PHYSICAL REVIEW D 111, 115034 (2025)

Further study of the maximally symmetry breaking patterns
in an SU(8) theory
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An SU(8) theory was previously found to be the minimal simple gauge group where all three-
generational Standard Model (SM) fermions can be nontrivially embedded. It is maximally broken into a
subgroup of SU(8) — Guy; = SU(4); ® SU(4), ® U(1)y, at the grand unified theory scale by the SU(8)
adjoint Higgs field of 63g. Gauge symmetries in the strong and the weak sectors are extended by one and
two ranks, respectively. The sequential strong-weak-weak (SWW) symmetry breaking stages were found to
generate the observed hierarchical SM quark/lepton masses as well as the Cabibbo-Kobayashi-Maskawa
mixing pattern with the precise flavor identifications [The global B— L symmetry in the flavor-unified
SU(N) theories, J. High Energy Phys. 04 (2024) 046. and The standard model quark/lepton masses and the
Cabibbo-Kobayashi-Maskawa mixing in an SU(8) theory, J. High Energy Phys. 12 (2024) 137.]. We
further study the possible weak-strong-weak and weak-weak-strong symmetry breaking patterns and
compare with the results that we have obtained by following the SWW sequence. The two-loop
renormalization group equations following both patterns are analyzed, where we cannot achieve the
gauge coupling unification in the field theory framework. Through these analyses, we suggest the gauge

coupling unification to be interpreted in the context of the affine Lie algebra.

DOI: 10.1103/wsm5-xfzt

I. INTRODUCTION

The grand unified theory (GUT) was proposed to unify
all three fundamental symmetries described by the Standard
Model (SM). Two original versions that have been widely
studied over decades are the SU(5) Georgi-Glashow theory
[1] and the SO(10) Fritzsch-Minkowski theory [2], as well
as their supersymmetric extensions [3]. However, the
minimal unified frameworks cannot address much on the
existing flavor puzzles of all three-generational SM fer-
mions, unless further ingredients are included [4—11].

From the experimental perspective, the indispensable
guidance to unveil the flavor puzzle (particularly for quarks
and leptons) to date is the discovery [12,13] and the
measurements [14,15] of one single SM Higgs boson.
The LHC measurements have confirmed that the Yukawa
couplings at the electroweak (EW) scale between the SM
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Higgs boson and the (¢, b, 7, u) are consistent with the SM
predictions. Based on the experimental facts, one natural
conjecture is that the hierarchical Yukawa couplings of the
SM Higgs boson originate from the flavor nonuniversalities
to all three generations beyond the SM. Obviously, the
minimal SU(5) or SO(10) theories only allow the simply
repetitive flavor structure. In an earlier study by Georgi
[16], he proposed to extend the gauge group beyond
the minimal SU(5) so that three-generational SM fermions
can be nontrivially embedded. Consequently, three-
generational SM fermions must transform differently in
the UV-complete theory. In the original third law of the
SU(N) unified theory, Georgi determined to have non-
repetitive SU(N) irreducible representations (IRs), which
lead to a minimal three-generational SU(11) framework
with the chiral fermions of

{felsoon = 1.4 @ [11.8]p @ [11,9] @ [11, 10}y
(1)

In recent studies, we introduced a concept of chiral
irreducible anomaly-free fermion sets (IRAFFSs), which
reads [17]:

Definition. A chiral IRAFFS is a set of left-handed
antisymmetric fermions of » pmpF (R), with mp
being the multiplicities of a particular fermion representa-
tion of R. Obviously, the anomaly-free condition reads
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> g mr Anom(F;(R)) = 0. We also require the follow-
ing conditions to be satisfied for a chiral IRAFFS:

(i) the greatest common divisor (GCD) of the {mgz}
should satisfy that GCD{my} = 1;

(i1) the fermions in a chiral IRAFFS can no longer be
removed, which would otherwise bring nonvanish-
ing gauge anomalies;

(iii) there should not be any singlet, self-conjugate,
adjoint fermions, or vectorial fermion pairs in a
chiral IRAFFS.

Correspondingly, Georgi’s 1979 third law [16] can be

reformulated as follows [17].

Conjecture [Chen]. Only distinctive chiral IRAFFSs are

allowed in the GUT.

This leads to an SU(8) theory with the minimal chiral

fermions of

n,]:3 Qo o Qo o .
{F1Y50w) = 86" @ 28¢ | 8" @ 56¢].  dimy = 156,
Q= (w,®), o= (3,IV,V,VI),
@ = (1,2, VII, VIIL, IX), (2)

with undotted/dotted indices for the 8’s in the rank-two
chiral IRAFFS and the rank-three chiral IRAFFS, respec-
tively. The Roman numbers and the Arabic numbers are
used for the heavy partner fermions and the SM fermions.
The same chiral fermions in Eq. (2) were previously
proposed in Ref. [18], while a partition based on the chiral
IRAFFSs was not acknowledged.

The SU(8) gauge group has rank seven, which predicts
three intermediate symmetry breaking stages between the
GUT scale and the EW scale. The adjoint Higgs field of
63y achieves the maximally breaking pattern of SU(8) —
G4 through its vacuum expectation value (VEV) of

1 .
(63y) = Zdlag(—]l4x4, Hlaxa) vy, (3)

according to Li [19]. The U(1)y charges of the SU(8)
fundamental representation are defined as follows:

N . 1 1
Xo(8) = diag (—Z]led,, +Z]I4><4)- (4)
—_———— ——
4s 4W

In this pattern, the gauge symmetries in the strong and the
weak sectors are extended by one and two ranks beyond the
SM gauge groups, respectively. The sequential symmetry
breaking patterns may follow the strong-weak-weak
(SWW) [17,20,21], the weak-strong-weak (WSW), and
the weak-weak-strong (WWS) sequences. These cannot be
determined purely by group theory. Other different sym-
metry breaking patterns of the SU(8) group were previously
described in Refs. [22-27].

Through the previous analyses of the SWW symmetry
breaking pattern [17,20], we found (i) one unique SM
Higgs boson responsible for the electroweak symmetry
breaking (EWSB) by looking for the origin of the global
U(1),_,; symmetry, (ii) the hierarchical Yukawa couplings
to all three-generational SM quarks/leptons due to the
intrinsic symmetry properties, and (iii) the reasonable
Cabibbo-Kobayashi-Maskawa (CKM) mixing pattern
[28,29] in the quark sector. Three intermediate symmetry
breaking scales beyond the EW scale enter into the SM
quark/lepton mass matrices, and hence are set by requiring
a reasonable matching with the experimental measure-
ments. Meanwhile, the renormalization group equations
(RGEs) of three gauge couplings in the SWW symmetry
breaking pattern together with three intermediate scales
could not achieve the unification in the field theory context
[21]. In this work, we further analyze two other possible
WSW and WWS symmetry breaking patterns of the SU(8)
theory, where the extended weak symmetries breaking
pattern of Gy — Gu3,' happened at the first stage.
Within each symmetry breaking pattern, we shall look
for whether the reported hierarchical SM quark/lepton
masses as well as the CKM mixing patterns following
the SWW sequence in Ref. [20] can be reproduced.
Furthermore, we shall derive the RGEs in both the
WSW and the WWS symmetry breaking patterns to look
for the gauge coupling unification.

The rest of the paper is organized as follows. In Sec. II,
we review the SU(8) framework, where three-generational
SM fermions are nontrivially embedded, and hence they
transform differently in the UV theory. We focus on the
WSW and the WWS symmetry breaking patterns, define
various gauge U(l) and nonanomalous global U(1);
charges at different stages, and decompose all SU(8) chiral
fermions and Higgs fields accordingly. A set of d =5
operators that generate all light SM quark/lepton mass
terms other than the top quark mass are collected according
to Ref. [20]. In Secs. IIT and IV, we collect the vectorlike
fermion masses and the benchmark points in both the
WSW and the WWS symmetry breaking patterns. In Sec. V,
we obtain the RGEs of the minimal SU(8) theory by
following both WSW and WWS sequences based on the
suggested benchmark points. The RGE behaviors in none
of the symmetry breaking patterns are likely to achieve the
conventional gauge coupling unification, and their behav-
iors also match with what we have found in the SWW
sequence [21] by and large. We conclude and make future
perspective in Sec. VI, where we suggest that the gauge
coupling unification in the minimal SU(8) theory to be
interpreted in terms of the affine Lie algebra. In
Appendix A, we collect the SM quark/lepton mass matrices
from the SWW symmetry breaking pattern that we have
obtained in Refs. [17,20]. In Appendixes B and C, we

'An effective G,3; was previously studied in Ref. [30].
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present details in both WSW and WWS symmetry breaking
patterns, where we describe the procedures to integrate out
the massive vectorlike fermions and also derive the SM
quark/lepton mass terms based on a set of d = 5 fermion
bilinear operators and the irreducible Higgs mixing oper-
ators. In order to reproduce the SM quark/lepton mass
hierarchies and the CKM mixing pattern in Ref. [20], the
SM flavor identifications are modified for the first and
second generations accordingly.

II. THE SU(8) THEORY AND POSSIBLE
SYMMETRY BREAKING PATTERNS

A. Overview

The SU(8) theory was formulated by requiring seve-
ral distinctive chiral IRAFFSs that can lead to three-
generational SM fermions at the electroweak scale [17,20].
The nonanomalous global Dimopoulos-Raby-Susskind
(DRS) symmetries [31] from fermions in Eq. (2) are

Oprs[SU(8).n, = 3] = [SU(4), ® U(1)]
® [SU(5), ® U(1)z]. (5)

and we also denote the anomalous global Peccei-Quinn (PQ)
symmetries [32] as

Gro[SU(8). 1y = 3] = U(1)pg, ® U(L)pq,-  (6)

Since the global B — L symmetry should be identical
for all three generations, we further require a common
nonanomalous U(1); = U(1),, = U(1), between two chi-
ral IRAFFSs. The anomalous global U(1)p, charges are
assigned such that

Pigy#F 3142, pigz# -3+ 1. (7)

The most general gauge-invariant Yukawa couplings at
least include the following renormalizable and nonrenor-

malizable terms’:
|

V441 V341

TABLE I.  The nonanomalous U(1); charges and the anoma-
lous global fJ(l)PQ charges for the SU(8) fermions and Higgs
fields.

Fermions 8¢ 28y 56p

U(1)y -3¢ +2t +t

U(1)1:'() p q2 q3

Higgs 8H.0 28u. 70 63y
U(l), +1 +2t —4t 0
U(1)pq —(p+ ) —(p+43) -2q, 0

—Ly = Y85"28§8y ,, + Y 728528570y
4 Y 8E?564285 , + A2—456F56FEL63H +He,

pl
(8)

with the reduced Planck scale of M, = (87Gy)™"/? =

2.4 x 10'® GeV. All renormalizable Yukawa couplings and
nonrenormalizable Wilson coefficients are expected to be
(Yg, Y7,Yp,cq) ~O(1). Altogether, we collect the SU(8)
Higgs fields as follows:

{H}g{jz(;) = g,m 52 E,()) > 70H S?) 63_H’ dlmH = 5479
9)

where the adjoint Higgs field of 63y is real, while all others
are complex. Accordingly, the nonanomalous global U(1);
charges and the anomalous global fJ(l)pQ charges for all
fermions and Higgs fields are assigned in Table I.

B. The SWW symmetry breaking pattern

The SWW symmetry breaking pattern of the SU(8)
theory follows the sequence of

SU(S) ﬂ’ Gaa1 — G341 — T34 E’ Gsm ﬂ SU(3)C ® U(l)EM’

Gaa1 =SU4); @ SU(4)y, ® U(l)xov
G331 =SU(3), ® SUB)y @ U(1)y,.
with

Vy > Vg1 > V341 > U331 > UEw,

Gi1 =SU(3), ® SU(4)y, ® U(l)xl’
Gsm = SU(3)c ® SU(Z)W ® U(1)y,

(10)

which was previously studied in Refs. [17,20,21]. Once one assumes that the extended gauge symmetries in the strong sector
break first, there is no ambiguity of the sequential symmetry breaking patterns. Sequentially, the U(1)y, , U(1)y,, and U(1)y

*The term of 56556528y -+ H.c. vanishes due to the antisymmetric property [18]. Instead, only a d = 5 nonrenormalizable term of

ML156F56FET@63H is possible to generate masses for vectorlike fermions in the 56. Since it transforms as an SU (5)
; :

vector and

@

carries nonvanishing U(l)PQ charge of p + 3¢5 # 0 from Eq. (7), it is only possible due to the gravitational effect.
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charges are defined according to the SU(4), and the SU(4),, fundamental representations as follows:

N ) 1 1
X, (4) = d1ag<(—ﬁ+ X0>]I3X3,Z+ X0>, (11a)
3
. 1 1
Xo(4w) = diag| | 15+ X1 Jha. =7 + 40 ). (11b)
3w
. 1 1
Y(4y) = diag 6+X2 H2><27_§+X2’X2
. 1 1
= d1ag<<Z+X0>]I2X2, <—Z+Xo>]lzx2>, (11c)
— ——
2w
. .. (3 1
Q.(4w) = TSU(4> + Y(4w) = diag Z+ X1, _Z+ X1 )y ). (11d)

The nonanomalous global U(1), symmetry becomes the global U(1),_, at the EW scale according to the following
sequence [17]
g441: T,ET—4tXO, g341: T" ET’+8fX1,
g331 . T”’ = T”, QSMI B - ,C = T"l. (12)

C. The WSW symmetry breaking pattern
The WSW symmetry breaking pattern of the SU(8) theory follows the sequence of

SU(8)ﬂ’g44lﬂ>g43lﬂgﬁlﬂgSMﬂSU(:s)c ® U(I)EM’
Gia1 = SUM), ® SU@)y ® U(l)y,.  Gis1 = SUM), ® SUB)y ® U(l)y,.

