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The matrix element in the proton of the eikonal Odderon operator, with a helicity flip, has been shown to
correspond to the dipole gluon Sivers function. We employ a three quark light-front model of the proton to
determine the Sivers function at moderately small x0 ∼ 0.1 and transverse momentum k⊥ ≲ 1 GeV. The

model light-cone (LC) wave function predicts the properties of xf⊥g
1T ðx; k⊥Þ such as its overall magnitude, the

position of its peak in k⊥, and its behavior at small k⊥. We then compute numerically the Balitsky-Fadin-
Kuraev-Lipatov anomalous dimension characterizing the power-law tail at k⊥ ≳ 1.5 GeV of the gluon Sivers

function at small (but preasymptotic) LC momentum fractions x ∼ x0e−1=αs : xf
⊥g
1T ðx; k⊥Þ ∼ k−3.3⊥ .
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I. INTRODUCTION

The Sivers function describes a left-right asymmetry,
relative to the spin vector, of the transverse momentum
dependent parton distributions (TMDs) in a transversely
polarized proton [1,2]. Finite parton transverse momentum
allows for S⊥ × k⊥ “spin-orbit” correlations in the proton.
These correlations are probed even in eikonal, high-energy
scattering processes which involve transfer of transverse
momentum to the partons.
We are interested here in the (dipole) gluon Sivers

function of the proton which we denote xf⊥1Tðx; k⊥Þ. To
date, this element of the structure of the proton is rather
poorly known [3], its measurement represents one of the
main goals of the physics program at the future Electron-Ion
Collider (EIC) [4,5]. In the eikonal approximation the gluon
Sivers function is given by the C-odd component of the
dipole scattering amplitude evaluated for a transversely
polarized proton, i.e., the so-called spin dependent Odderon
[6–9]. In fact, the eikonal contribution to the quark Sivers
function of the proton is also obtained from the spin-
dependent Odderon [10–12]. The general correspondence

of TMDs and matrix elements of eikonal Wilson line
operators at small x has been established in Ref. [13].
In this paper we determine the eikonal spin dependent

Odderon and the associated gluon Sivers function from an
effective three-quark light-cone wave function (LCwf) of the
proton, whose analytical form is given in Appendix A. In the
helicity basis we can interpret the transversely polarized
proton matrix element as involving helicity flips between the
incoming and the outgoing proton states. Even though
the eikonal color current operator JþaJþbJþc, sourcing the
small-x gluon fields in the Odderon, conserves the helicities
of the individual quarks, a proton helicity flip is made
possible by the quark orbital angular momentum [14] which
generates an overlap of proton wave functions differing by
one unit of orbital angular momentum. The possibility of a
proton helicity flip in scattering with Odderon exchange was
realized a long time ago [15,16] albeit the corresponding
matrix element vanishes in the nonrelativistic quark model.
Also, the connection to the Sivers function is more
recent [6–9].
Our empirical knowledge of the proton suggests that the

three quark LCwf should provide an adequate model for
the partonic structure of the proton for moderately small
x ∼ 0.1, and transverse momenta up to k⊥ ∼ 1 GeV. To
assess the accuracy of this approach, we confront the Dirac
and Pauli electromagnetic form factors obtained in this
model with up to date data in Appendix B. We then employ
the eikonal Odderon derived from the nonperturbative LC
quark model wave function as initial condition for QCD
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evolution to smaller x. That is, we solve the small-x dipole
evolution equation [17] from this initial condition to deter-
mine the gluon Sivers function and the anomalous dimension
associated with its transverse momentum dependence.
So far, the only model for the eikonal spin-dependent

Odderon available in the literature was constructed by
Zhou [7] within the framework of an extended McLerran-
Venugopalan model with cubic Casimir [18]. In that
model the random static sources for the soft gluon fields
are assumed to reside in a high-dimensional representation
of color-SU(3), and therefore also in a high-dimensional
representation of spin-SU(2). Here, we construct a model
where these sources are in the fundamental representations
of both color SU(3) and spin SU(2).
The spin dependent Odderon features in a variety of

processes in Deep Inelastic Scattering (DIS) at high energies
such as the spin dependent part of the cross section for
inclusive open charm production on transversely polarized
protons [8,19], and furthermore, in exclusive forward
production of C-even mesons [9,20] (see also [21]).
Other observables for the spin dependent Odderon include
a T-odd nucleon energy correlator which generates a single
transverse spin asymmetry for the energy pattern in the
target fragmentation region [22]; as well as transverse
energy-energy correlations at small x in DIS [23]. Most
recently, Hatta and Teryaev discussed a left-right asymmetry
with respect to the spin of the recoil baryon in DIS [24].
The physics of the spin dependent Odderon and of the

gluon Sivers function of a transversely polarized proton
should not be confused with the physics of longitudinal
spin. The latter pertains, for example, to the determination
of helicity and orbital angular momentum Parton
Distribution Functions (PDFs) such as ΔGðx;Q2Þ and
LGðx;Q2Þ. Indeed, these quantities, at small x, involve
completely different (subeikonal) operators than the spin
dependent Odderon considered here; see Sec. 3.3 of
Ref. [25] for a recent overview.

II. THE SPIN DEPENDENT ODDERON(S)

The S-matrix for eikonal scattering of a q − q̄ dipole
from a target proton can be written, in dipole factorization,
in the form [27,28]

1 − PΛ0Λðr⊥; b⊥Þ − iOΛ0Λðr⊥; b⊥Þ

¼ 1

Nc

hP0Λ0jtrVðx⊥ÞV†ðy⊥ÞjPΛi
hPΛjPΛi : ð1Þ

Here, x⊥ ¼ b⊥ þ r⊥=2 and y⊥ ¼ b⊥ − r⊥=2 are the trans-
verse positions of the quark and the antiquark, respectively,
and Vðx⊥Þ are eikonal Wilson lines at transverse
position x⊥,

Vðx⊥Þ ¼ P̂ exp

�
−ig

Z
dx−Aþaðx−; x⊥Þta

�
: ð2Þ

This fundamental Wilson line describes the eikonal
propagation of a quark and corresponds to the covariant
derivative ðDμÞij ¼ ∂

