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We construct an analytical black hole solution in the Einstein-Maxwell-Yang-Mills theory with a
conformally coupled scalar field in four dimensions, which generalizes the charged Martinez-Troncoso-
Zanelli (MTZ) black hole in the presence of self-gravitating non-Abelian gauge fields. The internal gauge
group is determined by the horizon curvature, becoming SU(N) in the case of positive curvature and
SU(N — 1, 1) when the curvature is negative. Moreover, this solution is employed as a conformal seed to
obtain new meronic spacetimes dressed with all superrenormalizable contributions of the scalar field,
which provides the generalization of the Anabalén-Cisterna solution when self—gravitating non-Abelian
gauge fields are included. Finally, we consider the non-Noetherian extension of the conformal scalar fields,
which still yields a second-order conformally invariant scalar equation, even though the action is not. In that
case, we show that static black hole solutions can also be charged with Yang-Mills fields.
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I. INTRODUCTION

In modern physics, Yang-Mills theory stands as one of
the most successful theoretical frameworks, providing the
gauge structure underlying quantum chromodynamics and
the electroweak sector of the Standard Model. Beyond the
perturbative regime, non-Abelian gauge fields exhibit non-
trivial configurations that establish profound links between
topology and quantum field theory. When coupled to
gravity, Yang-Mills fields acquire additional significance,
as they are known to evade the no-hair conjecture [1].
Within SU(2) Yang-Mills theory, several hairy black hole
solutions have been constructed (see for instance [2-5]).
However, for some of these configurations, the gauge
potential effectively reduces to an Abelian sector of the
theory [1,2], since it involves only a single nontrivial
component along the generators of SU(2). Consequently,
such solutions do not correspond to genuinely non-Abelian
field configurations. Black hole solutions have also been
obtained for higher-rank gauge groups, such as SU(N),
using numerical methods [6,7].
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Among all the solitonic solutions admitted by Yang-
Mills theory, merons stand out as particularly important
configurations. First discovered in Ref. [8], they are
described by gauge fields that are proportional to a pure-
gauge one, that is, A = cU~'dU, where U(x) is an element
of a non-Abelian gauge group, and c is a constant different
from zero or one. While in Abelian theories (such as
Maxwell electrodynamics) this proportionality would
imply that the field is itself pure gauge, in Yang-Mills
theories this is no longer the case. In this sense, merons
constitute genuinely non-Abelian field conﬁgurations.1
A distinctive property of merons is that they carry half a
unit of topological charge, which is localized and therefore
unobservable in isolation on flat spacetime, where merons
are singular. Despite this, they are believed to play a
relevant role in the mechanism of confinement (see
Refs. [10-16] for further details). However, when the
theory is coupled to general relativity, the gravitational
backreaction can cloak the singularity behind a black hole
horizon, potentially making such configurations physically
realizable [17-21]. The simplicity of these intrinsically
non-Abelian configurations allowed the construction, in
Ref. [17], of an intrinsically non-Abelian black hole
solution within the SU(2)-Einstein-Yang-Mills system.
The strategy relied on employing the generalized hedgehog

'Recently it was shown that these configurations arise in a
broad class of non-Abelian gauge theories beyond Yang-Mills,
thus exhibiting a universal character [9].
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Ansatz [18,19,21-40], which provides a consistent reduc-
tion of the field equations while preserving the genuinely
non-Abelian character of the gauge configuration.

