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Study of the decay pattern of f,(1370) as a kK molecular state
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Under the hypothesis that the f(1370) is a kk molecular state, we calculate the partial widths of its
various decay channels, including the two-body decays KK, 7z, and 75 and the four-body decays pp/co —
4z and KKrn. Treating the coupling 9r,(1370)k as a free parameter, we find that a value of 25-40 GeV
brings the total width of f(1370) in line with the measured value 200-500 MeV. At the center-of-mass
energy /s = 1.37 GeV, the channels that mainly contribute to the total width are KK, 7x, and 47 ranked as
['(KK) > I'(4x) > I'(zx) with g7, 1370y = 35 GeV. Around 1.37 GeV, the decay widths of the two-body
channels KK, zr, and 7y remain stable with variation in /s, whereas the decay widths of the four-body
channels 4z and KKzz increase continuously with +/s. Most current data are model dependent and
conflicting, particularly regarding the conclusion of 47 dominance and the ratio of KK to zz decay widths.
The current data cannot rule out the xk assignment for f,(1370). Further reliable theoretical and
experimental analyses of f((1370) are required to reveal its nature.
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I. INTRODUCTION

Quantum chromodynamics (QCD) was established as
the theory of strong interaction almost 50 years ago.
However, its low-energy regime is still not well under-
stood due to the breakdown of perturbation theory,
particularly the scalar spectrum below 2 GeV. The strange
mass pattern of the lightest scalars f,(500), also called o,
ay(980), f(980) contradicts the quark model description,
which raises some exotic assignment for them, such as
molecular state and tetraquark state [1-7]. It seems that the
scalars above 1 GeV should be assigned to the lowest
0™" gg nonet, which are expected to be heavier than the
lowest pseudoscalars and vectors due to its P, configu-
ration. However, the set of particles possibly filled into
this nonet seems to be supernumerary and their mass
ordering is also anomalous as shown in the review of
particle physics (RPP) [8]. The properties of the
fo(1500) — f((1370) are incompatible with them being
the singlet-octet system in ¢gg nonet. If f,(1370) is
considered as dominantly n7 state then the s5 state is
expected to be 200-300 MeV heavier and decay strongly
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into KK, while the partial widths of f,(1500) decaying
into 7z and 47 are dominant. Its decay ratio to KK is only
8.5 £ 1.0% as reported in the RPP [8].

In light of this phenomenology, earlier Amsler and
Close [9,10] suggested that the scalars f,(1370),
f0(1500), and f,(1710) can originate from a mixing
scheme of the scalar glueball with the scalar gg state.
Subsequently, numerous works have been devoted to the
different glueball mixing schemes [11-14].

On the other hand, some studies on the meson-meson
interactions suggest that the f((1370) may be dynamically
generated in the isoscalar pp S-wave interaction [15-17].
However, when the 7z and KK coupled channels are
included, Ref. [18] claims that the pp resonance aligns
more closely with the f,(1500), based on its pole position
and partial decay widths. Assigning the f,(1500) and
fo(1710) as pp and K*K* molecular states, respectively,
Ref. [19] has investigated their plausible isospin partners
ay(1450) and ay(1710). In the present work, we use the
term “molecule” loosely to refer to a state whose for-
mation is governed by a dominant meson-meson compo-
nent, rather than requiring the strict weak-binding
condition of a bound state lying just below the corre-
sponding threshold.

It is worth mentioning that the signal of f,(1370) in
experiments is subtle and controversial. In 1966, a meas-
urement of the 4z spectrum in the pn — 27273z
process [20] found a deviation from the phase space
distribution, which is explained by a scalar pp resonance
with mass m = 1.41 GeV and width I' = 90 MeV. RPP
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lists this data as an observation of f,(1370) [8]. The width in
this analysis is too narrow compared to those in other
analyses of f(1370), which is about 300 MeV, but it
is consistent with the average width of f,(1500).
A reanalysis of pn — 2xt3x~ by Gaspero [21] shows that
this reaction is dominated by a 4z resonance with mass
m = 1386 MeV, width I' = 310 MeV, and quantum num-
ber 19JPC€ = 070**, which decays to both p°p°(29%)
and o0 (71%). A compatible scalar was observed in
pp — ntx~37° by Crystal Barrel Collaboration [22], which
decays through both p*p~ and oo intermediate states with
different relative strengths for these two decay modes. The
discrepancy is natural because the comparison is made
between the ratios of p°p°/6o and pTp~/cc. Later mea-
surements of pd — n~4x°p require two scalar states,
f0(1370) and f,(1500) [23], with mass and width param-
eters consistent with prior results. While analyses of Crystal
Barrel data of 4z [23,24] indicate strong coupling of the
f0(1370) to the 4r final state, studies of its two-body decays
have produced highly contradictory results. This is further
complicated by the f,(1500), a pp molecule candidate that is
expected to dominate the 4z spectrum. Therefore, the
f0(1370) signal in the 47 spectrum is still ambiguous.

The Crystal Barrel data in Refs. [25-27] manifest a peak
in the 7z and nn S wave at about 1400 MeV, as well as a
further peak at about 1560 MeV. Its width varies between
200 and 700 MeV, depending on theoretical models. A
combined fit [28] to the Crystal Barrel data on pp — 37°,
nma°, and nz°z°, which is fully consistent with several
other sets of data: CERN-Munich data on z~z" = 727z,
GAMS data on 7~ p — 72°2°n, and data from ANL and
BNL on z~z" — KK, claimed that the f(1370) is
definitely required by the data on 37° and 72°7°, as well
as 7z — KK.

Klempt and Zaitsev [29,30] question the existence of
fo(1370). They argue that in the nn spectra in pp
annihilation at higher primary energy [31-33], f(1500)
is always observed clearly but they argue that in the nny
spectra from pp annihilation at higher primary energies
[31-33], fo(1500) is always clearly observed, but no such
“direct” evidence for f,(1370) is found. However,
f0(1370) might have weaker decay rate to the 71 channel
compared to f(1500), and as stated in [33] the resonances
near the boundaries of the Dalitz plot suffer from the effect
of the anticuts. Five primary sets of data requiring f(1370)
are refitted with suitable Breit-Wigner amplitudes by Bugg
to further confirm its existence [34].

The partial waves analyses from z~p — KKn and
ntn - K K'p, ie., the zm — KK scattering, at ANL
[35-37] and BNL [38] favored the solution requiring an f,
enhancement around 1300 MeV. Moreover, a model-
independent dispersive analysis on zz scattering data
claims the confirmation of the existence of f(1370) [39].

For the pp central production, an early measurement of
atn~ system by WA102 Collaboration [40] claimed that it

was not possible to describe the data above 1 GeV without
the addition of both the f(1370) and f(1500) resonances.
Similar results were obtained from a coupled-channel
analysis [41] of centrally produced K"K~ [42] and
xtx~ [40] final states. A relatively recent data from
STAR Collaboration [43] on pp central production of
#tn~ and KK~ also claim the possible contribution from
fo(1370) in addition to the f(1500). Based on the WA102
measurements in pp central production, the ratio of
f0(1370) > KK to f((1370) - zx is determined to be
0.46 +0.19 [41.,44].

For the production in J/y radiative decays, Ref. [45]
found convincing evidence of the existence of f((1370)
in J/y and y(2S) radiative decay, although only in the KK
decay channel. Due to limited statistics, partial-wave
analysis was not performed in [45]. Consequently, the
fo(1370) signal in the zz channel is obscured by the
strong excitation of nearby f,(1270). However, partial-
wave analyses of higher-statistics J/y — ya°’z° [46]
and J/yw — yK¢K¢ [47] data both reveal a clear
0" structure around 1.4 GeV. A coupled-channel
analysis [48] including these two data sets obtains
the branching ratios Br(J/y — yfo(1370) — yzn) =
(3.8+1)x 10™* and Br(J/y — yf,(1370) = yKK) =
(1.34+0.4) x 10™*. The authors in Ref. [48] claim that
the interference between neighboring states plays a decisive
role and the change in the sign of the coupling constant in
ar and KK decays for f,(1500) with respect to the
f0(1370) “background” has first been noticed in Ref. [49].

For the production in J/y hadronic decays, BESIII has
measured the wKK [50], wn* 7~ [51], ¢KK, and ¢z [52]
spectra. The leading-order mechanism of J/y hadronic
decay to V(PP) suggests that the quark flavors within the
recoiled meson V must appear in the resonance of the two
pseudoscalars. No signals of f,(1370) or f,(1500) are
observed in the KK and wz*z~ spectra. However, the
same as decaying to zz, a clear signal of f,(1370) is
observed in the case of recoiling against ¢. A chiral unitary
coupled channel study of the meson-meson S wave
interaction in Ref. [53] provides a successful description
of the f((1370) together with the other scalar-isoscalar
resonances below 2 GeV and assigns f(1370) as a pure
SU(3) octet state (uit + dd — 255)/+/6, not mixed with the
glueball. This assignment would imply an f,(1370) signal
in J/w hadronic decays recoiling against @, which is not
observed experimentally. Note that the study in Ref. [53]
does not include the data from J/y hadronic decay, which
could provide a further test of their octet assignment
for f,(1370).