μδij þ igAμaðtaÞij.
In Eq. (1), Λ;Λ0 ¼ �1 denote (twice) the helicities of the

incoming and scattered proton, respectively. C-even
Pomeron exchange relates to PΛ0Λðx⊥; y⊥Þ, and the ampli-
tude for Λ0 ≠ Λ has been derived in Ref. [29]; this
amplitude vanishes when the transverse momentum transfer
P0⊥ − P⊥ → 0. C-odd Odderon exchange is related to
iOΛ0Λðx⊥; y⊥Þ. A key point is that despite taking the eikonal
limit, the helicity flip Odderon exchange amplitude is
nonzero even in the forward limit, where it is integrated
over the impact parameter b⊥ [7,9,20]. We shall confirm this
by an explicit computation of the above matrix element at
third order in gAþ for a light-cone quark model of the proton
jPΛi. Nonzero contributions to R d2b⊥iOΛ0≠Λðr⊥; b⊥Þ arise
when the three eikonal, t-channel gluons attach to three
different quarks in the proton.
Expanding the Wilson lines to cubic order in the field

gAþa we can write the Odderon amplitude in the form [30]

OΛ0Λðr⊥; b⊥Þ ¼
−ig6ðN2

c − 4ÞðN2
c − 1Þ

16N2
c

Z
q1⊥q2⊥q3⊥

G3Λ0Λðq1⊥; q2⊥; q3⊥Þ
q21⊥q22⊥q23⊥

eiðq1⊥þq2⊥þq3⊥Þ·b⊥

×

�
sin

�
1

2
r⊥ · ðq1⊥ − q2⊥ − q3⊥Þ

�
þ 1

3
sin

�
1

2
r⊥ · ðq1⊥ þ q2⊥ þ q3⊥Þ

��
: ð3Þ

G3Λ0Λðq1⊥; q2⊥; q3⊥Þ represents the C-odd part of the eikonal coupling of three static t-channel gluons to the proton; we shall
provide explicit expressions below. We abbreviate transverse momentum integrals as

R
q⊥ ≡

R
d2q⊥=ð2πÞ2, and position space

integrals as
R
x⊥ ≡

R
d2x⊥.

Performing a Fourier transform from impact parameter to momentum transfer we obtain the Odderon in mixed
representation,
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OΛ0Λðr⊥;Δ⊥Þ ¼
Z
b⊥
e−iΔ⊥·b⊥OΛ0Λðr⊥; b⊥Þ

¼ −ig6ðN2
c − 4ÞðN2

c − 1Þ
48N2

c

Z
q1⊥q2⊥

G3Λ0Λðq1⊥; q2⊥;Δ⊥ − q1⊥ − q2⊥Þ
q21⊥q22⊥ðΔ⊥ − q1⊥ − q2⊥Þ2

�
sin

�
1

2
r⊥ · ð2q1⊥ − Δ⊥Þ

�

þ sin

�
1

2
r⊥ · ð2q2⊥ − Δ⊥Þ

�
þ sin

�
1

2
r⊥ · ðΔ⊥ − 2q1⊥ − 2q2⊥Þ

�
þ sin

�
1

2
r⊥ · Δ⊥

��
: ð4Þ

Forward scattering of a very small dipole scales like ∼r3⊥ as the coupling of each one of the exchanged gluons to the almost
pointlike dipole operator brings about one factor of r⊥.
A further Fourier transform from dipole vector r⊥ to transverse momentum k⊥ gives

OΛ0Λðk⊥;Δ⊥Þ ¼ −
g6ðN2

c − 4ÞðN2
c − 1Þ

32N2
c

ð2πÞ2
Z
q1⊥q2⊥

G3Λ0Λðq1⊥; q2⊥;Δ⊥ − q1⊥ − q2⊥Þ
q21⊥q22⊥ðΔ⊥ − q1⊥ − q2⊥Þ2

�
δð2Þ

�
q1⊥ −

1

2
Δ⊥ − k⊥

�

− δð2Þ
�
q1⊥ −

1

2
Δ⊥ þ k⊥

�
þ 1

3
δð2Þ

�
k⊥ −

1

2
Δ⊥

�
−
1

3
δð2Þ

�
k⊥ þ 1

2
Δ⊥

��
: ð5Þ

Note that in this expression the antisymmetry of the Odderon under k⊥ → −k⊥ is manifest. Hence, the k2⊥d2k⊥ integral of
this function is zero; it would represent the imaginary part of a twist-2 PDF which, however, must be real.
As is customary in the literature, when referring to the forward matrix element at zero momentum transfer we will also use

the notation OΛ0Λðr⊥Þ≡OΛ0Λðr⊥;Δ⊥ ¼ 0Þ, or OΛ0Λðk⊥Þ for its Fourier transform to transverse momentum space. We have

OΛ0Λðk⊥Þ ¼ −
g6ðN2

c − 4ÞðN2
c − 1Þ

32N2
c

ð2πÞ2
Z
q⊥

X
s¼�1

sG3Λ0Λðsk⊥; q⊥;−sk⊥ − q⊥Þ
k2⊥q2⊥ðsk⊥ þ q⊥Þ2

¼ −
g6ðN2

c − 4ÞðN2
c − 1Þ

16N2
c

ð2πÞ2
Z
q⊥

G3Λ0Λðk⊥; q⊥;−k⊥ − q⊥Þ
k2⊥q2⊥ðk⊥ þ q⊥Þ2

: ð6Þ

In the second step we used the antisymmetry of G3Λ0Λ
under a sign flip of all its arguments, which applies when
Λ0 ¼ −Λ, see the following Sec. II A.
The most general angular decomposition of the Odderon

in the helicity basis is [9]

OΛ0Λðr⊥;Δ⊥Þ
¼ δΛΛ0 i cosðϕrΔÞOðr⊥;Δ⊥Þ þ δΛ;−Λ0 iΛeiΛϕrOSðr⊥;Δ⊥Þ
þ δΛ;−Λ0 iΛeiΛϕΔ cosðϕrΔÞO⊥

S ðr⊥;Δ⊥Þ: ð7Þ

There are three independent real functions in general.
The first one is the usual spin-independent (also known
as “b-dependent”) Odderon while the second and third
ones are spin-dependent Odderons. The second one
becomes the Sivers function in the forward limit, and that
is our focus here.
We may also consider the matrix element of the Odderon

operator in a (transverse) spin basis which is usually
employed to relate it to the gluon Sivers function. To obtain
a state of definite spin vector one constructs a superposition
of states of definite LC helicity [31]

jS⃗i ¼ cos
θS
2
jΛ ¼ þi þ sin

θS
2
eiϕS jΛ ¼ −i: ð8Þ

Here, S⃗ ¼ ðsin θS cosϕS; sin θS sinϕS; cos θSÞ. In case of a
transverse spin vector S⊥ we have θS ¼ π