On the other hand, the inclusion of scalar fields in non-
Abelian gauge theories is of fundamental importance, as
exemplified by the Higgs mechanism, which implements
spontaneous symmetry breaking and determines the mass
spectrum of the gauge sector. Since classical Yang-Mills
theories are conformally invariant, the introduction of
conformally coupled scalar fields arises as a natural
extension that preserves the symmetry properties of the
matter sector, particularly when gravity is taken into
account. In gravitational physics, scalar fields also play a
prominent role, and scalar-tensor theories have proven to
provide a fertile framework for evading standard no-hair
theorems (see Ref. [41] for a review). In particular,
when gravitational theories are supplemented with con-
formally coupled scalar fields, a broad class of solutions
has been constructed [42-55], including gravitational
instantons [56-58]. In asymptotically flat spacetime and
in the absence of a self—interacting scalar potential, there
exists an analytic black hole solution originally found by
Bekenstein [42], and independently by Bocharova,
Bronnikov, and Melnikov [59], commonly known as the
BBMB black hole, which has been somewhat controversial
[60], since the scalar field diverges at the event horizon.
However, when a cosmological constant is included
together with a conformal scalar potential, another analytic
black hole solution does exist. Such a solution was found
by Martinez, Troncoso, and Zanelli in Ref. [43], and will be
referred to hereafter as the MTZ solution. This geometry
can be regarded as the (anti)de Sitter analog of the BBMB
solution, in which the singularity of the scalar field is now
hidden behind the event horizon. The electrically charged
extension of this solution, sourced by Maxwell fields, as
well as its extension to other horizon topologies, was
reported in Ref. [44]. Moreover, the integrability properties
of this theory have been extensively investigated, leading to
a wide variety of exact solutions. These include configu-
rations endowed with Newman-Tamburino—Unti (NUT)
charge [46], accelerating solutions [45,61], and rotating
geometries [47]. In addition, it has been shown that the full
Plebanski-Demianski family provides an exact class of
solutions to this system [48,49]. The renormalization of this
theory was studied in Ref. [62] by restoring the on-shell
conformal symmetry in the bulk. In dimensions higher than
four, this theory does not admit black hole solutions
[63,64], and the inclusion of conformal higher-curvature
corrections becomes necessary in order to construct them
[65—68]. In this context, motivated by the interplay between
scalar fields and non-Abelian gauge dynamics, we show
that the MTZ black hole can be extended by incorporating
non-Abelian gauge fields and allowing for horizons of
nonvanishing constant curvature.

Furthermore, a large family of analytic solutions has been
studied when conformal symmetry at the level of the action is

relaxed, either by allowing for a generic nonminimal
coupling parameter or by introducing scalar self-interaction
potentials [69-79]. A particularly interesting case arises
when all power-counting superrenormalizable contributions
to the scalar potential are taken into account, as this leads to a
wide range of spacetime configurations [71]. Moreover, in
Ref. [74] it was shown that these solutions can be generated
through a conformal transformation of the fields starting
from the Einstein equations with a cosmological constant,
coupled to a conformally coupled scalar field with a
conformal potential. This mapping can be straightforwardly
extended to include Maxwell fields, since the theory is
conformally invariant in four dimensions. In this work, we
extend these transformations by incorporating non—Abelian
gauge fields in four dimensions, where Yang—Mills theory
also exhibits conformal invariance.

The manuscript is organized as follows. In Sec. II, we
present the Einstein-Maxwell-Yang-Mills theory with a
cosmological constant and a conformally coupled scalar
field, and we fix our notation. In Sec. III, we introduce a new
dyonic black hole solution dressed with scalar fields and self-
gravitating gauge fields, which generalizes the MTZ black
hole. Some of its properties and interesting limits are
discussed. Then, in Sec. IV, we extend the solution-generat-
ing technique introduced in Ref. [74] to include non-Abelian
gauge fields. Using the meronic MTZ black hole as a
conformal seed, we construct a new solution supported by
Yang-Mills fields and a scalar field endowed with a super-
renormalizable self-interaction potential. Finally, in Sec. V,
we explore the non-Noetherian extension of conformally
coupled scalar fields [80,81], generalizing the solutions
presented in Refs. [80,82] to the case of non—Abelian gauge
fields. We conclude in Sec. VI with a discussion of our main
results and possible directions for future work.

