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Type-IIB string theory on AdS3 × S3 × T4 with Ramond–Ramond flux as the near-horizon limit of the
D1-D5 solution is expected to be dual to a (4, 4) supersymmetric 2D conformal field theory (CFT)
parametrized by the integers Q1, Q5, and other moduli. It is related by T-duality to type-IIA string theory in
the near-horizon limit of the D2-D4 solution, which admits an uplift to the 11D AdS3 × S3 × T5 background
which is the near-horizon limit of the M2-M5 solution. We point out that this relation allows one to use the
quantum M2-brane description to probe “nonplanar” corrections in the dual 2D CFT, in close analogy with
the Aharony-Bergman-Jafferis-Maldacena (ABJM) theory case (described by M-theory on AdS4 × S7=Zk).
We consider an analog of a supersymmetric Wilson loop (line defect) expectation value represented by a
type-IIA string partition function expanded around an AdS2 ⊂ AdS3 minimal surface. Its M-theory analog is
the M2-brane partition function expanded near AdS2 × S1. We compute the one-loop contribution Z1 to the
M2-brane partition function and find that in contrast to the ABJM case in arXiv:2303.15207 [where
Z1¼ð2sin2π

k Þ−1¼ k
4πþ π

6kþ��� contains an infinite series of higher-genera string corrections, k−1 ∼ gsffiffiffi
T

p ], here it

is given solely by the leading string theory contribution Z1¼ κffiffiffiffi
2π

p , where κ ∼
ffiffiffiffiffiffi
Q5

p
plays a role analogous to k.

We also discuss a generalization to the mixed-flux case which is straightforward from the 11D perspective.

DOI: 10.1103/wxvx-qrwd

I. INTRODUCTION

Most symmetric examples of AdS/CFT [1–3] related to
AdS5 × S5, AdS4 × CP3, and AdS3 × S3 × T4 share the
common feature that their spectrum is expected to be
controlled by integrability in the large-N (tree-level string)
limit. Going beyond this planar limit at strong coupling is
challenging, as this requires computing string loops.
Remarkably, in the AdS4 × CP3 or Aharony-Bergman-

Jafferis-Maldacena (ABJM) theory case, one is able to
compute certain nonplanar strong-coupling corrections using
its M-theory uplift in terms of quantum M2 branes in
AdS4 × S7=Zk [4–10]. Here, we point out that an analogous
approach is possible also in the AdS3 × S3 × T4 type-IIA
case that admits an 11D M-theory embedding.
The standard discussion of the AdS3=CFT2 duality

1 starts
with the D1-D5 combination in type-IIB string theory, which

has AdS3 × S3 × T4 as its near-horizon limit. Guided by a
weak-coupling (flat-space) open-string description of the
D1-D5 combination, one expects that the dual 2D conformal
field theory (CFT) should be related to an IR limit of a
coupled system of three (4,4) supersymmetric multiplets
(see, e.g., Refs. [2,11,12]): a UðQ1Þ adjoint vector multiplet,
a UðQ1Þ adjoint hypermultiplet, and a UðQ1Þ ×UðQ5Þ
bifundamental hypermultiplet. It should correspond to a
certain deformation of symmetric orbifold ðT4ÞN=SN 2D
CFT, where N ¼ Q1Q5 (see, e.g., Refs. [13,14]).
In general, details of this duality (in particular, interpola-

tion from weak to strong coupling) beyond the Bogomol’nyi-
Prasad-Sommerfield (BPS)-protected sector are still poorly
understood (for some progress, see, e.g., Ref. [15]).
The simplest “protected” observable is the free energy on

S2 related to the central charge. The central charge count on
the gauge theory side2 gives c ¼ 6Q1Q5 þ 6. On the string-
theory side, the free energy is proportional to the logarith-
mically IR-divergent volume of AdS3 and is thus related to*Also at the Institute for Theoretical and Mathematical Physics
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1We will be mostly interested in the case of AdS3 × S3 × T4

supported by Ramond–Ramond (RR) flux.

2The contribution to 2D conformal anomaly of a single free
(4, 4) hypermultiplet (four real scalars and four real fermions) is
c ¼ 6. The 2D vector multiplet has an irrelevant kinetic term and
thus contributes to the anomaly only through a ghost factor, with
a single vector giving c ¼ −1. The Uð1Þ part of the vector
multiplet is decoupled (representing the c.m. of the bound D1-D5
combination), so that finally c ¼ 6Q1Q5 þQ2

1 − 6ðQ2
1 − 1Þ ¼

6Q1Q5 þ 6. The same result is found by counting the SUð2Þ
chiral anomaly of the (4,4) superconformal algebra [2,11].
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the UV conformal anomaly in the boundary theory. The
leading 6Q1Q5 term is reproduced by the classical action
of the 10D supergravity on AdS3 × S3 × T4 [16], while
the subleading þ6 term comes from the one-loop 10D
supergravity contribution [17] (with all subleading in large
N ¼ Q1Q5 contributions expected to cancel out).3

Another special observable that will be our main focus
here is the expectation value of a supersymmetric con-
formal one-dimensional defect operator, which is a formal
analog of the 1

2
-BPS Wilson loop (WL) in gauge theories,

and on the string-theory side should be represented by the
partition function expanded near the AdS2 ⊂ AdS3 mini-
mal surface [19–21].
Performing T-duality along one D5 direction (a circle in

T4), one gets the D2-D4 combination in type-IIA string
theory that also has AdS3 × S3 × T4 space (supported by
the RR 4-form flux) as its near-horizon limit. The corre-
sponding dual 2D CFT should be equivalent to the one
in the type-IIB case, up to a redefinition of parameters
(in particular, Q5 → Q4, Q1 → Q2).
The key point here will be that the D2-D4 solution admits

the uplift to the M2-M5 solution of 11D supergravity [22]
that has the AdS3 × S3 × T5 as its near-horizon limit. This
opens up a possibility to use the quantum M2-brane probe
method to shed light on nonplanar corrections in the dual
2D CFT.
In particular, the AdS2 minimal surface representing the

WL in the type-IIA string on AdS3 × S3 × T4 supported
by RR flux gets uplifted to the AdS2 × S1 M2-brane
solution in AdS3 × S3 × T4 × S1, where M2 is wrapped
on S1 ⊂ T4. This is analogous to how the 1

2
-BPS WL in

ABJM theory is represented by the AdS2 × S1 M2 brane
in AdS4 × S7=Zk [4,23].
Our aim below will be to compute the one-loop M2-brane

correction to the expectation value of the circular WL in
AdS3 × S3 × T4 × S1 following the same steps as in the
AdS4 × S7=Zk case in Ref. [4].

A. Review

Let us first review the known expression for the one-loop
WL expectation value at strong coupling represented by the
string partition function on the disc that can be computed
using semiclassical expansion near the AdS2 minimal
surface [20]. The three cases of a string with AdS2-induced
geometry in AdS3 subspace of AdSp ×M10−p supported by
RR fluxes, i.e.,

ðiÞ p ¼ 5∶ AdS5 × S5; ðiiÞ p ¼ 4∶ AdS4 × CP3;

ðiiiÞ p ¼ 3∶ AdS3 × S3 × T4;

can be treated on an equal footing. The main parameters are
the AdSp scale L, the string coupling gs, and the effective
dimensionless string tension T:

T ¼ L2T ¼ L2

2πα0
: ð1:1Þ

The WL expectation value is given by the string partition
function with a disklike world sheet ending on a circle at
the boundary of AdSp

hWi ¼ 1

gs
Z1 þOðgsÞ ¼ W1½1þOðT−1Þ� þOðgsÞ; ð1:2Þ

Z1 ¼
Z

½dx…�e−T
R

d2σL ¼ e−Γ;

Γ ¼ Γ0 þ Γ1 þ Γ2 þ…: ð1:3Þ

Here, Γ0 ¼ −2πT is the classical string action proportional to
the renormalized AdS2 volume volðAdS2Þ ¼ −2π. The one-
loop correction Γ1 ¼ OðT0Þ found from the expansion of the
Green-Schwarz string action in a static and ϰ-symmetry
gauge is given by the determinants of the fluctuation oper-
ators in AdS2 world-sheet geometry (Rð2Þ ¼ −2) [19,20]:

e−Γ1

¼ ½detð−∇2þ 1
4
Rð2Þ þ 1Þ�p−1½detð−∇2þ 1

4
Rð2ÞÞ�5−p

½detð−∇2þ 2Þ�12p−3
2½detð−∇2þRð2Þ þ 4Þ�12½detð−∇2Þ�5−1

2
p

¼ ½detð−∇2þ 1
2
Þ�p−1½detð−∇2− 1

2
Þ�5−p

½detð−∇2þ 2Þ�12p−1½detð−∇2Þ�5−1
2
p
: ð1:4Þ

In the case of AdS3 × S3 × T4 supported by RR flux, there
are four massless fermion modes (which are partners of T4

bosonic modes) and four massive ones [19] (the result
is the same in T-dual type-IIB and type-IIA embeddings).
For general p, one finds that

Γ1 ¼
1

2

X
log detΔ ¼ Γ1∞ þ Γ̄1;

Γ1∞ ¼ −ζtotð0Þ logΛ; ζtotð0Þ ¼ 1; ð1:5Þ

Γ̄1 ¼ −
1

2
ζ0totð0Þ ¼

1

2
ðp − 4Þ logð2πÞ; ð1:6Þ

where Λ is a 2D UV cutoff (the radius of AdS2 is set to 1).
As was argued in Ref. [20], the universal divergent term
Γ1∞ ¼ − logΛ [Eq. (1.5)] should be canceled against the
contribution of the Green–Schwarz (GS) string path-integral
measure, so that at the end it gets effectively replaced by a
finite term

Γ1∞ → − log

ffiffiffi
T

pffiffiffiffiffiffi
2π

p : ð1:7Þ
3This is analogous to the N2 → N2 − 1 shift in the AdS5 × S5

case [18] and the 4N3 − 9
4
N → 4N3 − 9

4
N − 7

4
shift in the

AdS7 × S4 case [17].
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As a result, the one-loop contribution W1 in Eq. (1.2) is
given by

W1 ¼
1

gs

ffiffiffi
T

pffiffiffiffiffiffi
2π

p e−Γ̄1e2πT ¼ cp

ffiffiffi
T

p

gs
e2πT; cp ¼

1

ð ffiffiffiffiffiffi
2π

p Þp−3 :

ð1:8Þ

In the p ¼ 3 case corresponding to AdS3 × S3 × T4, we
get cp ¼ 1.
The expression (1.8) matches the known gauge theory

localization results in the p ¼ 5 (SYM) [24,25] and p ¼ 4
(ABJM) [26] cases, where one has

SYM∶ gs ¼
g2YM
4π

¼ λ

4πN
; λ ¼ g2YMN; T ¼

ffiffiffi
λ

p

2π
;

ð1:9Þ

ABJM∶ gs ¼
ffiffiffi
π

p ð2λÞ5=4
N

; λ ¼ N
k
;

T ¼
ffiffiffi
λ

pffiffiffi
2

p ; k−1 ¼ gsffiffiffiffiffiffiffiffi
8πT

p : ð1:10Þ

Higher-genus string corrections to Eq. (1.2) are expected to
have the structure [20] (χ is the 2D Euler number)

hWi ¼
X

χ¼1;−1;…
bχ

� ffiffiffi
T

p

gs

�
χ

e2πT½1þOðT−1Þ�

¼
ffiffiffi
T

p

gs
e2πT

�
cp þ c1p

g2s
T
½1þOðT−1Þ�

þ c2p
g4s
T2

½1þOðT−1Þ� þ � � �
�
; ð1:11Þ

which is indeed consistent with that of the 1=N, strong-
coupling expansion found from localization in the
corresponding 4D and 3D gauge theories in Refs. [25]
and [26].
In the AdS4 or ABJM case, one is able also to

reproduce the leading large-T corrections to all orders in
gs by semiclassically quantizing the M2 brane [27]

wrapped on AdS2 and the 11D circle of radius
ffiffi
2
k

q
in

AdS4 × S7=Zk [4]. Localization predicts [28] that the
1
2
-BPS WL expanded in large N at fixed k is given by
[cf. Eqs. (1.8) and (1.10)]

hWi ¼ 1

2 sin 2π
k

eπ
ffiffiffiffi
2N
k

p �
1þO

�
1ffiffiffiffi
N

p
��

¼ 1

2 sinð ffiffi
π
2

p gsffiffiffi
T

p Þ e
2πT½1þOðT−1Þ� ð1:12Þ

¼ 1ffiffiffiffiffiffi
2π

p
ffiffiffi
T

p

gs
e2πT

�
1þ π

12

g2s
T
½1þOðT−1Þ� þ 7π2

1440

g4s
T2

½1þOðT−1Þ� þOðg6s Þ
�
: ð1:13Þ

Written in terms of the AdS4 radius L and the radius R ¼ 2L of S7, the effective M2-brane tension and its classical action on
AdS2 × S1 is the same as the string action appearing in the exponent in Eq. (1.12):

