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This paper investigates Lagrangians with arbitrary dependence on the Riemann tensor and any number
of derivatives. Noether’s second theorem is applied separately to L and £,,;, where the matter Lagrangian
depends on a scalar field. For £ diffeomorphism invariance requires that the generalized Einstein tensor
satisfy V,E% = 0 and that there is a current satisfying 0 = d,(1/g/%,). The main result is an explicit

formula for the superpotential @[ that solves aﬂqn[wa = /9J&,. Some applications to f(R) gravity and
various quadratic gravity theories are discussed. There are analogous results, including superpotentials, for
the matter sector whenever the couplings to the matter fields contain derivatives of the metric.
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I. INTRODUCTION

The consequences of diffeomorphism invariance for any
gravitational action are expressed in Noether’s second
theorem [1-10]. Invariance under an infinitesimal coordi-
nate transformation

= x4 E 0, 1 X2, X (1.1)
where & has arbitrary spacetime dependence leads to an
identity of the form

0=E4+0,T“ (1.2)
where both terms are linear in & and its derivatives. This
identity, due to Noether, expresses general diffeomorphism
invariance and holds for any values of the metric and the
matter fields.

Historically this principle has been applied to the
total Lagrangian for gravitation and matter with
Ls = /gR/162G, where g = —det(g,,) > 0. The results
are often presented as follows. First, if the field equations
for the metric are satisfied then £ = 0. Second, the current
has the form

J=TJ1+ TS (1.3)
where J¢ vanishes when £ vanishes, i.e., when the field
equations are satisfied. Third, 0,79 = 0 for any metric
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without regard for the field equations. And finally, the
conserved current can be obtained from a superpotential

T4 = 0,0 with

[ 77] p— ﬁ uea _ \Jogp
ol J_]6HG(V§ vegn)., (1.4)
These results apparently led Einstein and many others to
define the energy-momentum of the gravitational field by
pseudotensors [11-14].

In 1959 Komar used various physical arguments, not
Noether’s theorem, to argue that the volume integral

Q: = / d3xajq>[01] — / de<I>[OJ']
% oV

is a sensible accounting of the energy, momentum, and
angular momentum of the gravitational field for appropriate
choices of & [15-18]. Thus @l is called the Komar
superpotential even though it was previously known from
Noether’s second theorem.

There are now extended theories of gravity [19-22]
motivated by cosmological problems (dark energy and
inflation, dark matter and large scale structure) and also by
quantum gravity. One class includes Lagrangians of the
form ,/gf (R), where R is the Ricci scalar [23-27]. Another
category are Lagrangians that are linear combinations of
the scalars R, R,sR*, and R,,,,,R"”™ [28-35]. A special
type of the quadratic form is Gauss-Bonnet gravity where
the quadratic term is a total derivative [36-38].

In extended theories of gravity it is known that Noether’s
second theorem [5,6,8,9] leads to conserved currents that
depend on an arbitrary vector £& The main task of this
paper is to find explicit formulas for the corresponding
superpotentials.

(1.5)
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A. Outline and summary

Sections II, III, and IV investigate a general class of
extended theories with a Lagrangian of the form

where matter is represented by the spin zero field ¢. Both
terms can depend on scalars formed by contractions of the
metric with Riemann tensors. Lagrangians of this type
include f(R) theories and quadratic theories and
allows more complicated terms such as R’’R°”R

POT@>
RIRY™R 1, OF R, BP7™R g% RY and also cou-
plings to matter such as Rg? or R*(9,¢)(0,4).

It is customary to consider the diffeomorphism invari-
ance of the total Lagrangian, which leads to £ in (1.2) being
a linear combination of the field equations, but it is more
productive to treat the diffeomorphism invariance of Lg;
and of £, separately.

In Sec. II diffeomorphism invariance is expressed in
terms of the Lie derivative. For L of the type (1.6) Sec. I1I
shows that the generalized Einstein tensor

L | Lo

p =956 _ g
V9 09ap #o(o

oL
+ 9,0 <
uga/})

e a(ayavga/})

(1.7)

satisfies

VE? =0 (1.8)

for any metric, without regard to the field equations. The
Noether identity (1.2) is

0 =2/gEPV &5 + 0,{-2\/gEPE5 + T&,}  (1.9)
and because of (1.8) this simplifies to
0,J¢, = 0. (1.10)

This current is expected to be expressible as the
derivative of a superpotential defined by 0ﬂd)[“”] = J&-
Section III displays the formula for the superpotential,
which is proven in Appendix B.1. In terms of the tensor M

oL
Momp — =G 1.11
V9 3Ry (1.11)
the superpotential is
O = 4. /g(V, MWP) gy — 2\ /GMBHY €5 (1.12)

(which was found by other means in [39]). As a by-product
the generalized Einstein tensor is expressed as

1
aff __ a auvp pb
EY =2V, V, M — M WOR g

1

1
- EMﬁ"”‘f’sz + Egaﬁﬁc/\/ﬁ. (1.13)

Section IV investigates matter Lagrangians of the form
(1.6) with energy-momentum tensor

1 0Ly 0Ly 0Ly
—JgT? =M _ 9 +0,0, . (114
VI = e ™ Y a0 % d0,0,0) 1Y

As in the gravitational sector, there is a current J¥,,
satisfying 9,74, = O that can be expressed in terms of
a superpotential J%,, = 0”5)[“”]. The superpotential has the
same form as (1.12) in terms of a tensor M analogous to
(1.11). The matter analog of (1.13) is an expression for the
energy-momentum tensor

a8 :L 3 oLy

VI L 0(0.9)

+4V,V, el — jpemo R — MPIRe, - (1.15)

Vip+ gLy

where the first line is the canonical energy-momentum
tensor.

Section V summarizes the results when the metric
contains N derivatives of the metric. The proof of the
general results are contained in Appendixes A and B.

B. Notation

The signature of the metric is
g=- det(gﬂu) > 0, and R = 0,15+ -+

(= +++),

II. DIFFEOMORPHISM INVARIANCE AND THE
LIE DERIVATIVE

The infinitesimal coordinate transformation (1.1) pro-
duces an infinitesimal change in the metric and in the scalar
field ¢. Noether [1] denoted the variation in these quantities
by 5 as have others [2,7,40,41]; however § = —£;, where £:
is the Lie derivative, and £; will be used here to define
infinitesimal variations. This means that the Noether
current and superpotential has the opposite sign to that
used by early authors.

