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This paper investigates Lagrangians with arbitrary dependence on the Riemann tensor and any number
of derivatives. Noether’s second theorem is applied separately to LG and LM, where the matter Lagrangian
depends on a scalar field. For LG diffeomorphism invariance requires that the generalized Einstein tensor
satisfy ∇αEαβ ¼ 0 and that there is a current satisfying 0 ¼ ∂αð ffiffiffi

g
p

JαG2Þ. The main result is an explicit

formula for the superpotential Φ½αμ� that solves ∂μΦ½αμ� ¼ ffiffiffi
g

p
JαG2. Some applications to fðRÞ gravity and

various quadratic gravity theories are discussed. There are analogous results, including superpotentials, for
the matter sector whenever the couplings to the matter fields contain derivatives of the metric.
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I. INTRODUCTION

The consequences of diffeomorphism invariance for any
gravitational action are expressed in Noether’s second
theorem [1–10]. Invariance under an infinitesimal coordi-
nate transformation

xλ → xλ þ ξλðx0; x1; x2; x3Þ ð1:1Þ

where ξλ has arbitrary spacetime dependence leads to an
identity of the form

0 ¼ E þ ∂αJ α ð1:2Þ

where both terms are linear in ξ and its derivatives. This
identity, due to Noether, expresses general diffeomorphism
invariance and holds for any values of the metric and the
matter fields.
Historically this principle has been applied to the

total Lagrangian for gravitation and matter with
LG ¼ ffiffiffi

g
p

R=16πG, where g ¼ − detðgμνÞ > 0. The results
are often presented as follows. First, if the field equations
for the metric are satisfied then E ¼ 0. Second, the current
has the form

J α ¼ J α
1 þ J α

2 ð1:3Þ

where J α
1 vanishes when E vanishes, i.e., when the field

equations are satisfied. Third, ∂αJ α
2 ¼ 0 for any metric

without regard for the field equations. And finally, the
conserved current can be obtained from a superpotential
J α

2 ¼ ∂μΦ½αμ� with

Φ½αμ� ¼
ffiffiffi
g

p
16πG

ð∇μξα −∇αξμÞ: ð1:4Þ

These results apparently led Einstein and many others to
define the energy-momentum of the gravitational field by
pseudotensors [11–14].
In 1959 Komar used various physical arguments, not

Noether’s theorem, to argue that the volume integral

Qξ ¼
Z
V
d3x∂jΦ½0j� ¼

Z
∂V

dSjΦ½0j� ð1:5Þ

is a sensible accounting of the energy, momentum, and
angular momentum of the gravitational field for appropriate
choices of ξ [15–18]. Thus Φ½αμ� is called the Komar
superpotential even though it was previously known from
Noether’s second theorem.
There are now extended theories of gravity [19–22]

motivated by cosmological problems (dark energy and
inflation, dark matter and large scale structure) and also by
quantum gravity. One class includes Lagrangians of the
form

ffiffiffi
g

p
fðRÞ, where R is the Ricci scalar [23–27]. Another

category are Lagrangians that are linear combinations of
the scalars R2, RαβRαβ, and RρστωRρστω [28–35]. A special
type of the quadratic form is Gauss-Bonnet gravity where
the quadratic term is a total derivative [36–38].
In extended theories of gravity it is known that Noether’s

second theorem [5,6,8,9] leads to conserved currents that
depend on an arbitrary vector ξ. The main task of this
paper is to find explicit formulas for the corresponding
superpotentials.
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A. Outline and summary

Sections II, III, and IV investigate a general class of
extended theories with a Lagrangian of the form

L ¼ LGðg��;R����Þ þ LMðg��; R����;ϕ; ∂μϕÞ ð1:6Þ

where matter is represented by the spin zero field ϕ. Both
terms can depend on scalars formed by contractions of the
metric with Riemann tensors. Lagrangians of this type
include fðRÞ theories and quadratic theories and
allows more complicated terms such as RρτRσωRρστω,
Rρ
λR

λστωRρστω, or RαβρσEρστωRτωμνgαμRβν and also cou-
plings to matter such as Rϕ2 or Rμνð∂μϕÞð∂νϕÞ.
It is customary to consider the diffeomorphism invari-

ance of the total Lagrangian, which leads to E in (1.2) being
a linear combination of the field equations, but it is more
productive to treat the diffeomorphism invariance of LG
and of LM separately.
In Sec. II diffeomorphism invariance is expressed in

terms of the Lie derivative. For LG of the type (1.6) Sec. III
shows that the generalized Einstein tensor

ffiffiffi
g

p
Eαβ ¼ ∂LG

∂gαβ
− ∂μ

∂LG

∂ð∂μgαβÞ
þ ∂μ∂ν

∂LG

∂ð∂μ∂νgαβÞ
ð1:7Þ

satisfies

∇αEαβ ¼ 0 ð1:8Þ

for any metric, without regard to the field equations. The
Noether identity (1.2) is

0 ¼ 2
ffiffiffi
g

p
Eαβ∇αξβ þ ∂αf−2

ffiffiffi
g

p
Eαβξβ þ J α

G2g ð1:9Þ

and because of (1.8) this simplifies to

∂αJ α
G2 ¼ 0: ð1:10Þ

This current is expected to be expressible as the
derivative of a superpotential defined by ∂μΦ½αμ� ¼ J α

G2.
Section III displays the formula for the superpotential,
which is proven in Appendix B.1. In terms of the tensor M

ffiffiffi
g

p
Mαμνβ ¼ ∂LG

∂Rαμνβ
ð1:11Þ

the superpotential is

Φ½αμ�
G ¼ 4

ffiffiffi
g

p ð∇νMαμνβÞξβ − 2
ffiffiffi
g

p
Mαμνβ∇νξβ; ð1:12Þ

(which was found by other means in [39]). As a by-product
the generalized Einstein tensor is expressed as

Eαβ ¼ 2∇μ∇νMαfμνgβ −
1

2
MαμνϕRβ

μνϕ

−
1

2
MβμνϕRα

μνϕ þ
1

2
gαβLG=

ffiffiffi
g

p
: ð1:13Þ

Section IV investigates matter Lagrangians of the form
(1.6) with energy-momentum tensor

1

2

ffiffiffi
g

p
Tαβ ¼ ∂LM

∂gαβ
− ∂μ

∂LM

∂ð∂μgαβÞ
þ ∂μ∂ν

∂LM

∂ð∂μ∂νgαβÞ
: ð1:14Þ

As in the gravitational sector, there is a current J α
M2

satisfying ∂αJ α
M2 ¼ 0 that can be expressed in terms of

a superpotential J α
M2 ¼ ∂μΦ̃½αμ�. The superpotential has the

same form as (1.12) in terms of a tensor M̃ analogous to
(1.11). The matter analog of (1.13) is an expression for the
energy-momentum tensor

Tαβ ¼ 1ffiffiffi
g

p
�
−

∂LM

∂ð∂αϕÞ
∇βϕþ gαβLM

�

þ 4∇μ∇νM̃αfμνgβ − M̃αμνϕRβ
μνϕ− M̃βμνϕRα

μνϕ ð1:15Þ

where the first line is the canonical energy-momentum
tensor.
Section V summarizes the results when the metric

contains N derivatives of the metric. The proof of the
general results are contained in Appendixes A and B.

B. Notation

The signature of the metric is ð−þþþÞ,
g ¼ − detðgμνÞ > 0, and Rα

στω ¼ ∂ωΓα
στ þ � � �.

II. DIFFEOMORPHISM INVARIANCE AND THE
LIE DERIVATIVE

The infinitesimal coordinate transformation (1.1) pro-
duces an infinitesimal change in the metric and in the scalar
field ϕ. Noether [1] denoted the variation in these quantities
by δ̄ as have others [2,7,40,41]; however δ̄ ¼ −£ξ, where £ξ
is the Lie derivative, and £ξ will be used here to define
infinitesimal variations. This means that the Noether
current and superpotential has the opposite sign to that
used by early authors.
The Lie derivative of any ΨðxÞ that changes to Ψ0ðx0Þ

under the infinitesimal coordinate transformation (1.1) is

£ξΨðxÞ ¼ ΨðxÞ −Ψ0ðx0Þ þ ξλ∂λΨ: ð2:1Þ

Both Lagrangians LG and LM are scalar densities: either
can be written as L ¼ ffiffiffi

g
p

L where L is a scalar satisfying
LðxÞ ¼ L0ðx0Þ. The Lie derivative of L is

£ξL ¼ ξλ∂λL: ð2:2Þ
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The transformation of the metric to first order is

