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An SUð8Þ theory was previously found to be the minimal simple gauge group where all three-
generational Standard Model (SM) fermions can be nontrivially embedded. It is maximally broken into a
subgroup of SUð8Þ → G441 ≡ SUð4Þs ⊗ SUð4ÞW ⊗ Uð1ÞX0

at the grand unified theory scale by the SUð8Þ
adjoint Higgs field of 63H. Gauge symmetries in the strong and the weak sectors are extended by one and
two ranks, respectively. The sequential strong-weak-weak (SWW) symmetry breaking stages were found to
generate the observed hierarchical SM quark/lepton masses as well as the Cabibbo-Kobayashi-Maskawa
mixing pattern with the precise flavor identifications [The global B− L symmetry in the flavor-unified
SU(N) theories, J. High Energy Phys. 04 (2024) 046. and The standard model quark/lepton masses and the
Cabibbo-Kobayashi-Maskawa mixing in an SU(8) theory, J. High Energy Phys. 12 (2024) 137.]. We
further study the possible weak-strong-weak and weak-weak-strong symmetry breaking patterns and
compare with the results that we have obtained by following the SWW sequence. The two-loop
renormalization group equations following both patterns are analyzed, where we cannot achieve the
gauge coupling unification in the field theory framework. Through these analyses, we suggest the gauge
coupling unification to be interpreted in the context of the affine Lie algebra.
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I. INTRODUCTION

The grand unified theory (GUT) was proposed to unify
all three fundamental symmetries described by the Standard
Model (SM). Two original versions that have been widely
studied over decades are the SU(5) Georgi-Glashow theory
[1] and the SO(10) Fritzsch-Minkowski theory [2], as well
as their supersymmetric extensions [3]. However, the
minimal unified frameworks cannot address much on the
existing flavor puzzles of all three-generational SM fer-
mions, unless further ingredients are included [4–11].
From the experimental perspective, the indispensable

guidance to unveil the flavor puzzle (particularly for quarks
and leptons) to date is the discovery [12,13] and the
measurements [14,15] of one single SM Higgs boson.
The LHC measurements have confirmed that the Yukawa
couplings at the electroweak (EW) scale between the SM

Higgs boson and the ðt; b; τ; μÞ are consistent with the SM
predictions. Based on the experimental facts, one natural
conjecture is that the hierarchical Yukawa couplings of the
SMHiggs boson originate from the flavor nonuniversalities
to all three generations beyond the SM. Obviously, the
minimal SU(5) or SO(10) theories only allow the simply
repetitive flavor structure. In an earlier study by Georgi
[16], he proposed to extend the gauge group beyond
the minimal SU(5) so that three-generational SM fermions
can be nontrivially embedded. Consequently, three-
generational SM fermions must transform differently in
the UV-complete theory. In the original third law of the
SUðNÞ unified theory, Georgi determined to have non-
repetitive SUðNÞ irreducible representations (IRs), which
lead to a minimal three-generational SU(11) framework
with the chiral fermions of

ffLgng¼3

SUð11Þ ¼ ½11; 4�F ⊕ ½11; 8�F ⊕ ½11; 9�F ⊕ ½11; 10�F:
ð1Þ

In recent studies, we introduced a concept of chiral
irreducible anomaly-free fermion sets (IRAFFSs), which
reads [17]:
Definition. A chiral IRAFFS is a set of left-handed

antisymmetric fermions of
P

RmRFLðRÞ, with mR
being the multiplicities of a particular fermion representa-
tion of R. Obviously, the anomaly-free condition reads
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P
R mR AnomðFLðRÞÞ ¼ 0. We also require the follow-

ing conditions to be satisfied for a chiral IRAFFS:
(i) the greatest common divisor (GCD) of the fmRg

should satisfy that GCDfmRg ¼ 1;
(ii) the fermions in a chiral IRAFFS can no longer be

removed, which would otherwise bring nonvanish-
ing gauge anomalies;

(iii) there should not be any singlet, self-conjugate,
adjoint fermions, or vectorial fermion pairs in a
chiral IRAFFS.

Correspondingly, Georgi’s 1979 third law [16] can be
reformulated as follows [17].
Conjecture [Chen]. Only distinctive chiral IRAFFSs are

allowed in the GUT.
This leads to an SU(8) theory with the minimal chiral

fermions of

ffLgng¼3

SUð8Þ ¼
h
8F

ω ⊕ 28F
i
⨁

h
8F

ω̇ ⊕ 56F
i
; dimF ¼ 156;

Ω≡ ðω; ω̇Þ; ω ¼ ð3; IV;V;VIÞ;
ω̇ ¼ ð1̇; 2̇; V̇II; ˙VIII; ˙IXÞ; ð2Þ

with undotted/dotted indices for the 8F’s in the rank-two
chiral IRAFFS and the rank-three chiral IRAFFS, respec-
tively. The Roman numbers and the Arabic numbers are
used for the heavy partner fermions and the SM fermions.
The same chiral fermions in Eq. (2) were previously
proposed in Ref. [18], while a partition based on the chiral
IRAFFSs was not acknowledged.
The SU(8) gauge group has rank seven, which predicts

three intermediate symmetry breaking stages between the
GUT scale and the EW scale. The adjoint Higgs field of
63H achieves the maximally breaking pattern of SUð8Þ →
G441 through its vacuum expectation value (VEV) of

h63Hi ¼
1

4
diagð−I4×4;þI4×4ÞvU; ð3Þ

according to Li [19]. The Uð1ÞX0
charges of the SU(8)

fundamental representation are defined as follows:

X̂0ð8Þ≡ diag

�
−
1

4
I4×4|fflfflfflfflffl{zfflfflfflfflffl}

4s

;þ 1

4
I4×4

�
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

4W

: ð4Þ

In this pattern, the gauge symmetries in the strong and the
weak sectors are extended by one and two ranks beyond the
SM gauge groups, respectively. The sequential symmetry
breaking patterns may follow the strong-weak-weak
(SWW) [17,20,21], the weak-strong-weak (WSW), and
the weak-weak-strong (WWS) sequences. These cannot be
determined purely by group theory. Other different sym-
metry breaking patterns of the SU(8) group were previously
described in Refs. [22–27].

Through the previous analyses of the SWW symmetry
breaking pattern [17,20], we found (i) one unique SM
Higgs boson responsible for the electroweak symmetry
breaking (EWSB) by looking for the origin of the global
Ũð1ÞB−L symmetry, (ii) the hierarchical Yukawa couplings
to all three-generational SM quarks/leptons due to the
intrinsic symmetry properties, and (iii) the reasonable
Cabibbo-Kobayashi-Maskawa (CKM) mixing pattern
[28,29] in the quark sector. Three intermediate symmetry
breaking scales beyond the EW scale enter into the SM
quark/lepton mass matrices, and hence are set by requiring
a reasonable matching with the experimental measure-
ments. Meanwhile, the renormalization group equations
(RGEs) of three gauge couplings in the SWW symmetry
breaking pattern together with three intermediate scales
could not achieve the unification in the field theory context
[21]. In this work, we further analyze two other possible
WSW and WWS symmetry breaking patterns of the SU(8)
theory, where the extended weak symmetries breaking
pattern of G441 → G431

1 happened at the first stage.
Within each symmetry breaking pattern, we shall look
for whether the reported hierarchical SM quark/lepton
masses as well as the CKM mixing patterns following
the SWW sequence in Ref. [20] can be reproduced.
Furthermore, we shall derive the RGEs in both the
WSW and the WWS symmetry breaking patterns to look
for the gauge coupling unification.
The rest of the paper is organized as follows. In Sec. II,

we review the SU(8) framework, where three-generational
SM fermions are nontrivially embedded, and hence they
transform differently in the UV theory. We focus on the
WSW and the WWS symmetry breaking patterns, define
various gauge U(1) and nonanomalous global Ũð1ÞT
charges at different stages, and decompose all SU(8) chiral
fermions and Higgs fields accordingly. A set of d ¼ 5
operators that generate all light SM quark/lepton mass
terms other than the top quark mass are collected according
to Ref. [20]. In Secs. III and IV, we collect the vectorlike
fermion masses and the benchmark points in both the
WSWand theWWS symmetry breaking patterns. In Sec. V,
we obtain the RGEs of the minimal SU(8) theory by
following both WSW and WWS sequences based on the
suggested benchmark points. The RGE behaviors in none
of the symmetry breaking patterns are likely to achieve the
conventional gauge coupling unification, and their behav-
iors also match with what we have found in the SWW
sequence [21] by and large. We conclude and make future
perspective in Sec. VI, where we suggest that the gauge
coupling unification in the minimal SU(8) theory to be
interpreted in terms of the affine Lie algebra. In
Appendix A, we collect the SM quark/lepton mass matrices
from the SWW symmetry breaking pattern that we have
obtained in Refs. [17,20]. In Appendixes B and C, we

1An effective G431 was previously studied in Ref. [30].
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present details in both WSWandWWS symmetry breaking
patterns, where we describe the procedures to integrate out
the massive vectorlike fermions and also derive the SM
quark/lepton mass terms based on a set of d ¼ 5 fermion
bilinear operators and the irreducible Higgs mixing oper-
ators. In order to reproduce the SM quark/lepton mass
hierarchies and the CKM mixing pattern in Ref. [20], the
SM flavor identifications are modified for the first and
second generations accordingly.

II. THE SU(8) THEORY AND POSSIBLE
SYMMETRY BREAKING PATTERNS

A. Overview

The SU(8) theory was formulated by requiring seve-
ral distinctive chiral IRAFFSs that can lead to three-
generational SM fermions at the electroweak scale [17,20].
The nonanomalous global Dimopoulos-Raby-Susskind
(DRS) symmetries [31] from fermions in Eq. (2) are

G̃DRS½SUð8Þ; ng ¼ 3� ¼ ½ ˜SUð4Þω ⊗ Ũð1ÞT2
�

⊗ ½ ˜SUð5Þω̇ ⊗ Ũð1ÞT3
�; ð5Þ

andwe also denote the anomalous global Peccei-Quinn (PQ)
symmetries [32] as

G̃PQ½SUð8Þ; ng ¼ 3� ¼ Ũð1ÞPQ2
⊗ Ũð1ÞPQ3

: ð6Þ

Since the global B − L symmetry should be identical
for all three generations, we further require a common
nonanomalous Ũð1ÞT ≡ Ũð1ÞT2

¼ Ũð1ÞT3
between two chi-

ral IRAFFSs. The anomalous global Ũð1ÞPQ charges are
assigned such that

p∶ q2 ≠ −3∶þ 2; p∶q3 ≠ −3∶þ 1: ð7Þ
The most general gauge-invariant Yukawa couplings at

least include the following renormalizable and nonrenor-
malizable terms2:

−LY ¼ YB8F
ω28F8H;ω þ YT 28F28F70H

þ YD8F
ω̇56F28H;ω̇ þ

c4
Mpl

56F56F28H
†
;ω̇63H þH:c:;

ð8Þ

with the reduced Planck scale of Mpl ¼ ð8πGNÞ−1=2 ¼
2.4 × 1018 GeV. All renormalizable Yukawa couplings and
nonrenormalizable Wilson coefficients are expected to be
ðYB; YT ; YD; c4Þ ∼Oð1Þ. Altogether, we collect the SU(8)
Higgs fields as follows:

fHgng¼3

SUð8Þ ¼ 8H;ω ⊕ 28H;ω̇ ⊕ 70H ⊕ 63H; dimH ¼ 547;

ð9Þ

where the adjoint Higgs field of 63H is real, while all others
are complex. Accordingly, the nonanomalous global Ũð1ÞT
charges and the anomalous global Ũð1ÞPQ charges for all
fermions and Higgs fields are assigned in Table I.

B. The SWW symmetry breaking pattern

The SWW symmetry breaking pattern of the SU(8)
theory follows the sequence of

SUð8Þ⟶vU G441 ⟶
v441 G341 ⟶

v341 G331 ⟶
v331 GSM ⟶

vEW SUð3Þc ⊗ Uð1ÞEM;
G441 ≡ SUð4Þs ⊗ SUð4ÞW ⊗ Uð1ÞX0

; G341 ≡ SUð3Þc ⊗ SUð4ÞW ⊗ Uð1ÞX1
;

G331 ≡ SUð3Þc ⊗ SUð3ÞW ⊗ Uð1ÞX2
; GSM ≡ SUð3Þc ⊗ SUð2ÞW ⊗ Uð1ÞY;

with vU ≫ v441 ≫ v341 ≫ v331 ≫ vEW; ð10Þ

which was previously studied in Refs. [17,20,21]. Once one assumes that the extended gauge symmetries in the strong sector
break first, there is no ambiguity of the sequential symmetry breaking patterns. Sequentially, the Uð1ÞX1

, Uð1ÞX2
, and Uð1ÞY

TABLE I. The nonanomalous Ũð1ÞT charges and the anoma-
lous global Ũð1ÞPQ charges for the SU(8) fermions and Higgs
fields.

Fermions 8F
Ω 28F 56F

Ũð1ÞT −3t þ2t þt
Ũð1ÞPQ p q2 q3

Higgs 8H;ω 28H;ω̇ 70H 63H

Ũð1ÞT þt þ2t −4t 0
Ũð1ÞPQ −ðpþ q2Þ −ðpþ q3Þ −2q2 0

2The term of 56F56F28H þ H:c: vanishes due to the antisymmetric property [18]. Instead, only a d ¼ 5 nonrenormalizable term of
1

Mpl
56F56F28H

†
;ω̇63H is possible to generate masses for vectorlike fermions in the 56F. Since it transforms as an fSUð5Þω̇ vector and

carries nonvanishing Ũð1ÞPQ charge of pþ 3q3 ≠ 0 from Eq. (7), it is only possible due to the gravitational effect.
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charges are defined according to the SUð4Þs and the SUð4ÞW fundamental representations as follows:

X̂1ð4sÞ≡ diag

��
−

1

12
þ X0

�
I3×3|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

3c

;
1

4
þ X0

�
; ð11aÞ

X̂2ð4WÞ≡ diag

��
1

12
þ X1

�
I3×3|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

3W

;−
1

4
þ X1

�
; ð11bÞ

Ŷð4WÞ≡ diag

��
1

6
þ X2

�
I2×2;−

1

3
þ X2;X2

�

¼ diag

��
1

4
þ X0

�
I2×2|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

2W

;

�
−
1

4
þ X0

�
I2×2

�
; ð11cÞ

Q̂eð4WÞ≡ T3
SUð4Þ þ Ŷð4WÞ ¼ diag

�
3

4
þ X1;

�
−
1

4
þ X1

�
I3×3

�
: ð11dÞ

The nonanomalous global Ũð1ÞT symmetry becomes the global Ũð1ÞB−L at the EW scale according to the following
sequence [17]

G441∶ T 0 ≡ T − 4tX0; G341∶ T 00 ≡ T 0 þ 8tX1;

G331∶ T 000 ≡ T 00; GSM∶ B − L≡ T 000: ð12Þ

C. The WSW symmetry breaking pattern

The WSW symmetry breaking pattern of the SU(8) theory follows the sequence of

SUð8Þ⟶vU G441⟶
v441 G431⟶

v431 G331⟶
v331 GSM⟶

vEW
SUð3Þc ⊗ Uð1ÞEM;

G441 ≡ SUð4Þs ⊗ SUð4ÞW ⊗ Uð1ÞX0
; G431 ≡ SUð4Þc ⊗ SUð3ÞW ⊗ Uð1ÞX1

;

G331 ≡ SUð3Þc ⊗ SUð3ÞW ⊗ Uð1ÞX2
; GSM ≡ SUð3Þc ⊗ SUð2ÞW ⊗ Uð1ÞY;

with vU ≫ v441 ≫ v431 ≫ v331 ≫ vEW: ð13Þ

The Uð1ÞX1
, Uð1ÞX2

, and Uð1ÞY charges along the WSW sequence are defined according to the SUð4Þs and the SUð4ÞW
fundamental representations as follows:

X̂1ð4WÞ≡ diag

��
1

12
þ X0

�
I3×3|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

3W

;−
1

4
þ X 0

�
; ð14aÞ

X̂2ð4sÞ≡ diag

��
−

1

12
þ X1

�
I3×3|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

3c

;
1

4
þ X1

�
; ð14bÞ

Ŷð4WÞ≡ diag

��
1

6
þ X 2

�
I2×2;−

1

3
þ X 2;X2

�

¼ diag

��
1

4
þ X 0

�
I2×2|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

2W

;

�
−
1

4
þ X0

�
I2×2

�
; ð14cÞ
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Q̂eð4WÞ≡ T3
SUð4Þ þ Ŷð4WÞ ¼ diag

�
3

4
þ X0;

�
−
1

4
þ X0

�
I3×3

�
: ð14dÞ

The nonanomalous global Ũð1ÞT symmetry becomes the global Ũð1ÞB−L at the EW scale according to the following
sequence [17]:

G441∶ T 0 ≡ T þ 4tX 0; G431∶ T 00 ≡ T 0 − 8tX1;

G331∶ T 000 ≡ T 00 þ 8tX2; GSM∶ B − L≡ T 000: ð15Þ

By following the symmetry breaking pattern in Eq. (13), we tabulate the fermion representations at various stages of the
SU(8) theory in Tables II,III,IV. For all heavy right-handed down-type quarks of DΩ

R
c, they are named as follows3:

DIV
R

c ≡D00
R
c; DV

R
c ≡DR

c; DVI
R

c ≡D0c
R ;

DV̇II
R

c ≡D00000
R

c; D ˙VIII
R

c ≡D000
R
c; D ˙IX

R
c ≡D0000

R
c: ð16Þ

For the left-handed SUð2ÞW lepton doublets of ðEΩ
L ;−N Ω

LÞ, they are named as follows4:

ðEV̇II
L ;−N V̇II

L Þ≡ ðe0000L ;−n0000
L Þ; ðE ˙VIII

L ;−N ˙VIII
L Þ≡ ðe000L ;−n000

L Þ; ðE ˙IX
L ;−N ˙IX

L Þ≡ ðe00000L ;−n00000
L Þ;

ðEIV
L ;−N IV

L Þ≡ ðeL;−nLÞ; ðEV
L;−N V

LÞ≡ ðe00L;−n00
LÞ; ðEVI

L ;−N VI
L Þ≡ ðe0L;−n0

LÞ: ð17Þ

Through the analysis in Sec. III, we shall see that all heavy ðDΩ; EΩ;N ΩÞ (with Ω ¼ IV;…; ˙IX) acquire vectorlike masses

during the intermediate symmetry breaking stages. For the remaining left-handed sterile neutrinos of ðŇ Ω
L ; Ň

Ω0
L ; Ň Ω00

L Þ,
several of them are massive and they are named as follows:

Ň IV
L ≡ ň00

L; Ň IV0
L ≡ ňL; Ň V0

L ≡ ň0
L; Ň V̇II0

L ≡ ň000
L : ð18Þ

Notice that the first- and second-generational SM fermions are named differently in Table IV as compared to the names
following the SWW symmetry breaking pattern. This will be elaborated in our derivation of the SM quark/lepton mass
matrices in Sec. III.
We decompose the Higgs fields in the Yukawa term into components that can be responsible for the sequential symmetry

breaking pattern in Eq. (13). All possible Higgs components that are likely to develop VEVs for the corresponding
symmetry breaking stages are marked by h…i, while their UVorigins are denoted by underlines. For Higgs fields of 8H;ω

they read

TABLE II. The SU(8) fermion representation of 8F
Ω under the G441;G431;G331;GSM subgroups of the WSW

pattern, with Ω≡ ðω; ω̇Þ.
SU(8) G441 G431 G331 GSM

8F
Ω ð4̄; 1;þ 1

4
ÞΩF ð4̄; 1;þ 1

4
ÞΩF ð3̄; 1;þ 1

3
ÞΩF ð3̄; 1;þ 1

3
ÞΩF∶ DΩ

R
c

ð1; 1; 0ÞΩF ð1; 1; 0ÞΩF∶Ň Ω
L

ð1; 4̄;− 1
4
ÞΩF ð1; 3̄;− 1

3
ÞΩF ð1; 3̄;− 1

3
ÞΩF ð1; 2̄;− 1

2
ÞΩF∶LΩ

L ¼ ðEΩ
L ;−N Ω

L ÞT
ð1; 1; 0ÞΩ0

F ∶Ň Ω0
L

ð1; 1; 0ÞΩ00
F ð1; 1; 0ÞΩ00

F ð1; 1; 0ÞΩ00
F ∶Ň Ω00

L

3All SM right-handed down-type quarks are named according to the generational indices as ðD1̇
R
c;D2̇

R
c;D3̇

R
cÞ≡ ðdRc; sRc; bRcÞ.