The Lie derivative of any ¥(x) that changes to ¥'(x')
under the infinitesimal coordinate transformation (1.1) is

£¥P(x) = P(x) =W (X) + £, 0. (2.1)
Both Lagrangians L; and L), are scalar densities: either
can be written as £ = /gL where L is a scalar satisfying
L(x) = L'(x"). The Lie derivative of L is
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The transformation of the metric to first order is

ox* ox¥
/ 7\
gaﬂ('x) - ax/a ax,/} g;w(x)

~ g(l[)’(x) - (aafi)gﬂu - (a/iél)ga/l (23)
and fixes the Lie derivative as
£:00p = E0,190p + (0,935 + (058" )9r.  (24)

This can also be written in terms of covariant
derivatives
£§g(z/} = vafﬂ + vﬁf{l' (25)
Because £ is proportional to /g one needs
1
£§\/§ = Ex/ggaﬂ%gaﬂ = 0/1(51\/5)' (2-6)
Combining this with (2.2) gives

This is the statement of diffeomorphism invariance that will
be used repeatedly. It is Eq. (11) in Ref. [1] and will be
called the Noether identity.
Since W' (x') — &0, = ¥(x) the definition (2.1) can be
stated as
£:¥P(x) = ¥Y(x) =¥ (x). (2.8)
This shows that when W is the derivative of another
function say d,Q then
£:(0,Q) = 9,Q(x) — 0,Q'(x) = 9,£:Q, (2.9)
which will be used without comment in the following.
One can rearrange (2.8) as
P(x) =¥(x) - £¥(x). (2.10)
which shows that the Lie derivative can be viewed as an

infinitesimal variation in V. In the following ¥ can be either
9op(X), ¢(x), or their derivatives.

III. THE GRAVITATIONAL LAGRANGIAN L;

This section investigates gravitational Lagrangians (1.6)
with arbitrary dependence on the Riemann tensor but with
no derivatives of the Riemann tensor. Diffeomorphism
invariance (2.7) implies

0=£:L5—0a(E" L) (3.1)
The Riemann tensor contains first and second derivatives of
the metric and so this becomes

0L 0L
0=""Fe00p + 00,820,
agaﬁ’ s a(aﬂgaﬁ) wesar
oL
+————=0,0,£:045 — 0,(E*Lg). 3.2
a(aﬂavga/)’> ! o ( G) ( )
It is useful to reorganize this as
0= \/.aEa/}£§ga/i + aaj{é9 (33)

where E% is given in (1.7) and the Noether current is

oL oL
ja - — 0y £ 9o
G 1000090) ¥ 0(0a0,9,0)] "
0L
—0.f — &L 34
+ a(a(zayg/m) : fg/’o' 5 ¢ ( )

The current has terms with second-order derivatives of &,
first-order derivatives of £, and no derivatives of £ and can
be expanded as

](é; — Agg/l 4 Bjﬂaﬂgi 4 Bz{ﬂhﬂz}aﬂlaﬂzél

(3.5)

This type of derivative expansion is standard [2,5-7,9]. The
coefficients can be expressed as functional derivatives of
L but the explicit forms will not be needed until
Sec. I B 1 and Appendix C. 1. The current will turn out
to be a vector density; see (3.26).

A. The road to the superpotential

1. Proof that V,E5 =0

Because (3.3) holds for any & substitution of the
derivative expansion (3.5) into (3.3) results is four inde-
pendent equations:

0=Blo.9, 0, &, (3.6)
0= {By 40,8, 40,0, (3.7)
0= {\/ngg + A%+ aﬂB’;“}a(,gi, (3.8)
0 = {VGETd;00 + 0,45 }é (3.9)

The first equation requires that the fully symmetrized,
three-superscript coefficient vanish
B{aﬂlﬂz} =0 (3 10)

b . .

The second equation (3.7) requires that the fully sym-
metrized, two-superscript coefficient satisfy
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0= Bj{lﬂlﬂz} + aaBZ{”I”Z}' (311)

Application of 9, d,, to this gives, because of (3.10),

— { 1 2}
0=9,0,B;"". (3.12)
The third equation (3.8) requires
= —/g2E — 9,B’". (3.13)
Application of 9, to this gives, because of (3.12),
0,A% = —0,[\/92EY]. (3.14)
Substitution into the fourth equation (3.9) gives
0= Eaﬂaiga/)’ - a(l[\/EZEﬂ
= —2/gVEY. (3.15)

This is true for any metric without imposing the field
equations.

2. The conserved current J¢,

Substitution of (3.13) into the derivative expansion (3.5)
suggests splitting J¢ into two parts

c=J& +T&, (3.16)
where
JTe = _Z@Effﬁ»
J& = —(0,B!")& + BP0, + BS"V9, 9, & (3.17)
The Noether identity (3.3) is now
0 =2VgEPV &y + 0ul=2V/GESE + T )]
= _2\/§(va(E3)§/l + 3m7%2
= 0aJ 6 (3.18)

because of (3.15). The result holds for any metric without
using the field equations. This type of conservation law was
termed “improper” by Noether [1].

Another proof: A further check is to differentiate the
derivative expansion of J¢, in (3.17):

O ?;2 = _(aaauBga)g
- (aﬂBja)(aafi) (a(lBaM)(a 6/1)
—|—B§”0 9 gﬁ (a B‘I{ﬂlﬂz})a 9 5/1

Hi1 7
+ B"{ﬂlﬂz}aaaﬂla gl'

(3.19)

The first term vanishes because of (3.12); the two terms on
the second line cancel automatically; the two terms on the
third line cancel because of (3.11); the fourth line vanishes
because of (3.10).

Comment: Though different physically, a simple
example of a superpotential is the field strength
tensor /gF* of electrodynamics. The electromagnetic
current J¢,, = 9,(,/gF*) is conserved because of the
antisymmetry of F* and [J¢%, can be expressed in terms
of the vector potential: A%, 9,A% and 9, d,A" as
in (3.17).

3. Formula for the superpotential
The superpotential satisfying dﬂd)[aﬂ] =JE, is
1 la &
3(0 C ﬂl#z) é/lJr C lllﬂza 5/1
_ Bljl{a/h}-

dlom] — BBWI]

C/[{lﬂ] Jua Bj{lllllz}

(3.20)
The proof is given in Appendix B. 1.

B. Manifestly covariant results

From the previous formulas for J¢, and ®len it is
unclear how they behave under general coordinate trans-
formations and whether they can be easily computed from
the Lagrangian. This section addresses those matters.