g0αβðx0Þ ¼
∂xμ

∂x0α
∂xν

∂x0β
gμνðxÞ

≈ gαβðxÞ − ð∂αξλÞgλν − ð∂βξλÞgαλ ð2:3Þ
and fixes the Lie derivative as

£ξgαβ ¼ ξλ∂λgαβ þ ð∂αξλÞgλβ þ ð∂βξλÞgαλ: ð2:4Þ

This can also be written in terms of covariant
derivatives

£ξgαβ ¼ ∇αξβ þ∇βξα: ð2:5Þ
Because L is proportional to

ffiffiffi
g

p
one needs

£ξ
ffiffiffi
g

p ¼ 1

2

ffiffiffi
g

p
gαβ£ξgαβ ¼ ∂λðξλ

ffiffiffi
g

p Þ: ð2:6Þ

Combining this with (2.2) gives

£ξL ¼ ∂λðξλLÞ: ð2:7Þ

This is the statement of diffeomorphism invariance that will
be used repeatedly. It is Eq. (11) in Ref. [1] and will be
called the Noether identity.
Since Ψ0ðx0Þ − ξλ∂λΨ ¼ Ψ0ðxÞ the definition (2.1) can be

stated as

£ξΨðxÞ ¼ ΨðxÞ −Ψ0ðxÞ: ð2:8Þ

This shows that when Ψ is the derivative of another
function say ∂μΩ then

£ξð∂μΩÞ ¼ ∂μΩðxÞ − ∂μΩ0ðxÞ ¼ ∂μ£ξΩ; ð2:9Þ

which will be used without comment in the following.
One can rearrange (2.8) as

Ψ0ðxÞ ¼ ΨðxÞ − £ξΨðxÞ: ð2:10Þ

which shows that the Lie derivative can be viewed as an
infinitesimal variation inΨ. In the followingΨ can be either
gαβðxÞ, ϕðxÞ, or their derivatives.

III. THE GRAVITATIONAL LAGRANGIAN LG

This section investigates gravitational Lagrangians (1.6)
with arbitrary dependence on the Riemann tensor but with
no derivatives of the Riemann tensor. Diffeomorphism
invariance (2.7) implies

0 ¼ £ξLG − ∂αðξαLGÞ: ð3:1Þ

The Riemann tensor contains first and second derivatives of
the metric and so this becomes

0 ¼ ∂LG

∂gαβ
£ξgαβ þ

∂LG

∂ð∂μgαβÞ
∂μ£ξgαβ

þ ∂LG

∂ð∂μ∂νgαβÞ
∂μ∂ν£ξgαβ − ∂αðξαLGÞ: ð3:2Þ

It is useful to reorganize this as

0 ¼ ffiffiffi
g

p
Eαβ£ξgαβ þ ∂αJ α

G; ð3:3Þ

where Eαβ is given in (1.7) and the Noether current is

J α
G ¼

�
∂LG

∂ð∂αgρσÞ
− ∂ν

∂LG

∂ð∂α∂νgρσÞ
�
£ξgρσ

þ ∂LG

∂ð∂α∂νgρσÞ
∂ν£ξgρσ − ξαLG: ð3:4Þ

The current has terms with second-order derivatives of ξ,
first-order derivatives of ξ, and no derivatives of ξ and can
be expanded as

JαG ¼ Aα
λξ

λ þ Bαμ
λ ∂μξ

λ þ Bαfμ1;μ2g
λ ∂μ1∂μ2ξ

λ ð3:5Þ

This type of derivative expansion is standard [2,5–7,9]. The
coefficients can be expressed as functional derivatives of
LG but the explicit forms will not be needed until
Sec. III B 1 and Appendix C. 1. The current will turn out
to be a vector density; see (3.26).

A. The road to the superpotential

1. Proof that ∇αEα
λ = 0

Because (3.3) holds for any ξ, substitution of the
derivative expansion (3.5) into (3.3) results is four inde-
pendent equations:

0 ¼ Bαfμ1μ2g
λ ∂α∂μ1∂μ2ξ

λ; ð3:6Þ

0 ¼
n
Bμ1μ2
λ þ ∂αB

αfμ1μ2g
λ

o
∂μ1∂μ2ξ

λ; ð3:7Þ

0 ¼
n ffiffiffi

g
p

2Eα
λ þ Aα

λ þ ∂μB
μα
λ

o
∂αξ

λ; ð3:8Þ

0 ¼
n ffiffiffi

g
p

Eαβ
∂λgαβ þ ∂αAα

λ

o
ξλ: ð3:9Þ

The first equation requires that the fully symmetrized,
three-superscript coefficient vanish

Bfαμ1μ2g
λ ¼ 0: ð3:10Þ

The second equation (3.7) requires that the fully sym-
metrized, two-superscript coefficient satisfy
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0 ¼ Bfμ1μ2g
λ þ ∂αB

αfμ1μ2g
λ : ð3:11Þ

Application of ∂μ1∂μ2 to this gives, because of (3.10),

0 ¼ ∂μ1∂μ2B
fμ1μ2g
λ : ð3:12Þ

The third equation (3.8) requires

Aα
λ ¼ −

ffiffiffi
g

p
2Eα

λ − ∂μB
μα
λ : ð3:13Þ

Application of ∂α to this gives, because of (3.12),

∂αAα
λ ¼ −∂α½

ffiffiffi
g

p
2Eα

λ �: ð3:14Þ

Substitution into the fourth equation (3.9) gives

0 ¼ Eαβ
∂λgαβ − ∂α½

ffiffiffi
g

p
2Eα

λ �
¼ −2

ffiffiffi
g

p ∇αEα
λ : ð3:15Þ

This is true for any metric without imposing the field
equations.

2. The conserved current J α
G2

Substitution of (3.13) into the derivative expansion (3.5)
suggests splitting J α

G into two parts

J α
G ¼ J α

G1 þ J α
G2; ð3:16Þ

where

J α
G1 ¼ −2

ffiffiffi
g

p
Eα
λξ

λ;

J α
G2 ¼ −ð∂μBμα

λ Þξλ þ Bαμ
λ ∂μξ

λ þ Bαfμ1μ2g
λ ∂μ1∂μ2ξ

λ: ð3:17Þ

The Noether identity (3.3) is now

0 ¼ 2
ffiffiffi
g

p
Eαβ∇αξβ þ ∂α½−2

ffiffiffi
g

p
Eα
λξ

λ þ J α
G2�

¼ −2
ffiffiffi
g

p ð∇αðEα
λÞξλ þ ∂αJ α

G2

¼ ∂αJ α
G2 ð3:18Þ

because of (3.15). The result holds for any metric without
using the field equations. This type of conservation law was
termed “improper” by Noether [1].
Another proof: A further check is to differentiate the

derivative expansion of J α
G2 in (3.17):

∂αJ α
G2 ¼ −ð∂α∂μBμα

λ Þξλ
− ð∂μBμα

λ Þð∂αξλÞ þ ð∂αBαμ
λ Þð∂μξλÞ

þ Bαμ
λ ∂α∂μξ

λ þ ð∂αBαfμ1μ2g
λ Þ∂μ1∂μ2ξλ

þ Bαfμ1μ2g
λ ∂α∂μ1∂μ2ξ

λ: ð3:19Þ

The first term vanishes because of (3.12); the two terms on
the second line cancel automatically; the two terms on the
third line cancel because of (3.11); the fourth line vanishes
because of (3.10).
Comment: Though different physically, a simple

example of a superpotential is the field strength
tensor

ffiffiffi
g

p
Fαμ of electrodynamics. The electromagnetic

current J α
em ¼ ∂μð ffiffiffi

g
p

FαμÞ is conserved because of the
antisymmetry of Fαμ and J α

em can be expressed in terms
of the vector potential: Aλ, ∂μAλ, and ∂μ1∂μ2A

λ as
in (3.17).

3. Formula for the superpotential

The superpotential satisfying ∂μΦ½αμ� ¼ J α
G2 is

Φ½αμ1� ¼
�
B½αμ1�
λ −

1

3
ð∂μ2C½αμ1�μ2

λ Þ
�
ξλ þ 2

3
C½αμ1�μ2
λ ∂μ2ξ

λ;

C½αμ1�μ2
λ ¼ Bαfμ1μ2g

λ − Bμ1fαμ2g
λ : ð3:20Þ

The proof is given in Appendix B. 1.