T2 ¼ L2RT2 ¼
1ffiffiffi
8

p
π

ffiffiffiffiffiffi
Nk

p
; L6 ¼ 1

2
π2Nkl6

P; T2 ¼
1

ð2πÞ2l3
P
; ð1:14Þ

SM2 ¼ ð−2πÞ
�
2π

k

�
T2 ¼ −π

ffiffiffiffiffiffiffi
2N
k

r
: ð1:15Þ

The M2-brane semiclassical expansion is performed for large T2 for fixed k (fixed 11D background)—i.e., the 1
2 sin2πk

prefactor in Eq. (1.12) should be the one-loopM2-brane contribution [which, according to Eqs. (1.11) and (1.7), sums up all
the leading large string tension contributions at each order in gs]. The Oð 1ffiffiffi

N
p Þ term in Eq. (1.12) should correspond to the

two-loop contribution.
Indeed, summing up the contributions of the M2-brane fluctuations near AdS2 × S1, one finds a generalization of the

string one-loop contribution in Eq. (1.4) [4]:

hWi ¼ e−Γ̂1e−SM2 ½1þOðT2
−1Þ�; Γ̂1 ¼ −

1

2

X∞
n¼−∞

logXn; ð1:16Þ

Xn ¼
½detð−∇2 þ Rð2Þ

4
þ ðkn

2
þ 1Þ2Þ�32½detð−∇2 þ Rð2Þ

4
þ ðkn

2
− 1Þ2Þ�32 detð−∇2 þ Rð2Þ

4
þ ðkn

2
Þ2Þ

detð−∇2 þ 1
4
ðkn − 2Þðkn − 4ÞÞ½detð−∇2 þ 1

4
knðknþ 2ÞÞ�3 : ð1:17Þ
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Here, n labels the modes of the M2-brane fluctuations
expanded in σ3 (identified with an S1 coordinate with radiusffiffi

2
k

q
) that propagate on AdS2. The n ¼ 0 level corresponds

to the string-mode contribution in Eq. (1.4) in the AdS4
case (p ¼ 4).
In contrast to the string case in Eqs. (1.5) and (1.6), Γ̂1 in

Eq. (1.16), which corresponds to a 3D theory should not
contain log UV divergences—i.e., it should be given by a
finite expression (once computed using ζ-function regu-
larization that removes power divergences). Indeed, the
coefficient of the logΛ term in Eq. (1.5) here is replaced by

Γ̂1∞ ¼ −ζtotð0Þ logΛ;

ζtotð0Þ ¼
X∞
n¼−∞

1 ¼ 1þ 2ζRð0Þ ¼ 0: ð1:18Þ

The remaining terms take the form (for k > 2) [4]

Γ̂1 ¼
X∞
n¼1

log

�
k2n2

4
− 1

�

¼ 2
X∞
n¼1

log
kn
2
þ
X∞
n¼1

log

�
1 −

4

k2n2

�

¼ − log
k
4π

þ log

�
k
2π

sin
2π

k

�
; ð1:19Þ

e−Γ̂1 ¼ 1

2 sin 2π
k

; ð1:20Þ

where we have used sinðπxÞ ¼ πx
Q∞

n¼1ð1 − x2

n2Þ and

2
X∞
n¼1

log
kn
2

¼ 2ζRð0Þ log
k
2
− 2ζ0Rð0Þ ¼ − log

k
4π

;

ζRð0Þ ¼ −
1

2
; ζ0Rð0Þ ¼ −

1

2
logð2πÞ: ð1:21Þ

Equation (1.20) reproduces the prefactor in Eq. (1.12)—
and, in particular, the leading string one-loop factor in
Eqs. (1.8) (with p ¼ 4) and (1.7).
Thus, the M2-brane “uplift” of the GS string [29]

effectively provides its consistent definition—i.e., the
required measure contribution that cancels the logΛ term
in (1.5) is at the same time replacing it with the requiredffiffiffiffi

T
2π

q
term in Eq. (1.8), in agreement with Eq. (1.7) [which

here automatically includes the 1
gs
factor; cf. Eq. (1.13)].

As we shall see below, a similar result is found also in the
AdS3 case, where the M2-brane probe will be wrapping
AdS2 × S1 in AdS3 × S3 × T4 × S1.

B. Results

Our starting point will be the 1
4
-BPS M2-M5 solution of

11D supergravity [22,30] with the harmonic functions

H2 ¼ 1þQ2

r2
; H5 ¼ 1þQ5

r2
;

Q2 ¼ l2
Pv̂

−1Q2; Q5 ¼ l2
Pu

−1Q5; ð1:22Þ

v̂≡ v1v2v3v4; yp ≡ yp þ 2πvp; w≡ wþ 2πu;

ð1:23Þ

where yp (p ¼ 1;…; 4) are the angular coordinates (with
dimensionless radii vp) of T4 along M5 not shared with
M2, u is a dimensionless radius of the S1 coordinate w, and
Q2 and Q5 are integers (see Sec. II).4

The M2-M5 solution reduces to the D2-D4 solution of
type-IIA theory, provided the 11th coordinate is identified
with one of the T4 coordinates (denoted below as y4), so
that v4 is related to the asymptotic value of the type-IIA
string coupling gs (see Appendix A):

R11 ¼ v4lP ¼ gsls; v4 ¼ g2=3s ;

lP ¼ g1=3s ls; ls ¼
ffiffiffiffi
α0

p
: ð1:24Þ

In the near-horizon limit, the 11D metric becomes that of
AdS3 × S3 × T5:

ds211 ¼ L2ðds2AdS3 þ ds2S3Þ þ R2dypdyp þ R2
wdw2; ð1:25Þ

L2 ¼ ðQ2Q2
5Þ1=3; R2 ¼ l2

PðQ2Q−1
5 Þ1=3;

R2
w ¼ l2

PðQ2Q−1
5 Þ−2=3: ð1:26Þ

The effective dimensionless tension and the action of the
M2 brane wrapped on AdS2 ⊂ AdS3 and y4 ≡ y4 þ 2πv4
are given by [cf. Eq. (1.14)]

T2 ¼ L2RT2 ¼
1

ð2πÞ2
1ffiffiffiffiffiffi
v̂u

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
;

SM2 ¼ ð−2πÞð2πv4ÞT2 ¼ −
v4ffiffiffiffiffiffi
v̂u

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
: ð1:27Þ

Let us introduce the parameter κ proportional to v−14 that is
the analog of k, which determines the square of the
effective radius 2

k of the 11th angular direction in the
AdS4 × S7=Zk case—i.e.,

4The dimensionless moduli parameters v, v4, and u that will be
related to similar parameters of D2-D4 and D1-D5 10D solutions
(cf. Ref. [31]) may be set to 1, but it is useful to keep their values
generic.
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1

κAdS4
¼ RS7

LAdS4

1

k
¼ 2

k
→

1

κ
≡ R

L
v4 ¼

v4lPffiffiffiffiffiffi
Q5

p ;

κ ¼ 1

v4
ffiffiffi
u

p ffiffiffiffiffiffi
Q5

p
: ð1:28Þ

The expansion in large T2 for fixed κ (and moduli v̂, v4, u)
is thus the expansion in large Q2 for fixed Q5. Taking κ
large corresponds to shrinking the size v4 of the 11th
dimension or taking the type-IIA string coupling gs in
Eq. (1.24) small.

The computation of the one-loop correction to the
M2-brane partition function described in Secs. III and IV
below leads to the following analog of the AdS4 × S7=Zk
expressions in the case of Eqs. (1.16) and (1.17):

hWi ¼ e−Γ̂1e−SM2 ½1þOðT2
−1Þ�;

Γ̂1 ¼ −
1

2

X∞
n¼−∞

logXn; ð1:29Þ

Xn ¼
½detð−∇2 þ 1

4
Rð2Þ þ 1

4
ðmn þ 1Þ2Þ�2½detð−∇2 þ 1

4
Rð2Þ þ 1

4
ðmn − 1Þ2Þ�2

½detð−∇2 þ 1þmn þ κ2n2Þ�12½detð−∇2 þ 1 −mn þ κ2n2Þ�12½detð−∇2 þ κ2n2Þ�3 ;

mn ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ2n2

p
: ð1:30Þ

Then ¼ 0 part here is the same as theAdS3 × S3 × T4 string
contribution (p ¼ 3) in Eq. (1.4).
As a result, using the ζ-function regularization as in

Eq. (1.21), we conclude that the log-divergent part of Γ̂1

again vanishes as in Eq. (1.18) so that Γ1 is finite.
Assuming that κ is large enough5 (κ2 > 3

4
, so that

mn > 2)—which, according to Eq. (1.28), is the case if
v4 is small or Q5 is large, which corresponds to the
perturbative type-IIA string-theory regime—we will find
that after some nontrivial cancellations [that are due to
underlying extended (4,4) 2D supersymmetry of the spec-
trum in Eq. (1.30); see Secs. III and IV],6 Γ̂1 in Eq. (1.29) is
given simply by [cf. Eqs. (1.20) and (1.21)]

Γ̂1 ¼ −
1

2
logð2πÞ þ

X∞
n¼1

logðκ2n2Þ ¼ − log
κffiffiffiffiffiffi
2π

p : ð1:31Þ

The first (n ¼ 0) term is the same as the finite part of the
string-theory (p ¼ 3) contribution in Eq. (1.6).
For smaller values of κ2 ¼ v−24 u−1Q5 ≤ 3

4
(corresponding

to nonperturbative string-theory or M-theory regimes), Γ̂1

in Eq. (1.31) gets modified according to Eqs. (4.18) and
(4.17), as discussed in Sec. IV below.

Thus, for κ >
ffiffi
3
4

q
, the one-loop M2-brane partition

function in the AdS3 × S3 × T5 case is given by

hWi ¼ e−SM2−Γ̂1þ��� ¼ κffiffiffiffiffiffi
2π

p e−SM2 ½1þOðT−1
2 Þ�

¼
ffiffiffiffi
Q

p
5ffiffiffiffiffiffiffiffi

2πu
p

v4
e

v4ffiffiffi
v̂u

p
ffiffiffiffiffiffiffiffiffi
Q2Q5

p
½1þOðT−1

2 Þ�; ð1:32Þ

where OðT−1
2 Þ stands for a possible two-loop M2-brane

contribution.
As in the AdS4 × S7=Zk case, we find again that the

M2-brane generalization “regularizes away” the one-loop
divergence of the GS string in Eq. (1.5), replacing it
with the expected [20] finite one-loop prefactor propor-

tional to
ffiffiffiffi
T
2π

q
[cf. Eqs. (1.7) and (1.8)]. Compared to the

result in the AdS4 × S7=Zk case [Eq. (1.20)], where
1

2 sin2πk
¼ k

4π ½1þOð 1k2Þ�, we do not get any subleading 1=κ

corrections in Eq. (1.32).
The effective string tension and the “near-horizon” value

gs of the string coupling (dilaton) in the corresponding
AdS3 × S3 × T4 type-IIA background, which is the limit of
the D2-D4 solution, are given by [here, Q5 ¼ Q4; see
Eq. (1.24) and Appendixes A and B]

IIA∶T ¼ 2πv4T2 ¼
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v4

v1v2v3u

r ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
¼ gs

2π
ffiffiffiffiffi
vu

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
; ð1:33Þ

S ¼ SM2 ¼ −2πT ¼ −
gsffiffiffiffiffi
vu

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
; ð1:34Þ

v ¼ v1v2v3; u ¼ l−1
s lPu;

vi ¼ l−1
s lPvi; l−1

s lP ¼ g1=3s ; i ¼ 1; 2; 3; ð1:35Þ

g2s ¼ g2s

ffiffiffi
u
v

r ffiffiffiffiffiffi
Q2

Q5

s
;

ffiffiffi
T

p

gs
¼ κffiffiffiffiffiffi

2π
p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

2πgsu
p ffiffiffiffiffiffi

Q5

p
: ð1:36Þ

Here, T ¼ L2
s

2πl2s
, with L2

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
being the AdS3 radius

in the type-IIA metric in Eq. (B5), and gs ¼ eϕ, with gs
being its “asymptotic” value, and we have redefined the
moduli parameters so that the corresponding T3 × S1 radii

5This condition is somewhat analogous to k > 2 in the AdS4
case in Eq. (1.19).