The coefficients in the derivative expansion of the
current (3.5) are determined by the dependence of
the Lagrangian on the first and second derivatives of the
metric. The Lagrangian under consideration depends on the
Riemann tensor but not on its derivatives and so derivatives
of the metric occur only from the dependence of the
Lagrangian on the Riemann tensor. It is natural to define

0Lg
= JgM*P. 21
3Ry V9 (3.21)
The tensor M has the properties
Ma/,w/} — _M/ww/i _ _M(Xﬂﬂl/ — Mvﬂay’ (322)
0 = MAP  MaPr 1 pobr (3.23)
The Noether current (3.4) requires the derivative
6[,(; . aEG aR/)m’m
a<aaa/)’gm/) oR POTWO a(a a/?'gpw)
— \/E[Ma/wﬂ + Mab;t/f]
= 2./gM P, (3.24)

084021-4



KOMAR SUPERPOTENTIALS IN EXTENDED THEORIES OF ...

PHYS. REV. D 114, 084021 (2026)

Note that MMt = peltF and thus is symmetric in both
ap and puv. The dependence of L on the first derivative of
the metric is also due to the Riemann tensor:

ILg  0Lg OR,y, .
0(029u)  OR ey (0 G (3.25)

= 2\/§ [F%(I)Mp{m/}w + I“/’;pr{ay}w - Fg{uMp{ﬂV}w} .

1. Covariant Noether current

The Noether current is determined by the tensor M. The
remaining obstacle is to convert the ordinary derivatives d,
in (3.4) into covariant derivatives V,. This is performed in
Appendix C.1 with the result

4 = @[—Z(VﬂM"W}ﬁ)}Jégﬂy

+AMAPIY V& — gaLG} . (3.26)

2. Covariant superpotential

The next step is to express J¢ in terms of ordinary
derivatives of ¢ as in (3.5), identify the coefficients B} and

Z{” ), and substitute into formula (3.20) for the super-
potential. These steps are performed in Appendix C.2 and
yield [39]

Ol = 4,/g(V,M¥P)Ey — 2. /gM* PN &5 (3.27)
This can be expressed in the more general form
Dlerl — \/g[—rVU(M"””/jfﬂ) (3.28)

(7 4)(VMWP)Ey + (r = MW,
for any real parameter r.

3. Covariant form for J¢,
The divergence of the superpotential is
@ = aﬂq)[aﬂ]
= Va[(V, I M) g 2T ) g,

—2MY,9, 5| (3.29)

independent of r. As expected it has first and second
derivatives of &.

4. Covariant form of the generalized Einstein tensor

The covariant form for J¢, is obtained by subtraction:

ja (1 (330)

The terms proportional to £:¢,4 in (3.26) and (3.29) cancel.
Subtraction of the terms containing V,V,&; gives
\/§[4Ma{ﬂv}ﬂ + ZMO‘/‘”ﬂ]VﬂVDéﬂ
= =2/gM*P*(V NV, =V, V)&

=2/g M“””"’Rﬂ 555 (3.31)

The difference between (3.26) and (3.29) is therefore

= —2\/§S“ﬂ§ﬂ, (3.32)
where the coefficient is
1
S — 2V v, Monh — M"””‘/’Rﬁ +§g"ﬁLG. (3.33)

Despite its appearance, S is symmetric and has zero
covariant divergence.

Divergence of S*: To compute the covariant divergence
of the first term in (3.33) use the au antisymmetry of M®+#
to obtain

vaSaﬁ = (v(lvﬂ - vﬂv(l)vDMwwﬂ

— (T MRS,

1
— MV R+ SVl (3.34)

The commutator of the covariant derivatives gives a
Riemann tensor that cancels the second line. Only the last
line remains and it is convenient to lower the f index and to
again use the au antisymmetry of M®+/:

VSG_

1 1
aSp = EMI'MD/)(V(IR/)’#M/) + vﬂR(lﬂU(/’) + Ev/}LG

1 1
= —EM M ¢VﬂRWD¢ + EvﬁLG (335)

after using the Bianchi identity. In view of the definition of
M this is

1 0L
VS84 =—-—-%

(3.36)

Application of Vj to L cancels the first term and shows
that V.85 =0

084021-5
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Symmetry of $%: The antisymmetric part of S% is

S — e = 2(V,V, — V,V, ) MeP

— M#RD |+ MPRIRE (3.37)

This vanishes because the commutator of the covariant
derivatives cancels the second line.

Relation to E%*: Using the manifestly symmetric form of
S% the current (3.32) is

& = —Vg(S? + 8. (3.38)

From (3.17) J§, = —2\/§Eaﬂ§ﬁ and so the generalized
Einstein tensor is given by E¥ = (§% + §/*)/2. The
explicitly symmetric form is

Eof — zvﬂvyMa{ﬂl/}ﬁ _ %Ma;wd)R,zmp

1

1
3 MPMIRS, 42 L. (3.39)

C. Examples

1. f(R) gravity

The Lagrangian L; = ,/gf(R)/16xG has attractive
features for cosmology [21-27]. The tensor M is

"(R
wost = ) g gy (3.a0)
which gives a superpotential [39]
lou] — \/E] / a _ \Ja
@il = L[ (R) (Ve - Vog)
+2f"(R)((0"R)&" — (0"R)&")]. (3.41)

2. Quadratic gravity
The Lagrangian for quadratic gravity [28—35] is

L = /glaR® + bR®R,, + cR™R ...} (3.42)

where a, b, ¢ are parameters that distinguish various
subcases. The superpotential (3.27) requires the tensor M

MP = a(g™ g — g g )R
b
+ 5 (gavRﬂu + gﬂﬂRav — gaﬂR/w — gﬂvRaﬂ)
+ 2cR™P (3.43)

and its covariant derivative

b
v, Mah = <a + Z) (¢’"VoR — g*’VFR)
b
+3 (VRPH — VFRW) 4 2c¢V,R¥P. (3.44)

The Einstein tensor is

E? = <a + g + c) (VeVF 4+ VIV*)R

- <2a + g) gV, V'R — (b + 4¢)V, V¥R

+ —2aRR* + 4cR4RY

+ 2(b + Zc)Rm/Ra{ﬂI/}ﬂ _ ZCROWMR//L,{

g%

+75 (aR> + DR,R™ + CRI7OR ). (3.45)

(a) Conformal gravity: A special case of (3.42) is con-
formal gravity. The Lagrangian is

£G = C\/EC/MM)C/)HT(m (346)
where C is the Weyl tensor
1
Cpm’w = 6 (gprgaw - gpa)gm')R + Rpo‘rw (347)

1
- 5 (g/rrRmu + gmuRpr - g/)me' - gm'R/)w)'

The parameters in (3.42) are

b=-2c (3.48)

Neither the superpotential nor the Einstein tensor are
particularly simple.
(b) Gauss-Bonnet gravity: For the values

a=c; b=-4c

(3.49)

the second-order derivatives of R and R* in (3.45) are
absent and

E? = ¢|-2RR% + 4RIRV
— 4R, Relm}P — pRawARE |
1
5§ (R? = 4R, R* + RR,0r,) | (3.50)

This is Gauss-Bonnet gravity [21,22,36-38]. The Lagran-
gian is a total derivative in four dimensions and so the

084021-6
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Einstein tensor should vanish. As expected (3.50) does
vanish due to a known identity in four dimensions [37,38].
This is a stringent check of (3.45) and of the basic
formula (3.39).

