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In the near-horizon region, black holes exhibit an infinite-dimensional symmetry reminiscent of the
Bondi-Metzner-Sachs supertranslations. The conserved charges associated with this symmetry can be
computed in gravitational theories of arbitrary spacetime dimension and involving curvature terms of any
order. In Lovelock theory, for instance, these charges take the form of nested Lagrangian densities
corresponding to topological invariants, each weighted by the supertranslation function—thus providing a
natural generalization of the Wald entropy formula. In four dimensions, the computation of the
supertranslation charge reduces to the evaluation of the Jackiw-Teitelboim action on the two-dimensional

spacelike sections of the event horizon.

DOI: 10.1103/ww9g-nqpq

I. INTRODUCTION

Almost a decade ago, Hawking proposed that black
holes might exhibit infinite-dimensional symmetries near
their event horizons [1]. More specifically, he suggested
that, much like the asymptotic region near future null
infinity in asymptotically Minkowski spacetimes, the
geometry close to a black hole event horizon should
display a supertranslation symmetry akin to the Bondi-
Metzner-Sachs (BMS) symmetry. This idea, which had
earlier precedents [2—4], was later formalized by Hawking
et al. in [5].

In [6], the authors demonstrated explicitly and in a
general setting that black holes indeed exhibit not only
supertranslation symmetry near the horizon but also super-
rotation symmetry. Moreover, the associated Noether
charges carry significant physical information about the
gravitational solution [7,8]; see also [9] and references
therein. For instance, the zero mode of the supertransla-
tional charge corresponds to the Wald entropy [10], while
additional conserved charges—computable directly from
the horizon—display a kind of Gauss phenomenon.

This framework has since been applied across various
contexts, spacetime dimensions, and setups. However, with
a few exceptions [11,12], most analyses of near-horizon
symmetries have been limited to Einstein gravity. The goal
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of this brief note is to highlight that a similar symmetry
analysis is possible in more general theories of gravity,
including those with higher-curvature corrections. To that
end, we consider Lovelock theory, a well-known example
that extends general relativity by incorporating higher-order
curvature terms in a way that yields second-order field
equations. We show that, in arbitrary spacetime dimension
and for any number of curvature terms, the supertranslation
charge at the horizon can be computed explicitly. These
charges take the form of nested Lagrangian densities
corresponding to dimensionally continued topological inva-
riants, each weighted by the supertranslation function—
thus providing a natural generalization of the Wald
entropy formula. In four dimensions, provided the Euler
characteristic is kept in the action, the computation of the
supertranslation charge reduces to the evaluation of the
Jackiw-Teitelboim (JT) action on the two-dimensional
spacelike sections of the event horizon. A similar result
holds for both extremal and nonextremal horizons. In the
former case, however, the infinite-dimensional symmetries
are interpreted not as supertranslations but as superdilations
acting on the null-time coordinate on the near-horizon
region.

Let us proceed as follows: first, let us briefly review
Lovelock theory of arbitrary order and in arbitrary dimen-
sion, and discuss symmetries near the event horizon in that
context. Let us calculate the conserved charges correspond-
ing to the asymptotic vectors that preserve the boundary
conditions at the horizon and, at the same time, generate the
BMS-like supertranslations there. Then, let us calculate the
algebra that these charges satisfy. In particular, let us
explicitly check what would be a natural intuition, namely,
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that higher orders in the curvature do not introduce central
terms that were not present in the case of Einstein gravity.
Then, let us reproduce the same analysis for the case of
extremal horizons, which must be considered separately.
The example of the Jackiw-Teitelboim theory will serve to
illustrate the form that the charges take at the horizon.

II. HORIZON SYMMETRIES

We will consider the Lovelock theory of gravity, which is
the natural extension of Einstein gravity to arbitrary
dimension D, and is usually considered as a solvable
model to investigate the effects of higher-curvature terms.
The theory is defined by the action functional,

p
S = /de V _g::z_géz:zl],;lp?z{) | | Rpro-r/"rl/r’ <1)
p=1 r=1

where a, are coupling constants of mass-dimension 2p —
D and &, is the generalized antisymmetric Kronecker
delta. We set the convention a; = (162G)~!. The action
includes higher-curvature terms up to order D/2; the sum
over p turns out to be finite, as the terms of order O(R")
with n > D/2 identically vanish.