B. Manifestly covariant results

From the previous formulas for J α
G2 and Φ½αμ� it is

unclear how they behave under general coordinate trans-
formations and whether they can be easily computed from
the Lagrangian. This section addresses those matters.
The coefficients in the derivative expansion of the

current (3.5) are determined by the dependence of
the Lagrangian on the first and second derivatives of the
metric. The Lagrangian under consideration depends on the
Riemann tensor but not on its derivatives and so derivatives
of the metric occur only from the dependence of the
Lagrangian on the Riemann tensor. It is natural to define

∂LG

∂Rαμνβ
¼ ffiffiffi

g
p

Mαμνβ: ð3:21Þ

The tensor M has the properties

Mαμνβ ¼ −Mμανβ ¼ −Mαμβν ¼ Mνβαμ; ð3:22Þ

0 ¼ Mαμνβ þMανβμ þMαβμν: ð3:23Þ

The Noether current (3.4) requires the derivative

∂LG

∂ð∂α∂βgμνÞ
¼ ∂LG

∂Rρστω

∂Rρστω

∂ð∂α∂βgμνÞ
¼ ffiffiffi

g
p ½Mαμνβ þMανμβ�

¼ 2
ffiffiffi
g

p
Mαfμνgβ: ð3:24Þ
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Note that Mμfαβgν ¼ Mαfμνgβ and thus is symmetric in both
αβ and μν. The dependence of LG on the first derivative of
the metric is also due to the Riemann tensor:

∂LG

∂ð∂αgμνÞ
¼ ∂LG

∂Rρστω

∂Rρστω

∂ð∂αgμνÞ
¼ 2

ffiffiffi
g

p h
Γμ
ρωMρfανgωþΓν

ρωMρfαμgω−Γα
ρωMρfμνgω

i
:

ð3:25Þ

1. Covariant Noether current

The Noether current is determined by the tensor M. The
remaining obstacle is to convert the ordinary derivatives ∂ν
in (3.4) into covariant derivatives ∇ν. This is performed in
Appendix C.1 with the result

J α
G ¼ ffiffiffi

g
p h

−2ð∇βMαfμνgβÞ£ξgμν
þ4Mαfβνgμ∇μ∇νξβ − ξαLG

i
: ð3:26Þ

2. Covariant superpotential

The next step is to express J α
G in terms of ordinary

derivatives of ξ as in (3.5), identify the coefficients Bαμ
λ and

Bαfμνg
λ , and substitute into formula (3.20) for the super-

potential. These steps are performed in Appendix C. 2 and
yield [39]

Φ½αμ� ¼ 4
ffiffiffi
g

p ð∇νMαμνβÞξβ − 2
ffiffiffi
g

p
Mαμνβ∇νξβ: ð3:27Þ

This can be expressed in the more general form

Φ½αμ� ¼ ffiffiffi
g

p h
−r∇νðMαμνβξβÞ

þ ðrþ 4Þð∇νMαμνβÞξβ þ ðr − 2ÞMαμνβ∇νξβ
ið3:28Þ

for any real parameter r.

3. Covariant form for J α
G2

The divergence of the superpotential is

J α
G2 ¼ ∂μΦ½αμ�

¼ ffiffiffi
g

p h
4ð∇μ∇νMαμνβÞξβ − 2ð∇βMαfμνgβÞ£ξgμν

− 2Mαμνβ∇μ∇νξβ
i

ð3:29Þ

independent of r. As expected it has first and second
derivatives of ξ.

4. Covariant form of the generalized Einstein tensor

The covariant form for J α
G1 is obtained by subtraction:

J α
G1 ¼ J α

G − J α
G2: ð3:30Þ

The terms proportional to £ξgαβ in (3.26) and (3.29) cancel.
Subtraction of the terms containing ∇μ∇νξβ gives

ffiffiffi
g

p ½4Mαfβνgμ þ 2Mαμνβ�∇μ∇νξβ

¼ −2
ffiffiffi
g

p
Mαβμνð∇μ∇ν −∇ν∇μÞξβ

¼ 2
ffiffiffi
g

p
MαμνϕRβ

μνϕξβ: ð3:31Þ

The difference between (3.26) and (3.29) is therefore

J α
G1 ¼ −2

ffiffiffi
g

p
Sαβξβ; ð3:32Þ

where the coefficient is

Sαβ ¼ 2∇μ∇νMαμνβ −MαμνϕRβ
μνϕ þ

1

2
gαβLG: ð3:33Þ

Despite its appearance, Sαβ is symmetric and has zero
covariant divergence.
Divergence of Sαβ: To compute the covariant divergence

of the first term in (3.33) use the αμ antisymmetry ofMαμνβ

to obtain

∇αSαβ ¼ ð∇α∇μ −∇μ∇αÞ∇νMαμνβ

− ð∇αMαμνϕÞRβ
μνϕ

−Mαμνϕ∇αR
β
μνϕ þ

1

2
∇βLG: ð3:34Þ

The commutator of the covariant derivatives gives a
Riemann tensor that cancels the second line. Only the last
line remains and it is convenient to lower the β index and to
again use the αμ antisymmetry of Mαμνβ:

∇αSαβ ¼ −
1

2
Mαμνϕð∇αRβμνϕ þ∇μRαβνϕÞ þ

1

2
∇βLG

¼ −
1

2
Mαμνϕ∇βRαμνϕ þ

1

2
∇βLG ð3:35Þ

after using the Bianchi identity. In view of the definition of
M this is

∇αSαβ ¼ −
1

2

∂LG

∂Rαμνϕ
∇βRαμνϕ þ

1

2
∇βLG: ð3:36Þ

Application of ∇β to LG cancels the first term and shows
that ∇αSαβ ¼ 0.
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Symmetry of Sαβ: The antisymmetric part of Sαβ is

Sαβ − Sβα ¼ 2ð∇μ∇ν −∇ν∇μÞMαμνβ

−MαμνϕRβ
μνϕ þMβμνϕRα

μνϕ: ð3:37Þ

This vanishes because the commutator of the covariant
derivatives cancels the second line.
Relation to Eαβ: Using the manifestly symmetric form of

Sαβ the current (3.32) is

J α
G1 ¼ −

ffiffiffi
g

p ðSαβ þ SβαÞξβ: ð3:38Þ

From (3.17) J α
G1 ¼ −2 ffiffiffi

g
p

Eαβξβ and so the generalized
Einstein tensor is given by Eαβ ¼ ðSαβ þ SβαÞ=2. The
explicitly symmetric form is

Eαβ ¼ 2∇μ∇νMαfμνgβ −
1

2
MαμνϕRβ

μνϕ

−
1

2
MβμνϕRα

μνϕ þ
1

2
gαβLG: ð3:39Þ

C. Examples

1. f ðRÞ gravity
The Lagrangian LG ¼ ffiffiffi

g
p

fðRÞ=16πG has attractive
features for cosmology [21–27]. The tensor M is

Mαμνβ ¼ f0ðRÞ
32πG

ðgανgβμ − gαβgμνÞ ð3:40Þ

which gives a superpotential [39]

Φ½αμ� ¼
ffiffiffi
g

p
16πG

½f0ðRÞð∇μξα −∇αξμÞ
þ 2f00ðRÞðð∂αRÞξμ − ð∂μRÞξαÞ�: ð3:41Þ

2. Quadratic gravity

The Lagrangian for quadratic gravity [28–35] is

LG ¼ ffiffiffi
g

p ½aR2 þ bRμνRμν þ cRρστωRρστω� ð3:42Þ

where a, b, c are parameters that distinguish various
subcases. The superpotential (3.27) requires the tensor M

Mαμνβ ¼ aðgανgβμ − gαβgμνÞR

þ b
2
ðgανRβμ þ gβμRαν − gαβRμν − gμνRαβÞ

þ 2cRαμνβ ð3:43Þ

and its covariant derivative

∇νMαμνβ ¼
�
aþ b

4

�
ðgβμ∇αR − gαβ∇μRÞ

þ b
2
ð∇αRβμ −∇μRαβÞ þ 2c∇νRαμνβ: ð3:44Þ

The Einstein tensor is

Eαβ ¼
�
aþ b

2
þ c

�
ð∇α∇β þ∇β∇αÞR

−
�
2aþ b

2

�
gαβ∇μ∇μR − ðbþ 4cÞ∇μ∇μRαβ

þ −2aRRαβ þ 4cRα
λR

λβ

þ 2ðbþ 2cÞRμνRαfμνgβ − 2cRαμνλRβ
μνλ

þ gαβ

2
ðaR2 þ bRμνRμν þ cRρστωRρστωÞ: ð3:45Þ

(a) Conformal gravity: A special case of (3.42) is con-
formal gravity. The Lagrangian is

LG ¼ c
ffiffiffi
g

p
CρστωCρστω; ð3:46Þ

where C is the Weyl tensor

Cρστω ¼ 1

6
ðgρτgσω − gρωgστÞRþ Rρστω

−
1

2
ðgρτRσω þ gσωRρτ − gρωRστ − gστRρωÞ:

ð3:47Þ

The parameters in (3.42) are

a ¼ 1

3
c; b ¼ −2c ð3:48Þ

Neither the superpotential nor the Einstein tensor are
particularly simple.

(b) Gauss-Bonnet gravity: For the values

a ¼ c; b ¼ −4c ð3:49Þ
the second-order derivatives of R and Rαβ in (3.45) are
absent and

Eαβ ¼ c
�
−2RRαβ þ 4Rα

λR
βλ

− 4RμνRαfμνgβ − 2RαμνλRβ
μνλ

þ 1

2
gαβðR2 − 4RμνRμν þ RρστωRρστωÞ

�
: ð3:50Þ

This is Gauss-Bonnet gravity [21,22,36–38]. The Lagran-
gian is a total derivative in four dimensions and so the
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Einstein tensor should vanish. As expected (3.50) does
vanish due to a known identity in four dimensions [37,38].
This is a stringent check of (3.45) and of the basic
formula (3.39).
Even though the Gauss-Bonnet term is a total derivative,

the tensor M is not zero:

Mαμνβ ¼ c
h
ðgανgβμ − gαβgμνÞRþ 2Rμαβν

− 2ðgανRβμ þ gβμRαν − gαβRμν − gμνRαβÞ
i
;

ð3:51Þ

and the superpotential (3.27) is nonzero. This, because the
Noether identity (3.1) is a property of the Lagrangian not of
the action.