4All SM left-handed SUð2ÞW lepton doublets are named according to the generational indices as ðE 1̇
L;−N 1̇

LÞ≡ ðeL;−νeLÞ,
ðE 2̇

L;−N 2̇
LÞ≡ ðμL;−νμLÞ, and ðE3

L;−N 3
LÞ≡ ðτL;−ντLÞ.
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8H;ω ⊃
�
4̄; 1;þ 1

4

�
H;ω

⊕
��

1; 4̄;−
1

4

�
H;ω

�

⊃
��

4̄; 1;þ 1

4

�
H;ω

�
⊕

�
1; 3̄;−

1

3

�
H;ω

⊃
��

1; 3̄;−
1

3
ÞH;ω

�
⊃
��

1; 2̄;−
1

2

�
H;ω

�
: ð19Þ

For Higgs fields of 28H;ω̇, they read

TABLE III. The SU(8) fermion representation of 28F under the G441;G431;G331;GSM subgroups of the WSW
pattern. All IRs for SM fermions are marked with underlines.

SU(8) G441 G431 G331 GSM

28F ð6; 1;− 1
2
ÞF ð6; 1;− 1

2
ÞF ð3; 1;− 1

3
ÞF ð3; 1;− 1

3
ÞF∶ DL

ð3̄; 1;− 2
3
ÞF ð3̄; 1;− 2

3
ÞF∶tRc

ð1; 6;þ 1
2
ÞF ð1; 3;þ 1

3
ÞF ð1; 3;þ 1

3
ÞF ð1; 2;þ 1

2
ÞF∶ðeRc;nR

cÞT
ð1; 1; 0ÞF∶ňc

R

ð1; 3̄;þ 2
3
ÞF ð1; 3̄;þ 2

3
ÞF ð1; 2̄;þ 1

2
Þ0F∶ðn0c

R ;−e0cR ÞT
ð1; 1;þ1ÞF∶τRc

ð4; 4; 0ÞF ð4; 3;þ 1
12
ÞF ð3; 3; 0ÞF ð3; 2;þ 1

6
ÞF∶ðtL; bLÞT

ð3; 1;− 1
3
Þ0F∶D0

L

ð1; 3;þ 1
3
Þ00F ð1; 2;þ 1

2
Þ00F∶ðe00Rc;n00

R
cÞT

ð1; 1; 0Þ0F∶ň0
R
c

ð4; 1;− 1
4
ÞF ð3; 1;− 1

3
Þ00F ð3; 1;− 1

3
Þ00F∶D00

L

ð1; 1; 0Þ00F ð1; 1; 0Þ00F∶ň00c
R

TABLE IV. The SU(8) fermion representation of 56F under the G441;G431;G331;GSM subgroups of the WSW
pattern. All IRs for SM fermions are marked with underlines.

SU(8) G441 G431 G331 GSM

56F ð1; 4̄;þ 3
4
ÞF ð1; 3̄;þ 2

3
Þ0F ð1; 3̄;þ 2

3
Þ0F ð1; 2̄;þ 1

2
Þ000F ∶ ðn000

R
c;−e000R cÞT

ð1; 1;þ1Þ0F∶eRc
ð1; 1;þ1Þ00F ð1; 1;þ1Þ00F ð1; 1;þ1Þ00F∶ER

c

ð4̄; 1;− 3
4
ÞF ð4̄; 1;− 3

4
ÞF ð3̄; 1;− 2

3
Þ0F ð3̄; 1;− 2

3
Þ0F∶cRc

ð1; 1;−1ÞF ð1; 1;−1ÞF∶EL

ð4; 6;þ 1
4
ÞF ð4; 3;þ 1

12
ÞF ð3; 3; 0Þ0F ð3; 2;þ 1

6
Þ0F∶ðuL; dLÞT

ð3; 1;− 1
3
Þ000F ∶D000

L

ð1; 3;þ 1
3
Þ0F ð1; 2;þ 1

2
Þ0000F ∶ðe0000R

c;n0000
R

cÞT
ð1; 1; 0Þ000F ∶ň000

R
c

ð4; 3̄;þ 5
12
ÞF ð3; 3̄;þ 1

3
ÞF ð3; 2̄;þ 1

6
Þ00F∶ðdL;−uLÞT

ð3; 1;þ 2
3
ÞF∶UL

ð1; 3̄;þ 2
3
Þ00F ð1; 2̄;þ 1

2
Þ00000F ∶ðn00000

R
c;−e00000R

cÞT
ð1; 1;þ1Þ000F ∶μRc

ð6; 4;− 1
4
ÞF ð6; 3;− 1

6
ÞF ð3; 3; 0Þ00F ð3; 2;þ 1

6
Þ000F ∶ðcL; sLÞT

ð3; 1;− 1
3
Þ0000F ∶D0000

L

ð3̄; 3;− 1
3
ÞF ð3̄; 2;− 1

6
ÞF∶ðdRc;uR

cÞT
ð3̄; 1;− 2

3
Þ00F∶UR

c

ð6; 1;− 1
2
Þ0F ð3; 1;− 1

3
Þ00000F ð3; 1;− 1

3
Þ00000F ∶D00000

L

ð3̄; 1;− 2
3
Þ000F ð3̄; 1;− 2

3
Þ000F ∶uRc
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28H;ω̇ ⊃
�
6; 1;þ 1

2

�
H;ω̇

⊕
�
1; 6;−

1

2

�
H;ω̇

⊕ ð4̄; 4̄; 0ÞH;ω̇

⊃
��

1; 3̄;−
1

3

�0

H;ω̇
⊕

�
1; 3;−

2

3

�
H;ω̇

�
⊕

��
4̄; 3̄;−

1

12

�
H;ω̇

⊕
��

4̄; 1;þ 1

4

�
H;ω̇

��

⊃
���

1; 3̄;−
1

3

�0

H;ω̇

�
⊕

�
1; 3;−

2

3

�
H;ω̇

�
⊕

��
1; 3̄;−

1

3

�
H;ω̇

�

⊃
���

1; 2̄;−
1

2

�0

H;ω̇

�
⊕

��
1; 2;−

1

2

�
H;ω̇

��
⊕

��
1; 2̄;−

1

2

�
H;ω̇

�
: ð20Þ

For Higgs fields of 70H, they read

70H ⊃ ð1; 1;−1Þ00H ⊕ ð1; 1;þ1Þ0000H ⊕
�
4̄; 4;−

1

2

�
H
⊕ ð6; 6; 0ÞH ⊕

�
4; 4̄;þ 1

2

�
H

⊃
�
4; 3̄;þ 5

12

�
H
⊃
�
1; 3̄;þ 2

3

�000

H
⊃
��

1; 2̄;þ 1

2

�000

H

�
: ð21Þ

Schematically, we assign the Higgs VEVs according to the decompositions in Eqs. (19)–(21) as follows:

G441 → G431∶
��

1; 4̄;−
1

4

�
H;IV

�
≡ 1ffiffiffi

2
p W4̄;IV; ð22aÞ

G431 → G331∶
��

4̄; 1;þ 1

4

�
H;V

�
≡ 1ffiffiffi

2
p w4̄;V;

��
4̄; 1;þ 1

4

�
H;1̇;V̇II

�
≡ 1ffiffiffi

2
p w4̄;1̇;V̇II; ð22bÞ

G331 → GSM∶
��

1; 3̄;−
1

3

�
H;3;VI

�
≡ 1ffiffiffi

2
p V 3̄;3;VI;��

1; 3̄;−
1

3

�
H; ˙IX

�
≡ 1ffiffiffi

2
p V 3̄; ˙IX;

��
1; 3̄;−

1

3

�0

H;2̇; ˙VIII

�
≡ 1ffiffiffi

2
p V 0̄

3;2̇; ˙VIII
; ð22cÞ

EWSB∶
��

1; 2̄;þ 1

2

�000

H

�
≡ 1ffiffiffi

2
p vEW: ð22dÞ

For our later convenience, we also parametrize different symmetry breaking VEVs,

ζ0 ≡ vU
Mpl

; ζ1 ≡W 4̄;IV

Mpl
; ζ2 ≡ w4̄;V

Mpl
; ζ̇2 ≡ w4̄;1̇;V̇II

Mpl
;

ζ3 ≡ V 3̄;3;VI

Mpl
; ζ̇03 ≡

V 0̄
3;2̇; ˙VIII

Mpl
; ζ̇3 ≡ V 3̄; ˙IX

Mpl
;

ζ0 ≫ ζ1 ≫ ζ2 ∼ ζ̇2 ≫ ζ3 ∼ ζ̇03 ∼ ζ̇3; ζij ≡ ζj
ζi
; ði < jÞ; ð23Þ

in terms of dimensionless quantities. Here, we adopt the following conventions:
(i) The notations of ðW;w; VÞ and the dimensionless quantities of ðζ1; ζ2 ∼ ζ̇2; ζ3 ∼ ζ̇03 ∼ ζ̇3Þ are used for the Higgs

VEVs at the first, second, and third symmetry breaking stages, regardless of the specific symmetry breaking patterns.
(ii) W4̄ and w4̄ represent the VEVs for the G441 → G431 and the G431 → G331 stages in Eqs. (22). In the SWW sequence

[20], W4̄ and w4̄ represent the VEVs for the G441 → G341 and the G341 → G331 stages instead.

D. The WWS symmetry breaking pattern

The WWS symmetry breaking pattern of the SU(8) theory follows the sequence of
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SUð8Þ⟶vU G441⟶
v441 G431⟶

v431 G421⟶
v421 GSM⟶

vEW
SUð3Þc ⊗ Uð1ÞEM;

G441 ≡ SUð4Þs ⊗ SUð4ÞW ⊗ Uð1ÞX0
; G431 ≡ SUð4Þs ⊗ SUð3ÞW ⊗ Uð1ÞX1

;

G421 ≡ SUð4Þs ⊗ SUð2ÞW ⊗ Uð1ÞX2
; GSM ≡ SUð3Þc ⊗ SUð2ÞW ⊗ Uð1ÞY;

with vU ≫ v441 ≫ v431 ≫ v331 ≫ vEW: ð24Þ

The Uð1ÞX1
, Uð1ÞX2

, and Uð1ÞY charges along the WWS
sequence are defined according to the SUð4Þs and the
SUð4ÞW fundamental representations as follows:

X̂1ð4WÞ≡ diag

��
1

12
þ X0

�
I3×3|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

3W

;−
1

4
þ X0

�
; ð25aÞ

X̂2ð3WÞ≡ diag

��
1

6
þ X1

�
I2×2|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

2W

;−
1

3
þ X1

�
; ð25bÞ

Ŷð4sÞ≡ diag

��
−

1

12
þ X2

�
I3×3|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

3c

;
1

4
þ X2

�
: ð25cÞ

The nonanomalous global Ũð1ÞT symmetry becomes
the global Ũð1ÞB−L at the EW scale according to the

following sequence [17]:

G441∶ T 0 ≡ T þ 4tX0; G431∶ T 00 ≡ T 0;

G421∶ T 000 ≡ T 00 − 8tX 2; GSM∶ B − L≡ T 000 þ 8tY:

ð26Þ

By following the symmetry breaking pattern in Eq. (24),
we tabulate the fermion representations at various stages of
the SU(8) theory in Tables V,VI,VII. For all heavy right-
handed down-type quarks of DΩ

R
c, they are named as

follows:

DIV
R

c ≡D00
R
c; DV

R
c ≡DR

c; DVI
R

c ≡D0c
R ;

DV̇II
R c≡D00000

R
c; D ˙VIII

R
c ≡D000

R
c; D ˙IX

R
c ≡D0000

R
c: ð27Þ

For all heavy left-handed SUð2ÞW lepton doublets of
ðEΩ

L ;−N Ω
LÞ, they are named as follows:

ðEIV
L ;−N IV

L Þ≡ ðeL;−nLÞ; ðEV
L;−N V

LÞ≡ ðe00L;−n00
LÞ; ðEVI

L ;−N VI
L Þ≡ ðe0L;−n0

LÞ;
ðEV̇II

L ;−N V̇II
L Þ≡ ðe0000L ;−n0000

L Þ; ðE ˙VIII
L ;−N ˙VIII

L Þ≡ ðe000L ;−n000
L Þ; ðE ˙IX

L ;−N ˙IX
L Þ≡ ðe00000L ;−n00000

L Þ: ð28Þ

Through the analysis in Sec. IV, we shall see that all heavy ðDΩ; EΩ;N ΩÞ (with Ω ¼ IV;…; ˙IX) acquire vectorlike masses

during the intermediate symmetry breaking stages. For the remaining left-handed sterile neutrinos of ðŇ Ω
L ; Ň

Ω0
L ; Ň Ω00

L Þ,
several of them are massive and they are named as follows:

Ň IV
L ≡ ň00

L; Ň IV0
L ≡ ňL; Ň V0

L ≡ ň0
L; Ň V̇II0

L ≡ ň000
L : ð29Þ

Similar to the situation in the WSW pattern, the SM fermion names in Table VII are exchanged from what we have obtained
in the SWW pattern. The detailed derivation of the corresponding SM quark/lepton mass matrices will be elaborated in
Sec. IV.
We decompose the Higgs fields in the Yukawa term into components that can be responsible for the sequential symmetry

breaking pattern in Eq. (24). For Higgs fields of 8H;ω they read

TABLE V. The SU(8) fermion representation of 8F
Ω under the G441;G431;G421;GSM subgroups of the WWS pattern, with Ω≡ ðω; ω̇Þ.

SU(8) G441 G431 G421 GSM

8F
Ω ð4̄; 1;þ 1

4
ÞΩF ð4̄; 1;þ 1

4
ÞΩF ð4̄; 1;þ 1

4
ÞΩF ð3̄; 1;þ 1

3
ÞΩF∶ DΩ

R
c

ð1; 1; 0ÞΩF∶Ň Ω
L

ð1; 4̄;− 1
4
ÞΩF ð1; 3̄;− 1

3
ÞΩF ð1; 2̄;− 1

2
ÞΩF ð1; 2̄;− 1

2
ÞΩF∶LΩ

L ¼ ðEΩ
L ;−N Ω

LÞT
ð1; 1; 0ÞΩ0

F ð1; 1; 0ÞΩ0
F ∶Ň Ω0

L

ð1; 1; 0ÞΩ00
F ð1; 1; 0ÞΩ00

F ð1; 1; 0ÞΩ00
F ∶Ň Ω00

L
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8H;ω ⊃
�
4̄; 1;þ 1

4

�
H;ω

⊕
��

1; 4̄;−
1

4

�
H;ω

�

⊃
�
4̄; 1;þ 1

4

�
H;ω

⊕
��

1; 3̄;−
1

3

�
H;ω

�

⊃
��

4̄; 1;þ 1

4

�
H;ω

�
⊕

�
1; 2̄;−

1

2

�
H;ω

⊃
��

1; 2̄;−
1

2

�
H;ω

�
: ð30Þ

TABLE VI. The SU(8) fermion representation of 28F under the G441;G431;G421;GSM subgroups of the WWS
pattern. All IRs for SM fermions are marked with underlines.

SU(8) G441 G431 G421 GSM

28F ð6; 1;− 1
2
ÞF ð6; 1;− 1

2
ÞF ð6; 1;− 1

2
ÞF ð3; 1;− 1

3
ÞF∶ DL

ð3̄; 1;− 2
3
ÞF∶tRc

ð1; 6;þ 1
2
ÞF ð1; 3;þ 1

3
ÞF ð1; 2;þ 1

2
ÞF ð1; 2;þ 1

2
ÞF∶ðeRc;nR

cÞT
ð1; 1; 0ÞF ð1; 1; 0ÞF∶ňc

R

ð1; 3̄;þ 2
3
ÞF ð1; 2̄;þ 1

2
Þ0F ð1; 2̄;þ 1

2
Þ0F∶ðn0

R
c;−e0RcÞT

ð1; 1;þ1ÞF ð1; 1;þ1ÞF∶τRc
ð4; 4; 0ÞF ð4; 3;þ 1

12
ÞF ð4; 2;þ 1

4
ÞF ð3; 2;þ 1

6
ÞF∶ðtL; bLÞT

ð1; 2;þ 1
2
Þ00F∶ðe00Rc;n00

R
cÞT

ð4; 1;− 1
4
ÞF ð3; 1;− 1

3
Þ0F∶D0

L

ð1; 1; 0Þ0F∶ň0c
R

ð4; 1;− 1
4
Þ0F ð4; 1;− 1

4
Þ0F ð3; 1;− 1

3
Þ00F∶D00

L

ð1; 1; 0Þ00F∶ň00c
R

TABLE VII. The SU(8) fermion representation of 56F under the G441;G431;G421;GSM subgroups of the WWS
pattern. All IRs for SM fermions are marked with underlines.

