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We investigate the extent of the critical scaling region of the chiral phase transition at finite chemical
potential within the quark-meson model using the functional renormalization group approach. By
analyzing the scaling behavior of the chiral order parameter and correlation length with respect to
temperature and pion mass near the second-order phase transition, we extract critical exponents from the
data and quantify the range over which the scaling relations remain valid. We find that both the leading-
order and the next-to-leading-order scaling regions systematically shrink as the chemical potential
increases. This behavior is observed in both the local potential approximation (LPA) and its extension
including anomalous dimensions (LPA0), with qualitatively consistent results, while the scaling region in
LPA0 is slightly smaller than that in LPA.
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I. INTRODUCTION

According to the quantum chromodynamics (QCD),
strong interaction matter undergoes a transition from a
hadronic phase to a quark-gluon plasma phase at finite
temperature. For physical values of the current quark
masses, this transition is a smooth crossover [1,2]. In the
limit of massless light quarks, i.e., chiral limit, the crossover
is replaced by a genuine chiral phase transition. As predicted
in [3], in the chiral limit of light quarks, the transition may
be associated with a second-order phase transition in the
3d −Oð4Þ universality class. However, due to the impact of
the UAð1Þ anomaly on the phase transition, determining the
Columbia plot of the QCD phase diagram remains an active
topic of research. To further investigate the nature of the
QCD phase transition, numerous model studies [4–8],
functional QCD studies [9–11], and lattice QCD simula-
tions [12] have been carried out.
At present, there is no consensus on the size of the critical

region associated with the chiral phase transition. In recent
years, both lattice QCD and functional continuum
approaches have provided estimates of the size of this
critical region. The behavior of different thermodynamic
observables is analyzed by lattice QCD, such as the
pseudocritical temperature at different pion masses in an
attempt to extract critical scaling behavior [2,12–16].
Although functional continuum approaches are limited by

truncations, their relatively precise calculations near the
chiral limit provide valuable insights into the study of the
chiral phase transition. The magnetic equation of state for
2þ 1-flavor QCD has been computed by Dyson-Schwinger
equation (DSE) [10]. The results provided a first estimate of
the size of the critical region along the mass direction and
also determined the order of the phase transition on the
Columbia plot [17]. Subsequently, the functional renorm-
alization group (fRG) has been applied to QCD to perform
high-precision calculations of the critical behavior in the
chiral limit [9,11]. Near the chiral critical temperature of
QCD in the chiral limit, fRG yields critical exponents
associated with the Wilson-Fisher (WF) fixed point of the
Oð4Þ universality class. They further investigate the pion
mass range over which the magnetic equation of state obeys
critical part of scaling function, finding that the scaling
behavior is only valid for pion mass below approximately
10 MeV. This mass range is outside the data range of lattice
QCD. Both DSE and fRG studies suggest that, at vanishing
chemical potential, the critical region along the pion mass
direction is smaller than anticipated and dominated by
soft modes.
To circumvent the complexity of full QCD computation

while preserving its essential features, several low-energy
effective models, such asOðNÞ model [18,19], linear sigma
model [20,21], quark-meson (QM) model [4,22–24],
and the Nambu-Jona-Lasinio model [25,26], have been
employed to study the chiral phase transition. Non-
equilibrium dynamical critical behavior has likewise been
studied using the fRG approach, see Refs. [27,28]. While
critical exponents have been widely studied in models and
QCD, existing analyses are largely restricted to vanishing
chemical potential, and the dependence of the critical region
on chemical potential remains poorly explored.
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In the chiral limit, the chiral phase transition at finite
chemical potential remains of second order until it turns
into a first-order transition at the tricritical point (TCP). The
TCP connects the Oð4Þ second-order transition to the first-
order one and is also linked to the Zð2Þ second-order
transition line, along which the critical end point (CEP) at
physical quark mass lies, see Ref. [4]. By estimating how
the size of the critical region varies with chemical potential,
one can obtain a rough expectation for the extent of the
critical region around the TCP and, by extension, the CEP.
One can thereby infer the possible range over which critical
fluctuations associated with a CEP in the QCD phase
diagram may affect experimental observables, e.g., baryon
number fluctuations [29,30]. For studies of the critical
behavior of the QM model at the TCP and CEP, analyzed
via quark-number cumulants within mean-field and fRG
approaches, see Refs. [31,32].
In this work, we restrict the analysis to the two-flavor

chiral limit, corresponding to the top-left corner of the
Columbia plot, following the same setup as in previous fRG
studies of the Oð4Þ scaling [4,11]. This provides the
simplest setting in which to establish our method for
quantifying the critical region before extending it to the
physically relevant (2þ 1)-flavor case. We perform a first
exploratory study using a QM model computed within the
fRG framework. Following a strategy similar to that of [11],
we compute the chiral order parameter and the correlation
length and examine the ranges in temperature and pion mass
where their behaviors are governed by the critical part of the
scaling function, then investigate the density dependence of
the size of the static critical region.
This paper is organized as follows: In Sec. II, we briefly

introduce the QM model employed in this work and the
flow equations involved in the fRG approach. In Sec. III,
the order parameter and correlation length are computed
around the phase transition, and their temperature and pion
mass dependence are investigated along the phase boun-
dary. The range of applicability of the critical part of the
scaling functions is discussed in Sec. IV. In the end, the
summary and conclusions are given in Sec. VI.

II. QUARK-MESON MODEL WITHIN
FUNCTIONAL RENORMALIZATION

GROUP APPROACH

As a starting point, this section introduces the QMmodel
employed in this work, along with the technical details
required for the fRG approach calculations. In order to
incorporate the QM model into the framework of fRG, we
first formulate the scale-dependent effective action of the
model,

