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Motivated by the long-standing “zz puzzle” in nonleptonic B decays, we revisit the B — 7z decays
within the QCD factorization (QCDF) framework, now incorporating the soft color-octet matrix element
(COME) contributions, an ingredient that has been largely overlooked in earlier QCDF studies. A
comprehensive phenomenological analysis is performed under three distinct scenarios, with the free
parameters determined via fits to the available experimental data using the y> method. The goodness-of-fit
is very poor for Scenario S1, which corresponds to the traditional QCDF case without the soft COME
contributions, and for Scenario S2, which includes the soft COME contributions but omits the weak
annihilation (WA) contributions. Scenario S3, in which both the COME and WA contributions are included
simultaneously, achieves an excellent overall fit. In Scenario S3, the QCDF approach can accommodate
almost all B — 7z observables in a consistent and satisfactory manner, and the fitted parameters p, < 1
(WA) and p, ~ 0.3 (soft COME) are in good agreement with the QCDF power counting scheme and the

factorization hypothesis.
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I. INTRODUCTION

From the perspective of the underlying weak interaction
dynamics, the B — zzr decays are effectively induced by
the quark transition b — uitd within the Standard Model
(SM) of elementary particle physics. These decays serve as
significant and fascinating probes for investigating the
origin of CP violation in weak decays of flavored hadrons,
and for constraining the angle a sandwiched between
the sides V,,,V7, and V,, V7, of the most commonly studied
unitarity triangle [1-4], where V;; denotes the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements [5,6].
Moreover, the two-body kinematics of the B — zx decays
are remarkably simple, which facilitates a detailed inves-
tigation of weak decay dynamics and the behavior of QCD
across different energy regimes, while also providing a
foundation for studies of multibody B meson decays.

Over the past years, the B — zz decays have attracted
considerable interest from both experimental and theoreti-
cal communities, leading to numerous significant advances.
On the experimental side, a wealth of data on B meson
decays is now available and continues to accumulate with
steadily improving precision. The most recent experimental
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results for the branching ratios and CP asymmetries of the
B — nr decays are summarized in Table 1. On the
theoretical side, several QCD-improved factorization
approaches have been developed to compute hadronic
matrix elements (HMEs) effectively, including the QCD
factorization (QCDF) approach [7-12] and the perturbative
QCD (PQCD) approach [13-20]. Selected branching ratios
predicted by these phenomenological approaches are listed
in Table II.

A comparison of Tables I and II reveals certain discrep-
ancies between theoretical expectations and experimental
measurements of branching ratios. These discrepancies
highlight a long-standing unresolved puzzle in nonleptonic
B meson decays; how to account simultaneously and
consistently for all the B — zz observables within the
SM, a problem commonly referred to as the “zz puzzle”.

A closer examination of the “zz puzzle” reveals that the
most conspicuous discrepancy lies, in most cases, in the
branching ratio for the color-suppressed B — 7°2° decay.
As shown in Table II, the inclusion of higher order QCD
radiative corrections, extending in some cases to the NNLO
level [32], still proves insufficient to reconcile with the
experimental data. The theoretical predictions obtained
with the QCDF [30-33], SCET [36], and PQCD [37-
40] approaches lie significantly below the measured
branching ratios. This observation suggests that the dis-
crepancy may originate, at least in part, from overlooked
physical mechanisms beyond the perturbative framework.
Scenario S1 of the data-driven fit in Ref. [35] is concep-
tually appealing; however, it requires a relatively large
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TABLE 1. Experimental data on branching ratios and CP asymmetries for the B — zz decays.