SU(8) G441 G431 G421 GSM

56F ð1; 4̄;þ 3
4
ÞF ð1; 3̄;þ 2

3
Þ0F ð1; 2̄;þ 1

2
Þ000F ð1; 2̄;þ 1

2
Þ000F ∶ ðn000

R
c;−e000R cÞT

ð1; 1;þ1Þ0F ð1; 1;þ1Þ0F∶eRc
ð1; 1;þ1Þ00F ð1; 1;þ1Þ00F ð1; 1;þ1Þ00F∶ER

c

ð4̄; 1;− 3
4
ÞF ð4̄; 1;− 3

4
ÞF ð4̄; 1;− 3

4
ÞF ð3̄; 1;− 2

3
Þ0F∶cRc

ð1; 1;−1ÞF∶EL

ð4; 6;þ 1
4
ÞF ð4; 3;þ 1

12
Þ0F ð4; 2;þ 1

4
Þ0F ð3; 2;þ 1

6
Þ0F∶ðuL; dLÞT

ð1; 2;þ 1
2
Þ0000F ∶ðe0000R

c;n0000
R

cÞT
ð4; 1;− 1

4
Þ00F ð3; 1;− 1

3
Þ000F ∶D000

L

ð1; 1; 0Þ000F ∶ň000
R
c

ð4; 3̄;þ 5
12
ÞF ð4; 2̄;þ 1

4
ÞF ð3; 2̄;þ 1

6
Þ00F∶ðdL;−uLÞT

ð1; 2̄;þ 1
2
Þ00000F ∶ðn00000

R
c;−e00000R

cÞT
ð4; 1;þ 3

4
ÞF ð3; 1;þ 2

3
ÞF∶UL

ð1; 1;þ1Þ000F ∶μRc
ð6; 4;− 1

4
ÞF ð6; 3;− 1

6
ÞF ð6; 2; 0ÞF ð3; 2;þ 1

6
Þ000F ∶ðcL; sLÞT

ð3̄; 2;− 1
6
ÞF∶ðdRc;uR

cÞT
ð6; 1;− 1

2
Þ0F ð3; 1;− 1

3
Þ0000F ∶D0000

L

ð3̄; 1;− 2
3
Þ00F∶UR

c

ð6; 1;− 1
2
Þ00F ð6; 1;− 1

2
Þ00F ð3; 1;− 1

3
Þ00000F ∶D00000

L

ð3̄; 1;− 2
3
Þ000F ∶uRc
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For Higgs fields of 28H;ω̇, they read

28H;ω̇ ⊃
�
6; 1;þ 1

2

�
H;ω̇

⊕
�
1; 6;−

1

2

�
H;ω̇

⊕ ð4̄; 4̄; 0ÞH;ω̇

⊃
���

1; 3̄;−
1

3

�0

H;ω̇

�
⊕

�
1; 3;−

2

3

�
H;ω̇

�
⊕

��
4̄; 3̄;−

1

12

�
H;ω̇

⊕
�
4̄; 1;þ 1

4

�0

H;ω̇

�

⊃
��

1; 2̄;−
1

2

�0

H;ω̇
⊕

�
1; 2;−

1

2

�
H;ω̇

�
⊕

��
4̄; 2̄;−

1

4

�
H;ω̇

⊕
��

4̄; 1;þ 1

4

�
H;ω̇

�
⊕

��
4̄; 1;þ 1

4

�0

H;ω̇

��

⊃
���

1; 2̄;−
1

2

�0

H;ω̇

�
⊕

��
1; 2;−

1

2

�
H;ω̇

��
⊕

���
1; 2̄;þ 1

2

�
H;ω̇

��
: ð31Þ

For Higgs fields of 70H, they read

70H ⊃ ð1; 1;−1Þ00H ⊕ ð1; 1;þ1Þ0000H ⊕
�
4; 4̄;þ 1

2

�
H
⊕

�
4̄; 4;−

1

2

�
H
⊕ ð6; 6; 0ÞH

⊃
�
4; 3̄;þ 5

12

�
H
⊃
�
4; 2̄;þ 1

4

�
H
⊃
��

1; 2̄;þ 1

2

�000

H

�
: ð32Þ

Schematically, we assign the Higgs VEVs according to the symmetry breaking pattern as follows:

G441 → G431∶
��

1; 4̄;−
1

4

�
H;IV

�
≡ 1ffiffiffi

2
p W4̄;IV; ð33aÞ

G431 → G421∶
��

1; 3̄;−
1

3

�
H;V

�
≡ 1ffiffiffi

2
p w3̄;V;

��
1; 3̄;−

1

3

�0

H;1̇;V̇II

�
≡ 1ffiffiffi

2
p w3̄;1̇;V̇II; ð33bÞ

G421 → GSM∶
��

4̄; 1;þ 1

4

�
H;3;VI

�
≡ 1ffiffiffi

2
p V 4̄;3;VI;��

4̄; 1;þ 1

4

�
H; ˙IX

�
≡ 1ffiffiffi

2
p V 4̄; ˙IX;

��
4̄; 1;þ 1

4

�0

H;2̇; ˙VIII

�
≡ 1ffiffiffi

2
p V 0̄

4;2̇; ˙VIII
; ð33cÞ

EWSB∶
��

1; 2̄;þ 1

2

�000

H

�
≡ 1ffiffiffi

2
p vEW: ð33dÞ

At the third stage, the Higgs VEVs from the rank-three sector are due to the components of ð4̄; 1;þ 1
4
ÞH; ˙IX ⊂ ð4̄; 4̄; 0ÞH; ˙IX

and ð4̄; 1;þ 1
4
Þ0
H;2̇; ˙VIII

⊂ ð4̄; 4̄; 0ÞH;2̇; ˙VIII. This is different from the third stage of the WSW pattern, where the Higgs VEVs

from the rank-three sector are from different IRs of ð1; 6;− 1
2
ÞH;2̇; ˙VIII and ð4̄; 4̄; 0ÞH; ˙IX in Eq. (22c), respectively. For our later

convenience, we also parametrize different symmetry breaking VEVs,

ζ0 ≡ vU
Mpl

; ζ1 ≡W 4̄;IV

Mpl
; ζ2 ≡ w3̄;3;V

Mpl
; ζ̇2 ≡ w3̄;1̇;V̇II

Mpl
;

ζ3 ≡ V 4̄;VI

Mpl
; ζ̇03 ≡

V 0̄
4;2̇; ˙VIII

Mpl
; ζ̇3 ≡ V 4̄; ˙IX

Mpl
;

ζ0 ≫ ζ1 ≫ ζ2 ∼ ζ̇2 ≫ ζ3 ∼ ζ̇03 ∼ ζ̇3; ζij ≡ ζj
ζi
; ði < jÞ; ð34Þ

in terms of dimensionless quantities. Notice that we use the same notations as in Eq. (23) to manifest the intrinsic
hierarchies, while their symmetry breaking patterns should be distinguishable.
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E. The d = 5 operators for the SM quark
and lepton masses

In Ref. [17], we found that only the top quark obtains the
natural tree-level mass from the YT 28F28F70H þ H:c: term
with YT ∼Oð1Þ in Eq. (8). All other lighter SM quark/
lepton masses are due to the d ¼ 5 operators [20], which all
explicitly break the emergent global symmetries in Eqs. (5)
and (6). Among them, we have the d ¼ 5 direct Yukawa
coupling terms of

c3O
ð3;2Þ
F ¼ c38F

ω̇56F · 28H
†
;κ̇ · 70H

†; ð35aÞ
c4O

ð4;1Þ
F ¼ c456F56F · 28H;ω̇ · 70H; ð35bÞ

c5O
ð5;1Þ
F ¼ c528F56F · 8H;ω · 70H: ð35cÞ

The operators ofOð4;1Þ
F andOð5;1Þ

F were found to generate
the hierarchical up-type quark masses. To generate the

masses for all down-type quarks and charged leptons, we
conjecture two sets of Higgs mixing terms

dAOd¼5
A ≡ dA ϵω1ω2ω3ω4

8H
†
;ω1

8H
†
;ω2

8H
†
;ω3

8H
†
;ω4

70H†; PQ ¼ 2ð2pþ 3q2Þ ≠ 0; ð36aÞ

dBOd¼5
B ≡ dBð28H†

;κ̇128H;κ̇2Þ · 28H†
;ω̇1

28H
†
;ω̇2

70H†; PQ ¼ 2ðpþ q2 þ q3Þ; with κ̇2 ≠ ðκ̇1; ω̇1; ω̇2Þ; ð36bÞ

where one of the Higgs fields will mix with two
renormalizable Yukawa couplings of YB8F

ω28F8H;ω þ
YD8F

ω̇56F28H;ω̇ þ H:c: in Eq. (8), as were depicted in
Fig. 1. The SM quark/lepton mass terms along two separate
WSW and WWS symmetry breaking patterns will be
rederived in Appendixes B and C.

III. THE WSW SYMMETRY BREAKING
PATTERN

A. A summary of the vectorlike fermion masses

Based on our results in Appendix B, we suggest the
different intermediate symmetry breaking scales at
which the vectorlike fermions obtain masses in
Table VIII.

B. The CKM matrix and the benchmark

The biunitary transformations of

F̂LMFF̂
†
R ¼ Mdiag

F ; MFM
†
F ¼ F̂ †

LðMdiag
F Þ2F̂L;

F ¼ ðU;DÞ ð37Þ

diagonalize the unhatted flavor eigenstates into their hatted
mass eigenstates. To obtain the CKM matrix of the quark
sector, we derive the left-handed mixing matrices of
ðÛL; D̂LÞ of0
B@

ûL
ĉL
t̂L

1
CA ¼ ÛL ·

0
B@

uL
cL
tL

1
CA;

0
B@ d̂L

ŝL
b̂L

1
CA ¼ D̂L ·

0
B@

dL
sL
bL

1
CA; ð38Þ

FIG. 1. The indirect Yukawa couplings through the VEV
insertions to the d ¼ 5 Higgs mixing operators.

TABLE VIII. The vectorlike fermions at different intermediate symmetry breaking scales in the SU(8) theory.

Stages Qe ¼ − 1
3

Qe ¼ þ 2
3

Qe ¼ −1 Qe ¼ 0

v441 D00 � � � ðe;nÞ fň; ň00g
fΩg IV IV fIV0; IVg
v431 d; fD;D00000g u, U E; ðe00;n00Þ; ðe0000;n0000Þ fň0; ň000g
fΩg fV; V̇IIg fV; V̇IIg fV0; V̇II0g
v331 fD0;D000;D0000g � � � ðe0;n0Þ; ðe000;n000Þ; ðe00000;n00000Þ � � �
fΩg fVI; ˙VIII; ˙IXg fVI; ˙VIII; ˙IXg
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through their perturbative expansions in Eqs. (B15) and (B22). Explicitly, we find that

ÛL ¼ Ûð12Þ
L · Ûð23Þ

L · Ûð13Þ
L · ÛID

L ;

ÛID
L ¼

0
B@

0 1 0

−1 0 0

0 0 1

1
CA; Ûð12Þ

L ¼

0
B@

cos ϵ1 − sin ϵ1 0

sin ϵ1 cos ϵ1 0

0 0 1

1
CA; sin ϵ1 ≃

mu

mc

ζ1
ζ2

−
ζ2
ζ1

∼Oð10−2Þ;

Ûð13Þ
L ≈

0
BB@

1 0 − c5ζ2ffiffi
2

p
YT

0 1 0
c5ζ2ffiffi
2

p
YT

0 1

1
CCA; Ûð23Þ

L ≈

0
BB@

1 0 0

0 1 c5ζ1ffiffi
2

p
YT

0 − c5ζ1ffiffi
2

p
YT

1

1
CCA; ð39Þ

and

D̂L ¼

0
B@

sin λ cos λ

− cos λ sin λ

1

1
CA ≈

0
B@ λ 1 − λ2=2

−1þ λ2=2 λ

1

1
CA: ð40Þ

The CKM matrix can be approximated as the Wolfenstein parametrization

V̂CKM





SUð8Þ;WSW

¼ ÛLD̂
†
L ≈

0
B@ 1 − λ2=2 λ −c5ζ2=YT

−λ 1 − λ2=2 c5ζ1=YT

c5ðλζ1 þ ζ2Þ=YT −c5ζ1=YT 1

1
CA; ð41Þ

which is identical to what we have obtained in the SWW sequence [20]. For completeness, we tabulate the benchmark point
of the SU(8) along the WSW sequence, as well as the predicted SM quantities in Table IX. Three dimensionless parameters
of ðζ1; ζ2; ζ3Þ can be translated into three intermediate symmetry breaking scales in Eq. (13) as follows:

v441 ≃ 1.4 × 1017 GeV; v431 ≃ 4.8 × 1015 GeV; v331 ≃ 4.8 × 1013 GeV: ð42Þ

IV. THE WWS SYMMETRY BREAKING PATTERN

A. A summary of the vectorlike fermion masses

Based on our results in Appendix C, we suggest the different intermediate symmetry breaking scales at which the
vectorlike fermions obtain masses in Table X.

TABLE IX. The parameters of the SU(8) benchmark point along the WSW sequence and the predicted SM quark/
lepton masses (in unit of GeV) as well as the CKM mixings.

ζ1 ζ2 ζ3 YD YB YT

6.0 × 10−2 2.0 × 10−3 2.0 × 10−5 0.5 0.5 0.8
c3 c4 c5 dA dB λ
1.0 0.2 1.0 0.01 0.01 0.22
mu mc mt md ¼ me ms ¼ mμ mb ¼ mτ

1.6 × 10−3 0.6 139.2 0.5 × 10−3 6.4 × 10−2 1.5
jVudj jVusj jVubj
0.98 0.22 2.1 × 10−3

jVcdj jVcsj jVcbj
0.22 0.98 5.3 × 10−2

jVtdj jVtsj jVtbj
0.013 5.3 × 10−2 1
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B. The CKM matrix and the benchmark

The biunitary transformations of

F̂LMFF̂
†
R ¼ Mdiag

F ; MFM
†
F ¼ F̂ †

LðMdiag
F Þ2F̂L; F ¼ ðU;DÞ ð43Þ

diagonalize the unhatted flavor eigenstates into their hatted mass eigenstates. To obtain the CKMmatrix of the quark sector,
we derive the left-handed mixing matrices of ðÛL; D̂LÞ of0

B@
ûL
ĉL
t̂L

1
CA ¼ ÛL ·

0
B@

uL
cL
tL

1
CA;

0
B@ d̂L

ŝL
b̂L

1
CA ¼ D̂L ·

0
B@

dL
sL
bL

1
CA; ð44Þ

through their perturbative expansions in Eqs. (B15) and (B22). Explicitly, we find that

ÛL ¼ Ûð12Þ
L · Ûð23Þ

L · Ûð13Þ
L · ÛID

L ;

ÛID
L ¼

0
B@

0 1 0

−1 0 0

0 0 1

1
CA; Ûð12Þ

L ¼

0
B@

cos ϵ2 − sin ϵ2 0

sin ϵ2 cos ϵ2 0

0 0 1

1
CA; sin ϵ2 ≃

mu

mc

ζ1
ζ3

−
ζ3
ζ1

∼Oðζ13Þ;

Ûð13Þ
L ≈

0
BB@

1 0 − c5ζ3ffiffi
2

p
YT

0 1 0
c5ζ3ffiffi
2

p
YT

0 1

1
CCA; Ûð23Þ

L ≈

0
BB@

1 0 0

0 1 c5ζ1ffiffi
2

p
YT

0 − c5ζ1ffiffi
2

p
YT

1

1
CCA; ð45Þ

and

D̂L ≈

0
B@

ζ23 1 − ζ223=2 0

−1þ ζ223=2 ζ23 0

0 0 1

1
CA: ð46Þ

The CKM matrix can be approximated as the Wolfenstein parametrization

V̂CKM





SUð8Þ;WWS

¼ ÛLD̂
†
L ≈

0
BBB@

1 − ζ223=2 ζ23 − c5ζ3ffiffi
2

p
YT

−ζ23 1 − ζ223=2
c5ζ1ffiffi
2

p
YT

c5ðζ23ζ1þζ3Þffiffi
2

p
YT

− c5ζ1ffiffi
2

p
YT

1

1
CCCA; ð47Þ

where the Cabibbo mixing parameter is interpreted as the ratio of λ ¼ jVusj ¼ ζ23. The observed mixing hierarchy of
jVcbj ≫ jVubj is due to the hierarchy of ζ1 ≫ ζ3, while this was due to the hierarchy of ζ1 ≫ ζ2 in the SWWand the WSW
patterns. To obtain the reasonable CKM mixing parameters, one has to choose a suppressed c3 ¼ 0.01 for the reasonable
ðd; eÞ masses, and a relatively enhanced Higgs mixing parameter of dA ¼ 0.2 for the reasonable ðb; τÞ masses.

TABLE X. The vectorlike fermions at different intermediate symmetry breaking scales in the SU(8) theory.

Stages Qe ¼ − 1
3

Qe ¼ þ 2
3

Qe ¼ −1 Qe ¼ 0

v441 D00 � � � ðe;nÞ fň; ň00g
fΩg IV IV fIV0; IVg
v431 fD0;D000g � � � ðe0;n0Þ; ðe000;n000Þ fň0; ň000g
fΩg fV; V̇IIg fV; V̇IIg fV; V̇II0g
v421 d; fD;D0000;D00000g u, U E; ðe00;n00Þ; ðe00000;n00000Þ; ðe0000;n0000Þ � � �
fΩg fVI; ˙VIII; ˙IXg fVI; ˙VIII; ˙IXg
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Based on the predicted quark masses in Eqs. (C20) and
(C22) and the CKM matrix in Eq. (41), we suggest a set of
benchmark point of the SU(8) input parameters, as well as
the predicted SM quantities in Table XI. Three dimension-
less parameters of ðζ1; ζ2; ζ3Þ can be translated into three
intermediate symmetry breaking scales in Eq. (24) as
follows:

v441≃1.4×1017GeV; v431≃4.8×1015GeV;

v421≃1.1×1015GeV: ð48Þ

Obviously, the intermediate scale at the third symmetry
breaking stage is much higher than what we have obtained
in the SWW and the WSW symmetry breaking pat-
terns [20].

V. THE GAUGE COUPLING EVOLUTIONS
IN THE SU(8) THEORY

The gauge coupling evolutions rely on the RGEs of the
SU(8) theory. The two-loop RGE of a gauge coupling of αϒ
in the MS scheme is given by [33]

dαϒðμÞ
d log μ

¼ bð1Þϒ

2π
α2ϒðμÞ

þ
�X

ϒ0

bð2Þϒϒ0

8π2
αϒ0 ðμÞ þ

X
F¼T ;B;D

fϒðYF Þ
�
· α2ϒðμÞ;

ð49Þ

where the one- and two-loop β coefficients for the non-
Abelian groups are

bð1Þϒ ¼ −
11

3
C2ðGϒÞ þ

2

3

X
F

TðRF
ϒÞ þ

1

3

X
S

TðRS
ϒÞ; ð50aÞ

bð2Þϒϒ0 ¼ −
34

3
C2ðGϒÞ2

þ
X
F

�
2C2ðRF

ϒ0 Þ þ 10

3
C2ðGϒÞ

�
TðRF

ϒÞ

þ
X
S

�
4C2ðRS

ϒ0 Þ þ 2

3
C2ðGϒÞ

�
TðRS

ϒÞ; ð50bÞ

and the fϒðYF Þ are the polynomials to account for the
renormalizable Yukawa couplings at the two-loop level.
Here, C2ðGϒÞ is the quadratic Casimir of the gauge group
Gϒ, and TðRF

ϒÞ and TðRS
ϒÞ are trace invariants of the chiral

fermions in the IR of RF
ϒ and complex scalars in the IR of

RS
ϒ. For the U(1) Abelian groups with charges denoted as

XF=S, the one- and two-loop β coefficients read

bð1Þϒ ¼ 2

3

X
F

ðXF
ϒÞ2 þ

1

3

X
S

ðXS
ϒÞ2; ð51aÞ

bð2Þϒϒ0 ¼ 2
X
F

ðXF
ϒ0 Þ2 · ðXF

ϒÞ2 þ 4
X
S

ðXS
ϒ0 Þ2 · ðXS

ϒÞ2: ð51bÞ

Below, we first list the minimal set of massless Higgs
fields according to the survival hypothesis [16,34–38] and
the massless fermions between different symmetry break-
ing stages according to the minimal Higgs VEVs in
Eqs. (22) and (33). The two-loop RGEs within the minimal
SU(8) setup are therefore derived by using the PyR@TE

code [39].