We are interested in studying the near horizon form of
the metric in D spacetime dimensions. In order to do so,
we consider the line element ds> = Gudx'dx” (with
u,v=0,1,2,...,D — 1) written in the following coordi-
nates:

ds?* = =2xpdv* + 2dvdp + 2ph;(p, x)dx'dv

+ §ij(p, x)dx'dx/, (2)
where x° = v is the null coordinate at the isolated horizon,
xP~1 = p is the distance from the horizon, and x’ (with

i=1,2,...,.D—2) are the spatial coordinates on the
spacelike constant-» sections of the horizon. The horizon,
H, is located at p = 0. The constant-» section of H, which
will be denoted H, has induced metric g;;. The constant « is
the surface gravity of H. Metric components gy; = ph; and
gij = §;; are assumed to obey the near-horizon expansion,

hi(p.x) = h{" (x) + ph? (x) + p?hP (x) + -+ (3)

35(p.x) = 00 (x) + ot (1) + 920 () + - (4)

where the ellipses stand for subleading terms, i.e., higher
(n) (n)

order terms in the O(p") expansion. Functions /; ~ and g;;
depend only on x'.

We consider the asymptotic Killing vector field in the
near-horizon region of a black hole in D-dimensional

spacetime [6],

FIG. 1.

Asymptotic Killing vector y = ®(x)d, generates super-
translations along the null direction » on the horizon, with x’ the
coordinates on the constant-» slices of the horizon.
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(5)

where ®(x) is an arbitrary function of the horizon spatial

1 =®(x)9, —po" I D(x)0; +

coordinates x’, and § = det(@ﬁ?)) is the determinant of the
induced metric on the spatial section of the horizon at

p =0. Vector y leaves the form of the metric (2)-(4)
(n)

invariant, i.e., probably varying the specific functions &; ',
f],(-;l) but respecting the expansion in powers of p (see the
scheme in Fig. 1).

Under the supertranslation generated by y, the metric
functions transform as follows:

éj(hi = —2I<d,~<l) (6)

with 6,k =0, §,9;; = 0. Under diffeomorphisms on H,
which are generated by Killing vectors & = Y'(x)d;, the
metric functions transform as follows:

0c0ij = Ledijs Och; = L:h; — 2K0;P. (7)

It is important to note a key distinction from previous
studies on horizon symmetries—such as [6,7], namely, that
we are not restricted to configurations in which rotational
symmetries around the horizon are local conformal trans-
formations. Instead, we consider the full group of diffeo-
morphisms on H. The combination of transformations (5)
and (6) closes an algebra that we will later discuss.

Before looking at the symmetry algebra, we aim to
compute the Noether charge Q[y] associated to this vector
field y evaluated on the spacelike sections of the horizon H
at p = 0. This can be done by resorting to the phase space
formalism [13], cf. [14]. The result for Lovelock grav-
ity reads
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Olr] = 2K/Hd x\/§®(x)z<21,_l 5k]lf}l'~2pl—llfpl—'R
P

=1

where R¥, ; 1s the Riemann tensor on H constructed with
the (D — 2)-dimensional metric g, with § = det ;.

In the particular case @ = 1, the charge (8) reduces to

/ dP2x\/gR + - (9)
H

which coincides with the Wald entropy formula for
Lovelock theory [15]; A being the area of the spacelike
section of the horizon. Applied to the static, spherically
symmetric black hole solution [16] in D = 5, for example,
this yields

A
£><——f—41<0:2

Q. =535

27%r, (r2 +19272Ga,)
4G '

K
C2r

Ql9,]

(10)

with r, being the horizon radius in spherical coordinates
r = p + r,. This reproduces the known result for the black
hole entropy in Einstein-Gauss-Bonnet theory.

III. SYMMETRY ALGEBRA

Now, let us go back to the symmetry algebra. Take the
asymptotic Killing vector y = ®(x)d, + - --, which gen-
erates the horizon supertranslations, together with the
vector fields that generate diffeomorphisms on the horizon,
namely & = Y'(x)d,.

The algebra of diffeomorphisms is obtained by comput-
ing the Lie bracket of the corresponding Killing vectors.
For the asymptotic symmetries we are dealing with, this
algebra turns out to be infinite dimensional, with the
supertranslations algebra being an Abelian ideal in semi-
direct sum with the algebra of diffeomorphisms Diff(H).