6As discussed in Appendix D, an extended 2D supersymmetry
is also responsible for the simplicity of the result in Eq. (1.19) in
the AdS4 case.
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in the 10D metric are “measured” in units of ls. Then,
Eq. (1.32) takes the form [cf. Eq. (1.24)]

hWi ¼
ffiffiffi
T

p

gs
e2πT½1þOðT−1

2 Þ�: ð1:37Þ

Compared to the AdS4 × S7=Zk case [Eqs. (1.12) and
(1.13)]; here, surprisingly, we do not get any leading large
tension corrections ðg2sT−1Þp at higher genus orders.7

One may speculate that further T−1
2 contributions in

Eq. (1.32) may also be absent so that the result for the
1
2
-BPS WL in the AdS3 × S3 × T4 string case may be one-
loop exact (like the central charge).
Expressed in terms of the parameters of the AdS3 ×

S3 × T4 solution in type-IIB string theory, which is the
near-horizon limit of the D1-D5 background T-dual [along
the w circle in the 10D limit of Eq. (1.25)] to the D2-D4
type-IIA solution, we get, instead of Eq. (1.36),

IIB∶T0 ¼ g0s
2π

ffiffiffiffi
v̂0

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
; v̂0 ¼vu−1; g0s¼u−1gs; ð1:38Þ

g0s ¼
g0sffiffiffiffi
v̂0

p
ffiffiffiffiffiffi
Q2

Q5

s
;

ffiffiffiffiffi
T0p

g0s
¼ 1ffiffiffiffiffiffi

2π
p

ffiffiffiffiffiffi
Q5

Q2

4

s ffiffiffiffiffiffi
Q5

p
; ð1:39Þ

where Q2 ¼ Q1 (see Appendix B), and primes are used to
indicate the type-IIB parameters. Under the T-duality,
u0 ¼ u−1 and g0−2s u0 ¼ g−2s u, where g0s is the type-IIB
asymptotic string coupling. We also defined v̂0 ¼ vu0 as
the dimensionless volume of T3 × S1.
One may also consider an analog of the AdS2 string

minimal surface in a AdS3 × S3 × T4 background sup-
ported by a “mixed” combination of RR and NSNS fluxes.
We will discuss the corresponding 11D background and
find the AdS2 × S1 M2-brane solution that generalizes the
string-theory one in Ref. [32] in Appendix E. The corre-
sponding one-loop correction turns out to have the simple
form (1.31) with a rescaled parameter κ.
There are several generalizations of the present work.

One may compute the two-loop string and also two-loop
M2-brane corrections to the WL expectation value follow-
ing the approach of Ref. [33]. It would be interesting also to
use the semiclassical M2-brane approach to find “non-
planar” corrections to anomalous dimensions of non-BPS
operators, as was done in the ABJM context in Refs. [6,8].

II. M2-M5 SOLUTION AND ITS
AdS3 × S3 × T5 LIMIT

Our starting point will be the 1
4
-supersymmetric 11D

supergravity solution representing intersecting M2 and M5
branes [22]:

ds211 ¼H−2=3
2 H−1=3

5 ðdx20 þ dx21Þ þH1=3
2 H2=3

5 ðdr2 þ r2ds2S3Þ
þH1=3

2 H−1=3
5 dy2p þH−2=3

2 H2=3
5 dw2; ð2:1Þ

F4¼dC3¼ðidH−1
2 ∧dx0∧dx1−�4dH5Þ∧dw; ð2:2Þ

H2 ¼ 1þQ2

r2
; H5 ¼ 1þQ5

r2
;

Q2 ¼ l2
Pv̂

−1Q2; Q5 ¼ l2
Pu

−1Q5: ð2:3Þ

We consider the Euclidean signature of the metric (see
Appendix A) and assume that the four “noncommon” yp
(p ¼ 1, 2, 3, 4) directions of M5 and the w direction of M2
are compactified on T4 and S1, respectively—i.e.,

yp ¼ lPyp; w ¼ lPw; yp ≡ yp þ 2πvp;

w≡ wþ 2πu; v̂≡ v1v2v3v4: ð2:4Þ

Here, lP is the 11D scale, so that yp, w, vp, u, and v are
dimensionless. The charge quantization condition implies
that Q2 and Q5 are integers.
In the “near-horizon” limit—i.e., dropping 1 from H2

and H5 in Eq. (2.3)—we get the AdS3 × S3 × T5 solution8

ds211 ¼ L2ðds2AdS3 þ ds2S3Þ þ R2dy2p þ R2
wdw2;

F4 ¼ 2L2RwðivolAdS3 þ volS3Þ ∧ dw; ð2:5Þ

L2 ¼ ðQ2Q2
5Þ

1
3 ¼ l2

P

�
Q2Q2

5

u2v̂

�
1=3

;

R2 ¼ l2
PðQ2Q−1

5 Þ1=3 ¼ l2
P

�
Q2u
Q5v̂

�
1=3

;

R2
w ¼ l6

PR
−4: ð2:6Þ

The (Euclidean) AdS3 metric originates from Eq. (2.1) in
Poincare coordinates and can then be transformed into global
coordinates. We may rewrite Eq. (2.5) as (i ¼ 1, 2, 3)

ds2 ¼ L2ðds2AdS3 þ ds2S3 þ dy02i þ dw02 þ κ−2dφ2Þ;
F4 ¼ 2L3ðivolAdS3 þ volS3Þ ∧ dw0; ð2:7Þ

y0i ¼ L−1Ryi; w0 ¼ L−1Rww;

φ ¼ v−14 y4 ≡ φþ 2π; κ−1 ≡ L−1Rv4; ð2:8Þ
7It is interesting to note that a similar result was found in

Ref. [10]. This work studied a 1
2
-BPS Wilson loop for a class of

N ≥ 2 3D Chern-Simons matter theories dual to AdS4 × SE7=Zk
backgrounds. In certain cases of SE7=Zk spaces, it was found that
the one-loop AdS2 × S1 M2-brane partition function is given just
by the leading string-theory one-loop contribution.

8We shall use the notations volðMÞ and volM, respectively, for
the volume and the volume form of space M.
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ds2AdS3 ¼
ð1þ 1

4
z2Þ2

ð1 − 1
4
z2Þ2 ds

2
AdS2

þ dz2

ð1 − 1
4
z2Þ2 ;

ds2S3 ¼
dqadqa

ð1þ 1
4
qaqaÞ2 ; a ¼ 1; 2; 3; ð2:9Þ

where AdS3 and S3 in Eq. (2.9) have unit radii.
The M2-M5 solution is related by dimensional reduction

(along a T4 direction y4 ¼ v4φ) to the 10D type-IIA D2-D4
solution.9 It is, in turn, T-dual (along w) to the type-IIB
D1-D5 solution having the same numbers of respective
branes or integer charges and related values of moduli
parameters (see Appendix B).

III. AdS2 × S1 M2-BRANE SOLUTION

Our aim will be to compute the one-loop M2-brane
partition function expanded near the AdS2 × S1 minimal
surface. We shall assume that S1 corresponds to the
y4 ¼ v4φ direction in Eq. (2.4). If y4 is identified with
the 11th direction, then the “double-dimensional” reduction
will lead to a type-IIA string wrapped on AdS2 in
AdS3 × S3 × T3 × S1, which is the near-horizon limit of
the D2-D4 solution.
We shall consider the M2-brane solution for which two

of the world volume coordinates σ1, σ2 are identified with
the AdS2 coordinates inside AdS3 in Eq. (2.9) (with AdS2

located at z ¼ 0), and the third one σ3 ≡ σ3 þ 2π with the
angle φ in Eq. (2.7). One can check that such an M2-brane
configuration solves the equations of motion and is a 1

2
-BPS

case (see Appendix C).
The value of the classical M2-brane action in Eq. (C1)

is then

SM2 ¼ T2L3ð2πκ−1ÞvolðAdS2Þ
¼ T2ð2πv4Þð−2πÞ ¼ −

v4ffiffiffiffiffiffi
v̂u

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
; ð3:1Þ

where T2 ¼ L2RT2 is the effective dimensionless tension,
as in Eq. (1.27). Note that the potential C3 corresponding to
F4 in Eq. (2.5) does not contribute to the classical value of
the action.
We shall consider fluctuations near this AdS2 × S1

solution fixing the static gauge, as in, e.g., Ref. [4].
Representing the induced 3D world-volume metric as

hmndσmdσn¼ ĥm̂n̂dσm̂dσn̂þh33dσ3dσ3;

h33¼ κ−2; m;n¼1;2;3; m̂;n̂¼1;2; ð3:2Þ

where ĥm̂ n̂ is the unit-radius AdS2 metric and σ3 ¼ φ is
2π-periodic, we get from Eqs. (2.7) and (2.9), for the
“volume” part [cf. Eq. (C1)] of the bosonic quadratic
fluctuation Lagrangian,10

Lð2Þ
V ¼ 1

2
ð∂mz∂mzþ 2z2 þ ∂

mqa∂mqa þ ∂
my0i∂my

0
i þ ∂

mw0
∂mw0Þ: ð3:3Þ

Here, z and qa are fluctuations of the coordinates in Eq. (2.9). We thus get one massive and 3þ 3þ 1 massless 3D fields
propagating on AdS2 × S1.
The contribution of the WZ term to the fluctuation part of the M2 action [Eq. (C2)] is found by choosing the potential C3,

corresponding to F4 in Eq. (2.7) as C3 ¼ 2L3ðivolAdS3 þ volS3Þw0, so that Lð2Þ
WZ ¼ −2κw0

∂3zþ � � �. Then, the total quadratic
bosonic fluctuation action may be written as T2v4

R
d3σ

ffiffiffî
h

p
ðLð2Þ

V þ Lð2Þ
WZÞ, where

LB ¼ Lð2Þ
V þ Lð2Þ

WZ ¼ 1

2
½∂m̂z∂m̂zþ κ2ð∂3zÞ2 þ 2z2 þ ∂

m̂w0
∂m̂w0 þ κ2ð∂3w0Þ2 − 4κw0

∂3z

þ ∂
m̂qa∂m̂qa þ κ2ð∂3qaÞ2 þ ∂

m̂y0i∂m̂y
0
i þ κ2ð∂3y0iÞ2�: ð3:4Þ

To diagonalize the ðz; w0Þ part of the action, we may expand the 3D fluctuation fields in Fourier modes in σ3, thus replacing
∂3 → in, n ¼ 0;�1;…. Then, the ðzn; w0

nÞ kinetic operator becomes

 
−∇2 þ 2þ κ2n2 iκn

−iκn −∇2 þ κ2n2

!
→

 
−∇2 þM2

n;þ 0

0 −∇2 þM2
n;−

!
; ð3:5Þ

M2
n;� ¼ 1þ κ2n2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ2n2

p
; n∈Z; ð3:6Þ

9Reduction along the w direction leads to the NS1-NS5 solution.
10We scale out the overall factor of T2 in the quadratic action.
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where ∇2 is the AdS2 Laplacian. As a result, the bosonic part of the one-loop M2-brane partition function is represented by
the contributions of eight towers of bosonic modes in AdS2:

Ẑ1B ¼
Y

n¼0;�1;…

½detð−∇2 þM2
n;þÞ�12½detð−∇2 þM2

n;−Þ�−1
2½detð−∇2 þ κ2n2Þ�−3: ð3:7Þ

The n ¼ 0 contribution here is the same as the 10D string contribution in Eq. (1.4) with p ¼ 3.
The quadratic fermionic part of the M2-brane action in Eq. (C3) may be written as11

Sð2ÞF ¼ iT2

Z
d3σ

ffiffiffi
h

p
θ̄Γmð1 − ΓϰÞD̂mθ; ð3:8Þ

Γϰ ¼ 1

3!
ffiffiffi
h

p ϵmnpΓmnp; Γm ¼ hmn
∂nXNΓN; D̂m ¼ ∂mXMD̂M: ð3:9Þ

The explicit form of the spinor derivatives is given in Appendix C. Using underlined indices for tangent-space components
of Dirac matrices ΓA and labeling φ in Eq. (2.7) as the ninth direction, we observe that Γκ ¼ Γ019; ½Γϰ; D̂m� ¼ 0, so that the
Lagrangian in Eq. (3.8) can be written as θ̄Γmð1 − ΓϰÞD̂mθ ¼ θ̄ΓmD̂m½ð1 − ΓϰÞθ�. We fix the ϰ-symmetry gauge by the
condition 1

2
ð1 − ΓϰÞθ ¼ θ. Then,

Sð2ÞF ¼ 2iT2

Z
d3σ

ffiffiffi
h

p
θ̄ ΓmD̂mθ ∼

Z
d3σ

ffiffiffî
h

p
½θ̄ Γm∇mθ −

1

2
θ̄ Γ34510ð1 − iΓ012345Þθ�; ð3:10Þ

where Γm∇m ¼ Γm̂∇m̂ þ Γ3
∂3 corresponds to the Dirac operator for the AdS2 × S1 metric in Eq. (3.2). As in the AdS4 ×

S7=Zk case [23], expanding in Fourier modes in σ3 the resulting fermionic Lagrangian may be written in terms of towers of
complex 2D fermions ψ r

n; χrn (r ¼ 1, 2) propagating on AdS2:

Lð2Þ
F ¼

X
n¼0;�1;…

�
ψ̄ r
−nρ

m̂∇m̂ψ
r
n þ χ̄r−nρ

m̂∇m̂χ
r
n þ

1

2
μ−ψ̄

r
−nρ2ψ

r
n þ

1

2
μþχ̄r−nρ2χrn −

1

2
ψ̄ r
−nχ

r
n −

1

2
χ̄r−nψ

r
n

�
;