IV. THE MATTER LAGRANGIAN LM

Analysis similar to Sec. III will be applied to a matter
Lagrangian with arbitrary dependence on the Riemann
tensor and on a scalar fields ϕ:

LMðgαβ; Rρστω;ϕ; ∂μϕÞ: ð4:1Þ

Matter Lagrangians with no Riemann tensor but with
second-order derivatives of the scalar field will contain
first-order derivatives of the metric from the Christoffel
connection and are treated in Sec. IV. D.

A. Diffeomorphism invariance of LM

Diffeomorphism invariance of (4.1) requires

0 ¼ £ξLM − ∂αðξαLMÞ ð4:2Þ

or more explicitly

0 ¼ ∂LM

∂ϕ
£ξϕþ ∂LM

∂ð∂μϕÞ
∂μ£ξϕ − ∂αðξαLMÞ

þ ∂LM

∂gαβ
£ξgαβ þ

∂LM

∂ð∂μgαβÞ
∂μ£ξgαβ

þ ∂LM

∂ð∂μ∂νgαβÞ
∂μ∂ν£ξgαβ: ð4:3Þ

This can be organized as

0 ¼ 1

2

ffiffiffi
g

p
Tαβ£ξgαβ þ

�
∂LM

∂ϕ
− ∂μ

∂LM

∂ð∂μϕÞ
�
£ξϕ

þ ∂αJ α
M; ð4:4Þ

where the energy-momentum tensor of matter is given in
(1.14) and the Noether current is

J α
M ¼ ∂LM

∂ð∂αϕÞ
£ξϕ − ξαLM

þ
�

∂LM

∂ð∂αgρσÞ
− ∂ν

∂LM

∂ð∂ν∂αgρσÞ
�
£ξgρσ

þ ∂LM

∂ð∂α∂νgρσÞ
∂ν£ξgρσ: ð4:5Þ

The first line is − ffiffiffi
g

p Θα
λξ

λ where Θα
λ is the canonical

energy-momentum tensor.

B. Analysis of J α
M

1. Derivative expansion of J α
M

As in Sec. III A the next step is to parametrize the current
in terms of derivatives of ξ:

JαM ¼ Ãα
λξ

λ þ B̃αμ
λ ∂μξ

λ þ B̃αfμ1;μ2g
λ ∂μ1∂μ2ξ

λ: ð4:6Þ

The expansion coefficients are analogous to those in (3.5)
but depend on both the metric and the field ϕ.
Substitution of (4.6) into the Noether identity (4.4) gives

three equations involving derivatives of ξ,

0 ¼ B̃αfμ1μ2g
λ ∂α∂μ1∂μ2ξ

λ; ð4:7Þ

0 ¼
n
B̃μ1μ2
λ þ ∂αB̃

αfμ1μ2g
λ

o
∂μ1∂μ2ξ

λ; ð4:8Þ

0 ¼
n ffiffiffi

g
p

Tα
λ þ Ãα

λ þ ∂μB̃
μα
λ

o
∂αξ

λ; ð4:9Þ

and a fourth equation with no derivatives of ξ,

0 ¼
�
1

2

ffiffiffi
g

p
Tαβ

∂λgαβ

þ
�
∂LM

∂ϕ
− ∂μ

∂LM

∂ð∂μϕÞ
�
∂λϕþ ∂αÃ

α
λ

�
ξλ: ð4:10Þ

The first equation (4.7) requires

B̃fαμ1μ2g
λ ¼ 0: ð4:11Þ

The second (4.8) requires

0 ¼ B̃fμ1μ2g
λ þ ∂αB̃

αfμ1μ2g
λ ; ð4:12Þ

which implies

0 ¼ ∂μ1∂μ2B̃
fμ1μ2g
λ : ð4:13Þ

The third equation (4.9) requires

Ãα
λ ¼ −

ffiffiffi
g

p
Tα
λ − ∂μB̃

μα
λ ; ð4:14Þ
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which leads to

∂αÃ
α
λ ¼ −∂α½

ffiffiffi
g

p
Tα
λ �: ð4:15Þ

Substitution of (4.14) into (4.10) gives

0 ¼ −
ffiffiffi
g

p ∇αTα
λ þ

�
∂LM

∂ϕ
− ∂μ

∂LM

∂ð∂μϕÞ
�
∂λϕ: ð4:16Þ

This relation is the analogue of ∇αEα
λ ¼ 0; it holds for any

metric and any scalar field ϕ. Only when the ϕ satisfies the
Euler-Lagrange equation does the energy-momentum ten-
sor satisfy covariant conservation.

2. The conserved current J μ
M2

Substitution of (4.14) into the derivative expansion (4.6)
suggests splitting J α

M into two parts

J α
M ¼ J α

M1 þ J α
M2; ð4:17Þ

where

J α
M1 ¼ −

ffiffiffi
g

p
Tα
λξ

λ;

J α
M2 ¼ −ð∂μB̃μαÞξλ þ B̃αμ

λ ∂μξ
λ þ B̃αfμ1μ2g

λ ∂μ1∂μ2ξ
λ: ð4:18Þ

The Noether identity (4.4) is now

0 ¼
(
−

ffiffiffi
g

p ∇αTα
λ þ

�
∂LM

∂ϕ
− ∂μ

∂LM

∂ð∂μϕÞ
�
∂λϕ

)
ξλ

þ ∂αJ α
M2:

The quantity in curly braces always vanishes as shown in
(4.16) and therefore

0 ¼ ∂αJ α
M2: ð4:19Þ

One can also compute the divergence from (4.18).

C. Covariant form

Since J α
M2 is determined by B̃αμ

λ and B̃αfμ1μ2g
λ it can be

expressed in terms of the tensor

ffiffiffi
g

p
M̃αμνβ ¼ ∂LM

∂Rαμνβ
ð4:20Þ

analogous to (3.21) except for its dependence on ϕ. The
conserved current is

J α
M2 ¼

ffiffiffi
g

p h
4ð∇μ∇νM̃αμνβÞξβ − 2ð∇βM̃αfμνgβÞ£ξgμν

− 2M̃αμνβ∇μ∇νξβ
i
: ð4:21Þ

The superpotential satisfying ∂μΦ̃½αμ� ¼ J α
M2 is

Φ̃½αμ� ¼ 4
ffiffiffi
g

p ð∇νM̃αμνβÞξβ − 2
ffiffiffi
g

p
M̃αμνβ∇νξβ: ð4:22Þ

The dependence of the energy-momentum tensor on the
Riemann tensor is

Tαβ ¼ 1ffiffiffi
g

p
�
−

∂LM

∂ð∂αϕÞ
∇βϕþgαβLM

�

þ4∇μ∇νM̃αfμνgβ− M̃αμνϕRβ
μνϕ− M̃βμνϕRα

μνϕ: ð4:23Þ

The first line is the canonical energy-momentum tensor.

1. Example

An natural possibility is to allow the scalar field to
couple to the Ricci scalar:

LM ¼ L0ðgαβ;ϕ; ∂μϕÞ þ
ffiffiffi
g

p
γϕ2R ð4:24Þ

where γ is a real coupling constant. The tensor M̃ is

M̃αμνβ ¼ γ

2
ϕ2ðgανgβμ − gαβgμνÞ; ð4:25Þ

and the superpotential is

Φ̃½αμ� ¼ ffiffiffi
g

p
γϕ2ð∇μξα −∇αξμÞ

þ 4
ffiffiffi
g

p
γϕðξμ∇αϕ − ξα∇μϕÞ: ð4:26Þ

The first line is essentially the original Komar form (1.4). It
is simpler to compute the energy-momentum tensor from
(4.23) than from the definition (1.14):

Tαβ ¼ 1ffiffiffi
g

p
�
−

∂L0

∂ð∂αϕÞ
∇βϕþ gαβL0

�

þ γϕ2ðgαβR − 2RαβÞ
þ 4γ½ð∇αϕÞð∇βϕÞ − gαβð∇μϕÞð∇μϕÞ�

þ 4γϕ

�
1

2
ð∇α∇β þ∇β∇αÞϕ − gαβ∇μ∇μϕ

�
: ð4:27Þ

D. Matter Lagrangians with no Riemann tensor

The previous discussion in Sec. IV treated matter
Lagrangians in which first-order and second-order deriv-
atives of the metric occur through the Riemann tensor. In
the first category below the Lagrangian contains only first-
order derivatives of the metric but it results in a conserved
current with a superpotential. The second category below
has no derivatives of the metric and contains no conserved
current.