Γk½ϕ;q; q̄� ¼
Z
x

�
Zq;kq̄½γμ∂μ− γ0μ̂�qþ

1

2
Zϕ;kð∂μϕÞ2

þ 1

2
hkq̄ðτ0σþ iγ5τ ·πÞqþUkðρÞ− cσ

�
: ð1Þ

In this effective action, we have the degrees of freedom of
the hadrons ϕ ¼ ðσ;πÞ and the (anti)quark (q̄) q. The range
of the Lorentz index μ is taken to be from 0 to 3. For
simplicity, we consider two light-quark flavors with degen-
erate masses and chemical potentials, i.e., mq ≡mu ¼ md

and μ̂ ¼ diagðμ; μÞ. The interaction strength between mes-
ons and quarks is given by the Yukawa coupling hk. Then,
we have the tensor τ0 ¼ 1Nf×Nf

and Pauli matrices τ with
Nf ¼ 2 and Nc ¼ 3. The effective potential UkðρÞ captures
the chiral phase transition at finite temperature and density
together with the linear chiral symmetry breaking term
−cσ. The c in the linear term gives the strength of the chiral
symmetry breaking which is related to the current light
quark mass. When we set this strength to zero, the system
reaches the chiral limit. Note that in this work our
computations are carried out within both the local potential
approximation (LPA) and LPA0. In LPA, the scale depend-
ence of the meson (quark) wave function renormalization
Zϕ=q;k and the Yukawa coupling hk will not be taken into
account. In LPA0, we take into account the flow of meson
wave function renormalization Zϕ;k, i.e., meson anomalous
dimension. In both cases, we set the Zq;k ¼ 1, because the
quark wave function renormalization does not alter the
critical exponents of the Oð4Þ universality class.
To solve the effective action at infrared energy scale, we

have to introduce the Wetterich equation [33],

∂tΓk½ϕ; q; q̄� ¼
1

2
Tr
�
Gϕϕ

k ∂tR
ϕ
k

�
− Tr

�
Gqq̄

k ∂tR
q
k

�
: ð2Þ

In order to preserve the dimensional consistency of the
equations, we use the renormalization group (RG) time
t ¼ lnðk=ΛÞ. Here, Λ gives us the ultraviolet (UV) scale of
our current theory, we set it to 500 MeV in this work. The
index ϕ and q stand for the boson and quark degrees of
freedom in our system. The trace is performed on all the
intrinsic degrees of freedom, e.g., flavor, color, and Lorentz
space. The Gϕϕ=qq̄

k is the propagator, and the Rϕ=q
k is the

regulator of meson/quark. The definitions of them are given
in Appendix A.
We start with the flow equation of the effective potential,

∂tUkðρÞ ¼
k4

4π2

h
ðN2

f − 1Þlðϕ;4Þ0 ðm̄2
π;k; ηϕ;k;TÞ

þ lðϕ;4Þ0 ðm̄2
σ;k; ηϕ;k;TÞ

− 4NcNfl
ðq;4Þ
0 ðm̄2

q;k;T; μÞ
i
: ð3Þ
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Note that the flow equation given above is formulated for
the dimensionful 3þ 1-dimensional system. When study-
ing the critical behavior, however, an appropriate rescaling
can make the whole system dimensionless, such that it no
longer depends explicitly on the temperature T or the RG
scale k. The details of this rescaling are discussed in

Sec. III B. The lðϕ=q;4Þ0 is the threshold function of a bosonic
field or a quark field; the expression is also given in
Appendix A. In addition, they are all functions of meson
masses or quark masses. Then, the dimensionless masses
are defined by the derivative of the effective potential with
respect to the field,

m̄2
π;k ¼

U0
kðρÞ

k2Zϕ;k
; ð4Þ

m̄2
σ;k ¼

U0
kðρÞ þ 2ρU00

kðρÞ
k2Zϕ;k

; ð5Þ

m̄2
q;k ¼

h2kρ
2k2Zq;k

; ð6Þ

with the Oð4Þ invariant meson field ρ ¼ ϕ2=2. The meson
anomalous dimension is given by ηϕ;k ¼ −∂tZϕ;k=Zϕ;k. We
use the Taylor expansion method to solve the effective
potential. We give the expansion form of the potential,

UkðρÞ ¼
XN
n¼0

λ̄n;k
n!

ðρ̄ − κ̄kÞn: ð7Þ

The expansion coefficients, meson field, and the expansion
point are all RG-invariant quantities. They are defined by
λ̄n;k ¼ λn;k=Zn

ϕ;k, ρ̄ ¼ ρZϕ;k, and κ̄k ¼ κkZϕ;k. In this work,
we expand the potential up to N ¼ 5; in [6,34], we can see
that under this order sufficient convergence can already be
observed. The flow equations of the Taylor coefficients can
be obtained by the field derivative of Eq. (3),

∂ρ̄ð∂tUkðρÞÞ
���
ρ¼κk

¼ ð∂t−nηϕ;kÞλ̄n;k− ð∂tκ̄kþ ηϕ;kκ̄kÞλ̄nþ1;k:

ð8Þ

The flow of the expansion point ∂tκ̄k is given by the gap
equation of the potential,

∂ρ̄ðUkðρÞ − c̄k
ffiffiffiffiffi
2ρ̄

p
Þ
���
ρ¼κk

¼ 0: ð9Þ

The scale dependence of the explicit chiral symmetry
breaking term is only given by the meson wave function
renormalization c̄k ¼ c=

ffiffiffiffiffiffiffiffi
Zϕ;k

p
, and ∂tc̄k ¼ ηϕ;kc̄k=2. We

solve Eqs. (8) and (9) together and get the flow equation of
the expansion point,

∂tκ̄k ¼ −
c̄2k

λ̄31;k þ c̄2kλ̄2;k

×

�
∂ρ̄ð∂tUkðρÞÞ

���
ρ̄¼κ̄k

þ ηϕ;k

�
λ̄1;k
2

þ κ̄kλ̄2;k

	�
: ð10Þ

These equations are under the LPA0 truncation. If we set
ηϕ;k ¼ 0 and Zϕ;k ¼ 1 at every RG scale, we can go back to
LPA truncation.
The flow equation of meson anomalous dimension is

given by a momentum derivative of the meson two-point
function,

ηϕ;k ¼ −
δij

3Zϕ;k

∂

∂ðjpj2Þ
δ2∂tΓk

δπið−pÞδπjðpÞ
����
p¼0

: ð11Þ

Note that we use the spatial component of the pion
wave function renormalization in our computation. This
approximation is checked in [34]; at a low density area,
this setup can ensure the Oð4Þ critical behavior very well.
The numerical setup of the QM model is also given in
Appendix B.
For the Yukawa coupling h̄k, we do not consider the flow

contribution of the quark-meson vertex. So the flow
equations of it only come from the meson anomalous
dimension ∂th̄k ¼ ηϕ;kh̄k=2.