In the KK data, there is a shoulder on its upper side that
may be fitted by the interference between f,(1500) and
fo(1710), but no conspicuous enhancement of f,(1370) is
observed. Therefore, a ratio of Br(J/y — ¢f((1370) —
OKK)/Br(J/y — ¢fo(1370) - ¢par) = 0.08 £ 0.08 is
presented, which is much lower than those reported by
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the Review of Particle Physics. As discussed in Ref. [52],
this discrepancy arises from the conspicuous signal in the
7w spectrum and the absence of any corresponding peak in
the K™K~ spectrum.

While numerous studies have advocated for the necessity
of the f;(1370), most analyses to date rely on fits using
sums of Breit-Wigner functions. This approach often
produces reaction-dependent results, a problem particularly
acute for the f,(1370) given its large width and proximity
to the f((1500) resonance.

Motivated by the phenomenology that the signals of
f0(980), fo(1370), and f,(1790) appear successively in
the zz spectrum in J/y hadronic decay recoiling against ¢,
where the s5 pair contributes to the (PP) resonance, we
argue that the f,(1370) might be a xk molecular state,
inspired by the f((980) and f(1790) being the plausible
KK and K*K* molecules, respectively. In this work, we
aim to investigate the decay pattern for the primary decay
channels of f,(1370), including =z, KK, nn, 4z, and
KKz, within the framework where the f,(1370) is treated
as a kk molecular state. Regardless of whether the compo-
nents are broad or narrow, they are nearly free particles
inside the molecular state in the weak-binding limit. Decay
through the almost free components implies that the width
of the bound state is expected to be of the same order of
magnitude as the width of its components. This argument is
illustrated by the case of the T, discovered by LHCb [54],
whose width is almost saturated by the decay via its
constituents D*D — DDz and is analyzed to be about
48 keV. The width of its constituent D* is (83.4 4 1.8) keV
[8], of the same order as the T, width, exemplifying the
expected relation between the width of a hadronic molecule
and the widths of its components. Hence, aligning with this
argument the broad state f,(1370) is reasonably suspected
to be a molecular state composed of xk. In Sec. II, we
present the decay mechanism and the detailed formalism
for the calculation. In Sec. III, we will present the numerical
results as well as the discussions. A brief summary will be
given in Sec. IV.

II. FORMALISM

In this section, we present the detailed formalism for
calculating the partial decay widths of the f(1370) as a k&
molecular state. Using the isospin conventions shown in
Appendix A, we have

1

et o
cerDled) (oo

According to these isospin projections, the wave function
of f,(1370) has the form of

1,0) +

0,0), (1)

fo(1370) = iz Kty + % K%Y, (3)

Given that the « is a broad resonance often modeled as a
Kr molecule, considering two such broad states to form a
molecular state is counterintuitive. However, this system
can be essentially regarded as a (Kz)(Kz) four-body
interacting system. To avoid the complexity of four-body
dynamics, we argue that describing the system as a k&
molecule is a reasonable and practical approximation.
Within this framework, we evaluate whether the predicted
decay pattern of the f((1370) remains consistent with
available experimental data. We emphasize that the pre-
dictions in this paper are inevitably subject to some model
dependence.

Given the complexity of determining the coupling
between f,(1370) and its broad x components, we treat
9re [F denotes f,(1370) for brevity] as a free parameter
in our model. The value of this coupling is taken as a
parameter that is fitted to the measured total width of
f0(1370). Specifically, based on the wave function the
coupling grere = g0z = (1/V2) g We set the cou-
pling g as a real number in this work, since its phase
does not matter for the issues we study here.

In the hadronic molecule picture, the schematic diagrams
of £,(1370) decay to different channels, including 7z, KK,
m, 4n, and KKzr, are shown in Fig. 1. Note that the
vertices with quantum numbers SSP, SPV are forbidden
and with quantum numbers SSS, SSV, SPP, SVV are
allowed based on the parity conservation laws. For the
allowed vertices, the adopted effective Lagrangians have
the forms as

Lsss = gsss(SSS), (4)
Lspp = gSPP<SPP>v (5)
Lsyy = gsvv<V”VyS>’ (6)
Lssy = igssv(V*[S.09,5]), (7)

where the symbol (...) indicates the trace in the SU(3)
flavor space. The overall couplings gsss, gspp, gsyy have
dimension of [mass] and gggy is a dimensionless constant.
The detailed forms of the flavor SU(3) multiplets can be
found in [55].

We use simple Breit-Wigner propagators for the K* and
p, which are relatively narrow states. However, for the
scalar mesons deep into the complex plane the Breit-
Wigner parametrization is not accurate. Hence, as shown
in Fig. 1, the x and ¢ appearing in the decay mechanism as
intermediate states are represented as simple poles that are
parametrized as
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FIG. 1.

(d)

Mechanism for f,(1370) decay as a kk molecular state. (a) z 7z~ /5 final states. (b) K™ K~ final states. (c) 4 final states. S/V

denotes that the #-channel exchange meson is either a scalar x or a vector K*. (d) KKzx final states.

! Gyls) = —

- ’
5 — S,

Gels) =

- ’
5 — S

(8)

respectively, where s, and s, are, respectively, the
squares of the pole positions: /s, = m, —il'(/2 with
m, = 0.7 GeV, I', =0.6 GeV, and /5, =m,—il,/2
with m, = 0.47 GeV, I', = 0.55 GeV, the average values
listed in the RPP [8].

It is important to note that several distinct mechanisms
contribute to the same final states, particularly in the 4z
channel. Consequently, the relative phases of the couplings
must be explicitly taken into account to determine the
interference pattern. Expanding the Lagrangian in Eq. (5)
and focusing on the oz vertex, we can obtain,

Lonr = gsep con’7° + \/igspp contn. (9)

V2

Note that due to the identical feature, there are two ways to
contract the two z° fields and the two final z° states for the
first term. Based on this effective Lagrangian, the effective
couplings are defined as follows: g,.0,0 = gspp/ V2 and
Gontn- = V2gspp. The effective couplings gk, and g,,, we
define here can be related to the residues at the resonance
poles of x in Kz scattering and ¢ in zz scattering,
respectively. We adopt the residue §,,, = 3.61e7130 GeV
for the o pole from Refs. [56,57]. By transforming this
coupling for zz with fixed isospin / = 0 to the coupling
associated with specific particles based on Eq. (B10), we
have gop - = Jona(—V2/V/3) = —0.79 4+ 2.84i GeV and
Jondn0 = Gortn-/2 = —0.39 + 1.42i GeV. Reference [56]
also provides the coupling §,,, = 6.01e™*".

We adopt the residues §og, = 3.81e7'4% GeV and
T, = 5.69e70076" from Ref. [58]. Similarly, they can

be transferred to the couplings associated with specific
particles based on Eq. (B2): guox+,- = Gwoxs(V2/V3) =
0.25-3.10i and gg-ox+ - =0k o (V2/V/3)=4.63-0.35i.
Because the pole positions of p and K* are relatively
close to the real axis, their corresponding residues have
small argument and are almost real numbers. The strength
of coupling |gg-ox+,-| = 4.64 is very close to the strength
of gyk+x- extracted from the decay of ¢ — KK, e.g.,
|9pk+k-| = 4.47 determined in Ref. [59]. Such a pheno-
menon is a confirmation of the flavor symmetry result
that ggog+,- = gpx+x- = gvrp-

Now we turn to the discussion of the remaining relevant
couplings. The magnitude of g,,+,- adopted here is 2.95.
Similarly, from the expanded Lagrangian we adopt that
Jok® = Yor+n~/2 under the SU(3) symmetry, leading to the
ratio of g xi/Ysr-n 18 0.5. These couplings are also
extracted in Ref. [60] by fitting the z7z — 77/ KK scattering
data with different models of K- and S matrices. They
found the average value of |g,,+,-| =2.47 £0.45 GeV
and about 0.6 + 0.2 for the ratio of g xx/Gpr > DOth
quantities are consistent with the our adopted values.

The oxk coupling can be approximately related to the
oK K and ozx couplings when the component 7 or K of the
Kk is considered as a spectator. Analogous estimations can be
applied to the coupling g,z which can be related to the
couplings ggwox+,-, and the coupling pxk, which can be
related to the couplings pzz and pKK. The pK*k coupling
can be related to another VVS type coupling opp under
flavor symmetry with coupling g,,,- determined by
assuming  g,.+,~ = g,,+,-- For convenience, we collect
the explicit formulas for estimating these couplings in
Appendix B and list their specific values in Table I.

Based on these effective Lagrangians, the amplitude of
the diagram in Fig. 1(a) decaying to z "z~ via the neutral
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TABLE L
adopted [61].