A. RGEs in the WSW symmetry breaking pattern

Between the v441 ≤ μ ≤ vU, almost all massless Higgs
fields are in the first lines of Eqs. (19)–(21), which are

TABLE XI. The parameters of the SU(8) benchmark point along the WWS sequence and the predicted SM quark/
lepton masses (in unit of GeV) as well as the CKM mixings.

ζ1 ζ2 ζ3 YD YB YT

6.0 × 10−2 2.0 × 10−3 4.4 × 10−4 1.0 0.4 0.8
c3 c4 c5 dA dB ζ23
0.01 1.5 1.0 0.2 0.01 0.22
mu mc mt md ¼ me ms ¼ mμ mb ¼ mτ

0.6 × 10−3 0.4 139.2 0.5 × 10−3 2.5 × 10−2 1.3
jVudj jVusj jVubj
0.98 0.22 0.4 × 10−3

jVcdj jVcsj jVcbj
0.22 0.98 5.3 × 10−2

jVtdj jVtsj jVtbj
0.012 5.3 × 10−2 1
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�
4̄; 1;þ 1

4

�
H;ω

⊕
�
1; 4̄;−

1

4

�
H;ω

⊂ 8H;ω;�
6; 1;þ 1

2

�
H;ω̇

⊕
�
1; 6;−

1

2

�
H;ω̇

⊕ ð4̄; 4̄; 0ÞH;ω̇ ⊂ 28H;ω̇;�
4; 4̄;

1

2

�
H
⊕

�
4̄; 4;

1

2

�
H
⊕ ð6; 6; 0ÞH ⊂ 70H: ð52Þ

All SU(8) fermions in Eq. (2) remain massless after the
decomposition into the G441 IRs. Correspondingly, we have
the G441 β coefficients of

ðbð1ÞSUð4Þs ; b
ð1Þ
SUð4ÞW ; b

ð1Þ
Uð1ÞX0

Þ ¼
�
þ 13

3
;þ 13

3
;þ 55

3

�
;

bð2ÞG441
¼

0
B@

2299=6 405=2 12

405=2 2299=6 12

180 180 31

1
CA;

fSUð4Þs ¼ fSUð4ÞW ¼ −24Y2
T − 38Y2

B − 165Y2
D;

fUð1ÞX0 ¼ −54Y2
T − 38Y2

B − 165Y2
D: ð53Þ

When the RGEs evolve down to v441, the gauge couplings
should match according to the following relations:

α−13Wðv441Þ ¼ α−14Wðv441Þ; α−1X1
ðv441Þ

¼ 1

6
α−14Wðv441Þ þ α−1X0

ðv441Þ: ð54Þ

Between the v431 ≤ μ ≤ v441, the massless Higgs fields
are

�
4̄; 1;þ 1

4

�
H;V

⊂ 8H;V;�
1; 3̄;−

1

3

�
H;3;VI

⊂
�
1; 4̄;−

1

4

�
H;3;VI

⊂ 8H;3;VI;�
4̄; 3̄;−

1

12

�
H; ˙IX

⊂ ð4̄; 4̄; 0ÞH; ˙IX ⊂ 28H; ˙IX;�
4̄; 1;þ 1

4

�
H;1̇;V̇II

⊂ ð4̄; 4; 0ÞH;1̇;V̇II ⊂ 28H;1̇;V̇II;�
1; 3̄;−

1

3

�0

H;2̇; ˙VIII
⊂
�
1; 6;−

1

2

�
H;2̇; ˙VIII

⊂ 28H;2̇; ˙VIII;�
4; 3̄;þ 5

12

�
H
⊂
�
4; 4̄;þ 1

2

�
H
⊂ 70H: ð55Þ

The massless G431 fermions are listed in Eq. (B1).
Correspondingly, we have the G431 β coefficients of

ðbð1ÞSUð4Þs ; b
ð1Þ
SUð3ÞW ; b

ð1Þ
Uð1ÞX1

Þ ¼
�
−
23

6
;þ 1

3
;þ 443

36

�
;

bð2ÞG431
¼

0
B@

659=6 36 17=4

135=2 358=3 181=36

255=4 362=9 2641=216

1
CA;

fSUð4Þs ¼ −
21

2
Y2
T − 11Y2

B − 31Y2
D;

fSUð3ÞW ¼ −6Y2
T − 12Y2

B − 32Y2
D;

fUð1ÞX1 ¼ −
37

4
Y2
T −

27

2
Y2
B −

173

6
Y2
D: ð56Þ

When the RGEs evolve down to v431, the gauge couplings
should match according to the following relations:

α−13c ðv431Þ¼α−14s ðv431Þ;α−1X2
ðv431Þ¼

1

6
α−14s ðv431Þþα−1X1

ðv431Þ:
ð57Þ

Between the v331 ≤ μ ≤ v431, the massless Higgs fields
are

�
1; 3̄;−

1

3

�
H;3;VI

⊂
�
1; 4̄;−

1

4

�
H;3;VI

⊂8H;3;VI;�
1; 3̄;−

1

3

�
H; ˙IX

⊂
�
4̄; 3̄;−

1

12

�
H; ˙IX

⊂ ð4̄; 4̄;0ÞH; ˙IX⊂28H; ˙IX;�
1; 3̄;−

1

3

�0

H;2̇; ˙VIII
⊂
�
1;6;−

1

2

�
H;2̇; ˙VIII

⊂28H;2̇; ˙VIII;�
1; 3̄;þ2

3

�000

H
⊂
�
4; 3̄;þ 5

12

�
H
⊂
�
4; 4̄;þ1

2

�
H
⊂70H: ð58Þ

The massless G331 fermions are listed in Eq. (B2).
Correspondingly, we have the G331 β coefficients of

ðbð1ÞSUð3Þc ; b
ð1Þ
SUð3ÞW ; b

ð1Þ
Uð1ÞX2

Þ ¼ ð−5;−4;þ9Þ;

bð2ÞG331
¼

0
B@

12 12 2

12 34 4

16 32 100=9

1
CA;

fSUð3Þc ¼ −3Y2
T − 6Y2

B − 6Y2
D;

fSUð3ÞW ¼ −
3

2
Y2
T − 7Y2

B − 7Y2
D;

fUð1ÞX2 ¼ −4Y2
T −

26

3
Y2
B −

26

3
Y2
D: ð59Þ

When the RGEs evolve down to v331, the gauge couplings
should match according to the following relations:

FURTHER STUDY OF THE MAXIMALLY SYMMETRY BREAKING … PHYS. REV. D 111, 115034 (2025)

115034-15



α−12Wðv331Þ ¼ α−13Wðv331Þ;

α−1Y ðv331Þ ¼
1

3
α−13Wðv331Þ þ α−1X2

ðv331Þ: ð60Þ

Between the vEW ≤ μ ≤ v331, the massless Higgs fields
are

�
1; 2̄;þ 1

2

�000

H
⊂
�
1; 3̄;þ 2

3

�000

H
⊂
�
4; 3̄;þ 5

12

�
H

⊂
�
4; 4̄;þ 1

2

�
H
⊂ 70H: ð61Þ

The massless GSM fermions are listed in Eq. (B3).
Correspondingly, we have the GSM β coefficients of

ðbð1ÞSUð3Þc ; b
ð1Þ
SUð2ÞW ; b

ð1Þ
Uð1ÞY Þ ¼

�
−7;−

19

6
;þ 41

6

�
;

bð2ÞGSM
¼

0
B@

−26 9=2 11=6

12 35=6 3=2

44=3 9=2 199=18

1
CA: ð62Þ

With the one- and two-loop β coefficients, we plot the
RGEs of the minimal SU(8) setup according to the WSW
symmetry breaking pattern in Fig. 2. Three intermediate
symmetry breaking scales are given in Eq. (42), and three
renormalizable Yukawa couplings follow from the

benchmark point in Table IX. Obviously, the evolutions
of three gauge couplings cannot achieve the unification.

B. RGEs in the WWS symmetry breaking pattern

Between the v441 ≤ μ ≤ vU, the G441 β coefficients are
identical to Eq. (53), while the matching conditions at v441
are identical to Eq. (54).
Between the v431 ≤ μ ≤ v441, the massless Higgs fields

are

�
4̄; 1;þ 1

4

�
H;3;VI

⊂ 8H;3;VI;�
1; 3̄;−

1

3

�
H;V

⊂
�
1; 4̄;−

1

4

�
H;V

⊂ 8H;V;�
4̄; 3̄;−

1

12

�
H; ˙IX

⊂ ð4̄; 4̄; 0ÞH; ˙IX ⊂ 28H; ˙IX;�
4̄; 1;þ 1

4

�0

H;2̇; ˙VIII
⊂ ð4̄; 4; 0ÞH;2̇; ˙VIII ⊂ 28H;1̇;V̇II;�

1; 3̄;−
1

3

�0

H;1̇;V̇II
⊂
�
1; 6;−

1

2

�
H;1̇;V̇II

⊂ 28H;2̇; ˙VIII;�
4; 3̄;þ 5

12

�
H
⊂
�
4; 4̄;þ 1

2

�
H
⊂ 70H: ð63Þ

The massless G431 fermions are listed in Eq. (B1).
Correspondingly, we have the G431 β coefficients of

FIG. 2. The RGEs of the minimal SU(8) setup for the WSW symmetry breaking pattern. The dashed lines and the solid lines represent
the one- and two-loop RGEs, respectively.
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ðbð1ÞSUð4Þs ; b
ð1Þ
SUð3ÞW ; b

ð1Þ
Uð1ÞX1

Þ ¼
�
−
10

3
;þ 5

6
;þ 110

9

�
;

bð2ÞG431
¼

� 1501=12 44 103=24

165=2 391=3 175=36

515=8 350=9 5219=432

�
;

fSUð4Þs ¼ −
21

2
Y2
T − 13Y2

B − 31Y2
D;

fSUð3ÞW ¼ −6Y2
T − 12Y2

B − 32Y2
D;

fUð1ÞX1 ¼ −
37

4
Y2
T −

29

2
Y2
B −

173

6
Y2
D: ð64Þ

When the RGEs evolve down to v431, the gauge couplings
should match according to the following relations:

α−12Wðv431Þ ¼ α−13Wðv431Þ;

α−1X2
ðv431Þ ¼

1

3
α−13Wðv431Þ þ α−1X1

ðv431Þ: ð65Þ

Between the v421 ≤ μ ≤ v431, the massless Higgs fields
are

�
4̄;1;þ1

4

�
H;3;VI

⊂ 8H;3;VI;�
4̄;1;þ1

4

�
H; ˙IX

⊂
�
4̄; 3̄;−

1

12

�
H; ˙IX

⊂ ð4̄; 4̄;0ÞH; ˙IX ⊂ 28H; ˙IX;�
4̄;1;þ1

4

�0

H;2̇; ˙VIII
⊂ ð4̄;4;0

�
H;2̇; ˙VIII

⊂ 28H;1̇;V̇II;�
4; 2̄;þ1

4

�
H
⊂
�
4; 3̄;þ 5

12

�
H
⊂
�
4; 4̄;þ1

2

�
H
⊂ 70H:

ð66Þ

The massless G421 fermions are listed in Eq. (C1).
Correspondingly, we have the G421 β coefficients of

ðbð1ÞSUð4Þs ; b
ð1Þ
SUð2ÞW ; b

ð1Þ
Uð1ÞX2

Þ ¼
�
−
11

2
;þ 4

3
;þ 151

12

�
;

bð2ÞG421
¼

0
B@

131=2 21=2 17=4

105=2 184=3 11=4

255=4 33=4 125=8

1
CA;

fSUð4Þs ¼ −7Y2
T − 9Y2

B −
27

2
Y2
D;

fSUð2ÞW ¼ −6Y2
T − 8Y2

B − 12Y2
D;

fUð1ÞX2 ¼ −
15

2
Y2
T −

25

2
Y2
B −

75

4
Y2
D: ð67Þ

FIG. 3. The RGEs of the minimal SU(8) setup for the WWS symmetry breaking pattern. The dashed lines and the solid lines represent
the one- and two-loop RGEs, respectively.

FURTHER STUDY OF THE MAXIMALLY SYMMETRY BREAKING … PHYS. REV. D 111, 115034 (2025)

115034-17



When the RGEs evolve down to v421, the gauge couplings
should match according to the following relations:

α−13c ðv421Þ ¼ α−14s ðv421Þ;

α−1Y ðv421Þ ¼
1

6
α−14s ðv421Þ þ α−1X2

ðv421Þ: ð68Þ

Between the vEW ≤ μ ≤ v421, the massless Higgs fields
are�
1; 2̄;þ 1

2

�000

H
⊂
�
4; 2̄;þ 1

4

�
H
⊂
�
4; 3̄;þ 5

12

�
H

⊂
�
4; 4̄;þ 1

2

�
H
⊂ 70H: ð69Þ

The massless GSM fermions are listed in Eq. (C2).
Correspondingly, we have the GSM β coefficients of

ðbð1ÞSUð3Þc ; b
ð1Þ
SUð2ÞW ; b

ð1Þ
Uð1ÞY Þ ¼

�
−7;−

19

6
;þ 41

6

�
;

bð2ÞGSM
¼

0
B@

−26 9=2 11=6

12 35=6 3=2

44=3 9=2 199=18

1
CA: ð70Þ

With the one- and two-loop β coefficients, we plot the
RGEs of the minimal SU(8) setup according to the WWS
symmetry breaking pattern in Fig. 3. Three intermediate
symmetry breaking scales are given in Eq. (48), and three
renormalizable Yukawa couplings follow from the bench-
mark point in Table XI. None of the evolutions of three
gauge couplings can achieve the unification along the
WWS sequence.

VI. SUMMARY AND OUTLOOK

The WSW and the WWS symmetry breaking patterns
following the maximally broken SU(8) theory have been
analyzed in both the fermion spectra and the gauge
coupling evolutions. Throughout our analyses of both
patterns, we compare our results from what we obtained
previously in Refs. [17,20,21].

(i) Given the SU(8) chiral fermions in Eq. (2), one finds
six vectorlike ð5F; 5FÞ pairs and one ð10F; 10FÞ pair in
addition to three-generational SM fermions through
Georgi’s decomposition rule [16]. Both symmetry
breaking patterns are found to give rise to massive
vectorlike fermions in the spectrum consistent towhat
we have found along the SWW pattern [17,20].

(ii) With the central motivation to address the SM
quark/lepton masses through the nonuniversal
Yukawa couplings to one unique SM Higgs boson
in the spectrum, the SM fermion flavor identifica-
tions are elaborated along both the WSW and the
SWW pattern. In particular, we found that the

flavor identifications between the first- and second-
generational SM fermions are different from those in
the SWWpattern, as one can compare the SM flavors
in Tables IV and VII versus the results in Table XIV.
The flavor identifications are determined by requiring
the similar up-type quark mass matrices in all three
symmetry breaking patterns, as one can find in
Eqs. (B15), (C15), and (A3). These flavor identifi-
cations, together with the down-type quarks, lead to
both reasonable SM quark mass hierarchies as well as
the observed CKMmixing pattern. There is only one
unique SM Higgs boson predicted in the current
minimal model setup, regardless of the specific
symmetry breaking pattern. Hence we do not expect
the discovery of any other beyond the SM particle(s)
within few TeV scale at the LHC.

(iii) There are also observed differences in the SM quark/
lepton mass spectra between the (SWW, WSW) and
the WWS patterns. The up-type quark mass matrix
along the WWS pattern contains the dimensionless
parameters of ðζ1; ζ3; ζ̇03Þ in Eq. (C15), rather than
dimensionless parameters of ðζ1; ζ2; ζ̇2Þ. For the
down-type quark and charged lepton sectors along
the WWS pattern, the mass matrices contain the
dimensionless parameters of ðζ̇2; ζ̇3Þ. Correspond-
ingly, the Cabibbo angle is then interpreted as the
ratio between two different symmetry breaking
scales such that λ ¼ jVusj ¼ ζ23. In the SWW and
the WSW patterns, the Cabibbo angle is interpreted
as the relative ratio between two G331 breaking
VEVs in Eq. (B21). These differences originate
from the Higgs VEVs at the third symmetry break-
ing stage in the rank-three chiral IRAFFS sector
since (i) along the SWWand the WSW patterns, the
Higgs VEVs at the third symmetry breaking stage
come from two different Higgs components of
ð1; 3̄;− 1

3
Þ0H;ω̇ ⊂ ð1; 6;− 1

2
ÞH;ω̇ and ð1; 3̄;− 1

3
ÞH;ω̇ ⊂

ð4̄; 4̄; 0ÞH;ω̇ in Eq. (20), and (ii) along the WWS
pattern, the Higgs VEVs at the third symmetry
breaking stage come from one single Higgs compo-
nent of ð4̄; 1;þ 1

4
ÞH;ω̇ ⊕ ð4̄; 1;þ 1

4
Þ0H;ω̇ ⊂ ð4̄; 4̄; 0ÞH;ω̇

in Eq. (31). Another consequence of the above
differences can be found in the suggested benchmark
points in Tables IX and XI.

(iv) The gauge coupling evolutions in both patterns are
estimated according to the two-loop RGEs based on
the suggested intermediate symmetry breaking
scales in Eqs. (42) and (48). Their behaviors are
largely matching with what we have found in the
SWW sequence [21], where large discrepancies
of jα−1X0

−ðα−14S þα−14WÞ=2j∼20 above μ ∼ 1017 GeV
can be observed in both Figs. 2 and 3. Within the
field theory context, such large discrepancy could
not be reconciled with the one-loop threshold effects
[40–42]. Altogether, the gauge coupling unification
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should be achieved in the context of the affine Lie
algebra such that

ksα4SðvUÞ ¼ kWα4WðvUÞ ¼ k0αX0
ðvUÞ ¼ αUðvUÞ;

ð71Þ

where ki represent the affine levels of each gauge
coupling. To achieve the string unification, it is
necessary to consider the constraints of the unitarity
and the conformal invariance to the affine csuð8Þ Lie
algebra. In a sequential work [43], we have proved
that the unification as in Eq. (71) can be achieved
with k0 ¼ 1

4
, as well as the supersymmetric exten-

sion. The unification scale and gauge coupling
therein were suggested to be vU ≈ 8.0 × 1017 GeV
and α−1U ðvUÞ ≈ 30.9. By using the naive estimation
[44,45] of

τ½p → π0 þ eþ� ≈ v4U
m5

p
; mp ¼ 938 MeV; ð72Þ

purely from the gauge sector contribution, we find
a much enhanced lifetime of τ½p → π0 þ eþ�∼
5.6 × 1071 yr. Notice that the nontrivially flavor
embedding structure could potentially further en-
hance this conventional proton decay lifetime. This
means several ongoing experimental probes of

the proton decay modes are unlikely to discover
such a signal, with the typical exclusion limit of
∼Oð1034Þ yr from the Super-Kamiokande [46] or
DUNE Collaboration [47].
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APPENDIX A: MAIN RESULTS IN THE SU(8)
SWW SYMMETRY BREAKING PATTERN

Byfollowing the symmetry breaking pattern in Eq. (10)
and the U(1) charges defined in Eqs. (11), we tabulate the
SU(8) fermion representations in Tables XII,XIII,XIV. For
the right-handed down-type quarks of DΩ

R
c, they are named

as follows:

D1̇
R
c ≡ dRc; D2̇

R
c ≡ sRc; DV̇II

R
c ≡D00000

R
c; D ˙VIII

R
c ≡D000

R
c; D ˙IX

R
c ≡D0000

R
c;

D3
R
c ≡ bRc; DIV

R
c ≡DR

c; DV
R
c ≡D00

R
c; DVI

R
c ≡D0c

R
: ðA1Þ

For the left-handed SUð2ÞW lepton doublets of ðEΩ
L ;−N Ω

LÞ, they are named as follows:

TABLE XII. The SU(8) fermion representation of 8F
Ω under the G441;G341;G331;GSM subgroups for the three-

generational SU(8) theory, with Ω≡ ðω; ω̇Þ. Here, we denote DΩ
R
c ¼ dΩR

c for the SM right-handed down-type

quarks, and DΩ
R
c ¼ DΩ

R
c for the right-handed down-type heavy partner quarks. Similarly, we denote

LΩ
L ¼ ðlΩ

L ;−νΩL ÞT for the left-handed SM lepton doublets, and LΩ
L ¼ ðeΩL ;−nΩ

L ÞT for the left-handed heavy lepton

doublets. All left-handed neutrinos of Ň L are sterile neutrinos, which are GSM singlets and do not couple to the EW
gauge bosons.