PDG [1] Belle BABAR Belle II
10° x B(z~x°) 5.31£0.26 5.86 £ 0.46 [21] 5.02 £0.54 [22] 5.10 £ 0.40 [23]
100 x B(z°7") 1.46 £0.19 1.31 £0.27 [24] 1.83 £0.25 [25] 1.25 £ 0.23 [26]
100 x B(z*77) 543 £0.26 5.04 £0.28 [21] 5.5£0.5[27] 5.83 £0.28 [23]
Acp(n2°) —0.01 £ 0.04 0.025 £ 0.044 [21] 0.03 £ 0.08 [22] —0.081 £ 0.055 [23]
Cep(n°7°) -0.23 £0.18 —0.14 £ 0.37 [24] —0.43 £0.26 [25] 0.05 £ 0.29 [28]
Scp(n°7°) 0.61 £+ 0.80 [28]
Cep(ntn™) -0.314 £0.030 —0.33 £ 0.07 [29] —0.25 £ 0.08 [25]
Scp(ntn) —0.670 £ 0.030 —0.64 £0.09 [29] —0.68 £ 0.10 [25]

annihilation parameter p, ~ 3, which appears implausible
within the QCDF approach. Alternatively, by introducing
nonperturbative contributions from soft form factors
and soft color-octet matrix elements (COME), the
improved PQCD calculations in Refs. [41,42] achieve a
more favorable comparison with the data. Nevertheless, an

inverted hierarchical branching ratio relation, B(z"z~) <
B(zn=2%), is predicted, which is inconsistent with the
measurements reported by BABAR, Belle II, and the
PDG groups, as well as with the majority of theoretical
expectations (see Tables I and II). The method/ansatz
introduced in Ref. [41] has also been straightforwardly

TABLE II. Theoretical results for branching ratios of the B — zz decays. For further details, see the references cited.
Cases 10® x B(z~7°) 10° x B(z°7°) 10° x B(z*7™)
QCDF Ref. [30] 5.36 0.13 9.97
Ref. [31]° 6.0534 s 05 04 0.3%05 01 001 8.9130 50 o
(5.8, 5.5,6.0,5.1) 0.7, 0.9, 0.4, 0.7) 6.0, 4.6, 9.5, 5.2)
b 06-+1.41 0.11+0.42 0.86+1.22
Ref. [32] 543100008 0.33%005 017 7.37%0 602057
(5-827 0061355 (0.63%)13%922) (5.702535%557)
Ref. [33]° 5261103 0.3910% 5.934 %
(5.89113) (0.98703) (5.607 43
Ref. 34 st L1500 70:444]
Ref. [35]° (5.20%)% 4 50) (167075053 (5-8815457145)
155913813 R1333105) 57435118)
SCET Ref. [36] 52£1.6£21£06 0.84 £0.29 +0.30 £0.19 54£13£14+£04
PQCD Ref. [37] 42748 0.2310-12 76754
e
Ref. [38] 3.355) 7 0% 0.29% 057005 6.191 745054
(4455557056 (0.617515755) (5.3971377055)
Re. 39 GO 024735 551 G238
32318 ) (0241385 5001801 1582103 0050
{34201 75050 05 {02305 04 001 {6.122038 70437050
Ref. [40] 4,181,332 0.231047 7.317%38
Ref. [41] 5.72 + 044703 1.50 £0.24708 514 +0.617037
Ref. [42] 5.63 £0.537 0331009 1.41 £0.357 504012 5.14 +0.697 525028

*Numbers in parentheses correspond to four different scenarios.

®The NNLO vertex corrections are considered. Numbers in parentheses correspond to the favored results.

“Numbers in parentheses are obtained by applying the principle of maximum conformality.
Numbers in round and square brackets correspond to the S1 and S2 scenarios, respectively.

“Numbers in parentheses include the Glauber-gluon effect.
‘Numbers in round, square and curly brackets correspond to the S1, S2, and S3 scenarios, respectively.
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TABLE IIL

Input parameters, where the central values are regarded as the default inputs unless specified otherwise.

Particle mass

Decay constant

Wolfenstein parameters

m+ = 139.57 MeV [1],

myp = 134.977 MeV [1],

my, = 4.788 = 0.016 GeV [1],
mpge = 5279.41 £ 0.07 MeV [1],
mpgo = 5279.63 £0.20 MeV [1];

Life time

Parameters of wave function

fr=1302+£12 MeV [1],
fg=189.5+1.3 MeV [1];

75+ = 1.638 +0.004 ps [1],
g = 1.5116 £ 0.0031 ps [1];

Ap =350 £ 150 MeV [12],

A =0.82610017 [1],

A =0.22517 £ 0.00068 [1],
p = 0.1576 50007 11,

i = 0.3556" 00078 [11;

a5 =0.25 £ 0.15 [98].

generalized to other nonleptonic two-body B meson
decays within the modified PQCD approach, achieving
improved agreement between theoretical calculations
and experimental measurements [42—47]. It is conceivable
that some of the insights gleaned from these investigations
could be profitably employed to refine the QCDF
calculations.