Collections of the relevant couplings. The mixing angle = —10.7° for -1’ mixing in the singlet-octet basis is reasonably

Couplings

Flavor symmetry

Gogp = 0.25-3.10i GeV [58]

Geoxoy = —0.10 + 1.24i GeV

Goga, = —0-04 +0.58i GeV

Gowtn- = —0.79 + 2.84i GeV [56]
Gyxopo = —0.39 4+ 1.42i GeV

G020 = 35050 = —1.18 +4.26i GeV
G500 = 3.27 — 0.25i GeV

Grogep = 4.63 —0.35i [58]

Gonin = —5.98 4 0.54i [56]

gpxogo = 327 — 0250

gpokoko = gﬂOKOI'(O =3.27-0.25i

Yoptp~ = Yontn~

Goeik- = Gyvs/ V2 = —0.39 + 1.42i GeV
gspp = 0.25-3.10i GeV

gypp = 4.63 —0.35i GeV
gyys = —0.55 4+ 2.01i GeV

Ispp = Gkt = V200 ka0 = Gerkont = =V 2G,0k050
9okoy = 9spp &—IECOS 0
g;nKoﬂ = 9gspp [Q_lg cosf + % (_ sin 9)]
2052020 = Yotz = 290Kk
Yoktk~ = YoKOKO
Yokt~ = Yox"%0
Jox k= = Yok = gvrp/ V2
gvpp = JkOKk+a-
\/ZQVPP =Yptata® = “9paa® = TY90ntnm

GpOKOKO = QVPP/\/i

Gorerd = V29000
Goptp~ = \/Egvvs

ot k0 = \/ngo,(ﬂ'(*f, GpOR0g0 = —G 0tk

*Relations in the flavor symmetry column are derived from SU(3) symmetry. The numerical values of the couplings on the left side
are extracted from different phenomenological analyses and therefore do not strictly satisfy these SU(3) relations. For instance, g0+ ,-
from Ref. [56] gives gypp = 4.23 —0.38i, which slightly deviates from gypp = gg-0x+,- from Ref. [58].

0

KO0

component is written as
iMN+ - = / d4p1 —IFo%° " ROK-at " YOk nm
i (27)* (Pt = 5:0) (P2 — m ) (P3 = 1)
x F(p3.mg). (10)

Similarly, we can obtain the amplitude in this mechanism
via the charged k"~ component and denoted it as /\/lf —
Notice that in the "z~ channel no charge conjugated loop
can contribute for both the neutral and charged x compo-
nents. The kinematic variables of the particles in the
triangle loop are also denoted in Fig. 1(a). The effective
Lagrangian approach, which deals with the nonlocal effects
by introducing empirical form factors to cut off the
divergences, is applied to broader kinematic regions.
Hence, we include a commonly adopted monopole form
factor to the exchanged mesons [62],

2 2
A —mg,

f(pzx’ mzx) = X2 2
¢ ¢ A2 _pgx

, (11)

where A = mey + aAgep With Agep = 300 MeV, and a is
a dimensionless cutoff parameter. p., and m,, are the four-
momentum and mass of the exchanged meson, respectively.

The physical meaning of the cutoff A is that it reflects the
finite spatial size of the exchanged hadron. The monopole
form factor with Agep ~ 300 MeV was devised for typical
gq mesons, whose size is governed by the quark-gluon
confinement scale. For such narrow ¢g states (z, K, p, K*,

etc.), we reasonably choose a = 1, 2, 3 in our calculation to
examine the cutoff dependence.

However, for the wide scalar « exchanged in the triangle
loops, the physical picture is different: as molecular or non-
qq states, they are loosely bound systems of constituent
hadrons rather than compact quark-gluon bound states.
Their spatial extension is governed by hadronic binding
scales, which are softer than the quark confinement scale.
Consequently, a lower cutoff is physically appropriate for
these states. In the absence of a well-established form factor
prescription for wide molecular states, we adopt a simple
prescription: for the exchanged k, we shift the cutoff
parameter downward by roughly 0.5-1 compared to that
for ordinary gg mesons. Specifically, we use ag = 0.5, 1, 2
as the cutoff parameters for the exchanged wide scalars,
respectively, corresponding to the @ =1, 2, 3 for the
narrow gg states. However, due to the lack of knowledge
about the behavior of the counter terms, yet another model
dependence will be present in association with the cutoff
energies and different forms for the form factors [63].

Based on the flavor symmetry, we have gog+,- =
G kont = V20 k0 = —V2g0g0,0. In the isospin sym-
metry limit, the total partial width of the zz channel is
calculated by

F,m_ :éxi
2 2mF

dq)m|M2/ n + Mgﬂr‘ ’

. (12)

where @, indicate the nz phase space. The factor 3/2

originates from the inclusion of the 7°z° final state
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considering their identical feature and the relations in
couplings.

The mechanism for the f(1370) decay to nn is the same
as that for decay to 7z z~, where one is just changing the
vertices of k - Kx to k — K#. Hence, by replacing these
couplings we can obtain the amplitudes M, and M), for
the #n final states. Note that the charge conjugated loop can
contribute for both the neutral and charged x components in
this channel. The decay width of the #x channel is given by

1 1
r, zzxm/dd)w|2/\/l%+2/\/l,7c,,|2, (13)

®,, is the phase space of un final states and 1/2 is the
symmetry factor.

The coupling gk, can be related to gox+,- by the flavor
symmetry. In fact, the physical # state is the mixing of g
and 5, with # = cos @yg — sinOn; due to the SU(3) flavor
breaking. As shown in Table I, we adopt two strategies to
deal with the gk, coupling: one is that we ignore the 7,
component in 7 by taking n = cos @rg, and restrict to the
symmetry inside the octet by using Pg as the pseudoscalar
matrix. In this case, we denote this coupling as g,x,; the
other case is that we take # = cos Ong — sin 6, and relate
the couplings associated with these two parts as well as the
ek Dy the U(3) flavor symmetry, where the pseudoscalar
matrix is taken as U. In this case, this coupling is denoted as
Jeky- The explicit forms of Pg and U can be found in
Appendix. C. One must account for the fact that the U(3)
flavor symmetry is not good enough in the pseudoscalar
sector due to the U(1) anomaly.

Similarly, as shown in Fig. 1(b), the amplitude of
f0(1370) decay to K"K~ channel by exchanging = via
the neutral x°%2° component is written as

d4P1 —IFo° 90kt " 9 OK
2m)* (p? = 50)(p3 — m2)(p3 — s5,)
x F(p3.m3). (14)

AN
IMi o =

Same as the case in zz channel, there is no charge
conjugated loop that can contribute. Considering the
|

2 2 2 2
YRR " 900 gmﬁﬂ—j:(l’z’ my)

relation between the couplings gog+,- and g g+0, wWe
find that M., = (1/2)M¥. .. The amplitude of
fo(1370) decay to K™K~ channel by exchanging 7 is
written as

iM = / d4pl —9Fxti " Yxtkty YKy
K (27)* (p7 = 5 (P2 = my) (P35 = 50)
x F(p3.m}).

(15)

Then we obtain the total decay width to KK via

1
Pox = 2550 / Al MY+ M+ M 2,

(16)

where the @ indicate the KK phase space. The factor 2
originates from the inclusion of K°K? final state.

For the 4z decay channel, there are three different
specific final states that are 272z~, 772~ 22°, and 42°,
respectively. As claimed by the analyses in experiments
[20,23,24], the 4z final states are mainly from the inter-
mediate channels of oo and pp. This mechanism is shown
in Fig. 1(c). Specifically, for the decay of an isoscalar state
fo» the 22727~ channel is only from the p°0° and oo
intermediate channels; the 77727 27° channel is only from
the p*p~ and oo intermediate channels; and the 4x°
channel is only from the oo intermediate channel.
Because these final states include identical particles, we
must account for additional contributions arising from
identical particles exchange.

