1,-1] M, o =l =0 —e®
1 [-2,-2] Mooy 0 —1-200 -20®
1 [-2,0] M_ion 1 -1 -2

0 [0, 0] M_jqy O 0

summarized in Table III, and the renormalized mixed
Hodge polynomial is

Pi5(q) = q(1+ 29+ ¢*). (79)

so we predict that there are four simple modules of V ,, the
dimension of V| ; is 8, and the Jordan type of the modular T
matrix is [3,22,1].

As a consistency check, we compare predictions from
the Hitchin side with characters from the indices. Since the
work of [16], several FMDEs up to modular-weight five
have been constructed. As reviewed in Sec. II, solutions of
these FMDEs can be constructed from computing the Schur
index with or without defects [22]. For example, one may
insert a half Wilson line operator transforming in the spin-j
representation with respect to the SU(2) gauge group
shown in Fig. 1, and the line index (W;),

n(e? &
4117, 9,(20b,) &~

m#0

<Wj> = jeZIl,Z -

2 p2m _ bi—2m

qn1+q—ln 1 L

_211%‘171(18)12(26»2<“E‘[b11b‘5]i

a—+ n—j

m#0
(by b5 - <b1b3>-2m>
qm _ q—m ’

(80)

FIG. 1. A Wilson line operator in the genus-one theory with two
punctures. Each long tube or handle denotes an SU(2)

gauge group.
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is the linear combination of the following four quasimod-
ular forms including the Schur index 7 5,

n(z)? n(z)? 1[ 1 ]
2 9,(2p,)° 2 9,(20)) bib, |’

n(z)? 1
7 9,(26) " {blbgl } (81)

ZI,Z’

with coefficients being rational functions of b; and ¢. These
four expressions are solutions to all the known FMDEs, and
are convincing candidates of module characters. They are
recombined into four ¢ series which we believe to be the
characters of simple modules of V,,. Below we list
explicitly the leading terms of these quasi-modular forms,
which suggest charges and conformal weights of the
module.

11.2:q5/6+..., (82)
n(z)? bi'by! ~1/6
— — — q + sy 83)
[T, 0:26)  (1=b)(1 = b77) (

oy (B et 3)
T2, 8,6\ [br651 ) 2
b1_2b52q_1/6
— 4., (84
(=50~ 652 (1 = b7'53") (84)

n(z)? 1 } 1)
" | E Z
[T, 9,(28) ( l{bflbz "2
_ bI—Zq—l/6

(1=b72)(1 = b3%)(1 = by'by

jre (89

Here we have used E;[/}] = (—1)*E[}]. From these
g-series expansions, we can read off the conformal weight
h=0,-1,-1,—1, and the 8u(2)? weights 0, —»(") — »?,
20" —20®), 20 of the corresponding modules. Here
') denotes the fundamental weight of the i-th 81t(2). These
data match exactly the prediction from fixed manifolds.

Finally, the Schur index 7, and other quasimodular
forms in Eq. (81) belong to a dimension 8 representation of
the modular group SL(2,7Z), and the T matrix has the
Jordan type [3,22, 1], again consistent with the prediction
from the Hitchin side and renormalized mixed Hodge
polynomials.

5. Example (g.n)=(g > 2.1)

Little is known about the associated VOA of these
theories, so we again extract module information from
indices and compare it with fixed manifold data from the
Hitchin side. One can show that the Schur index 7,
the vortex surface defect indices 75" (k = even), and the

Wilson line indices are linear combinations of

’7<T>Zg—2+n |:_1
91(26;) " b,

;,I<T)2g—2+n
9,(2by)

} , k=12,...,2g-2+1;

(86)
therefore they are likely to form a basis of characters of
simple modules.

As a simplest example, we consider g = 2. This basis of
indices consists of four quasimodular forms,

&?&i) ’ 878)53» b [;l } ’ ,9?52);1) = [ ;11 ] ’
191<251)E3[;11}

n(z)*
which can be used to construct the following four ¢ series
which should be characters of simple modules,

(87)

19!':1((;{))?) 1 fl_l;l‘z 0 (&)
Ty (2) = 1;1'7((22; (gE1 {;11 ] +3E, [;11 } )
= ¢+ 0(g) (89)
s (5 3] 50) - T o
(90)
1’21‘51(223 (‘gElm ’ [;1 D_"Zw(c’%)
(91)

From the leading term of each character, we predict
conformal weights 4 and Dynkin labels of four simple
modules which are summarized in Table IV. We further
perform modular transformation on the basis to obtain the
full basis of V,, and explicit expressions of STS,T?
matrices. In the end, V,; is 14-dimensional, and the
Jordan type of T2 is [2, 3, 4, 5]. They are the same as
predictions from fixed manifolds which are also listed in
Table IV. The renormalized mixed Hodge polynomial is

Pri(q) =q¢*(1+q+q¢*+ ). (92)

Next consider g = 3. The basis of indices has six
quasimodular forms,

7(c) p@ [
9, (26,) " { b

], k=1.2,...5 (93)
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TABLE IV. g=2, n=1. The conformal dimension and
Dynkin labels are the same as the constant terms and coefficients
of @ of p — pyayl The dimension of M, is not listed

(1!—>%+w .

because it is not used in all conjectures.