G331 =SUB3). @ SUQB)y ® U(l)y,,  Gsu=SUQB). @ SUR2)y ® U(1)y,

with Vy 2> Vgq1 3> Vg3 > V331 > Ugpw- (13)

The U(1)y,, U(1)y,, and U(1)y charges along the WSW sequence are defined according to the SU(4); and the SU(4)y,
fundamental representations as follows:

X (4w) = diag<<é + X0>H3><37 —%—i— Xo>, (14a)
__;;.__z
5(2(45)Ediag( —1—12+X1>H3x3%+2€1>, (14b)
3.

)
l+X0 Lo, —1+X0 Ly |, (14c)
(a0 (g0 )

115034-4
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TABLE II. The SU(8) fermion representation of 8% under the Gy, Gus1. Gas1. Gsm Subgroups of the WSW
pattern, with Q = (v, @).

SU(8) Gaa Guz G331 Gsm
8" 4.1+ 4.1 +)F (.1 +)F 3.1, +¢: D
(1,1,0)¢ (1,1,0)2: N7
La-hF  W-BE AR WR-DRLR- (6N
(1.1,0)¢ :N¥
(1,1,0)%' (1,1,0)%' (1.1,0)¢ N
. L. e 1
Q.(4w) =Ty + Y(dw) = diag| 7 + Xo., | =+ Xo | L33 |- (14d)

The nonanomalous global U(1); symmetry becomes the global U(1),_, at the EW scale according to the following
sequence [17]:

g44] T'=T + 4[.)(0, 9431 T"=T"'- StX] s
g’;3] T/// = T// + 8IX2, QSMZ B — L = T///. (15)

By following the symmetry breaking pattern in Eq. (13), we tabulate the fermion representations at various stages of the
SU(8) theory in Tables ILIILIV. For all heavy right-handed down-type quarks of D¢, they are named as follows™:

IVe — ¢ Ve — ' WVic —
DR‘= R DR‘=§)R‘, ’D ¢ Isv
VIIC — q\/!Mic Ville _— aqy/e IXC — a\//Ilc
pYlc = qyre  pyllc =qgyme  pIXe = gyme, (16)

For the left-handed SU(2)y, lepton doublets of (E2, —A?), they are named as follows":

(gVII NVII)
(. -NT)

( ////’ nz//) (gVIII NVIII) (ellf/’ _nZ/) (5}‘5(’ _NIX) = ( /////’ n/If///)’

(er.—np). (€. =N7) = (e, —np). (€] =N') = (ef. —np). (17)

Through the analysis in Sec. III, we shall see that all heavy (D%, €2, N'?) (with Q = IV, ..., IX) acquire vectorlike masses
during the intermediate symmetry breaking stages. For the remaining left-handed sterile neutrinos of (./\/ Ls Q/ ?H),

several of them are massive and they are named as follows:
VIV VIV VO VIl _
NL En/l{, NL =n,, NL En/L, N EU/L (18)

Notice that the first- and second-generational SM fermions are named differently in Table IV as compared to the names
following the SWW symmetry breaking pattern. This will be elaborated in our derivation of the SM quark/lepton mass
matrices in Sec. IIL

We decompose the Higgs fields in the Yukawa term into components that can be responsible for the sequential symmetry
breaking pattern in Eq. (13). All possible Higgs components that are likely to develop VEVs for the corresponding
symmetry breaking stages are marked by {...), while their UV origins are denoted by underlines. For Higgs fields of 8y ,,
they read

JAll SM right-handed down-type quarks are named according to the generational indices as (DL, D%, D3°) = (dg°, sz¢. bg®).

_4A11 SM left-handed SU(2)y, lepton doublets are named according to the generational indices as (EL.-ND) = (e, —vo),
(€1.-N1) = (4. v and (1. =N7) = (2. —var).

115034-5
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TABLE III. The SU(8) fermion representation of 28y under the Guuy, Ga31, G331, Gsm subgroups of the WSW
pattern. All IRs for SM fermions are marked with underlines.

SU®) Gaar Gazi Ga31 Gsm
28, 61— 61— G.1-Dy GL-br o,
3. 1,-3)p (.1 —Fp:te’
(1,6, + )¢ (1.3, + (1.3, +r (1.2, +2)F'(9R vnR ar
) ) (1,1,0):
(1.3, 43 (1.3, +3p (1.2. 4+ (nR’_eR)
(L1
(4.4.0)p (4.3, +%)p (3.3.0)p (3.2 +r '(fstL)T
(3 L-3p:D
(1,3, + Yy (1,2, + Ly (e}é‘,nﬁé‘)
(L1, 0) 1
(4.1, - D (3.1, - (3 -3 9"
(11,0 (11,01

For Higgs fields of 28y ,,, they read

TABLE IV. The SU(8) fermion representation of 56 under the Guuy, Gazi, G331, Ggm subgroups of the WSW
pattern. All IRs for SM fermions are marked with underlines.

SU®) Gan Gz G331 Gsm
S6¢ (14,43 (L3 4+ (1.3, 4+ (1,2, + 1y (e, —ef)T
] (1141 (1141 (L1415 G
(@1 CRREN (3.1.-2% (3.1~ icrt
(1.1, -1)g (1,1,-1)p: G,
A (4.3, +H)r (3.3.0)% (3.2, + Y (ug, dp)"
(3 1 _l)///.i;)///
(1,3, + ) (L2, + D) (efre. njpre)”
i ) (11,0)y i
(4.3, +3)r 3.3+ ) (3.2, + Y (b, —uy)”
(L +3)p: U,
(1’3’+%),l:‘ (1 2.+ )///// (Tl,[g”c,—e;g”c)T
(L1, Ra VTS
(674,_}—1)[«‘ (6,37_%)11‘ (3’3*0)/19 (3 2 + W (CLvsL)T
mn . a
) e Wy
(3’3’_%)F (3.2.- ) SRS ug)"
(3. L =3 U
(6,1,—%)% (3 1, - )///// (37 , .)NN/ E-S/m/
(3’1’_ )/// (3‘ )/Fl‘/ uR

115034-6
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mw3(6,1,+1) EB<16 1) ® (4.4.0)y,
’ 2) no 2

>[((12-3),, )0 (025), J o ((13-3),,)
>[((2), )0 ((12-3),,) [ e {(2-2),.)

For Higgs fields of 70y, they read

< 1
705 0 (1,1, -1 & (L1 +1)ff & (4,4,_§>
H

_ 5 _ 2\ " _ 1\ "
O (4,3, +— 51,3, +- D 1,2, +- .
(235),2 (1345), > ((12+3),)

Schematically, we assign the Higgs VEVs according to the decompositions in Egs. (19)—(21) as follows:

-1 1
G — G Z<<1,4,——> >E—W- ,
441 431 ) uw NG i
1

o
@ (6,6,0)y ® (4,4,+—>
N 2u

>|(153),,, 0 (123), o [(42-m),, 2 (+1+3),..)]

_ 1 - 1
Gaat = Gsar < (4’ L +4> H,V> - 7Wa,v, <(4 L +4) H,i,V’H> - 7 A

| 1
G331 = Gsm* <<1’3’ —§> > =—=Visv:
H.3,VI 2

| 1 - 1Y
i (5
< < 3/ mix 7 M 3/ mavin

_ 1 n 1
EWSB: 1,2, +- = — Upw.
<< 2>H> V2 o

For our later convenience, we also parametrize different symmetry breaking VEVs,

7

Uy Wi Wiv ; Wiivn
So=— G =——, {r=——, fr=——,
Mpl Mpl pl Mpl
Vs VL. . Vs
33V / 32,viln . V3Ix
€3 - ) §3 ) §3 = 5
My, My, My,
. y . _ Z_,’j ) )
Co> >0~ >0 ~03~ 3, C'ijZE’ (i <J),

in terms of dimensionless quantities. Here, we adopt the following conventions:

2,viIr

(20)

(22a)

(22b)

(22¢)

(22d)

(23)

(i) The notations of (W,w, V) and the dimensionless quantities of (¢, &, ~ &, {3 ~ &, ~&3) are used for the Higgs
VEVs at the first, second, and third symmetry breaking stages, regardless of the specific symmetry breaking patterns.
(i) Wj and wj represent the VEVs for the G441 — G431 and the Gy31 — G331 stages in Egs. (22). In the SWW sequence

[20], W5 and w; represent the VEVs for the G4y — G341 and the G341 — Gs3; stages instead.

D. The WWS symmetry breaking pattern
The WWS symmetry breaking pattern of the SU(8) theory follows the sequence of

115034-7
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V441 V431 V421 VEwW

SU(8)—5Gas1—2Gaz1 =G —=Gsu—>SU(3), ® U(1)py.

Ga1 =SU(4); ® SU(4)y, @ U(1 )XU Gi31 =SU(4); ® SU3)y ® U(l)xlv
G =SU4), ®SUQ2)y ® U(l)x,.  Gsm=SUQ3), ® SUQ2)y @ U(1)y.
with Vy > V441 > V431 > U331 > VEw - (24)

The U(1)y , U(1),, and U(1)y charges along the WWS
sequence are defined according to the SU(4), and the
SU(4),, fundamental representations as follows:
- 1 1
X (d4w) = dlag<< +XO>H3><37 +X0), (252)
—— ——
3w
- ) 1 1
X,(3w) = dlag((g + Xl)]I2><2» -3t X1> ., (25b)
—— —
2w
. . 1 1
Y(4s) = diag —E‘F/Yz H3X3’Z+X2 . (25¢)
36

The nonanomalous global U(1),; symmetry becomes
the global U(1),_, at the EW scale according to the

|
following sequence [17]:

Guar: T' =T + 41X, Guzr -
g421 T = TN _ 8t2’(‘2,

T [/ — T !
QSMI B— E = TW + Sty
(26)

By following the symmetry breaking pattern in Eq. (24),

we tabulate the fermion representations at various stages of

the SU(8) theory in Tables V,VI,VIL For all heavy right-

handed down-type quarks of D%¢, they are named as

follows:

DIRVC = /]éc’ fDXc = @Rc’

VI . — aq\/Iic Villc
Dyp'lc=DR", Dy

Dy = 9,
= s)%/c’ Dg(c = g%//c. (27)

For all heavy left-handed SU(2), lepton doublets of
(L, —N%), they are named as follows:

(&Y =NY) = (e, —ny), (&), -N7Y) = (¢f,
( (c/-V'II’ _ NXH) = (e/L///’ nz//) ( 52/111’

—nf). (1, =N = (ef. —n}),
_NXHI) = (ez/, ///) (EIX, NIX) (e/i///’ nz///). (28)

Through the analysis in Sec. IV, we shall see that all heavy (D%, £%, V) (with Q =1V, ...

during the intermediate symmetry breaking stages. For the remaining left-handed sterile neutrinos of (N’ ?N ? JNT ),
several of them are massive and they are named as follows:

,IX) acquire vectorlike masses

VIV A VI
L =1, N[ =1, /\/LE > . =1, (29)

Similar to the situation in the WSW pattern, the SM fermion names in Table VII are exchanged from what we have obtained
in the SWW pattern. The detailed derivation of the corresponding SM quark/lepton mass matrices will be elaborated in
Sec. IV.

We decompose the Higgs fields in the Yukawa term into components that can be responsible for the sequential symmetry

breaking pattern in Eq. (24). For Higgs fields of 8y, they read

TABLE V. The SU(8) fermion representation of 85 under the Gu1, Gu31. Gar1» Gsm subgroups of the WWS pattern, with Q = (o, o).
SU(8) Gan Guz G Gsm
8¢ 4.1+ 4.1+ 4.1+ (3.1 +3)%: Di°

(1,1,0)2: N8
(1.3, -)F (1,2,-)f (1,2,-9F: £ = (62, -ND)T
(11,0 (1.1,0)2 :N¥
(11,0 (1,1,0¢ : N

(L4, -

(L.1,0)F
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TABLE VI. The SU(8) fermion representation of 28 under the Guu, Gaz1, Gar1» Gsm subgroups of the WWS
pattern. All IRs for SM fermions are marked with underlines.