Firstly we focus on the decay width of the 272z~
channel, then the decay widths of the other two channels
can be related to I',,+,,- by considering the relations
among the couplings in the isospin limit. As shown in
Fig. 1(c), we consider the decay mechanism of xk rescat-
tering to pp or oo first and subsequently decaying to 4.
The amplitude of the process for xk rescattering to 26 —
22727~ by exchanging scalar k, denoted as M3, has the
form of,

iM5:4/d4pl

(27)* (pT = 50)(P3 = ) (P3 = 8:)(Poy = 56) Py = 55)

momenta of the final =z are denoted as
ﬂ+(pa)”_(pb)ﬂ+(pc)ﬂ_(pd)’ and Dab = Pa+ P> Ped =
p. + pg are, respectively, the momenta of the two inter-
mediate . The ex. term indicates the contribution from
exchanging the identical particles, which is the same as the
first term but only change the momenta of the two ¢ to
Pad = Pa + pgand p,. = p, + p., respectively. Note that,

+ ex., (17)

|
for such a decay mechanism, there are two charge con-
jugated loops for both the charged and neutral kk rescatter-
ing. By analyzing the relations of the couplings involved,
we find that the amplitudes of these four diagrams are
identical, resulting in a multiplicative factor of 4.
Similarly, the amplitude of the process shown in Fig. 1(c)
for the ki rescattering to 26 — 272z~ by exchanging
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vector K*, denoted as M/, has the form of

Hov
#py Pas+ 20(pea+ p3), (97 = B8 F(p3, )

iMY) = 4XG/

- _ 2
here for brevity we use G = grop0 * 0 0g0 * Dont e

2n)* (pt = s (p3 = m)(P3 = s) (P2 = 56)(Pa = 55)

+ ex., (18)

The amplitude of the process for the kk rescattering to 2p° — 22722~ by exchanging k, as shown in Fig. 1(c), has the

form of

d*p, (P1+ P2),(ps3

—P2)a (g”” L “b) (g"” ”"p”’) (Pa = Pb)u(Pe = Pa)sF (P3. mk)

iM;f—4xG/

here G = gp o Too0 - Go s -

PUKR pntw

(2n)* (P? = 5)(P3 = 50)(P3 — 50 (%, —

+ex.,, (19)

mp + mel"p)(pgd - mg +im,I’,)

The amplitude of the process for the xk rescattering to 2p° — 272z~ by exchanging K*, as shown in Fig. 1(c), has the

form of

Moo a B
i, (e =222) (g = L) (g — 2t (p, = ), (p,

- Pd)p’]:(l’%’ m%()

. V — 4
M XG/ 2n)' (=0 (Pl

here G = g0z - gz0 00 * p o+, The total amplitude
of decaying to 2ﬂ'+2ﬂ.’ is the sum of all the amplitudes

above, i.e.,

The decay width of this final state is

1 1

F27t*2ﬂ’ = 4 2
mprp

d(l)2ﬂ+27t |M2ﬂ.’+2ﬂ | (22)
The constant 1/4 is the symmetry factor on account of the
two kinds of identical particles: two ™ and two 7.
Then, we can discuss the decay amplitudes of 777 27°
and 47° states based on the amplitude of the 2772z~ state.
For the p*p~ — 't (pa)n°(py) — 7~ (pc)7°(pa) process,
we find the following similarities and differences compared
to the p°p° — 7" (pa)a~(py) — 7 (pe)7™ (pa):
(i) There is no charge conjugated loop for both the
charged and neutral ki rescattering.
(ii) Comparison of the relations between couplings
9+l 9y a0 0,2/ G0+ shown in Table L.
(iii) Including the diagram obtained from exchanging the
two identical 7°.
(iv) The relation of the coupling g,:,«,0 and g+,
shown in Table I.
Considering the above items we find that the amplitudes
adapted to the pp~ — x"x2a° process are just —M;
and — M.

—m%.)(p —s5)(p% —

+ex.,, (20)

mg + im,,l“,,)(pgd - mlz, +im,I’,)

For the oo — n"(p,)n~ (p.) — 2°(p,)7°(p4) process,
we find the following discrepancies compared to the
oo = 1" (pa)n”(py) — 2" (pe)n (pa):

(i) The exchange of the two identical z° from the same

o is topologically identical.
(i1) The relation of couplings: g, - = 20,00
(iii) There are two ways to contract the two z° fields and
the two final 7 states at the 67°z° vertex.
Therefore, the amplitudes M3 and M) adapted to the
atn 27" state are obtained by changing the momenta of
the two o to p,. = p, + p. and p,; = p, + pa, respec-
tively, and eliminating the exchange terms.
The decay width of the 7772~ 22" state is

1 1

r
2 sz

d¢ﬂ+ﬂ 270 ‘MJT*ﬂ’ZJrO ‘2' (23)

ata2a°

The constant 1/2 is the symmetry factor on account of the
two identical particles 7°.

For the 66 — 47° process, the amplitudes M3 and MY
for 2727z~ can be adopted directly, but all possible
exchanges of the 7° must be further included. The decay
width of the 4x° state is

I 1
F40_— —

=00 g | sl Ml (24)

The constant 1/4! is the symmetry factor on account of the

four identical particles 7°.
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For the KKz channel from the tree-level decay
f0(1370) - kk — (Kz)(Kz) shown in Fig. 1(d), there
are six different final states specifically. The Kt K=zt 7z~
and K°K°7°7° can only originate from the x’%° component;
the K°K°z* 7~ and K*K~7°2° can only originate from the
kT k™ component; while the K°K~ 7+ 7% and KT K°2%7~ can
originate from both the x°%° and x*x~ components.

For the K* K~z z™" final state, the amplitude is:

MK*K’JT*;[’ = 9Fxo%0 - gi0K+7[— GK(sab)Gl_C(SCd)’ (25)

where s,, and s., are, respectively, the invariant mass
squares of the Kz pairs coming from x and k. The
amplitudes of other final states can be obtained by
replacing the couplings in Mg+x-,+, and carefully
including all the possible diagrams. The combinations of
Kz are definite for all the KKzz channels except for
K*K~7°72° and K°K°7°7° due to the two identical particles
7°. Hence, for these two final states, we need to include
another diagram obtained by exchanging these two z° and
when calculating the decay width, the symmetry factor 1,/2
should be considered on account of the double counting in
the phase space.

Moreover, we address the implications of the SU(3)
flavor symmetry for the scalar-scalar molecular picture
adopted here. If f,(1370) is a xk molecule, the flavor
symmetry seems to imply the existence of a full molecular
multiplet. To study this issue, we have performed a
systematic analysis of the vector-exchange induced
effective potentials between scalar-meson pairs based on
the Lggy Lagrangian, Eq. (7). For a given channel, the
t- and u-channel potentials are evaluated at threshold via

Veit = Yy gﬁ,v) gév) /m?, where g§V> and gE?V) are, respec-

tively, the couplings of the upper and lower vertices that
exchange vector V. Then the effective potential V., with
specific isospin is obtained by projecting the total potentials
onto states of fixed total isospin using the convention
adopted here.

For simplicity, we set the overall coupling gggy = 1, the
quantity V.. should therefore be interpreted as relative
indicators for comparing attraction or repulsion strengths
across different channels, rather than as absolute potential
strengths. The resulting effective potentials (in units of
GeV~2) are summarized in Table II.

The xk channel in I = 0 receives attractive contributions
from w, p°, ¢, and p* exchange, providing independent
support for the xk molecular interpretation of f,(1370).
The vanishing of agaq in I = 1 follows exactly from the
antisymmetry of the scattering amplitude. Among the
mixed channels, only agk in I = 1/2 is attractive, driven
by off-diagonal p* exchange. It is noteworthy that this
pattern of attraction is analogous to the pseudoscalar-meson
sector, where scalar resonances are only observed in
ax (I =0), Kx (I =1/2), and KK (I =0, 1). The aya

TABLE II. Effective potentials VI for scalar-meson pair
channels from #- and u-channel vector-meson exchange, evalu-
ated with gssy = 1.

Channel Isospin Vi (GeV2)

KK I =0 —4.27 (Strongly attractive)
KK I=1 —0.95 (Weakly attractive)
apay I =0 —13.3 (Strongly attractive)
apdy I=1 0 (Exact cancellation)
apay I1=2 +6.66 (Repulsive)

oo, oay, 6fo, fofo, aofo 1 =0/1 0 (Forbidden)

apk I1=1/2 —3.19 (Attractive)
apk 1=3/2 +2.92 (Repulsive)
fok I1=1/2 +1.26 (Repulsive)

oK I1=1/2 +0.63 (Repulsive)

I =0 molecule might be assigned to the

f0(2020)/f¢(2100)/f,(2200) listed in the RPP, and
the agkl = 1/2 molecule might be assigned to the
K§(1430)/K((1950). We note that this analysis is
restricted to vector-meson exchange, which is expected
to be the dominant mechanism; other possible contributions
are not considered here.

III. NUMERICAL RESULTS AND DISCUSSIONS

The partial decay widths of different channels we
calculated including KK, nz, nn, 4n, and KKzr, these
are the primary strong decay channels of f,(1370), which
are approximately summed up to the total width of
f0(1370): the I'y-. We first present the total width at /s =
1.37 GeV with gp,; treated as a free parameter in Fig. 2. We
take this couplings as a parameter to fit the total width of
f0(1370) measured in experiments. We will present results
for two different couplings gk, and 9;101 in this section.

700

600

500 ;
= e a(ap)=1(0.5) |
> 400 : N s
s Ak a(ap)=2(1) _
[ 300 P — o@p)=3(2) P

] —
200
100 P T
bl
10 15 20 25 30 35 40 45

FIG. 2. Total width of f,(1370) dependent on the parameter
Jree With /s = 1.37 GeV and three form factor parameter sets
a(ag) = 1(0.5)/2(1)/3(2). The red dashed vertical line indicates
the reference value gr,: = 13.4 GeV which is estimated from the
Weinberg compositeness criterion [64,65] using a complex «
mass /s, = 0.7 —0.3i GeV with X = 1; the light purple band
indicates the range of the Breit-Wigner width of f((1370)
measured in experiments.