Even though the Gauss-Bonnet term is a total derivative,
the tensor M is not zero:

Mo — c |:(g(ll/g/7'ﬂ _ g(lﬂgﬂy)R + 2 RHapy (351)

_ 2(gauRﬁ;4 + gﬂyRau _ gaﬁRuu _ ;wRaﬁ)} ,

and the superpotential (3.27) is nonzero. This, because the
Noether identity (3.1) is a property of the Lagrangian not of
the action.

IV. THE MATTER LAGRANGIAN L,

Analysis similar to Sec. III will be applied to a matter
Lagrangian with arbitrary dependence on the Riemann
tensor and on a scalar fields ¢:

‘CM(gaﬁ’Rpam)ﬂ ¢’a 4)) (41)

Matter Lagrangians with no Riemann tensor but with
second-order derivatives of the scalar field will contain
first-order derivatives of the metric from the Christoffel
connection and are treated in Sec. IV. D.

A. Diffeomorphism invariance of £,

Diffeomorphism invariance of (4.1) requires

0 - £5£M - 0a(§aﬁM) (42)
or more explicitly
0Ly oLy
0= £ 0,£e¢p — 0, (E°L
0Ly 0Ly
+—L£:G0p + 5 0,£:0,
Wap " 0(0gap) "
oLy
+——=0,0,£:9u5- 4.3
a(auaugaﬂ) ! s ( )
This can be organized as
1 oLy 0Ly
0 == /gTE:g, + [_a ]£ ¢
2 \/_ EJap a¢ H a(aﬂd)) (4
+ 0, (4.4)

where the energy-momentum tensor of matter is given in
(1.14) and the Noether current is

oLy,
a £ —_gar
T G,
oLy oLy
+ _au £gm—
0(0ups) "~ 0(0,049,0)] "
ALy
— 0% . 4.5
T (00, g,0) O (#:3)

The first line is —ﬁ@j{f’l where ©f is the canonical
energy-momentum tensor.

B. Analysis of JY,

1. Derivative expansion of J %
As in Sec. IIT A the next step is to parametrize the current
in terms of derivatives of &:
Jo = A%E + B9, & + BYM Yo, 0,6 (4.6)
The expansion coefficients are analogous to those in (3.5)
but depend on both the metric and the field ¢.

Substitution of (4.6) into the Noether identity (4.4) gives
three equations involving derivatives of &,

0= Bi*lg,0, 0, &, (4.7)
0= {B/* + 0B}, 0,8 (43)
0= {V/aTs + A5 + 0,B4" o, (4.9)
and a fourth equation with no derivatives of ¢,
1 o
0= D) \/ET 0ﬁgaﬂ
oLy oLy ~
——0d,—/—~|9 0,A% +EH 4.10
+|:a¢ ”a(dﬂqﬁ)} /1¢+ o 2}5 ( )
The first equation (4.7) requires
Blwaret — . (4.11)
The second (4.8) requires
0= B}{Lﬂlllz} + aaéj{ﬂlﬂz}’ (412)
which implies
0= 9,0, B (4.13)
The third equation (4.9) requires
A9 = —\/gT% - 9,B", (4.14)

084021-7
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which leads to

0,5 = —0,[/3T?]. (4.15)
Substitution of (4.14) into (4.10) gives
oy 0Ly 0Ly

9V T [ o0 -3, 20, ¢)] 0,¢. (4.16)

This relation is the analogue of V,Ef = 0; it holds for any
metric and any scalar field ¢p. Only when the ¢ satisfies the
Euler-Lagrange equation does the energy-momentum ten-
sor satisfy covariant conservation.

2. The conserved current J ’1{42

Substitution of (4. 14) into the derivative expansion (4.6)
suggests splitting ¢, into two parts

jaM:jﬁl/n*'an’ (4-17)

where
Tt = ~/aT3e"

%’2 — _(aﬂBMG)gﬂu + BZ#aﬂgﬁ + EZ{MM} ”] Mzzjl (418)
The Noether identity (4.4) is now

oLy oLy
=< —/gV, T9 + {—0 ]a ¢ &
{ VIV g = a0,
+ 0,T 42+
The quantity in curly braces always vanishes as shown in

(4.16) and therefore

0=0,7%,. (4.19)

One can also compute the divergence from (4.18).

C. Covariant form

Since 7%, is determined by B and BY***) it can be
expressed in terms of the tensor

i oLy
g M{xﬂlz/)’ —
V9 OR gy

(4.20)

analogous to (3.21) except for its dependence on ¢. The
conserved current is

T = Vo[ MV, VM0 = 2V 170 g,
—20%1Y,9,5). (4.21)

The superpotential satisfying 9, ol = =T

B = 4\/g(V,MMP)E, — 2 /GMHPV &, (4.22)

The dependence of the energy-momentum tensor on the
Riemann tensor is

1 [ oL
T =— |- =2Vl + g L

VL 0(0u9) "

+4V, Y, M — jpewd R — pPmdRe, - (4.23)

The first line is the canonical energy-momentum tensor.

1. Example

An natural possibility is to allow the scalar field to
couple to the Ricci scalar:
EM = LO(ga/}v ¢’ aﬂ¢) + \/§7¢2R (424)

where y is a real coupling constant. The tensor M is

Ma/u/ﬂ gaygﬁﬂ a/}g;w (425)
and the superpotential is
PHlon] — \/§y¢2(vﬂa§“ — Veg)
+4/grp(8Vep - EVr). (4.26)

The first line is essentially the original Komar form (1.4). It

is simpler to compute the energy-momentum tensor from
(4.23) than from the definition (1.14):

Ta/} —

1T g, ]
S AV p [
\/E[ 20.p) P T I o
7 (gPR — 2RP)

+47[(Ve)(VPp) — g7 (V) (VH9)]
+dyg B (VeVF + VAV) g — g"ﬂvﬂqu} . (4.27)

D. Matter Lagrangians with no Riemann tensor

The previous discussion in Sec. IV treated matter
Lagrangians in which first-order and second-order deriv-
atives of the metric occur through the Riemann tensor. In
the first category below the Lagrangian contains only first-
order derivatives of the metric but it results in a conserved
current with a superpotential. The second category below
has no derivatives of the metric and contains no conserved
current.