1. Matter Lagrangians second-order derivatives
of ϕ but no Riemann tensor

If one allows second-order derivatives of the scalar
field ∇fμ∇νgϕ then the necessary Christoffel connection
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contains first-order derivatives of the metric and these will
lead to a superpotential even in the absence of the Riemann
tensor. Thus consider

LMðgαβ;ϕ;∇μϕ;∇fμ∇νgϕÞ: ð4:28Þ

Diffeomorphism invariance leads to

0 ¼ 1

2

ffiffiffi
g

p
Tαβ£ξgαβ

þ
�
∂LM

∂ϕ
− ∂μ

∂LM

∂ð∂μϕÞ
þ ∂μ∂ν

LM

∂ð∂μ∂νϕÞ
�
£ξϕ

þ ∂αJ α
M: ð4:29Þ

The Noether current J α
M is simpler than (4.5) since nowLM

has no second-order derivatives of the metric. The deriva-

tive expansion of J α
M is simpler than (4.6): B̃αfμ1μ2g

λ ¼ 0

and B̃fαμg
λ ¼ 0; thus B̃αμ

λ ¼ B̃½αμ�
λ . The energy-momentum

tensor satisfies

0 ¼ −
ffiffiffi
g

p ∇αTα
λ

þ
�
∂LM

∂ϕ
− ∂μ

∂LM

∂ð∂μϕÞ
þ ∂μ∂ν

LM

∂ð∂μ∂νϕÞ
�
∂λϕ: ð4:30Þ

The Noether identity (4.29) reduces as usual to current
conservation 0 ¼ ∂αJ α

M2 where now the superpotential
form is automatic:

J α
M2 ¼ −ð∂μB̃μα

λ Þξλ þ B̃αμ
λ ∂μξ

λ ¼ ∂μðB̃½αμ�
λ Þ: ð4:31Þ

In terms of functional derivatives of the Lagrangian

B̃½αμ�
λ ¼ gλσ

�
∂LM

∂ð∂αgμσÞ
−

∂LM

∂ð∂μgασÞ
�
: ð4:32Þ

Since the derivatives of the metric come entirely from the
Christoffel connection in ∇fμ∇νgϕ it is natural to define

ffiffiffi
g

p
Mαβ ¼ ∂LM

∂ð∇fα∇βgϕÞ
ð4:33Þ

which allows the superpotential to be written covariantly:

Φ½αμ� ¼ ffiffiffi
g

p ½ð∇αϕÞMμ
λ − ð∇μϕÞMα

λ �ξλ: ð4:34Þ

2. Mater Lagrangians with no derivatives of the metric
and no Riemann tensor

The simplest matter Lagrangian has no Riemann tensor
and only first-order derivatives of the scalar field:

LMðgαβ;ϕ;∇μϕÞ: ð4:35Þ

Diffeomorphism invariance gives

0 ¼ 1

2

ffiffiffi
g

p
Tαβ£ξgαβ

þ
�
∂LM

∂ϕ
− ∂μ

∂LM

∂ð∂μϕÞ
�
£ξϕþ ∂αJ α

M: ð4:36Þ

The Noether current is

J α
M ¼

�
∂LM

∂ð∂αϕÞ
£ξϕ − δαλLM

�
ξλ: ð4:37Þ

One recovers the previous definition of the energy-momen-
tum tensor (4.23) but without the tensor M̃ and the previous
formula for the divergence of the energy-momentum tensor
(4.16). There is no conserved current and consequently no
superpotential.

V. DISCUSSION

Appendixes A and B generalize the analysis to
Lagrangians with any number of derivatives of the
Riemann tensor such as gμνð∂μRÞð∂νRÞ or
ð∇μRαβÞð∇μRαβÞ and more generally with N − 2 deriva-
tives of the Riemann tensor [42,43]:

LGðg��; R����;∇μ1R����; ::∇fμ1∇μ2 ::∇μN−2gR����Þ ð5:1Þ

and thus N derivatives of the metric. As before, applying
Noether’s identity to LG and LM separately produces more
results than if applied to the sum.
For the gravitational Lagrangian Appendix A shows that

the generalized Einstein tensor

ffiffiffi
g

p
Eαβ ¼

XN
s¼0

ð−1Þs∂μ1 ::∂μs
∂LG

∂ð∂μ1 ::∂μsgαβÞ
ð5:2Þ

satisfies ∇αEαβ ¼ 0 for any value of the metric.
Appendix B examines the derivative expansion of the

current J α
G2:

J α
G2 ¼ Bα

λξ
λ þ

XN
s¼1

Bαfμ1::μsg
λ ∂μ1 ::∂μsξ

λ ð5:3Þ

where the coefficients are related to the Lagrangian by
expanding (A5) in terms of derivatives of ξ. The super-
potential antisymmetric in αμ1 must have the expansion

Φ½αμ1� ¼ W½αμ1�
λ ξλ þ

XN
s¼2

W½αμ1�μ2::μs
λ ∂μ2 ::∂μsξ

λ: ð5:4Þ

Appendix B. 4 shows that ∂μ1Φ
½αμ1� ¼ J α

G2 is solved by the
W’s given in Eq. (B24).

KOMAR SUPERPOTENTIALS IN EXTENDED THEORIES OF … PHYS. REV. D 114, 084021 (2026)

084021-9



DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: THE CONSERVED CURRENT
WHEN LG CONTAINS N DERIVATIVES

OF THE METRIC

This Appendix and the next one treat Lagrangians with
N − 2 covariant derivatives of the Riemann tensor and thus
N derivatives of the metric. Either LG or LM could contain
N derivatives of the metric. Here LG will be analyzed:

LGðg��; R����;∇μ1R����;…∇fμ1∇μ2…∇μN−2gR����Þ:

Applying the results to LM is straightforward. Appendix A
shows the following: (i) the generalized Einstein tensor Eαβ

defined in (5.2) satisfies ∇αEαβ ¼ 0 and (ii) there is a
conserved current satisfying ∂αJ α

G2 ¼ 0. Neither result
requires the metric to satisfy the field equations.
Diffeomorphism invariance requires

0 ¼ £ξLG − ∂μðξμLGÞ: ðA1Þ

The more explicit statement is

0 ¼ ∂LG

∂gαβ
£ξgαβ þ

XN
s¼1

∂LG

∂ð∂μ1…∂μsgαβÞ
∂μ1…∂μs£ξgαβ

− ∂μðξμLGÞ; ðA2Þ

which can be reorganized as

0 ¼ ffiffiffi
g

p
Eαβ£ξgαβ þ ∂αJ α

G: ðA3Þ

The Noether current is

J α
G ¼

XN
l¼0

J α
l − ξαLG; ðA4Þ

J α
l ¼

Xl
p¼0

ð−1Þp∂μ1 ::∂μp
∂LG

∂ð∂α∂μ1 ::∂μlgρσÞ
× ∂μpþ1

::∂μl£ξgρσ: ðA5Þ

1. Proof that ∇αEαβ = 0

The highest derivative of ξ in (A5) comes from the order
N derivative of £ξgαβ and so the current has a derivative
expansion

J α
G ¼ Aα

λξ
λ þ

XN
s¼1

Bαfμ1…μsg
λ ∂μ1…∂μsξ

λ: ðA6Þ

The coefficients Aα
λ and Bαfμ1::μsg

λ can be expressed as
functional derivatives of LG using (A5).
Since ξ is arbitrary, substitution of this into (A3) gives

N þ 2 independent equations:

0 ¼ BαfμN…μ1g
λ ∂α∂μN…∂μ1ξ

λ; ðA7Þ

0 ¼
h
BμNfμN−1::μ1g
λ þ ∂αB

αfμN::μ1g
λ

i
∂μN ::∂μ1ξ

λ ðA8Þ

..

.

0 ¼
h
Bμ3fμ2μ1g
λ þ ∂αB

αfμ3μ2μ1g
λ

i
∂μ3∂μ2∂μ1ξ

λ; ðA9Þ

0 ¼
h
Bμ2μ1
λ þ ∂αB

αfμ2μ1g
λ

i
∂μ2∂μ1ξ

λ; ðA10Þ

0 ¼
h
2

ffiffiffi
g

p
Eα
λ þ Aα

λ þ ∂μB
μα
λ

i
∂αξ

λ; ðA11Þ

0 ¼
h ffiffiffi

g
p

Eαβ
∂λgαβ þ ∂αAα

λ

i
ξλ: ðA12Þ

The first equation (A7) requires the fully symmetrized B
with N þ 1 superscripts to vanish:

0 ¼ BfαμN…μ1g
λ : ðA13Þ

The second equation (A8) requires

0 ¼ BfμN…μ1g
λ þ ∂αBαfμN…μ1g: ðA14Þ

Applying N partial derivatives and using (A13) gives

0 ¼ ∂μN…∂μ1B
fμN…μ1g
λ : ðA15Þ

The next equation (not shown above) is

0 ¼ BfμN−1…μ1g
λ þ ∂αBαfμN−1…μ1g: ðA16Þ

Applying N − 1 partial derivatives and using (A15) gives

0 ¼ ∂μN−1
…∂μ1B

fμN−1…μ1g
λ : ðA17Þ

The general result for 2 ≤ s ≤ N is

0 ¼ Bfμs…μ1g
λ þ ∂αBαfμs…μ1g; ðA18Þ

0 ¼ ∂μs…∂μ1B
fμs…μ1g
λ : ðA19Þ

The last two equations (A11) and (A12) are different. The
first of these requires
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Aα
λ ¼ −2

ffiffiffi
g

p
Eα
λ − ∂μBμα: ðA20Þ

Application of ∂α and using (A19) with s ¼ 2 gives

∂αAα
λ ¼ −2∂αð

ffiffiffi
g

p
Eα
λÞ: ðA21Þ

Substitution into (A12) gives

0 ¼ ffiffiffi
g

p
Eαβ

∂λgαβ − 2∂αð
ffiffiffi
g

p
EαλÞ ðA22Þ

which simplifies to

0 ¼ −2
ffiffiffi
g

p ∇αEα
λ : ðA23Þ

This holds for any metric.