μ� ¼ �1 − 2κn: ð3:11Þ

Here, ρ0; ρ1 ¼ ðσ̂2; σ̂1Þ and ρ2 ¼ σ̂3 are 3D Dirac matrices (σ̂i are Pauli matrices).
Computing the fermionic determinant corresponding to Eq. (3.11), we get the following contribution to the partition

function [cf. Eqs. (3.6) and (3.7)]:

Ẑ1F ¼
Y

n¼0;�1;…

�
det

�
−∇2 þ 1

4
Rð2Þ þM2

n;þ

��
2
�
det

�
−∇2 þ 1

4
Rð2Þ þM2

n;−

��
2

; ð3:12Þ

Mn;þ ¼ 1

2
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ2n2

p
þ 1Þ; Mn;− ¼ 1

2
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ2n2

p
− 1Þ; ð3:13Þ

where −∇2 þ 1
4
Rð2Þ is the square of the Dirac operator on AdS2 (Rð2Þ ¼ −2). The n ¼ 0 contribution (with M2

0;� ¼ 1) in
Eq. (3.12) is the same as in the p ¼ 3 case of the string partition function in Eq. (1.4).
Combining Eqs. (3.7) and (3.12), we get for the one-loop M2-brane partition function

Ẑ1 ¼
Y

n¼0;�1;…

½detð−∇2 þ 1
4
Rð2Þ þM2

n;þÞ�2½detð−∇2 þ 1
4
Rð2Þ þM2

n;−Þ�2
½detð−∇2 þM2

n;þÞ�12½detð−∇2 þM2
n;−Þ�12½detð−∇2 þ κ2n2Þ�3 : ð3:14Þ

Note that due to the residual AdS2 supersymmetry that should be present in the quadratic fluctuation spectrum after fixing
the static and ϰ-symmetry gauges (cf. Refs. [4,19,23,34]), the bosonic and fermionic modes for each level n ≠ 0 should

11Here, we formally continue to the Euclidean signature so that the resulting fermionic differential operator can be defined on
Euclidean AdS2.
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form long, massive N ¼ ð4; 4Þ supermultiplets of psuð1; 1j2Þ, with the bosonic and fermionic masses of the 8þ 8 modes
related by (see Appendix D)12

m2
B∶ ΔðΔ − 1Þ ð1modeÞ; ðΔþ 1ÞΔ ð6modesÞ; ðΔþ 2ÞðΔþ 1Þ ð1modeÞ; ð3:15Þ

jmFj∶ Δð4modesÞ; Δþ 1 ð4modesÞ: ð3:16Þ

These relations are indeed satisfied for the spectrum in Eq. (3.14) for Δ equal to

Δn ¼
1

2
ðmn − 1Þ; mn ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ2n2

p
: ð3:17Þ

The bosonic modes have 1D scaling dimensions 1 × Δn, 6 × ðΔn þ 1Þ, 1 × ðΔn þ 2Þ. The condition Δn ≥ 1
2
, which

corresponds to the choice of the Δ ¼ Δþ ¼ 1
2
ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

B

p
Þ branch above the BF threshold (i.e., the Dirichlet boundary

conditions as appropriate for the 2D fluctuation fields) is satisfied, provided mn ≥ 2. This applies for all n2 > 0 if κ2 ≥ 3
4
.

A check of consistency of the above spectrum with the AdS2 supersymmetry is the vanishing of the total AdS2 vacuum
energy [4,19]. Using the fact that EB ¼ − 1

4
ðm2

B þ 1
6
Þ, EF ¼ 1

4
ðm2

F − 1
12
Þ, we get for the spectrum in Eq. (3.14) (for each value

of n ¼ 0;�1;…)

EðnÞ
tot ¼ −

1

4

�
M2

n;þ þM2
n;− þ 6κ2n2 − 4M2

n;þ − 4M2
n;− þ 8 ×

�
1

6
þ 1

12

��
¼ 0: ð3:18Þ

IV. ONE-LOOP CORRECTION TO M2-BRANE PARTITION FUNCTION

Starting with Ẑ1 in Eq. (3.14), we find [cf. Eqs. (1.5) and (1.18)]

Γ̂1 ¼ −
1

2
log Ẑ1 ¼ Γ̂1∞ þ Γ̄1; ð4:1Þ

Γ̂1∞ ¼ −
X∞
n¼−∞

BðnÞ
2 logΛ; BðnÞ

2 ¼ 1

4π

Z
d2σ

ffiffiffî
h

p
bðnÞ2 ; ð4:2Þ

where the Seeley coefficient b2 for a 2D operator −∇2 þ X is given by b2 ¼ trð1
6
Rð2Þ − XÞ. Using volðAdS2Þ ¼ −2π and

Rð2Þ ¼ −2, we then get from Eq. (3.14) [cf. Eq. (3.18)]

bðnÞ2;tot ¼ −
�
M2

n;þ þM2
n;− þ 6κ2n2 − 4M2

n;þ − 4M2
n;− − 8 ×

1

4
Rð2Þ

�
¼ −2; BðnÞ

2;tot ¼ 1: ð4:3Þ

Thus, for each n, the contribution of the bosonic and fermionic modes to the logarithmic divergence has the same universal
value as in the string (n ¼ 0) case [20], and as in the M2 brane in the AdS4 × S7=Zk case [4]. Summing over n, we then get,
as in Ref. [4], that B2;tot ¼ ζtotð0Þ ¼ 0—i.e.,13

Γ̂1∞ ¼ − logΛ
X∞
n¼−∞

1 ¼ − logΛ½1þ 2ζRð0Þ� ¼ 0: ð4:4Þ

Using, as in Refs. [19,20,35], the AdS2 spectral zeta-function regularization to compute finite parts of log determinants of
differential operators in Eq. (3.14), we get

12Note that for bosons and fermions belonging to N ¼ ð1; 1ÞAdS2 supermultiplets, one has m2
B ¼ ΔðΔ − 1Þ, mF ¼ Δ, so that

m2
B ¼ m2

F −mF.
13The use of Riemann zeta-function regularization is consistent with the expected absence of one-loop logarithmic divergences in a

3D theory and is part of the definition of the M2-brane path integral (cf. standard quantum mechanics path integral).
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Γ̂1 ¼ −
1

2

X∞
n¼−∞

ζ0tot;nð0Þ; ð4:5Þ

ζ0tot;nð0Þ ¼ ζ0Bð0;M2
n;þÞ þ ζ0Bð0;M2

n;−Þ þ 6ζ0Bð0; κ2n2Þ þ 4ζ0Fð0;Mn;þÞ þ 4ζ0Fð0;Mn;−Þ; ð4:6Þ

ζ0Bð0;m2
BÞ ¼ −

1

12
ð1þ log 2Þ þ logA −

Z
m2

Bþ1
4

0

dxψ

� ffiffiffi
x

p þ 1

2

�
; ð4:7Þ

ζ0Fð0;mFÞ ¼ −
1

6
þ 2 logAþ jmFj þ

Z
m2

F

0

dxψð ffiffiffi
x

p Þ; ð4:8Þ

where A is Glaisher’s constant. The integrals of ψðxÞ ¼ d
dx logΓðxÞ can be written (after integration by parts) in terms of the

Barnes function GðxÞ (see, e.g., Ref. [36]):
Z

m2
Bþ1

4

0

dxψ

� ffiffiffi
x

p þ 1

2

�
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

B þ 1

4

r
logΓ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

B þ 1

4

r
þ 1

2

�
þ 5

12
log 2þ 1

2
log π þ 3 logA − 2ψ ð−2Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

B þ 1

4

r
þ 1

2

�
;

ð4:9Þ
Z

mF

0

dxψð ffiffiffi
x

p Þ ¼ 2jmFj logΓðjmFjÞ − 2ψ ð−2ÞðjmFjÞ; ð4:10Þ

ψ ð−2ÞðzÞ ¼
Z

z

0

dx logΓðxÞ ¼ 1

2
zð1 − zÞ þ 1

2
z logð2πÞ þ ðz − 1Þ logΓðzÞ − logGðzÞ: ð4:11Þ

Using the notationmn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ2n2

p
and considering the case ofmn > 2, which applies for all n2 > 0 if κ2 > 3

4
, we may

express all ζ0ð0Þ values in Eq. (4.6) in terms of mn as14

ζ0Bð0; κ2n2Þ ¼ −
1

12
þ 1

2
mn logð2πÞ − 2 logA −

1

4
ðm2

n − 1Þ − log
mn − 1

2
− 3 logΓ

�
mn − 1

2

�
− 2 logG

�
mn − 1

2

�
;

ζ0Bð0;M2
n;−Þ ¼ −

1

12
þ 1

2
ðmn − 2Þ logð2πÞ − 2 logA −

1

4
ðmn − 3Þðmn − 1Þ − logΓ

�
mn − 1

2

�
− 2 logG

�
mn − 1

2

�
;

ζ0Bð0;M2
n;þÞ ¼ −

1

12
þ 1

2
ðmn þ 2Þ logð2πÞ − 2 logA −

1

4
ðmn þ 3Þðmn þ 1Þ − log

mn þ 1

2
;

− 3 log
mn − 1

2
− 5 logΓ

�
mn − 1

2

�
− 2 logG

�
mn − 1

2

�
; ð4:12Þ

ζ0Fð0;Mn;−Þ ¼ −
1

6
−
mn − 1

2
logð2πÞ þ 2 logAþ 1

4
ðmn − 1Þ2 þ 2 logΓ

�
mn − 1

2

�
þ 2 logG

�
mn − 1

2

�
;

ζ0Fð0;Mn;þÞ ¼ −
1

6
−
mn þ 1

2
logð2πÞ þ 2 logAþ 1

4
ðmn þ 1Þ2 þ 2 log

mn − 1

2
þ 4 logΓ

�
mn − 1

2

�
þ 2 logG

�
mn − 1

2

�
;

where we have used Γðyþ 1Þ ¼ yΓðyÞ, Gðyþ 1Þ ¼ ΓðyÞ GðyÞ.
Substituting these expressions into Eq. (4.6), we observe some remarkable cancellations, so that the final result for κ2 > 3

4
is just

ζ0tot;n¼0ð0Þ ¼ logð2πÞ; ζ0tot;n≠0ð0Þ ¼ − log

�
1

4
ðm2

n − 1Þ
�
¼ − logðn2κ2Þ: ð4:13Þ

14In general, the ζ0ð0Þ values contain terms like logΓð1þjmn−2j
2

Þ that are sensitive to the sign of mn − 2. The n ¼ 0 case corresponding
to m0 ¼ 1 in Eq. (3.17) can also be treated separately [cf. Eq. (1.6)].
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Thus, Eq. (4.5) takes a very simple form [cf. Eq. (1.21)],

Γ̂1 ¼ −
1

2
logð2πÞ þ

X∞
n¼1

logðn2κ2Þ ¼ − log
κffiffiffiffiffiffi
2π

p ; ð4:14Þ

where we have again used the Riemann zeta-function regularization [cf. Eq. (1.21)]. The one-loop partition function is then
given by the same expression as in the string-theory case [cf. Eqs. (1.8) and (1.37)],

Ẑ1 ¼ e−Γ̂1 ¼ κffiffiffiffiffiffi
2π

p : ð4:15Þ

The reason for the cancellations leading to Eq. (4.13) can be traced back to the (4, 4) supersymmetry of the mass spectrum in
Eqs. (3.14)–(3.17). Indeed, considering the contribution of a single (4, 4) supermultiplet in Eqs. (3.15) and (3.16), we find
for its one-loop contribution [cf. Eq. (4.6)]15

ζ0tot;Δð0Þ ¼ ζ0Bð0;ΔðΔ − 1ÞÞ þ 6ζ0Bð0; ðΔþ 1ÞΔÞ þ ζ0Bð0; ðΔþ 2ÞðΔþ 1ÞÞ þ 4ζ0Fð0;ΔÞ þ 4ζ0Fð0;Δþ 1Þ
¼ 2þ 8Δ − 4 log 2π þ ð6Δþ 1Þ logΓðΔÞ þ ð2 − 4ΔÞ logΓðΔþ 1Þ − ð2Δþ 3Þ logΓðΔþ 2Þ
− 6ψ ð−2ÞðΔÞ þ 4ψ ð−2ÞðΔþ 1Þ þ 2ψ ð−2ÞðΔþ 2Þ ¼ − logðΔðΔþ 1ÞÞ; ð4:16Þ

where we have assumed that Δ > 1
2
. This result is equivalent to Eq. (4.13) if we set Δ equal to Δn in Eq. (3.17).16

Thus, the simplicity of the result in Eqs. (4.13) and (3.1) is due to the extended psuð1; 1j2ÞAdS2 supersymmetry of the
world-volume action. Similar observation applies (though in a more nontrivial way) to the case of an AdS2 × S1 M2 brane
in AdS4 × S7=Zk considered in Ref. [4]. As we discuss in Appendix D, the nontrivial cancellations in the one-loop effective
action in Eqs. (1.16) and (1.17) leading to Eq. (1.19) can be understood as a consequence of underlying suð1; 1j3Þ
supersymmetry.
When κ2 < 3

4
, we find that Γ̂1 in Eq. (4.5) contains a finite number of terms with jnj ¼ 1;…; n� [where n� ¼ n�ðκÞ] such

that mn < 2. Then, instead of Eq. (4.13), we get17

ζ0tot;n≤n� ð0Þ≡ ζn ¼ ð2 −mnÞ logð2πÞ − 2 log
Gð1þmn

2
Þ

Gð3−mn
2

Þ − log

�
Γ
�
3þmn

2

�
Γ
�
3 −mn

2

��
: ð4:17Þ

Then [cf. Eq. (4.14)],

Γ̂1 ¼ −
1

2
logð2πÞ −

Xn�
n¼1

�
1

2
ζn þ logðn2κ2Þ

�
þ
X∞
n¼1

logðn2κ2Þ ¼ − log
κffiffiffiffiffiffi
2π

p −
Xn�
n¼1

�
1

2
ζn þ logðn2κ2Þ

�
: ð4:18Þ

The plot of Γ̂1 in Eq. (4.18), as a function of κ in the special case of κ∈ ð
ffiffi
3

p
4
;
ffiffi
3

p
2
Þ when n� ¼ 1, is shown in Fig. 1.