SU(8) Gam Guz G Gsm
28, 61Dy 61Dy 6.1~ LD,
(3.1, =) 1z°
(1,6, +3)p (L3.+))r (1.2, +3)p (L2, +3)p: (g% ng)"
) (1.1.0)y (LLO0)yig
(L3, 4+ 3k (1.2, +3)x (1,2, +3)p: (i<, —ex)"
(L1, +1)p (11, +1)p 7
(4,4.0)p (4.3, + L) (4.2, 4+ (3.2, +9)r: (1, b1)"
12+ Dl g
(4.1,-bp (.1, -]
(11, 0) il
4,1, - (4.1, -y (3.1, -)g: 9"

(100

(1), )2 029, >(02-3),. )

TABLE VII. The SU(8) fermion representation of 56 under the Gu41, Ga31, Gan1, Gsm subgroups of the WWS
pattern. All IRs for SM fermions are marked with underlines.

SU(8) Gaa Gus G Gsm
56F (175’+%)F (1'3_’+%)IF (1’2"4_%)/14/ ( ’_1_%)/// (n///c,_ ///L)T
(L1, +1)f (1,1,+1) leg”
(1,1, 1)} (1,1, +1)} (1,1, +1)p:Gge
(@1~ (@.1.- )y (d.1.-3); (3.1 -Dpicx’
(1.1, -1)p: G,
(4.6, + D (4.3, 433 (4.2.4+ Dk (3.2, +¢)p: (ur. d)”
(1 2.+ )//// (////( n%//c)T
(4717_4_11)119 (3 1 __)/// fbw
(1 1, 0)/// v///c
4.3+ Dr (4.2, + 1)y (3.2, +)f (va L)’
(1 2_ + )///// ( %//u e%///c)T
(4.1, 4+ g B. 1L+ 'uL
(1 1, +1)///
(6.4~ 1) (6.3~ (6.2.0)p 3.2 D e
(3.2, = P (0" ug)”
(6,1 __) (3 1 %)//// @””
(L= Uge
(6,1,—%)% (6,1,—%)% (3 1 é)///// 9/////
(’ , )/// RC
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For Higgs fields of 28y ,,, they read

__ 1 1 -
284, D (6,1,+) ® <1,6,—> ® (4.4,0)y,
' 2)He e —

(133,00 (1273),) o |5 m),, 0 (31+3),
>|(2),, 0 (2), o |(323),, o {(03), o ((5143),, )]
>[((2), ) @ ((2g), e [((1243),,)) o

For Higgs fields of 70y, they read

- 1 - 1
H H

4,3 > 4,2 ! 1,2 N 32
(1308, > (10, > (29 e

Schematically, we assign the Higgs VEVs according to the symmetry breaking pattern as follows:

- 1 1
Gas1 = Gazi: < <1, 4, _4_1) > =—Wis (33a)
H.IV 2
) ;| 1 Y 1
Gu31 = Gt 1.3, —3 v = 72W§,V’ 1,3, ~3 v = 7§W5.i,\fﬂv (33b)
- 1 1
Ga1 = Gsm: ( (41, + =—Visvn
H,3,VI 2
— 1 1 _ 1\’ 1
4,1, +- =—Vik. 4,1, +- =V, 33¢
< ( 4) H,1x> 7 X < ( 4) H’Q'Vm> /2 4avin (33c¢)
_ 1\ " 1
EWSB: 1,2,+- =— vpw- 33d
<( 2>H> N (33d)
At t_he third stage, the I?ig_gs VEVs from the rank-three sector are due to the components of (4,1, + AII)H,IX C (4.4, 0) .1k
and (4,1, +}t)’H 5 vim C (4.4,0)y 5 vi- This is different from the third stage of the WSW pattern, where the Higgs VEVs

from the rank-three sector are from different IRs of (1,6, — 1)y 5 yiy and (4,4,0)y x in Eq. (22¢), respectively. For our later
convenience, we also parametrize different symmetry breaking VEVs,

Vy Wi W33V : W3ivi
gOE_7 CIE —, CZE pa gZE i ’
pl Mpl Mpl Mpl
!
3= Vivi g = V&,z,v‘m 53 _ Vi
My’ UMy My’
. . . g o
So> 0> 0~0> G~ ~E, Z:ijE_]’ (i <J). (34)

i

in terms of dimensionless quantities. Notice that we use the same notations as in Eq. (23) to manifest the intrinsic
hierarchies, while their symmetry breaking patterns should be distinguishable.
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E. The d =5 operators for the SM quark
and lepton masses

In Ref. [17], we found that only the top quark obtains the
natural tree-level mass from the Y ;7285287054 + H.c. term
with Y7 ~ O(1) in Eq. (8). All other lighter SM quark/
lepton masses are due to the d = 5 operators [20], which all
explicitly break the emergent global symmetries in Egs. (5)
and (6). Among them, we have the d = 5 direct Yukawa
coupling terms of

C3O(}§’2) = C3gd)56lr . EIK . 70HT7 (353)
C4O‘(7_‘-Ll> = C456F56F . E,u’) : 70H7 (35b)
Cso‘(;.l) = C528F56F . E.a) . 70H (SSC)

The operators of (’)(;’1) and (’)g‘l) were found to generate
the hierarchical up-type quark masses. To generate the
|

d;?/ Oi{:S = dpf €a)](u2m3a)48HL)]8H:I-(1;28H:‘-m3 8HL)470HT7
-5 __ R T Q. QT A T
dz0%° = d (284 28y ;) - 284, 28y, 704",

where one of the Higgs fields will mix with two
renormalizable Yukawa couplings of Y;85”28:8y ., +
Yp8p?56§28y ;, + H.c. in Eq. (8), as were depicted in
Fig. 1. The SM quark/lepton mass terms along two separate
WSW and WWS symmetry breaking patterns will be
rederived in Appendixes B and C.

III. THE WSW SYMMETRY BREAKING
PATTERN

A. A summary of the vectorlike fermion masses

Based on our results in Appendix B, we suggest the
different intermediate symmetry breaking scales at
which the vectorlike fermions obtain masses in
Table VIIIL

Fr

FIG. 1. The indirect Yukawa couplings through the VEV
insertions to the d = 5 Higgs mixing operators.

masses for all down-type quarks and charged leptons, we
conjecture two sets of Higgs mixing terms

PQ =2(2p+3g,) #0, (36a)

PQ=2(p+qr+gq3), with i, # (kj, @, @,), (36b)

B. The CKM matrix and the benchmark
The biunitary transformations of
j:LM]:ﬁT :M?ag,
F=(U,D)

MyMy = FLMGFE2F,,
(37)
diagonalize the unhatted flavor eigenstates into their hatted

mass eigenstates. To obtain the CKM matrix of the quark
sector, we derive the left-handed mixing matrices of

(Z:{Lﬂ,f)L) of

i, up dp dp
6L ZZ/{L' Cr, s §L :DL St s (38)
[ I 1;L by

TABLE VIII. The vectorlike fermions at different intermediate symmetry breaking scales in the SU(8) theory.
Stages Qe:_% Qe:+% 0, =-1 0,=0
V441 D" (e,m) {oi. 1"}
{Q} v v {IV/, IV}
Va3 b, {5)7 Q}””'} 1, u @7 (e//’ Tl”), (e////7 n////) {ﬁ’, ﬁ’”}
{Q} {V, VII} {V, VII} {V/ VII'}
,U331 {g/ @/// @NH} (el nl). (e//l n///) (e//l/l r[/////) ..
{Q} {VI, VIII, IX} {VI, VIII, IX}

115034-11
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TABLE IX. The parameters of the SU(8) benchmark point along the WSW sequence and the predicted SM quark/
lepton masses (in unit of GeV) as well as the CKM mixings.

¢ & & Yp Y Yr
6.0 x 1072 2.0x 1073 2.0x 107 0.5 0.5 0.8
C3 Cy Cs dw' dgg A
1.0 0.2 1.0 0.01 0.01 0.22
m,, me m; myg =m, myg = mﬂ my = m;
1.6 x 1073 0.6 139.2 0.5 x 1073 6.4 x 1072 1.5
‘Vud| |Vus| |Vub‘

0.98 0.22 2.1x1073

‘Vcdl ‘Vcs‘ |Vcb|

0.22 0.98 5.3 x 1072

‘vtd| |vts| |th‘

0.013 53x 1072 1

through their perturbative expansions in Eqgs. (B15) and (B22). Explicitly, we find that

L
0O 1 0 cose; —sine; 0
Z;IQD =]1-1 0 0], Z:{(Lm = | sine; cose; O |, sin €, _m“?—gz“‘o(lo_z),
m,
0 0 1 0 0o 1 2
1 by 1 0 0
ﬁYT cs8y
B9~ 0o 1 o |. P~ 1 A (39)
csl cséi
\/%YZT 0 1 0 - N
and
sinA  cosA yl 1-2%2/2
D, = | —cosA sink ~ | -1+222 A . (40)
1 1
The CKM matrix can be approximated as the Wolfenstein parametrization
1-22/2 A —cs&/Yr
Veku SU(®) WSW = ULD}; ~ —4 1=22/2 esti/Yr |, (41)
es(A +8) /YT —esCi /YT 1

which is identical to what we have obtained in the SWW sequence [20]. For completeness, we tabulate the benchmark point
of the SU(8) along the WSW sequence, as well as the predicted SM quantities in Table IX. Three dimensionless parameters
of (£1,¢,,{3) can be translated into three intermediate symmetry breaking scales in Eq. (13) as follows:

Vgq1 = 1.4 x 1017 GCV, V431 ~48 x 1015 GCV, V331 ~4.8 x 1013 GeV. (42)

IV. THE WWS SYMMETRY BREAKING PATTERN

A. A summary of the vectorlike fermion masses

Based on our results in Appendix C, we suggest the different intermediate symmetry breaking scales at which the
vectorlike fermions obtain masses in Table X.

115034-12
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TABLE X. The vectorlike fermions at different intermediate symmetry breaking scales in the SU(8) theory.

Stages Q. =—3 Q. =+3 0, =-1 Q.=0
V441 D" e (e.m) {oi. 1"}
{Q} v v {Iv', 1V}
U43I {@/’SIH} . (el’nl)’ (el/l’n///) {ﬁ/’ﬁ/l/}
{Q} {V, ViI} {V, VII} {v,VIr'}
1]421 b, {@7 @////7 g/////} 11, u @7 (el/’ n//)7 (e/////7 n/////)’ (e////, n'////) R
{Q} {VI, VIII, 1X} {VI, VI, 1X}

B. The CKM matrix and the benchmark

The biunitary transformations of
FiMeFh=MFE MMy =FL(MFE2F,,  F=(U,D) (43)

diagonalize the unhatted flavor eigenstates into their hatted mass eigenstates. To obtain the CKM matrix of the quark sector,
we derive the left-handed mixing matrices of (U, ,D;) of

173 ur 21L dp
¢ | =UL- | e |, Sp =Dy | s |- (44)
1 153 BL by

through their perturbative expansions in Eqs. (B15) and (B22). Explicitly, we find that

Z;{L _ Z:{<le> 74(23) .Z:{213) -Z:IID,

L
0 1 0 cose, —sine, 0
UP=1-1 0 0], Z:l(le) = | sine, cose, O |, sine, zﬂ%—%~ (C13),
mL‘
0 0 I 0 0 1 R
_ by 1 0 0
: ! \/%YT s
U~ o 1 o |, a0 1 A, (45)
¢5¢3 _ ¢
N 0 1 0 S 1
and
45 1-83/2 0
D= | —1483/2 {3 0f- (46)
0 0 1
The CKM matrix can be approximated as the Wolfenstein parametrization
Verm SU(8).WWS
N A R
=W Dj~ | s 1-0G2 FHE (47)
582381 +¢5) _ 58 1
V2Yr V2Yr

where the Cabibbo mixing parameter is interpreted as the ratio of 1 = |V | = {»3. The observed mixing hierarchy of
|Vep| > V.| is due to the hierarchy of {; > {3, while this was due to the hierarchy of {; > ¢, in the SWW and the WSW
patterns. To obtain the reasonable CKM mixing parameters, one has to choose a suppressed c; = 0.01 for the reasonable
(d, e) masses, and a relatively enhanced Higgs mixing parameter of d 4 = 0.2 for the reasonable (b, 7) masses.
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TABLE XI. The parameters of the SU(8) benchmark point along the WWS sequence and the predicted SM quark/
lepton masses (in unit of GeV) as well as the CKM mixings.
¢ & & Yp Y Yr
6.0 x 1072 2.0x 1073 4.4 x 10~ 1.0 0.4 0.8
3 Cq Cs dy dy {23
0.01 1.5 1.0 0.2 0.01 0.22
m, me. m; mg=m, mg = mﬂ my, = m;
0.6 x 1073 0.4 139.2 0.5x 1073 2.5 %1072 1.3
‘Vud| |Vus| |Vub‘
0.98 0.22 0.4 x 10~
‘Vcd| ‘Vcs‘ |Vcb|
0.22 0.98 5.3 x10™
‘th| |Vrs| |th‘
0.012 53 x 1072 1
Based on the predicted quark masses in Egs. (C20) and

(C22) and the CKM matrix in Eq. (41), we suggest a set of b%)f, — 34 C,(Gy)?

benchmark point of the SU(8) input parameters, as well as 3

the predicted SM quantities in Table XI. Three dimension- F 10 P

less parameters of ({,{,,{3) can be translated into three + ; [ZCZ (Ry)) + ?CZ(QT)] T(Ry)

intermediate symmetry breaking scales in Eq. (24) as
follows:

1}44121.4X 1017 GCV, ’1)43124.8X 1015 GCV,

Vgp; = 1.1x 10" GeV. (48)

Obviously, the intermediate scale at the third symmetry
breaking stage is much higher than what we have obtained
in the SWW and the WSW symmetry breaking pat-
terns [20].