1. Matter Lagrangians second-order derivatives
of ¢ but no Riemann tensor

If one allows second-order derivatives of the scalar
field V(,V,,¢ then the necessary Christoffel connection
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contains first-order derivatives of the metric and these will
lead to a superpotential even in the absence of the Riemann
tensor. Thus consider

ﬁM(gaﬂv ¢7 vﬂ¢7 v{ﬂvl/}¢> (428)

Diffeomorphism invariance leads to

1 o
0 = 5 \/ET £§gaﬂ

oLy oLy Ly
+ -0 +9,0, £:0
o o0 o009
+ 0,7 (4.29)

The Noether current 74, is simpler than (4.5) since now £,
has no second-order derivatives of the metric. The deriva-

tive expansion of J9, is simpler than (4.6): BZ{” ) —

and Bia” Y — 0 thus B*
tensor satisfies

— B The energy-momentum

_\/gvaTg
oLy . Ly Ly
) 40,0, 0. (430
b a0 " amap  *30

The Noether identity (4.29) reduces as usual to current
conservation 0 = 0,7, where now the superpotential
form is automatic:

Tt = —(0,B")& + BY9,8 = 9,(B*)).  (431)

In terms of functional derivatives of the Lagrangian

oLy oLy
3 . . 432
9| 3(0uge) g 4

BE{W] _

Since the derivatives of the metric come entirely from the
Christoffel connection in V(,V,1¢ it is natural to define

oLy

gMa/i —
v oV Vo)

(4.33)

which allows the superpotential to be written covariantly:

vl = /g[(Vep)M; — (VEp)MGIE . (4.34)

2. Mater Lagrangians with no derivatives of the metric
and no Riemann tensor

The simplest matter Lagrangian has no Riemann tensor
and only first-order derivatives of the scalar field:

‘CM(gaﬂ’ ¢’ v[l¢) (435)

Diffeomorphism invariance gives

1
0= 5 \/ET(lﬂ£§gaﬂ

0Ly 0Ly ]
+ =9 Lep +0,TG. 4.36
{ oo, (430)
The Noether current is
a a‘CM a i

One recovers the previous definition of the energy-momen-
tum tensor (4.23) but without the tensor M and the previous
formula for the divergence of the energy-momentum tensor
(4.16). There is no conserved current and consequently no
superpotential.

V. DISCUSSION

Appendixes A and B generalize the analysis to
Lagrangians with any number of derivatives of the
Riemann  tensor such as  ¢*(9,R)(9,R) or
(V*R?)(V,R,5) and more generally with N —2 deriva-
tives of the Riemann tensor [42,43]:

EG(Q**’ $kokok o v R****’ --V{M]vpz-'qu_z}R****) (51)
and thus N derivatives of the metric. As before, applying
Noether’s identity to L5 and £;; separately produces more
results than if applied to the sum.

For the gravitational Lagrangian Appendix A shows that
the generalized Einstein tensor

N 0Lg

GE = \(=1)%0,, .0, ——F
Ve ; 1 0(0), -0, Gap)

(5.2)
satisfies V,E% = 0 for any value of the metric.

Appendix B examines the derivative expansion of the
current J¢,:

N
=B+ B9, 0,8 (53)
s=1

where the coefficients are related to the Lagrangian by
expanding (A5) in terms of derivatives of £. The super-
potential antisymmetric in au; must have the expansion

N
Wl[la”‘]é’l + Z WEWI]M%()M--@M .
s=2

@[aﬂl] = (5.4)

Appendix B. 4 shows that d,, dD o]
W’s given in Eq. (B24).

= J¢, is solved by the

084021-9



H. ARTHUR WELDON

PHYS. REV. D 114, 084021 (2026)

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
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APPENDIX A: THE CONSERVED CURRENT
WHEN L; CONTAINS N DERIVATIVES
OF THE METRIC

This Appendix and the next one treat Lagrangians with
N — 2 covariant derivatives of the Riemann tensor and thus
N derivatives of the metric. Either L or £, could contain
N derivatives of the metric. Here L will be analyzed:

EG(g**9 sokokok ) v R****a .. 'v{y] vyz . 'VMN—Z}R****)'
Applying the results to £, is straightforward. Appendix A
shows the following: (i) the generalized Einstein tensor E%
defined in (5.2) satisfies V,E% =0 and (ii) there is a
conserved current satisfying 0,7, = 0. Neither result
requires the metric to satisfy the ﬁeld equations.

Diffeomorphism invariance requires

The more explicit statement is
0= d£G£g ZNjMiGa 0, £:9
0 7 0y Oy O
—0,(&"La), (A2)
which can be reorganized as
0 = VIEPE:g,5 + 0, T & (A3)
The Noether current is
N
=Y Ji-&L, (A4)
=0
¢
oLg
4= -1)?9, .0, ———
‘ Z::( 900 503110350
X Oy, OuEeGpo- (AS)

1. Proof that V,E% =0

The highest derivative of £ in (A5) comes from the order
N derivative of £:g,; and so the current has a derivative
expansion

N
&=AE + > B, 9,8 (A6)

s=1

The coefficients A§ and B(j{” 4} can be expressed as
functional derivatives of L5 using (AS5).

Since ¢ is arbitrary, substitution of this into (A3) gives
N + 2 independent equations:

0 =B 19,9, .0, &, (A7)
0= [Bpimm) g B o, 0,8 (AS)
0= [Bpem) 4 o,B5 ) 19,.0,,0,¢%  (A9)
0= B+ 0,8;%49,,0,,¢ (A10)
0= :2\/§Ej{ AT+ a,,B’;“} 0ulh, (A1)
0= [VIEL 0,905 + 0,45 & (A12)

The first equation (A7) requires the fully symmetrized B
with N 4 1 superscripts to vanish:

0 = Bl (A13)
The second equation (A8) requires
0= BiﬂNmm} + 6,180’{”N“'”1}. (A14)

Applying N partial derivatives and using (A13) gives

0=0,,...0, BI*1. (A15)
The next equation (not shown above) is
0= Bi/”N—lw-lll} + aaBa{yN,l...y]}‘ (A16)

Applying N — 1 partial derivatives and using (A15) gives

0=0d,,...0, B+, (A17)

The general result for 2 < s < N is
0= B ) 4 g Belusm) (A18)
0=0,...0, B+, (A19)

The last two equations (A11) and (A12) are different. The
first of these requires
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A% = =2, /gE% — 9, B". (A20)

Application of 9, and using (A19) with s = 2 gives

0, = ~20,(\/ES). (A21)
Substitution into (A12) gives
0= \GEPd,g05 — 20,(GE¥)  (A22)
which simplifies to
0 =-2/gV,E{. (A23)

This holds for any metric.