It is worth noting that COME contributions are closely
related to the rationale for the conventional factorization
approximation and to the dynamical understanding of
color selection rules in exclusive nonleptonic meson weak
decays. These contributions have been extensively dis-
cussed and investigated in connection with apparent
discrepancies between theoretical predictions and exper-
imental results in numerous works, including Refs. [41—
94]. In this paper, we will revisit and reassess the soft
COME contributions as a means of reinvestigating the
B — 7z decays within the QCDF framework. Our objec-
tives are twofold; first, to ascertain whether this ingredient
can alleviate the tensions inherent in the “zz puzzle”, and
second, to explore the extent to which soft COME
contributions are empirically supported by the avail-
able data.

The remainder of this paper is organized as follows.
Section II delineates the theoretical framework for the
B — 7z decays. The numerical results and discussion are
presented in Sec. III. A brief summary is given in Sec. I'V.

II. THEORETICAL FRAMEWORK FOR
THE B — nzx DECAYS

A. The effective Hamiltonian

By means of the operator product expansion and the
renormalization group (RG) techniques, the effective
Hamiltonian governing the nonleptonic B — zz decays
can be expressed as a sum of local four-quark operators O;,
each multiplied by the corresponding Wilson coefficients
C; and products of the CKM matrix elements V;;. More
specifically, this effective Hamiltonian takes the form [95],

G 2 10
Herr = \/—g > Vpr;d{Zl: Ci(n) 07 + Z; Cj(.“>0j}
i= Jj=

p=u,c

+ H.c., (1)

where Gy ~ 1.166 x 107> GeV~2 [1] is the Fermi coupling
constant. Employing the Wolfenstein parametrization
[96,97], the relevant CKM factors are expressed, up to
order O(17), as follows:

Vi Vig = AX (p = ifg) + O(17), (2)
Ve, Vi = —A2 + O(17), (3)
ViV, =AB (1 =p+in) + OQ7). (4)

The global fit results for the Wolfenstein parameters A, 4, p,
and # are displayed in Table III. The Wilson coefficients C;
encode the short-distance physics contributions arising
from gluon exchanges with virtualities above the scale
u, and are calculated using RG-improved perturbation
theory, owing to the asymptotic freedom of QCD. Their
numerical values, including both the leading-order (LO)
and next-to-leading-order (NLO) corrections within the
naive dimensional regularization (NDR) scheme, are
shown in Table IV. The relevant operators governing the
decays under consideration are expressed as follows:

0]17 = (Paba)v_a (Elﬂpﬂ)V—A’ (5)

Og = (ﬁab/})V—A(EZﬁPa)V—Av (6)

_ 3 _
Oj_39 = (daba)V—A; <5i,3 + 51‘,95 Qq) (%’C]/J)V—m (7)
Oi—410= (Elabﬂ)V—AZ 0;4+06; 10§Q (@pda)v-a- (8)
=4, - R N 2 q
} 3 )
Oi_57= (daba)V—AZq: (51',5 + 5i,7§Qq> (@pap)vsar  (9)

_ 3 _
0i=6,8 = (dabﬂ)V—AZ <5i,6 + 5i,8§Qq> (Q/3Q(1)V+A’ (10)
q

where we use the shorthand notation (G,q,)y 4=
q17,(1 £75)g,, a and p are the color indices, Q, is the
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TABLE IV. Numerical values of the Wilson coefficients C; in
the NDR scheme, with input parameters taken as the W boson
mass my = 80.3625 + 0.0077 GeV [1], the top quark mass
m; = 172.60 + 0.27 GeV [1], the typical scale A, = 0.5 GeV
[12], agh(uy,) ~128.8, and agl(u,) ~ 128.6. Unless explicitly
stated otherwise, the central values of these inputs are adopted as
the default.