II. THE THEORY

In this work, we focus on the Yang-Mills theory coupled
to Einstein-Maxwell gravity with a cosmological constant
A and to a conformally coupled scalar field. The dynamics
of the system is described by the following action principle

1[G Ay Ay @) = I + Iyiax + Iym + Isp, (1)

where
Ig = — /d“ gI(R = 2A) (2a)
= X - a
S~ 162G J o g ’
1
IMax = __/ d4x\/ |g|~7:yy~7:””a (2b)
4 Jm
1
Iym = Z/M d4x\/ |g|Tr(FWF/”’), (2¢)

== [ a/Bl(3002 + R ). 20)
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Here, G and A are the gravitational and cosmological
constants, respectively, 4 is the coupling of the conformal
potential, and (V¢)? := V,¢V¥¢ corresponds to the kinetic
term for the scalar field. From now on, Latin indices will
denote SU(2) indices, while Greek indices will refer to
spacetime indices. The non-Abelian field strength is given
in terms of the non-Abelian gauge connection in the adjoint
representation of the group, i.e., A, = Ajt,, according to

F,, =Fyt,=0,A,—0,A,+e[A, A (3)

where e corresponds to the Yang-Mills coupling, while the
Abelian field strength is given by

Fu=0,A,—-0,A, (4)

The field equations of the theory are obtained by
performing arbitrary variations of the action with respect
to the metric, the Maxwell and Yang-Mills gauge poten-
tials, and the scalar field, yielding

G,y + Mg, = 82G(T™ + T + T37),  (5a)

V,Fm =0, (5b)

V,F 4 e[A,, F] =0, (5¢)
1

O = g R+ 4ig" (5d)

respectively, where G,, =R, — % guwR denotes the
Einstein tensor, and we have defined the stress-energy
momentum tensor for the Maxwell, Yang-Mills, and scalar
fields, as

Max 1 a

Tﬁw ) = fﬂﬂflﬁ/ _Zgyufaﬂf ﬂ’ (63)
YM 1 a

oM = _2Tr <FMF£ =~ 3 9uF asF s, (6b)

TI(EF) = vﬂ¢vl/¢ ~— 9w (% (v¢)2 + ﬂ¢4>

+ (gﬂDD - vﬂvl/ + G/ll/)¢2‘ (6C)

AN =

Since both Maxwell and Yang-Mills theory are invariant
under conformal rescaling of the metric, g, — Q? Guy» With

Q = Q(x) an arbitrary local function, the corresponding

stress-energy tensors T,(,l,\,/[ax) and T,(,EM) are traceless. On

the other hand, the action for the scalar field (2d) is
invariant (up to boundary terms) under simultaneous

conformal transformations of the metric and the scalar

(SF)

field, (g,w, ) — (ngm,Q‘lgb); then T, is traceless on

shell, since its trace is proportional to the scalar field
equation. Thus, the spacetimes admitted by the theory have
constant scalar curvature, that is, R = 4A, which follows
from taking the trace of Eq. (5a).

III. HAIRY MERONIC BLACK HOLE SOLUTION

In order to seek static black hole solutions within the
theory defined by the action (1), we adopt the following it
Ansitze for the metric, the scalar field, and the Abelian
gauge potential

ds? — S 2102
s = —f(r)dr +m+rdﬂk, (7a)

b=¢(r), A= —%dt + peos(Vk9)dg,  (7b)

where dQ7 denotes the line element of a two-dimensional
Euclidean space of nonvanishing constant curvature
ke{-1,1}, corresponding to negative and positive hori-
zon curvature, respectively, which can be parametrized by

1.
dQ2 = d9? + %Slnz(\/EwSl)dgoz. (8)

It is straightforward to verify that with this choice of
Ansatz, the Maxwell equations (5b) are automatically
satisfied. The integration constants g and p can be
identified with the electric and magnetic charges of the
solution defined as

1 1
Q€==—/ *F and Qm:=——/ F. (9)
4 T 4 T

respectively, where % denotes the Hodge dual, X is the
spatial infinity, and we have defined F = %.7-' L d A dx?
and xF = }—teﬂﬂp]—"@dx” A dx¥, where €,,,, is the Levi-

Civita tensor. For the Ansdtze in Eq. (7) they read

> >
Q.=7q and Q,=T5p, (10)

¢ 4g 4

where X, denotes the volume of the transverse section of
constant curvature.