2. The conserved current Jg,

The formula for A} in (A20) makes it convenient to
separate the derivative derivative expansion (A6) of the
current into two parts:

&1 = —2V9ESE, (A24)
N
%y = _(a”Bga)g/l + Z Bz{ﬂl--ﬂ.\-}aﬂl “aﬂcgﬂ' (AZS)

s=1

Their sumis J¢ = J§, + J¢,- The Noether identity (A3)

becomes
0= 2\/GEV & + 0, | -2/GEVE; + 8] (A26)
which simplifies to
0= —2\G(VEP)Ey + 0%y (A27)
Because V,E? = 0 this reduces to
0=10,J%,. (A28)

Another proof: If one applies d,, to the series expansion
(A25) the term with no derivative of & is —(d,0,B,“) which
vanishes because of (A19). The terms with one derivative
of & are

—(3,B4™)0,E" + (9,85, & (A29)
which vanish by inspection. The term in the divergence
with N + 1 derivatives of £ vanishes

Bg{ﬂl ~~/4N}aaaﬂl B

0,8 =0 (A30)

because of (A13). The terms remaining are

N-1

0T =Y [B’;{”' I 0,0,,.0,, &

s=1

+ (aaBj{ﬂlnﬂwl})aﬂ] "aﬂs+1§l:| . (A31)

In the first term relabel a as y,, ;. The s + 1 derivatives
symmetrize the s + 1 superscripts and so

N-1

aa (é2 — Z |:B;[I41-~,ﬂs+l} + aaBZ{#lv-ﬂsH}}
s=1
X 0,,..0, & (A32)

This vanishes because of (A18).
Comment: In (A25) the coefficient of & is —6,,B’/{“. One
could begin with the derivative expansion

N
& =B+ > B o, 9, 8. (A33)

s=1

The condition 9,7, = 0 requires Bf = —d, B;'".

APPENDIX B: THE SUPERPOTENTIAL
WHEN L; CONTAINS N DERIVATIVES
OF THE METRIC

This Appendix contains the major proofs: Sec. B.1
proves the correctness of the N = 2 superpotential in
(3.17); Sec. B. 2 displays the N = 3 superpotential without
proof; Sec. B. 3 displays the superpotential for any N; and
Sec. B.4 proves the correctness of the superpotential
shown in Sec. B. 3.

Since J¢, (A25) has derivatives of & up to order N, the
superpotential must have derivatives up to order N — 1 and
have the structure

N
dla] — Wgaﬂl]éll + Z Wgaﬂl]ﬂz---ﬂxaﬂz B ‘aﬂ.‘ 5/1’ (B])
§=2

where each W is au; antisymmetric. The derivative is
aﬂ]q)[am] - (aﬂl WB“/‘]])S/l
N
L 3o [wsn g, wonis]a, g, &
§=2

Wil g g, &, (B2)
The W’s must be such that amqﬂaml is equal to (A25). The
solution for the W’s will be expressed in terms of the
quantity

Cgaﬂl]ﬂz-‘ﬂx _ BZ{#I--M} _ Bgl{a/‘r-ﬂs}’ (B3)
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which is antisymmetric in au; and symmetric under all
permutations of yu,..u,. Note that for s = 1

I o 1
—CBM]] —

Baﬂl
2 2 |

Bﬂla] — Bgaﬂ]]' (B4)

1. Proof of the N =2 superpotential
in (3.20)

The main text treated L£; having no derivatives of the
Riemann tensor, i.e., N = 2. The superpotential for this
case is displayed in (3.20) without proof. The proof will
now be given.

The Noether current 7, in (3.17) contains second-order
derivatives of &; the superpotential must contain first-order
derivatives:

dlom] — Wgaﬂl]é:ﬂ + W[aﬂl Mza 5,1 (BS)
The divergence is
aMIQ[aMI] _ th _,’_Xa + X9,
Xg = (9, W e, (B6)
X4 = [WW +9, W“””"} 0, (B7)
W[“m ﬂza 0 é/l (BS)
This section will show that the solution is
WBWI]M — %CBU%]M (Bg)
ajy 1 apy apy |y
WE#]:ECBﬂ]_BaHZC[#]# (BIO)

The C’s are defined by (B3) and the three-superscript B is
constrained by

0= B}aﬂlﬂZ}

1
— 3 [BZ{”‘”Z} + B/;I{a/Q} + BjZ{a/’]}i| , (Bll)

which will be used repeatedly. The term with no derivative
of £is

1 Q Q
Xa _ |:2 aﬂlc[ 1 _ gaﬂ]aﬂzc[ 1 ﬂ2:| 5/1

[ale apy] + = 3 aﬂ]aﬂzBﬂl{aﬂz} 4+ - 3 aﬂlaﬂzBﬂz{aﬂl}]g

[a Baﬂl] _a B{aﬂl}]f

= (=0, B" )" (B12)

Passage from the second equality to the third is due to
(A18) with s = 2. The term with first-order derivatives
of £is

1l _

_2 A 3 3
—_ [aﬂl] a Bﬂz{aﬂl }a 5/1

thx — aﬂzc[aﬂl]llz += aﬂzcaﬂz ﬂl]a é«i

— B;‘H] B{aﬂl }aﬂ]éi

= B}"o, & (B13)

Passage from the second to the third line uses (A18) with
s = 2. The term with second-order derivatives of £ is

2 a Q
— g |:B}L{ﬂ1ﬂ2} _ Bljl{ ﬂz}:|aﬂlaﬂ2§/1

1 a a a
— g [231{141#2} _ Bg]{ 4 } _ Bi{Z{ l‘l}:| aﬂlaﬂzél

X3

Bj{ﬂl#z}aﬂ]aﬂzf/l’ (B14)

where the second line results from symmetrizing in p;u,

and the third line follows from (B11). The sum of (B12),

(B13), and (B14) is
aM]CD[“”l] =—(

+ BZ{MIﬂZ}aﬂ] 0”25/1

aM]Bllla)éﬂ + B;ﬂlaﬂlgﬂ
(B15)

and this agrees with (3.17) or (A25) with N = 2.