SU(8) G441 G341 G331 GSM

8F
Ω ð4̄; 1;þ 1

4
ÞΩF ð3̄; 1;þ 1

3
ÞΩF ð3̄; 1;þ 1

3
ÞΩF ð3̄; 1;þ 1

3
ÞΩF∶ DΩ

R
c

ð1; 1; 0ÞΩF ð1; 1; 0ÞΩF ð1; 1; 0ÞΩF∶Ň Ω
L

ð1; 4̄;− 1
4
ÞΩF ð1; 4̄;− 1

4
ÞΩF ð1; 3̄;− 1

3
ÞΩF ð1; 2̄;− 1

2
ÞΩF∶LΩ

L ¼ ðEΩ
L ;−N Ω

L ÞT
ð1; 1; 0ÞΩ0

F ∶Ň Ω0
L

ð1; 1; 0ÞΩ00
F ð1; 1; 0ÞΩ00

F ∶Ň Ω00
L
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ðE1̇
L;−N 1̇

LÞ≡ ðeL;−νeLÞ; ðE2̇
L;−N 2̇

LÞ≡ ðμL;−νμLÞ;
ðEV̇II

L ;−N V̇II
L Þ≡ ðe0000L ;−n0000

L Þ; ðE ˙VIII
L ;−N ˙VIII

L Þ≡ ðe000L ;−n000
L Þ; ðE ˙IX

L ;−N ˙IX
L Þ≡ ðe00000L ;−n00000

L Þ;
ðE3

L;−N 3
LÞ≡ ðτL;−ντLÞ; ðEIV

L ;−N IV
L Þ≡ ðe00L;−n00

LÞ;
ðEV

L;−N V
LÞ≡ ðeL;−nLÞ; ðEVI

L ;−N VI
L Þ≡ ðe0L;−n0

LÞ: ðA2Þ
According to the flavor identifications in Tables XII,XIII,XIV, we find the following up-type quark mass matrix:

Mu ¼
1ffiffiffi
2

p

0
B@

0 0 c5ζ1=
ffiffiffi
2

p

c4ζ̇2=
ffiffiffi
2

p
0 c5ζ2=

ffiffiffi
2

p

c5ζ1=
ffiffiffi
2

p
c5ζ2=

ffiffiffi
2

p
YT

1
CAvEW; ðA3Þ

TABLE XIV. The SU(8) fermion representation of 56F under the G441;G341;G331;GSM subgroups for the three-
generational SU(8) theory. All SM fermions are marked with underlines.

SU(8) G441 G341 G331 GSM

56F ð1; 4̄;þ 3
4
ÞF ð1; 4̄;þ 3

4
ÞF ð1; 3̄;þ 2

3
Þ0F ð1; 2̄;þ 1

2
Þ000F ∶ ðn000

R
c;−e000R cÞT

ð1; 1;þ1Þ0F∶μRc
ð1; 1;þ1Þ00F ð1; 1;þ1Þ00F∶ER

c

ð4̄; 1;− 3
4
ÞF ð3̄; 1;− 2

3
Þ0F ð3̄; 1;− 2

3
Þ0F ð3̄; 1;− 2

3
Þ0F∶uRc

ð1; 1;−1ÞF ð1; 1;−1ÞF ð1; 1;−1ÞF∶EL

ð4; 6;þ 1
4
ÞF ð3; 6;þ 1

6
ÞF ð3; 3; 0Þ0F ð3; 2;þ 1

6
Þ0F∶ðcL; sLÞT

ð3; 1;− 1
3
Þ000F ∶D000

L

ð3; 3̄;þ 1
3
ÞF ð3; 2̄;þ 1

6
Þ00F∶ðdL;−uLÞT

ð3; 1;þ 2
3
ÞF∶UL

ð1; 6;þ 1
2
Þ0F ð1; 3;þ 1

3
Þ0F ð1; 2;þ 1

2
Þ0000F ∶ðe0000R

c;n0000
R

cÞT
ð1; 1; 0Þ000F ∶ňR

000c

ð1; 3̄;þ 2
3
Þ00F ð1; 2̄;þ 1

2
Þ00000F ∶ðn00000

R
c;−e00000R

cÞT
ð1; 1;þ1Þ000F ∶eRc

ð6; 4;− 1
4
ÞF ð3; 4;− 1

12
Þ0F ð3; 3; 0Þ00F ð3; 2;þ 1

6
Þ000F ∶ðuL; dLÞT

ð3; 1;− 1
3
Þ0000F ∶D0000

L

ð3; 1;− 1
3
Þ00000F ð3; 1;− 1

3
Þ00000F ∶D00000

L

ð3̄; 4;− 5
12
ÞF ð3̄; 3;− 1

3
ÞF ð3̄; 2;− 1

6
ÞF∶ðdRc;uR

cÞT
ð3̄; 1;− 2

3
Þ00F∶UR

c

ð3̄; 1;− 2
3
Þ000F ð3̄; 1;− 2

3
Þ000F ∶cRc

TABLE XIII. The SU(8) fermion representation of 28F under the G441;G341;G331;GSM subgroups for the three-
generational SU(8) theory. All SM fermions are marked with underlines.

SU(8) G441 G341 G331 GSM

28F ð6; 1;− 1
2
ÞF ð3; 1;− 1

3
ÞF ð3; 1;− 1

3
ÞF ð3; 1;− 1

3
ÞF∶ DL

ð3̄; 1;− 2
3
ÞF ð3̄; 1;− 2

3
ÞF ð3̄; 1;− 2

3
ÞF∶tRc

ð1; 6;þ 1
2
ÞF ð1; 6;þ 1

2
ÞF ð1; 3;þ 1

3
ÞF ð1; 2;þ 1

2
ÞF∶ðeRc;nR

cÞT
ð1; 1; 0ÞF∶ňc

R

ð1; 3̄;þ 2
3
ÞF ð1; 2̄;þ 1

2
Þ0F∶ðn0c

R ;−e0cR ÞT
ð1; 1;þ1ÞF∶τRc

ð4; 4; 0ÞF ð3; 4;− 1
12
ÞF ð3; 3; 0ÞF ð3; 2;þ 1

6
ÞF∶ðtL; bLÞT

ð3; 1;− 1
3
Þ0F∶D0

L

ð3; 1;− 1
3
Þ00F ð3; 1;− 1

3
Þ00F∶D00

L

ð1; 4;þ 1
4
ÞF ð1; 3;þ 1

3
Þ00F ð1; 2;þ 1

2
Þ00F∶ðe00Rc;n00

R
cÞT

ð1; 1; 0Þ0F∶ň0c
R

ð1; 1; 0Þ00F ð1; 1; 0Þ00F∶ň00c
R
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from the renormalizable Yukawa coupling term of YT 28F28F70H þ H:c: and the d ¼ 5 direct Yukawa coupling terms in
Eqs. (35b) and (35c). The down-type quark and the charge lepton mass matrices are found to be

ðMdÞ3×3 ¼ ðMT
lÞ3×3

≈
1

4

0
B@

ð2c3 þ YDdBÞζ̇03 ð2c3 þ YDdBΔ2̇Þζ̇03 0

ð2c3 þ YDdBΔ0̇
1
Þζ̇3 ð2c3 þ YDdBζ−223 Þζ̇3 0

0 0 YBdA ζ−123 ζ1

1
CAvEW; ðA4Þ

from the d ¼ 5 indirect Yukawa coupling terms in Eqs. (36).

APPENDIX B: THE INTERMEDIATE STAGES ALONG THE WSW SYMMETRY BREAKING PATTERN

1. The first stage

The first symmetry breaking stage of G441 → G431 is achieved by ð1; 4̄;− 1
4
ÞH;IV ⊂ 8H;IV in the rank-two sector, according

to their G431-invariant and Ũð1ÞT 0-neutral components in Table XV. Accordingly, the term of YB8F
IV28F8H;IV þ H:c: leads

to the vectorial masses of ðD00; ň00; e;n; ňÞ. After this stage, the remaining massless fermions expressed in terms of the G431

IRs are the following:

�
4̄; 1;þ 1

4

�
Ω

F
⊕

��
1; 3̄;−

1

3

�
Ω

F
⊕ ð1; 1; 0ÞΩ00

F

�
⊕⊂ 8F

Ω;

Ω ¼ ðω; ω̇Þ; ω ¼ ð3;V;VIÞ; ω̇ ¼ ð1̇; 2̇; V̇II; ˙VIII; ˙IXÞ;
ð1; 1; 0ÞIV00

F ⊂ 8F
IV;�

6; 1;−
1

2

�
F
⊕

� =�
1; 3;þ 1

3

�
F
⊕

�
1; 3̄;þ 2

3

�
F

�
⊕

��
4; 3;þ 1

12

�
F
⊕ =�

4; 1;−
1

4

�
F

�
⊂ 28F;��

1; 3̄;þ 2

3

�0

F
⊕ ð1; 1;−1Þ00F

�
⊕

�
4̄; 1;−

3

4

�
F
⊕

��
4; 3;þ 1

12

�
F
⊕

�
4; 3̄;þ 5

12

�
F

�

⊕
��

6; 3;−
1

6

�
F
⊕

�
6; 1;−

1

2

�0

F

�
⊂ 56F: ðB1Þ

Fermions that becomemassive at this stage are crossed out by slashes.We find only onemassive 8F
IV is integrated out from the

anomaly-free conditions of ½SUð4Þs�2 · Uð1ÞX1
¼ 0, ½SUð3ÞW �2 · Uð1ÞX1

¼ 0, and ½Uð1ÞX1
�3 ¼ 0, except for one left-handed

sterile neutrino of Ň IV00
L ≡ ð1; 1; 0ÞIV00

F ⊂ 8F
IV.

TABLE XV. The Ũð1ÞT 0 charges for massless fermions and possible symmetry breaking Higgs components in the
G441 theory.

8F
Ω ð4̄; 1;þ 1

4
ÞΩF ð1; 4̄;− 1

4
ÞΩF

T 0 −2t −4t
28F ð6; 1;− 1

2
ÞF ð1; 6;þ 1

2
ÞF ð4; 4; 0ÞF

T 0 0 þ4t þ2t
56F ð1; 4̄;þ 3

4
ÞF ð4̄; 1;− 3

4
ÞF ð4; 6;þ 1

4
ÞF ð6; 4;− 1

4
ÞF

T 0 þ4t −2t þ2t 0
8H;ω ð4̄; 1;þ 1

4
ÞH;ω ð1; 4̄;− 1

4
ÞH;ω

T 0 þ2t 0
28H;ω̇ ð1; 6;− 1

2
ÞH;ω̇ ð4̄; 4̄; 0ÞH;ω̇

T 0 0 þ2t
70H ð4; 4̄;þ 1

2
ÞH ð4̄; 4;− 1

2
ÞH

T 0 −2t −6t
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2. The second stage

The second symmetry breaking stage of G431 → G331 can
be achieved by ð4̄; 1;þ 1

4
ÞH;V ⊂ 8H;V in the rank-two sector

and ð4̄; 1;þ 1
4
ÞH;V̇II;1̇ ⊂ 28H;V̇II;1̇ in the rank-three sector,

according to their G331-invariant and Ũð1ÞT 00 -neutral com-
ponents in Table XVI. Accordingly, the term of
YB8F

V28F8H;V þ H:c: leads to the vectorial masses of

ðD; e00;n00; ň0Þ, the term of YD8F
V̇II;1̇56F28H;V̇II;1̇ þ H:c:

leads to the vectorial masses of ðD00000; e0000;n0000; ň000Þ, and
the term of c4

Mpl
56F56Fh63Hi28H†

;V̇II;1̇
þ H:c: leads to the

vectorial masses of ðE; d;u;UÞ, respectively. After inte-
grating out the massive fermions, the remaining massless
fermions expressed in terms of the G331 IRs are the
following:

��
3̄; 1;þ 1

3

�
Ω

F
⊕ ð1; 1; 0ÞΩF

�
⊕

��
1; 3̄;−

1

3

�
Ω

F
⊕ ð1; 1; 0ÞΩ00

F

�
⊂ 8F

Ω;

Ω ¼ ðω; ω̇Þ; ω ¼ ð3;VIÞ; ω̇ ¼ ð1̇; 2̇; ˙VIII; ˙IXÞ;
ð1; 1; 0ÞIV00

F ⊂ 8F
IV; ð1; 1; 0ÞVF ⊕ ð1; 1; 0ÞV00

F ⊂ 8F
V;

ð1; 1; 0ÞV̇IIF ⊕ ð1; 1; 0ÞV̇II00F ⊂ 8F
V̇II;� n�

3; 1;−
1

3

�
F
⊕

�
3̄; 1;−

2

3

�
F

�
⊕

� =�
1; 3;þ 1

3

�
F
⊕

�
1; 3̄;þ 2

3

�
F

�

⊕
�
ð3; 3; 0ÞF ⊕ n�

1; 3;þ 1

3

�00

F

�
⊕ =��

3; 1;−
1

3

�00

F
⊕ ð1; 1; 0Þ00F

�
⊂ 28F;

��
1; 3̄;þ 2

3

�0

F
⊕ nð1; 1;þ1Þ00F

�
⊕

��
3̄; 1;−

2

3

�0

F
⊕ nð1; 1;−1ÞF

�

⊕
�
ð3; 3; 0Þ0F ⊕ n�

1; 3;þ 1

3

�0

F
⊕ n�

3; 3̄;þ 1

3

�
F
⊕

�
1; 3̄;þ 2

3

�00

F

�

⊕
�
ð3; 3; 0Þ00F ⊕ n�

3̄; 3;−
1

3

�
F
⊕ n�

3; 1;−
1

3

�00000

F
⊕

�
3̄; 1;−

2

3

�000

F

�
⊂ 56F: ðB2Þ

TABLE XVI. The Ũð1ÞT 00 charges for massless fermions and possible symmetry breaking Higgs components in
the G431 theory.

8F
Ω ð4̄; 1;þ 1

4
ÞΩF ð1; 3̄;− 1

3
ÞΩF ð1; 1; 0ÞΩ00

F

T 00 −4t − 4
3
t −4t

28F ð6; 1;− 1
2
ÞF ð1; 3̄;þ 2

3
ÞF ð4; 3;þ 1

12
ÞF

T 00 þ4t − 4
3
t þ 4

3
t

56F ð1; 3̄;þ 2
3
Þ0F ð1; 1;þ1Þ00F ð4̄; 1;− 3

4
ÞF ð4; 3;þ 1

12
ÞF

T 00 − 4
3
t −4t þ4t þ 4

3
t

ð4; 3̄;þ 5
12
ÞF ð6; 3;− 1

6
ÞF ð6; 1;− 1

2
Þ0F

T 00 − 4
3
t þ 4

3
t þ4t

8H;ω ð4̄; 1;þ 1
4
ÞH;ω ð1; 3̄;− 1

3
ÞH;ω

T 00 0 þ 8
3
t

28H;ω̇ ð1; 3̄;− 1
3
Þ0H;ω̇ ð4̄; 3̄;− 1

12
ÞH;ω̇ ð4̄; 1;þ 1

4
ÞH;ω̇

T 00 þ 8
3
t þ 8

3
t 0

70H ð4; 3̄;þ 5
12
ÞH ð4̄; 3;− 5

12
ÞH

T 00 − 16
3
t − 8

3
t

CHEN, CHEN, HOU, TENG, and WANG PHYS. REV. D 111, 115034 (2025)

115034-22



We use the slashes and the back slashes to cross out massive fermions at the first and the second stages, respectively. From
the anomaly-free conditions of ½SUð3Þc�2 · Uð1ÞX2

¼ 0, ½SUð3ÞW �2 · Uð1ÞX2
¼ 0, and ½Uð1ÞX2

�3 ¼ 0, we find that one 8F
V

and one 8F
V̇II are integrated out.

3. The third stage

The third symmetry breaking stage of G331 → GSM can be achieved by Higgs fields of ð1; 3̄;− 1
3
ÞH;VI;3 ⊂ 8H;VI;3 and

½ð1; 3̄; − 1
3
Þ0
H;V̇II;2̇

⊕ ð1; 3̄; − 1
3
ÞH; ˙IX� ⊂ 28H;V̇II;2̇; ˙IX, according to the decompositions in Eqs. (19) and (20), as well as

their Ũð1ÞT 000-neutral components in Table XVII. Accordingly, the term of YB8F
VI;328F8H;VI;3 þ H:c: leads to the vectorial

masses of ðD0
L; e

0;n0Þ, the term of YD8F
V̇II;2̇56F28H;V̇II;2̇ þ H:c: leads to the vectorial masses of ðD000; e000;n000Þ, and the term

of YD8F
˙IX56F28H; ˙IX þ H:c: leads to the vectorial masses of ðD0000; e00000;n00000Þ, respectively. The remaining massless

fermions of the GSM are listed as follows:

��
3̄; 1;þ 1

3

�
Ω

F
⊕ ð1; 1; 0ÞΩF

�
⊕

��
1; 2̄;−

1

2

�
Ω

F
⊕ ð1; 1; 0ÞΩ0

F ⊕ ð1; 1; 0ÞΩ00
F

�
⊂ 8F

Ω; Ω ¼ ð1̇; 2̇; 3Þ;

ð1; 1; 0ÞVF ⊕ … ⊕ ð1; 1; 0Þ ˙IX
F ⊂ 8F

Ω;

ð1; 1; 0ÞVI0F ⊕ ð1; 1; 0Þ ˙VIII0
F ⊕ ð1; 1; 0Þ ˙IX0

F ⊂ 8F
Ω0
;

ð1; 1; 0ÞIV00
F ⊕ … ⊕ ð1; 1; 0Þ ˙IX00

F ⊂ 8F
Ω00
;� n�

3; 1;−
1

3

�
F
⊕

�
3̄; 1;−

2

3

�
F

�
⊕

� =�
1; 2;þ 1

2

�
F
⊕ ð1; 1; 0ÞF ⊕ n=�

1; 2̄;þ 1

2

�0

F
⊕ ð1; 1;þ1ÞF

�

⊕
��

3; 2;þ 1

6

�
F
⊕ n=�

3; 1;−
1

3

�0

F
⊕ n�

1; 2;þ 1

2

�00

F
⊕ ð1; 1; 0Þ0F ⊕ =�

3; 1;−
1

3

�00

F
⊕ ð1; 1; 0Þ00F

�
⊂ 28F;

� n=�
1; 2̄;þ 1

2

�000

F
⊕ ð1; 1;þ1Þ0F ⊕ nð1; 1;þ1Þ00F

�
⊕

��
3̄; 1;−

2

3

�0

F
⊕ nð1; 1;−1ÞF

�

⊕
��

3; 2;þ 1

6

�0

F
⊕ n=�

3; 1;−
1

3

�000

F
⊕ n�

1; 2;þ 1

2

�0000

F
⊕ ð1; 1; 0Þ000F

⊕ n�
3; 2̄;þ 1

6

�00

F
⊕

�
3; 1;þ 2

3

�
F
⊕ n=�

1; 2̄;þ 1

2

�00000

F
⊕ ð1; 1;þ1Þ000F

�

⊕
��

3; 2;þ 1

6

�000

F
⊕ n=�

3; 1;−
1

3

�0000

F
⊕ n�

3̄; 2;−
1

6

�
F
⊕

�
3̄; 1;−

2

3

�00

F

⊕ n�
3; 1;−

1

3

�00000

F
⊕

�
3̄; 1;−

2

3

�000

F

�
⊂ 56F: ðB3Þ

The fermions that become massive at this stage are further
crossed out. After this stage of symmetry breaking, there
are three-generational massless SM fermions together with
23 left-handed massless sterile neutrinos.5 The third-gen-
erational SM fermions are from the rank-two chiral
IRAFFS of ½8Fω ⊕ 28F�, while the first- and second-

generational SM fermions are from the rank-three chiral
IRAFFS of ½8Fω̇ ⊕ 56F�.