2
and

jS⊥i ¼
1ffiffiffi
2

p ðjΛ ¼ þi þ eiϕS jΛ ¼ −iÞ: ð9Þ

Then,

OS⊥S⊥ðr⊥;Δ⊥Þ
¼

X
Λ0;Λ

hS⊥jΛ0iOΛ0ΛhΛjS⊥i

¼ cosðϕrΔÞiOðr⊥;Δ⊥Þ −
S⊥ × r⊥

r⊥
OSðr⊥;Δ⊥Þ

−
S⊥ × Δ⊥

Δ⊥
cosðϕrΔÞO⊥

S ðr⊥;Δ⊥Þ; ð10Þ

with S⊥ × r⊥ ¼ r⊥ sinðϕr − ϕSÞ. In the Δ⊥ → 0 forward
limit,

OS⊥S⊥ðr⊥Þ → −
S⊥ × r⊥

r⊥
OSðr⊥;Δ⊥ ¼ 0Þ: ð11Þ

The gluon Sivers function of the eikonal dipole model can
be obtained from its forward, helicity flip Odderon [6–8],
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xf⊥1Tðx; k⊥Þ ¼
Nck⊥Mp

2π3g2
e−iϕkO−þðk⊥Þ: ð12Þ

On the lhs of this expression, the Sivers function does not
depend on the direction of k⊥. Mp ¼ 0.938 GeV denotes
the mass of the proton.
In Zhou’s model [7] the integral of xf⊥1Tðx; k⊥Þ over dk2⊥

vanishes,

Z
∞

0

dk⊥k⊥xf⊥1Tðx; k⊥Þ ¼ 0: ð13Þ

Given the expressions for xf⊥1Tðx; k⊥Þ obtained here,
Eq. (13) does not appear to represent an exact “sum rule.”
However, a numerical evaluation confirms it at a level
better than 0.5%.
The above relation implies that the Sivers function is not

sign definite, and one may expect substantial cancellations,
in particular at relatively low scales μ2, also in the
k⊥-integral for the twist-3 collinear function (also called
the d-type trigluon PDF) given by [6,7,20,32]

xf⊥ð1Þ
1T ðx;μ2Þ ¼ 8πOðx;μ2Þ ¼ π

Z
μ2

0

dk2⊥
k2⊥
2M2

p
xf⊥1Tðx; k⊥Þ:

ð14Þ

We shall investigate the magnitude of this function via a
specific physical process in Sec. III below.

A. Eikonal triple gluon coupling to the proton

The C-odd coupling of three small-x, t-channel gluons
(in covariant gauge) to the proton is given by the expect-
ation value of three light-front color charge density oper-
ators ρaðq⊥Þ≡ Jþaðq⊥Þ, i.e., of the fundamental cubic
Casimir of SU(3). These color charges source the soft gluon
fields, Aþa, appearing in the Wilson lines in Eq. (1).

dabchP0Λ0jρaðq1⊥Þρbðq2⊥Þρcðq3⊥ÞjPΛi

≡ ðN2
c − 1ÞðN2

c − 4Þ
4Nc

G3Λ0Λðq1⊥; q2⊥; q3⊥Þ

¼ NcC3FG3Λ0Λðq1⊥; q2⊥; q3⊥Þ: ð15Þ

(We have stripped the rhs of this expression of the delta
functions [33] for conservation of LC and transverse
momentum.)
To proceed, we adopt an effective light-cone three-quark

model of the proton intended to describe its partonic structure
for LC momentum fractions of roughly 10−1 (and higher),
and for transverse momenta up to approximately 1 GeV. We
write the proton state in the light-front (LF) quark model in
the form

jP;Λi ¼
Z

½dxi�
Z

½d2ki⊥�
X

j1;j2;j3

ϵj1j2j3ffiffiffiffiffiffiffiffi
Nc!

p
X
fλig

ΨΛðxi; ki⊥; λiÞjfxiPþ; ki⊥ þ xiP⊥; λi; jigi: ð16Þ

Here, xi denotes the LC momentum fraction of the ith quark, where i ¼ 1…Nc ¼ 3; ki⊥ is its transverse momentum relative
to the center of mass transverse momentum P⊥ of the proton; ji refers to its color; λi to its helicity; a flavor quantum number
is not required for the present purposes. The explicit form of the momentum space integrals and of the three-quark LC wave
function are provided in Appendix A. In Appendix B we confront the model with up to date data for the Dirac and Pauli
electromagnetic form factors of the proton.
Given a light-front Fock space expansion of the proton, this matrix element can be computed explicitly, in principle. For a

proton effectively made of three valence quarks, as also assumed here, such computations have previously been carried out in
Ref. [30,33,34], however, without considering a helicity flip of the proton. An analogous matrix element for eikonal two-gluon
exchange with helicity flip has been presented in Ref. [29]. We refer to those papers for technical details. Here we just quote
our result,

G3Λ0Λðq1⊥; q2⊥; q3⊥Þ

¼
X
λi

X3
j¼1

Z
xi

4πδð1 − x1 − x2 − x3Þ
Z
ki⊥
ð2πÞ2δð2Þðk1⊥ þ k2⊥ þ k3⊥Þ

×

�
Ψ�

Λ0 ðxi; kiðjÞ⊥; λiÞ −
1

2

X3
l¼1

X
j0≠j

Ψ�
Λ0 ðxi; kðlÞiðjj0Þ⊥; λiÞ þ

X
j0≠j

X
j00≠j0≠j

Ψ�
Λ0 ðxi; kiðjj0j00Þ⊥; λiÞ

�
ΨΛðxi; ki⊥; λiÞ; ð17Þ

where

kiðjÞ⊥ ¼ ki⊥ þ ðxi − δijÞðq1⊥ þ q2⊥ þ q3⊥Þ;
kðlÞiðjj0Þ⊥ ¼ ki⊥ þ ðxi − δijÞðq1⊥ þ q2⊥ þ q3⊥Þ − ðδij0 − δijÞql⊥;

kiðjj0j00Þ⊥ ¼ ki⊥ þ xiðq1⊥ þ q2⊥ þ q3⊥Þ − δijq1⊥ − δij0q2⊥ − δij00q3⊥: ð18Þ
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We note that G3Λ0Λ is symmetric under the exchange of any
two of its transverse momentum arguments. Also, whenΛ ¼
Λ0 (Λ ≠ Λ0), it is even (odd) under a simultaneous sign flip
of all three qi⊥.
In this LCwf model the helicity transfer between the two