We conclude that, while for large enough values of the parameter κ in Eqs. (2.8) or (1.28) (corresponding, e.g., to a small
value of v4 ¼ g2=3s —i.e., to the perturbative type-IIA string regime) the one-loop M2-brane partition function is given by

Eq. (4.15)—i.e., it does not contain subleading κ−1 corrections—for smaller values of κ <
ffiffi
3

p
2
(corresponding to a genuine

M-theory regime), it is given by Eq. (4.18). Similar results are found in the mixed flux case, as discussed in Appendix E.

15Here, we use again Eqs. (4.7)–(4.11), with ψ ð−2Þðzþ 1Þ ¼ ψ ð−2ÞðzÞ − zþ 1
2
log 2π þ z log z and Γðzþ 1Þ ¼ zΓðzÞ.

16Note that in the case of an N ¼ ð1; 1Þ multiplet of one boson and one fermion in AdS2 (cf. footnote 12), one finds
ζ0Bð0;ΔðΔ−1ÞÞ¼− 1

12
− 1

2
log2π−2logA−ð2Δ−1Þ logΓðΔÞþ2ψ ð−2ÞðΔÞ−2Δ− logΔ, ζ0Fð0;ΔÞ ¼ − 1

6
þ 2 logAþ Δþ 2Δ logΓðΔÞ−

2ψ ð−2ÞðΔÞ, so that the analog of Eq. (4.16), ζ0Bð0;ΔðΔ − 1ÞÞ þ ζ0Fð0;ΔÞ ¼ − 1
4
þ Δþ 1

2
log 2π − logΓðΔÞ − logΔ, still contains a

logΓðΔÞ term.
17This case is somewhat analogous to the special cases of k ¼ 1, 2 values in the AdS4 case [4].
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APPENDIX A: 11D SUPERGRAVITY ACTION
AND REDUCTION TO 10D

The bosonic part of the action of 11D supergravity is
given by

S11 ¼
1

2κ211

�Z
d11x

ffiffiffiffiffiffiffi
−G

p �
R −

1

2
jF4j2

�

−
1

6

Z
C3 ∧ F4 ∧ F4

�
; ðA1Þ

F4¼dC3; jF4j2¼
1

4!
FMNPQFMNPQ; 2κ211¼ð2πÞ8l9

P:

ðA2Þ

The 11D metric of M10 × S1 may be written as

ds211 ¼ e−
2
3
ϕ̃ds210 þ e

4
3
ϕ̃ðdx11 þ CμdxμÞ2;

x11 ≡ x11 þ 2πR11; ðA3Þ

where ds210 is a type-IIA string-frame metric, and
ϕ̃ ¼ ϕ − ϕ0, where ϕ0 ¼ log gs is the asymptotic (large-
distance) value of the dilaton, so that in the flat-space limit,
both ds211 and ds210 have the standard Minkowski form.

Then, the relations between R11 and the asymptotic string
coupling gs, and also the string and membrane tensions
are18

R11 ¼ gsls ¼ g2=3s lP; lP ¼ g1=3s ls;

2πR11

2κ211
¼ 1

2κ20g
2
s
; 2κ20 ≡ ð2πÞ7l8

s ; ðA4Þ

T ¼ 1

2πl2
s
; T2 ¼

1

ð2πÞ2l3
P
; T ¼ 2πR11T2: ðA5Þ

The resulting 10D type-IIA supergravity action may be
written as

S10A ¼ 1

2κ20g
2
s

Z
d10x

ffiffiffiffiffiffiffi
−G

p �
e−2ϕ̃

�
Rþ 4ð∂ϕ̃Þ2 − 1

2
jH3j2

�

−
1

2
ðjF2j þ jF4j2Þ þ � � �

�

¼ 1

2κ20

Z
d10x

ffiffiffiffiffiffiffi
−G

p �
e−2ϕ

�
Rþ 4ð∂ϕ̃Þ2 − 1

2
jH3j2

�

−
1

2
ðjF2j þ jF4j2Þ þ � � �

�
; ðA6Þ

where eϕ ¼ gseϕ̃ and Fp ¼ g−1s Fp.
In Sec. II, we consider the M2-M5 11D solution

[Eq. (2.1)] with five isometric toroidal directions. We
use the following notation for the coordinates of T5 with
a flat asymptotic metric19:

ds2
T5 ¼ dypdyp þ dw2; ðA7Þ

yp ¼ lPyp ≡ yp þ 2πlPvp;

w≡ wþ 2πlPu; p ¼ ði; 4Þ; i ¼ 1; 2; 3; ðA8Þ

yp ¼ lPyp; w ¼ lPw; yp ≡ yp þ 2πvp;

w≡ wþ 2πu; v̂≡ v1v2v3v4: ðA9Þ

In reducing to 10D, we shall identify y4 direction with x11

in Eq. (A3), so that according to Eq. (A5),

R11 ¼ lPv4; v4 ¼ g2=3s : ðA10Þ

FIG. 1. Γ̂1ðκÞ in the interval
ffiffi
3

p
4
< κ <

ffiffi
3

p
2
.

18Alternatively, one may replace ϕ̃ in Eq. (A3) with the full ϕ,
and then do constant rescaling of the 11D coordinates to put the
11D metric into the canonical flat-space form. In general, the
vacuum expectation value of the metric may be chosen as c0ηMN ,
where c0 will be related to ϕ0 if the 10D metric has canonical
form. In that case, R11 ¼ lP ¼ ls (see, e.g., Appendix A in
Ref. [37]).

19For notational simplicity, we will not distinguish between yp
and yp, etc.
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We shall also define the following dimensionless parameters:

vi ≡ l−1
s lPvi ¼ g1=3s vi; v4 ¼ l−1

s lPv4 ¼ gs; u≡ l−1
s lPu ¼ g1=3s u; ðA11Þ

v̂ ¼ v1v2v3v4 ¼ g−1=3s v; v≡ v1v2v3: ðA12Þ

APPENDIX B: D2-D4 AND D1-D5 SOLUTIONS

The dimensional reduction of the M2-M5 solution [Eqs. (2.1) and (2.2)] on the y4 direction gives the D2-D4 solution of
type-IIA supergravity action [Eq. (A6)] that can be written as (i ¼ 1, 2, 3; ls ¼

ffiffiffiffi
α0

p
) [22]

ds210A ¼ H−1=2
2 H−1=2

4

�
dx20 þ dx21

�
þH1=2

2 H1=2
4

�
dr2 þ r2ds2S3

�
þH1=2

2 H−1=2
4 dy2i þH−1=2

2 H1=2
4 dw2; ðB1Þ

F4 ¼ g−1s ðidH−1
2 ∧ dx0 ∧ dx1 − �4dH4Þ ∧ dw; e2ϕ ¼ g2sH

1=2
2 H−1=2

4 ; ðB2Þ

H2 ¼ 1þQ2

r2
; H4 ¼ 1þQ4

r2
; Q2 ¼

gsl2
sQ2

v
; Q4 ¼

gsl2
sQ4

u
; v ¼ v1v2v3: ðB3Þ

Here, Q2 and Q4 ≡Q5 are the same as in Eq. (2.3), and we follow the notation introduced in Eq. (1.35) and Eqs. (A11),
(A12)—i.e.,

yi ≡ yi þ 2πlsvi; w≡ wþ 2πlsu; vi ¼ g1=3s vi; u ¼ g1=3s u: ðB4Þ

Taking the near-horizon limit and rescaling x0 and x1, we get the AdS3 × S3 × T3 × S1 type-IIA solution20:

ds210A ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q4

p
ðds2AdS3 þ ds2S3Þ þ

ffiffiffiffiffiffi
Q2

Q4

s
dy2i þ

ffiffiffiffiffiffi
Q4

Q2

s
dw2; e2ϕ ¼ g2s ¼ g2s

ffiffiffiffiffiffi
Q2

Q4

s
; ðB5Þ

F4 ¼ 2g−1s Q4

�
i volAdS3 þ volS3

�
∧ dw: ðB6Þ

The corresponding string coupling gs and dimensionless tension T are thus as in Eqs. (1.33) and (1.36)21:

g2s ¼ g2s

ffiffiffi
u
v

r ffiffiffiffiffiffi
Q2

Q4

s
; T ¼ L2

s

2πl2
s
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q4

p
2πl2

s
¼ gs

2π
ffiffiffiffiffi
uv

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q4

p
: ðB7Þ

Similarly, the D1-D5 solution of type-IIB supergravity may be represented as

ds210B ¼ H−1=2
1 H−1=2

5 ðdx20 þ dx21Þ þH1=2
1 H1=2

5

�
dr2 þ r2ds2S3

�
þH1=2

1 H−1=2
5 dy2i þH1=2

1 H−1=2
5 dw02; ðB8Þ

F3 ¼ g0−1s ðidH−1
1 ∧ dx0 ∧ dx1 − �4dH5Þ; e2ϕ

0 ¼ g02s H1H−1
5 ; ðB9Þ

H1 ¼ 1þQ1

r2
; H5 ¼ 1þQ5

r2
; Q1 ¼

g0sl2
sQ1

v̂0
; Q5 ¼ g0sl2

sQ5; ðB10Þ

where g0s is the type-IIB asymptotic string coupling, and

yi ≡ yi þ 2πlsvi; w0 ≡ w0 þ 2πlsu0; v ¼ v1v2v3; v̂0 ¼ vu0: ðB11Þ

20Note that the volume of the 4-torus ðyi;wÞ in the near-horizon limit, given by volðT4Þ ¼ ð2πÞ4l4
s
Q2

Q4
vu ¼ ð2πÞ4l4

s
Q2

Q4
u2, does not

depend on the original 3-torus volume parameter v.
21Note that if one formally chooses Q2 ¼ Q4—i.e., v−1Q2 ¼ u−1Q4, so that gs ¼ gs—then T ¼ gsu−1Q4.
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The D2-D4 [Eq. (B1)] and D1-D5 [Eq. (B8)] solutions are related by T-duality along the w → w0 direction, with the radii
measured in units of ls being related by u0 ¼ u−1, and the dilatons (and thus also the asymptotic string couplings)
transforming as ue−2ϕ ¼ u0e−2ϕ0

(and the RR potentials related according to the standard rule; see, e.g., Ref. [38])—i.e.,

u0 ¼ u−1; v̂0 ¼ vu−1; g0s ¼ u−1gs: ðB12Þ

The harmonic functions are related by H2 ¼ H1, H4 ¼ H5.
The near-horizon limit of Eqs. (B8) and (B9) gives the AdS3 × S3 × T3 × S1 IIB solution supported by the RR flux22:

ds210B ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Q1Q5

p �
ds2AdS3 þ ds2S3

�
þ

ffiffiffiffiffiffi
Q1

Q5

s
ðdy2i þ dw02Þ; e2ϕ

0 ¼ g02s
Q1

Q5

; ðB13Þ

F3 ¼ 2g0−1s Q5

�
i volAdS3 þ volS3

�
: ðB14Þ

The corresponding string coupling g0s and dimensionless tension T0 here are as in Eqs. (1.38) and (1.39)23:

g0s ¼
g0sffiffiffiffi
v̂0

p
ffiffiffiffiffiffi
Q1

Q5

s
; T0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
Q1Q5

p
2πl2

s
¼ g0s

2π
ffiffiffiffi
v̂0

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q1Q5

p
: ðB15Þ

APPENDIX C: SUPERSYMMETRY OF AdS2 × S1 M2-BRANE SOLUTION

The bosonic and quadratic fermionic parts of the M2-brane action in the 11D supergravity background may be written as
(using Euclidean signature) [27]

SB ¼ SV þ SWZ; SV ¼ T2

Z
d3σ

ffiffiffi
h

p
; hmn ¼ ∂mXM

∂nXNGMNðXÞ; ðC1Þ

SWZ ¼ −
i
3!
T2

Z
d3σεmnpCMNPðXÞ∂mXM

∂nXN
∂pXP; ðC2Þ

SF ¼ iT2

Z
d3σ

� ffiffiffi
h

p
hmn

∂mXMθ̄ΓMD̂nθ −
i
2
ϵmnk

∂mXM
∂nXN θ̄ΓMND̂kθ

�
; ΓM ¼ EA

MΓA;

D̂m ¼ ∂mXMD̂M; D̂M ¼ DM −
1

288
ðΓPQRS

M þ 8ΓPQRδSMÞFPQRS; DM ¼ ∂M þ 1

4
ΓABω

AB
M : ðC3Þ

To preserve supersymmetry, an M2-brane solution XMðσÞ should satisfy

Γϰϵ ¼ ϵ; Γϰ ¼ i

3!
ffiffiffi
h

p εmnp
∂mXM

∂nXN
∂pXPΓMNP; ðC4Þ

where ϵ is a Killing spinor of the background,

δψM ¼ D̂Mϵ≡ ð∂M −ΩMÞϵ ¼ 0: ðC5Þ

To show that the AdS2 × S1 M2-brane solution preserves half of supersymmetry, let us first find explicitly the solution of
Eq. (C5) for the Killing spinor in the case of an AdS3 × S3 × T5 background in Eq. (2.5), with AdS3 and S3 parametrized as
[cf. Eq. (2.9)]

ds2AdS3 ¼ cosh2ζðcosh2ξdη2 þ dξ2Þ þ dζ2; ds2S3 ¼ dρ2 þ sin2ρdα2 þ cos2ρdβ2: ðC6Þ

22Like in the above D2-D4 case, the volume of the 4-torus ðyi;wÞ in the near-horizon limit takes the form volðT4Þ ¼ ð2πÞ4l4
s
Q1

Q5
v̂0 ¼

ð2πÞ4l4
s
Q1

Q5
and thus is fixed—i.e., it does not depend on the original 4-torus volume parameter v̂0 [1,2].