Interesting information is encoded in the algebra of
charges, which is obtained by computing the variations
8,,0[r»). Schematically, this algebra takes the form [13]

{Ol1]. Qlwal} = Qllris o]l + K(xiox2),  (11)

0l = /H ENNGIE)S

p=1

This means that, while for x =0 charge (8) identi-

cally vanishes, extremal horizons can still have nontrivial

charges associated to horizon superdilations in v, cf. [7].
In the particular case @ = 1, we obtain

h
— St

Q[/Uat‘] = 2”

(17)

Py ijy.
(2p—2 aklf]

klflilj]kszz (8)

e REp G
12J)2 R Lp—1Jp-1 |’

|
with K(y;,y») being a possible central extension. In this

case, it can be shown explicitly that
K =0. (12)

Defining T[®,] = Q[y,| and J[Y,] = Q[&,], the algebra
of charges can be summarized by the bracket

{T[®,], T[®,]} =0, (13)

together with the brackets

(VI JY]} = J([Y 1 Yol I[N T[]} = T[Ly, @]
(14)

This is the semidirect sum algebra
Diff(H) X C®(H),

where supertranslations form an Abelian ideal. A similar
algebra of charges is obtained for the case of extremal
horizons, although that case has to be treated separately.

IV. EXTREMAL HORIZONS

The asymptotic Killing vector that generates the infinite-
dimensional near horizon symmetries of the extremal
(x = 0) horizon is given by

x = @(x)vo, + O(p?), (15)

where, again, ®(x) is an arbitrary function of x'. In this case
the leading term in g,, is of order O(p?). Notice that, now,

the factor y generates a local dilation in ». The correspond-
ing charge is

clp—1Jp-1
k

RkC . Rkt
N llle (16)

pk, £
.. p—1¢p-1, .
1212"'R lp—l/p—l)'

|

where § is the Bekenstein-Hawking entropy, and the
ellipses stand for higher-curvature corrections to it. For
example, in D = 5 we can take the quadratic theory with
positive cosmological constant A, and then consider
the Nariai limit of the asymptotically de Sitter (dS) static
black hole solution. In that limit, the horizon radius r, is
given by
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3 L
= \ﬁ - , (18)
A 217 + 647Ga,

with L being the effective curvature radius of the spacetime.
This yields the charge

N ) \/?
Q[vav] - 4G A3 +48n a A (19)

which correctly reproduces the entropy of the Nariai
horizon in D =5 with finite @, corrections. The latter
correction vanishes for locally dSs solutions with spatially
flat three-dimensional sections. The case of extremal
charged black hole solutions in D dimensions can also
be worked out explicitly in a similar way.

V. REMARKS

The conserved charges associated to the near horizon
supertranslation symmetry can be computed in gravita-
tional theories of arbitrary spacetime dimension and
involving curvature terms of any order. In Lovelock theory
these charges take the form (8) and (16), i.e., the form of
nested Lagrangian densities corresponding to topological
invariants, each weighted by the supertranslation function
—thus providing a natural generalization of the Wald
entropy formula.

In D = 4 dimensions, provided one keeps the quadratic
term in the action, the computation of the supertranslation
charge reduces to the evaluation of the JT gravity action on
the constant-v slices of the horizon; namely,

Oly] = 16ﬂc/d2x\/cp J(R=2A),  (20)

where the supertranslation function ®(x) plays the role of
the JT field, the two-dimensional Newton constant and the

cosmological constant are given by G = 1/(64za,)
and A = —a;/(4ay).

Whether the horizon charge takes the form of the JT
action depends on the structure of the four-dimensional
gravitational theory, including the quadratic Lanczos term.
In four dimensions, this term corresponds to the Euler
characteristic and arises naturally within the Lovelock
hierarchy. The same feature extends to higher (even)
dimensions. The JT case thus serves as a useful example
to illustrate the general structure that horizon charges can
exhibit. Given the renewed interest in JT gravity as a toy
model for exploring aspects of quantum gravity, black
holes, and holography, it is hard not to speculate whether
the emergence of the JT action as the supertranslation
charge at the horizon hints at a deeper physical interpre-
tation in the holographic context. While such an interpre-
tation remains unclear, we believe the observation is worth
highlighting. It is also worth emphasizing that the same
form of the horizon charge arises for both nonextremal and
extremal horizons, provided the appropriate asymptotic
Killing vector is identified.
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