proton states is made possible by the quark orbital angular
momentum originating from the Melosh rotation ∼σ⊥ × k⊥,
where σ⊥ ¼ ðσ1; σ2Þ are the transverse Pauli matrices,
cf. Ref. [26]. This is a purely kinematical effect, connecting
the quark spin to the orbital motion in the relativistic
formulation and unrelated to the conventional spin-orbit
coupling LzSz which is of dynamical origin. The proton
wave functions ΨΛðxi; ki⊥; λiÞ contain quark helicity con-
tributions that go beyond the static quark-model spin
structure. For example, a helicity þ1=2 proton may corre-
spond to quark helicities ðþ1=2;−1=2;−1=2Þ, since the
mismatch is compensated by quark orbital angular momen-
tum—the resulting proton wave function is a P wave [see
the fourth line in (30)]. As the eikonal operator in (15) does
not flip the quark helicities, the proton helicity flip matrix
element G3−þðq1⊥; q2⊥; q3⊥Þ relies on wave function over-
lap that is diagonal in quark helicities, and the outgoing
proton with helicity −1=2 is in an S wave. In the full
expression, the overlaps contain not only S-wave and
P-wave interferences, but also P-wave and D-wave inter-
ferences. We note the distinction between the off-diagonal
matrix elementG3−þ sourcing the gluon Sivers function and
the matrix element for the orbital angular momentum
distribution (see, e.g., [35]) which is, by contrast, diagonal
in the proton helicity and, in the LCwf model, diagonal in
the total parton orbital angular momentum [35].
For forward scattering the first and second terms in

Eq. (17), where the three t-channel gluons attach to one
or two quarks in the proton, respectively, vanish when
Λ0 ≠ Λ. It is impossible to transfer orbital angular momen-
tum to one or two quarks when the total momentum transfer
vanishes. Hence, it is required to consider a system of at least
three target partons. Mathematically this comes about in
Eq. (17) due to the odd parity of the helicity wave function
overlap Ψ�

Λ0 ðxi; ki⊥; λiÞΨΛðxi; ki⊥; λiÞ under a simultaneous
sign flip of all quark transverse momenta ki⊥; see
Appendix A for explicit expressions for the LC helicity
wave functions. For this same reason, the two-gluon
exchange matrix element with helicity flip requires nonzero
momentum transfer Δ⊥ [29].
As described thus far, Eq. (1) now pertains to scattering

of a dipole from the soft gluon field sourced by the valence
quarks Eq. (16). To improve this result, one may consider
the emission of a gluon with moderate x from one of the
quarks which adds to the fluctuating color charge sources in
the proton. Such computations have been performed else-
where [36,37], albeit for simplified helicity wave functions
which did not allow nonzero helicity flip matrix elements of

the eikonal dipole. For moderate x ≃ 0.1 and dipole sizes
r⊥ ≃ 0.1–0.5 fm, and αs ≲ 0.3, the corrections have been
found to amount to less than a factor of 2. Fixed order
perturbative corrections to the helicity flip matrix elements
are presently not known but are expected to be of similar
magnitude. Finally, we mention that the emission of soft
gluons with momentum fractions much less than those of
the valence partons shall be resummed into the RG-evolved
source via the Balitsky-Fadin-Kuraev-Lipatov (BFKL)
equation in the following Subsection.

B. BFKL evolution of the helicity flip Odderon

With increasing energy or decreasing x the phase space
for gluon emissions opens up. It becomes necessary then to
resum pairwise interactions, i.e., gluon exchanges among
the three gluons exchanged by the dipole and the proton.
Such resummation is achieved by the small-x QCD evolu-
tion equation. The nonlinear evolution equation for the
Odderon(s) has been derived in Refs. [38,39]. Here, how-
ever, we only require the linear BFKL evolution [40–42],
since at the initial x0 both the two- and three-gluon exchange
amplitudes (for a perturbative dipole, r⊥ ≪ Λ−1

QCD) are small:
PΛ0Λðr⊥Þ, OΛ0Λðr⊥Þ ≪ 1. Nonlinear effects in the evolution
equation act to decrease the Odderon amplitude [8,43,44],
however this only plays a role when scattering off the proton
approaches the unitarity limit, Pðr⊥Þ → 1. (The evolution
with energy of the C-even scattering amplitude of the LC
quark model has been studied in Ref. [45]. For a comparison
of linear vs nonlinear evolution of the spin independent
Odderon see Ref. [44].) Therefore, we expect that the
quantitative impact on Odderon related observables will
be small for perturbative dipoles, at the energies available at
the future EIC.
In the leading log 1=x approximation, in the framework

of Mueller’s dipole approach [17] the evolution equation
formulated in position space reads

∂

∂Y
OΛ0Λðx⊥; y⊥Þ

¼ ᾱs
2π

Z
z⊥

ðx⊥ − y⊥Þ2
ðx⊥ − z⊥Þ2ðz⊥ − y⊥Þ2

× ½OΛ0Λðx⊥; z⊥Þ þOΛ0Λðz⊥; y⊥Þ−OΛ0Λðx⊥; y⊥Þ�: ð19Þ

Here, ᾱs ¼ αsNc=π and Y ¼ log x0=x where x0 ∼ 0.1
corresponds to the initial condition. For dipole scattering
with Odderon exchange, the above is equivalent to the
Bartels-Kwiecinski-Praszalowicz linear evolution equation
[46,47], see the discussion in Ref. [38].
Assuming translational invariance, OΛ0Λðx⊥; y⊥Þ →

OΛ0Λðx⊥ − y⊥Þ, and integrating over the impact parameter
b⊥ ¼ ðx⊥ þ y⊥Þ=2 (i. e. taking Δ⊥ → 0), we arrive at the
evolution equation for the forward matrix element,
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∂

∂Y
OΛ0Λðr⊥Þ ¼

ᾱs
2π

Z
s⊥

r2⊥
ðr⊥
2
− s⊥Þ2ðr⊥2 þ s⊥Þ2

�
OΛ0Λ

�
r⊥
2
− s⊥

�
þOΛ0Λ

�
r⊥
2
þ s⊥

�
−OΛ0Λðr⊥Þ

�
: ð20Þ

We note that aside from the trivial fixed point
OΛ0Λðr⊥Þ ¼ 0, the equation also possesses a nontrivial
fixed point for an Odderon that is linear in the dipole size:
OΛ0Λðr⊥Þ ∼ S⊥ × r⊥. To our knowledge this fixed point of
the helicity flip Odderon has not been pointed out before.
Deep in the perturbative regime of very small dipoles,
however, the initial condition will be of cubic order in r⊥,
as already alluded to above. The BFKL resummation is
expected to generate an anomalous dimension γðYÞ < 1,
which we determine numerically in Sec. III below.
Equation (20) can be simplified using translational and

rotational invariance: we fix r⊥ ¼ ðr⊥ cosϕr; r⊥ sinϕrÞ ¼
ðr⊥; 0Þ in the polar coordinates. The angular dependence of
OΛ0Λðr⊥Þ is given by (7)1:

O−þðr⊥Þ ¼ ieiϕrOSðr⊥Þ; ð21Þ

where the radial part OSðr⊥Þ is real and satisfies the
equation,

∂

∂Y
OSðY; r⊥Þ

¼ ᾱs
2π

Z
z⊥

r2⊥
ðr⊥ − z⊥Þ2z2⊥

�
r⊥ − z⊥ cosϕz

jr⊥ − z⊥j
OSðY; jr⊥ − z⊥jÞ

þ cosϕzOSðY; z⊥Þ −OSðY; r⊥Þ
�
: ð22Þ

Herewe explicitly indicate thatOS depends on the rapidity Y;
the initial condition at Y ¼ 0 is given by the perturbative
three gluon exchange of Eq. (4) with Λ0 ¼ −Λ and Δ⊥ ¼ 0,
using the three gluon to proton coupling G3Λ0Λ obtained via

Eq. (17) from the nonperturbative model LCwf. In the
numerical implementation, we shall use αs ¼ 0.25. At the
current order the coupling enters the Sivers function only as
an overall factor, xf⊥1Tðx; k⊥Þ ∼ α2s , and as a scale factor in
the evolution “time” t ∼ αsY.

III. NUMERICAL RESULTS

In this Section we present and discuss our numerical
results. We shall first address the helicity flip Odderon and
the associated gluon Sivers function obtained from the
perturbative computation of three gluon exchange. Then,
we illustrate the properties of that Sivers function (such as
its magnitude, sign definiteness, etc.) by the example of a
specific physical process. Lastly, we show the effect of
BFKL resummation of contributions ∼ðαs log x0=xÞn.
The figures shown in this Section were obtained with
the exponential quark-level LCwf, see Appendix A. We
have verified that the alternative power-law wave function
of Appendix A produced very similar results.
Figure 1(a) shows the transverse momentum dependence

of the forward, helicity flip Odderon at x0. We may guess
the following functional behavior of the helicity flip
Odderon:

k2⊥
jO−þðk⊥Þj

g6
¼ N

k⊥
Qb

log

�
k⊥
Qb

�
e−k

2⊥=ð4Q2
cÞ: ð23Þ

The best fit parameters for the exponential wave function
in Appendix A are N ¼ 0.036 GeV−2; Qb ¼ 0.331 GeV;
Qc ¼ 0.220 GeV. Note that the fit is not meant to describe
the analytic form beyond k⊥ ≃ 1 GeV.
Figure 1(b) shows the Sivers function in the regime of

low k⊥. The inset depicts its logarithmic divergence for

(a) (b) (c)

FIG. 1. (a) Forward Odderon k2⊥OSðk⊥Þ=g6 in transverse momentum space. The dashed line shows the best fit via Eq. (23). (b) and
(c) Gluon Sivers function xf⊥1Tðx; k⊥Þ obtained from the helicity flip, forward Odderon for αs ¼ 0.25. The dashed black line in the lower
inset emphasizes the log-type divergence at low-k⊥, see also (23).

1Similar formulas hold for OΛ0Λðk⊥Þ.
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very low transverse momenta, which is evident from (23).
Such logarithmic behavior at low k⊥ is not manifest in the
Sivers function from the eikonal, “cubic Casimir extended”
MVmodel [7,8]. It arises from Eq. (5), in theΔ⊥ → 0 limit,
if the three-gluon exchange is dominated by the exchange
of two fairly hard gluons with nearly anticollinear trans-
verse momenta, and a softer third gluon; and if in that
regime the helicity flip three gluon coupling to the proton is
G3−þðk⊥; q2⊥;−q2⊥Þ ∼ kLq2Rq2L ¼ kLq22⊥.

2 The integra-
tion over q2⊥ will then result in a logarithmic behavior
of the Sivers function. Intuitively, such behavior of G3−þ,
which corresponds to the exchange of vector gauge bosons,
appears natural. It is similar to the way in which the
electromagnetic form factor Fþ− is proportional to the
transverse momentum of the exchanged photon, see
Eq. (B8). However, this point may warrant more detailed
investigation in the future.
Since xf⊥1Tðx; k⊥Þ, in the nonperturbative regime of

low k⊥, may not be suppressed ∼k2⊥ but may actually
diverge logarithmically, therefore caution is advised with
observables such as single spin asymmetries which inte-
grate xf⊥1Tðx; k⊥Þ over k⊥. On the other hand, the collinear

function xf⊥ð1Þ
1T ðx; μ2Þ is safe from logarithmic low-k⊥

contributions, see Eq. (14).
The behavior for higher k⊥ is shown in Fig. 1(c), on a

logarithmic scale. The Sivers function peaks at about k⊥ ≃
0.5 GeV where its magnitude is ð4–5Þ × 10−3 GeV−2. In
the neighborhood of k⊥ ¼ 1 GeV it falls off from a
magnitude of about 10−3 GeV−2 at k⊥ ¼ 0.9 GeV to
about 10−4 GeV−2 at k⊥ ¼ 1.2 GeV. Beyond that, the
function is expected to exhibit a perturbative power-law
tail ∼1=k4⊥ which we mention below in conjunction with
BFKL-resummed solutions.
In Fig. 2 we compare our model prediction for the eikonal

gluon Sivers function xf⊥1Tðx; k⊥Þ to other models from the
literature. In particular, Ref. [48] performed a fit to transverse
single spin asymmetry measurements in pp → π0X at RHIC
[49]. Their “SIDIS2” fit involves an ansatz based on the
generalized parton model approach whereby f⊥1Tðx; k⊥Þ is
parametrized in terms of the unpolarized collinear gluon
distribution fðxÞ times a Gaussian in k⊥, and constrained by
the Burkardt sum rule [50]. This trivially satisfies the
positivity bound [f⊥1Tðx; k⊥Þ ≤ 2fðxÞ], albeit at the cost
of lacking a node in k⊥. On the other hand, the low-x dipole
approach of Ref. [8] leaves the sign and overall magnitude
arbitrary but explicitly enforces a node via the initial
condition OSðr⊥Þ ∼ r3⊥e−r

2⊥Q2
s0 for the dipole Odderon,

where Qs0 ¼ 0.7 GeV was used for the saturation scale.
Since the node structure in k⊥ is unchanged by BFKL
evolution, we restrict our comparison in Fig. 2 to the initial
conditions at Y ¼ 0. Lastly, we note that around k⊥ ≃
0.4 GeV the Sivers function obtained here is suppressed

by about one order of magnitude as compared to the model
by D’Alesio et al. [48], albeit this discrepancy diminishes
with increasing k⊥.
We scrutinize the phenomenological implications of

the Sivers function we obtained by considering a specific
physical process, i.e., the exclusive forward production of
χc1 axial vector mesons on unpolarized protons [20]. (Other
observables for the spin dependent Odderon have been
mentioned in the Introduction, and shall be considered in
the future.) In the nonrelativistic limit this process probes
the trigluon PDF of the proton (14). However, it occurs both
due to the spin-dependent Odderon as well as due to photon
exchange, a Primakoff-like process. For an axial-vector
state such as the χc1 the latter cross section does not exhibit
the usual Coulomb singularity at jtj → 0 thanks to the
Landau-Yang theorem [44]. The finite ratio of three-gluon
versus photon exchange cross sections in the nonrelativistic
heavy-quark and collinear limits is [20]

rðx; μ2Þ ¼ 4π2

q2cN2
c

α2s
α2

M2
p

M2
χ
jxf⊥ð1Þg

1T ðx; μ2Þj2: ð24Þ

The scale μ should be in the range ofMχ=2−Mχ , andQ2¼0

has been assumed. Our numerical evaluation of the function

xf⊥ð1Þg
1T ðx; μ2Þ results in a ratio to Primakoff of only r ≈ 10−6.