My = vy Hp = My

LO NLO LO NLO
C, 1.220 1.174 1.110 1.076
C, —-0.421 —0.348 -0.237 -0.173
C; 0.025 0.027 0.012 0.014
C, —0.058 —0.059 —-0.032 —-0.034
Cs 0.011 0.011 0.008 0.008
Ce -0.077 —0.080 —-0.037 -0.039
C7/®em -0.103 —-0.018 —0.096 0.004
Cy/®em 0.032 0.108 0.014 0.052
Co/atuy, ~0.091 ~1432 0090 1297
Cio/awn  —0.030 0455  —0018 0.249

electric charge of quark ¢ in the unit of |e|, and
qg€{u,d,c,s,b}.

B. The B — nz decays with the naive factorization
approach

The understanding of nonleptonic decays is handicapped
by the influence of the strong interactions. The HME, in
which the local operators O; are sandwiched between the
initial B meson and the final zz pair, characterizes the
transition from quarks to hadrons. It receives both per-
turbative and nonperturbative contributions, and thus
constitutes the most challenging part of the theoretical
calculation.

An oversimplified phenomenological description is pro-
vided by the naive factorization (NF) hypothesis [99-105],
whose physical foundation rests on the “color transpar-
ency” argument for energetic nonleptonic decays [106],
together with the vacuum-insertion approximation and the
valence quark decay assumption. Within the NF frame-
work, the HMEs of four-quark operators are factorized into
products of two HMEs of flavor-matched color-singlet
diquark currents. These factorized products are sub-
sequently parametrized in terms of two fundamental
hadronic observables; the decay constant and the form
factor. More specifically, for the B — z"n~ decay, we
decompose the HME of the operator O as follows:

(07) = (z"77[01|B) = (Of) + (Of)ns,  (11)
where the subscripts “f” and “nf” denote the factorizable

and nonfactorizable contributions, respectively. With the
NF approach, the factorizable part reads [105,107],

(O1)r = (a™[(dpup)y_alO) (7" [(Aaba)v-alB).  (12)

(™ |(dgup)y_al0) = =if z1- (13)

B m2 — m2
@by al8) = (4 v =5 g ) PP

2 2

my —m Brs 2

+ = d"Fy" (@), (14)
q

where f, is the pion decay constant, ¢* = ply — p’_ is the

momentum transfer, the B — 7 transition form factors Fj*

are scalar functions of ¢?, and satisfy the condition
FE™(0) = F57(0) at ¢> = 0, thereby ensuring the absence
of pole singularity.

In the 1/N, expansion, where N, denotes the number of
colors, the factorizable amplitude is of order O(y/N.),
while the nonfactorizable one is of order O(1/1/N..) [58].
Using the RG equation for the Wilson coefficients, one
finds that the ratio [80] is

o 1
“ = <<017>>nff - O<W) 1)

By employing the identity relationship among the gen-
erators 7% (with a = 1, ..., 8) of the SU(3) color group,

1 1
T e L e TR (16)
c

where the subscripts i, j, k, [ are color indices, the operator
O} can be equivalently recast as follows:

03 = (ﬁab/)’) V-A (aﬂua) V-A

1 = 7 —Ta J7Ta
= N (uaba)V—A<dﬂ”ﬁ)V—A +2(aTb)y_s(dTu)y_,

c

1 i
=01 +204, (17)

c

The operator Og is composed of two color-octet currents,
03 = (L_‘Tab)V—A(EZTa”)V-A- (18)

The evaluations in Ref. [80] show that the ratio is

o =210 _ o(i) (19)

The contribution of (O%), whose color configuration does
not match that of the participating hadrons under the
vacuum-insertion approximation, is completely discarded
by the NF approach.