4. The d = 5 bilinear fermion operators

We proceed to analyze the d ¼ 5 bilinear fermion
operators in Eqs. (35) along the WSW symmetry breaking
pattern. To be brief, we only include the bilinear mass terms

involving the SM quarks and leptons. The operator ofOð3;2Þ
F

is decomposed as

5The number of residual left-handed massless sterile neutrinos
have been precisely obtained through the ‘t Hooft anomaly
matching in Ref. [17].
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c3
Mpl

8F
ω̇56F · 28H

†
;κ̇ · 70H

† þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
4; 6;þ 1

4

�
F
⊕

�
1; 4̄;−

1

4

�
ω̇

F
⊗

�
1; 4̄;þ 3

4

�
F

�

⊗ ð4̄; 4̄; 0Þ†H;κ̇ ⊗
�
4; 4̄;þ 1

2

�†

H
þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
4; 3;þ 1

12

�
F
⊕

�
1; 3̄;−

1

3

�
ω̇

F
⊗

�
1; 3̄;þ 2

3

�0

F

�

⊗
�
4̄; 3̄;−

1

12

�†

H;κ̇
⊗

�
4; 3̄;þ 5

12

�†

H
þ H:c:

⊃
c3
Mpl

��
3̄; 1;þ 1

3

�
ω̇

F
⊗ ð3; 3; 0Þ0F ⊕ ð1; 1; 0Þω̇F ⊗

�
1; 3;þ 1

3

�0

F
⊕

�
1; 3̄;−

1

3

�
ω̇

F
⊗

�
1; 3̄;þ 2

3

�0

F

�

⊗
��

1; 3̄;−
1

3

�†

H;κ̇

�
⊗

��
1; 3̄;þ 2

3

�000†

H

�
þ H:c:

⇒
c3
2
ζ̇3ðdLDω̇

R
c þ Ň ω̇

Ln0000
R

c − Eω̇
LeR

c þ Ň ω̇0
L n000

R
cÞvEW þ H:c:; ðB4Þ

and

TABLE XVII. The Ũð1ÞT 000 charges for massless fermions and possible symmetry breaking Higgs components in
the G331 theory.

8F
Ω ð3̄; 1;þ 1

3
ÞΩF ð1; 1; 0ÞΩF ð1; 3̄;− 1

3
ÞΩF ð1; 1; 0ÞΩ00

F

T 000 − 4
3
t −4t −4t −4t

28F ð3̄; 1;− 2
3
ÞF ð1; 3̄;þ 2

3
ÞF ð3; 3; 0ÞF

T 000 − 4
3
t þ4t þ 4

3
t

56F ð1; 3̄;þ 2
3
Þ0F ð3̄; 1;− 2

3
Þ0F ð3; 3; 0Þ0F

T 000 þ4t − 4
3
t þ 4

3
t

ð1; 3̄;þ 2
3
Þ00F ð3; 3; 0Þ00F ð3̄; 1;− 2

3
Þ000F

T 000 þ4t þ 4
3
t − 4

3
t

8H;ω ð1; 3̄;− 1
3
ÞH;ω

T 000 0
28H;ω̇ ð1; 3̄;− 1

3
Þ0H;ω̇ ð1; 3;− 2

3
ÞH;ω̇ ð1; 3̄;− 1

3
ÞH;ω̇

T 000 0 0 0
70H ð1; 3̄;þ 2

3
Þ000H ð1; 3;− 2

3
Þ000H

T 000 0 −8t
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c3
Mpl

8F
ω̇56F · 28H

†
;κ̇ · 70H

† þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
6; 4;−

1

4

�
F
⊕

�
1; 4̄;−

1

4

�
ω̇

F
⊗

�
4; 6;þ 1

4

�
F

�

⊗
�
1; 6;−

1

2

�†

H;κ̇
⊗

�
4; 4̄;þ 1

2

�†

H
þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
6; 3;−

1

6

�
F
⊕

�
1; 3̄;−

1

3

�
ω̇

F
⊗

�
4; 3̄;þ 5

12

�
F
⊕ ð1; 1; 0Þω̇00

F ⊗
�
4; 3;þ 1

12

�
F

�

⊗
�
1; 3̄;−

1

3

�0†

H;κ̇
⊗

�
4; 3̄;þ 5

12

�†

H
þ H:c:

⊃
c3
Mpl

��
3̄; 1;þ 1

3

�
ω̇

F
⊗ ð3; 3; 0Þ00F ⊕

�
1; 3̄;−

1

3

�
ω̇

F
⊗

�
1; 3̄;þ 2

3

�00

F
⊕ ð1; 1; 0Þω̇00

F ⊗
�
1; 3;þ 1

3

�0

F

�

⊗
��

1; 3̄;−
1

3

�0†

H;κ̇

�
⊗

��
1; 3̄;þ 2

3

�000†

H

�
þ H:c:

⇒
c3
2
ζ̇03ðsLDω̇

R
c − Eω̇

LμR
c þ Ň ω̇0

L n00000
R

c þ Ň ω̇00
L n0000

R
cÞvEW þ H:c: ðB5Þ

By taking the possible flavor indices of ω̇ ¼ 1̇; 2̇ in Eqs. (B4) and (B5), one finds the following set of mass matrices of the
ðd; sÞ and ðe; μÞ:

ðMdÞdirect2×2 ¼ c3
2

�
ζ̇3 ζ̇3

ζ̇03 ζ̇03

�
vEW; ðB6aÞ

ðMeÞdirect2×2 ¼ −
c3
2

�
ζ̇3 ζ̇03
ζ̇3 ζ̇03

�
vEW; ðB6bÞ

which leave the down quark and electron massless.

For the operator of Oð4;1Þ
F , it is decomposed as

c4
Mpl

56F56F · 28H;ω̇ · 70H þ H:c:

⊃
c4
Mpl

��
4̄; 1;−

3

4

�
F
⊗

�
4; 6;þ 1

4

�
F
⊕ =�

6; 4;−
1

4

�
F
⊗

�
6; 4;−

1

4

�
F

�
⊗ ð4̄; 4̄; 0ÞH;ω̇ ⊗

�
4; 4̄;þ 1

2

�
H
þ H:c:

⊃
c4
Mpl

�
4̄; 1;−

3

4

�
F
⊗

�
4; 3;þ 1

12

�
F
⊗

��
4̄; 1;þ 1

4

�
H;ω̇

�
⊗

�
4; 3̄;þ 5

12

�
H
þ H:c:

⊃ c4
w4̄;V̇IIffiffiffi
2

p
Mpl

��
3̄; 1;−

2

3

�0

F
⊗ ð3; 3; 0Þ0F ⊕ ð1; 1;−1ÞF ⊗

�
1; 3;þ 1

3

�0

F

�
⊗

��
1; 3̄;þ 2

3

�000

H

�
þ H:c:

⇒
c4
2
ζ̇2ðuLcRc þ ELe0000R

cÞvEW þ H:c: ðB7aÞ

The bilinear fermion product of ð6; 4;− 1
4
ÞF ⊗ ð6; 4;− 1

4
ÞF ⊗ ð4; 4̄; 0ÞH;ω̇ ⊗ ð4; 4̄;þ 1

2
ÞH þ H:c: was previously found to

vanish due to their antisymmetric properties [20].
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For the operator of Oð5;1Þ
F , it is decomposed as

c5
Mpl

28F56F · 8H;ω · 70H þ H:c:

⊃
c5
Mpl

��
6; 1;−

1

2

�
F
⊗

�
4; 6;þ 1

4

�
F
⊕

�
1; 6;þ 1

2

�
F
⊗

�
1; 4̄;−

3

4

�
F
⊕ ð4; 4; 0ÞF ⊗

�
6; 4;−

1

4

�
F

�

⊗
��

1; 4̄;−
1

4

�
H;ω

�
⊗

�
4; 4̄;þ 1

2

�
H
þ H:c:

⊃ c5
W 4̄;IVffiffiffi
2

p
Mpl

��
6; 1;−

1

2

�
F
⊗

�
4; 3;þ 1

12

�
F
⊕

�
1; 3;þ 1

3

�
F
⊗

�
4̄; 1;−

3

4

�
F
⊕

�
4; 3;þ 1

12

�
F
⊗

�
6; 1;−

1

2

�00

F

⊕
�
4; 1;−

1

4

�
F
⊗

�
6; 3;−

1

6

�
F

�
⊗

�
4; 3̄;þ 5

12

�
H
þ H:c:

⊃
c5ffiffiffi
2

p ζ1

��
3̄; 1;−

2

3

�
F
⊗ ð3; 3; 0Þ0F ⊕

�
1; 3;þ 1

3

�
F
⊗ ð1; 1;−1ÞF ⊕ ð3; 3; 0ÞF ⊗

�
3̄; 1;−

2

3

�000

F

⊕
�
3; 1;−

1

3

�00

F
⊗

�
3̄; 3;−

1

3

�
F

�
⊗

��
1; 3̄;þ 2

3

�000

H

�
þ H:c:

⇒
c5
2
ζ1ðuLtRc þ ELeRc þ tLuRc þD00

LdR
cÞvEW þ H:c:; ðB8aÞ

c5
Mpl

28F56F · 8H;ω · 70H þ H:c:

⊃
c5
Mpl

��
6; 1;−

1

2

�
F
⊗

�
6; 4;−

1

4

�
F
⊕ ð4; 4; 0ÞF ⊗

�
4̄; 1;−

3

4

�
F

�
⊗

�
4̄; 1;þ 1

4

�
H;ω

⊗
�
4; 4̄;þ 1

2

�
H
þ H:c:

⊃
c5
Mpl

��
6; 1;−

1

2

�
F
⊗

�
6; 3;−

1

6

�
F
⊕

�
4; 3;þ 1

12

�
F
⊗

�
4̄; 1;−

3

4

�
F

�
⊗

��
4̄; 1;þ 1

4

�
H;ω

�
⊗

�
4; 3̄;þ 5

12

�
H
þ H:c:

⊃ c5
w4̄;Vffiffiffi
2

p
Mpl

��
3; 1;−

1

3

�
F
⊗

�
3̄; 3;−

1

3

�
F
⊕

�
3̄; 1;−

2

3

�
F
⊗ ð3; 3; 0Þ00F ⊕ ð3; 3; 0ÞF ⊗

�
3̄; 1;−

2

3

�0

F

⊕
�
1; 3;þ 1

3

�00

F
⊗ ð1; 1;−1ÞF

�
⊗

��
1; 3̄;þ 2

3

�000

H

�
þ H:c:

⇒
c5
2
ζ2ðDLdRc þ cLtRc þ tLcRc þ ELeRcÞvEW þ H:c: ðB8bÞ

5. The d = 5 irreducible Higgs mixing operators

We further decompose the d ¼ 5 irreducible Higgs mixing operators along the WSW symmetry breaking pattern. For the
Yukawa coupling of 8F

ω128F8H;ω1
, we find the mass terms of

YB8F
ω128F8H;ω1

×
dA
Mpl

ϵω1ω2ω3ω4
8H

†
;ω1

8H
†
;ω2

8H
†
;ω3

8H
†
;ω4

70H† þ H:c:

⊃ YB

��
4̄; 1;þ 1

4

�
ω1

F
⊗ ð4; 4; 0ÞF ⊕

�
1; 4̄;−

1

4

�
ω1

F
⊗

�
1; 6;þ 1

2

�
F

�
⊗

�
1; 4̄;−

1

4

�
H;ω1

×
dA
Mpl

�
1; 4̄;−

1

4

�†

H;ω1

⊗
�
1; 4̄;−

1

4

�†

H;ω2

⊗
�
1; 4̄;−

1

4

�†

H;ω3

⊗
�
4̄; 1;þ 1

4

�†

H;ω4

⊗
�
4; 4̄;þ 1

2

�†

H
þ H:c:

⊃ YB

��
4̄; 1;þ 1

4

�
ω1

F
⊗

�
4; 3;þ 1

12

�
F
⊕

�
1; 3̄;−

1

3

�
ω1

F
⊗

�
1; 3;þ 2

3

�
F
⊕ ð1; 1; 0Þω00

1

F ⊗
�
1; 3;þ 1

3

�
F

�

⊗
�
1; 3̄;−

1

3

�
H;ω1

×
dAW 4̄IVffiffiffi

2
p

Mpl

�
1; 3̄;−

1

3

�†

H;ω1

⊗
�
1; 3̄;−

1

3

�†

H;ω3

⊗
�
4̄; 1;þ 1

4

�†

H;ω4

⊗
�
4; 3̄;þ 5

12

�†

H
þ H:c:
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⊃ YB

��
3̄; 1;þ 1

3

�
ω1

F
⊗ ð3; 3; 0ÞF ⊕ ð1; 1; 0Þω1

F ⊗
�
1; 3;þ 1

3

�00

F
⊕

�
1; 3̄;−

1

3

�
ω1

F
⊗

�
1; 3;þ 2

3

�
F

⊕ ð1; 1; 0Þω00
1

F ⊗
�
1; 3;þ 1

3

�
F

��
1; 3̄;−

1

3

�
H;ω1

×
dAW4̄IVω4̄;V

2Mpl

�
1; 3̄;−

1

3

�†

H;ω1

⊗
��

1; 3̄;−
1

3

�†

H;ω3

�

⊗
��

1; 3̄;þ 2

3

�000†

H

�
þ H:c:

⇒
YBdA
4

W 4̄;IVw4̄;VV 3̄;VI

Mplm2
ð1;4̄;−1

4
ÞH;3

ðbLbRc þ τLτR
c þ Ň 3

Ln00
R
c − Ň 30

Ln0
R
c þ Ň 300

L nR
cÞvEW þ H:c: ðB9Þ

If we consider all three possibilities of the propagator masses, each of them leads to the ðb; τÞ masses as follows:

mð1;4̄;−1
4
ÞH;3

∼Oðv441Þ∶mb ¼ mτ ¼
YBdA
4

ζ2ζ13vEW; ðB10aÞ

mð1;4̄;−1
4
ÞH;3

∼Oðv431Þ∶mb ¼ mτ ¼
YBdA
4

ζ1ζ23vEW; ðB10bÞ

mð1;4̄;−1
4
ÞH;3

∼Oðv331Þ∶mb ¼ mτ ¼
YBdA
4

ζ1
ζ23

vEW: ðB10cÞ

The last choice coincides with our previous result in Ref. [20].
The indirect Yukawa couplings from the operator in Eq. (36b) are expected to generate the first- and second-generational

down-type quark and charged lepton masses. The gauge-invariant subset of ð28H†
;1̇
28H;V̇IIÞ can develop the VEV of

h28H†
;1̇
28H;V̇IIi ¼ 1

2
w4̄;1̇w4̄;V̇II ∼Oðv2431Þ according to the VEV assignments in Eq. (22b). Similar to the indirect Yukawa

couplings in Eq. (B9), we should look for the EWSB components from the 28H;1̇;2̇ here. For the Yukawa coupling of
8F

ω̇156F28H;ω̇1
, we find the mass terms of

YD8F
ω̇156F28H;ω̇1

×
dB
Mpl

28H
†
;ω̇1

28H
†
;ω̇2

70H†ð28H†
;1̇
28H;V̇IIÞ þ H:c:

⊃ YD

��
4̄; 1;þ 1

4

�
ω̇1

F
⊗

�
4; 6;þ 1

4

�
F
⊕

�
1; 4̄;−

1

4

�
ω̇1

F
⊗

�
1; 4̄;þ 3

4

�
F

�
⊗

�
1; 6;−

1

2

�
H;ω̇1

×
dB
Mpl

�
1; 6;−

1

2

�†

H;ω̇1

⊗ ð4̄; 4̄; 0Þ†H;ω̇2
⊗

�
4; 4̄;þ 1

2

�†

H
⊗ h28H†

;1̇
28H;V̇IIi þ H:c:

⊃ YD

��
4̄; 1;þ 1

4

�
ω̇1

F
⊗

�
4; 3;þ 1

12

�
F
⊕

�
1; 3̄;−

1

3

�
ω̇1

F
⊗

�
1; 3̄;þ 2

3

�0

F

�
⊗

�
1; 3̄;−

1

3

�0

H;ω̇1

×
dB
Mpl

�
1; 3̄;−

1

3

�0†

H;ω̇1

⊗
�
4̄; 3̄;−

1

12

�†

H;ω̇2

⊗
�
4; 3̄;þ 5

12

�†

H
⊗ h28H†

;1̇
28H;V̇IIi þ H:c:

⊃ YDdB
w4̄;1̇w4̄;V̇II

2Mplm2
ð1;6;−1

2
ÞH;ω̇1

��
3̄; 1;þ 1

3

�
ω̇1

F
⊗ ð3; 3; 0Þ0F ⊕ ð1; 1; 0Þω̇1

F ⊗
�
1; 3;þ 1

3

�0

F

⊕
�
1; 3̄;−

1

3

�
ω̇1

F
⊗

�
1; 3̄;þ 2

3

�0

F

�
⊗

��
1; 3̄;−

1

3

�†

H;ω̇2

�
⊗

��
1; 3̄;þ 2

3
Þ000†H

�
þ H:c:

⇒
YDdB
4

ζ̇3

�
w4̄;1̇w4̄;V̇II

m2
ð1;6;−1

2
ÞH;1̇

ðdLdRc þ eLeRcÞ þ
w4̄;1̇w4̄;V̇II

m2
ð1;6;−1

2
ÞH;2̇

ðdLsRc þ μLeRcÞ
�
vEW þ H:c:; ðB11Þ

where the SM quark/lepton components from the 8F
ω̇1¼1̇=8F

ω̇1¼2̇ correspond to the ðdRc; eLÞ and ðsRc; μLÞ, respectively.
The other mass terms read
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YD8F
ω̇156F28H;ω̇1

×
dB
Mpl

28H
†
;ω̇1

28H
†
;ω̇2

70H†ð28H†
;1̇
28H;V̇IIÞ þ H:c:

⊃ YD

��
4̄; 1;þ 1

4

�
ω̇1

F
⊗

�
6; 4;−

1

4

�
F
⊕

�
1; 4̄;−

1

4

�
ω̇1

F
⊗

�
4; 6;þ 1

4

�
F

�
⊗ ð4̄; 4̄; 0ÞH;ω̇1

×
dB
Mpl

ð4̄; 4̄; 0Þ†H;ω̇1
⊗

�
1; 6;−

1

2

�†

H;ω̇2

⊗
�
4; 4̄;þ 1

2

�†

H
⊗ h28H†

;1̇
28H;V̇IIi þ H:c:

⊃ YD

��
4̄; 1;þ 1

4

�
ω̇1

F
⊗

�
6; 3;−

1

6

�
F
⊕

�
1; 3̄;−

1

3

�
ω̇1

F
⊗

�
4; 3̄;þ 5

12

�
F
⊕ ð1; 1; 0Þω̇00

1

F ⊗
�
4; 3;þ 1

12

�
F

�

⊗
�
4̄; 3̄;−

1

12

�
H;ω̇1

×
dB
Mpl

�
4̄; 3̄;−

1

12

�†

H;ω̇1

⊗
�
1; 3̄;−

1

3

�0†

H;ω̇2

⊗
�
4; 3̄;þ 5

12

�†

H;ω̇1

⊗ h28H†
;1̇
28H;V̇IIi þ H:c:

⊃ YD

��
3̄; 1;þ 1

3

�
ω̇1

F
⊗ ð3; 3; 0Þ00F ⊕

�
1; 3̄;−

1

3

�
ω̇1

F
⊗

�
1; 3̄;þ 2

3

�00

F
⊕ ð1; 1; 0Þω̇00

1

F ⊗
�
1; 3;þ 1

3

�0

F

�

⊗
�
1; 3̄;−

1

3

�
H;ω̇1

× dB
w4̄;1̇w4̄;V̇II

2Mpl

�
1; 3̄;−

1

3

�†

H;ω̇1

��
1; 3̄;−

1

3

�†

H;ω̇2

�
⊗

�
1; 3̄;þ 2

3

�000†

H
þ H:c:

⊃ YDdB
w4̄;1̇w4̄;V̇IIV

0̄
3; ˙VIII

2
ffiffiffi
2

p
Mplm2

ð4̄;4̄;0ÞH;ω̇1

��
3̄; 1;þ 1

3

�
ω̇1

F
⊗

�
3; 2;þ 1

6

�000

F
⊕

�
1; 2̄;−

1

2

�
ω̇1

F
⊗ ð1; 1;þ1Þ000F

⊕ ð1; 1; 0Þω̇0
1

F ⊗
�
1; 2̄;þ 1

2

�00000

F
⊕ ð1; 1; 0Þω̇00

1

F ⊗
�
1; 2;þ 1

2

�0000

F

�
⊗

��
1; 2̄;þ 1

2

�000†

H

�
þ H:c:

⇒
YDdB
4

ζ̇03

�
w4̄;1̇w4̄;V̇II

m2
ð4̄;4̄;0ÞH;1̇

ðsLdRc þ eLμRcÞ þ
w4̄;1̇w4̄;V̇II

m2
ð4̄;4̄;0ÞH;2̇

ðsLsRc þ μLμR
cÞ
�
vEW þ H:c: ðB12Þ

With the Higgs VEV assignments in (22c), one expects the natural propagator masses of

mð4̄;4̄;0ÞH;1̇
∼mð1;6;−1

2
ÞH;1̇

∼Oðv431Þ;
mð1;6;−1

2
ÞH;2̇

∼mð4̄;4̄;0ÞH;2̇
∼Oðv331Þ: ðB13Þ

For convenience, we parametrize the following ratios of

Δω̇ ≡ w4̄;1̇w4̄;V̇II

m2
ð4̄;4̄;0ÞH;ω̇

; Δ0̇
ω ≡ w4̄;1̇w4̄;V̇II

m2
ð1;6;−1

2
ÞH;ω̇

: ðB14Þ

6. The SM quark/lepton masses and the CKM mixing

For all up-type quarks with Qe ¼ þ 2
3
, we write down the following tree-level masses from both the renormalizable

Yukawa couplings and the gravity-induced terms in the basis of U ≡ ðu; c; tÞ:

Mu ¼
1ffiffiffi
2

p

0
B@

0 c4ζ̇2=
ffiffiffi
2

p
c5ζ1=

ffiffiffi
2

p

0 0 c5ζ2=
ffiffiffi
2

p

c5ζ1=
ffiffiffi
2

p
c5ζ2=

ffiffiffi
2

p
YT

1
CAvEW ≈Mð0Þ

u þMð1Þ
u þMð2Þ

u ; ðB15aÞ

Mð0Þ
u ¼ 1ffiffiffi

2
p

0
B@

0 0 0

0 0 0

0 0 YT

1
CAvEW; ðB15bÞ

Mð1Þ
u ¼ 1ffiffiffi

2
p

0
B@ 0 0 c5ζ1=

ffiffiffi
2

p

0 0 0

c5ζ1=
ffiffiffi
2

p
0 0

1
CAvEW; ðB15cÞ
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Mð2Þ
u ¼ 1ffiffiffi

2
p

0
B@

0 c4ζ̇2=
ffiffiffi
2

p
0

0 0 c5ζ2=
ffiffiffi
2

p

0 c5ζ2=
ffiffiffi
2

p
0

1
CAvEW; ðB15dÞ

where we have neglected the ∼Oðζ3vEWÞ terms in the above expansions. One obvious feature is that the gauge eigenstates
of up quark and the charm quark do not obtain tree-level masses through the d ¼ 5 operators with the SM Higgs doublet.
Instead, there are only off-diagonal mass mixing terms in Eqs. (B15c) and (B15d). Accordingly, we find that

det0
h
Mð0Þ

u Mð0Þ†
u

i
¼ 1

2
Y2
T v

2
EW ⇒ m2

t ≈
1

2
Y2
T v

2
EW: ðB16Þ

Here and below, we use the det0 to denote the matrix determinant that is equal to the products of all nonzero eigenvalues.
Next, we find the charm quark mass squared of

m2
c ¼ det0

h�
Mð0Þ

u þMð1Þ
u

�
·
�
Mð0Þ†

u þMð1Þ†
u

�i
=det0

h
Mð0Þ

u Mð0Þ†
u

i
≈ c45

ζ41
8Y2

T

v2EW: ðB17Þ

The up quark mass squared can be similarly obtained by

m2
u ¼ det

h�
Mð0Þ

u þMð1Þ
u þMð2Þ

u

�
·
�
Mð0Þ†

u þMð1Þ†
u þMð2Þ†

u

�i
=det0

h�
Mð0Þ

u þMð1Þ
u

�
·
�
Mð0Þ†

u þMð1Þ†
u

�i
≈ c24

ζ22ζ̇
2
2

4ζ21
v2EW: ðB18Þ

To summarize, all SM up-type quark masses are expressed as follows:

mu ≈ c4
ζ2ζ̇2
2ζ1

vEW; mc ≈ c25
ζ21

2
ffiffiffi
2

p
YT

vEW; mt ≈
YTffiffiffi
2

p vEW: ðB19Þ

For all down-type quarks with Qe ¼ − 1
3
, we find the following tree-level SM mass matrix

�
Md

�
3×3

≈
1

4

0
B@

ð2c3 þ YDdBÞζ̇3 ð2c3 þ YDdBζ−223 Þζ̇3 0

ð2c3 þ YDdBÞζ̇03 ð2c3 þ YDdBζ−223 Þζ̇03 0

0 0 YBdA ζ−123 ζ1

1
CAvEW: ðB20Þ

For convenience, we parametrize all G331 breaking VEVs as follows:

ζ3 ¼ ζ̇03 ¼
ζ̇3
tan λ

: ðB21Þ

It is straightforward to find the following SM down-type quark masses of

mb ≈
1

4
YBdA ζ−123 ζ1vEW; ðB22aÞ

ms ≈
1

4
ð2c3 þ YDdBζ−223 Þζ̇3vEW; ðB22bÞ

md ≈
1

2
c3ζ̇3vEW; ðB22cÞ

from Eq. (B20).
For all charged leptons withQe ¼ −1, their tree-level mass matrix is correlated with the down-type quark mass matrix as

ðMlÞ3×3 ¼ ðMT
dÞ3×3

¼ 1

4

0
B@

ð2c3 þ YDdBΔ0̇
1
Þζ̇3 ð2c3 þ YDdBÞζ̇03 0

ð2c3 þ YDdBζ−223 Þζ̇3 ð2c3 þ YDdBΔ2̇Þζ̇03 0

0 0 YBdA ζ−123 ζ1

1
CAvEW: ðB23Þ
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Thus, it is straightforward to find the tree-level mass
relations of

mτ ¼ mb; mμ ¼ ms; me ¼ md: ðB24Þ

APPENDIX C: THE INTERMEDIATE STAGES
ALONG THE WWS SYMMETRY BREAKING

PATTERN

1. The first stage

The first symmetry breaking stage of G441 → G431

along the WWS symmetry breaking pattern is completely
identical to what we have described in Appendix B 1.
Thus, the remaining massless fermions can be found
in Eq. (B1).

2. The second stage

The second symmetry breaking stage of G431 → G421

along the WWS symmetry breaking pattern can be
achieved by Higgs fields of ð1; 3̄;− 1

3
ÞH;V ⊂ 8H;V and

ð1; 3̄;− 1
3
Þ0
H;V̇II;1̇

⊂ ð1; 6;− 1
2
ÞH;V̇II;1̇ ⊂ 28H;V̇II;1̇, according

to the decompositions in Eqs. (30) and (31), as well as
their Ũð1ÞT 00 charges in Table XVIII. Accordingly, the term
of YB8F

V28F8H;V þ H:c: leads to the vectorial masses of

ðD0; ň0; e0;n0Þ, and the term of YD8F
V̇II56F28H;V̇II þ H:c:

leads to the vectorial masses of ðD000; ň000; e000;n000Þ, respec-
tively. After integrating out the massive fermions, the
remaining massless fermions expressed in terms of the
G421 IRs are the following:

�
4̄; 1;þ 1

4

�
Ω

F
⊕

��
1; 2̄;−

1

2

�
Ω

F
⊕ ð1; 1; 0ÞΩ0

F

�
⊕ ð1; 1; 0ÞΩ00

F ⊂ 8F
Ω;

Ω ¼ ðω; ω̇Þ; ω ¼ ð3;VIÞ; ω̇ ¼ ð1̇; 2̇; ˙VIII; ˙IXÞ;
ð1; 1; 0ÞIV00

F ⊂ 8F
IV; ð1; 1; 0ÞV0

F ⊕ ð1; 1; 0ÞV00
F ⊂ 8F

V;

ð1; 1; 0ÞV̇II0F ⊕ ð1; 1; 0ÞV̇II00F ⊂ 8F
V̇II;�

6; 1;−
1

2

�
F
⊕

� =�
1; 2;þ 1

2

�
F
⊕ ð1; 1; 0ÞF ⊕ n�

1; 2̄;þ 1

2

�
F
⊕ ð1; 1;þ1ÞF

�

⊕
��

4; 2;þ 1

4

�
F
⊕ n�

4; 1;−
1

4

�
F

�
⊕ =�

4; 1;−
1

4

�00

F
⊂ 28F;

� n�
1; 2̄;þ 1

2

�000

F
⊕ ð1; 1;þ1Þ0F ⊕ ð1; 1;þ1Þ00F

�
⊕

�
4̄; 1;−

3

4

�
F

⊕
��

4; 2;þ 1

4

�0

F
⊕ n�

4; 1;−
1

4

�00

F
⊕

�
4; 2̄;þ 1

4

�
F
⊕

�
4; 1;þ 3

4

�
F

�

⊕
�
ð6; 2; 0ÞF ⊕

�
6; 1;−

1

2

�0

F
⊕

�
6; 1;−

1

2

�00

F

�
⊂ 56F: ðC1Þ

We use the slashes and the back slashes to cross out massive fermions at the first and the second stages, respectively. From the
anomaly-free conditions of ½SUð4Þc�2 · Uð1ÞX2

¼ 0, ½SUð2ÞW �2 · Uð1ÞX2
¼ 0, and ½Uð1ÞX2

�3 ¼ 0,we find that one8F
V andone

8F
V̇II are integrated out.

TABLE XVIII. The Ũð1ÞT 00 charges for massless fermions and
possible symmetry breaking Higgs components in the G431 theory
according to Eq. (26).

8F
Ω ð4̄; 1;þ 1

4
ÞΩF ð1; 3̄;− 1

3
ÞΩF ð1; 1; 0ÞΩ00

F

T 00 −2t −4t −4t
28F ð6; 1;− 1

2
ÞF ð1; 3̄;þ 2

3
ÞF ð4; 3;þ 1

12
ÞF

T 00 0 þ4t þ2t
56F ð1; 3̄;þ 2

3
Þ0F ð1; 1;þ1Þ00F ð4̄; 1;− 3

4
ÞF

T 00 þ4t þ4t −2t
ð4; 3;þ 1

12
Þ0F ð4; 3̄;þ 5

12
ÞF ð6; 3;− 1

6
ÞF ð6; 1;− 1

2
Þ00F

T 00 þ2t þ2t 0 0
8H;ω ð1; 3̄;− 1

3
ÞH;ω ð4̄; 1;þ 1

4
ÞH;ω

T 00 0 þ2t
28H;ω̇ ð4̄; 3̄;− 1

12
ÞH;ω̇ ð4̄; 1;þ 1

4
Þ0H;ω̇ ð1; 3̄;− 1

3
Þ0H;ω̇ ð1; 3;− 2

3
ÞH;ω̇

T 00 þ2t þ2t 0 0
70H ð4; 3̄;þ 5

12
ÞH ð4̄; 3;− 5

12
ÞH

T 00 −2t −6t
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3. The third stage

The third symmetry breaking stage of G421 → GSM can be achieved by Higgs fields of ð4̄; 1;þ 1
4
ÞH;VI;3 ⊂ 8H;VI;3 and

½ð4̄;1;þ1
4
ÞH; ˙VIII;2̇⊕ ð4̄;1;þ1

4
Þ0
H; ˙IX

�⊂ ð4̄; 4̄;0ÞH; ˙VIII;2̇; ˙IX⊂28H; ˙VIII;2̇; ˙IX, according to the decompositions in Eqs. (30) and (31),

as well as their Ũð1ÞT 000 charges in Table XIX. Accordingly, the term of YB8F
VI;328F8H;VI;3 þ H:c: leads to the vectorial

masses of ðD; e00;n00Þ, the term of YD8F
˙VIII;2̇56F28H; ˙VIII;2̇ þ H:c: leads to the vectorial masses of ðD0000; e00000;n00000Þ, the term

of YD8F
˙IX56F28H; ˙IX þ H:c: leads to the vectorial masses of ðD00000; e0000;n0000Þ, and the term of c4

Mpl
56F56Fh63Hi28H†

; ˙IX
þ H:c:

leads to the vectorial masses of ðE; d;u;UÞ, respectively. The remaining massless fermions of the GSM are listed as follows:��
3̄; 1;þ 1

3

�
Ω

F
⊕ ð1; 1; 0ÞΩF

�
⊕

��
1; 2̄;−

1

2

�
Ω

F
⊕ ð1; 1; 0ÞΩ0

F ⊕ ð1; 1; 0ÞΩ00
F

�
⊂ 8F

Ω;Ω ¼ ð1̇; 2̇; 3Þ;

ð1; 1; 0ÞΩF ⊂ 8F
Ω;Ω ¼ ðVI; ˙VIII; ˙IXÞ;

ð1; 1; 0ÞΩ0
F ⊂ 8F

Ω;Ω ¼ ðV;VI; V̇II; ˙VIII; ˙IXÞ;
ð1; 1; 0ÞΩ00

F ⊂ 8F
Ω;Ω ¼ ðIV;V;VI; V̇II; ˙VIII; ˙IXÞ;� n=�

3; 1;−
1

3

�
F
⊕

�
3̄; 1;−

2

3

�
F

�
⊕

� =�
1; 2;þ 1

2

�
F
⊕ ð1; 1; 0ÞF ⊕ n�

1; 2̄;þ 1

2

�0

F
⊕ ð1; 1;þ1ÞF

�

⊕
��

3; 2;þ 1

6

�
F
⊕ = n�

1; 2;þ 1

2

�00

F
⊕ n�

3; 1;−
1

3

�0

F
⊕ ð1; 1; 0Þ0F

�
⊕

� =�
3; 1;−

1

3

�00

F
⊕ ð1; 1; 0Þ00F

�
⊂ 28F;

� n�
1; 2̄;þ 1

2

�000

F
⊕ ð1; 1;þ1Þ0F ⊕ = nð1; 1;þ1Þ00F

�
⊕

��
3̄; 1;−

2

3

�0

F
⊕ n=ð1; 1;−1ÞF

�

⊕
��

3; 2;þ 1

6

�0

F
⊕ n=�

1; 2;þ 1

2

�0000

F
⊕ n�

3; 1;−
1

3

�000

F
⊕ ð1; 1; 0Þ000F ⊕ n=�

3; 2̄;þ 1

6

�00

F
⊕ n=�

1; 2̄;þ 1

2

�00000

F
⊕ n=�

3; 1;þ 2

3

�
F

⊕ ð1; 1;þ1Þ000F
�
⊕

��
3; 2;þ 1

6

�000

F
⊕ n=�

3̄; 2;−
1

6

�
F
⊕ n=�

3; 1;−
1

3

�0000

F
⊕ n=�

3̄; 1;−
2

3

�00

F
⊕ n=�

3; 1;−
1

3

�00000

F

⊕
�
3̄; 1;−

2

3

�000

F

�
⊂ 56F: ðC2Þ

The fermions that become massive at this stage are further crossed out. After this stage of symmetry breaking, there are
three-generational massless SM fermions together with 23 left-handed massless sterile neutrinos. The third-generational

TABLE XIX. The Ũð1ÞT 000 charges for massless fermions and possible symmetry breaking Higgs components in
the G421 theory according to Eq. (26).

8F
Ω ð4̄; 1;þ 1

4
ÞΩF ð1; 2̄;− 1

2
ÞΩF ð1; 1; 0ÞΩ0

F ð1; 1; 0ÞΩ00
F

T 000 −4t 0 −4t −4t
28F ð6; 1;− 1

2
ÞF ð1; 1;þ1ÞF ð4; 2;þ 1

4
ÞF

T 000 þ4t −4t 0
56F ð1; 1;þ1Þ0F ð1; 1;þ1Þ00F ð4̄; 1;− 3

4
ÞF ð4; 2;þ 1

4
Þ0F

T 000 −4t −4t þ4t 0
ð4; 2̄;þ 1

4
ÞF ð4; 1;þ 3

4
ÞF ð6; 2; 0ÞF ð6; 1;− 1

2
Þ0F ð6; 1;− 1

2
Þ00F

T 000 0 −4t 0 þ4t þ4t
8H;ω ð1; 2̄;− 1

2
ÞH;ω ð4̄; 1;þ 1

4
ÞH;ω

T 000 þ4t 0
28H;ω̇ ð4̄; 1;þ 1

4
ÞH;ω̇ ð4̄; 2̄;− 1

4
ÞH;ω̇ ð4̄; 1;þ 1

4
Þ0H;ω̇ ð1; 2̄;− 1

2
ÞH;ω̇ ð1; 2;− 1

2
ÞH;ω̇

T 000 0 þ4t 0 þ4t þ4t
70H ð4; 2̄;þ 1

4
ÞH ð4̄; 2;− 1

4
ÞH

T 000 −4t −4t
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SM fermions are from the rank-two chiral IRAFFS of ½8Fω ⊕ 28F�, while the first- and second-generational SM fermions
are from the rank-three chiral IRAFFS of ½8Fω̇ ⊕ 56F�.