TABLE V. g =3, n = 1. The conformal dimension and Dynkin
labels are the same as the constant terms and coefficients of ()
of #t = fmax|s11or- The dimension of M, is not listed because it is

not used in all conjectures.

h 31t(2) Dynkin label M, dim - ymax\(m% o h 8u(2) Dynkin label M, dim - ymax|aH% o
-3 [-1] M, -3-w -3 [-1] My -3-w
-1 [0] Moo 2 -1 -2 [0] Mo 4 )
-1 [-2] Moy 1 -1 -20 ) [-2] Moy 3 -2 20
0 [0] My O 0 -1 [0] Mg 2 -1

-1 [-2] My, 1 —1-20

0 [0] M3 0 0 0

which can be recombined into the following ¢ series which
could be characters of simple modules

in(r)>  by'qe

= 0(q" 94
9,026 " 1-p2 T 0@ (54)
111(1)5( [—1] 95 [—1}
IVOI’teX 4 — SE +_
3.1 ( ) 19](251) 5 bl 24 3 bl
63 -1
E
128 l[bID
= g + O(g" (95)
i (L] +254] ~28)
+-E S
9,26)\ by ] 27 by ] 24
bl_zq% 3
- b1_2+0(q1) (96)
o 055 #55  )t ))
Ivortex 2 — 3E +—E
=520 05 [y, | 7850 5, | 128" [,
— B+ 0(gH) (97)

=Top2 O (98)
QNS E N
= g%+ 0(q%). (99)

Again properties of highest weight vectors can be read off
from leading order terms and are summarized in Table V.
These characters belong to a 33-dimensional representation
of the modular group I'’(2), and the Jordan type of 77 is [8,
7, 6,5, 4, 3]. The fixed manifold information is also listed

in Table V, and the renormalized mixed Hodge polynomial
is
Pyi(q)=a(1+q+ ¢+ +q" +¢).  (100)
All conjectures are correct in this case.
For general g > 2, the fixed manifolds are listed in

Table VI. The renormalized mixed Hodge polynomial
P g,l(q) is

P,i(q) =¢*(1+q+---+q*"). (101)

It is natural to identify the original Schur index and the
g — 1 vortex defect indices with the subset {M (o) }o<g<y-1
of fixed manifolds. The module whose character is
in(t)?972/9,(2b,) is identified with M. The remaining
fixed manifold {M (1)}o<g<y—n is matched with modules

whose characters start with Eqyeny [;11]

C. Ordinary modules of V,,

In this subsection we study the subset Mgfﬂ of fixed
manifolds of M, which corresponds to ordinary modules
of V,,. Given an ordinary module L of V ,, the weight
space of L at any conformal weight should be finite
dimensional; hence the highest weight state of L should
generate a finite dimensional representation of 81(2)®",
i.e., its Dynkin label [}, - - - j,] should be all non-negative.

On the Hitchin side, when n is even, the difference
between the critical value y,, of the fixed manifold M, ,

TABLE VI.  Fixed manifolds of M, ;. The dimension of M is
not listed because it is not used in all conjectures.

M M = Hmax |a—>%+w dim M
M, _% —w .
Mg),0<d<g-1 d+1-g 2g-2-2d
My, 0<d<g-2 d+1-g9g-2w 2g—-3-2d
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and p,, 18

n .
e =t = -+ lel = (5= 145 )+ D1 + 1

(102)
which after substituting a; — —'") becomes
Hae = Pmax ‘ai|—>—w(’)
n - _ .
=d+|e| - <g— 1 +2> -~ ;[(—1) i+ 1. (103)

Coefficients of @'") are all non-negative (actually all 0) only
when e = (1,1, ..., 1). Similarly, when »n is odd,

3 .
e =t = d-+1el = (5345 ) + =00 = 1

+3l-

which become

(104)

Hde — =L (= 1)l

—a+lel- (9-3+3) + 0= 1[5+ o]

upon the replacement a; — 1 + (=1)%@(?). This time, the
coefficients of w'!) are all non-negative only when e =
(0,1,1, ..., 1). Therefore we deduce from Conjecture 2 that
ordinary modules of V, correspond to the subset M‘g’f,‘f =
{My,.. 1} (resp. M°rd ={Mo11..1}) when n is even
(resp. odd) and the conformal welght h of the highest
weight state is given by py— pg. Which are
0,-1,..., —[W] + 1. Here [x] is the ceiling of x.
Next we study the relation between dimensions of fixed
manifolds and modularity of the character of ordinary
modules. As explained in Sec. II, unrefined characters of
ordinary modules of V,, are solutions of certain MDEs,
hence also belong to a representation \/"rd of the modular
group. The dimension of \/O‘d is conjectured in [47] to be

AV 0) = (1-0,0)9(2g-+n=1)+(1=8,0)| 5
)

When g and n are small, one can find the MDE explicitly
and obtain a basis of \/"rd including characters of ordinary
modules. When g and n become large, it is difficult to find
the explicit expression of the MDE, but one can still get a

(106)