III. CRITICAL EXPONENTS AT FINITE
CHEMICAL POTENTIAL

The critical exponents characterize how different
thermodynamic quantities diverge near the phase transition
temperature. One can obtain the exponents by different
methods. The most rigorous way to compute critical
exponents is to solve the RG fixed-point equations, see
e.g., Refs. [19,35,36]. One can also compute them with the
data obtained from the effective potential at critical temper-
ature, see, e.g., Refs. [4,11,32]. In this work, we take the
second method to reveal the behavior of the exponent at
finite external parameters, e.g., temperature, chemical
potential, and current quark mass.
In this section, we compute the effective potential at

finite temperature and density, then use the data to compute
the critical behavior of the model at finite chemical
potential. We mainly compute three critical exponents,
i.e., δ, β, and ν. Moreover, we use these exponents to
estimate the size of the static Oð4Þ critical region along the
second-order phase boundary.

A. Critical behavior

We start from the grand potential of the QM model. The
potential is given by the effective potential and the chiral
symmetry breaking term,

ΩðT; μ; cÞ ¼ UkIRðρ̄Þ − cσ: ð12Þ
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The symmetry breaking strength c is proportional to the
current quark mass. So if we set c to zero, the whole system
is in the chiral limit. When we are in the critical region of
theOð4Þ second-order phase transition, the potential can be
considered as the critical part of the scaling function,

fsðt; hÞ ∼Ωð�ϵt; ϵcÞ: ð13Þ

The ϵt and ϵc denote infinitesimal deviations of the
thermodynamic potential from the chiral limit phase tran-
sition point along the reduced temperature direction and the
chiral symmetry breaking direction, respectively. If the
variations in the direction of temperature and the explicit
symmetry breaking term are infinitesimal, the effective
potential remains within the critical region. Therefore, it
can still be described by the critical equation. Here, we use
the reduced temperature t ¼ ðT − TcÞ=Tc and the external
field hwhich is related to the chiral breaking strength c. The
order parameter of the system can be computed by the
scaling function with a derivative of the external field,

M ¼ −
∂fs
∂h

≡ σ0; ð14Þ

which is the expectation value of the light quark condensate.
The critical exponents β and δ can be computed through the
order parameter,

σ0ðt; h ¼ 0Þ ∝ ð−tÞβ; ð15Þ

σ0ðt ¼ 0; hÞ ∝ h
1
δ: ð16Þ

These two exponents describe the behavior of the order
parameter near the critical temperature and current quark
mass. In addition, there is another important critical expo-
nent ν, which characterizes the divergence of the correlation
length near the critical temperature,

ξ ∝ jtj−ν: ð17Þ

The correlation length ξ is closely related to the mass of the
σ meson, see Eq. (25). These three exponents are computed
in this work to study the critical behavior along the second-
order phase boundary at finite chemical potential. From the
relations of exponents, we can directly obtain other expo-
nents,

γ ¼ βðδ − 1Þ; ð18Þ

γ ¼ νð2 − ηÞ; ð19Þ

β ¼ ν

2
ðd − 2þ ηÞ; ð20Þ

δ ¼ dþ 2 − η

d − 2þ η
; ð21Þ

ν ¼ β

d
ð1þ δÞ: ð22Þ

The anomalous dimension η is also computed in the LPA0
case of this work.

B. Critical temperature

We use the scaling behavior of the order parameter to
locate the critical temperature along the second-order phase
boundary. When solving the dimensionless fRG fixed-point
equations, it is common to assume that the equations are
evaluated at a fixed dimensionless order parameter and to
search for the corresponding fixed point of the model.
Analogously, we use the dimensionless order parameter to
determine whether the system is at its phase transition
temperature Tc, corresponding to the WF fixed point of a
second-order transition.
In the deep infrared, k ≪ T, fermionic modes are gapped

by the lowest Matsubara mode πT and decouple. The
bosonic occupation number approaches its classical limit,

nbðm̄2
ϕ;k;TÞ ≈ T=ðk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m̄2

ϕ;k

q
Þ − 1=2. Substituting this

into the threshold functions of Eq. (3), the flow equation
for UkðρÞ takes the form ∂tUk ∼ kdT × fðm̄2Þ; i.e., the k
and T dependence factorizes into an overall prefactor kdT
multiplying a function of the dimensionless masses alone.
Then, we define a dimensionless effective potential by
ukðρ̄Þ ¼ k−dT−1Ukðρ̄Þ. The same dimensionless method
can also be found in [37]. With this rescaling, the prefactor
kdT cancels exactly on both sides of the flow equation, so
that the resulting flow equation for ukðρ̄Þ no longer depends
explicitly on k or T, and coincides in form with the fixed-
point flow equation of the dimensionally reduced d ¼ 3
theory. Then, we can easily obtain the dimensionless order
parameter ρ̄=ðkTÞ by the Taylor expansion Eq. (7). So at the
critical temperature, ρ̄=ðkTcÞ should be a constant and this
can therefore serve as a criterion for identifying whether the
model is at the critical temperature. An example is shown in
Fig. 1, where the dimensionless order parameters are plotted
as functions of the RG scale k. We observe that the order
parameter vanishes in the high-scale regime and, after
crossing the chiral symmetry breaking scale kχSB, rapidly
rises to a constant value that remains stable down to the
infrared. This behavior appear in both LPA and LPA0
results. In the deep infrared region, the order parameter
gradually deviates from the plateau. This deviation arises
from numerical limitations, as the determination of the
critical temperature becomes inaccurate at very small values
of k. At this level of precision, the system gradually departs
from the WF fixed point. Therefore, when computing the
critical exponents, we choose the value of k within the
plateau region as the infrared scale of the flow equations, as
indicated by the red and magenta dashed lines in Fig. 1.
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In the following, we apply this method on different
chemical potential, and the corresponding critical temper-
ature is then determined by fine-tuning.

C. Mass direction

Before we start to compute the order parameter, it must be
emphasized that when solving the effective potential using
the Taylor expansion method the strict chiral limit is hard to
reach due to the limitations of this approach. One may
alternatively perform the Taylor expansion around different
expansion points associated with the chiral restoration scale
and the chiral symmetry-breaking scale [38]. However, the
determination of the matching scale kχ between these two
expansion schemes introduces additional numerical uncer-
tainties. This renders the numerical error of this approach
equivalent to that obtained in a direct calculation with a
sufficiently small but nonvanishing value of c. In this work,
we tune the explicit symmetry breaking term to a suffi-
ciently small value such that it does not influence the scaling
behavior of the system. The minimal pion mass accessible
in our calculation is 2.7 × 10−4 MeV, which is small
enough to see the scaling behavior.
We first compute the order parameter at critical temper-

ature, i.e., t ¼ 0, at finite chiral symmetry breaking. We use
the method introduced in Sec. III B to determine the critical
temperatures at finite chemical potential. In addition, the
chiral symmetry breaking strength c is proportional to
the pion mass m2