054018-8



STUDY OF THE DECAY PATTERN OF f,(1370) AS A ...

PHYS. REV. D 114, 054018 (2026)

For clarity, we denote the result associated with g,x, as I'r
and with g, as I';. We approximate the total 4z width by
summing the oo and pp contributions, under the
assumption that other intermediate states are negligible.
In our framework, the f,(1370) decaying to the
KK,zr,nn, and 4rx channels are via the triangle loop
diagrams, which are dependent on the cutoff parameters
a. Hence, we also present the results with different cutoff
parameters a(ag) from 1(0.5) ~ 3(2) in Fig. 2, to study the
cutoff dependence. The light purple band in Fig. 2 indicates
the range of the Breit-Wigner width of f(1370) measured
in experiments. The pole width I'=-2Im /5., for
fo(1370) is estimated to be around 500 MeV according
to its pole position, and its Breit-Wigner width is measured
to be between 200 MeV and 500 MeV depending on the
models and the reactions. The red dashed vertical line
indicates the reference value gpi = 13.4 GeV, as esti-
mated from the Weinberg criterion [64,65] using a complex
k mass /s, = 0.7 —0.3i GeV and compositeness X = 1.
As shown in Fig 2, with the gp determined by the
Weinberg criterion, the total width I'z is much smaller
than the measured values of f,(1370) collected in the RPP
[8]. It is expected that the Weinberg criterion does not work
for our broad component case even if a complex mass is
used because it is derived from the situation of weakly
bound state consisting of two stable or nearly stable
components.

From Fig. 2 we can see that when cutoff parameter
a(ag) = 1(0.5), the coupling grq is taken as large as
45 GeV, the total width I'z could merely reach the lower
limit of the experimental width range. While with
a(ag) = 2(1), I'r can reach the experimental observation
when g is around 30 GeV. Certainly with a(ag) = 3(2),
the required gp,z to reproduce the experimental width is
further reduced to about 25 GeV. For presenting the
accurate quantities of the partial widths of different
channels when the total width is fitted to experiments,
we show the results in Table III with gp = 35 GeV.
Notice that gr is a common coupling for all the decay
channels, its change will not affect the ratios among the
decay channels. In other words, the decay pattern is
independent of this coupling.

From Table III, we can see that when a(ap) varies from
2(1) to 3(2), the decay widths are relatively stable. These
decay channels have been observed in experiments except
the KKzx channel, which lacks measurements up to now.
At the nominal mass of f(1370): /s = 1.37 GeV, the KK
channel has the largest partial width, followed by the 4z
and 7z channels. The zz and 4z channels have comparable
partial widths. We can find that the partial width of KK
channel is not sensitive to the strategy that determining the
kKn coupling because the most dominant contribution to
this channel is the mechanism of exchanging .

From Table I, we find that the U(3) symmetry expression
of the g, coupling consists of two destructive terms,

which, respectively, correspond to the g and #, parts in the
mixing wave function. We adopt a relatively large value of
6 = —10.7° referring to the analysis in [59,61]. Due to the
comparable size of these two parts, the destructive inter-
ference leads to a small value of g, , which is sensitive to
the mixing angle 6. Hence, the partial width T"(F — nn)
calculated with gg, is the smallest, with its order of

magnitude being one-thousandth of the partial widths of
the other channels. Compared to it, ['(F — #n) is larger by
a factor of about 20 because the coupling gk, is not
suppressed by the destructive interference. But gy, is still
smaller than g,x,, which is contrary to the relation between
9K Krn and gK*Kr]: IK*Kn* - gl(*l(n =1: (\/g/\/i) cos 9’
because the irreducible decomposition of 8 ® 8 includes
two different octet 8, and 85. Here A and S indicate the
antisymmetric and symmetric features corresponding to the
K* and « flavor wave functions, respectively, which leads to
different coupling relations. Therefore, the calculations
treating the f,(1710) as a K*K* molecular state in
Ref. [66] show that its decays into nn and zz channels
are in the same order of magnitude. While with the same
triangle diagram mechanism exchanging K, the partial
widths of f((1370) treated as a xk molecule to these
two channels differ by one to two orders of magnitude.
The KKnr channel is the only one proceeding through
tree-level decay. However, the partial width of this channel
is much smaller than that of the KK, zx, and 47 channels,
which arise from loop-level decays. This phenomenon
might be mainly attributed to the very limited KKzx
phase space compared to the other channels around
/s = 1.37 GeV, which is near the xk threshold.

TABLE III. Partial widths of different channels in f((1370)
decay at fixed /s = 1.37 GeV, with gp = 35.0 GeV. For
testing the cutoff dependence, the cutoff parameter for the loop
diagrams is chosen as a(ap) = 1(0.5)/2(1)/3(2) for K*(x)
exchange. 'y is the sum of all the partial decay widths listed
here, which can be approximately taken as the total width of
fo(1370). We present results for two different couplings g, and
ey and denote the result associated with g, as I". The decay
widths are presented in units of MeV. Boldface values correspond
to the reference cutoff choice a(ay) = 2(1). The single KKzz
entry is independent of the loop cutoff.

Decay channel Jree = 35.0 GeV

I'(F - KK) 47.5/132/207

I'(F - KK) 43.5/121/189

I(F - 77) 22.1/62.7/103

T(F - ) 0.72/1.94/3.08
I'(F - ny) 3.3 x1072/9 x 1072/0.14
I(F - 4x) 61.7/92.6/105.0
I'(F - KKnn) 0.33

I, 134/291/420

I 129/278/400
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Consequently, around this energy region, the KKzz width
is sensitive to the center-of-mass energy +/s.

With gr& = 35 GeV, the partial widths of differ-
ent specific KKzr final states at /s = 1.37 GeV are
as follows: [(KTK-ztz~) = [(K°K°z"z~) = 108 keV;
[(K*K=72°2°) =T'(K°K°72°7°) =54keV; T(K*K°2°7z) =
['(K°K=zt7%)=0.53keV. For the states with two charged
7, the charged couplings g k.= is larger than the neutral
couplings by a factor of v/2. While for the states including
797°, there are another exchanged diagram and an extra
symmetry factor 1/2, finally leading to such a relation. For
the states including only one charged pion, there are two
diagrams respectively from the two different xk compo-
nents, which interfere destructively due to the SU(3)
relations listed in Table I, resulting in a very small partial
width for these states. Such a pattern is different from the
direct decay to KKam, such as the data in
J/w decay [8]. The same decay pattern among these
three kinds of KKzrm states should also appear in the
K*K* - (Kx)(Kn) process due to the same relations of
couplings in K*Kz and xK7.

It is worth mentioning that in our framework, the decay
widths to KK, zz, i, and KKzr are sensitive to the
coupling g,x, because they are essentially proportional to
the fourth power of this coupling. In fact, the |G.k,| is
determined to be 4.4 [67] and 3.81 [58] in two different
works, respectively, while such a small difference in this
coupling can lead to a variation in these partial widths by
nearly a factor of two.

The partial widths of different specific 4z final states at
/s = 1.37 GeV are shown in Table IV, where we also
present the exclusive contributions from different diagrams
and intermediate states. The ratios between different 4z
states are closely related to the decay mechanisms, as the
intermediate states pp and oo have distinct features in 4z
decay. These differences can reflect the decay dynamics of
the f,(1370) and thereby reveal its structure. Reviewing
the respective amplitudes for 2227z~ and 7+ 77 2x° as well
as the results at /s = 1.37 GeV presented in Table IV, we
find that in our framework, the contributions from the 6o —
27727~ are much larger than those from p°p° — 271 27~.
The width of the process oo — 7772 22° is smaller than
that of 66 — 27122~ even though the symmetry factor for
atn 27" is larger. This is mainly because there is no
identical particle exchange diagram in the 66 — 7t 7~ 22°
process where the two z° are from the same 6. In contrast,
the process 6o — 2727~ does include the contributions
from such an exchange diagram. After the analysis it is
found that the amplitudes for pp decay to 2z 2z~ and
27 are the same, then their widths only differ by the
symmetry factor, which brings the relation of 2I'(pp —
271277) =T(pp = nta~22%) as listed in Table IV.

Hence, if the structure of f;(1370) is more likely to
decay via the oo intermediate state, the width of the
2727z~ channel will be approximately twice that of the
a7~ 27° channel. In contrast, if the pp intermediate state
dominates, the width of the zt 7z 22° will be almost twice
that of the 272z~ channel. Including both types of

TABLE IV. Decay widths of f(1370) — 4z with gr = 35 GeV. Exclusive widths for each diagram and different intermediate
channels are also presented. The notation [ex, R — f f] in the second column specifies the exchange particle “ex” between the « pair and
the intermediate resonance “R” decaying to final states “ff.” The decay widths are given in three different choices of the cutoff
parameters a(ag) = 1(0.5)/2(1)/3(2). Decay widths are evaluated at center-of-mass energy /s = 1.37 GeV and given in units of
MeV. Boldface entries denote the coherent sums over the relevant exchange mechanisms and the resulting total widths; nonbold entries

denote exclusive contributions from individual diagrams.