There exists, in principle, another type of factorizable
contribution, the so-called ‘“weak annihilation (WA)
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contribution”. For example, by applying the Fierz rear-
rangement to the products of two color-mismatched
diquark currents, one obtains the following factorized form:

<Og>a = <ﬂ+7[—|(ﬁabﬁ)V—A(aﬂua)V—A|B>a
= <”+7[—|(uaua)V—A(aﬂb[)’)V—A|B>a
= (n" 77| (alte) y-a10)(O[(dsbp)y_alB),  (20)

where the subscript “a” denotes the WA contribution. The
WA contributions are formally disregarded in the NF
approach on the basis of helicity suppression arguments
[108] or the 1/m;, power counting rules in the heavy quark
limit [8]. In addition, as stated in Ref. [80], the ‘“color
transparency” argument precludes the possibility of sig-
nificant final state interactions for the energetic B — zzx
decays.

To summarize, within the NF scheme, no attempt is
made to include nonfactorizable contributions, terms
beyond the 1/N, expansion, and WA amplitudes.
Adopting the conventions for the HMEs defined in
Egs. (12)—(14), the decay amplitudes for the B — znn
processes can be expressed as follows:

Gr .Gp
Frn=—Aat77|O%|B) ; = —i—=(m% —m2) f ,FB*(m2),
\/§< | l‘ >f \/§< B )f 0 ( )
(21)
Mf—zfm{vubvzdal—Vmed(azt+6110+06r7z+a8r7z)}v
(22)
‘7:
M= ””{Vu Vi(ay+a
0 \/E b ud( 1 2)
3
- thVde(% +ap—a;+ ag”n)}’ (23)
f « y 3
M()O = —.7:,”7 VMqudaz + Vl‘bVld ay + aegl, +§Cl7
1 3 1
—2618’”;:—209—26110)}, (24)

where the superscript “f” attached to le ; designates the
factorizable amplitude, and the subscripts “i” and “;”
specify the isospin z-component of the pions. The coef-
ficient is given by the following combination of Wilson

coefficients:

1
a; = Ci+ﬁcj’

(25)
with j =i—1 for even i, and j =i+ 1 for odd i. The
chiral factor r, = mz/[m,(u)m,(u)] is computed via the
RG equation for the “running mass”, with inputs

my(my,) = 4.1859 +£0.0034 GeV  and
1 (my, + mg) = 3.49 +0.04 MeV [1].

The NF scheme suffers from several inherent drawbacks.
The first concerns the renormalization scale dependence.
The HME in Eq. (21) is independent of the renormalization
scale u, which implies that the  dependence of the Wilson
coefficients remains uncompensated. Consequently, the
resulting decay amplitudes are scale ambiguous and hence
unphysical. The second issue is the complete neglect of
nonfactorizable contributions. This omission is likely
responsible for the inadequacy of the NF approach,
particularly in describing color-suppressed B decays and
CP asymmetries; consequently, the coefficient a, becomes
highly sensitive to any additional nonfactorizable effects.
The third deficiency is that the decay amplitudes are
entirely devoid of strong phases, even though such phases
are crucial for reproducing the observed CP asymmetries in
exclusive nonleptonic B decays.

iy(2 GeV) =

C. The B — zw decays with the QCDF approach

The aforementioned shortcomings of the NF scheme
are largely addressed by the QCDF approach [8-12].
Following the factorization approach for exclusive had-
ronic processes proposed in Ref. [109] and the master
QCDF formula [8], HMEs can be approximated, up to the
power corrections of order 1/my, as convolutions of
scattering kernels with wave functions of the participating
mesons,

{2123/ 0,|B) = Fg”<m3,>f,,{ [arTme.,o
+/@W@@ﬂﬁ

+mﬁ/w@ﬁfwm@%m
X @, ()@, (2). (26)

where the nonperturbative quantities F5” and f, are the
form factor and pion decay constant specified in Egs. (14)
and (13), respectively. The functions 7! and 7!/ are the
scattering kernels that account for the hard gluon exchange
interactions among the quarks and are reliably calculable in
perturbative QCD. ®; is the universal meson wave func-
tion. The variables x, y, and z denote the longitudinal
momentum fractions of valence quarks.