π . If we only consider the scaling part of
the potential, Eq. (16) can be written as

Logðσ0ðt¼ 0;m2
πÞÞ¼LogðBcÞþδ−1Logðm2

πÞþ �� � : ð23Þ

We can see from the equation above, in the critical region,
the critical exponent 1=δ can be extracted by fitting the

slope of Logðσ0Þ versus Logðm2
πÞ. LogðBcÞ denotes the

amplitude factor of the data. The same method has also been
employed in fRG calculations of QCD [11]. As the pion
mass increases, the system gradually moves away from the
Oð4Þ second-order critical region, and the slope correspond-
ingly deviates from the value 1=δ.
In Fg. 2, we demonstrate the inverse of the slope of the

data as functions of pion mass at different baryon chemical
potentials for both LPA and LPA0. The red band gives us
the unreliable region of the data. In this region, the pion
mass is smaller than the infrared cutoff kIR used in the
calculation, causing the data to fall outside the range of
numerical accuracy. We can see that, in the small pion mass
region, the fitted slope exhibits a plateau at the value
corresponding to the critical exponent δ. We get the critical
exponent δLPA ≃ 5.00 and δLPA0 ≃ 4.79. For zero chemical
potential, the results start to deviate from the 1% vicinity of
the critical exponent at the pion mass below 10MeV, which
is consistent with the QCD fits including next-leading-
order (NLO) contributions [11]; the same results are also
given in Sec. V. It then exhibits a peak and rapidly
decreases as the mass increases. The values of the expo-
nents obtained in this work coincide with the results of
OðNÞ model within the fRG approach [39,40].
At high chemical potential, the data gradually change

from an upward deviation to a downward deviation. In
other words, the range over which the slope agrees with the
critical exponent first increases and then decreases. At very
high chemical potential, the LPA fit quickly deviates from
the critical exponent, while the LPA0 fit deviates slightly
more slowly; however, the overall behavior remains similar
to that of LPA. The maximal chemical potentials consid-
ered in the two approximations are not the same. This is
because the phase structure in the chiral limit differs
between the two approximations. In the LPA0, the tricritical
point is located at a smaller chemical potential, and there-
fore, the calculations within this approximation are termi-
nated at a lower chemical potential.
It should be emphasized that results obtained in the

region where the pion mass is smaller than the infrared RG
scale cannot be considered reliable. This is because, in this
region, the parameters lie beyond the range of control of the
fRG calculation, and it can no longer be guaranteed that
the system remains at the WF fixed point. Therefore, in the
figures, we highlight this region in red to guide the reader.

D. Lower temperature direction

Now, we change from the mass direction to the temper-
ature direction. Along this direction, one can start from the
phase transition line either to the high-temperature chiral
symmetry restored phase or to the low-temperature chiral
symmetry broken phase. In this subsection, we first
investigate the behavior of the order parameter in the
low-temperature region, i.e., the critical exponent β.

FIG. 1. Dimensionless Oð4Þ invariant meson field as function
of RG scale k. The red and magenta dashed lines indicate the
scale k at which the LPA and LPA0 results deviate from the
plateau.
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To get the order parameter as a function of temperature,
we first fix the model at the (approximate) chiral limit with
mπ ≃ 2.7 × 10−4 MeV. At this mass, the scaling behavior
of the order parameter shown in Fig. 1 can already be
observed. Subsequently, we gradually lower the temper-
ature starting from the critical temperature; i.e., the reduced
temperature t is decreased from zero. From Eq. (15), we can
obtain the relation

Logðσ0ðt; h ¼ 0ÞÞ ¼ LogðAÞ þ βLogð−tÞ þ � � � : ð24Þ

The slope of the Logðσ0Þ as function of Logð−tÞ is the
exponent β. LogðAÞ is the amplitude factor along the
temperature direction.
In Fig. 3, we show the results of the slope fitted by

Eq. (24). The red band is given by the RG time kIR=Λ,
which shows the reliable boundary of the reduced temper-
ature. We get the exponent βLPA ≃ 0.400 and βLPA0 ≃ 0.397.
On the temperature direction, the slope of the data is more
flatten than the mass direction. For both LPA and LPA0
results, the slope stays in the gray band in a wide range. In
the lower-temperature region, i.e., for larger jtj, the LPA0
results deviate from the gray band more rapidly than those
of LPA. This can be attributed to the temperature depend-
ence introduced by the anomalous dimension. As the
chemical potential increases, the range over which the slope
lies within the gray band first expands and then shrinks. For
the results at high chemical potential, we find that the slope
of the data rapidly deviates from the critical exponent within
a very narrow range. This indicates that, at high chemical
potential, the model quickly departs from the leading-order
(LO) scaling function assumed in Eq. (24). To properly
describe the model in this regime, additional regular
corrections must be included, see, e.g., Ref. [11].

E. Higher temperature direction

After the lower temperature direction, we go to the other
side of the phase boundary. Since in the chiral symmetry
phase the order parameter is always zero, we turn to
compute the critical exponent ν, which is related to the
correlation length of the system. From the scaling analysis,
the correlation length in the OðNÞ type model is related to
the inverse mass of the σ mode, i.e.,

ξ ∝
1

mσ
: ð25Þ

Because in the high temperature region the chiral symmetry
is restored, the sigma mass and pion mass are the same. So
here we also have ξ ∝ 1=mπ . So from Eq. (17), we can have
the scaling relation of the data,

Logðξðt; h ¼ 0ÞÞ ¼ LogðCÞ − νLogðtÞ þ � � � : ð26Þ

The factor LogðCÞ is the amplitude of the data, and ν is the
critical exponent.
In Fig. 4, we show the slope of LogðmσÞ as function of

LogðtÞ at finite reduced temperature. At low chemical
potential, the behavior of the slope is similar to that of the
order parameter slope in Fig. 3: it remains within a �1%
window around the critical exponent νLPA ≃ 0.804 and
νLPA0 ≃ 0.759 over a wide range when moving away from
the phase transition temperature. At finite chemical poten-
tial, the slope gradually changes from an upward deviation
to a downward deviation from the critical exponent. At an
intermediate value of the chemical potential, the entire
curve lies within the critical exponent error window. For
LPA, it is around μB ∼ 400 MeV, and for LPA0 is around
μB ∼ 450 MeV. It can be anticipated that, if one attempts to
determine the size of the critical region by the deviation of

FIG. 2. The LO fit of the order parameters within LPA and LPA0 under different values of pion mass. The results are obtained at
μB ¼ 0, 300, 400, 500, 550, 575, 600 MeV for LPA and μB ¼ 0, 300, 400, 450, 500, 530 MeV for LPA0. The right boundary of the red
band is the kIR we choose in the computation. The gray dashed line is the value of the value of the exponent, δ ≃ 5.0 for LPA and
δ ≃ 4.79 for LPA0. The gray band highlights the parameter region where the deviation of the exponent reaches 1%.
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the fitted slope from the critical exponent, the resulting
critical region would become very large in this case.