23If one formally setsQ1 ¼ Q5—i.e., v̂0−1Q5 ¼ Q1 and g6 ≡ 1ffiffiffi
v̂0

p g0s (as, e.g., in Ref. [14])—then g0s ¼ g0s and T0 ¼ g0sQ5 ¼ g6
ffiffiffiffiffiffiffiffiffiffiffiffi
Q1Q5

p
.
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We shall label the 11D coordinates as XM ¼ ðX0; X1;…; X10Þ ¼ ðη; ξ; ζ; ρ; α; β; y1; y2; y3; y4;wÞ. The underlined indices
will stand for tangent-space components. Then, Eq. (C5) may be written as

δψη ¼ ∂ηϵþ
1

2
sinh ξΓ01 þ 1

2
cosh ξ sinh ζΓ02ϵ −

i
6
cosh ζ cosh ξΓ1210ðΓ� − 2Þϵ ¼ 0; ðC7Þ

δψξ ¼ ∂ξϵþ
1

2
sinh ζΓ12ϵ −

i
6
cosh ζΓ0210ðΓ� − 2Þϵ ¼ 0; Γ� ≡ iΓ012345; ðC8Þ

δψζ ¼ ∂ζϵ −
i
6
Γ0110ðΓ� − 2Þϵ ¼ 0; δψρ ¼ ∂ρϵ −

1

6
Γ4510ðΓ� − 2Þϵ ¼ 0; ðC9Þ

δψα ¼ ∂αϵ −
1

2
cos ρΓ34ϵþ 1

6
sin ρΓ3510ðΓ� − 2Þϵ ¼ 0; ðC10Þ

δψβ ¼ ∂βϵþ
1

2
sin ρΓ35ϵ −

1

6
cos ρΓ3410ðΓ� − 2Þϵ ¼ 0; ðC11Þ

δψyp ¼ ∂ypϵ −
R
6L

ΓypΓ
34510ðΓ� þ 1Þϵ ¼ 0; δψw ¼ ∂wϵ −

1

6LR2
Γ345ðΓ� þ 1Þϵ ¼ 0: ðC12Þ

We shall consider the Killing spinor to be constant in the T5 directions ðyp;wÞ by choosing a projection

Γ�ϵ ¼ −ϵ; ðC13Þ

so that the equations in (C12) are satisfied. It remains to solve the six equations in (C7)–(C11). As the two components of
ΩM in Eq. (C5), given by Ωζ ¼ − i

2
Γ0110 and Ωρ ¼ − 1

2
Γ4510, are constant, we get

ϵ ¼ exp½Ωζζ� exp½Ωρρ�χ; ðC14Þ

where χ depends on the other four coordinates. The remaining equations written in terms of χ are

∂ηχ ¼ Ω̂ηχ; ∂ξχ ¼ Ω̂ξχ; ∂αχ ¼ Ω̂αχ; ∂βχ ¼ Ω̂βχ; ðC15Þ

Ω̂ξ ¼ e−ΩζζΩξðζÞeΩζζ ¼ i
2
Γ0210; Ω̂η ¼ e−Ω̂ξξe−ΩζζΩηðζÞeΩζζeΩ̂ξξ ¼ −

i
2
Γ1210; ðC16Þ

Ω̂β ¼ e−ΩρρΩβðρÞeΩρρ ¼ −
1

2
Γ3410; Ω̂α ¼ e−Ω̂ββe−ΩρρΩαðρÞeΩρρeΩ̂ββ ¼ 1

2
Γ34; ðC17Þ

and thus are solved by χ ¼ exp½Ω̂ξξ� exp½Ω̂ηη� exp½Ω̂ββ� exp½Ω̂αα�ϵ0. The final expression for the Killing spinor is then

ϵ ¼ exp½Ωζζ� exp½Ω̂ξξ� exp½Ω̂ηη� exp½Ωρρ� exp½Ω̂ββ� exp½Ω̂αα�ϵ0; Γ�ϵ0 ¼ −ϵ0; ðC18Þ

where we have imposed the projection on ϵ0 to satisfy the condition (C13). This demonstrates that the AdS3 × S3 × T5

background has 16 superisometries parametrized by ϵ0—i.e., it preserves 16 supercharges.
The AdS2 × S1 M2-brane solution corresponds to η and ξ in Eq. (C6), identified with σ1 and σ2 in world-volume

coordinates; φ in Eq. (2.7), with σ3; and

ζ ¼ 0; ρ ¼ 0; β ¼ 0; α ¼ α0: ðC19Þ

The condition (C4) that it must preserve supersymmetry may then be written as

Γϰϵ ¼ iΓ019ϵ ¼ ϵ: ðC20Þ

WILSON LOOP IN ADS3 × S3 × T4 FROM… PHYS. REV. D 113, 126006 (2026)

126006-15



Using Eq. (C18), one can check that Eq. (C20) is satisfied,
provided ϵ0 is subject to the same projection [Eq. (C20)],
and also the one in Eq. (C18)—i.e.,

Γϰϵ0 ¼ ϵ0; Γ�ϵ0 ¼ −ϵ0; ½Γϰ;Γ�� ¼ 0: ðC21Þ

As a result, ϵ0 has eight independent components—i.e., the
AdS2 × S1 M2-brane solution preserves half of the super-
symmetry of the AdS3 × S3 × T5 background.

APPENDIX D: AdS2 SUPERSYMMETRY AND
MASS SPECTRUM

The AdS3 × S3 × T5 solution of 11D supergravity pre-
serves 16 real supercharges, corresponding to N ¼ ð4; 4Þ
supersymmetry from the dual 2D CFT point of view (see,
e.g., Ref. [39]). The bosonic isometry group has the algebra
soð2; 2Þ ⊕ soð4Þ ⊕ uð1Þ5. Ignoring the last torus sym-
metry factor, this background has global superisometry
algebra24 psuð1; 1j2ÞL × psuð1; 1j2ÞR.
The presence of an AdS2 × S1 M2-brane defect breaks it

to psuð1; 1j2Þ × suð2ÞA (see, e.g., Ref. [21]). The bosonic
part of psuð1; 1j2Þ is slð2; RÞ × suð2ÞR, where slð2; RÞ is
the global 1D conformal algebra (with generators D, P, K)
corresponding to AdS2, and suð2ÞR is the R-symmetry
(with generators Ra

b, where a; b ¼ 1, 2). suð2ÞA acts as an
automorphism with generators Aȧ

ḃ
. Omitting the commu-

tators involving Ra
b and Aȧ

ḃ
, we have

½D;P� ¼ P; ½D;K� ¼ −K; ½P;K� ¼ −2D;

½D;Qaȧ� ¼
1

2
Qaȧ; ½D; Saȧ� ¼ −

1

2
Saȧ; ðD1Þ

½P; Saȧ� ¼ −Qaȧ; ½K;Qaȧ� ¼ Saȧ;

fQaȧ; Qbḃg ¼ −ϵabϵȧ ḃP; ðD2Þ

fQaȧ; Sbḃg ¼ −ϵabϵȧ ḃD − ϵȧ ḃRab;

fSaȧ; Sbḃg ¼ −ϵabϵȧ ḃK: ðD3Þ

The four 2D spinor generatorsQaȧ transform as (2; 2) under
SUð2ÞR × SUð2ÞA. The states in supermultiplets can be
labeled by their 1D scaling dimension Δ—i.e.,
DjΔi ¼ ΔjΔi—as well as quantum numbers correspond-
ing to Ra

b and Aȧ
ḃ
that we shall omit (see, e.g., Ref. [39]).

The long N ¼ ð4; 4Þ supermultiplet of psuð1; 1j2Þ is
obtained by acting on a given state jΔi with Qaȧ:

1 × jΔi; 4 × jΔþ 1

2
i; 6 × jΔþ 1i;

4 × jΔþ 3

2
i; 1 × jΔþ 2i: ðD4Þ

The corresponding masses of scalars and fermions propa-
gating in AdS2 are related to the values of Δ as
m2

B ¼ ΔðΔ − 1Þ; jmFj ¼ Δ − 1
2
—i.e.,

scalar∶Δ ¼ 1

2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

B

q �
;

spinor∶ Δ ¼ 1

2
ð1þ 2jmFjÞ: ðD5Þ

The resulting spectrum of 8þ 8 fields in AdS2 is then

scalars m2
B∶ ΔðΔ − 1Þ ð1 stateÞ; ðΔþ 1ÞΔð6 statesÞ;

ðΔþ 1ÞðΔþ 2Þð1 stateÞ; ðD6Þ

spinors jmFj∶ Δð4 statesÞ; Δþ 1ð4 statesÞ: ðD7Þ

This agrees with the quadratic fluctuation spectrum of the
M2 brane represented in terms of the S1 Fourier modes
propagating on AdS2 if [see Eq. (3.14)]

Δn¼
1

2
ðmn−1Þ; mn¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4κ2n2

p
; n≠0: ðD8Þ

Note that the n ¼ 0 fluctuations fit into short multiplets
corresponding to the displacement and tilt multiplets from
the boundary-theory point of view.
Let us now comment on the supermultiplet structure of

quadratic fluctuations in the case of an AdS2 × S1 M2
brane in AdS4 × S7=Zk, considered in Refs. [4,23].
Here, for k > 2, the relevant supersymmetry algebra is
expected to be suð1; 1j3Þ [with the bosonic part
suð1; 1Þ ⊕ suð3Þ ⊕ uð1Þ], which is the subalgebra of
the ospð6j4Þ symmetry of AdS4 × CP3 that is preserved
by a 1D defect (see, e.g., Refs. [40,41]). There is also an
extra uð1Þb symmetry associated with S1 of the AdS2 × S1

M2 brane in AdS4 × S7=Zk, corresponding to the KK
charge25 n.
The spectrum of towers of quadratic fluctuations in AdS2

that leads to the one-loop partition function in Eqs. (1.16)
and (1.17) here is given by the following (jknj > 2, n∈Z):
(i) Complex scalars ηn (two real for each n), with m2 ¼
1
4
ðkn − 2Þðkn − 4Þ; three sets of complex scalars ζan (a ¼ 1,

2, 3) with m2 ¼ 1
4
knðknþ 2Þ. (ii) 8 two-component spinor

fields ϑAn , with m ¼ 1
2
kn� 1 ð3þ 3modesÞ and m ¼ 1

2
kn

24This is the global part of the “small” N ¼ ð4; 4Þ super-
conformal symmetry in two dimensions.