This very small value of r at x ≃ 0.1 is due to substantial
cancellations in the k2⊥ moment (14) of the Sivers function
which satisfies the sum rule (13). Based on the “SIDIS2” and
“5% positivity” models of Refs. [48,19], respectively, the
r-ratio estimate of Ref. [20] at x ≃ 0.1 was three to four
orders of magnitude higher. The small magnitude of the tri-
gluon PDF obtained here implies that forward exclusive
photoproduction produces transversely polarized χc1 [20].

FIG. 2. Comparison of the eikonal gluon Sivers function
xf⊥1Tðx; k⊥Þ to the fit and model of Refs. [48] (green dotted)
and [8] (orange dashed), respectively, with adjusted scales for
easier comparison.

2qR=L ≡ qx � iqy.
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We now proceed to discuss the solution of the BFKL
equation. The above initial condition exhibits long tails
toward large dipoles which complicate the numerical
solution of Eq. (22). Therefore, we multiply the initial
condition (4) by a Gaussian suppression factor,

OSðY ¼ 0; r⊥Þ → e−r
2⊥μ2OSðY ¼ 0; r⊥Þ: ð25Þ

This “cutoff” suppresses contributions from large r⊥ that
correspond to nonperturbative, large dipoles. We choose
μ ¼ 0.1 GeV, so that ourOSðY ¼ 0; r⊥Þ is not altered much
for r⊥ < 5 GeV−1, which is the region we shall focus on.
In Fig. 3(a), we show (the radial part of) the helicity flip

Odderon amplitude for several values of rapidity Y: 0 (solid
blue), 1 (dashed orange), 2 (dash-dotted green) and 4 (dotted
red). We observe that small-x evolution increases OSðY; r⊥Þ
at small r⊥ ≲ 0.45 fm, while it suppresses it for greater
r⊥ ≳ 0.45 fm; this point corresponds to the fixed point of
linear OSðr⊥Þ mentioned above. The suppression at mod-
erately large r⊥ was already noted in Ref. [8]. We find that

the asymptotic behavior at small r⊥, OSðY; r⊥Þ ∼ r3γðYÞ⊥ ,
changes with evolution: the anomalous dimension γðYÞ
decreases with Y, starting from γðY ¼ 0Þ ¼ 1 for perturba-
tive three gluon exchange and reaching γðY ¼ 4Þ ≈ 0.8.
Figure 3(b) shows the high-k⊥ power-law tail of the spin

dependent Odderon times k⊥; this is proportional to the
gluon Sivers function xf⊥g

1T ðx; k2⊥Þ. At the initial rapidity
Y ¼ 0, to exhibit the power-law tail of the perturbative three
gluon exchange, we require a small anomalous dimension
1 − ϵ for OSðr⊥Þ; this then leads to xf⊥g

1T ðx; k2⊥Þ ∼ 1=k4⊥.
Comparing to unpolarized gluon TMD with a perturbative
∼1=k2⊥ tail, the stronger falloff of the gluon Sivers function is
due to its connection to the Odderon, which is a three gluon
exchange. This is similar to diffractive TMDs which are

described by four gluon exchanges, also leading to a stronger
∼1=k4⊥ tail [51,52].
At Y ¼ 4 (for αs ¼ 0.25) the power-law tail of the

solution of BFKL becomes ∼1=k4γðYÞ⊥ with γðYÞ ≈ 0.8.
This value of the anomalous dimension agrees with the
position space behavior of OSðY; r⊥Þ at small r⊥. For
asymptotic rapidity, γðYÞ approaches the standard LO
BFKL anomalous dimension, γ ¼ 0.5. Numerically, we find
that this requires Y ≳ 16where nonlinear unitarity effects are
expected to become important. Hence, we find it potentially
more relevant to quote the value of γ at αsY ¼ 1 where
BFKL evolution has made a substantial yet preasymptotic
effect on the high-k⊥ tail.

IV. SUMMARY AND DISCUSSION

To date the most commonly used parametrization for
the gluon Sivers function of the proton is the model by
D’Alesio et al. [48]. However, this model does not
originate from the correspondence at small x to the helicity
flip Odderon, and is not well suited as an initial condition
for BFKL evolution. Hence, it is not straightforward to
determine from it the BFKL anomalous dimension for the
small-x gluon Sivers function.
Our goal here was to develop an alternative based on the

eikonal approach, and on an effective quark model LCwf for
the proton. Such a model incorporates empirical knowledge
of the proton at moderate energy and transverse resolution
scales, and can be tuned to provide a satisfactory description
of Dirac and Pauli form factors. In particular, the model
specifically involves sources (for the soft t-channel gluons
exchanged in high-energy scattering) in the fundamental
representations of both color-SU(3) and spin-SU(2).
The above light-cone quark model for the proton enables

the explicit computation of the matrix element of the

(a) (b)

FIG. 3. (a) Radial part of the helicity flip Odderon amplitude at different rapidities, Y ¼ 0, 1, 2, 4. The inset is a double logarithmic
version of the plot to better show the small-r⊥ regime. (b) High-k⊥ tail of the momentum-space Odderon amplitude k⊥OSðk⊥Þ, which is
proportional to xf⊥g