IV. DEVIATION FROM THE SECOND-ORDER
PHASE BOUNDARY

In this section, we summarize the numerical results
obtained in the previous section and examine the rate at
which the fitted slopes of the data deviate from the critical
exponents along the second-order phase boundary.
In Figs. 2–4, we fit the data obtained from QM

model with LPA and LPA0 using the scaling form
Eqs. (23), (24), and (26). Our goal is to examine the
temperature or mass ranges in which the slopes deviate
from the critical exponents, thereby inferring how the size

of the second-order phase transition critical region evolves
with increasing chemical potential. To more clearly illus-
trate the deviation of the slope at finite density, we plot
contour lines of the existing slope data on the phase
diagram, allowing for a clearly analysis of how the
deviation range evolves along the phase boundary.
In Fig. 5, we show the results of LPA. The left plot is the

phase diagram of the model which shows the contour lines
along the temperature direction. For the region above the
critical temperature, we extract the slope by fitting the
correlation-length data and display contour lines corre-
sponding to deviations of 1%, 2%, and 3% from the critical
exponent ν ≃ 0.8. From the figure, we observe that at low
chemical potential and in the vicinity of the TCP the slope
deviates from ν very rapidly, as indicated by the dense

FIG. 3. The LO fit of the order parameters within LPA and LPA0 under different values of temperature. The results are obtained at
μB ¼ 0, 300, 400, 500, 550, 575, 600 MeV for LPA and μB ¼ 0, 300, 400, 450, 500, 530 MeV for LPA0. The gray dashed line is the
value of the exponent, β ≃ 0.400 for LPA and β ≃ 0.397 for LPA0. The gray band highlights the parameter region where the deviation of
the exponent reaches 1%.

FIG. 4. The LO fit of the order parameters within LPA and LPA0 under different values of temperature. The results are obtained at
μB ¼ 0, 300, 400, 500, 550, 575, 600 MeV for LPA and μB ¼ 0, 300, 400, 450, 500, 530 MeV for LPA0. The gray dashed line is the
value of the exponent, ν ≃ 0.804 for LPA and ν ≃ 0.759 for LPA0. The gray band highlights the parameter region where the deviation of
the exponent reaches 1%.
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contour lines near the phase boundary in these regions. In
contrast, around a chemical potential of about 400 MeV, the
slope remains close to ν over a much broader range, and the
corresponding contour lines merge at a relatively large
distance above the phase boundary. This region also
corresponds to the transition regime in the left plot of
Fig. 4, where the slope changes from an upward deviation
to a downward deviation.
In the low-temperature region, the contour lines are

determined by the slope of the order parameter as a function
of the reduced temperature. To improve readability and
avoid the curves lying too close to the phase boundary, we
choose contour lines at the three values 0.36, 0.37, and
0.38. The evolution of these three contour lines is more
monotonic: as the chemical potential increases, they
gradually approach the phase boundary. In the vicinity
of the TCP, they almost coincide with the phase boundary,
indicating that at high chemical potential the slope deviates
from the critical exponent β ≃ 0.4 very rapidly.
In the right plot of Fig. 5, we present contour lines of the

slope of the order parameter at finite pion mass in the finite
density region. We show contour lines corresponding to
deviations of the slope from the critical exponent by 1%,
2%, and 3%. Similar to the behavior observed for the slope
of the correlation length, the contour lines exhibit a peak in
the region where the chemical potential lies between 400
and 500 MeV. This peak originates from the fact that the
slope deviates upward from the critical exponent at low
chemical potential and downward at high chemical poten-
tial, while the intermediate transition region enlarges the
range over which the slope agrees with the critical
exponent δ ≃ 5.

In Fig. 6, we present the contour lines of the slopes
obtained from the LPA0 calculation. The overall structure of
the two figures is consistent with the LPA results, with only
minor quantitative differences. For the slope of the corre-
lation length in the temperature direction and the slope of
the order parameter in the pion-mass direction, we continue
to use contour lines corresponding to deviations of 1%–3%
from the critical exponents ν ≃ 0.759 and δ ≃ 4.79. For the
slope of the order parameter in the temperature direction,
we choose the values 0.37, 0.38, and 0.39, a little smaller
than β ≃ 0.397. By comparing the results obtained in LPA
and LPA0, we find that the contours in LPA0 lie closer to the
phase boundary. The contours of σ0 at finite pion mass also
move to small values. These results indicate that after
considering the meson anomalous dimension, the slope
deviates more rapidly from the critical exponents.
To better visualize the behavior of the correlation length

near the phase boundary, we show the heatmap plot of the
correlation length on the phase diagram in Fig. 7. One can
see that there is no qualitative difference between the LPA
(left panel) and LPA0 (right panel) results. For a second-
order phase transition, the correlation length diverges at the
critical temperature. In Fig 7, the color scale of the heatmap
is restricted to the range 0–1 MeV−1 in order to more
clearly display how the divergence of the correlation length
evolves along the phase boundary. In the low temperature
region, the correlation length remains finite. As the temper-
ature increases toward the transition temperature, it tends to
diverge, while in the high temperature region it decreases
and approaches zero. The dark-colored region in the figure
also indicates that the area where the correlation length
divergence decreases as the chemical potential increases,

FIG. 5. Contour lines of the fitted LPA data slope on the phase diagram. In the left panel, the contour lines above the phase boundary
(black solid line) indicate where the slope of the correlation length as a function of reduced temperature deviates from the critical
exponent ν by 1%, 2%, and 3%. The lines below the phase boundary correspond to the values 0.36, 0.37, and 0.38 of the slope of the
order parameter σ0 as a function of reduced temperature. In the right panel, the lines correspond to 1%, 2%, and 3% deviations of the
slope of the order parameter as a function of pion mass from the critical exponent δ. The gray area denotes regions where no data are
available.
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consistent with the conclusion drawn earlier from the
contour analysis.
From the analysis presented in this section, based on LO

scaling fits to three different critical exponents, we find that
with increasing chemical potential the QM model departs
more rapidly from the regime that can be described by the
Oð4Þ critical exponents of the chiral phase transition along
both mass and temperature directions.