+ Z (=1)% + [— - a)<i>] , (105)  basis of \/‘”d by looking at the orbit of 7, under the action
of the modular group. One possible b351s is given by [23]
+2 +1 ]
{Th STty VTS0 Tl Se et i U TS Th) S<2>T‘? 2 S lantys
39=3+n-2 +1 39g-3+n
U--veo U {sz)s(z)T<zg) S )Tg gn} g=>tn (107)

where T(;) = e ~Flg-n=1)T2 _ 1, S(2) = STS. We use T? and
STS here because they are present in both SL(2,Z) and
I'%(2). With the given basis, we work out the representation
matrices of the generators 7, S, or T2, STS of the modular
group. The Jordan type of the T (resp. T?) matrix for even
(resp. odd) n is

24¢.4+g9,....29—2+n+g|, whenniseven, (108)
[14+¢,3+9,....,29—24+n+g|, whennisodd, (109)
with [ 22 2*"] Jordan blocks in total. We note that when n

is even, S is diagonalizable (while 7 has a nontrivial Jordan
type), but when n is odd, the counterpart ST'S shares the
same nontrivial Jordan type with T2,

On the Hitchin side, when 7 is even, the dimensions of
fixed manifolds corresponding to ordinary modules are

gt (110)

,,,,,,

so {dimM,,; .+ g+2} matches the above Jordan
type. When n is odd, the dimensions of fixed manifolds
corresponding to ordinary modules are

dimM, ;. .1)=0.2,....g4+n=3,  (l11)

so {dimM . .1+ g+ 1} matches with the above
Jordan type as well. We list a few examples in
Tables VII and VIII where we see the agreement explicitly.
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TABLE VII.  Ordinary modules of V,, with n even. The
number in brackets is the dimension of the fixed manifold with
the value p — pipax-

g n h J(T) K = Hmax (dlm)
0, 4 0 [2] 0(0)

0, 6 0,-1 [4, 2] -1(2).0(0)

0, 8 0,-1,-2 [6, 4, 2] —2(4),-1(2),0(0)
1,2 0 [3] 0(0)

1,4 0,-1 [5, 3] —1(2),0(0)
1,6 0,-1,-2 [7, 5, 3] -2(4),-1(2),0(0)
2,2 0,-1 [6, 4] —1(2),0(0)
2,4 0,-1,-2 [8, 6, 4] —2(4),-1(2),0(0)
TABLE VIII. Ordinary modules of V,, with n odd. The

number in brackets is the dimension of the fixed manifold with
the value p — pay-

g, n h ‘](Tz) = .umax(dim)
1,3 0,-1 [4, 2] —1(2),0(0)
2,1 0.-1 [5, 3] ~1(2).0(0)

VII. GENERALIZATIONS TO HIGHER RANK

One can also find evidence of the mirror symmetry for
higher rank class-S theories. Notable examples include the
Minahan-Nemeschansky Eg, E;, Eg theories, and our
conjecture holds for all these cases [49].

In higher rank cases, it is much easier to compute the
mixed Hodge polynomials of the character variety. For
example, let us consider the SU(3) N = 2* theory, which
is the compactification of 6D A, SCFT on a torus with one
minimal puncture. The corresponding VOA V is con-
structed in [4,52,53]. The pure part of its mixed Hodge
polynomial is

q(1+q+q°). (112)
Following our conjecture, we predict that there are three
simple modules contained in a dimension 6 representation
V of the modular group, and the Jordan type of the 7" matrix
is [3, 2, 1].

On the other side, we observe that all (defect) indices are
a linear combination of the following expressions:

IN:4SU(3)7 194(35) ’

They belong to a six-dimensional representation of the
modular group I'’(2), and the Jordan type of 77 is [3, 2, 1].
This provides another example of our conjecture in higher
rank. It would be interesting to explore additional higher
rank examples and establish the mirror symmetry.

VIII. OUTLOOK

Our proposal of the 4D mirror symmetry for class-S
theories provides a powerful tool to study the representa-
tion theory and modular properties of the corresponding
VOA V.. It would be nice if one can further confirm our
prediction, or even prove our conjecture, by using tools like
the free field realization of V , proposed in [54-56].
Recently in 3D A =4 theory, the relation between the
chiral quantization of the Higgs branch and the coordinate
ring of the Coulomb branch was discovered [57,58]. It
would be interesting to discuss connections between the 4D
mirror symmetry and these 3D ones.

One may also ask what the Coulomb branch counterpart
of the log modules is. When g = 0, each fixed point M, is
isomorphic PYimMac hence dim H*(M,4,) = dimM,, + 1,
and we propose that both simple modules and log modules
are bijection to elements of the cohomology ring of fixed
points. However, when g > 0 there the cohomology ring of
fixed points is more complicated, and the counterpart of log
modules needs further study.

Another related question is how the modular group
appears in the Coulomb branch side. In generalized AD
theory, the action of the modular group was realized by the
automorphism of double affine Hecke algebra acting on the
cohomology of fixed points. In class-S cases, the modular
group action may also realized by certain action on the
cohomology of fixed manifolds as well. Identifying this
action may also help one to understand the previous
question.
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