V. THE GAUGE COUPLING EVOLUTIONS
IN THE SU(8) THEORY

The gauge coupling evolutions rely on the RGEs of the
SU(8) theory. The two-loop RGE of a gauge coupling of ay
in the MS scheme is given by [33]

dary(p) _ %
dlogpy 2=

(5

a3 (1)

)+ Z fT(Yf)>'a%r(ﬂ),

FETBD
(49)

where the one- and two-loop f coefficients for the non-
Abelian groups are

b&” = ——Cz (Gr)

3ZT RE)

3ZT (RS,

(50a)

+) [4C2 (R3) + % CQ(QT)] T(RS), (50b)

N

and the fv(Yz) are the polynomials to account for the
renormalizable Yukawa couplings at the two-loop level.
Here, C,(Gy) is the quadratic Casimir of the gauge group
Gy, and T(R%) and T(R%,) are trace invariants of the chiral
fermions in the IR of R4 and complex scalars in the IR of
R§r For the U(1) Abelian groups with charges denoted as
XF/S_ the one- and two-loop f coefficients read

o) =33y +§ZSJ<X%>2 (51

b, = 22 (XE,)? 4Z(X§,)2 (X5

N

(51b)

Below, we first list the minimal set of massless Higgs
fields according to the survival hypothesis [16,34-38] and
the massless fermions between different symmetry break-
ing stages according to the minimal Higgs VEVs in
Egs. (22) and (33). The two-loop RGEs within the minimal
SU(8) setup are therefore derived by using the PyR@TE
code [39].

A. RGEs in the WSW symmetry breaking pattern

Between the vy <y < vy, almost all massless Higgs
fields are in the first lines of Egs. (19)—(21), which are

115034-14



FURTHER STUDY OF THE MAXIMALLY SYMMETRY BREAKING ...

PHYS. REV. D 111, 115034 (2025)

. 1 -1 _
4,1,+- 1.4, —- C 84w
< +4> H.» @ < 4) H,0 -

1 1 . o
<6, 1, + _> ® <1’ 6, __> ® (4’ 4’ O)H.(b - 28H,rb’
2/ He 2) e

-1 - 1
(4,4,—> ® (4,4,—) @ (6.6.0) C 70y. (52)
2H 2H

All SU(8) fermions in Eq. (2) remain massless after the
decomposition into the G4, IRs. Correspondingly, we have
the G4, p coefficients of

O B i) = (545043,
2299/6 405/2 12
405/2  2299/6 12

180 180 31
fsuw), = fsuw), = —24Y% —38Y% — 16573,
fUUMO::—54Y§-—38Y%-—165Y%. (53)

2 _
bg44| -

When the RGEs evolve down to vy, the gauge couplings
should match according to the following relations:

@y (Vaar) = @y (vaar), x| (Vaar)

1
= EOCZVIV<U441) + a)_(5<11441)' (54)

Between the v43; < u < v44, the massless Higgs fields
are

_ 1 —
<4, 1 +—> C 8H Vs
4)uv
-1 _ 1 —
1,3, —— c|1.4 —- C 8usvi,
3/ mavi 4)u3vi
1 o
(4,3, ——> C (4.4,0)g1x C 28y 1k
12 H.IX
_ 1 _ .
<4,1,+Z) - C(4.4.0)givn C 28y iy
H,i.Vi
_ 1\’ 1 -
1,3,— cl|16,— C 28y 5 vin»
3/ uavin 2/ wsvin
_ 5 1
4.3 4+ 4.4 4+-) 704
<$ﬁwﬁHc<,,+9HC0H (55)

The massless G,3; fermions are listed in Eq. (B1).
Correspondingly, we have the G,3; f coefficients of

m m w23 1 443
(bsta,» Psu,- Put,,) = ( 6 3736 )

659/6 36 17/4
b = | 135/2 358/3 181/36 |.
255/4 362/9 2641/216
21
fSU(4)S == —?Y%— —_ 11Y%-31Y%,

fsu@), = —6YF —12Y% — 3273,

37 27 173
fU(1>x]:—ZY27—7Y%—TY%- (56)

When the RGEs evolve down to v43;, the gauge couplings
should match according to the following relations:

1
a5} (431) = g (v431), ) (v431) :60@&1 (v431) +ax! (va31)-

(57)

Between the v33; < < 0431, the massless Higgs fields
are

9 g _
<1,3,—— C (1,4,——) C8u3vis
3/ 3w 4)u3vi

) C <4,3,—L> C(4,4,0) g 1x €28y 1x-

H.IX 12 H.IX

/ 1 .

) c <1’67—5> C 28y 5 vinr»

H.2.Vill H.2,Vill

_ 2 n _ 5 _ 1

(1,3,+—> c<4,3,+—> c(4,4,+—> c70y. (58)

3/u 12/ 4 2/ u

The massless Gs3; fermions are listed in Eq. (B2).
Correspondingly, we have the Gs3; f coefficients of

(1) (1) (1) _
(bsu), Lsia), bU<1)x2) = (=5,-4,+9),
12 12 2
by =|12 34 4 |
16 32 100/9
fsu@), = —3Y% —6Y% —6Y7,
3
fsup), = =5 Y5 =TV = 7Y,
26 26
foay, = —4Y7 _TY% —gy%- (59)

When the RGEs evolve down to 331, the gauge couplings
should match according to the following relations:
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oy (v331) = agy, (v331),

1
ay (v331) = §a§v1v(v331) + ax! (vs3). (60)

Between the vgw < ¢ < v331, the massless Higgs fields

_ 1\ _ O\ _ 5
1,2, +-) c (1.3, +5) C (43 +—=
(12:53), (1955 < (430),

- 1
C (4,4,+—> C 70g. (61)
2 H

The massless Ggy fermions are listed in Eq. (B3).
Correspondingly, we have the Gqy f coefficients of

(1) (1) (1) _ 19 41
(bsu@),» bsu), - Pu,) = <_7’_F’+F ;
—26 9/2 11/6
by =| 12 35/6 32 (62)
44/3  9/2  199/18

With the one- and two-loop f coefficients, we plot the
RGEs of the minimal SU(8) setup according to the WSW
symmetry breaking pattern in Fig. 2. Three intermediate
symmetry breaking scales are given in Eq. (42), and three

benchmark point in Table IX. Obviously, the evolutions
of three gauge couplings cannot achieve the unification.

B. RGEs in the WWS symmetry breaking pattern

Between the vy < u < vy, the Gy B coefficients are
identical to Eq. (53), while the matching conditions at v44;
are identical to Eq. (54).

Between the v43; < u < vy441, the massless Higgs fields
are

(‘i, 1, +—> C 8y v
H.3,VI
_ 1 _ 1 -
1,3, ——> C <1,4, ——> C8yyv,
< 3/uv 4)uv '
(4, 3 ——) C (4.4.0)y,x € By 5.
_ 1\’ _ .
(4, 1, +Z> . C(4.4.0)gsvin C 28y i
H.2.Vill
_ 1\ 1 —
1,3, —= cl|16,— C 28y 5 vin»
3 H,i,VII 2 H.i,vIl

5 .
43+2) c(4d+-) cr04
), < (440), e

The massless Gy3; fermions are listed in Eq. (Bl).

(63)

renormalizable Yukawa couplings follow from the  Correspondingly, we have the G43; f coefficients of
WSw
100 Gsm G331 Gaz1 Gas1
— "
90+ 5
801
701
601
a! ax}
50 N ~
= ) Ay
1oL —
as?
301
20 a).;;i }
wf
0 102 1031013 T 1014 1015 I 1016 1017 1 1018
mz V331 V431 Vaa1

ulGeV]

FIG.2. The RGEs of the minimal SU(8) setup for the WSW symmetry breaking pattern. The dashed lines and the solid lines represent

the one- and two-loop RGEs, respectively.
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) O m _( 10 5 110
(bsua),» bsu, Puty,, ) = <_? teto )

1501/12 44 103/24
b =( 165/2 391/3 175/36 ).
515/8  350/9 5219/432
21
fSU(4)S — —7Y2 - 13Y2 31Yf2D,
fSU(?)) - —6Y2 - 12Y2 - 32Y2D’
37 29 173
-2y 4
fuy, 1 5 G (64)

When the RGEs evolve down to v,3;, the gauge couplings
should match according to the following relations:

oy (v431) = agy (va31),

1

ax! (v431) = gagvlv(vm) + oy (v431)- (65)

1
H.3.VI
( 1) (
4) wix
(‘i,l,-i- ) 440) C 28y i vir-
H,2,Vill H.2,Vill ’
-1
( ) c<43+ ) c<4,4,+—> 704,
H H 2)u

(66)

B

1 _
2) - C(4.4,0)y 1x C28y k.
HIX

The massless Gy, fermions are listed in Eq. (C1).
Correspondingly, we have the G4, f coefficients of

M M o _ (_11 4 151
®Y b W,bU<1>X2)( 5tz 1y )

SU(4),> SU(2)
131/2 212 17/4
by = | 105/2 184/3 11/4 |,
255/4 33/4 125/8
27

fsva, = =77 =9V == 15,

fsu@), = —6Y2 - 8Y2 - 1273,
Between the v4,; < < v431, the massless Higgs fields _ _E Y2 2_5 YZ E y2 67
are fU(l)X2 2 ) 1 D- ( )
WWS
100 { Gsm Gan Ga31 Gam

90 -

80

70

60 -

a

50

40 |

30 4

20 - a;ol

10 /

0 102 1031013 1014 1019 I 1016 1017 | 1018
mz V421 V431 Vaa1
ulGeVl

FIG. 3. The RGEs of the minimal SU(8) setup for the WWS symmetry breaking pattern. The dashed lines and the solid lines represent

the one- and two-loop RGEs, respectively.
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When the RGEs evolve down to v4,1, the gauge couplings
should match according to the following relations:

a3t (van1) = a3, (va21),

1
ay! (vg01) = 60%1(”421) + ax! (v41)- (68)

Between the vgyw < pt < v451, the massless Higgs fields
are

S AN -1 -5
1,2,+ = 4,2 +— 43, +—
(1252) = (4243), = (435,
- 1
C (4,4, +—> C 70y. (69)

2H

The massless Ggy fermions are listed in Eq. (C2).
Correspondingly, we have the Ggy f coefficients of

(1) (1) m 19 41
(bsues), - bsuq, - Puin,) = <—7,—€,+F .

26 9/2 11/6
by =| 12 35/6 32 (70)
44/3  9/2  199/18

With the one- and two-loop f coefficients, we plot the
RGEs of the minimal SU(8) setup according to the WWS
symmetry breaking pattern in Fig. 3. Three intermediate
symmetry breaking scales are given in Eq. (48), and three
renormalizable Yukawa couplings follow from the bench-
mark point in Table XI. None of the evolutions of three
gauge couplings can achieve the unification along the
WWS sequence.

VI. SUMMARY AND OUTLOOK

The WSW and the WWS symmetry breaking patterns
following the maximally broken SU(8) theory have been
analyzed in both the fermion spectra and the gauge
coupling evolutions. Throughout our analyses of both
patterns, we compare our results from what we obtained
previously in Refs. [17,20,21].

(i) Given the SU(8) chiral fermions in Eq. (2), one finds
six vectorlike (5g, 5 ) pairs and one (10g, 105) pairin
addition to three-generational SM fermions through
Georgi’s decomposition rule [16]. Both symmetry
breaking patterns are found to give rise to massive
vectorlike fermions in the spectrum consistent to what
we have found along the SWW pattern [17,20].

(i) With the central motivation to address the SM
quark/lepton masses through the nonuniversal
Yukawa couplings to one unique SM Higgs boson
in the spectrum, the SM fermion flavor identifica-
tions are elaborated along both the WSW and the
SWW pattern. In particular, we found that the

(iii)

@iv)

115034-18

flavor identifications between the first- and second-
generational SM fermions are different from those in
the SWW pattern, as one can compare the SM flavors
in Tables IV and VII versus the results in Table XIV.
The flavor identifications are determined by requiring
the similar up-type quark mass matrices in all three
symmetry breaking patterns, as one can find in
Egs. (B15), (C15), and (A3). These flavor identifi-
cations, together with the down-type quarks, lead to
both reasonable SM quark mass hierarchies as well as
the observed CKM mixing pattern. There is only one
unique SM Higgs boson predicted in the current
minimal model setup, regardless of the specific
symmetry breaking pattern. Hence we do not expect
the discovery of any other beyond the SM particle(s)
within few TeV scale at the LHC.