To construct an Ansatz for the meronic fields we closely
follow the construction presented in Ref. [20]. There, the
authors employ the so-called maximal embedding of SU(2)
into SU(N), using an Euler-angle parametrization [83-85],
to build a basis of three N x N matrices that realizes
an irreducible spin-j representation of SU(2), with j =
(N —1)/2. Here, we extend this construction to include the
noncompact group SU(N — 1, 1). Therefore, we parametrize
the generators of the non-Abelian gauge group as
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tl:—ézz\/(j—1)(N—j+1)(Ej—1,j+Ej,j—1)v (11a)
N

[2_\/7%;\/(j—l)(N—j+1)(Ej—l.j_Ej.j—l)v (11b)

13:”/%2 <NT+1_]>EJ/’ (11¢)

where (E; ;),,, = 6,0, and are chosen such that they close
the 3u(N) algebra in the case of positive curvature (k = 1),
and the 8u(N —1,1) algebra for negative curvature
(k = —1), namely,

[IZ’ t3] = ktl?

[t 1] = 13, . 1] =1, (12)

and are normalized according to

N(N?-1)

Tr<tatb) == 12

diag(1, k, k). (13)

Note that the choice of generators in Eq. (11) depends
explicitly on the curvature of the black hole horizon. This
feature is not new. In Ref. [86], it was shown that new
massive gravity [87] admits anisotropic SU(2) merons as
solutions on squashed spheres [88], which correspond
to spaces of positive curvature. However, in order to
construct analogous configurations on warped Anti-de
Sitter (WAdS;), a space of negative curvature, it becomes
necessary to perform an analytic continuation of the gauge
theory to the noncompact group SU(1,1) [86]. This
provides further evidence that the internal gauge group
of non-Abelian fields is not independent of the underlying
topology, but rather that the two structures are intimately
related. For planar horizons (k = 0), the internal group
reduces to an Abelian one, and therefore this case will not
be considered in the remainder of this work. Recently, this
strategy based on maximal embeddings of the gauge group
has been widely employed to construct self-gravitating
solutions in nonlinear field theories [20,89-98].

Having established this, we consider for the non-Abelian
gauge potential a meron-type Ansatz of the form [17]

1

A:
2e

U-'du, (14)

where the scalar U(x) is an element of the non-Abelian
group under consideration, and we choose the following
parametrization

U= e 5?00, (15)

Explicitly, the components of A = A“¢, along the group
generators read

eA' = Vksin(Vkg)d9 + ‘/TE cos(Vke) sin(2vk9)de,

(16a)
eA? = cos(Vkep)dd — % sin(Vkg) sin(2Vk8)dp,  (16b)
eA3 = sin?(Vk9)dg. (16¢)

while the components of the field strength F = F“t,
[cf. Eq. (3)] take the form

eF' = —kcos(Vke)sin2(Vk9)d9 A dp,  (17a)
eF? = Vksin(Vke)sin®(Vk9)d9 A dp,  (17b)
eF3 = Vksin(Vk9) cos(Vk9)d9 A dp,  (17¢)

from which it is clear that these configurations are
genuinely non-Abelian. It is straightforward to verify
that this Ansatz identically satisfies the Yang-Mills equa-
tions (5¢), while the remaining field equations are solved by

£r) 4(1-@)2—%#, (18a)
$(r) = \/—%—(F ]_WA(;G), (18b)

where M is an integration constant related with the mass of
the solution. Together with the remaining integration
constants arising from the Maxwell fields, it is subject to
the constraint

NN -1)
662 '

q2+p2_M2G (1

2xAG
k  4gx

ol (19)
This solution generalizes the MTZ black hole [43,44] to the
presence non-Abelian gauge fields. The existence of an
event horizon requires the sign of the curvature of the base
manifold and that of the cosmological constant to coincide.
However, the requirement that the scalar field be real forces
the cosmological constant and the conformal potential
coupling to have opposite signs. This, in turn, imposes
additional constraints on the parameters, which are dis-
cussed below.

For horizons of positive curvature, k = 1, the solution
describes a black hole provided that the cosmological
constant is positive, namely A = 3/72, where £ denotes
the de Sitter radius, and

27(MGe)?

A<
*2aN(N? = 1) = 3M?e%G)

<0. (20
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For this case, the geometry corresponds to an extremal
black hole enclosed by a cosmological horizon, a configu-
ration known as a lukewarm black hole.