2. The conserved current JαG2
The formula for Aα

λ in (A20) makes it convenient to
separate the derivative derivative expansion (A6) of the
current into two parts:

J α
G1 ¼ −2

ffiffiffi
g

p
Eα
λξ

λ; ðA24Þ

J α
G2 ¼ −ð∂μBμα

λ Þξλ þ
XN
s¼1

Bαfμ1::μsg
λ ∂μ1 ::∂μsξ

λ: ðA25Þ

Their sum is J α
G ¼ J α

G1 þ J α
G2. The Noether identity (A3)

becomes

0 ¼ 2
ffiffiffi
g

p
Eαβ∇αξβ þ ∂α

h
−2

ffiffiffi
g

p
Eαβξβ þ JαG2

i
; ðA26Þ

which simplifies to

0 ¼ −2
ffiffiffi
g

p ð∇αEαβÞξβ þ ∂αJαG2: ðA27Þ

Because ∇αEαβ ¼ 0 this reduces to

0 ¼ ∂αJαG2: ðA28Þ

Another proof: If one applies ∂α to the series expansion
(A25) the term with no derivative of ξ is −ð∂α∂μBμα

λ Þ which
vanishes because of (A19). The terms with one derivative
of ξ are

−ð∂μBμα
λ Þ∂αξλ þ ð∂αBαμ1

λ Þ∂μ1ξλ ðA29Þ

which vanish by inspection. The term in the divergence
with N þ 1 derivatives of ξ vanishes

Bαfμ1…μNg
λ ∂α∂μ1…∂μNξ

λ ¼ 0 ðA30Þ

because of (A13). The terms remaining are

∂αJ α
G2 ¼

XN−1

s¼1

h
Bαfμ1;;μsg
λ ∂α∂μ1 ::∂μsξ

λ

þ ð∂αBαfμ1;;μsþ1g
λ Þ∂μ1 ::∂μsþ1

ξλ
i
: ðA31Þ

In the first term relabel α as μsþ1. The sþ 1 derivatives
symmetrize the sþ 1 superscripts and so

∂αJ α
G2 ¼

XN−1

s¼1

h
Bfμ1;;μsþ1g
λ þ ∂αB

αfμ1;;μsþ1g
λ

i
× ∂μ1 ::∂μsþ1

ξλ: ðA32Þ

This vanishes because of (A18).
Comment: In (A25) the coefficient of ξλ is −∂μB

μα
λ . One

could begin with the derivative expansion

J α
G2 ¼ Bα

λξ
λ þ

XN
s¼1

Bαfμ1::μsg
λ ∂μ1 ::∂μsξ

λ: ðA33Þ

The condition ∂αJ α
G2 ¼ 0 requires Bα

λ ¼ −∂μ1B
μ1α
λ .

APPENDIX B: THE SUPERPOTENTIAL
WHEN LG CONTAINS N DERIVATIVES

OF THE METRIC

This Appendix contains the major proofs: Sec. B. 1
proves the correctness of the N ¼ 2 superpotential in
(3.17); Sec. B. 2 displays the N ¼ 3 superpotential without
proof; Sec. B. 3 displays the superpotential for any N; and
Sec. B. 4 proves the correctness of the superpotential
shown in Sec. B. 3.
Since J α

G2 (A25) has derivatives of ξ up to order N, the
superpotential must have derivatives up to order N − 1 and
have the structure

Φ½αμ1� ¼ W½αμ1�
λ ξλ þ

XN
s¼2

W½αμ1�μ2…μs
λ ∂μ2…∂μsξ

λ; ðB1Þ

where each W is αμ1 antisymmetric. The derivative is

∂μ1Φ
½αμ1� ¼ ð∂μ1W½αμ1�

λ Þξλ

þ
XN
s¼2

h
W½αμ2�μ3…μs

λ þ ∂μ1W
½αμ1�μ2::μs

i
∂μ2 ::∂μsξ

λ

þW½αμ1�μ2…μn
λ ∂μ1…∂μNξ

λ: ðB2Þ

The W’s must be such that ∂μ1Φ
½αμ1� is equal to (A25). The

solution for the W’s will be expressed in terms of the
quantity

C½αμ1�μ2::μs
λ ¼ Bαfμ1::μsg

λ − Bμ1fαμ2::μsg
λ ; ðB3Þ
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which is antisymmetric in αμ1 and symmetric under all
permutations of μ2::μs. Note that for s ¼ 1

1

2
C½αμ1�
λ ¼ 1

2
½Bαμ1

λ − Bμ1α
λ � ¼ B½αμ1�

λ : ðB4Þ

1. Proof of the N = 2 superpotential
in (3.20)

The main text treated LG having no derivatives of the
Riemann tensor, i.e., N ¼ 2. The superpotential for this
case is displayed in (3.20) without proof. The proof will
now be given.
The Noether current J α

G2 in (3.17) contains second-order
derivatives of ξ; the superpotential must contain first-order
derivatives:

Φ½αμ1� ¼ W½αμ1�
λ ξλ þW½αμ1�μ2

λ ∂μ2ξ
λ: ðB5Þ

The divergence is

∂μ1Φ
½αμ1� ¼ Xα

0 þ Xα
1 þ Xα

2;

Xα
0 ¼ ð∂μ1W½αμ1�

λ Þξλ; ðB6Þ

Xα
1 ¼

h
W½αμ1� þ ∂μ2W

½αμ2�μ1
λ

i
∂μ1ξ

λ; ðB7Þ

Xα
2 ¼ W½αμ1�μ2

λ ∂μ1∂μ2ξ
λ: ðB8Þ

This section will show that the solution is

W½αμ1�μ2
λ ¼ 2

3
C½αμ1�μ2
λ ; ðB9Þ

W½αμ1�
λ ¼ 1

2
C½αμ1�
λ −

1

3
∂μ2C

½αμ1�μ2
λ : ðB10Þ

The C’s are defined by (B3) and the three-superscript B is
constrained by

0 ¼ Bfαμ1μ2g
λ

¼ 1

3

h
Bαfμ1μ2g
λ þ Bμ1fαμ2g

λ þ Bμ2fαμ1g
λ

i
; ðB11Þ

which will be used repeatedly. The term with no derivative
of ξ is

Xα
0 ¼

�
1

2
∂μ1C

½αμ1�
λ −

1

3
∂μ1∂μ2C

½αμ1�μ2
λ

�
ξλ

¼
�
∂μ1B

½αμ1�
λ þ 2

3
∂μ1∂μ2B

μ1fαμ2g
λ þ 1

3
∂μ1∂μ2B

μ2fαμ1g
λ

�
ξλ

¼ ½∂μ1B½αμ1�
λ − ∂μ1B

fαμ1g
λ �ξλ

¼ ð−∂μ1Bμ1αÞξλ: ðB12Þ

Passage from the second equality to the third is due to
(A18) with s ¼ 2. The term with first-order derivatives
of ξ is

Xα
1 ¼

�
1

2
C½αμ1�
λ −

1

3
∂μ2C

½αμ1�μ2
λ þ 2

3
∂μ2C

½αμ2�μ1
λ

�
∂μ1ξ

λ

¼
h
B½αμ1�
λ − ∂μ2B

μ2fαμ1g
λ

i
∂μ1ξ

λ

¼
h
B½αμ1�
λ þ Bfαμ1g

λ

i
∂μ1ξ

λ

¼ Bαμ1
λ ∂μ1ξ

λ: ðB13Þ

Passage from the second to the third line uses (A18) with
s ¼ 2. The term with second-order derivatives of ξ is

Xα
2 ¼

2

3

h
Bαfμ1μ2g
λ − Bμ1fαμ2g

λ

i
∂μ1∂μ2ξ

λ

¼ 1

3

h
2Bαfμ1μ2g

λ − Bμ1fαμ2g
λ − Bμ2fαμ1g

λ

i
∂μ1∂μ2ξ

λ

¼ Bαfμ1μ2g
λ ∂μ1∂μ2ξ

λ; ðB14Þ

where the second line results from symmetrizing in μ1μ2
and the third line follows from (B11). The sum of (B12),
(B13), and (B14) is

∂μ1Φ
½αμ1� ¼ −ð∂μ1Bμ1αÞξλ þ Bαμ1

λ ∂μ1ξ
λ

þ Bαfμ1μ2g
λ ∂μ1∂μ2ξ

λ ðB15Þ

and this agrees with (3.17) or (A25) with N ¼ 2.