Channels Diagram Vs = 1.37 GeV The relevant couplings
27 2m~ [k,0 = 7] I =6.5/8.5/14.6 oxies Jortn
[K*,0 —» ntn] I, =16.7/47.6/101 Yoxk*s Yor' -
66 = 2n 21~ 30.9/46.1/49.9
[k,p° = 777] I'; =0.24/1.00/3.86 9o I o
[K*,/)O - 71'+77.'_] Iy= 010/029/052 9poxks 9pOntn
pp = 2n 2n” 0.33/1.20/3.97
Total 31.6/47.4/52.6
ata 20 k.6 = ntn /o — n°7°] 3.98/5.18/8.90 Goxis Gortns Jordn®
[K*,6 = ntn Jo — 7°7°] 9.67/27.8/59.7 Ioxk*> Gorns> Jor®n
66 — 1t 27" 18.0/26.1/27.9
[k,p™ = 72’ /p~ — 72" 215 Gotxis Gptntnd
[K*,p* = 772/ p~ - 771" 2l 9p*kk*> Ip*n*ad
pp — wta2a0 0.65/2.40/7.94
Total 18.9/28.3/34.1
470 [k, 6 — 7°7°] 2.26/2.95/5.09 Jorks 9on0n°
[K*, o — 7[07[0} 589/169/359 Goxk*s 9or020
Total 11.3/16.9/18.4
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processes, the ratio of I'y+y,- /T 4+ ,-2,0 falls between these
two limits. Comparing this ratio to experimental measure-
ments can help clarify the decay mechanism of f,(1370),
examining our scenario. Similarly, the ratio between the
widths of the 47 state and the other 4 states can be used to
estimate the contributions from the pp intermediate state, as
only the oo intermediate state can contribute to the 47°
final state.

The decay pattern for a broad state is not as accurate to
define at a fixed energy as the narrow state, owing to its
wide span mass distribution. The partial widths of some
channels might be sensitive to the center-of-mass energy
\/s over its distribution where some relevant thresholds are
located. Hence, the well-defined branching ratios of differ-
ent decay channels for a broad state, are generally obtained
by integrating over its mass distribution, a process typically
done in the experimental analysis. For a further reliable
study on the decay pattern of the f,(1370), we present the
dependence of the partial widths of different channels on
the center-of-mass energy /s. We plot the partial widths of
different channels varying along with the energy /s with
fixed coupling g =35 GeV and cutoff parameter
a(ag) = 2(1) in Fig. 3.

As we can see from Figs. 3(a) and 3(b), with the increase
of /s from 1.1 to 1.7 GeV, the decay widths of the two-
body channels such as KK, 7z, and 7y are stable, while for
the four-body decay channels 47 and KKzz, the decay
width continuously increases along with the increase of /s.
The dramatic increase in width of the KKzz channel is
more evident in Fig. 3(b) than in Fig. 3(a) due to the scales.
This phenomenon can be attributed to the increased phase
space for the four-body decay and the threshold open for
the kk and pp intermediate states as /s increases. The pp
threshold open effect is apparent as shown in Fig. 4, which
will be discussed later. As a consequence of these threshold

350 >

300f — KK - - - ata2a0
— — 420
---—- KKnrn

250

200

I' [MeV]

150

100

50

0

FIG. 3.

effects, the apparent line shape of the resonance varies
depending on the specific decay channel, consistent with
the analysis presented in [61]. From another perspective,
the analytic continuation of a system with pole deep
inside the complex plane can be highly nontrivial, and
the projection onto the real axis, where experiments are
performed, can differ widely depending on the complexity
of the system. In Fig. 3 we can see that before energy point
about 1.45 GeV, the largest contribution to the total width is
from the KK channel, the order of these partial widths is
Tgg > T4y > Ty > T, > Ty When /s s larger than
1.45 GeV, the partial width of the 4z channel exceeds that
of the KK channel, becoming the most dominant contri-
bution. However, when /s is less than about 1.34 GeV, the
partial width of the 4z channel is even smaller than that of
the zz channel. Similarly, along with the increase of \/E
the large difference between the partial widths of the KKz
and zz channels at small /s starts to reduce gradually.

Analysis on the 2727~ spectrum in [21] gives the ratio
of Br(p°p® — 22%227):Br(66 — 22227) as 3:7. Our
corresponding result shown in Table IV yields a much
smaller pp fraction, with p°p°: 66~ 1:38 and ~1:12 for
the cutoff choices a(ap) = 2(1) and 3(2), respectively. Our
calculations indicate that the strong suppression of the pp
channel relative to oo is a distinct feature of the xkk
molecular picture. We note that our result is obtained at
fixed energy +/s = 1.37 GeV, while the experimental
branching ratios are obtained by integrating over the mass
distribution of f,(1370). The ratio is also sensitive to the
parametrization of the o, which we adopted differently
from [21].

For a more reliable comparison, we plot the respective
partial widths of these two parts varying along with the
center-of-mass energy /s in Fig. 4, to investigate the
resulting trend of their ratio after performing the mass

20
— KK +KKn
ISf . KK 00+ KK 207

————— K R7 +KK 7 n°
10

I' [MeV]

Dependence of the partial widths of different channels on the center-of-mass energy /s with fixed coupling gp = 35 GeV

and cutoff parameter a(ag) = 2(1). Because the scales in widths for some channels are much smaller than others, we present them in
two separate figures with distinct scale for clarity. (a) KK, zx, 4z, and KKzx channels. Different specific 47 states are also presented.
(b) KKzz and nn channels. Different specific KKzz states are also presented. Note that I'(K*K~z*z~) = ['(K°K'z"77),
IN(K*K°72%27) = T(K°K~ 7% 2°) and T(K*K~7°2°) = I'(K°K°2°2°). For the 75 channel, I'(F — #y) is presented.

054018-11



YIN CHENG and BING-SONG ZOU

PHYS. REV. D 114, 054018 (2026)

150 — 27" 21
— - 00> 21t 21 -
7
5100 ----- pp— 2nt 21"
Q
= - DirectSum
=
50
Ot .--.--.-.--.--.-'.'.".-'.'.“.".'T'.".".'."._-.-—._.-—.- ........
1.1 1.2 1.3 1.4 1.5 1.6 1.7
Vs[GeV]
(a)

140
120
100
80
60
40
20

I'[MeV]

1.1 1.2 1.3 1.4 1.5 1.6 1.7
Vs [GeV]
(b)

FIG. 4. Dependence of the partial widths of 4z states on the center-of-mass energy /s. Contributions from different intermediate
channels 66 and pp are also plotted. (a) For the 2727z~ states. (b) For the 777270 states.

distribution integration. Figures 4(a) and 4(b) refer to the
2727~ and 77220 states, respectively. The black solid
line indicates the total width of the specific 4z state, which
includes the interference between the pp and oo inter-
mediate states. The red long dashed line and the blue short
dashed line indicate the exclusive widths from the oo and
pp intermediate states, respectively. In Fig. 4(a), we observe
that the increase in the oo — 4z process is moderate,
whereas the pp — 4z process experiences a rapid
increase once the energy +/s surpasses the pp threshold.
Nevertheless, even after considering the integration over
the whole mass distribution, the pp contribution remains
insufficient compared to the ratios from experiments. The
pp contributions observed in experiments in f(1370)
decay to 4z may largely originate from the nearby
f0(1500), which is suggested to be a pp molecular state
[18] and is expected to decay dominantly via the pp
channel. If the experimental analyses, typically relying
on sums of Breit-Wigner functions, do not adequately
separate these two broad overlapping resonances, the pp

events from f((1500) decay would be misattributed to
f0(1370), leading to an overestimation of the pp branching
fraction of f(1370).

We also plot the direct sum of the exclusive widths of the
pp and oo cases, which is indicated by a green dashed line
and marked as “DirectSum” in Fig. 4. We find that it almost
coincides with the black solid line along all the /s for both
the 27727~ and 7zt 7722° channels, which implies that the
pp and oo channels are almost orthogonal and their
interference is negligible. This is because the pzz vertex
is of the P wave while the oz vertex is of the S wave.
Such a phenomenon is also confirmed in the analysis
in Ref. [68].

In Table V, we collect the current available data and our
theoretical results of the ratios between different decay
channels as well as the ratios of the partial widths to the
total width, which are calculated at fixed energy
/s = 1.37 GeV. Again one should be cautious with the
fact that some ratios are obtained by integrating over the
mass distribution of f,(1370).