2. The N =3 superpotential

A derivative of the Ricci scalar V R or of the Ricci tensor
V,R,; is ultimately a covariant derivative of the Riemann
tensor. If £ contains such terms the Noether current
contains third-order derivatives of £ and the superpotential
must contain second-order derivatives:

(I)[ayl] — W[aﬂl]é/l + W[aﬂl]llza g/l
[apy Juop
+ Wi ”2“<3,,2a,,3.§2 (B16)
The solution for the W’s is
Q| 3 Q
WEI lll]ﬂzm — ZC[ Ml]#zﬂs (B17)
Q| 2 Q| 1 Q,
WB o §C[ iy EaMC/[1 ot (B18)
W[al‘l] _ lc[aﬂl] ~0 C[U’ﬂl]
A - 5 A - 3 He
1 Q 2 2
00, O (B19)
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The proof that dﬂldﬂ””'] agrees with the current (A25) for
N =3 is a special case of the general proof in B.4.

3. The superpotential for any N

If £ contains N — 2 covariant derivatives of the Riemann
tensor the conserved current given in (A18) has N deriv-
atives of & and the superpotential must have N —1
derivatives of &:

N
Plan] = Wiaﬂl]éﬂ + Z Wguaﬂl]m“maﬂz“aﬂsg'

(B20)
§=2
The W with N 4 1 superscripts is
o1 Jpa- i N [”ﬂl]/‘? N
=— B21
Wi N+1 (B21)

W’s with fewer superscripts are given by the recursion
relation

W/[{’#l]ﬂz#‘x — 5 [Cgfw}]m“”y -0 W[aﬂl]muuﬁl} (B22)

S—|-1 Hsr1 "7 A

that relates the W with s 4 1 superscripts to the derivative
of the W with s + 2 superscripts. Using this once gives |

Substitution of (B24) gives the explicit value

Yaiﬂl--lls __ " 0‘,‘41

4 ZS + p + 1 /"H»] aﬂx+p

s
s+ 1

N
+S+2 Hs+1 /"r+2

s
s+2 Hs+1
W[“ﬂ]]ﬂ? Hysr

[y ]-as _ o Jpa - a1

W/[fm]ﬂz--ﬂs _
(B23)

Iteration leads to an explicit formula for 1 < s < N:

lapr ). s (g ]
w =——70°C
g s+ 1
N—s
s(=1)? ]
_— ro (B24
+ :1s+p+1 Hsy1® ﬂx+p i ( )
4. Proof of the superpotential formula
The derivative of the superpotential (B20) is
aﬂ]@[aﬂl] — (aﬂl ngl”l])él
N .
+y oy, L0, 8. (B2S)
s=1
where the coefficients are
Y;l:ﬂl<-ﬂs _ Wgaﬂdﬂznm +9 W[aﬂ.s+1]l41-~ﬂs (B26)
Hs+1 :

Y is symmetric in p,..
ap, exchange.

.1, but has no special property under

% [scgaﬂl]"”x+p (S+ I)C[a/"H»p]ﬂl MH»p li| . (B27)

For (B25) one needs the products of Y’s with s derivatives of & and it is convenient to organize them according to the

number of derivatives p acting on C:

S
aZg " : C[aﬂl]ﬂz ﬂra /tl‘ é:i’
azP __ (_l)p
ZS_S+p+1 Hsg1™" ."l.x+p|: A

Ay Y
Y; Oy -0,,8" =

The divergence of the superpotential is the double sum

N N-s
aﬂlq)[aﬂl] — (a Waﬂl §i+ZZ(zzf'

In ?Z? substitution of the definition of the C’s gives

C[aﬂl]"ﬂﬁ»p

(B28)

_ (S + ])Cgaﬂx+1>]ﬂ1-.ﬂs+p—1} aﬂ] "aﬂ,,.gi’ (B29)
N=s

> ez (B30)
p=0

(B31)

s=1 p=0
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[scgaﬂl]-#wp _ (S + I)Cgaﬂs+,:]ﬂl~<ﬂ.r+/7—l:| a”l “am éﬂ — [—BZ{M“”HP} _ sBljl{aﬂzullﬁp} + (S + I)B//;.w/){aﬂluﬂﬁp—l}i| 5,,] '.aﬂygﬁ.

(B32)
The second term in the square brackets on the right can be symmetrized over p..u,:
A
sB/;l{aﬂz-#Hp}aﬂl ”aﬂl‘ §/I — Z Bg,f{a.~ﬂ.r+[7} aﬂl ”aﬂl‘ 5/1 (B33)
j=1
where the prime indicates that y; is omitted from the enclosed list. This allows 27 to be expressed as
aZp_ (_1)[7 a a Ba{ﬂb'/‘sﬂ)} . B/‘j{a/‘ZN”erp}/ 1 Bﬂrﬂ){aﬂlul‘wp—l} a a A B34
=y p 10O | 7B -) B, +(s+1)B; b Op 6" (B34)
J=1
a. The largest p
When p = N — s all the B’s in (B34) have N + 1 superscripts and satisfy the constraint
(ot __ L[ gt N gty
0= B*#-Hvy — BN giite | B35
A N+1 A + = A ( )
Consequently
a7N—s (_I)N_AY = uifa.} un{op - pnoi } A
2y =g OO X > B+ (s+1)B; 0,0, & (B36)
j=s+1
In the sum on j, the derivatives impose symmetry in y. ...y Which implies
il oy}
M. QU -
Oy Ouy Y B =0, .0, (N — s)Bj¥ ™4 (B37)
j=s+1
and leads to
L, (=DM (ot piyr}
aZéV = N——I—laﬂx+1"aﬂN(N+ 1)B§N At
— (_I)N_S_laym “aﬂN_l Bi(lﬂ]<~ﬂN—l}. (B38)

Before proceeding it is useful to rewrite this. The B’s with fewer than N + 1 superscripts do not satisfy a constraint
like (B35). Fortunately all one needs is to express the B with N symmetrized superscripts as a sum over N terms
each of which has N — 1 symmetrized superscripts

(_I)N—s—l

N-1

a i AV --HN-1 ﬂj{a'-}/

2 = O le{" ety B ] (B39)
J=1

This will be used in the following.

b. The next largest p
For the case p = N — s — 1, Eq. (B34) gives

-1 N—s—1 « Ja. ¥ a
(,Z{vv_s_l _ ( ) 0 0 -B {p1mn-1} _ ZBQ‘/{ ) + (S + 1)Ble_]{ Hy-HN-2 } aﬂl"aﬂxgi' (B40)

s
N Hs+1""7HN-1 |: i
Jj=1

The sum of this with (B39) is
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-1 2
azé\/—s—l —|-(1Z§V_S :( s_l_ )BﬂN i{auypy-o} a a 5/1 (B41)