2. The N = 3 superpotential

A derivative of the Ricci scalar∇μR or of the Ricci tensor
∇μRαβ is ultimately a covariant derivative of the Riemann
tensor. If L contains such terms the Noether current
contains third-order derivatives of ξ and the superpotential
must contain second-order derivatives:

Φ½αμ1� ¼ W½αμ1�
λ ξλ þW½αμ1�μ2

λ ∂μ2ξ
λ

þW½αμ1�μ2μ3
λ ∂μ2∂μ3ξ

λ: ðB16Þ

The solution for the W’s is

W½αμ1�μ2μ3
λ ¼ 3

4
C½αμ1�μ2μ3
λ ðB17Þ

W½αμ1�μ2
λ ¼ 2

3
C½αμ1�μ2
λ −

1

2
∂μ3C

½αμ1�μ2μ3
λ ðB18Þ

W½αμ1�
λ ¼ 1

2
C½αμ1�
λ −

1

3
∂μ2C

½αμ1�μ2
λ

þ 1

4
∂μ2∂μ3C

½αμ1�μ2μ3
λ : ðB19Þ
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The proof that ∂μ1Φ
½αμ1� agrees with the current (A25) for

N ¼ 3 is a special case of the general proof in B.4.

3. The superpotential for any N

If L contains N − 2 covariant derivatives of the Riemann
tensor the conserved current given in (A18) has N deriv-
atives of ξ and the superpotential must have N − 1
derivatives of ξ:

Φ½αμ1� ¼ W½αμ1�
λ ξλ þ

XN
s¼2

W½αμ1�μ2::μs
λ ∂μ2 ::∂μsξ

λ: ðB20Þ

The W with N þ 1 superscripts is

W½αμ1�μ2::μN
λ ¼ N

N þ 1
C½αμ1�μ2::μN
λ : ðB21Þ

W’s with fewer superscripts are given by the recursion
relation

W½αμ1�μ2::μs
λ ¼ s

sþ 1

h
C½αμ1�μ2::μs
λ − ∂μsþ1

W½αμ1�μ2::μsþ1

λ

i
ðB22Þ

that relates the W with sþ 1 superscripts to the derivative
of the W with sþ 2 superscripts. Using this once gives

W½αμ1�μ2::μs
λ ¼ s

sþ 1
C½αμ1�::μs
λ −

s
sþ 2

∂μsþ1
C½αμ1�μ2::μsþ1

λ

þ s
sþ 2

∂μsþ1
∂μsþ2

W½αμ1�μ2::μsþ2

λ : ðB23Þ

Iteration leads to an explicit formula for 1 ≤ s ≤ N:

W½αμ1�::μs
λ ¼ s

sþ 1
C½αμ1�::μs
λ

þ
XN−s

p¼1

sð−1Þp
sþ pþ 1

∂μsþ1
::∂μsþp

C
½αμ1�::μsþp

λ : ðB24Þ

4. Proof of the superpotential formula

The derivative of the superpotential (B20) is

∂μ1Φ
½αμ1� ¼ ð∂μ1W½αμ1�

λ Þξλ

þ
XN
s¼1

Yα∶μ1::μs
λ ∂μ1 ::∂μsξ

λ; ðB25Þ

where the coefficients are

Yα∶μ1::μs
λ ¼ W½αμ1�μ2::μs

λ þ ∂μsþ1
W½αμsþ1�μ1::μs

λ : ðB26Þ

Y is symmetric in μ2…μs but has no special property under
αμ1 exchange.

Substitution of (B24) gives the explicit value

Yα∶μ1::μs
λ ¼ s

sþ1
C½αμ1�::μs
λ þ

XN−s

p¼1

ð−1Þp
sþpþ1

∂μsþ1
::∂μsþp

×
h
sC

½αμ1�::μsþp

λ − ðsþ1ÞC½αμsþp�μ1::μsþp−1
λ

i
: ðB27Þ

For (B25) one needs the products of Y ’s with s derivatives of ξ and it is convenient to organize them according to the
number of derivatives p acting on C:

αZ0
s ¼

s
sþ 1

C½αμ1�μ2::μs
λ ∂μ1 ::∂μsξ

λ; ðB28Þ

αZp
s ¼ ð−1Þp

sþ pþ 1
∂μsþ1

::∂μsþp

h
sC

½αμ1�::μsþp

λ − ðsþ 1ÞC½αμsþp�μ1::μsþp−1
λ

i
∂μ1 ::∂μsξ

λ; ðB29Þ

Yα∶μ1::μs
λ ∂μ1 ::∂μsξ

λ ¼
XN−s

p¼0

αZp
s: ðB30Þ

The divergence of the superpotential is the double sum

∂μ1Φ
½αμ1� ¼ ð∂μ1W½αμ1�

λ Þξλ þ
XN
s¼1

XN−s

p¼0

αZp
s: ðB31Þ

In αZp
s substitution of the definition of the C’s gives
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h
sC

½αμ1�::μsþp

λ − ðsþ 1ÞC½αμsþp�μ1::μsþp−1
λ

i
∂μ1 ::∂μsξ

λ ¼
h
−Bαfμ1::μsþpg

λ − sB
μ1fαμ2::μsþpg
λ þ ðsþ 1ÞBμsþpfαμ1::μsþp−1g

λ

i
∂μ1 ::∂μsξ

λ:

ðB32Þ

The second term in the square brackets on the right can be symmetrized over μ1::μs:

sB
μ1fαμ2::μsþpg
λ ∂μ1 ::∂μsξ

λ ¼
Xs

j¼1

B
μjfα::μsþpg0
λ ∂μ1 ::∂μsξ

λ ðB33Þ

where the prime indicates that μj is omitted from the enclosed list. This allows αZp
s to be expressed as

αZp
s ¼ ð−1Þp

sþpþ1
∂μsþ1

::∂μsþp

�
−Bαfμ1::μsþpg

λ −
Xs
j¼1

B
μjfαμ2::μsþpg0
λ þðsþ1ÞBμsþpfαμ1::μsþp−1g

λ

�
∂μ1 ::∂μsξ

λ: ðB34Þ

a. The largest p

When p ¼ N − s all the B’s in (B34) have N þ 1 superscripts and satisfy the constraint

0¼Bfαμ1::μNg
λ ¼ 1

Nþ1

�
Bαfμ1::μNg
λ þ

XN
j¼1

B
μjfα…g0
λ

�
: ðB35Þ

Consequently

αZN−s
p ¼ ð−1ÞN−s

Nþ 1
∂μsþ1

::∂μN ×

" XN
j¼sþ1

B
μjfα::g0
λ þðsþ 1ÞBμNfαμ1::μN−1g

λ

#
∂μ1 ::∂μsξ

λ: ðB36Þ

In the sum on j, the derivatives impose symmetry in μsþ1::μN which implies

∂μsþ1
::∂μN

XN
j¼sþ1

B
μjfα::g0
λ ¼ ∂μsþ1

::∂μN ðN − sÞBμNfαμ1::μN−1g
λ ðB37Þ

and leads to

αZN−s
s ¼ ð−1ÞN−s

N þ 1
∂μsþ1

::∂μN ðN þ 1ÞBμNfαμ1::μN−1g
λ

¼ ð−1ÞN−s−1
∂μsþ1

::∂μN−1
Bfαμ1::μN−1g
λ : ðB38Þ

Before proceeding it is useful to rewrite this. The B’s with fewer than N þ 1 superscripts do not satisfy a constraint
like (B35). Fortunately all one needs is to express the B with N symmetrized superscripts as a sum over N terms
each of which has N − 1 symmetrized superscripts

αZN−s
s ¼ ð−1ÞN−s−1

N
∂μsþ1

::∂μN−1

"
Bαfμ1::μN−1g
λ þ

XN−1

j¼1

B
μjfα::g0
λ

#
: ðB39Þ

This will be used in the following.

b. The next largest p

For the case p ¼ N − s − 1, Eq. (B34) gives

αZN−s−1
s ¼ ð−1ÞN−s−1

N
∂μsþ1

::∂μN−1

�
−Bαfμ1::μN−1g

λ −
Xs

j¼1

B
μjfα::g0
λ þ ðsþ 1ÞBμN−1fαμ1::μN−2g

λ

�
∂μ1 ::∂μsξ

λ: ðB40Þ

The sum of this with (B39) is
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αZN−s−1
s þ αZN−s

s ¼ ð−1ÞN−s−1

N
∂μsþ1

::∂μN−1

"
−

XN−1

j¼sþ1

B
μjfα::g0
λ þ ðsþ 1ÞBμN−1fαμ1::μN−2g

λ

#
∂μ1 ::∂μsξ

λ: ðB41Þ

In the sum on j the derivatives impose symmetry in μsþ1…μN−1 and allows the sum to be replaced by a single term

ðN − s − 1ÞBμN−1fαμ1::μN−2g
λ . When combined with the second term the result is NBμN−1fαμ1::μN−2g