There are also observed differences in the SM quark/
lepton mass spectra between the (SWW, WSW) and
the WWS patterns. The up-type quark mass matrix
along the WWS pattern contains the dimensionless
parameters of (¢;,¢3,&;) in Eq. (C15), rather than
dimensionless parameters of ({,,(,.&,). For the
down-type quark and charged lepton sectors along
the WWS pattern, the mass matrices contain the
dimensionless parameters of ({,,(3). Correspond-
ingly, the Cabibbo angle is then interpreted as the
ratio between two different symmetry breaking
scales such that 1 = |V, | = {»3. In the SWW and
the WSW patterns, the Cabibbo angle is interpreted
as the relative ratio between two Gs3; breaking
VEVs in Eq. (B21). These differences originate
from the Higgs VEVs at the third symmetry break-
ing stage in the rank-three chiral IRAFFS sector
since (i) along the SWW and the WSW patterns, the
Higgs VEVs at the third symmetry breaking stage
come from two different Higgs components of
(1’ 3_’ _%)i-l,()) c (1’ 6’ - %)H,rb and (1’ 3_’ - %)H,n’) c
(4,4,0)y,, in Eq. (20), and (ii) along the WWS
pattern, the Higgs VEVs at the third symmetry
breaking stage come from one single Higgs compo-
nent of (4,1, + 1)y, ® (4.1, +%)i{,w C (4.4.0)y,
in Eq. (31). Another consequence of the above
differences can be found in the suggested benchmark
points in Tables IX and XI.

The gauge coupling evolutions in both patterns are
estimated according to the two-loop RGEs based on
the suggested intermediate symmetry breaking
scales in Eqgs. (42) and (48). Their behaviors are
largely matching with what we have found in the
SWW sequence [21], where large discrepancies
of |ay! —(agg +azy)/2|~20 above u~10'7 GeV
can be observed in both Figs. 2 and 3. Within the
field theory context, such large discrepancy could
not be reconciled with the one-loop threshold effects
[40-42]. Altogether, the gauge coupling unification
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should be achieved in the context of the affine Lie
algebra such that

ksass(vy) = kwauw (vy) = koax, (vy) = ay(vy),
(71)

where k; represent the affine levels of each gauge
coupling. To achieve the string unification, it is
necessary to consider the constraints of the unitarity
and the conformal invariance to the affine 81 (8) Lie
algebra. In a sequential work [43], we have proved
that the unification as in Eq. (71) can be achieved
with ky = i, as well as the supersymmetric exten-
sion. The unification scale and gauge coupling
therein were suggested to be v, ~ 8.0 x 107 GeV
and o' (vy) ~ 30.9. By using the naive estimation
[44,45] of

4
t[p = 2% + e¥] ~ U m, =938 MeV, (72)
m

< w

purely from the gauge sector contribution, we find
a much enhanced lifetime of z[p — 7%+ ef]~
5.6 x 10! yr. Notice that the nontrivially flavor
embedding structure could potentially further en-
hance this conventional proton decay lifetime. This
means several ongoing experimental probes of

ic ,'
DL = dpe,
3‘_ n
,DRC = bg",

2c c
DR =Sp,

kaVc = @Rc’

VIl — q\//Mic
DYIe = e,

Ve — e
DRC = QRL7

the proton decay modes are unlikely to discover
such a signal, with the typical exclusion limit of
~O(10%) yr from the Super-Kamiokande [46] or
DUNE Collaboration [47].
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APPENDIX A: MAIN RESULTS IN THE SU(8)

SWW SYMMETRY BREAKING PATTERN

Byfollowing the symmetry breaking pattern in Eq. (10)
and the U(1) charges defined in Egs. (11), we tabulate the
SU(8) fermion representations in Tables XII, XIIL,XIV. For
the right-handed down-type quarks of D%¢, they are named
as follows:

Villc — g\//c
pylte — gyre,

Vie — Ic.
DYle = D¢

IXc — q\/Iic
DIXe = @yre,

(A1)

For the left-handed SU(2)y, lepton doublets of (€3, —A/$), they are named as follows:

TABLE XII. The SU(8) fermion representation of 8¢ under the Guy;.Gs41. G331, Gem subgroups for the three-
generational SU(8) theory, with Q = (w, ). Here, we denote D%¢ = d%° for the SM right-handed down-type

quarks, and DYC = D% for the right-handed down-type heavy partner quarks. Similarly, we denote
L8 = (8, 8T for the left-handed SM lepton doublets, and L5 = (ef?, —n$*) for the left-handed heavy lepton

doublets. All left-handed neutrinos of A/ 1 are sterile neutrinos, which are Ggy singlets and do not couple to the EW

gauge bosons.

SU(8) Gaai G341 G331 Gsm
82 @1,+1)2 (3,1,+1)2 (3.1, +02 (3.1, +4)f: Dye
(1.1,0)2 (1.1,0)2 (L1,0)2: N7
(1.4, -7 (1.4, - 1.3, - 9% (1.2, - L2 = (£2.-ND)"
(1.1,0)¢ :N¥
(1.1,0)%" (1.1,0)¢ :N¥
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TABLE XIII. The SU(8) fermion representation of 28 under the G441, G341, G331, Gsm subgroups for the three-
generational SU(8) theory. All SM fermions are marked with underlines.

SU®) Gaan Gaa1 G331 Gsm
28y (6.1.—3)p (3_1_%)F (3.1 -3)p (3_’17—%)# D,
(3.1,-%) (3.1.-2)g (3.1, -pze
(1,6, +3)p (1,6, +3)p (1,3, +3)p (1.2, +2)F'(9R vnR ar
) (1.1,0)p:
(1,3,+%)F (1727+ ) (nR’_eR)
(1,1 +1)F TR
(4,4,0)f (3.4.-%)p (3.3.0)p (3.2, +p: (1. bL)"
(3.1,-D)p D]
(3,1,-1y (3.1, -5: D]
(14,43 (1.3.4+ 9k (1.2.4 ) ek nz)"
(L 1.0)p 5
(1,1,0) (1,1,0)p: 0%
(5L ) = (er. —ver). (5%» —N%) = (Mr, —Vur),
( EVII _N'VII) = ( ////’ ////) ( gViII _ NViII) = ( e/l:/’ nzl) ( (c/'ILX’ _ NIX) ( eZ///’ nZ///)’
(&1 -N7) = (rpo—va). (Y. -NTY) = (¢f.—n]),
(Y. =NY) = (er.—np), (&L =NV = (e, —np). (A2)

According to the flavor identifications in Tables XII,XIILXIV, we find the following up-type quark mass matrix:

. 0 0 csC1/V2
M, = NG csbr/V2 0 582/ V2 | vEw, (A3)
es81/V2 esta/V2 Yr

TABLE XIV. The SU(8) fermion representation of 56y under the Giu1, G341, G331, Ggm subgroups for the three-
generational SU(8) theory. All SM fermions are marked with underlines.

SU®) Gaal Gaa1 G31 Gsm
S (1.4 + )k (1.4, + )¢ (1.3.+3)% (1.2, +3)¢ (g, —eg)”
(L1 + D e’
(1,1, +1)f (L1, +1)g:Cg¢
(3.1,-3; (3.1,-3; (3.1,-3; (3.1, =’
(1,1,-1)g (1,1,-1)g (1,1,-1)p: G,
(4,6, +)p (3.6, +)p (3.3.0)f (3.2, +g)pi(eros)”
) (3 1,- )/// 5-81//
(3.3, +r (3.2, +g)g: (b, —up)"
3.1+ u
(1.6.+ ) (13 + 9% (1.2 D' e "
(1 1, O)m 4 ///c
(1’3_,_’_%)/1; (172_ + )m// (n/[()//u’ e/[é///c)T
(1 1 +1)///. c
(6.4.— Dy 3.4 - 55 (3.3.0)f (3.2, + ¢y (ug.d)"
(3 1,- )//// @””
) (3 1, _7)///// (3 1, _7)///// Q)’””
(374,_15—2)1? (373, ) (3 2, - ) S(0r¢, ug)”
) (3.1 -2
(3. 1.-¥ (3.1 - cxf
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from the renormalizable Yukawa coupling term of Y72852870y + H.c. and the d = 5 direct Yukawa coupling terms in
Eqgs. (35b) and (35c). The down-type quark and the charge lepton mass matrices are found to be

(Md)3><3 = (M;)3><3

. (2¢3+ Ypdy)ly  (2¢3 + YpdyAs)Es 0
o (2¢3+ YpduA)ls  (2¢3 4+ Ypd»$57)Es 0 VEW, (A4)
0 0 Yd (53¢

from the d = 5 indirect Yukawa coupling terms in Egs. (36).

APPENDIX B: THE INTERMEDIATE STAGES ALONG THE WSW SYMMETRY BREAKING PATTERN
1. The first stage

The first symmetry breaking stage of Gy4; — Gy3, is achieved by (1,4, — )y ;v C 8 1y in the rank-two sector, according

to their G43;-invariant and G(I)T,—neutral components in Table XV. Accordingly, the term of YBQVZSFQ!W + H.c. leads
to the vectorial masses of (D", 11", e, n, 11). After this stage, the remaining massless fermions expressed in terms of the G,3;
IRs are the following:

- 1\« A " —
<47 1, +_> @ |:<1?31__> @ (17170)% :| @C SFQa
4 F 3 F

Q= (0, 0), o = (3,V,VI), @ = (1,2, VII, VIIL 1X),
(L1O)N c 8",

1 ) 1
(1-3), [0, 5 (159 J (121, o o) J e
13+%,@(11 Dl & (4,1 3 ® 43+i qa437+i
Y- T F U4 12 T12)
@[(6,3,_1) @<6,1,_1)]c56F. (B1)
6 F 2 F

Fermions that become massive at this stage are crossed out by slashes. We find only one massive 8" is integrated out from the
anomaly-free conditions of [SU(4),]* - U(1)x, = 0, [SU(3)y]*- U(1)x, = 0, and [U(1) |* = 0, except for one left-handed
sterile neutrino of A/ ILV” = (1,1,0)}" c 8'V.

TABLE XV. The U(1); charges for massless fermions and possible symmetry breaking Higgs components in the

g441 theory.

8" 4.1, + D3 (1.4,-H

T =2t -4t

2'SF (611»_%)17 (L&"l‘%)p (47 4, O)F

T’ 0 +41¢ +2t

56x (1.4, + 3y (4.1,-)r (4.6, +)p (6.4.— Dy
T +4t =2t +21 0
8H,w (4* 1?+%)Hw (1’4’ _}T)H.w

T’ +2t 0

28H$(2) (1’ 6’ - %)H.u’} (4’ 4’ O)H,a')

T 0 +2t

70y (4.4, ”‘%)H (4.4, _%)H

T =2t —6¢
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TABLE XVI. The G(I)T” charges for massless fermions and possible symmetry breaking Higgs components in
the g431 theory.
85 (4.1, +7)¢ (1.3.-9)F (1.1.0)F
T" —4t¢ — ‘311 —4t
28, (6.1,— 1) (1,3, +3); (4.3, +H)r
T +4¢ —41 +3t
56y (1,3,+2), (L1, +1)g 4.1.- (4.3, +15)r
T" —41 —4t +4t +3t

(4.3, +3)r (6,3, —%)r (6.1, -5
T" -3t +3t +4¢
g,w (47 1’+4]T)Ho) (1’3’_%)]{,&)
T" 0 + %t
m.(b (1’ 3’ - %)IH,(;') (4? 3’ - ﬁ)H‘(b (4’ 1 + }T)H 10}
7" +8 +8 0
70y (434 Dy (3.3~ )

"
T -1 -3
2. The second stage (D, ¢, 0", i¥), the term of Yp85""156528 vy i + Hc.

The second symmetry breaking stage of G43; = Gz3; can
be achieved by (4,1, + %)H‘V C 8.y in the rank-two sector
and (4,1,—!—%)}[,\;11’1 C 28y vy i in the rank-three sector,
according to their Gs3;-invariant and U(1);+-neutral com-
ponents in Table XVI. Accordingly, the term of

YBS_FVZSFE,V + H.c. leads to the vectorial masses of
|

n " xin

leads to the vectorial masses of (E'é)”’” ;" "), and
the term of ;- 56F56F<63H>28H ‘i +H-c. leads to the

vectorial masses of (G, b, u, ), respectively. After inte-
grating out the massive fermions, the remaining massless
fermions expressed in terms of the Gi3; IRs are the
following:

- 1\ ¢ - 1\@ " —
Ks,u—) @(1,1,0){%}@[(1,3,——) @(LLO)%]csFQ,
3 F 3 F

Q= (w,w), = (3, VI), @ = (1,2, VIIL 1X),
(1,1,0))" c 8", (1,1,0)f & (1,1,0))" c 8",
(1,1 O)VII (1,1’0)}?711” CEVH,
2 -2
3T @ 3,1,——) ] ® K}yﬁ)) ® (1,3,+—> }
F 3 F 3 F 3 F
"
ea 330 —) ® (1,1,0)}| c 28,
F 3 F
2 !
(s > o Jew e
3k
"
ea 330 N M@ 1,3',+g”
3 F
" _ 2 "
ea 330” 3.0 ea 3,1, 3] | € 56x (B2)
F
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We use the slashes and the back slashes to cross out massive fermions at the first and the second stages, respectively. From
the anomaly-free conditions of [SU(3),]* - U(1), = 0, [SU(3)y]* - U(1)x, = 0, and [U(1)y |* = 0, we find that one 85"
Vil

and one 8" are integrated out.