TABLE V. Collection of the available experiments and our results in the case of a(ag) = 1(0.5)/2(1)/3(2). The coupling gr is fixed
to be 35 GeV. Boldface values correspond to the reference cutoff choice a(agz) = 2(1).

Expression Experiment Theory (fixed /s = 1.37 GeV)
I'(F - KK) /T 0.35 +£0.13 [69] 0.35/0.45/0.49
['(F - zn)/Tp 0.26 +0.09 [69]; <0.10 [30] 0.16/0.22/0.25
I'(F - 4rn) /T 0.46/0.32/0.25

(
(
[(F - KKzn) /Ty
['(F —» KK)/T(F — nr)
[(F - nn)/T(F — 4x)
"(F — nn)/T(F — 4x)
(F > 4n)/T(F - nrx)
(F = pp)/T(F — 4r)
(F = 00)/T(F — 4n)
(F = 2x1277)/T(F — 4n)
(F = zta 22 /T(F — 4r)
(F - 66 — 47°)/T(F — 4r)

mEeBeleEnEale|

>0.72 [21]

0.08 4 0.08 [52]; 0.46 + 0.19 [41]; 0.91 + 0.2 [70];
(4.7 £2.0) x 1073 [44]; (28 £ 11) x 107 [71]
(4.7 +£2.0) x 1073 [44]; (28 £ 11) x 107 [71]

0.3 +0.12 [53]; 0.1-0.25 [34]
0.26 4+ 0.07 [24]
0.51 4 0.09 [24]
0.42 +0.014 [21]
0.512 4+ 0.019 [21]
0.068 + 0.005 [21]; 0.27 + 0.06 [24]

2.5x1073/1.1 x 1073/7.9 x 10~

2.15/2.10/2.01
117 x 103 /21.0 x 10-3/29.3 x 1073

54x1074/9.7x1074/1.3 x 1073
2.79/1.48/1.02
0.02/0.04/0.11
0.79/0.78,/0.74
0.51/0.51/0.50
0.31/0.31/0.33
0.18/0.18,/0.18
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From Table V we can see that for those decay channels
“seen” in f,(1370) decay, no single experimental number
on branching ratios nor ratios thereof has been determined
because of conflicting results. This is quite different from
the nearby f,(1500) with five well established branching
ratios. As stated in [39], generally f,(1370) analyses
suffer from some aspects of the “model problem”: para-
metrization choices, most frequently Breit—-Wigner (BW),
K matrices, nonresonant backgrounds and isobars, a priori
selection of decay channels, two body or quasi-two-body
approximations, etc. Hence, most of the current data are
model dependent. Indeed, the shape of such resonances
changes with the dynamics of the process where they
appear, therefore they must be rigorously identified from
the process-independent associated poles.

In Table V, the relation between the KK and 7z channels
has two kinds of results. Qualitatively, measurements from
the zz and zp scattering obtained at the mass of f(1370)
[69] support that I'(F — KK) is larger than ['(F — z7x),
which is consistent with our results at /s = 1.37 GeV. In
contrast, measurements from the J/y hadronic decay [52],
J/w radiative decay [48], the pp central production [41],
and the pp annihilation at rest [70] show an inverse
branching fraction ratio. As mentioned in the
Introduction, the data of J/w hadronic decay recoiling
against ¢ even gives a very small value for this ratio of
0.08 £0.08 due to the conspicuous signal in zz but
absence of any corresponding peak in K™ K~. We attempt
to explain this by the destructive interference between the
two parts in the f((1370) wave function: s5 and the
molecular component xk. Although the s5 component is
not included in the wave function of Eq. (3) in our
calculation above, a pure molecular state is unlikely to
exist in reality, and the f,(1370) wave function could
include a small s3 component. 55 is produced in J/y decay
recoiling against ¢ as leading order and it strongly couples
to KK but contributes to zz with significantly weaker
strength, leading to a possible destructive effect in the KK
channel but not affecting the zz channel. Such an s¥
destructive effect might also appear in the pp central
production and J/y radiative decay but appear in the zp
scattering with a smaller fraction. The more quantitative
discussion about this issue is complex and needs more
reliable analyses on experiments.

With the coupling g, the theoretical ratio of the widths
between nn and 4z channels is consistent with the data in
Ref. [71], while with the coupling g,’(Kn, this ratio is more
consistent with the data in Ref. [44]. Whether the 4n
channel is the most dominant one is also conflicting from
the experimental ratios in Table V. The accurate analyses on
the 4z spectra are difficult because it is hard to disentangle
the contribution from f((1370) and f,(1500) due to the
subtle parametrization of the broad f;(1370). In most
earlier work, the f,(1370) has been fitted with a Breit-
Wigner amplitude of constant width. This is inaccurate

because the resonance couples to 4z channel, which give
rise to a strongly s-dependent width due to the rapid
opening of the 4z thresholds for oo and pp. As Achasov
and Shestakov have emphasized [72], if one describes these
spectra by an f, state with an energy-dependent total width
its mass has to lie above 1500 MeV, and even no
appreciable coupling of f,(1370) to the 4z channel is
required. While we should still remain skeptical about this
conclusion because it is also drawn based on the Breit-
Wigner—like parametrization.

The analysis in Ref. [73] carefully considered the Bose
symmetry interference effects and found that these effects
cause the ratios between different specific 4z states to
obviously differ from the naive counting values without
considering these effects, as what is evaluated in [21] based
on the Br(2z2z7) to obtain these ratios. Hence, the
estimated ratios of Br(2z*2z7):Br(ztz72x°):Br(42°)
in [21] are not reliable. Meanwhile such effects have been
fully considered in our calculations.

IV. SUMMARY

In summary, motivated by the fact that the f,(980) and
fo(1790) are, respectively, plausible KK and K*K* mol-
ecules and the phenomenology that the f(980), f(1370)
and f,(1790) appear successively in the zz spectrum in
J/y hadronic decay recoiling against ¢, where the s5 is
produced in leading order, we assume that f,(1370) is a kk
molecular state and calculate the partial widths of various
channels in f,(1370) decay, including KK, zz, nn, 4z, and
KKnrr. We treat the coupling g, [F indicates f(1370)]
as a free parameter and fit it to the measured total width of
fo(1370) listed in the RPP, finding that this coupling
should be in the range of 25-40 GeV with cutoff parameter
a(ag) = 2(1) ~3(2). The decay pattern is independent of
this coupling because it is a common coupling for all the
decay channels.

At the nominal mass of f,(1370): my = 1.37 GeV and
with gpi = 35 GeV and a(az) = 2(1), the KK channel
has the largest partial width, followed by the 47 and zz
channels. The zz and 4z channels have comparable partial
widths. These three channels are the most dominant decay
channels in f(1370) decay. Different strategies for deter-
mining kK7 coupling result in significant variations in the
partial width of the 77 channel. We have found the distinct
decay properties in nn channel between xk and K*K*
molecules, which can be examined in the BESIII data of
J/w — ¢nn. The partial width of the KKzz channel is
about 300 keV in total. Notice that although the KKzx
channel proceeds through tree-level decay, it has very
limited four-body phase space around 1.37 GeV.

We also test the dependence of the partial widths of
different channels on the center-of-mass energy +/s. The
decay widths of the two-body channels such as KK, rx,
and 7 are stable with the variation of /s, while the decay
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widths of the four-body decay channels 4z and KKzx
continuously increase along with the increase of /s. With
\/s larger than 1.45 GeV, the partial width of the 47 channel
exceeds that of the KK channel, becoming the most
dominant decay channel. Such phenomenon might cause
different manifestation of f(1370) in different spectra.

Not all of the ratios reflecting the decay pattern in our
calculations are consistent with the current data, such as the
4z dominant conclusion and the ratio of KK over zz in
some measurements. However, in f(1370) decay, most of
the current data are model dependent, relying on fitting
sums of Breit-Wigner functions and no single experimental
number on branching ratios or ratios thereof are determined
because they are conflicting. Hence, these inconsistencies
cannot rule out the xk assignment for f(1370). The small
KK branching ratio due to the absence of a corresponding
peak in KK spectrum, such as in J/y hadronic decay
recoiling against ¢, contradicts with our result. We attempt
to explain that by the destructive interference in decay to
KK between the s5 and kk components in the f,(1370)
wave function. The 47z spectra are also elusive because it is
hard to disentangle the contribution from f,(1370) and
fo(1500) due to the strongly s-dependent width of
f0(1370). The ratios between different 4z states can be
related to decay mechanisms as the intermediate states pp
and oo have distinct features in 4z decay. In our xik
molecular picture, the oo channel dominates over pp,
which is inconsistent with current data. The pp signal
observed in the f((1370) region may largely originate from
the nearby f,(1500), a pp molecular candidate whose pp —
47 events can be misattributed to f(1370) in experimental
analyses that do not adequately separate these two broad
overlapping resonances.