The calculation yields the effective QCDF coefficients
a? [12],

af = af; +a; . (27)
where af ; (with p = u, c) correspond to the form factor

terms in Eq. (26) and contain the NF contributions as well
as the vertex and penguin corrections, while a;;; arises

096006-5



YUELING YANG, BINGBING YANG, and JUNFENG SUN

PHYS. REV. D 114, 096006 (2026)

TABLE V. Numerical values of the NLO coefficients a; at the scale y = my,.

al, = 1.052+ i0.017

—alf; = 0.036 + i0.015
—a; = 0.042 + i0.014

a4,/ @em = 0.053 — i0.010
—a'ly 1/ @em = 0.176 4+ i0.003

ab; = 0.027 - i0.080

—a§; = 0.039 + i0.004
—ag; = 0.045 + i0.003

a§ ;) Gem = 0.051 — i0.004
—d5y 1/ Aem = 0.178 — i0.003

a, = 0.007 + i0.002

—al, = 0.006 + i0.003

al /e = 0.022 + i0.001
—ab) /@ = 1212 = i0.001

from the hard spectator scattering (HSS) interactions. The
explicit analytic expressions for the QCDF coefficients a
at NLO are available in Ref. [12], and their numerical
values for a?; are listed in Table V. It is evident that the
QCDF coefficients a?; (or a’) at NLO contain nonzero
imaginary parts. The partial strong rescattering phases are
successfully reproduced by taking into account the non-
factorizable contributions within the QCDF approach. It
has been shown in Refs. [8—11] that the QCDF coefficients
af; are gauge invariant, infrared finite, and independent of
the renormalization scale at order a,. The residual scale
dependence observed in the numerical results of Table 3 in
Ref. [12] is entirely attributable to the truncation of the
perturbative series. In this work, we adopt the NLO
coefficients given in Ref. [12] for the subsequent calcu-
lations. The detailed expressions and values for the QCDF
coefficients a at NNLO for the B — nz decays can be
found in Refs. [32,110].

As demonstrated in Refs. [30-32,34-42], the WA con-
tributions are numerically significant and indispensable for
both the branching ratios and the CP asymmetries in the
B — 7z decays, irrespective of whether the QCDF or
PQCD approach is employed. In this work, we adopt
the prescription of Ref. [12] for the WA HMEs in terms of
convolutions of scattering kernels with light-cone distri-
bution amplitudes (LCDAs) of the participating mesons,
and take the WA contributions into account accordingly.
The explicit expressions for the WA amplitudes M, can
be found in Refs. [30,31] and are not reproduced here for
brevity. For consistency throughout this work, we have
revised the parametric expressions for the basic WA
building blocks originally presented in Ref. [12] by
including the truncation at n =2 in the Gegenbauer
polynomial expansion of the pion twist-2 LCDAs, in
analogy with the treatment of the vertex corrections and
HSS contributions to the QCDF coefficients a”. The
modified expressions for the WA building blocks are as
follows:

AL, = na {2r2X3 + 6[3X, + % — 12
+ (21X, +4272% — 464)a3
+ (18X, +29167% — 28827)(a%)?]}.  (28)

AL = 127mayr, X, {2X, — 1 + (12X, —31)aZ},  (29)

where the quantities Af{'f have the same meanings as those
in Eq. (62) of Ref. [12]. The Gegenbauer moment a7 is
closely related to the pion twist-2 LCDAs, which are
conventionally expanded in terms of the Gegenbauer
polynomials as [98]

D, (x) = 6xx »_ arCy/*(x — %), (30)
n=0

where x and x = 1 — x denote the longitudinal momentum
fractions carried by the valence quarks inside the pion, with
aj =1 and af = 0 by virtue of isospin symmetry and G-
parity. The quantity X, is defined as follows [12,31]:

ldx

. m
X,=[| —=( ia) In—2 | 31
A A . (14 pae )n/\h (31)

where the scale is set to A, =0.5 GeV, and ¢, is
an arbitrary phase that may arise from soft rescattering
effects. As proposed in Refs. [12,31], the condition p, < 1
is generally imposed to guarantee the reliability of the
convolution treatment for the WA HMEs within the QCDF
framework.