3. The third stage

The third symmetry breaking stage of Gy3; — Ggy can be achieved by Higgs fields of (1,3, —

[(1 3 )H VIL2 @ (1 3 ) IX]
their U(l)TW—neutral components in Table XVII. Accordingly, the term of ¥ 585"

Prvis € 8uvis and
28H.VII,2,IX? according to the decompositions in Eqs. (19) and (20), as well as

13 ZSFE,VM + H.c. leads to the vectorial
masses of (D], ¢, n'), the term of Y85 "*56528y vy 5 + H.c. leads to the vectorial masses of (D", ¢”, n"”), and the term

of YD§IX56F28H,D(+H.C. leads to the vectorial masses of (D", ¢””, n""), respectively. The remaining massless

fermions of the Ggy, are listed as follows:

[(3 1+ ) (1,1,0)¥] ® [(1,2,_9?@ (11,02

(L1L,OY @ ...® (1,1,0)X c 82,
(LLOR & (1, 1,0)y™ & (1,1,0)§¥ 8,
LLOY @...® (1,1,0)) c 8,

® (1,1,008" | c 8%, Q= (i,2,3),

1 - 2 _ /
F F F F

@ (1,1,0)p & |3 =3

"

® (1, 1,0)’14] C 28y,
F

1 ! n 1 "
® [(3,2,+—> e =3/, ® L2y L@ (1.1,0)¢
2 "
’ ) @ <3a 11 +§> @ @ (1 1 +1)/H:|
F
" m ~ _ 2\ "
@ |:<3a2a +_> @ 5 ® 3, [ - @ <3a17__>
F F 3 F

nmn 2 "
@ < ) 17 - _>
o (13), s

The fermions that become massive at this stage are further
crossed out. After this stage of symmetry breaking, there
are three-generational massless SM fermions together with
23 left-handed massless sterile neutrinos.” The third-gen-
erational SM fermions are from the rank-two chiral
IRAFFS of [85” @ 28g|, while the first- and second-

>The number of residual left-handed massless sterile neutrinos
have been precisely obtained through the ‘t Hooft anomaly
matching in Ref. [17].

(B3)

generational SM fermions are from the rank-three chiral
IRAFFS of [8z” & 565].

4. The d =5 bilinear fermion operators

We proceed to analyze the d =35 bilinear fermion
operators in Egs. (35) along the WSW symmetry breaking
pattern. To be brief, we only include the bilinear mass terms

involving the SM quarks and leptons. The operator of Og”
is decomposed as
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TABLE XVIL. The U( 1), charges for massless fermions and possible symmetry breaking Higgs components in
the g331 theory.
85 (3.L+3)¥ (1.1,0)% (L3, -3 (1.10)¢
T" - ‘g‘ t —4t —4¢ —4¢
28 (3_’1’_%)F (1’5,+%)F (3,3,0)p
T —%t +4¢ —l—%[
565 (1,3, +2) 3.1,-2) (3.3.0)
T +4¢ —%l‘ -l—%l‘
(1,3 +%)’F’ (3,3,0)% (3,1,-2)¥
T +4t +5t —4y
g.w (1*37_%)Hw
T/// 0
m(b (1’3_’_%);-1(1) (1737_%)Hw (1 3_ _%)H(z)
T" 0 0 0
704 (1,3,-&—%)% (1,3,-9)Y
T" 0 -8t
3 g0 ET IR
8F 56F 28H 70H +HC
My
- 1\® - 3
3— 41—|— 46+ o (14— ®(1.4+-
F 4) g 4/ g
®(4i,i,0)LK®<4,4,+2> +He.
H
C3 - 1\® 1 - 1\? -2
D= 4,1,+—> ® (4,3,+—> ® (1,3,——> ® (1,3,+—
pl {( 4/ g 125 3 3)¥
® (4,3 1+<5§>43+5 +Hc
12 Hi 12
13140 9630 emtoee (1.3+2) o (1.5.-1) @ (1.3,+2)
M 3 - s~y F s Ay F s~y 3 - 3~y 3 F s~y 3 F
_ o\t
o ((13-3),,) o ((13+5), ) +me
3u
= Eg(dLDf;gc F NI = EPer + N wg)opy + Hee,, (B4)

and
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3 89565 - 28, - 704" + H.c.
M, :

C3 - 1\ 1 _ 1\@ 1
D — 4117+_> ®<6a47__> ®<1a45__> ®(4a67+_> :|
Mle 4) 4) g 4/ 4/
1\ _ 1\ T
® (1,6,——> ® (4,4,+—) +H.c.
2 H.k 2)u
CS 1 (b 1 - 1 d) - 5 N 1
4,1, 6,3,—— 1,3, —— 4,3, +— 1,1,0)% 4,3,
Gl o (oa-d) o (13- 0 (455) svrove (s,
1,3 N 4,3, > H.
<, <3), @ (43455), e
] @ _ 1 @ _ 2 " oy ] /!
3L,+-) 33080 (1.3,-2) ®(1.3,+5) ©(1,1,008 ® (1,3, +
3)r 3)F 3k 3)F

A<4( 13-2) Yo ((1342)") ve

= ?Z_%(SL,D%C - gi)//lRC + ./\V/{Ii) n'””c -+ NL n""c)UEW + H.c. (BS)

)
®

By taking the possible flavor indices of @ = 1,2 in Egs. (B4) and (B5), one finds the following set of mass matrices of the
(d,s) and (e, p):

rect &<

(M) =%( §3 éD”EW’ (Ba)
direct __ _2 é3 Cg

ot =5 (35 Joew (Béb)

which leave the down quark and electron massless.

For the operator of (9(;'1), it is decomposed as

4 5656 - 285 ,, - 70y + H.c.
M,

C4 : 3> ( ) M ( ) } 14 ( ' 1)
>D—|4,1,—-| ® (4,6, + ® (4,40)4,® (44, +=) +Hec
Mpl|:< 4) g 4) ¥ F . 2)u
33(411—§)®(43+ >®<<41+> >® 43‘+i> tHc

Mpl o 4 F H.» o 12 H o

5 ¢4 AV {(3‘1 2> ® (3.3,0)0, ® (1,1,—1)g ®<13+1>/ ®< 13_+2>”,>+Hc

C y 4y T 5oy A s o)y A L.

4\/§Mpl 3 3 F 3 H

- Cz(uLCR + €Lex"“)vew + Hoc. (B7a)

The bilinear fermion product of (6,4, — 1)y ® (6.4, — 1) ® (4.4,0)y, ® (4.4, + 1)y + H.c. was previously found to
vanish due to their antisymmetric properties [20].
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For the operator of (95?5'1), it is decomposed as
pl

Cs 1 1 1 o3 |
> (01-5) @ (4643) o (r16+5) @ (14-3) e@aose (6a-]) |
<< 1) > < 1) + H.c.

4 H,w 2 H

Pl Kﬁ,l, ) <4,3,+ (
V2My, 3

! .

( 4)F®< = )F] ®(4’3a+E>H+H.C.
Cs . 1 ) _%
D7§€1K3’1’_§>F®(3’3’0)F® <1,3,+§> ®(LL-1)p® (33,0 ® (3,1, 3)

1 1 " _ 1 2 "
— — = H.
o (31.3), 0 (32-3) Jo ((13+3),) +ne

= %Cl (uptr® + Cpreg® + tLug® + D) vpw + Hoc., (B8a)

A;—528F56F 8. 70y + He.

VR

m

F

5 28,565 -8y, - 10y + H.c.
M,

i l(01-3), @ (04-3) (113, ) (11+3), o (+35)
>—|16,1,—-| ® (6,4, ——) & (44.0,Q® (4,1, —- ®(4,1,+- ®(4.4,+-) +Hec

Mpl|:( 2 F 4 F ( )F 4 F 4 H.w 2 H

e 1 1 1 _ 3 _ 1 -5
i |(01-3), @ (82.-5) @ (s3:4735) @ (31.-3) Jo ((4143), Jo (a3.45) one
S c5 AV {(3,1,—l> ®(3,3,—1> @(3‘,1,—g> ®(3,3,0)%€B(3,3,0)F®(371,—%>/

V2M,, 3 3)¥ 3)¥ 3

1\ " _ AN
® <1,3,+—> ® (1,1,—1)F] ® <<1,3,+—> >+H.c.
3 F 3 H

= %gg(ngRc + CLIRC + lLCRC + @LeRC)vEW + H.c. (ng)
5. The d =5 irreducible Higgs mixing operators

We further decompose the d = 5 irreducible Higgs mixing operators along the WSW symmetry breaking pattern. For the
Yukawa coupling of g“"ZSFE’w], we find the mass terms of

Q Q A QT T Q1T Q. ¥
YBSF(UIZSFSH,aJI X —ew]w2w3w48HTa)18H,w28HTw38HTa}470H + H.c.

d
Mpl
_ 1\ @ - 1\ 1 - 1
DY (4,1, 4+~ ® 4,40y (1,4, —— ®(1,6,+= ® (1,4, —-
4) 5 4) g 2) 4) o,
d”( S e L G T G A )
do(15-0) e (1d-)) e(1i-l) e(ir+l) e(4d+l) +ne
M 4 H,w, 4 H,w, 4 H,w; 4 H,w, 2 H
- 1® 43,4+ @ (13 D" +
4 12 T3 F

DYp
_ - 1\T -1
(- o
H.o, \fMpl 3) Mo, 3
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_ 1\ @ 1\” _ 1\ @ 2
(3’ 1’+§> ® (37350)F @ (171a0);‘)1 ® (1’3,+§> @ <1731_§> ® <173,+_>
F

F F F 3

o 1 : | dgWiyvosy (1 1\7 A
1,1,0)¢ 1,3,+= 1,3, —- —1,3,—= 1,3, —=
69( )F ® ( +3)F:| < 3) H,w, ) 2Mpl 3 H.0, ® 3 H,w;
_ AN
® <<1,3,+—> >+H.c.

3/u

Ygdy WinvwivViwv

2
b Mgy,

> Yp

(bLbRC + TLTRC + Nin%c - ./(/ZHIRC +./([2”nRC)UEW + H.c. (B9)

If we consider all three possibilities of the propagator masses, each of them leads to the (b, 7) masses as follows:

_ Ypdy

Mgy, ~ O(vaqy) :my = m, 4 $2¢13VEw, (B10a)
Ypd
Mgy, ~ O(vazy)imy = m, = %ClCB”EW (B10b)
) Ypdy €
Mad -y, ~ O(v33)) imy = m, = 4 §—23 EW (B10c)

The last choice coincides with our previous result in Ref. [20].

The indirect Yukawa couplings from the operator in Eq. (36b) are expected to generate the first- and second-generational
down-type quark and charged lepton masses. The gauge-invariant subset of (EEEYVH) can develop the VEV of
<ET1E,V'H> = Iwgiwzvn ~ O(vis;) according to the VEV assignments in Eq. (22b). Similar to the indirect Yukawa
couplings in Eq. (B9), we should look for the EWSB components from the m,i.i here. For the Yukawa coupling of
85156528y ,, ., we find the mass terms of

. __ dp —. — . S—
Y p8p”' 56528y 4 X —M-f”’ 284, 284, 70u " (284 28y vyy) + Hoc.
pl '

_ 1\ @i 1 - 1\@ -3 1
Y 4,1, +- 4,6, +- 1,4, —— 1,4,4+- 1,6, ——
:) Dl:( +4)F ® ( +4>F ® < 4)F ® ( +4)F:| © ( 2)H,{)J1
dy I\ T o _ I\ .
xMﬁ <1,6,— ) ® (4.4.0)},, ® (4,4,+2> ® (284285 vyy) + Hee.
. " .
Svpl (3148 @ (43.4+1) @ (13-1)" o (1.3+2) | @ (1.3.-1)
D s Ay 4 . ) 12 . ) 3 . ) 3 . ) 3 Ho,

dy (. - 1\ AN I AN A
% (1.3 -1 i3 -— 4.3 4+ 281" 285 i) + Hoc.
XMpl( 3 3>H,m| ® ( 3 12> ® ( ’3’+12> ® (2841 28y vn) + Hee

H,», H

!