4. The d = 5 bilinear fermion operators

We proceed to analyze the d ¼ 5 bilinear fermion operators in Eqs. (35) along theWWS symmetry breaking pattern. To be

brief, we only include the bilinear mass terms involving the SM quarks and leptons. The operator ofOð3;2Þ
F is decomposed as

c3
Mpl

8F
ω̇56F · 28H

†
;κ̇ · 70H

† þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
4; 6;þ 1

4

�
F
⊕

�
1; 4̄;−

1

4

�
ω̇

F
⊗

�
1; 4̄;þ 3

4

�
F

�

⊗ ð4̄; 4̄; 0Þ†H;κ̇ ⊗
�
4; 4̄;þ 1

2

�†

H
þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
4; 3;þ 1

12

�0

F
⊕

�
1; 3̄;−

1

3

�
ω̇

F
⊗

�
1; 3̄;þ 2

3

�0

F

�

⊗
�
4̄; 3̄;−

1

12

�†

H;κ̇
⊗

�
4; 3̄;þ 5

12

�†

H
þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
4; 2;þ 1

4

�0

F
⊕

�
1; 2̄;−

1

2

�
ω̇

F
⊗ ð1; 1;þ1Þ0F ⊕ ð1; 1; 0Þω̇0

F ⊗
�
1; 2̄;þ 1

2

�000

F

�

⊗
��

4̄; 1;−
1

4

�†

H;κ̇

�
⊗

��
4; 2̄;þ 1

4

�†

H

�
þ H:c:

⇒
c3
2
ζ̇3ðdLDω̇

R
c þ Ň ω̇

Ln0000
R

c − Eω̇
LeR

c þ Ň ω̇0
L n000

R
cÞvEW þ H:c:; ðC3Þ

and

c3
Mpl

8F
ω̇56F · 28H

†
;κ̇ · 70H

† þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
6; 4;−

1

4

�
F
⊕

�
1; 4̄;−

1

4

�
ω̇

F
⊗

�
4; 6;þ 1

4

�
F

�

⊗
�
1; 6;−

1

2

�†

H;κ̇
⊗

�
4; 4̄;þ 1

2

�†

H
þ H:c:

⊃
c3
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗

�
6; 3;−

1

6

�
F
⊕

�
1; 3̄;−

1

3

�
ω̇

F
⊗

�
4; 3̄;þ 5

12

�
F
⊕ ð1; 1; 0Þω̇00

F ⊗
�
4; 3;þ 1

12

�
F

�

⊗
��

1; 3̄;−
1

3

�†

H;κ̇

�
⊗

�
4; 3̄;þ 5

12

�†

H
þ H:c:

⊃ c3
w3̄;V̇IIffiffiffi
2

p
Mpl

��
4̄; 1;þ 1

4

�
ω̇

F
⊗ ð6; 2; 0ÞF ⊕

�
1; 2̄;−

1

2

�
ω̇

F
⊗ ð1; 1;þ1Þ000F ⊕ ð1; 1; 0Þω̇0

F ⊗
�
4; 2̄;þ 1

4

�00000

F

⊕ ð1; 1; 0Þω̇00
F ⊗

�
1; 2;þ 1

2

�0000

F

�
⊗

��
4; 2̄;þ 1

4

�†

H

�
þ H:c:

⇒
c3
2
ζ̇2ðsLDω̇

R
2 − Eω̇

LμR
c þ Ň ω̇0

L n00000
R

c þ Ň ω̇00
L n0000

R
cÞvEW þ H:c: ðC4Þ

By taking the possible flavor indices of ω̇ ¼ 1̇; 2̇ in mass terms from Eqs. (C3) and (C4), one finds the following set of mass
matrices of the ðd; sÞ and ðe; μÞ:

ðMdÞdirect2×2 ¼ c3
2

�
ζ̇3 ζ̇3

ζ̇2 ζ̇2

�
vEW; ðC5aÞ
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ðMeÞdirect2×2 ¼ −
c3
2

�
ζ̇3 ζ̇2

ζ̇3 ζ̇2

�
vEW; ðC5bÞ

which leave the down quark and electron massless.

For the operator of Oð4;1Þ
F , it is decomposed as

c4
Mpl

56F56F · 28H;ω̇ · 70H þ H:c:

⊃
c4
Mpl

��
4; 1;−

3

4

�
F
⊗

�
4; 6;þ 1

4

�
F
⊕ =�

6; 4;−
1

4

�
F
⊗

�
6; 4;−

1

4

�
F

�
⊗ ð4̄; 4̄; 0ÞH;ω̇ ⊗

�
4; 4̄;þ 1

2

�
H
þ H:c:

⊃
c4
Mpl

��
4̄; 1;−

3

4

�
F
⊗

�
4; 3;þ 1

12

�0

F

�
⊗

�
4̄; 1;þ 1

4

�0

H;ω̇
⊗

�
4; 3̄;þ 5

12

�
H
þ H:c:

⊃
c4
Mpl

��
4̄; 1;−

3

4

�
F
⊗

�
4; 2;þ 1

4

�0

F

�
⊗

��
4̄; 1;þ 1

4

�0

H;ω̇

�
⊗

��
4; 2̄;þ 1

4

�
H

�
þ H:c:

⇒
c4
2
ζ̇3

0ðuLcRc þ ELe0000R
cÞvEW þ H:c: ðC6Þ

For the operator of Oð5;1Þ
F , it is decomposed as

c5
Mpl

28F56F · 8H;ω̇ · 70H þ H:c:

⊃
c5
Mpl

��
6; 1;−

1

2

�
F
⊗

�
4; 6;þ 1

4

�
F
⊕

�
1; 6;þ 1

2

�
F
⊗

�
1; 4̄;−

3

4

�
F
⊕ ð4; 4; 0ÞF ⊗

�
6; 4;−

1

4

�
F

�

⊗
�
1; 4̄;−

1

4

�
H;ω̇

⊗
�
4; 4̄;þ 1

2

�
H

⊃ c5
W4̄;IVffiffiffi
2

p
Mpl

��
6; 1;−

1

2

�
F
⊗

�
4; 3;þ 1

12

�0

F
⊕

�
1; 3;þ 1

3

�
F
⊗

�
4̄; 1;−

3

4

�
F
⊕

�
4; 3;þ 1

12

�
F
⊗

�
6; 1;−

1

2

�00

F

⊕
�
4; 1;−

1

4

�
F
⊗

�
6; 3;−

1

6

�
F

�
⊗

�
4; 3̄;þ 5

12

�
H

⊃ c5
W4̄;IVffiffiffi
2

p
Mpl

��
6; 1;−

1

2

�
F
⊗

�
4; 2;þ 1

4

�0

F
⊕

�
1; 2;þ 1

2

�
F
⊗

�
4̄; 1;−

3

4

�
F
⊕

�
4; 2;þ 1

4

�
F
⊗

�
6; 1;−

1

2

�00

F

⊕
�
4; 1;−

1

4

�
F
⊗ ð6; 2; 0ÞF

�
⊗

��
4; 2̄;þ 1

4

�
H

�

⇒
c5
2
ζ1ðuLtRc þ ELeRc þ tLuRc þD00

LdR
cÞvEW þ H:c:; ðC7Þ

and

c5
Mpl

28F56F · 8H;ω̇ · 70H þ H:c:

⊃
c5
Mpl

��
6; 1;−

1

2

�
F
⊗

�
6; 4;−

1

4

�
F
⊕ ð4; 4; 0ÞF ⊗

�
4̄; 1;−

3

4

�
F

�
⊗

�
4̄; 1;þ 1

4

�
H;ω̇

⊗
�
4; 4̄;þ 1

2

�
H

⊃
c5
Mpl

��
6; 1;−

1

2

�
F
⊗

�
6; 3;−

1

6

�
F
⊕

�
4; 3;þ 1

12

�
F
⊗

�
4̄; 1;−

3

4

�
F

�
⊗

�
4̄; 1;þ 1

4

�
H;ω̇

⊗
�
4; 3̄;þ 5

12

�
H

⊃
c5
Mpl

��
6; 1;−

1

2

�
F
⊗ ð6; 2; 0ÞF ⊕

�
4; 2;þ 1

4

�
F
⊗

�
4̄; 1;−

3

4

�
F

�
⊗

��
4̄; 1;þ 1

4

�
H;ω̇

�
⊗

��
4; 2̄;þ 1

4

�
H

�

⇒
c5
2
ζ3ðDLdRc þ cLtRc þ tLcRc þ ELeRcÞvEW þ H:c: ðC8Þ
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5. The d = 5 irreducible Higgs mixing operators

For the Yukawa coupling of 8F
ω128F8H;ω1

, we find the mass terms of

YB8F
ω128F8H;ω1

×
dA
Mpl

ϵω1ω2ω3ω4
8H

†
;ω1

8H
†
;ω2

8H
†
;ω3

8H
†
;ω4

70H† þ H:c:

⊃ YB

��
4̄; 1;þ 1

4

�
ω1

F
⊗ ð4; 4; 0ÞF ⊕

�
1; 4̄;−

1

4

�
ω1

F
⊗

�
1; 6;þ 1

2

�
F

�
⊗

�
1; 4̄;−

1

4

�
H;ω1

×
dA
Mpl

�
1; 4̄;−

1

4

�†

H;ω1

⊗
�
1; 4̄;−

1

4

�†

H;ω2

⊗
�
1; 4̄;−

1

4

�†

H;ω3

⊗
�
4̄; 1;þ 1

4

�†

H;ω4

⊗
�
4; 4̄;þ 1

2

�†

H
þ H:c:

⊃ YB

��
4̄; 1;þ 1

4

�
ω1

F
⊗

�
4; 3;þ 1

12

�
F
⊕

�
1; 3̄;−

1

3

�
ω1

F
⊗

�
1; 3;þ 2

3

�
F
⊕ ð1; 1; 0Þω00

1

F ⊗
�
1; 3;þ 1

3

�
F

�

⊗
�
1; 3̄;−

1

3

�
H;ω1

×
dAW 4̄IVffiffiffi

2
p

Mpl

�
1; 3̄;−

1

3

�†

H;ω1

⊗
�
1; 3̄;−

1

3

�†

H;ω3

⊗
�
4̄; 1;þ 1

4

�†

H;ω4

⊗
�
4; 3̄;þ 5

12

�†

H
þ H:c:

⊃ YB

��
4̄; 1;þ 1

4

�
ω1

F
⊗

�
4; 2;þ 1

4

�
F
⊕

�
1; 2̄;−

1

2

�
ω1

F
⊗ ð1; 1;þ1ÞF ⊕ ð1; 1; 0Þω0

1

F ⊗
�
1; 2̄;þ 1

2

�0

F

⊕ ð1; 1; 0Þω00
1

F ⊗
�
1; 2;þ 1

2

�
F

�
⊗

�
1; 2̄;−

1

2

�
H;ω1

×
dAW4̄IVw3̄;V

2Mpl

�
1; 2̄;−

1

2

�†

H;ω1

⊗
�
4̄; 1;þ 1

4

�†

H;ω4

⊗
�
4; 2̄;þ 1

4

�†

H
þ H:c:

⊃ YB

��
3̄; 1;þ 1

3

�
ω1

F
⊗

�
3; 2;þ 1

6

�
F
⊕ ð1; 1; 0Þω1

F ⊗
�
1; 2;þ 1

2

�
F
⊕

�
1; 2̄;−

1

2

�
ω1

F
⊗ ð1; 1;þ1ÞF

⊕ ð1; 1; 0Þω0
1

F ⊗
�
1; 2̄;þ 1

2

�0

F
⊕ ð1; 1; 0Þω00

1

F ⊗
�
1; 2;þ 1

2

�
F

�
⊗

�
1; 2̄;−

1

2

�
H;ω1

×
dAW4̄;IVw3̄;VV 4̄;VI

2
ffiffiffi
2

p
Mpl

�
1; 2̄;−

1

2

�†

H;ω1

⊗
��

1; 2̄;þ 1

2

�000†

H

�
þ H:c:

⇒
YBdA
4

W 4̄;IVw3̄;VV 4̄;VI

Mplm2
ð1;4̄;−1

4
ÞH;3

ðbLbRc þ τLτR
c þ Ň 3

Ln00
R
c − Ň 30

Ln0
R
c þ Ň 300

L nR
cÞvEW þ H:c: ðC9Þ

If we consider all three possibilities of the propagator masses, each of them leads to the ðb; τÞ masses as follows:

mð1;4̄;−1
2
ÞH;3

∼Oðv441Þ∶ mb ¼ mτ ¼
YBdA
4

ζ2ζ13vEW; ðC10aÞ

mð1;4̄;−1
2
ÞH;3

∼Oðv431Þ∶ mb ¼ mτ ¼
YBdA
4

ζ1ζ23vEW; ðC10bÞ

mð1;4̄;−1
2
ÞH;3

∼Oðv421Þ∶ mb ¼ mτ ¼
YBdA
4

ζ1
ζ23

vEW: ðC10cÞ

The indirect Yukawa couplings from the operator in
Eq. (36b) are expected to generate the first- and second-
generational down-type quark and charged lepton masses.
The gauge-invariant subset of ð28H†

;1̇
28H;V̇IIÞ can develop

the VEV of h28H†
;1̇
28H;V̇IIi ¼ 1

2
w3̄;1̇w3̄;V̇II ∼Oðv2431Þ

according to the VEV assignments in Eq. (33b). Similar
to the indirect Yukawa couplings in Eq. (B9), we should
look for the EWSB components from the 28H;1̇;2̇ here. For
the Yukawa coupling of 8F

ω̇156F28H;ω̇1
, we find the mass

terms of
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YD8F
ω̇156F28H;ω̇1

×
dB
Mpl

28H
†
;ω̇1

28H
†
;ω̇2

70H†ð28H†
;1̇
28H;V̇IIÞ þ H:c:

⊃ YD

��
4̄; 1;þ 1

4

�
ω̇1

F
⊗

�
4; 6;þ 1

4

�
F
⊕

�
1; 4̄;−

1

4

�
ω̇1

F
⊗

�
1; 4̄;þ 3

4

�
F

�
⊗

�
1; 6;−

1

2

�
H;ω̇1

×
dB
Mpl

�
1; 6;−

1

2

�†

H;ω̇1

⊗ ð4̄; 4̄; 0Þ†H;ω̇2
⊗

�
4; 4̄;þ 1

2

�†

H
⊗ h28H†

;1̇
28H;V̇IIi þ H:c:

⊃ YD

��
4̄; 1;þ 1

4

�
ω̇1

F
⊗

�
4; 3;þ 1

12

�
F
⊕

�
1; 3̄;−

1

3

�
ω̇1

F
⊗

�
1; 3̄;þ 2

3

�0

F

�
⊗

�
1; 3̄;−

1

3

�
H;ω̇1

×
dB
Mpl

�
1; 3̄;−

1

3

�†

H;ω̇1

⊗
�
4̄; 3̄;−

1
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where the SM quark/lepton components from the 8F
ω̇1¼1̇=8F

ω̇1¼2̇ correspond to the ðdRc; eLÞ and ðsRc; μLÞ, respectively.
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With the Higgs VEV assignments in (33c), we expect the following natural propagator masses of

mð1;6;−1
2
ÞH;1̇

∼Oðv431Þ; mð1;6;−1
2
ÞH;2̇

∼Oðv421Þ;
mð4̄;4̄;0ÞH;1̇

∼Oðv431Þ; mð4̄;4̄;0ÞH;2̇
∼Oðv421Þ: ðC13Þ

For convenience, we parametrize the following ratios of

Δω̇ ≡ w4̄;1̇w4̄;V̇II

m2
ð4̄;4̄;0ÞH;ω̇

; Δ0̇
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ð1;6;−1

2
ÞH;ω̇

: ðC14Þ

6. The SM quark/lepton masses and the CKM mixing

For all up-type quarks with Qe ¼ þ 2
3
, we write down the following tree-level masses from both the renormalizable

Yukawa couplings and the gravity-induced terms in the basis of U ≡ ðu; c; tÞ:
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where we have neglected the terms of ∼Oðζ3vEWÞ in the expansion. One obvious feature is that the gauge eigenstates of the
up quark and the charm quark do not obtain tree-level masses through the d ¼ 5 operators with the SM Higgs doublet.
Instead, there are only off-diagonal mass mixing terms in Eqs. (C15c) and (C15d). Accordingly, we find that

det0 ½Mð0Þ
u Mð0Þ†

u � ¼ 1

2
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T v

2
EW ⇒ m2
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2
Y2
T v

2
EW: ðC16Þ

Here and below, we use the det0 to denote the matrix determinant that is equal to the products of all nonzero eigenvalues.
Next, we find that
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�
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4
EW: ðC17Þ

Naturally, we expect the smaller eigenvalue above to be the charm quark mass squared of

m2
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v2EW: ðC18Þ

The up quark mass squared can be similarly obtained by

CHEN, CHEN, HOU, TENG, and WANG PHYS. REV. D 111, 115034 (2025)

115034-36



m2
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To summarize, all SM up-type quark masses are expressed as follows:

mu ≈ c4
ζ3ζ̇3
2ζ1

vEW; mc ≈ c25
ζ21

2
ffiffiffi
2

p
YT

vEW; mt ≈
YTffiffiffi
2

p vEW: ðC20Þ

For all down-type quarks with Qe ¼ − 1
3
, we find the following tree-level SM mass matrix:

ðMdÞ3×3 ≈
1

4

0
B@

ð2c3 þ YDdBÞζ̇3 ð2c3 þ YDdBζ−223 Þζ̇3 0

ð2c3 þ YDdBÞζ̇2 ð2c3 þ YDdBζ−223 Þζ̇2 0

0 0 YBdA ζ−123 ζ1

1
CAvEW: ðC21Þ

This mass matrix has the similar structure as in Eq. (B20) from the WSW pattern, while the terms in the second row receive
the G431 breaking VEVs of w3̄;1̇;V̇II. It is straightforward to find the following SM down-type quark masses of

mb ≈
1

4
YBdA ζ−123 ζ1vEW; ðC22aÞ

ms ≈
1

4
ð2c3 þ YDdBζ−223 Þζ̇2vEW; ðC22bÞ

md ≈
1

2
c3ζ̇3vEW; ðC22cÞ

from Eq. (C21).
For all charged leptons withQe ¼ −1, their tree-level mass matrix is correlated with the down-type quark mass matrix as

ðMlÞ3×3 ¼ ðMT
dÞ3×3

≈
1

4

0
B@

ð2c3 þ YDdBÞζ̇3 ð2c3 þ YDdBÞζ̇2 0
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1
CAvEW: ðC23Þ

Thus, it is straightforward to find the tree-level mass relations of

mτ ¼ mb; mμ ¼ ms; me ¼ md: ðC24Þ
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