Z Bﬂj{a

Jj=s+1

In the sum on j the derivatives impose symmetry in g . ...uy_; and allows the sum to be replaced by a single term
(N—s~— I)Bf{’v"{a” 4%} When combined with the second term the result is NB’;N"{"” =2} and gives

1Bgzv—l {aﬂl--ﬂN—z}aﬂl ”aﬂs 5/1

azlsV—s—l +azls\/—s — (_ )N s— laﬂwl aﬂNi
= (=), ,,.0,, B0, .9, & (B42)
after using (A18).
c. The sum on p
The pattern set in (B42) continues and leads to the sum

N—s
Z agP — _aﬂﬁ] BTH{(XM"M}@”] ”a”l‘ 5/1
p=1

— Bi“ﬂlulﬁ}aﬂl "aﬂséll

1 a
- (Bt ) gt ] g, 9, & (B43)

From Eq. (B28) the p = 0 term is

o__3%
os+1

a

[Bj{ﬂl-#x} _ Bgl{aﬂznﬂx}} aﬂl “aﬂ.\ 5/1 (B44)

and so the full sum on p is

N—s

Zazé’:B

p=0

cli-ndg 9, & (B45)

d. The complete sum

The divergence of the superpotential as given by (B31) is
now

N
aﬂlq)[rw]] = (9, W/[la”]])fﬂ + Z Bz{ﬂl%}am "aﬂx‘-'d'

s=1
One needs W/[la” U from (B24)
9 W[Wl]_ 9 C[aﬂl]
A 2 H
RO, g
p= lp

The first term is 9, B/[f” 1 as noted in (B4). Evaluating the
sum over p requires the same approach as above: compute
the term with the highest value of p; add to that the term

with the next highest value of p; continue adding terms
with successively smaller values of p. The sum from p = 1

to p =N —1 gives —()MB/{{I”'} and so

aﬂl WEWI] = aMIBBWI] - aﬂlB/{lam}
= —6,,132”“. (B47)
The final result is
N
9,, @l = (9, By )&+ B{M 0, L0, & (B48)

This is the current J¢, given in (A25) which proves that
the superpotential given in (B20) with coefficients (B24) is
correct.

e. Covariant form

To express the generalized Einstein tensor or the super-
potential or various other quantities covariantly requires
introducing for each covariant derivative of order s of the
Riemann tensor in L a tensor

0L
a(v{ﬂ] ”vﬂs}Ral-~a4) .

\/gM{ﬂluﬂs}aln% = (B49)
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APPENDIX C: COVARIANT RESULTS
FOR N=2
1. Tensor form for the N =2 Noether current

This section will prove the result (3.26) starting from
Eq. (3.4) for the Noether current:

o _ | 0L o s |, .
O 10(0up0) ¥ 0(040,9p0) | =7
0Lg

—0f£ — &L,
T 300, 9,y e~ &k

(C1)

The current is a sum of three functional derivatives

&=V VS V- &L (C2)

which will now be calculated in terms of the tensor M*#
defined in (3.21).
The first functional derivative gives

._ 0L
=33 9w
L 0(0ug)

=9 [zrﬁm Mrivato 21y, Mrivate

—2re, Mﬂ{#v}w} £:0,-

The second functional derivative gives
oL
V§=—|0g——|£
: |: /}a(aaaﬁg;w):| fg/w
= —[9p2v/gmeiit)| g,
= 2\/5[_V 5 MAmtB re, Mriwte

+ T Mlovte r, M“{Pﬂ}w} £:0,,-

The third functional derivative gives

oL
V{l —
’ a(aaa/)’g/w)
= 2\/§Ma{/w}ﬁa 5£0,0
= 2\/§M“{””}ﬂvﬁ£§gw

aﬂ£§g;w

+ 2\/§ [FZwMa{/)u}w + F;/}{[)Ma{y/}}w} £§gﬂy‘ (CS)

The sum of (C3), (C4), and (C5) is

Vi + V5 + Vg
=29 {_VﬁM”{/‘”}” Legu + M a{w}ﬁv/’ds‘fg"”}

+ \/grﬁw{zMﬂ{av}w 4 4Ma{ﬂv}w}££gw

AT {20 o 4 apetono g g (C6)

By using the relations (3.22) the first quantity in braces can
be simplified to

l—‘ga}{Manpu — Marov + ZMowpw}. (C7)

This vanishes because the quantity in braces is antisym-
metric under pw interchange. The second quantity in braces
in (C6) vanishes similarly.

The total Noether current is therefore

?} = _Zﬁ(vﬁMQ{”y}ﬂ);ﬁfgﬂv
+2/GUIT g

— &\ /gLg (C8)

and is explicitly a vector density. Some relabeling in the
second line converts this to

T& = =2/g(VMdh)eg,,
+ 4y gMeIy Vg,
- fa\/gL&

which is the result used in (3.26).

2. Tensor form for the N =2 superpotential
The superpotential given in Eq. (3.32)

(C10)

a) 1 auly 2 oyl
(D[(lﬂ] _ |:B£l4] _gayc/[lﬂ] :|§/1 +§c5/4] ayé/l

was proven correct in Appendix B. 1. This section will
express the superpotential in a manifestly covariant form.
The first step is to expand the covariant expression for the
current (C9) in a derivative expansion:

@ — A%Eh 4 B™9,E + B 9,0, (Cl)

Only the antisymmetric part B = (B — B'*)/2 is
needed:

Bgaﬂ] =3 \/g(vy M{lmx/)’ ) 9/},1 _ 3F/3,/7/1 Maﬂp/}

+ \/g( M{l/)mu]"zw _ My[)uwl";;tw) gv/l . (C 1 2)

Also needed is
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C/[lall]‘/ — B;’{IW} _ Bg{al’}

= —3\/§M"””ﬁgﬁ,1. (C13)
The derivative of this is
1
- gavcg(w]u = \/g(vuMaﬂDﬂ)g/M + \/gj—‘[)’,pﬂMaﬂpﬂ
VM T, M gy, (C14)

The sum of (C12) and (C14) when multiplied by &* is

Q 1 au(v
[BE " —3a.c” } & = 4y/g(V, MW,

—2/gM*PTy & (C15)

Equation (C10) requires the combination

2

: Comlg e — o \@[_ MY, £y + Maupﬂrﬁ_pﬂgi] (C16)

The sum of (C15) and (C16) gives the tensor result
dlon] — 4\/§(VDM“”"/")§/, _ Z@Maﬂyﬁvyfﬂ

(C17)

which is used in Eq. (3.27) and subsequently.
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