W _ 1\ @ ) 1
S Vpdy otV [(3,1,+—> ® (3.3.00, ® (1.1.0)2 ® <1,3,+—>

m 3
P16, )., F

. N -2\ - 1\ - 2
(1.3 -] (13 +5) [®((13.—3 Q( (L3 4+ ) +Hec.
3 F 3 F 3 H, o, 3

F

Ypdy . |Wiiwsv W3 Wiy
=D ‘ECg 3’1 AL (dpdg® + epeg®) + M(dLSRC + prer®) | vew + Hee., (B11)
4 m . — — m | —_—
(Lﬁs_i)ﬂ.i (1’6-_5)}12

where the SM quark/lepton components from the g""lzi / E@F? correspond to the (dg, e;) and (sz°, uy ), respectively.
The other mass terms read
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. _ dgp —. — S
Yp8p”1 56528, X Mist 5 28", 705" (285 28y vyy) + He.
pl '

Svpl(d1+0)" @ (6.4.-1) @ (1.4-1)" ® (4.6.+1 ® (4.4.0)4,

o 1\ T _ 1\ T .
(4.4.0)},, ® (1,6,——>H ' ® (4, 4,+§>H ® (281285 vur) + Hec.
RO%

- 1\ @ 1 - 1\@ _ 5 o 1
> YDK4,1,+Z>F ® (6,3,—6>F ® <1,3,—§>F ® (4’3’+E>F ® (1,1,0 ® (4’3’+E>J

_o 1 dyp [+ = 1\ _ o\ 5\ ¢ .
43— A — 1,3,—- 4,3+ 284" 285 viy) + Hc.
® < -3 12>H,u’)1 XM ( 3 12)H,a‘)1 ® ( -3 3>H.d)2 ® < ’37+12>H,u‘)1 ®1 8H’l 8H,VH> e

pl
- 1\ @ - 1\ @ - 2\" 4 1y’
DYp||3.1,+5) ®B330p®(1.3.-7) ®(1L3.+5) ©(1.1.0)y ® (1.3, 4+
3 3, 3, 3,

F

: 1 Wi iWa v = 1\ - 1I\* _ O\ M
® (1’3’“> o=, \M73 13,3 ®(13.+3) +He
3 H.o, 2Mpl 3 H,o, 3 H,&, 3 H

waiwivnV5 vin K_ 1\ @ INK = 1\
D Ypdy—— : 31.+2) ®(3.2+-) &(1.2--) ®1LL+Y

o _ 1\ " o 1\ " _ 1 ni
®(1.1L0y®(12.+5) &1L ® (1.2, +- ® (1.2, +57 + H.c.
2 F 2 F 2 H

Ypdyg ., [WiiWivn Wi iWi v
4 g |:m2 - (SLdRC + eLﬂRC) + 27<SLSRC +ﬂLﬂRC) Vpw + H.c. (B12)

- me- -
(4»4-0)H,i (4*4’0>H.2

With the Higgs VEV assignments in (22c), one expects the natural propagator masses of

MEa0)g; ~ M6~y ™~ O(v431),

M6y ~ ME40), ~ OV331)- (B13)

For convenience, we parametrize the following ratios of

_ WiiWivn ; _ WaiWiva
A, =———, Al = P (B14)
(4.4.0)y, (L6, =Y

6. The SM quark/lepton masses and the CKM mixing

For all up-type quarks with Q, = +%, we write down the following tree-level masses from both the renormalizable
Yukawa couplings and the gravity-induced terms in the basis of U = (u, c, 1):

| 0 6’452/\/§ CSZ:]/\/E
Mu — _2 0 O CSZ.:Z/\/E UEW ~ M1(40) + ME:I) "l_ Ml(42>a (Blsa)
esCi/V2 st /V2 Y7

00 0
M= 10 0 0 o (B15b)
\o 0 v,
1 0 0 ngl/\/z
M) = 7 0 0 0 VEW (B15¢)
0551/\/5 0 0
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0 6o/ V2 0
M5,2>:—2 0 0 eso/V2 | vews (B15d)
0 cs6r/V2 0

where we have neglected the ~O({3vgw) terms in the above expansions. One obvious feature is that the gauge eigenstates
of up quark and the charm quark do not obtain tree-level masses through the d = 5 operators with the SM Higgs doublet.
Instead, there are only off-diagonal mass mixing terms in Eqgs. (B15c) and (B15d). Accordingly, we find that

a1 1
det [MIOMPT| =2 V3ady = mi w3 Vo, (B16)

Here and below, we use the det’ to denote the matrix determinant that is equal to the products of all nonzero eigenvalues.
Next, we find the charm quark mass squared of

= et [ (M4 M) - (MO + )] et [ MO 2] w3 B17)
T

The up quark mass squared can be similarly obtained by

i, = det [ (MY + M+ MEP) - (MPT+ M+ MY

272
jdet [ (MY + MDY - (M M) 3 —i% - (BIS)
1
To summarize, all SM up-type quark masses are expressed as follows:
ézéz 2 Z:% YT
m, & Cy—=—— Vgw, m, & s ——=——Vgw, m, X — UVgpw. B19
4oz, VEW 52\/§YT EW v EW (B19)
For all down-type quarks with Q, = —%, we find the following tree-level SM mass matrix
. (2¢3 + Ypdy)ls  (2¢3+ Ypd4(s3)Es 0
(M), 7| Ces+Ypda)ls (es+Ypdptls 0 Vew- (B20)
0 0 Y5d$53 8
For convenience, we parametrize all Gs3; breaking VEVs as follows:
0 &
= = . B21
&=6 tan A (B21)
It is straightforward to find the following SM down-type quark masses of
1
L Ypd/C33 1 vew,s (B22a)
1 .
mg R~ (2¢3 4+ Ypd 5853 )3 vEw, (B22b)
|
ma 5 ¢33 VEwW, (B22¢)
from Eq. (B20).
For all charged leptons with O, = —1, their tree-level mass matrix is correlated with the down-type quark mass matrix as
(Mf>3><3 = (M5)3x3
. (2¢3 + YDd;’}fAlj)Zi% (2¢3 + Ypd ), 0
=7 | Qe+t Ypds(a3)Cs  (2¢3 + Ypdyhs)E 0 VEW- (B23)
0 0 Ypd.,$556

115034-29



CHEN, CHEN, HOU, TENG, and WANG

PHYS. REV. D 111, 115034 (2025)

Thus, it is straightforward to find the tree-level mass
relations of
m, = my, m (B24)

= my, m, = my.

1

APPENDIX C: THE INTERMEDIATE STAGES
ALONG THE WWS SYMMETRY BREAKING
PATTERN

1. The first stage

The first symmetry breaking stage of G — Gu3
along the WWS symmetry breaking pattern is completely
identical to what we have described in Appendix B 1.
Thus, the remaining massless fermions can be found
in Eq. (B1).

2. The second stage
The second symmetry breaking stage of Gyz3; — Guo
along the WWS symmetry breaking pattern can be
achieved by Higgs fields of (1,3,—1)yy C8yy and
(1 3 )H VII.i (17 6’ _%)H,VH,I - 28H,VH.] s accordlng
to the decompositions in Egs. (30) and (31), as well as
their U(1);» charges in Table XVIIL. Accordingly, the term

of Y BEVZSFQ,V + H.c. leads to the vectorial masses of
|

TABLE XVIIL.  The U(1); charges for massless fermions and
possible symmetry breaking Higgs components in the G43; theory
according to Eq. (26).

8%  (4L+pF (L3 -HF (L0
T" -2t —4¢ —4¢
8y (6.1-Dp (L34 (@340
T 0 +4t +2t
56y (1,3,+%)’F (1, 1,+1)§ (4,1,—431)F
7" +4t +4t =2t

4.3 +5)r @3+ (63, - (6,1, -3
T" +2t +2t 0 0
8H,w (1’3’ _%)Hm (4’ 1’ +AIT)H,0J
T" 0 +2t
28H.r}1 (4’ 3’ - 11_2)H,a'1 (4 1 + ) H.» (1’ 3’ - %)/Hw (1’ 3’ - %)H.(i}
T" +2t o2 0 0
0q  43.+3)g @A3.-J)y
T =2t —6t¢

(', 11, ¢/, n’), and the term of Y8y 8:V156:285 vi + H.c.
leads to the vectorial masses of (D", ", ¢, n"), respec-
tively. After integrating out the massive fermions, the
remaining massless fermions expressed in terms of the
Gsr1 IRs are the following:

- Q _ Q o
(4,1,+%> fo2) {(1,2,—%) =) (1,1,0)%} ® (1,1,0)8" c 8%,
F

F

Q= (w,b), o= (3,Vl),w

= (1,2, VIIL, 1X),

(LLOY c8&Y.(1LLOY & (1LLOY c8",

(1, 1’0);7/‘11’ ® (1, 1’0)¥II” C gv'n’

(61 1) @[1 +3 @ (1,1,0)p & (1,2 !
F

.
iz

@{4

o 62000 (o

® (1.1, +1)F]
F

Py }@(4/1,/5)) c 28,
F 4 F
_ 3
(L1 +1), ® (1,1,+1)g] @ (4,1,——)
4 F
) @M @(4,2',+1> @(4,1,+§H
F 4 F 4 F
1 ! 1 1
z)F ® (‘“"z%

C 56p. (C1)

We use the slashes and the back slashes to cross out massive fermions at the first and the second stages, respectively. From the

anomaly-free conditions of [SU(4) ]

EV'” are integrated out.

2. U(l)xz - Ov [SU(Z)W]z

-U(1)x, = 0,and [U(1) ]* = 0, wefind that one 8" and one
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TABLE XIX. The I~J(1)TW charges for massless fermions and possible symmetry breaking Higgs components in
the G4y, theory according to Eq. (26).

8¢ 4.1, +p7 (1.2, -3 (LLOF (LLOF
T" —4t 0 —4t —4t
285 (6,1, - )p (1,1, +1)g (4.2, + g
T" +4t —4t 0
565 (11,41 (L1, +1) (3.1, -3y (4.2, +1);
T" —4¢ —4¢ +4¢ 0

(4.2.+ Dy 4.1+ (6.2.0)y (6.1.~ 1) (6.1.- )¢
T" 0 —4¢ 0 +4t +4t
g,a) (17 2_7 _%)H,w (‘i’ 1’ + }T)Hw
T" +4t 0
mm (4_’ 1’ + %)H.u’) (‘i’ 2_’ - i)H.a’) (4_’ 1 +%)i—l @ (17 2_’ _%)H.u'} (1’ 2’ _%)H.(b
" 0 +41 0 +4¢ +4t
70n (4.2, + )y (4.2, -y
T —4t —41

3. The third stage
The third symmetry breaking stage of G4, — Ggu can be achieved by Higgs fields of (4,1, +}1)H‘VL3 C 8y.vi3 and
(41, + D vins © (41,41 5] € (4.4,0) 1 vim 2.1x € 281 vin 3.1 according to the decompositions in Egs. (30) and (31),
as well as their U(1) chargés in Table XIX. Accordingly, the term of Y5§V1’328F$,VL3 + H.c. leads to the vectorial
masses of (D, e”, n”), the term of Ypﬂvmi%pmmm + H.c. leads to the vectorial masses of (D", ¢, n"""), the term
of YDS_FIX56FE.IX + H.c. leads to the vectorial masses of (D", ¢, n"""), and the term of}&—‘;l 56556y <63H>28H,1x + H.c.

leads to the vectorial masses of (€, D, 1, 2[), respectively. The remaining massless fermions of the Ggy; are listed as follows:

- N\ - 1\9 ; o — ..
{(3,1,+§>F ) (1,1,0)%} I [(1,2,—§)F ® (1,1,0)¥ @ (1,1,0){3] C8:%.Q=(i,2,3),

(1,1,0)8 c@ﬂ, = (VI VIII, IX),
(1,1,0) c 8¢, Q = (V, VI, VII, VIIL IX),
(1,1,0)%" c 85%,Q = (IV, V, VI, VII, VIIL IX),

M 31——)} K/zzﬁk) (1,1,0)p K\Z\Kzg 11+1]
@[(32+ M @M (1,1,0)} ea[ 363 @(LLO)%]CZSF,
F
_ 2\'
{ 1.2, L1+ & (1 ] ® [(3,1,—§> ® (LL
" nm
oo e e s Bl o )
F
1 n n " "
<372’+6> @ ) @ i} @ ) @ )
F F F F F

C 56y. (C2)

® (1,1,—1—1)%’] ®

B 2\ "

@ <37 17 - _>
3)¥
The fermions that become massive at this stage are further crossed out. After this stage of symmetry breaking, there are
three-generational massless SM fermions together with 23 left-handed massless sterile neutrinos. The third-generational
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SM fermions are from the rank-two chiral IRAFFS of [85“ @ 28], while the first- and second-generational SM fermions
are from the rank-three chiral IRAFFS of [8z” @ 56p].