The inner horizon, the event horizon, and the cosmo-
logical horizon are located at

4 AMG
r_—§<—1+\/1+7>, (21a)
4 AMG
=—(1—=3/1———], 21b
r 2( ,,»> (21b)
4 AMG
ree =3 (1 +4/1 —7>, (21¢)

respectively. Moreover, the mass is bounded both from
below and from above, namely

1 2aN(N*-1) ¢

It is clear that the massless limit is not continuously
connected whenever the meronic configuration is present.
When M = ¢/4G, the event and cosmological horizons
coincide, and the solution reduces to the Nariai geometry.
|

MG\? MG
a2 = =k(1-2) oy [a(1-1
r r

21 1
> ] drt + 2 <d82 + %sinz(\/%z(})dqﬁ),

On the other hand, when the horizon has negative
curvature, k = —1, the cosmological constant must also
be negative, A = —3£72, in order to guarantee the existence
of real zeros of the lapse function. In this case, requiring the
scalar field to be well defined imposes that the coupling of
the conformal potential satisfies

2n(MGe)?

0<2 .
=T ABM2EG — 22N(N? - 1))

(23)

In this case, the mass is also bounded from below as in the
previous case, and the geometry corresponds to a black hole
with multiple horizons.

On the other hand, the scalar field develops a singularity
at r = MG, which lies behind the event horizon, in contrast
to the BBMB black hole [42,59]. The causal structure,
thermodynamic properties, and stability of the MTZ black
hole have been studied in Refs. [99,100]. We will not
discuss this geometry in further detail, as it has been
extensively analyzed in the literature; see, for instance,
Refs. [101-105].

In the limit of vanishing cosmological constant, A — 0,
which implies 4 = 0 due to the constraint in Eq. (19), the
solution reduces to

(24a)

) 1\/3kGe2M2—2ﬂkN(N2—1)—12ﬂ2e2(p2+q2) 1
A= —

- 2e rk

where the gauge potential is still given by Eq. (14), and the
mass bound remains determined by Eq. (22). This con-
figuration represents a generalization of the dyonic BBMB
black hole [42,59], sourced by self-gravitating meronic
fields, and exhibits a scalar-field singularity located at the
horizon r = M G. Moreover, the scalar field becomes trivial
when M = M, and the Maxwell field vanishes, in which
case the extremal meronic black hole is recovered [20].

IV. SUPERRENORMALIZABLE MERONIC
SPACETIMES

In the previous Section, the dyonic MTZ black hole was
generalized to include self-gravitating Yang-Mills fields. In
this Section, we construct a new solution by employing the
strategy proposed in Ref. [74]. There, the authors devised a
method to generate solutions by mapping any self-gravi-
tating conformal scalar field with nontrivial self-interaction
and a nonvanishing cosmological constant into a one-
parameter family of a related theory, supplemented by a

(r—MG) (240)

[

superrenormalizable potential. When the MTZ black hole is
used as the seed, the resulting geometry is nothing but the
solution previously reported by Anabalén and Cisterna
(AC) in Ref. [71]. This family of solutions includes regular
black holes, wormholes, and bouncing cosmologies,
thereby significantly enhancing the solution space com-
pared to the original seed. This strategy was extended to
incorporate Maxwell fields as well [74], which is possible
thanks to their conformal invariance. This technique
has also been implemented using geometries with NUT
charge [46] as seed in Ref. [51]. Here, we apply a similar
procedure to generate a new solution using the meronic
MTZ black hole obtained in the previous section as the
conformal seed.

The idea is to map the fields of the theory, together with
the coupling constants, in such a way to obtain a new action
that is proportional to the original one, namely,

G A Ay @) = (1 —a®)g,,. AL AL @), (25)
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where « is the parameter that controls the mapping and is
restricted by a® < 1 in order to preserve unitarity in both
theories. As a consequence, the solutions of the equations
of motion (5), obtained by performing stationary variations
of the right-hand side of Eq. (25), can be mapped directly
onto the field equations arising from varying the left-
hand side.
The field equations of the new theory are given by

(Max) (YM) (SF)

G+ AGy =82G(Tw™ + T +Tw ),
(26a)
v, Fr =0, (26b)
V,F" 4+ e[A, F*] =0 (26¢)
ﬁq_ﬁ—ll?qﬁ—l—dv—@ (26d)
6 dgp

where the barred stress-energy tensor associated with the
scalar field is given by