V. SUBLEADING SCALING CONTRIBUTION

Up to this point, our discussion has been based on fits to
the data that include only the leading contribution of the
scaling functions, e.g., Eqs. (23), (24), and (26). Therefore,
we cannot exclude the possibility that subleading scaling
corrections may modify our conclusions. In this section, we
examine fits that incorporate NLO contributions to the
scaling functions in order to verify that these subleading

terms do not alter the range over which the slope remains
consistent with the expected critical exponents.
Previous investigations of critical exponents in QCD

[11] have provided the explicit form of the NLO contri-
bution to the scaling function along the pion mass direction.
The scaling form of the chiral condensate can be obtained
from the rescaling of the free energy. The corresponding
derivation can be found in [11,41,42] and Appendix D.
Here, we directly give the scaling form with NLO correc-
tion. Along the pion mass and temperature directions, we
have

σ0ðt ¼ 0; m2
πÞ ¼ Bcm

2=δ
π ð1þ amm

2θH
π þ � � �Þ; ð27Þ

σ0ðt; m2
π ¼ 0Þ ¼ Ajtjβð1þ atjtjθt þ � � �Þ; ð28Þ

ξðt; m2
π ¼ 0Þ ¼ Cjtj−νð1þ aξt jtjθt þ � � �Þ: ð29Þ

FIG. 7. Heatmap of the correlation length ξ on the phase diagram of the QM model within LPA (left) and LPA0 (right).

FIG. 6. Contour lines of the fitted LPA0 data slope on the phase diagram. In the left panel, the contour lines above the phase boundary
(black solid line) indicate where the slope of the correlation length as a function of reduced temperature deviates from the critical
exponent ν by 1%, 2%, and 3%. The lines below the phase boundary correspond to the values 0.37, 0.38, and 0.39 of the slope of the
order parameter σ0 as a function of reduced temperature. In the right panel, the lines correspond to 1%, 2%, and 3% deviations of the
slope of the order parameter as a function of pion mass from the critical exponent δ. The gray area denotes regions where no data are
available.
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The NLO exponents can be obtained from the rescaling.
The exponents are given by the combination of other
exponents, e.g., θH ¼ νω=ðβδÞ, θt ¼ νω. The exponent
ω is the smallest irrelevant eigenvalue of the stability
matrix. Note that the NLO exponent is the same θt for
the chiral condensate and correlation length. Due to the
nonlinear form of the above equations, applying the linear
slope-fitting procedure introduced previously does not
yield sufficiently stable results. Therefore, we fix the
NLO exponents θH=t and perform fits to the LO and
NLO critical amplitudes (Bc, A, C, am, at and aξt ) as well
as the LO critical exponents.
In Figs 8 and 9, we show the comparison of the LO and

NLO fits along pion mass and temperature directions under
LPA and LPA0 data. From these figures, one observes that
at vanishing chemical potential the NLO fits (blue solid
lines) slightly extend the range over which the extracted
exponents agree with the critical values compared to the LO
fits (red solid lines) for all three critical exponents. In
particular, for the exponent along the pion-mass direction,
the NLO fit is consistent with the fRG-QCD result. The
fitted exponent agrees with the critical value in the region
mπ ≲ 10 MeV for both LPA and LPA0. It is also worth
noting that the exponent associated with the temperature

dependence of the order parameter (see middle plots of
both figures) changes from a downward deviation to an
upward deviation as one moves away from the critical
temperature. This behavior originates from the subleading
amplitude contribution, which modifies the exponent at
larger reduced temperatures.
We further show the fitting results at larger chemical

potentials in order to assess whether NLO contributions
alter the tendency of the critical region to shrink at
high chemical potential. For LPA, we give the results
at μB ¼ 550 MeV; for LPA0, we give the results at
μB ¼ 500 MeV. After including the NLO contributions,
the behavior of the exponents at high chemical potential
remains consistent with that obtained from the LO analysis.
The interval over which they agree with the critical values
becomes smaller than at zero chemical potential. Therefore,
the conclusions drawn in the previous section remain
unchanged after NLO contributions are taken into account.
Interestingly, at high chemical potential, the NLO fit to the
temperature dependence of the correlation length (light
brown dashed line) deviates downward in LPA, while in
LPA0 it deviates upward. Since the only difference between
LPA and LPA0 is the inclusion of the mesonic anomalous
dimension, we infer that this change in the deviation pattern

FIG. 8. Comparison of LO and NLO fits to the LPA data at μB ¼ 0 and μB ¼ 550 MeV. Left: leading exponent of the order parameter
at finite pion mass. Middle: leading exponent of the order parameter at finite reduced temperature. Right: leading exponent of the
correlation length at finite reduced temperature.

FIG. 9. Comparison of LO and NLO fits to the LPA0 data at μB ¼ 0 and μB ¼ 500 MeV. Left: leading exponent of the order parameter
at finite pion mass. Middle: leading exponent of the order parameter at finite reduced temperature. Right: leading exponent of the
correlation length at finite reduced temperature.
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originates from the NLO exponent modified by the anoma-
lous dimension.

VI. SUMMARY AND CONCLUSIONS

In this work, we calculate the critical exponents of the
QM model within the LPA and LPA0, and our results are
consistent with those obtained in previous studies [4,39,40].
We extract the critical exponents δ, β and ν by fitting the
model data to the scaling relation given in Eqs. (23), (24),
and (26). From these three equations, one can see that in the
vicinity of the critical temperature in the chiral limit the
slope of the logarithmic data corresponds to the critical
exponents. As the temperature and the pion mass move
away from the second-order phase transition, the slope
gradually deviates from the critical exponents, and even-
tually, the critical scaling relation ceases to be valid beyond
a certain temperature or mass range. We estimate how this
range evolves with the chemical potential by fitting the
numerical data. Finally, we examine how this behavior is
modified once the NLO scaling corrections are included in
the fits.
First, for the behavior of the chiral order parameter as a

function of the pion mass, we fit the slope of the numerical
results using the scaling relation. The slope approaches the
critical exponent δ at the second-order transition temper-
ature in the chiral limit and gradually deviates from this
value as the pion mass increases. The pion mass range over
which the slope deviates from δ is consistent with fRG
calculations in QCD [11]. As the chemical potential
increases, the slopes obtained in both the LPA and the
LPA0 gradually change from deviating toward larger values
than the critical exponent to deviating toward smaller
values. In an intermediate range of chemical potential,
the flat range of the slope becomes slightly enlarged. The
deviation of the slope from the critical exponent in the LPA0
is slightly smaller than that in the LPA.
Next, for the behavior of the chiral order parameter as a