Besides the WA endpoint divergence discussed above, an
analogous endpoint divergence also appears in the HSS
amplitudes. This divergence is handled using a similar
parametrization scheme [12,31],

Xy = (1+pyen)n 22 (32)
Ay

with the same phenomenological interpretation for the
parameters py and ¢y as in the WA case. It should be
noted, however, that the parameters Xy and X, are in
principle independent. They are associated with convolu-
tion integrals over pion LCDAs of different twists and
correspond to distinct topological structures, and therefore
should not be identified with each other. Moreover, the
parameters X,y can be further split into multiple param-
eters according to different topological structures (see, e.g.,
Refs. [35,111-114]) or, alternatively, according to different
final states (see, e.g., Refs. [31,34,115]). Such arbitrariness
inevitably introduces considerable theoretical uncertainties
and significantly undermines the predictive power of the
QCDF approach. Since only the zz final states are
considered here, and in view of the constraints from isospin
symmetry as well as the limited number of available
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experimental data, we will adopt the convention of
Ref. [12] to reduce the number of free parameters. Thus,
for the time being, we take Xy = X,.

D. The soft COME contributions to the
B — nx decays

From the detailed analysis of the nonfactorizable con-
tributions to the B — Dx process in Ref. [8], it is evident
that the hard COME contributions of the operator O
(denoted as Og in Ref. [8]) correspond to the vertex
corrections encoded in the coefficients af;. For the B —

nx decays, the hard COME contributions from the O-like
operators have been consistently incorporated into the
effective QCDF coefficient a! in Eq. (27). However, the
soft COME contributions have not yet been thoroughly
investigated. Although it was estimated in Ref. [8] that they
are power suppressed relative to the hard ones in the HSS
amplitudes, their numerical importance cannot be excluded
a priori for realistic B meson decays, given that m,, is not
asymptotically large. It is therefore worthwhile to inves-
tigate whether such soft nonperturbative effects could play
a role in the B — zw decays. Given the nonperturbative
nature of soft COME contributions, we do not attempt to
evaluate them using nonperturbative methods, such as the
QCD sum rules employed in Ref. [62]. Instead, following
the strategy proposed in Refs. [41,80], we parametrize the
ratio of the soft COME to the factorizable color-singlet
HME in terms of a complex parameter X, defined as

<Og > soft

X =00, ~

pcei(/)('v (33)

where p. and ¢, are assumed to be universal for the
B — 7zm decays, based on isospin symmetry in the strong
interactions. Consequently, the decay amplitudes arising
solely from soft COME contributions can be expressed as

My = 2X Mia(a; = CYO(uy)), (34)

where j =i —1 for even i, and j =i+ 1 for odd i; the
factorizable decay amplitudes MY, have been given in
Egs. (22)—~(24). The factorization scale u; serves to separate
perturbative and nonperturbative contributions. In analogy
with the treatment of the scale in WA amplitudes within the
QCDF framework, we adopt the approximation yy = uj, in
this work to bridge the hard and soft contributions, and we
do not dwell on the y/ scale dependence for the moment.
As can be seen from Eq. (34), the soft COME amplitude for
the B — 7%2° (z7~) decay is proportional to the coef-
ficient C| (C,), and thus would significantly (mildly) affect
the branching ratio and CP asymmetries. This observation
suggests a possible alternative mechanism for accommo-
dating the “zz puzzle” within the QCDF approach.

Based on the above analysis, the decay amplitudes,
including the hard and soft nonfactorizable COME effects
as well as the WA contributions, can be written as

My = Mbz + M2+ M, (35)

III. NUMERICAL RESULTS AND DISCUSSION

To quantitatively assess the contributions from the
factorizable, nonfactorizable, WA, and soft COME ampli-
tudes, we employ the least-squares method to construct
estimators for the unknown parameters by making full use
of the PDG data. The chi-square function is defined as

¥ = yi,theo. - yi,exp. . (36)

O

i

where y; denotes the branching ratios and CP asymmetries,
and o; is the corresponding experimental uncertainty. The
experimental data y; .., and errors o; are listed in Table I.
The closer the absolute value of y; is to zero, the better the
agreement between the theoretical predictions and the
experimental results.