- = -= - I = - =
T = V,Vid ~ 3 (5 (Vo) + V<¢>>
42 G0 - 99,4 G, @7)

whereas the contribution associated with the gauge fields
takes the same form as that defined in Eq. (6b), but is
constructed from the barred quantities. Moreover,

Fu=0,A4,-0,A, (28a)

F;w = ayA_u - auAy + 6_[ ﬂ’A_l/]’

(28b)

where U is given by Eq. (15), dQ3? is defined in Eq. (8), and
the coupling constants satisfy the constraint in Eq. (19).
These geometries correspond to the dyonic generaliza-
tion of the AC solution, supported by meronic fields and a
superrenormalizable potential. The presence of both
Abelian and non-Abelian gauge fields allows for the
inclusion of a mass term in the scalar potential, thus
enabling the complete series of superrenormalizable terms

N
Il
i
Q
[\)
|
S IR
g
_|_
=
(@]
o)
P2y
S
&
o
Ill
>0

denotes the Maxwell and Yang-Mills field strength of the
new theory, respectively, while the superrenormalizable
scalar potential is given by

V(p) = a1 + ;@p* + a3d® + aud*, (29)

where the coupling constants take the following form

av/3(2AGx 4 9a*)
o = L22AGr I l) (30a)
6(a* —1)°(zG)?
a*(2AGr + 91)
== 30b
T T (@~ 16 (300)
2a\/3(2AGra* + 91
= <2 3 ) , (30c)
9(a* - 1)°VnG
2AnGa* + 92
=== 7 30d
% 9(a®>-1)3 (30d)

The cosmological constant and the Yang-Mills coupling are
given by

. 9a*A + 27AG
AN=—-—————, 31
22G(a® — 1)} (31a)
e
e = , 31b
— (31b)

respectively. Under this mapping, the meronic MTZ sol-
ution is mapped into a new variety of exact solutions
sourced by non-Abelian gauge fields, given by

(32a)

1
2é

——U-'dU, (32b)

|
in the scalar self-interaction potential. The causal structure
of the geometry described by Eq. (32) is significantly
enhanced compared to that of the meronic MTZ solution,
giving rise to configurations ranging from black holes to
regular inhomogeneous bouncing cosmologies and worm-
holes. These cases are discussed in detail in Ref. [71].
The electric and magnetic charges are shifted due to the
presence of the parameter a. In the limit of vanishing

024010-6
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Abelian fields, g = p = 0, the solution becomes rigid, with
the mass constrained by the couplings of the theory through
the condition (19). Finally, we note that for a = 0 the
mapping reduces to the identity, and the meronic MTZ
black hole reported in the previous Section is recovered.
However, new special geometries arise as particular limits
obtained by switching off parameters in the superrenorma-
lizable solution (32), which we do not discuss in detail, as
they are straightforward to obtain.

V. NON-NOETHERIAN CONFORMAL MERONIC
BLACK HOLE

Recently, in Ref. [81], the most general action for a real
scalar field leading to a conformally invariant second-order
equation of motion was constructed. This corresponds to a
generalization of the theory presented in Ref. [80]. The
associated scalar field equation includes a new nonminimal
coupling that breaks the conformal invariance of the action,
while preserving it at the level of the equations of motion.
Such a symmetry was dubbed non-Noetherian conformal
symmetry [81], since itis not realized at the level of the action
principle (see also Refs. [106,107] for the analogous con-
struction in lower dimensions). This theory has given rise to
several solutions of physical interest, such as black holes
[80,82,108], cosmological models [80], stealth configura-
tions [109], and exact wave solutions [110], among others. In
addition, its DC conductivity properties have been explored
in Ref. [111] (see Ref. [112] for a comprehensive review).