function of temperature, we apply the same method to fit
the slope of the data. We find that the slopes obtained in
both the LPA and the LPA0 monotonically deviate toward
smaller values from the critical exponent β. Moreover, as
the chemical potential increases, the slope starts to deviate
from β at temperatures closer to the critical temperature. In
other words, at high chemical potential, the scaling behav-
ior of the order parameter along the temperature direction is
restricted to a small temperature interval around the critical
temperature.
In the region above the phase transition temperature, we

compute the slope of the logarithm of the correlation length
with respect to the logarithm of the reduced temperature.
As the temperature increases, the slope gradually deviates
from the critical exponent ν. Similar to the slope of the
order parameter along the mass direction, the slope of the
correlation length along the temperature direction changes,
with increasing chemical potential, from deviating toward

values larger than the critical exponent to deviating toward
values smaller than the exponent. This also leads to a slight
enlargement of the flat range for chemical potentials
between 300 and 500 MeV for both LPA and LPA0 results.
Finally, we perform fits including the NLO contributions

to the scaling functions. We find that the inclusion of NLO
correction can slightly enlarge the scaling range along both
mass and temperature directions. At high chemical poten-
tial, the behavior of the flat range remains consistent with
the LO analysis. It also shrinks as the chemical potential
increases. Similar to the method used in [11], we can
estimate the size of the critical region in the QM model
using the NLO fits at vanishing chemical potential. For the
LPA approximation, the critical region along the mass
direction is mπ ≲ 10 MeV, and the critical region along
the temperature direction is approximately smaller than
Tc × 2%, with Tc ≃ 118.71925 MeV. For the LPA0
approximation, the critical region along the mass direction
is also mπ ≲ 10 MeV, while the critical region along the
temperature direction differs between the lower and higher
temperature sides. Below Tc, it is approximately smaller
than Tc × 2% ∘ , and above Tc, it is approximately smaller
than Tc × 3%, with Tc ≃ 110.01847 MeV. All of these
critical regions shrink progressively with increasing chemi-
cal potential, and tend to vanish in the vicinity of the TCP.
We now summarize the main results of the calculations

presented above. In the QM model, when moving away
from the second-order phase transition along the mass and
temperature directions, the behavior of the order parameter
and the correlation length can still be described by the
scaling part of the thermodynamic potential within a
relatively small range of mass and temperature. Beyond
this range, the scaling function can no longer describe the
behavior of the data. The region that can be described by
the scaling function shrinks as the chemical potential
increases. Similar to the results in [30] that the crossover
becomes increasingly sharp with increasing chemical
potential, we find that the second-order chiral phase
transition in the chiral limit also becomes sharper as the
chemical potential increases. This also implies that if the
applicability range of the scaling function is used to
characterize the size of the critical region, the critical
region of the model decreases with increasing chemical
potential. Our results also show that for different critical
exponents lead to different validity ranges of the scaling
functions at finite chemical potential. Consequently, differ-
ent observables yield different estimates for the size of the
critical region. This suggests that, if one aims to quantify
the static critical region by examining deviations of
numerical fits from the expected critical exponents, it is
necessary to take into account multiple observables rather
than relying on a single one. Since the QM model does not
include the full degrees of freedom of QCD, it cannot yet
provide an estimate of the critical region in the real QCD
system. However, by comparing with the estimate of [11],
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we find that the critical region estimated in the QMmodel is
slightly larger than that estimated in the fRG-QCD calcu-
lation. This suggests that the size of the critical region
obtained in the present work may overestimate that of real
QCD. It can also be concluded that in a system with only
the chiral transition of two light quark flavors, the critical
region of the second-order phase transition shrinks rapidly
at high chemical potential.
It should be noted that this work analyses the possible

variation of the critical region at finite chemical potential
solely from the perspective of critical exponents and does
not rule out the possibility of differences arising from other
methods of analysis. In the current computations of the
meson effective potential, we use the Taylor expansion
method. There are numerical challenges for calculations
involving the TCP. Since the TCP may correspond to an
unstable Gaussian fixed point, its critical region could be
very small or even approach zero. We leave the inves-
tigation of the TCP to future work.
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APPENDIX A: FLOW EQUATIONS

In the computation of the flow equations, we use the 3d-
flat Litim regulator functions [43] for both boson and
fermion,

Rϕ
k ðqÞ ¼ Zϕ;kq2rϕðq2=k2Þ; ðA1Þ

Rq
kðqÞ ¼ Zq;ki=qrfðq2=k2Þ: ðA2Þ

The shape function is defined by the Heaviside theta
function,

rϕðxÞ ¼
�
1

x
− 1

	
Θð1 − xÞ; ðA3Þ

rfðxÞ ¼
�

1ffiffiffi
x

p − 1

	
Θð1 − xÞ: ðA4Þ

Then, the dimensionless propagators of boson and fermion
are as follows:

Gϕðq; m̄2
ϕÞ ¼

1

q̃20 þ 1þ m̄2
ϕ;k

; ðA5Þ

Gqðq; m̄2
q; μ̃Þ ¼

1

ðq̃0 þ iμ̃Þ2 þ 1þ m̄2
q;k

: ðA6Þ

The μ̃ ¼ μ=k and q̃0 ¼ q0=k are the dimensionless quark
chemical potential and Matsubara frequency.
The threshold functions which are used in the flow

equation of effective potential are

lðϕ;dÞ0 ðm̄2
ϕ;k; ηϕ;k;TÞ ¼

2

d − 1

�
1 −

ηϕ;k
dþ 1

	
Bð1Þðm̄2

ϕ;k;TÞ;

ðA7Þ

lðq;dÞ0 ðm̄2
q;k; ηq;k;T; μÞ ¼

2

d − 1

�
1 −

ηq;k
d

	
F ð1Þðm̄2

q;k;T; μÞ:

ðA8Þ

In the computation, we use d ¼ 4 and ηq;k ¼ 0. The
definition of the boson and fermion threshold functions
BðnÞ and F ðnÞ are the Matsubara summation of the
propagators,