This work relies on a number of model assumptions that
should be kept in mind when interpreting the results: (1) the
pure xk molecular ansatz of Eq. (3) without s5 or other
mixing components. (ii) the simple-pole propagators
1/(s = spoie) for the broad intermediate states x and o.
(iii) the approximate SU(3) flavor symmetry relations
applied to the lowest scalars. (iv) the reliance on particular
phenomenological determinations of couplings from the
literature, which carry their own model dependence and
uncertainties. (v) the coupling estimation methods such as
the spectator approximation used to estimate the couplings
involving k and 6. (vi) the specific choice of the monopole
form factor and the cutoff parameter for the exchanged
states. Despite these limitations, the model provides useful
qualitative insights into the decay pattern expected for a ki
molecular interpretation of f(1370).

We need further reliable analyses on the f((1370) in
both theoretical and experimental aspects. The BESIII
Collaboration has recorded data with significantly
improved quality and statistics. They can attempt to search
for the f(1370) signal in the KKzz/4z/nn channels in
J/w hadronic decays recoiling against ¢. Such

measurements can help us to test the xk molecule assign-
ment for f((1370). The pattern for the different specific
KKnr/4r states also has a unique feature in this scenario,
which can be used as a further check.
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APPENDIX A: ISOSPIN CONVENTIONS

Let I be an isospin operator in the Hilbert space, and its
corresponding isospin transform matrix is z/2. As dis-
cussed in Ref. [74], due to the fact that C does not commute
with the step operators /| & il,, the relative phases of the
antiparticle states will not satisty the following requirement

(I £il)|m) = +/ (I Fm)I£m~+ 1)L m+1). (Al)

Both of the deficiencies are removed by constructing the

antiparticle isospin multiplet, which is denoted by |Im),
with the help of the G-conjugation operator,

[Im) = #,G|Im),

= (=)= C|1, —m). (A2)
1y is chosen to be —1 as discussed in [74].
We take the convention as «t=]1/2,1/2),

k" =|1/2,-1/2), and we construct the isospin states of
antiparticles using the prescription given by Eq. (A2). Itisa
natural choice to take positive charge parity for k particles
as the neutral scalars 07,

Clct) = +x7),  Clk®) = +[&0), (A3)
[1/2,=1/2) = (=1) x (=1)"/>==1/2C[1/2,1/2)
— C|K+>
= +[x7) (A4)
11/2,1/2) = (=1) x (=1)1/2-U/2¢|1/2,-1/2)  (AS)
= —C|«%) (A6)
= —[&?) (A7)
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TABLE VI. Conventions for isospin states and flavor wave
functions of the particles involved in this work.

Particles Isospin state Flavor wave function
at —|1,1) ud

n’ .0) (1/v/2)(uit — dd)
" 11, -1) dii

Kt/ K+ 11/2,1/2) us

/KO 11/2,-1/2) ds

k°/K° —1/2,1/2) sd

K~ /K~ [1/2,-1/2) sit

Hence, the antiparticle isospin states are kX’ = —[1/2,1/2),
k~ =|1/2,-1/2). The adopted convention in our work of

the isospin states of the particles is shown in Table VI.

APPENDIX B: ESTIMATIONS OF THE
EFFECTIVE COUPLING CONSTANTS
1. pxic
We assume k to be a molecular state consisting of Kz, its
couplings to other states can be described as follows: the
k — Vk/Sk interaction can be viewed as one of the
pseudoscalar components inside « interacting with the
vector or scalar, while the other component acts approx-
imately as a spectator. For example, the xkp vertex can be
approximately related to the pzz and pKK couplings by
guaranteeing that the K is projected to the isospin state of
k. In the molecular picture, the flavor wave function of «
can be expressed as

"= eIk +%|K0n+>, (B1)
K= %Uﬁn—) —\%yKOﬂ%. (B2)

Based on the ggog+,- we can obtain the g,xg and g, ki
couplings by the SU(3) flavor symmetry. By the
Lagrangian with SU(3) symmetry, the vertex coupling
constants are connected as follows [59]:

gvep = JkOK+z> (B3)
9pKktK- = —gvep/ \/i <B4)
9pnt = = _\/EQVPP- (BS)

The possible interactions between p and the pseudoscalar
components inside k* will include p°K*K~, p°K°K?®, and

p’nt 7. The coupling p°k Tk~ can be calculated as

1 2
9pOxtk— = ggp0K+K’ + g (ngKOI_(O + gp“n’*ﬂ’)
_ L (—gvepr 2 (gvep
=3 ( N +3 3\ 2 —V2gypp
_ “9vrp
V2
= 9pOKtK-- (B6)
The decomposition of the vertex p*xk*i is
V2 -1 1
gp+K+’—<O - \/—g X ﬁgp+ﬂ+”0 + ﬁ
-1 1 V2
X — +p0 F—= X —= O B7
\/§gp+K K \/g \/gg/fr + ( )
with  SU@3) symmetry, g,x+g0 = —Gypps Jprptpd =
\/ZQVPP’ and g 0+ = _\/ZQVPPa we have
9ptxt® = —9gvpPp = YptK+KO- (BS)
Similarly, we have
1 2
9p0x00 = gg/)“KOI_(O + § (g/)OK+K_ + g/)[]ﬂ_lf+>
1 QVPP> 2 <_gVPP )
== += +V2
3 < NG 3\ 2 9gvpp
_ 9vep
V2
= ngKOKO- (B9)

2. oKK

Regarding the ¢ as a zz molecular state, its wave
function can be written as

0n) + o+ ). (B10)

c=—=

1 +r +
\/§|7r \/_|7r \/_\n' n

A similar decomposition for ¢, coupling can be
written as

1 1 2 2
Yoxtk- = § (zgaﬂono) + 5 9%ktk- + gg(m*n" + §90K0k0

3
= 3961(*1(77 (Bll)
1 1 2 2
Yox%0 = 5 (29671071'0) + ggo'KOI_(O + ggmﬁﬂ’ + ggo'K*K’-
= 3gaK0ko. (B12)

The factor of 2 multiplying g,,0,0 accounts for the two
distinct contractions of the identical z° fields.
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3. okK*

Similarly, one of the components inside the ¢ is assumed
to act as a spectator in the interaction, then the coupling of
okK* vertex can be approximately related to the coupling
of K*Kr vertex. For example, based on the wave functions
of o and «, the coupling g,,+g~ can be expressed as

-1 o 1 1 y V2
ox T K™ — T = =" *— _;-[0 - = =" *— ’Oﬂ—
Joxt K 3 \/§ 9k—-K \/§ \/3—, 9k—-K

_ —_1 o (Z9ver _ Q (=gvpp)
3 NG 3 VPP
gvpp
=2 B13
3 (B13)
and the g0 can be expressed as
-1 _ -1 1 V2
JoxOK* = /3 X /3 "9RORZ0 — /3 X /3 "Rkt
_ 1 gveer V2 (=gvpp)
3 \/E 3 VPP
9vep
= . B14
v (B14)

4. pxK*
Assuming  ¢,., = g,,, due to the identical flavor
wave functions for # and p and based on the flavor
SU@3) symmetry, we have g,,+,- = V2gyys = —0.79 +

2.84i GeV and gy k- = gyvs/V2 = —=0.39 + 1.42i.
|

S/ S

\/§ X

1 .04 1 1

\/5” +\/g’78+\/§’71

- 1

= T 7
K-

U=P+

APPENDIX C: ISSUES ABOUT THE #-#' MIXING

If the 7 state is treated as a pure octet 77g as in Ref. [66],
the octet matrix

%ﬂ'o +\/L6118 7" K*
Py = 7 -5+ ns KO (C1)
K- K° —\/Lgﬂs

is used.

However, the SU(3) flavor symmetry is slightly broken,
which leads to the mixing of the singlet ; and the octet 7.
Hence, the physical states 7 and 7’ are the outcomes of the
mixing of #; and 7g. Defining a mixing angle € in the
ng — 1 basis, the mixing scheme is

cosf) —sinf
()= Cono o)) @
7 sinf  cos6 i
and
cos@ sind
()= (So o) () @
m —sinf cosf /) \ 7/

Incorporating the mixing, a U(3) flavor symmetry matrix,
which is the sum of the octet and singlet matrices, can be
adopted as shown in [75], i.e.,

at K"
70+ Jeng +5m K° (C4)
K? —%'78 +%’71

For determining the coupling of 7, we can replace the g and 7, in terms of # and 7’ based on Eq. (C3).
Expanding the effective Lagrangian £ = gspp(SPP) with the pseudoscalar matrix U under the U(3) flavor symmetry, we

have
1 2 2 -1 2 .
Leky = gspp % - 76 kKng + 7§KK’11 = Yspp %0059 + % (—sin6)|kKn (C5)
and
Lykrt = gsppkKn™. (C6)

In our work, we adopt € ~ —10.7°. As shown in Table I, this yields a coupling ratio |gx.+|/|gcx,| =~ 5-4.
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