25For k ¼ 1, 2, the symmetry of the background enhances from
ospð6j4Þ to ospð8j4Þ, and the maximal 1D 1

2
-BPS subalgebra

preserved by the defect is suð1; 1j4Þ ⊕ uð1Þb.
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(2 modes). These can be organized into N ¼ 1 multiplets
with m2

B ¼ mFðmF − 1Þ [4].
The n ¼ 0 modes correspond to the short multiplet of

suð1; 1j3Þ, while the n ≠ 0 modes are a priori expected to
belong to long multiplets. The long multiplet of suð1; 1j3Þ
contains 32þ 32 states obtained by acting with all six
supercharges (Qa and Q̄a, a ¼ 1, 2, 3).26 To exhibit the
extended supersymmetry structure of the massive fluc-
tuation mode spectrum, we may organize them for each n
into “chiral” sectors ðζan; ηnÞ and ðζ̄an; η̄nÞ, combined with
the corresponding fermions. These will form conjugate
“shortened” supermultiplets corresponding to the actions of
Qa and Q̄a, respectively—i.e., obtained by imposing
Q̄ajΔi ¼ 0 or QajΔi ¼ 0. The shortening condition [see
Eqs. (C.26) and (C.30) in Ref. [40] ] is Δ ¼ ∓ 1

3
j0; j1 ¼

j2 ¼ 0 [where j0, j1, j2 are Dynkin labels of Cartan
generators of uð1Þ and suð3Þ].
The shortened multiplet contains 4þ 4 states: 1 × jΔi;

3 × jΔþ 1
2
i; 3 × jΔþ 1i; 1 × jΔþ 3

2
i. If the lowest Δ state

is bosonic (so we have 1B → 3F → 3̄B → 1F), then the
corresponding masses are m2

B∶ 1×ΔðΔ−1Þ;3×ðΔþ1ÞΔ
and mF∶ 3 × Δ; 1 × ðΔþ 1Þ. The above quadratic fluc-
tuation spectrum at given n can be organized into the sum
of two such shortened multiplets (corresponding to Qa and
Q̄a and related by the conjugation n → −n), with the lowest
Δ > 1

2
given by Δ1;n or Δ2;n [cf. Eq. (D8)]:

Δ1;n¼
1

2
ðknþ1Þ; Δ2;n¼

1

2
ðkn−2Þ; kn≥3: ðD9Þ

Computing the value of the one-loop contribution
corresponding to the above shortened multiplet using
Eqs. (4.5)–(4.12), one finds, as in Eq. (4.16), that all
transcendental parts cancel out, and one gets simply
ζ0tot;Δð0Þ ¼ − logΔ (if jΔi is a bosonic state), and
ζ0tot;Δð0Þ ¼ − logðΔþ 1

2
Þ (if jΔi is a fermionic state).

Considering the contribution to the effective action in
Eq. (4.5) from all the states at levels n and −n (that form
two multiplets with Δ1;n and two multiplets with Δ2;n) and
using Eq. (D9), we get (k > 2)

ζ0tot;n þ ζ0tot;−n ¼ −2 log
�
Δ1;n þ

1

2

�
− 2 logΔ2;n

¼ −2 log
�
1

4
ðn2k2 − 4Þ

�
; ðD10Þ

in agreement with Eq. (1.19). We conclude that, like in the
AdS3 × S3 case discussed in Sec. IV here, the nontrivial

cancellations in the one-loop effective action in Eqs. (1.16)
and (1.17) leading to Eq. (1.19) can be understood as a
consequence of the corresponding extended AdS2
supersymmetry.

APPENDIX E: MIXED FLUX CASE

The D1-D5 solution is related by S-duality to the
NS1-NS5 one, and more generally to the ðp; qÞ family
of 1

4
-supersymmetric type-IIB solutions supported by a

combination of RR and NSNS fluxes. This background is
T-dual to a generalization of the type-IIA D2-D4 solution
supported by a combination of fluxes.
From the 11D point of view, the S-duality of type-IIB

theory on S1 is a modular transformation on a 2-torus
[38,42,43]. Indeed, as we shall discuss below, the ðp; qÞ
generalization of the D2-D4 solution can be obtained
from the M2-M5 solution in Eqs. (2.1)–(2.3) upon
dimensional reduction along the 11th direction, which is
a linear combination of the isometric circular directions y4
and w [44,45].
The near-horizon limit of the above type-IIB solution is

AdS3 × S3 × T4, supported by mixed 3-form flux; its type-
IIA T-dual is supported by F4 and H3 flux; and their 11D
counterpart is the same AdS3 × S3 × T5 metric, supported
by F4, as in Eqs. (2.5) and (2.7), but with the S1 direction w
replaced by its linear combination with y4. It is then
straightforward to find the corresponding generalization
of the AdS2 × S1 M2-brane solution discussed in Sec. III.
Its þIIA string counterpart will be the AdS2 minimal
surface, representing WL in the “mixed flux” background.

1. ðD1-D5Þp;q background and its type-IIA counterpart

Let us start with the (p; q) family of solutions that
includes the NS1-NS5 [46] and D1-D5 [47] solutions of
type-IIB supergravity—i.e., which is a generalization of
Eqs. (B8)–(B10). It is obtained by applying a special
SOð2Þ ⊂ SLð2;RÞ transformation [42], which is a sym-
metry of the type-IIB equations of motion27:

F3→cosγF3−sinγH3; H3→cosγH3þsinγF3; F3¼g0sF3;

ðE1Þ

τ≡ Cþ ie−ϕ̃
0
→

cos γτ − sin γ
sin γτ þ cos γ

¼ pτ − g0−1s q
g0−1s qτ þ p

;

cos γ ≡ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g0−2s q2

p ; p; q∈Z: ðE2Þ

26The full long multiplet is given by ½Δ;1�B⊕ ½Δþ 1
2
;3⊕ 3̄�F⊕

½Δþ1;8⊕1⊕3⊕ 3̄�B⊕ ½Δþ 3
2
;2×1⊕3⊕ 3̄⊕6⊕ 6̄�F⊕ ½Δþ2;

8⊕1⊕3⊕ 3̄�B⊕ ½Δþ 5
2
;3⊕ 3̄�F⊕ ½Δþ3;1�B. To get the full

long multiplet, one would need to combine states from different
n-levels, as at each level, we have only 8þ 8 states.

27The type-IIB action which is the analog of Eq. (A6) has the
structure (the prime on gs and ϕ̃ is used to indicate type-IIB
quantities): S10B¼ 1

2κ2
0
g02s

R
d10x

ffiffiffiffiffiffiffi
−G

p ½e−2ϕ̃0 ðRþ4ð∂ϕ̃0Þ2−1
2
jH3j2Þ−

1
2
jF3−CH3j2þ����, where F3 ¼ g0sF3.
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Here, we follow the same notation as in Eqs. (B8)–(B10): g0s is the asymptotic coupling of the type-IIB string (which is
not transformed, as we are looking for a more general solution in the same theory), and ϕ̃0 is the “nonconstant” part of the
type-IIB dilaton—i.e., eϕ

0 ¼ g0seϕ̃
0
. The resulting generalization of the D1-D5 solution is then28

ds210B ¼ H1=2
15 ½H−1

1 H−1=2
5 ðdx20 þ dx21Þ þH1=2

5 ðdr2 þ r2ds2S3Þ þH−1=2
5 ðdy2i þ dw02Þ�; ðE3Þ

F3 ¼ cos γg0s−1ðidH−1
1 ∧ dx0 ∧ dx1 − �4dH5Þ; H3 ¼ sin γðidH−1

1 ∧ dx0 ∧ dx1 − �4dH5Þ; ðE4Þ

C ¼ cos γ sin γðH5 −H1ÞH−1
15 ; e2ϕ

0 ¼ g02s H2
15H

−1
1 H−1

5 ; ðE5Þ

H1;5 ¼ 1þ Q̄1;5

r2
; Q̄1;5 ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g0−2s q2

q
Q1;5; H15 ≡ cos2γH1 þ sin2γH5; ðE6Þ

where Q1 ¼ g0sl2
s v̂0−1Q1 and Q5 ¼ g0sl2

sQ5 are the same as in Eq. (B10).
In general, this background describes a system with four sets of integer charges:

Q1RR ¼ pQ1; Q1NS ¼ qQ1; Q5RR ¼ pQ5; Q5NS ¼ qQ5: ðE7Þ

The original D1-D5 solution corresponds to the special case of p ¼ 1, q ¼ 0 (γ ¼ 0), while the NS1-NS5 one corresponds
to p ¼ 0, q ¼ 1 (γ ¼ π

2
) (in the latter case, Q̄1 ¼ l2

s v̂0−1Q1, Q̄5 ¼ l2
sQ5).

The near-horizon limit of this solution is represented by the AdS3 × S3 × T4 case supported by a mixed 3-form flux (with
the RR scalar C and dilaton being constant)29:

ds210B ¼ L̃2
s ½ds2AdS3 þ ds2S3 þ Q̄5

−1ðdy2i þ dw02Þ�; ðE8Þ

L̃2
s ¼ ðcos2γQ̄1 þ sin2γQ̄5Þ1=2Q̄1=2

5 ¼ ðp2Q1Q5 þ g0s−2q2Q2
5Þ1=2 ¼ ðp2v̂0−1g2sQ1Q5 þ q2Q2

5Þ1=2l2
s ; ðE9Þ

F3 ¼ 2 cos γg0s−1Q̄5ðivolAdS3 þ volS3Þ ¼ 2pQ5ðivolAdS3 þ volS3Þl2
s ; ðE10Þ

H3 ¼ 2 sin γQ̄5ðivolAdS3 þ volS3Þ ¼ 2qQ5ðivolAdS3 þ volS3Þl2
s ; ðE11Þ

C ¼ cos γ sin γðQ5 −Q1Þ
cos2γQ1 þ sin2γQ5

; e2ϕ
0 ¼ g02s

ðcos2γQ1 þ sin2γQ5Þ2
Q1Q5

: ðE12Þ

This reduces to Eq. (B13) when p ¼ 1; q ¼ 0 (cos γ ¼ 1), and thus Q̄1;5 ¼ Q1;5.
Applying the same T-duality transformation along the w direction that related type-IIA [Eqs. (B1)–(B3)] and type-IIB

[Eqs. (B8)–(B10)] solutions, we find for the type-IIA counterpart of Eq. (E3)–(E6)

ds210A ¼ H1=2
24 ½H−1

2 H−1=2
4 ðdx20 þ dx21Þ þH1=2

4 ðdr2 þ r2ds2S3Þ þH−1=2
4 dy2i � þH−1=2

24 H1=2
4 dw2; ðE13Þ

F4 ¼ cos γg−1s ðidH−1
2 ∧ dx0 ∧ dx1 − �4dH4Þ ∧ dw; H3 ¼ sin γðidH−1

2 ∧ dx0 ∧ dx1 − �4dH4Þ; ðE14Þ

Cw ¼ cos γ sin γðH4 −H2ÞH−1
24 ; e2ϕ ¼ g2sH−1

2 H−1=2
4 H3=2

24 ; ðE15Þ

H2;4 ≡H1;5 ¼ 1þ Q̄2;4

r2
; Q̄2;4 ≡ Q̄1;5; H24 ≡H15; ðE16Þ

28It is equivalent to the solution in Eq. (2.15) of Ref. [44], where g0s was set to 1. As in Eq. (B8) here, the metric in Eq. (E3) is the
string-frame one.

29We again rescale x0 and x1, as in AdS3 in Eq. (B13).
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where Cw is the w component of the RR vector potential. This background interpolates between the D2-D4 solution
(p ¼ 1; q ¼ 0) and the type-IIA NS1-NS5 solution (p ¼ 0; q ¼ 1). Its near-horizon limit is T-dual to Eqs. (E8)–(E12):

ds210A ¼ L̃2
s ½ds2AdS3 þ ds2S3 þ Q̄−1

4 dy2i � þ L̃−2
s Q̄4dw2; L̃2

s ¼ ðcos2γQ̄2 þ sin2γQ̄4Þ1=2Q̄1=2
4 ; ðE17Þ

F4 ¼ 2 cos γg−1s Q̄4ðivolAdS3 þ volS3Þ ∧ dw; H3 ¼ 2 sin γQ̄4ðivolAdS3 þ volS3Þ; ðE18Þ

Cw ¼ cos γ sin γðQ4 −Q2Þ
cos2γQ2 þ sin2γQ4

; e2ϕ ¼ g2s
ðcos2γQ2 þ sin2γQ4Þ3=2

Q2Q
1=2
4

: ðE19Þ

2. Rotated M2-M5 background

Let us now discuss how the 11D uplift of the type-IIA solution [Eqs. (E17)–(E19)] is related to the original M2-M5
solution [Eqs. (2.1)–(2.4)]. There, we had [for notation, see also Refs. (A7)–(A12)]

yp ¼ ðyi; y4Þ; y4 ≡ y4 þ 2πlsv4; w≡ wþ 2πlsu; v4 ¼ l−1
s lPv4 ¼ gs; g0s ¼ u−1gs ¼ u−1v4; ðE20Þ

where y4 plays the role of x11 in the reduction to Eqs. (B1)–(B3), and g0s is the “T-dual” type-IIB coupling. Let us perform
the following rotation on these 2-torus coordinates with radii v4 and u:

y4 ¼ cos γỹ4 − sin γw̃; w ¼ sin γỹ4 þ cos γw̃; cos γ ¼ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ u2

v2
4

q2
q ; p; q∈Z: ðE21Þ

This effectively aligns the new 11th direction ỹ4 with the ðp; qÞ cycle of the 2-torus. It will then have the period 2πṽ4, where
ṽ4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2v24 þ q2u2

p
[cf. Eq. (A5)], so that

R11 ¼ ṽ4ls; ṽ4 ¼ g̃s ¼ gs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ u2

v24
q2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2v24 þ q2u2

q
; lP ¼ g̃1=3s ls: ðE22Þ

Note that lP is now related to g̃s, while ls is unchanged [cf. Eq. (A5)]. The M2-M5 solution [Eqs. (2.1)–(2.3)] written in
terms of the transformed coordinates in Eq. (E21) takes the following form:

ds211 ¼ H−2=3
2 H−1=3

5 ðdx20 þ dx21Þ þH1=3
2 H2=3

5 ðdr2 þ r2ds2S3Þ þH1=3
2 H−1=3

5 dy2i þH1=3
2 H2=3

5 H−1
25 dw̃

2

þH−2=3
2 H−1=3

5 H25½dỹ4 þ cos γ sin γðH5 −H2ÞH−1
25 dw̃�2; ðE23Þ

F4 ¼ dC3 ¼ ðidH−1
2 ∧ dx0 ∧ dx1 − �4dH5Þ ∧ ðcos γdw̃þ sin γdỹ4Þ; ðE24Þ

H2 ¼ 1þQ2

r2
; H5 ¼ 1þQ5

r2
; H25 ≡ cos2 γH2 þ sin2 γH5: ðE25Þ

Here, Q2 and Q5 are defined as in the original solution in Eqs. (1.22), (1.23), (2.3), and (2.4), but with lP now related to
rescaled type-IIA string coupling as in Eq. (E22), so that [cf. Eq. (A12)]