Bnðm̄2
ϕ;k; TÞ ¼

T
k

X
n0

ðGϕðq; m̄2
ϕ;kÞÞn; ðA9Þ

F nðm̄2
q;k; T; μÞ ¼

T
k

X
n0

ðGqðq; m̄2
q;kÞÞn: ðA10Þ

The lowest order of the functions are given by

Bð1Þðm̄2
ϕ;k; TÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m̄2

ϕ;k

q �
1

2
þ nbðm̄2

ϕ;k; TÞ
	
; ðA11Þ

F ð1Þðm̄2
q;k;T; μÞ ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m̄2

q;k

q ðA12Þ

×ð1 − nqðm̄2
q;k;T; μÞ − nqðm̄2

q;k;T;−μÞÞ: ðA13Þ

The definitions of the boson and fermion distribution
functions are

nbðm̄2
ϕ;k;TÞ ¼

1

exp



k

ffiffiffiffiffiffiffiffiffiffiffi
1þm̄2

ϕ;k

p
T

�
− 1

; ðA14Þ

nqðm̄2
q;k;T;�μÞ ¼ 1

exp



k

ffiffiffiffiffiffiffiffiffiffiffi
1þm̄2

q;k

p
∓μ

T

�
þ 1

: ðA15Þ
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The flow equation of the meson anomalous dimension
can be obtained by Eq. (11) as follows:

ηϕ;k ¼
1

6π2

�
4

k2
κ̄kðŪk

00ðκ̄kÞÞ2BBð2;2Þðm̄2
π;k; m̄

2
σ;k;TÞ

þ Nch̄2k½−3F ð2Þðm̄2
q;k;T; μÞ þ 8F ð3Þðm̄2

q;k;T; μÞ�
�
:

ðA16Þ

The double meson threshold function is given by

BBðn1;n2Þðm2
b1
; m2

b2
;TÞ

¼ T
k

X
n0

ðGbðq;m2
b1;k

ÞÞn1ðGbðq;m2
b2;k

ÞÞn2 : ðA17Þ

The lowest order of the function is

BBð1;1Þðm2
b1
;m2

b2
;TÞ

¼−

(�
1

2
þnbðm2

b1;k
;TÞ

	
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þm2
b1;k

q
ðm2

b1
−m2

b2
Þ

þ
�
1

2
þnbðm2

b2;k
;TÞ

	
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þm2
b2;k

q
ðm2

b2
−m2

b1
Þ

)
: ðA18Þ

The mb1 and mb2 give us different meson masses. The
higher order of the threshold functions can be obtained by
the derivative of the first order of the function with respect
to the masses. For example,

BBðn1þ1;n2Þðm2
b1;k

; m2
b2;k

;TÞ

¼ −
1

n1

∂

∂m2
b1;k

BBðn1;n2Þðm2
b1;k

; m2
b2;k

;TÞ: ðA19Þ

APPENDIX B: NUMERICAL SETUP

Here, we introduce the numerical setup of the fRG flow
equations. First, we set the UV cutoff scale of the theory to
Λ ¼ 500 MeV. Because our model is a low energy
effective theory, the choice of a small cutoff scale is
reasonable. This small scale is also used in, e.g.,
Ref. [4]. The behavior of the critical exponents at finite
chemical potential does not depend on the value of the
cutoff scale.
For the effective potential, we have the form at UV scale

as follows:

UΛðρÞ ¼
λΛ
2
ρ2 þ νΛρ: ðB1Þ

For both LPA and LPA0, we give the parameter setup in
Table I. In the LPA0 approximation, the initial condition of
the meson wave function renormalization is Zϕ;Λ ¼ 1.

APPENDIX C: CRITICAL EXPONENTS

Previous studies have found that the numerical determi-
nation of critical exponents shows a mild dependence on
the method used to solve the effective potential, see, e.g.,
Ref. [4]. Here, we also list our Taylor expansion results to
make it convenient to compare with other methods.
In addition to the three critical exponents discussed in the

main text, we also present the results for the anomalous
dimension calculated within the LPA0 in Fig. 10. Then, we
can give the table of exponents in Table II.
In the NLO fits, we also make use of the next-to-leading

critical exponent ω. This exponent is obtained from the
smallest eigenvalue of the stability matrix corresponding to
the irrelevant parameter. For the details of the computation,
see Ref. [11]. Here, we directly give the values of them,
ωLPA ¼ 0.7459 and ωLPA0 ¼ 0.6745.

TABLE I. Parameters setup of the QM model with both LPA
and LPA0.

Λ ¼ 500 ½MeV� LPA LPA0

λΛ 5.7 5.7Parameters

νΛ [GeV2] 0.290 0.384
cσ ½×10−3 GeV3� 1.7 2.1

h̄Λ 6.50 7.81

Vacuum m̄π [MeV] 135.62 137.47
m̄σ [MeV] 408.36 387.95

Results m̄q [MeV] 300.41 300.47
σ̄0 [MeV] 92.43 92.47

FIG. 10. The anomalous dimension as function of RG scale at
vanishing chemical potential in LPA0 computation.
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APPENDIX D: SUBLEADING SCALING
CORRECTIONS

The scaling forms for the temperature dependence of the
order parameter and the correlation length can be derived
by rescaling the free energy and the correlation function,
respectively. The derivation of the scaling function for the
pion-mass dependence of the order parameter follows that
given in [11].
We first consider the rescaling of the free energy,

fðuT;uH;u2;u3Þ¼ s−df
�
uTs

1
ν;uHs

βδ
ν ;u2s−ω;u3s−b3

�
; ðD1Þ

where the ω and b3 are the exponents of the NLO and next-
next-leading-order of the scaling function. If we choose
s ¼ u−νT and take the derivative of the free energy with
respect to the external field H, we can get the temperature
scaling function of the order parameter,

σ0 ¼ jtjβfTðz;ω2;ω3Þ: ðD2Þ

Here, we use z ¼ uHu
−βδ
T , ω2 ¼ u2uνωT , and ω3 ¼ u3u

νb3
T

with uT ∝ t and uH ∝ H. In the end, after an expansion
around t ¼ 0, we have

σ0ðt; H ¼ 0Þ ¼ Ajtjβð1þ atjtjνω þ at3jtjνb3 þ � � �Þ: ðD3Þ

For the correlation length, which already carries the
dimension of length, one can perform the rescaling in the
following form:

ξ ¼ s−1fξ
�
uTs

1
ν; uHs

βδ
ν ; u2s−ω; u3s−b3

�
: ðD4Þ

We can choose the same rescaling factor as s ¼ u−νT . Then,
we get

ξ ¼ jtj−νfξðz;ω2;ω3Þ: ðD5Þ

After the expansion of the reduced temperature, we have

ξðt; H ¼ 0Þ ¼ Cjtj−νð1þ aξt jtjνω þ aξt3 jtjνb3 þ � � �Þ: ðD6Þ
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