In this Section we consider an extension of the theory
presented in Sec. II, in which the conformal non-Noetherian
sector associated with the scalar field is taken into account.
The action principle to be considered is given by

1Gus Ay Ay @) = I + Iniax + Iym + Isp + Iins (33)

where the first four terms are defined in Eq. (2), and the non-
Noetherian contribution is given by [80,81]

4
== [ e[l loe@)G - 2 649,070
4 2
—¢3<V¢>2D¢+¢4<V¢>4), (34)
|
() (1) — r
O =kt 166

where M is an integration constant related with the mass of
the solution, and x() is a constant to be fixed by the
remaining equations. We now observe that subtracting the
tt and rr components of the Einstein equations yield an
expression that can be factorized as

where G = R? — 4R, R + R,,,,R*** is the Gauss-Bonnet
term. This additional contribution to the action belongs to the
Horndeski class [68,113,114] and is closely related to
formulations of the so-called 4D-Einstein-Gauss-Bonnet
class of theories [112,115-118].

The field equation associated with the scalar field is
corrected with respect to Eq. (5d) by the addition of a new
conformally invariant term, namely,

¢ —éR¢—4/1¢3 - <4A+%G>¢3 =0, (35

where Q denotes the Gauss-Bonnet term constructed from
the auxiliary metric

g/w = ¢2g/4w (36)

which is manifestly conformally invariant under the trans-
formations discussed in Sec. II. The contribution to the
energy-momentum tensor arising from the non-Noetherian
scalar sector is presented explicitly in Appendix. It is worth
noting that the most general non-Noetherian action for a
conformally coupled scalar field also includes an arbitrary
function constructed from the auxiliary metric (36) and its
associated Weyl tensor. However, the inclusion of such a
term leads to higher-derivative contributions in the stress-
energy tensor due to the explicit presence of the Weyl
tensor [81]. By contrast, the extension in Eq. (34) yields
corrections to the stress-energy tensor that remain second
order in derivatives, since the corresponding Lagrangian
belongs to the Horndeski class [113]. For this reason, in this
Section we do not consider the most general arbitrary
contributions that would spoil the second-order nature of
the field equations.

In order to seek for static black hole solutions, we
adopt the Ansdtze in Eq. (7), along with Eqgs. (14) and (15).
To integrate the system, first we take the trace of the
Einstein equations which yields a second-order partial
differential equation for the metric function f(r) which
is solved by

I

A 2MG oy
1i\/1+326¥7[G<§+ r3 —7)1, (37)

i; / f¢’(r2¢)’+(f—ka)¢2—ir2¢4 =0, (38)
<¢ ) [ 12

which admits two distinct branches of nontrivial solutions
for the scalar field. The first one corresponds to solving the
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first parentheses in the equation above, yielding

27/ 3ak
p(r) = 78, (39a)
r
N(N? - 1)k
V) = 4zG (% +p*+q* - 4a) . (39b)
o= — (39)
“T laa ¢

while the second branch arises from solving the second
parenthesis in Eq. (38), which is solved by

2V 3ka

, a>0,
rsinh <\/E |:yifr do :| )
N1
$(r) = o (40a)
2V =3ka , a < O,
()
2N(N? — 1)zGk
u? = % +47G(q* + p?), (40b)
1
o = TR (40c)

where v is an unconstrained integration constant and may
therefore be interpreted as an independent scalar hair
parameter. Determining whether this constant contributes
independently to the global charges requires a dedicated
analysis of conserved charges in the non-Noetherian
framework. We leave this issue for future work.

Focusing on the metric function f(r) in Eq. (37), we
observe that in the limit where the non-Noetherian coupling
vanishes, @ — 0, the negative branch smoothly reduces to
the static solution of the Einstein-Maxwell system with a
cosmological constant

2MG  AF?
r 3

(i)
1O =k +”r—2+0(a), (41)

whereas the positive branch behaves as

i r? 2MG  Ar? ,u(i)
fs—)(r)ZSﬂ'Ga—i_k_'— . +T—7+O((X>. (42)

The latter is typically discarded as unphysical, as it lacks a
smooth @ — 0 limit and displays the incorrect sign for the
mass term. The thermodynamic analysis of this geometry
has been carried out in Refs. [80,112,119,120].

As for the first branch in Eq. (39), it is continuously
connected to the solution reported in Ref. [80] once the
non-Abelian sector of the theory is switched off and k = 1
is assumed. On the other hand, the second branch in
Eq. (40) corresponds to a class of solutions that go beyond

the standard conformally coupled scalar field theory, which
is consistent with recent results on more general geometries
admitted within Horndeski theory (see, for instance,
Refs. [68,121]).