Q2 ¼ l2
Pv̂

−1Q2 ¼ l3
Pl

−1
s v−1Q2 → g̃sl2

sv−1Q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2v24 þ q2u2

q
l2
sv−1Q2; ðE26Þ

Q5 ¼ l2
Pu

−1Q5 ¼ l3
Pl

−1
s u−1Q5 → g̃sl2

su−1Q5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2v24 þ q2u2

q
l2
su−1Q5: ðE27Þ

Since g0s ¼ u−1v4 ¼ u−1gs, these coefficients are thus the same as Q̄1 and Q̄5 in Eq. (E6) or Q̄2 and Q̄4 in Eq. (E16). One
can then check that Eqs. (E23)–(E25), reduced to 10D along x11 ¼ ỹ4 according to Eq. (A3), gives precisely the type-IIA
background in Eqs. (E13)–(E16).
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The near-horizon limit of Eqs. (E23)–(E25) can be equivalently obtained directly from Eqs. (2.5) and (2.6) by performing
the rotation (E21) there. The result can be written as

ds211 ¼ ðQ2Q2
5Þ1=3ðds2AdS3 þ ds2S3Þ þ ðQ2Q−1

5 Þ1=3dy2i þ ðQ2Q−1
5 Þ1=3ðcos2 γ þ sin2 γQ−1

2 Q5Þdỹ24
þ ðQ2Q−1

5 Þ−2=3ðcos2 γ þ sin2 γQ2Q−1
5 Þdw̃2 þ 2ðQ2

2Q5Þ−1=3 cos γ sin γðQ5 −Q2Þdw̃dỹ4; ðE28Þ

F4 ¼ dC3 ¼ 2Q5ði volAdS3 þ volS3Þ ∧ ðcos γdw̃þ sin γdỹ4Þ: ðE29Þ

Dimensional reduction along the x11 ¼ ỹ4 direction then gives the mixed IIA background in Eqs. (E17)–(E19).

3. AdS2 × S1 M2 brane solution
and one-loop partition function

Let us now consider a generalization of the M2-brane
solution discussed in Sec. III to the case of γ ≠ 0. We shall
assume that the M2 brane is stretched along a 2-surface in
AdS3 (ending on a circle at the boundary) and is wrapping
the 11th dimension ỹ4, so that double dimensional reduc-
tion will give a string solution in the mixed-flux type-IIA
background [Eqs. (E17)–(E19)].
We shall parametrize AdS3 as in Eqs. (2.9) and (C6)—

i.e.,

ds2AdS3 ¼ cosh2ζds2AdS2 þ dζ2; z ¼ 2 tanh
ζ

2
: ðE30Þ

We shall choose the first two of the M2-brane world-
volume coordinates σ1, σ2 to be identified again with the
AdS2 coordinates and assume that ỹ4 ≡ ỹ4 þ 2πṽ4ls is
proportional to σ3 ≡ σ3 þ 2π. We then set

ζ¼ ζðσ1;σ2Þ; ỹ4¼ ṽ4lsσ3; w̃¼0; yi¼0; ðE31Þ

and also assume that S3 coordinates are trivial (i.e., the
brane is localized at a point in S3). Equivalently, one may
start with the original “unrotated” background in Eq. (2.5)
and consider the more general M2-brane solution with
y4 ¼ lsṽ4 cos γσ3, w ¼ lsṽ4 sin γσ3, corresponding to
ỹ4 ¼ ṽ4lsσ3, w̃ ¼ 0.
It is straightforward to check that all the M2-brane

equations of motion following from the action in Eqs. (C1)
and (C2) in the background [Eqs. (E28) and (E29)]—i.e.,
1ffiffi
h

p ∂mðhmn
∂nXÞ ∼ F4∂X∂X∂X—are indeed satisfied by the

ansatz (E31) with the remaining differential equation for ζ,
also solved by a constant ζ:

ζ¼ ζ0; tanhζ0¼−
sinγðQ−1

2 Q5Þ1=2
ðcos2γþsin2γQ−1

2 Q5Þ1=2
; ðE32Þ

cosh2ζ0 ¼ Λ; Λ≡ 1þ tan2γQ−1
2 Q5: ðE33Þ

For q ¼ 0 or γ ¼ 0 (pure RR case), this reduces to the
solution with ζ ¼ 0 discussed in Sec. III. In the opposite

pure NSNS case p ¼ 0, γ ¼ π
2
, the solution becomes

singular (ζ0 → ∞).
The corresponding induced metric is again AdS2 × S1,

but with rescaled radii [cf. Eqs. (1.36), (2.5), (2.6), (2.8),
and (3.2)]:

ðds2ÞM2 ¼ ΛðL2ds2AdS2 þ R̃2ṽ24dσ
2
3Þ

¼ ΛL2ðds2AdS2 þ κ̃−2dσ23Þ; ðE34Þ

L2 ¼ ðQ2Q2
5Þ1=3; R̃2 ¼ cos2γR2;

R2 ¼ l2
PðQ2Q−1

5 Þ1=3; ðE35Þ

κ̃−1 ¼ L−1R̃ṽ4 ¼ cos γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ q2v−24 u2

q
κ−1 ¼ pκ−1;

κ−1 ¼ L−1Rv4 ¼ g2=3s u1=2Q−1=2
5 ; ðE36Þ

tan2γ ¼ v−24 u2p−2q2; ṽ4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2v24 þ q2u2

q
: ðE37Þ

Here, ds2AdS2ðσ1; σ2Þ is the unit-radius AdS2 metric. To
compute the value of the classical M2-brane action in
Eqs. (C1) and (C2) on the solution in Eqs. (E31) and (E32),
we shall assume that the gauge for the field C3 is chosen so
that it vanishes30 for constant ζ. Then, the action is given
just by the volume part in Eq. (C1), generalizing the γ ¼ 0
expression in Eq. (3.1):

S̃M2 ¼ T2Λ3=2L3ð2πκ̃−1ÞvolðAdS2Þ ¼ pΛ3=2SM2;

SM2 ¼ −
v4ffiffiffiffiffiffi
v̂u

p ffiffiffiffiffiffiffiffiffiffiffiffi
Q2Q5

p
: ðE38Þ

Let us now consider the type-IIA string-theory expressions
for the corresponding AdS2 string solution in the IIA
background in Eqs. (E17)–(E19). From Eqs. (E17)–(E19),

30One can find such a gauge by starting with Eq. (E29) and
choosing a specific parametrization of the AdS2 part of AdS3 in
Eq. (E30).
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we get for the induced string metric and the string action
value on the solution (here Q4 ¼ Q5)

31

ðds2Þs ¼ L̂2
sds2AdS2 ; L̂2

s ¼ ΛL̃2
s ¼ pΛ3=2ðQ2Q4Þ1=2;

ðE39Þ

Q2 ¼ l2
sgsv−1Q2; Q4 ¼ l2

sgsu−1Q4;

g̃s2 ¼ e2ϕ ¼ g2scos3γΛ3=2ðQ−1
2 Q4Þ−1=2; ðE40Þ

S̃s ¼ −2πTL̂2
s ¼ −l−2

s L̂2
s ¼ pΛ3=2Ss;

Ss ¼ −l−2
s L2

s ¼ −gsðv−1u−1Q2Q4Þ1=2: ðE41Þ

The value of the string action is the same as the M2 -brane
one in Eq. (E37) [cf. Eq. (1.33)].
In the special case of Q2 ¼ Q4, the corresponding string

solution can be shown to be equivalent to the one discussed
in Ref. [32], which considered the string representing
an analog of WL in the type-II AdS3 × S3 background
supported by the H3 ¼ 2q̂L̃2

svolAdS3 flux, with L̃s assumed
to be independent of q̂. The world surface ended on a circle
at the boundary of AdS3 and had an AdS2 induced metric.
When Q2 ¼ Q4 ≡Q, the type-IIA dilaton in Eq. (E19) is
γ-independent, e2ϕ ¼ g2s , and using Eqs. (E21), (E33),
and (E39), we get32

Λ ¼ ðcos γÞ−2; L̂2
s ¼ ΛL̃2

s ¼ pðcos γÞ−3L2
s ;

L̃2
s ¼ pðcos γÞ−1L2

s ; L2
s ¼ Q: ðE42Þ

The NSNS flux H3 in Eq. (E18) is given by

H3 ¼ 2h3ðivolAdS3 þ volS3Þ;
h3 ¼ sin γQ̄4 ¼ q̂L̃2

s ; q̂≡ sin γ: ðE43Þ

The string action in Eq. (E41) written in terms of q̂ and the
radius L̃s in Eq. (E17) takes the same form as in Ref. [32]33:

S̃s ¼ pðcos γÞ−3SsðLsÞ ¼
1

1 − q̂2
ScðL̃sÞ;

ScðLsÞ≡ −l−2
s L2

s : ðE44Þ

The corresponding one-loop correction to the string partition
function turns out to have the same form as in the pure RR
case [Eq. (1.37)], but with the effective string tension
rescaled like the action in Eq. (E44) by ð1 − q̂2Þ−1 [32].
Starting with M2 action in the rotated background

[Eqs. (E28) and (E29)], it is straightforward to expand it
near the M2-brane solution [Eqs. (E31) and (E32)] to
quadratic order in fluctuations using the same static gauge
as in Sec. III (i.e., setting the fluctuations of AdS2
coordinates and of ỹ4 to zero). After a rescaling of the
fluctuation fields, we find that the bosonic Lagrangian
depends on just one parameter—it is the same as in
Eq. (3.4), with κ replaced by κ̃ ¼ p−1κ, defined in
Eq. (E36).34 As a result, the bosonic contribution to the
one-loop M2-brane partition function is given again by
Eqs. (3.7) and (3.6), where all the masses depend only on κ̃.
Similarly, the fermionic contribution is found to be given
by Eq. (3.12) with κ → κ̃, so that the total is again given in
Eq. (3.14) with

M̃2
n;� ¼ 1þ κ̃2n2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ̃2n2

p
;

M̃n;� ¼ 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4κ̃2n2

p
� 1
�
: ðE45Þ

As a result, we find the same expressions as in Sec. IV. In
particular, for κ̃2 > 3

4
, we get, as in Eq. (4.15),

Ẑ1 ¼
κ̃ffiffiffiffiffiffi
2π

p ¼ κ

p
ffiffiffiffiffiffi
2π

p : ðE46Þ

Thus, the one-loop esult is the same as in the 10D
string-theory limit (cf. Ref. [32]) and does not depend
on values of q and Q1, with the pure NSNS limit of
p ¼ 0 being singular. Note that instead of p, q, Q2, and
Q4, both the classical action [Eq. (E41)] and the one-
loop correction [Eq. (E46)] can be expressed in terms
of the four integer charges in Eq. (E7) (with Q2 ¼ Q1

and Q4 ¼ Q5).

31The same value for ζ0 in Eq. (E33) is, of course, found also
by solving the string equations directly in the background
[Eqs. (E17) and (E18)].

32Equivalent expressions are found also by starting with the
type-IIB background in Eqs. (E8)–(E11).

33Note that in the discussions of the mixed flux case in Ref. [32]
and, e.g., Ref. [48], the radius L̃s of the AdS3 × S3 part of the
type-IIA metric in Eq. (E17) was treated as an independent
parameter, with the NSNS and RR fluxes proportional to q̂L̃2

s

and
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q̂2

p
L̃2
s , respectively. This is different from the para-

metrization used in Eqs. (E10) and (E11), where both Q2 and Q4

were assumed to be quantized, with L̃ expressed in terms of them.

34This may not be too surprising, given that the background
[Eqs. (E28) and (E29)] is just a coordinate transformation of the
original one, and the M2-brane solution still has an AdS2 × S1
induced metric.
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