1T ðx; k2⊥Þ, at Y ¼ 4. The dashed line indicates the ∼1=k3.3⊥ power-law asymptotics.
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eikonal dipole operator between proton states of opposite
helicity. While the C-even part of this matrix element
requires nonzero momentum transfer [29], the C-odd part is
finite even in the limit of forward scattering, where it
defines the “spin dependent Odderon” and the gluon Sivers
function [6–9], a transverse momentum dependent parton
distribution.
Our main results for the small-x dipole gluon Sivers

function are as follows. We confirm the statements in
Refs. [7,8] that xf⊥1Tðx; k⊥Þ, as a function of transverse
momentum k⊥, is not sign definite. This leads to substantial
cancellations in the first k2⊥ moment of the Sivers function,

xf⊥ð1Þ
1T ðx; μ2Þ, which is related to the twist three collinear

function frequently denoted the “tri-gluon PDF” Oðx; μ2Þ;
this is true especially for relatively low scales μ of order 1–
3 GeV. A related phenomenological consequence is that
forward exclusive photoproduction of χc1 axial vector
mesons is dominated by photon rather than Odderon
exchange [20].
We provide the following parametrization of the eikonal

gluon Sivers function at x ¼ x0 ∼ 0.1:

k⊥xf⊥1Tðx;k⊥Þ¼
24Mp

π
α2sN

k⊥
Qb

log
�
k⊥
Qb

�
e−k

2⊥=ð4Q2
cÞ: ð26Þ

The fit parameters are N ¼0.036GeV−2;Qb¼0.331GeV;
Qc¼0.220GeV.3 This fit does not apply beyond
k⊥ ∼ 1 GeV.
The gluon Sivers function in this model exhibits a peak (at

k⊥ > Qb) at a transverse momentum scale typical of the
quarks in the proton. This is unlike the parametrization of
xf⊥1Tðx; k⊥Þ by D’Alesio et al. [48] which is a Gaussian, and
has its maximum at k⊥ ¼ 0. The peak obtained in our model
resembles the one found in saturation models of the Odderon
[8] albeit its physical origin in our purely perturbative
computation of three gluon exchange is rather different.
The forward matrix element, in the proton, of the eikonal
dipole operator for reversed helicity, involves orbital angular
momentum (OAM) of the sources of the soft gluons: despite
the fact that the eikonal dipole operator conserves the
helicities of the individual quarks, a proton helicity flip is
possible due to nonvanishing overlap of quark configura-
tions which differ by their orbital angular momentum. The
peak of xf⊥1Tðx; k⊥Þ corresponds to the scale where the
transfer of OAM between initial and final proton state is
most efficient. Numerically, for the model LCwf used here
the peak occurs at about k⊥ ≃ 0.5 GeV where the magnitude
of xf⊥1Tðx;k⊥Þ is ð4–5Þ×10−3GeV−2, assuming αs ¼ 0.25.
While a comprehensive quantitative analysis of uncertainties
is beyond the scope of this paper, we do recall that OðαsÞ

perturbative corrections to the nonperturbative three quark
LCwf could increase the magnitude of the gluon Sivers
function at x ¼ x0 ¼ 0.1 by up to a factor of two. Rescaling
the coupling changes xf⊥1Tðx; k⊥Þ at that initial x0 by a factor
of α2s . Lastly, variation of the LC quark model wave function
from exponential to power law, both constrained by proton
form factors, was found to modify the Sivers function by
factors of up to 1.5.
For small k⊥ we obtain a logarithmic singularity of the

Sivers function rather than power-law decay [8] or approach
to a finite constant [48]. Hence, there could be potentially
significant contributions from small, nonperturbative trans-
verse momentum imbalances to charm single spin asymme-
tries. These would also be sensitive to parton shower effects
and to transverse momentum acquired in parton fragmenta-
tion [53–56]. The resulting joint resummation framework is
known to kinematically constrain small-x radiations [57,58],
which would be important and interesting not only for
quantitative phenomenology on single spin asymmetries for
open charm at the EIC but also in view of the qualitative
features of the gluon Sivers function found here.
The BFKL evolution of the spin dependent Odderon in

this model generates an anomalous dimension of its power-
law tail. At high k⊥ ≳ 1.5 GeV we find that xf⊥1Tðx; k⊥Þ∼
k−4γðYÞ⊥ , with γðYÞ ≃ 0.8 at Y ≡ log x0=x ¼ 1=αs. Also,
given the above initial condition, we observe that the
magnitude of the perturbative small-r tail of the BFKL
spin-dependent Odderon OSðY; r⊥Þ increases with Y as
Y → 1=αs. The nonforward, spin- independent dipole
Odderon amplitude off the proton also increases with
decreasing x if a gluon is added into the three quark wave
function [59]. Asymptotically, the BFKL resummed
Odderon amplitudes are expected to be (at most) indepen-
dent of energy [38].
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APPENDIX A: LC CONSTITUENT QUARK
MODEL WAVE FUNCTION

In this appendix we present the detailed form of the
three-quark LC wave function ΨΛðxi; ki⊥; λiÞ used in our
numerical evaluation of the Odderon. We take the momen-
tum space integrals in Eq. (16) as follows:

½dxi� ¼ 4πδð1 − x1 − x2 − x3Þ
Y

i¼1…3

dxi
4π

ffiffiffiffi
xi

p ;

½d2ki⊥� ¼ ð2πÞ2δðk1⊥ þ k2⊥ þ k3⊥Þ
Y

i¼1…3

d2ki⊥
ð2πÞ2 : ðA1Þ

Next, we write ΨΛðxi; ki⊥; λiÞ as a product of a LC helicity
wave function and a spatial (momentum space) wave
function,

ΨΛðxi; ki⊥; λiÞ ¼ ΦΛðxi; ki⊥; λiÞψðxi; ki⊥Þ: ðA2Þ
For the spatial wave function we use a simple model due to
Schlumpf [62,63] whereby the suppression of the Fock
space amplitude away from the minimal configuration is
governed by the invariant mass (squared) of the three-quark
system, M2 ¼ P

iðk2i⊥ þm2Þ=xi. Schlumpf considered

both a power-law as well as an exponential wave function

ψ expðxi; ki⊥Þ ¼ N expe−M
2=2β2 ;

ψpwrðxi; ki⊥Þ ¼ N pwr

�
1þM2

β2

�−p
; ðp ¼ 3.5Þ: ðA3Þ

The effective quark mass m and the parameter β have been
tuned in Refs. [62,63] to reproduce the electromagnetic
“radius” and the anomalous magnetic moment of the proton.
In the subsequent Appendix B we provide an update of these
parameters in view of more recent data on the electromag-
netic form factors. The normalization N exp =pwr of the
spatial wave function follows from the requirement that
hK;Λ0jP;Λi¼ 16π3PþδðPþ−KþÞδð2ÞðP⊥−K⊥ÞδΛΛ0 . The
results of Sec. III of the main text were obtained with the
exponential wave function. The power-law wave function
did not produce large differences in observables where the
quark transverse momenta involved were limited to about
1–1.5 GeV.
The helicity wave functions ΦΛðxi; ki⊥; λiÞ in (16) for a

proton with helicity Λ=2 are obtained through a Melosh
transformation of rest frame Pauli spinors to the LF. Their
explicit expressions for Λ ¼ þ1 are given in Ref. [14],
which we have confirmed. For completeness, we also list
them here:

Φ↑ð↑;↑;↓Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ð2a1a2a3 þ a1k2Lk3R þ k1La2k3RÞ;

Φ↑ð↑;↓;↑Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ð−a1a2a3 þ k1Lk2Ra3 − 2a1k2Rk3LÞ;

Φ↑ð↓;↑;↑Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ð−a1a2a3 þ k1Rk2La3 − 2k1Ra2k3LÞ;

Φ↑ð↑;↓;↓Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ða1a2k3R − 2a1k2Ra3 − k1Lk2Rk3RÞ;

Φ↑ð↓;↑;↓Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ða1a2k3R − 2k1Ra2a3 − k1Rk2Lk3RÞ;

Φ↑ð↓;↓;↑Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ða1k2Ra3 þ k1Ra2a3 þ 2k1Rk2Rk3LÞ;

Φ↑ð↑;↑;↑Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ð−a1k2La3 − k1La2a3 þ 2a1a2k3LÞ;

Φ↑ð↓;↓;↓Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N1N2N3

p 1ffiffiffi
6

p ð−a1k2Rk3R − k1Ra2k3R þ 2k1Rk2Ra3Þ; ðA4Þ

with ai ¼ mþ xiM and Ni ≡ k2i⊥ þ a2i and ð↑;↓Þ≡ ðþ;−Þ in our notation. These helicity wave functions pertain to the
juudi state; there is no need here to consider quark flavor permutations since all the matrix elements we are interested in
are “flavor blind.”
The helicity wave functions for Λ ¼ −1 are obtained by a sign flip of Φ, and the exchange kiL ↔ −kiR, where

kR=L ¼ k1⊥ � ik2⊥ ¼ k⊥e�iϕk , and λi → −λi.
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APPENDIX B: DIRAC AND PAULI ELECTROMAGNETIC FORM FACTORS

To exhibit the connection of the form factors to generalized parton distributions we start from their usual definitions

Pþ
Z

dz−

2π
eixP

þz−hP0Λ0jψ̄ð−z=2Þγþψðz=2ÞjPΛi ¼ ūðP0;Λ0Þ
�
γþHqðx; ξ;Δ⊥Þ þ

iσþνΔν

2Mp
Eqðx; ξ;Δ⊥Þ

�
uðP;ΛÞ; ðB1Þ

where Δ ¼ P0 − P. We integrate this over x and take the eikonal limit of vanishing skewness, ξ → 0 or P0þ → Pþ,

hP0Λ0jψ̄ð0Þγþψð0ÞjPΛi ¼ ūðP0;Λ0Þ
�
γþFq

1ðΔ⊥Þ þ
iσþνΔν

2Mp
Fq
2ðΔ⊥Þ

�
uðP;ΛÞ; ðB2Þ

where

Fq
1 ¼

Z
dxHq; Fq

2 ¼
Z

dxEq; ðB3Þ

are form factors per flavor.
Equation (B2) involves a local quark current. Its Fourier transform at qþ → 0 defines the eikonal LC charge operator

X
f

ef

Z
dz−

Z
d2z⊥eiq

þz−−iq⊥·z⊥ ψ̄fðzÞγþψfðzÞ ¼
Z

dz−eiq
þz−Jþðz−; q⊥Þ ≈

Z
dz−Jþðz−; q⊥Þ≡ ρðq⊥Þ: ðB4Þ

This charge operator can be written in terms of quark creation and annihilation operators [30] in order to evaluate explicitly
the matrix element on the lhs of (B2). This leads to

hP0Λ0jρðq⊥ÞjPΛi ¼ 2Pþð2πÞδðP0þ − PþÞð2πÞ2δð2Þðq⊥ þ Δ⊥ÞFΛ0ΛðΔ⊥Þ; ðB5Þ
where

FΛ0ΛðΔ⊥Þ ¼
X
λi

Z
xi

4πδð1− x1 − x2 − x3Þ
Z
ki⊥
ð2πÞ2δðk1⊥ þ k2⊥ þ k3⊥Þ½edΨ�

Λ0 ðxi;ki⊥ − xiΔ⊥ þ δi3Δ⊥;λiÞΨΛðxi;ki⊥; λiÞ

þ euΨ�
Λ0 ðxi;ki⊥ − xiΔ⊥ þ δi2Δ⊥; λiÞΨΛðxi;ki⊥;λiÞ þ euΨ�

Λ0 ðxi;ki⊥ − xiΔ⊥ þ δi1Δ⊥;λiÞΨΛðxi;ki⊥; λiÞ�; ðB6Þ
corresponds to a kind of helicity form factor. FΛ0Λ is related to F1 and F2 via

FΛ0ΛðΔ⊥Þ ¼ F1ðΔ⊥ÞδΛ0Λ þ Δ⊥
2Mp

F2ðΔ⊥ÞΛeiΛϕΔδΛ;−Λ0 ; ðB7Þ

or

F1ðΔ⊥Þ ¼ FþþðΔ⊥Þ ¼ F−−ðΔ⊥Þ;
1

2Mp
F2ðΔ⊥ÞΔR ¼ F−þðΔ⊥Þ; −

1

2Mp
F2ðΔ⊥ÞΔL ¼ Fþ−ðΔ⊥Þ: ðB8Þ

Importantly, the Pauli form factor of the eikonal current
does not vanish thanks to the fact that nonzero overlaps of
the type Ψ�

−Λðxi; k0i⊥; λiÞΨΛðxi; ki⊥; λiÞ exist. The helicity
of the proton may flip due to the transfer of orbital angular
momentum to its constituents.
Figure 4 shows our best fit to the experimental para-

metrization from Ref. [64], achieved by variation of the two
parameters β and m in the three-quark LCwf. In particular,
we obtain m ¼ 0.28 GeV, β ¼ 0.88 GeV, and p ¼ 3.5
for the powerlike wavefunction, and m ¼ 0.24 GeV,
β ¼ 0.7 GeV for the exponential wavefunction, respectively.

For reference, their normalizations are given by N pwr ¼
87088.44 GeV−2 and N exp ¼ 7389.46 GeV−2, respectively.
We note a satisfactory description of the electromagnetic form
factors. For Q2 greater than about 4 GeV2 the model under-
shoots the measured charge density F1ðQ2Þ somewhat. This
could perhaps be improved in the future by incorporating
perturbative QCD corrections, which tend to increase quark
transverse momenta. Indeed, the model with the one gluon
emission corrections and BFKL resummation has been shown
to reproduce fairly well the inclusive charm cross section
measured at HERA [45].
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