VI. DISCUSSION

In this work, we have constructed a broad class of
exact solutions within Einstein-Maxwell-Yang-Mills
theory with cosmological constant, and nonminimally
coupled scalar fields. The gauge configurations considered
correspond to merons, reflecting the intrinsically non-
Abelian nature of these solutions. Moreover, the choice
of gauge group depends explicitly on the topology of the
horizon under consideration. For horizons of positive
curvature, the group is SU(N), whereas for negative
curvature it is SU(N — 1, 1). To parametrize the generators
of these groups, we employ the maximal embedding of
SU(2) into SU(N) [or SU(1,1) into SU(N —1,1)],
together with the Euler angle parametrization [83-85],
which allows us to construct solutions for arbitrary values
of N.

We begin by considering the case of a conformally
coupled scalar field, presenting the non-Abelian extension
of the MTZ black hole [43,44]. Subsequently, using this
configuration as a conformal seed and applying an exten-
sion of the mappings proposed in Ref. [74], we obtain a
generalization of the AC [71] solution in the presence of
self-gravitating merons. Depending on the values of the
coupling constants, this geometry admits particular limits
describing black holes, inhomogeneous bouncing cos-
mologies, and wormholes. Finally, we analyze the non-
Noetherian conformal extension of scalar fields [80,81],
which breaks conformal invariance at the level of the action
while preserving it in the scalar field equation. We show
that the black hole solutions presented in Ref. [80] can be
consistently extended to include self-gravitating Yang-
Mills fields.

Several generalizations of the results presented in this
work are conceivable. First of all, it is natural to ask
whether our construction can be extended to higher
dimensions, for instance to D = 5, where a self-gravitating
meronic black hole solution is known to exist and carries a
nontrivial topological charge [19], in contrast to the
solutions discussed in this work. It would also be interest-
ing to explore the possibility of constructing self-gravitat-
ing Yang-Mills configurations on spacetimes endowed
with NUT charge and self-gravitating scalar conformal
scalar fields, as in, e.g., Ref. [46]. If feasible, such
configurations would provide a one-parameter extensions
of the solutions obtained here, allowing for a more detailed
study of their thermodynamic and holographic properties.
Extensions incorporating the recently proposed non—
Abelian generalizations of ModMax electrodynamics
[122—-124], which preserve conformal invariance, could
also be of interest, and we expect that they reduce to the
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solutions presented in this work in the limit where the
dimensionless non-Abelian ModMax parameter vanishes.
Furthermore, exploring the compatibility of meronic con-
figurations with geometries with nontrivial torsion (see, for
example, Ref. [125]) would undoubtedly constitute an
interesting extension of these results. Finally, it is worth
emphasizing that since the non-Noetherian sector lacks
conformal invariance at the level of the action, it is not clear
whether a mapping analogous to that discussed in Sec. IV
can be implemented when this sector is taken into account,
which remains an open problem that is certainly worth
exploring. We leave these questions for future work.
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APPENDIX: NON-NOETHERIAN ENERGY-
MOMENTUM TNESOR CONTRIBUTION

In the presence of the non-Noetherian conformal con-
tribution of the scalar field (34), the Einstein field equations
take the form

(Max) (YM) (SF)

G+ NGy =82G(Tyw™ + Ty + T’ + aTly),

(A1)
where the first contributions to the energy-momentum

tensor are given in Eq. (6), while the non-Noetherian
contribution is given by

e ) 4 <2¢a¢ﬂ B (bau) <2¢”¢y B @)
¢’ ¢ 9
) - p(S2- <V¢>2)2 ) <v¢>4]
RN ¢’ ¢!

). (A2)

Here, we have used the convention that indices acting on scalar quantities denote covariant derivatives, and we have further

defined

w _ 09

o =y RZ’f =

_E apre”tp?

1 ULAD pro

(A3)

as the variation of the Gauss-Bonnet term with respect to the Riemann tensor. The field equations for the Yang-Mills and the

scalar fields are given by Egs. (5d) and (35), respectively.
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