λ and gives

αZN−s−1
s þ αZN−s

s ¼ ð−1ÞN−s−1
∂μsþ1

::∂μN−1
BμN−1fαμ1::μN−2g
λ ∂μ1 ::∂μsξ

λ

¼ ð−1ÞN−s−2
∂μsþ1

::∂μN−2
Bfαμ1::μN−2g
λ ∂μ1 ::∂μsξ

λ ðB42Þ

after using (A18).

c. The sum on p

The pattern set in (B42) continues and leads to the sum

XN−s

p¼1

αZp
s ¼ −∂μsþ1

Bμsþ1fαμ1::μsg
λ ∂μ1 ::∂μsξ

λ

¼ Bfαμ1::μsg
λ ∂μ1 ::∂μsξ

λ

¼ 1

sþ 1

h
Bαfμ1::μsg
λ þ sBμ1fαμ2::μsg

i
∂μ1 ::∂μsξ

λ: ðB43Þ

From Eq. (B28) the p ¼ 0 term is

αZ0
s ¼

s
sþ 1

h
Bαfμ1::μsg
λ − Bμ1fαμ2::μsg

λ

i
∂μ1 ::∂μsξ

λ ðB44Þ

and so the full sum on p is

XN−s

p¼0

αZp
s ¼ Bαfμ1::μsg

λ ∂μ1 ::∂μsξ
λ: ðB45Þ

d. The complete sum

The divergence of the superpotential as given by (B31) is
now

∂μ1Φ
½αμ1� ¼ ð∂μ1W½αμ1�

λ Þξλ þ
XN
s¼1

Bαfμ1::μsg
λ ∂μ1 ::∂μsξ

λ:

One needs W½αμ1�
λ from (B24)

∂μ1W
½αμ1�
λ ¼ 1

2
∂μ1C

½αμ1�
λ

þ
XN−1

p¼1

ð−1Þp
pþ 2

∂μ1 ::∂μpþ1
C
½αμ1�μ2::μpþ1

λ : ðB46Þ

The first term is ∂μ1B
½αμ1�
λ as noted in (B4). Evaluating the

sum over p requires the same approach as above: compute
the term with the highest value of p; add to that the term

with the next highest value of p; continue adding terms
with successively smaller values of p. The sum from p ¼ 1

to p ¼ N − 1 gives −∂μ1B
fαμ1g
λ and so

∂μ1W
½αμ1�
λ ¼ ∂μ1B

½αμ1�
λ − ∂μ1B

fαμ1g
λ

¼ −∂μ1B
μ1α
λ : ðB47Þ

The final result is

∂μ1Φ
½αμ1� ¼−ð∂μ1Bμ1α

λ Þξλþ
XN
s¼1

Bαfμ1::μsg
λ ∂μ1 ::∂μsξ

λ: ðB48Þ

This is the current J α
G2 given in (A25) which proves that

the superpotential given in (B20) with coefficients (B24) is
correct.

e. Covariant form

To express the generalized Einstein tensor or the super-
potential or various other quantities covariantly requires
introducing for each covariant derivative of order s of the
Riemann tensor in LG a tensor

ffiffiffi
g

p
Mfμ1::μsgα1::α4 ¼ ∂LG

∂ð∇fμ1 ::∇μsgRα1::α4Þ
: ðB49Þ
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APPENDIX C: COVARIANT RESULTS
FOR N = 2

1. Tensor form for the N = 2 Noether current

This section will prove the result (3.26) starting from
Eq. (3.4) for the Noether current:

J α
G ¼

"
∂LG

∂ð∂αgρσÞ
− ∂ν

∂LG

∂ð∂α∂νgρσÞ

#
£ξgρσ

þ ∂LG

∂ð∂α∂νgρσÞ
∂ν£ξgρσ − ξαLG: ðC1Þ

The current is a sum of three functional derivatives

J α
G ¼ Vα

1 þ Vα
2 þ Vα

3 − ξαL ðC2Þ

which will now be calculated in terms of the tensor Mαμνβ

defined in (3.21).
The first functional derivative gives

Vα
1 ¼

∂L
∂ð∂αgμνÞ

£ξgμν

¼ ffiffiffi
g

p h
2Γμ

ρωMρfναgω þ 2Γν
ρωMρfμαgω

− 2Γα
ρωMρfμνgω

i
£ξgμν: ðC3Þ

The second functional derivative gives

Vα
2 ¼ −

�
∂β

∂L
∂ð∂α∂βgμνÞ

�
£ξgμν

¼ −
h
∂βð2

ffiffiffi
g

p
MαfμνgβÞ

i
£ξgμν

¼ 2
ffiffiffi
g

p h
−∇βMαfμνgβ þ Γα

ρωMρfμνgω

þ Γμ
ρωMαfρνgω þ Γν

ρωMαfρμgω
i
£ξgμν: ðC4Þ

The third functional derivative gives

Vα
3 ¼

∂L
∂ð∂α∂βgμνÞ

∂β£ξgμν

¼ 2
ffiffiffi
g

p
Mαfμνgβ

∂β£ξgμν

¼ 2
ffiffiffi
g

p
Mαfμνgβ∇β£ξgμν

þ 2
ffiffiffi
g

p h
Γμ
ρωMαfρνgω þ Γν

ρωMαfμρgω
i
£ξgμν: ðC5Þ

The sum of (C3), (C4), and (C5) is

Vα
1 þ Vα

2 þ Vα
3

¼ 2
ffiffiffi
g

p h
−∇βMαfμνgβ£ξgμν þMαfμνgβ∇β£ξgμν

i
þ ffiffiffi

g
p

Γμ
ρω
	
2Mρfανgω þ 4Mαfρνgω
£ξgμν

þ ffiffiffi
g

p
Γν
ρω

	
2Mρfαμgω þ 4Mαfρμgω
£ξgμν: ðC6Þ

By using the relations (3.22) the first quantity in braces can
be simplified to

Γμ
ρωfMαωρν −Mαρων þ 2Mανρωg: ðC7Þ

This vanishes because the quantity in braces is antisym-
metric under ρω interchange. The second quantity in braces
in (C6) vanishes similarly.
The total Noether current is therefore

J α
G ¼ −2

ffiffiffi
g

p ð∇βMαfμνgβÞ£ξgμν
þ 2

ffiffiffi
g

p
Mαfμνgβ∇β£ξgμν

− ξα
ffiffiffi
g

p
LG ðC8Þ

and is explicitly a vector density. Some relabeling in the
second line converts this to

J α
G ¼ −2

ffiffiffi
g

p ð∇βMαfμνgβÞ£ξgμν
þ 4

ffiffiffi
g

p
Mαfβνgμ∇μ∇νξβ

− ξα
ffiffiffi
g

p
LG; ðC9Þ

which is the result used in (3.26).

2. Tensor form for the N = 2 superpotential

The superpotential given in Eq. (3.32)

Φ½αμ� ¼
�
B½αμ�
λ −

1

3
∂νC

½αμ�ν
λ

�
ξλ þ 2

3
C½αμ�ν
λ ∂νξ

λ ðC10Þ

was proven correct in Appendix B. 1. This section will
express the superpotential in a manifestly covariant form.
The first step is to expand the covariant expression for the
current (C9) in a derivative expansion:

J α
G ¼ Aα

λξ
λ þ Bαμ

λ ∂μξ
λ þ Bαfμνg

λ ∂μ∂νξ
λ: ðC11Þ

Only the antisymmetric part B½αμ�
λ ¼ ðBαμ

λ − Bμα
λ Þ=2 is

needed:

B½αμ�
λ ¼ 3

ffiffiffi
g

p ð∇νMαμνβÞgβλ − 3Γβ;ρλMαμρβ

þ ffiffiffi
g

p ðMαρωνΓμ
ρω −MμρωνΓα

ρωÞgνλ: ðC12Þ

Also needed is
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C½αμ�ν
λ ¼ Bαfμνg

λ − Bμfανg
λ

¼ −3
ffiffiffi
g

p
Mαμνβgβλ: ðC13Þ

The derivative of this is

−
1

3
∂νC

½αμ�ν
λ ¼ ffiffiffi

g
p ð∇νMαμνβÞgβλ þ

ffiffiffi
g

p
Γβ;ρλMαμρβ

þ ffiffiffi
g

p ðΓα
ρωMμρωβ − Γμ

ρωMαρωβÞgβλ: ðC14Þ

The sum of (C12) and (C14) when multiplied by ξλ is�
B½αμ�
λ −

1

3
∂νC

½αμ�ν
λ

�
ξλ ¼ 4

ffiffiffi
g

p ð∇νMαμνβÞξβ
− 2

ffiffiffi
g

p
MαμρβΓβ;ρλξ

λ: ðC15Þ

Equation (C10) requires the combination

2

3
C½αμ�ν
λ ∂νξ

λ ¼ 2
ffiffiffi
g

p h
−Mαμνβ∇νξβ þMαμρβΓβ;ρλξ

λ
i
: ðC16Þ

The sum of (C15) and (C16) gives the tensor result

Φ½αμ� ¼ 4
ffiffiffi
g

p ð∇νMαμνβÞξβ − 2
ffiffiffi
g

p
Mαμνβ∇νξβ ðC17Þ

which is used in Eq. (3.27) and subsequently.
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