4. The d =5 bilinear fermion operators
We proceed to analyze the d = 5 bilinear fermion operators in Egs. (35) along the WWS symmetry breaking pattern. To be
brief, we only include the bilinear mass terms involving the SM quarks and leptons. The operator of Og’z) is decomposed as

3 8,565 - 28y . - 7041 + H.c.
Mpl ’

fl(01g) o () 0 (1a-g) 0 (143)
D — 4a1a+_ ® 4’67+_ @ 1541__ ® 1a4a+_
Mp1|:< 4)¥ 4) ¥ 4)¥ 4) ¥

- - . _ 1\
® (4747 )}{K ® (4» 4, +2) + H.c.
H

0
- 1\ 1Y/ - 1\ -2
i1 4- 4.3 4 — 1.3,—- 13,42
(i19) @ (203) 0 (13 3) 0 (13:3)
i5-L1) e(as+2) 4m
SN
58 a1+ @ (4248 @ (12-Y o111 0 11007 @ (1,2, +1)"
M s Ly 4 P 9 Ay 4 P o Lty 2 P s Ly F s Ly F o Aty 2
N oy
(41— ® (4,2, +- +H.c.
4 H.« 4 H
= %Cg (dL,D(IgL -+ ./\v/{fn;é”c — Ei)eRC + /\v/'i)/n;é’c)va + H.C., (CS)
and

3 8,565 - 28y . - 704 + H.c.
My :

c3 = 1)05 ( 1) ( _ 1)(;; ( 1) ]
D — 4,1, +- ® (6,4, — ® (1,4, —- ® (4,6, +-
MP1|:< 4 F 4 F 4 F 4 F
I\ 1\t
® <1,6,—> ® (4,4,+) +Hec.
2 H.kx 2 H
C3 4 ] ! ] ? 1 @ >} 5 -1 1
LGSR - 1,3, —— 4 = 1.1.0)2 4 L
DMpl|:<’ ,+4)F®<6,3, 6>F€B(,3, 3)F®<,3,+12 F@(, 08 ® ,3,+12 ]
13- T 43,42 ' H
o ((13-3),,)® (13+5), +ue

W3y _ 1\ @ _ l)u‘) y ( _ 1>/////
D : 4,1, +— 6,2,0 1,2,—- 1,1, +1){ 1,1,0)% 4,2, +—
i (Brg) e 620 e (12-)) ety e 010K @ (4245)

Iz _ ¥
®(1,1,07 ® (1,2,+1> } ® <<4,2,+1> >+H.c.
2 F 4 H

= % Co(spDB2 — E2ppe + N& e 4 N&" ey pes + Hee. (C4)

By taking the possible flavor indices of @ = 1,2 in mass terms from Egs. (C3) and (C4), one finds the following set of mass
matrices of the (d, s) and (e, u):

direct __ 2 é3 é3
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Medixrect:_ﬁ<‘?3 ‘52) , Csb
(M) 2 \¢ 4 VEW (C5b)

which leave the down quark and electron massless.

For the operator of O(;’l), it is decomposed as

4 56,565 - 285 ., - 70 + H.c.
Mp] '

Cy — 3 1 1 _ - _ 1
DMp[ <4 1, 4) ® <4,6,—|—4>F @MF ® (6,4, 4)F:| ® 4.4.0)g, ® <4,4,+2>H + H.c.
e 1\ Y _ 5
i (41-3) @ (135 o (113, o (4355) me
1\’ - 1\’ - 1
(1D fer oo () e (e ) e
pl 4) ¢ 4) w0 4)u

%C%/(”LCR + Crex’“)vpw + H.c. (Co)

Cq

M

=

For the operator of (’)g’]), it is decomposed as

A2—528F56F -8, 704 + He.

@ (4,1,—%>F ® (6,2,0)F] ® <<4,2‘,+%>H>

c .
= ?54,1 (MLIRC + (SLQRC + tLuRc + QZDRC)UEW + H.C., (C7)
and

5 28,565 - 8., - 704 + Hec.
Mpl '

G [0-2), 0 et ssoe 1) o 121, o ua),
i flrd) oot et (01 Jo 10, o001,
(o1-1) o wamaon o013 Jo{ (121, o (o2,

§3(§) D¢+ cptr’ + e’ + Creg)vpw + Hec. (C8)
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5. The d =5 irreducible Higgs mixing operators

For the Yukawa coupling of 85”' 2858y ,, , we find the mass terms of

dy

M,

- 1\ @ - 1\« 1 -1
Ys| (4.1, 4+~ 4,4,0 1.4, —- 16,4~ 1.4, —-
21 (41:43), @ wanne (1i-g) e (1o+3) o (1i)
i (14-3),,, 0 (143, 0 (1i-g), @ (11eg), @ (49+3),
s 1a47__ ® 1,4’__ ® 1745__ ® 411a+_ ® 4a47+_ +H-C-
M 4 H.o, 4 H,w, 4 H.w0; 4 H,w, 2 H
A1,41 ‘@ 43+2) o (15-2)" @ (1.3+2) ©1.1.0% ® (1.3, 41
4 ’ ’ 12 - El k] 3 F ’ ’ 3 F k] k] F El ] 3 F
- _ 1\ T _ 1\ _ 1\ T _ il
) x oWy (1,3,——> ®<1,3,——> ®(4,1,+—> ®<4,3,+i) +He.
H,w, \/EMpl 3 H,w, 3

4
_ 1\ @ 1 _ 1\ @ o _ 1\’
4’ ]-’ +— ® 4125+_ @ 1727__ ® (1’ ]-’ +1)F @ (I’I’O)Fl ® 1’2’+_
4 4) 2 2

F F

o 1 - 1
®(LL0)Y ® (1,2,+—) ] ® (1,2,——)
2 F 2 H,w,

dyWinwsy [ = 1\ TN AN
« doWavwsy <1,2,__) ® (4,1,+—> ® (4,2,+—> +He.
2Mp1 H.0, 4 H,w, 4 H

S\ 1 : 1 =\
3L+5) ®(32+-) ©1LL0® (1,2, +5) ©(1.2,—5) ®(1L1+1)
3 F 6 F 2 F 2 F

Q w Q Q T Q T Q T QT T
YBSF ]28F8H.(u] X €a)]u)2(1)3a)48H,(u|8H.(1)28H,a)38H,m470H' + H.c.

b)l

(

> Yp

H.w; H.w,

oYy

/

(l) ~ 1 (I) 1 - 1
@ (1.1,0)% ®<1,2,+—) @ (1,1,0)% ®(1,2,+—> } ®(1,2,——>
2 F 2 F 2 H,w,

X o WanwsvViv (1 2 —l)T ® <<1 2 —l—l) WT> +H.c
2v2M,, 2 He, 2 )y

Yidy WinwwivViw
4 Mp]m21 4!

(14D

(bubr® + 717" + Ninge — N1 nR + NT ng)vpw + Hee. (C9)

If we consider all three possibilities of the propagator masses, each of them leads to the (b, 7) masses as follows:

Yid
M4ty ~ O(v4ay): my, = m, = 84 7 $2813vEw, (C10a)
Yid
Mgy, ~ Ovazi): my =m, = B4 Z £ Ea3VEWS (C10b)
) Lo Yid. ¢
Mad -y, ~ O(vga1): my =m, = 2 C_BUEW (C10c)

The indirect Yukawa couplings from the operator in  according to the VEV assignments in Eq. (33b). Similar
Eq. (36b) are expected to generate the first- and second-  to the indirect Yukawa couplings in Eq. (B9), we should
generational down-type quark and charged lepton masses.  look for the EWSB components from the m,ii here. For

The gauge-invariant subset of (ﬁ}ﬂ,m) can develop  the Yukawa coupling of g""%@ﬁmv we find the mass
the VEV  of <28HT1 28y i) = ;W3 iwsvn ~ O(vgy)  terms of
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. - dy
Y p8r”156528y . .
DPOF F<OH &, XMpl

B 1\ @ 1 _ 1\ @1 _ 3 1
Y 41,+- 4,6,+— 1.4, —— 1.4, +- 1,6,—=
oro|(31+g), @ (46) 0 (1a-g) @ (143 Je (re-3),

28415, 2815, 70u" (284 284 yy) + Hec

dy 1\ PR -1\ ¢ S
prl (1,6,7)“] ® (4.4.0)y, ® (4, 4,+§>H ® (28y 28y vi) + H.c.
vpl(41.+8) (4341 & (13.-1)" & (1.3.42) | @ (1.3.-2
D s 4y 4 . 5oy 12 . 5o 3 . 5o 3 . 5oy 3 Hao,
dg - 1I\* - = 1\ - 5\F ot Ao—
- 1737_7 4935_7 4,3, — 28 28 g H. .
) M, ( 3>H.w1 ® ( 12> H.i, ® < * 12>H ® i ayn) + He
W3 iW3 v = 1\ 1\’ - 1N\ @
DYpdyg 5 [(4,1,+—> ® (4,2,+—> ®(12-—-) 11 +1)g
M 6, e *E 2/

. B " _ i _ T
® (1,1,0)7 ® (1,2,+1) ] ® <<4,1,+1> >® <<4,2,+1) >+H.c.
2)§ 4) Wi, 4)u

Ypdg . [w3iwiy i N W3iWiy i i
D4 2 [ ;"l AL (dpdg® + epeg®) + —3’1 Sl (dpsg” +,”LeRC):| vgw + H.c.,
m 1 m 1
(lvﬁv—i)ﬂ.i (1-6v_§)ﬂ.2

(C11)

where the SM quark/lepton components from the 85“'=! /8:%1=2 correspond to the (d ¢ e;) and (sz°, , respectively.
q p p F F p R €L R ML p y

The other mass terms read

. _ de — . L
Yp8p”156p28y ,, X M—ZZSHLIZSHT@270HT(28H228H.\,~H) +H.c.

_ 1\ @1 1 _ 1\ @ 1 _
2ol (i3 @ (04) @ (1) @ (403 Jodion,

dg = = 1 T 1 1 i QR THQ
X @405, ® (" * ‘5) ® (""'* +z> ® (284,284 vi) + Hee.
pl H.i, H

_ N\ @ 1 S\ -5 o 1
41,4 6,3, —— 1,3, —- 4,3+ 11,009 ® (4,3, +—
(8143);, @ (s3-5), @ (13-5), @ (43:+7;) e 010 e (43.455)

o ds [+ 1) N .5\
® <4,3,——> X—<4,3,—— ® (1,3,——> ® (4,3,4-—)
12 H,o, Mpl 12 H,o, 3 H,o, 12 H, o,
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Y SO\ 3 & S
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4 F 2 F 4 F 4 F

o4 1\’
@110 ® (4,2,+Z> ] ®
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F 2F 2H

Ypdg . (W3iwsvn o WaiWIvn
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With the Higgs VEV assignments in (33c), we expect the following natural propagator masses of

M6~y ~ O(v431), M1,6,-)ys ™~ O(v421),

maa0)y,; ~ O(v431)s M330),, "~ O(v421)- (C13)

For convenience, we parametrize the following ratios of

WaiWavi Wi.iWavi
A@Emz’i', A;,Emz‘i‘. (C14)
(4.4.0)g,,, (L6, =Y

6. The SM quark/lepton masses and the CKM mixing

For all up-type quarks with Q, = +%, we write down the following tree-level masses from both the renormalizable
Yukawa couplings and the gravity-induced terms in the basis of U = (u, c, 1):

0 045'3/\/5 05441/\/i

1
MmO 0 esta/V2 | vewm MY+ MY+ MP (C15a)
Csévl/\/§ 0553/\/5 Yr
00 0
o _ 1
Mu :75 0 0 0 VEW, (Cle)
0 0 Yr
1 0 0 CSZ:I/\/E
MY = vl L 2 (C15¢)
csC1/V2 0 0
| 0 cyls/V2 0
Mff):\ﬁ 0 0 est/V2 | vews (C154d)
0 0553/\/5 0

where we have neglected the terms of ~O({3vgw) in the expansion. One obvious feature is that the gauge eigenstates of the
up quark and the charm quark do not obtain tree-level masses through the d = 5 operators with the SM Higgs doublet.
Instead, there are only off-diagonal mass mixing terms in Eqgs. (C15c) and (C15d). Accordingly, we find that

1
det' MO MY = Z¥20dy, = md ~

5 Y202y (C16)

1
2
Here and below, we use the det’ to denote the matrix determinant that is equal to the products of all nonzero eigenvalues.
Next, we find that

¥ 1
det’ {(MEE” + MDY (MO D )] ~ g iltoty (C17)
Naturally, we expect the smaller eigenvalue above to be the charm quark mass squared of
0 A 0 O | g7 0 0] €561
m2 = det’ [(/\/lu + M) (M + My, )} /det’ {/\/lu M, } zﬁvﬁw. (C18)
T

The up quark mass squared can be similarly obtained by
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m, = det KM&”) + My + MEP) : (MEP” + M+ M&“ﬂ

2252
/det KMSf” +M5,”> : <M£°” +M£}”’>] ~ C‘fgf iy (C19)

To summarize, all SM up-type quark masses are expressed as follows:

m, & c4§3—é3va, m, & c%ivEW, m, zﬁvEW. (C20)
284 202V V2
For all down-type quarks with Q, = —%, we find the following tree-level SM mass matrix:
| (2c3+ Ypdy)ls  (2¢3+ Ypdyisi)Es 0
(Ma)3us 4 (2c3+ Ypdg)ls  (2¢3+ Ypdulsi)l 0 VEW- (C21)
0 0 Y5d 853 ¢

This mass matrix has the similar structure as in Eq. (B20) from the WSW pattern, while the terms in the second row receive
the G,3, breaking VEVs of wj i vy It is straightforward to find the following SM down-type quark masses of

1
my X Yd 53 C1 vEws (C22a)
1 o
my = 4 (2¢3 + Ypd 5853 )C2vEw, (C22b)
1 .
ma ™5 383 VEwWs (C22¢)
from Eq. (C21).
For all charged leptons with Q, = —1, their tree-level mass matrix is correlated with the down-type quark mass matrix as
(Mp)3uz = (M§)3><3
! (2¢3 + Ypdp){s (2¢3 + Ypdx), 0
rp| Qe+ Ypdz033)Cs  (2c5+ Ypdzl33)Ea 0 Vpw. (C23)
0 0 Ypds (536

Thus, it is straightforward to find the tree-level mass relations of

m, = my, m, = my, m, = my. (C24)
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