The branching ratio is computed as

_ DPem 7B 2 A2
B - 1671'11’[% (lMiml + |M7m'| )’ (38)
where p, is the pion momentum in the rest frame of the
decaying B meson, 7 is the B meson lifetime, and M,
denotes the Hermitian conjugate of the amplitude given
in Eq. (35).
For charged B decays, the direct CP asymmetry is
given by

IM(B~ = 7z72°)? = [M(B* - z"2")|?
IM(B~ = 7= 2> + | M(B* - zt2%) >

Acp = (39)

For neutral B decays, the time-dependent CP asymmetry
is given by

IM(B® - am)|? — |M(B® — nx)|®

- IM(B® = zn)|* + IM(B® - zx)|?
= Scpsin(Amyt) — Cep cos(Amyt), (40)

Ace

where Amy,, is the mass difference between the two physical
B, meson eigenstates, corresponding to the B? — B°
oscillation frequency. The mixing-induced and direct CP
asymmetry parameters, Scp and Ccp, are respectively
defined as
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solution.

Acp = , 41
< ViV M(BO — 77) (4
2 Im(A
Scp = m( CP) (42)
1= icnl?
Cop=——"7-—"+>. 43
CcpP 1+ |1CP|2 ( )

The free nonperturbative parameters in our fit include the
form factor F5”, the WA parameter X, = X (parametrized
by p4 and ¢,), and the soft COME parameter X, (para-
metrized by p,. and ¢,). All other parameters are fixed to
their central values as listed in Table III. This choice is
based on the following considerations: (1) On the one hand,
the available experimental measurements are limited, both
in terms of the number of observables and their precision.
For example, the relative uncertainties given by the PDG
group are 13% for the branching ratio B(z°z"), and 78%
and 400% for the CP asymmetries Ccp(7°2°) and
Acp(n7°), respectively (see Table I). Given these circum-
stances, it is challenging to impose tight constraints on the
theoretical model parameters, and an excessive number of
free parameters would inevitably introduce additional
uncertainties into the fit; (2) On the other hand, except
for the Gegenbauer moment a5 and the inverse moment of
the B meson LCDA A1z, all other input parameters in
Table IIT have already been determined with high precision,
and the existing B — zz decay measurements alone are
insufficient to further improve their constraints. To explore
the impact of different assumptions, we consider the
following three scenarios:

(1) Scenario S1 (“universal WA”): In this scenario, we
set the soft COME amplitude M$, = 0 in Eq. (35)
and Xy = X,, which corresponds to the conven-
tional QCDF prescription. The free parameters are
Fg”’ Pas and ¢A;

(2) Scenario S2 (“universal soft COME”): In this
scenario, we set the WA amplitude M¢, =0 in
Eq. (35) and the QCDF coefficient a;;; =0 in

Eq. (27), thus excluding the HSS contributions.
The free parameters are F5”, p., and ¢,;

(3) Scenario S3 (“combined”): In this scenario, we take
into account both the WA and soft COME ampli-
tudes, as well as the interference between them. The
free parameters are F5*, ps, ¢4, pe» and ¢,. This is
our favored scenario.

Scenarios S1 and S2 serve as control cases for com-
parison with our favored Scenario S3. The goodness-of-fit
for these two scenarios is substantially worse than that for
Scenario S3. Given such poor fits, the best-fit parameter
values obtained in Scenarios S1 and S2 are essentially
meaningless, and no serious physical conclusions can be
drawn from Scenarios S1 and S2, other than that they fail to
account for the experimental data. Accordingly, for these
two scenarios we report only the corresponding qualitative
conclusions, and we refrain from extensive analysis and
discussion of their fitted results, since a detailed discussion
of poorly fitted scenarios would be of limited value.

A. Scenario S1

The constraints on the form factor F§" and the parameter
pa are mainly derived from the measurements of branching
ratios. Since CP asymmetries are defined as ratios of the
squared amplitudes, they exhibit a very weak dependence
on the form factors. Figure 1 displays the respective
constraints imposed by these two types of observables
on the parameter space. It is clearly seen that the resulting
fits cannot yield a consistent and physically satisfactory
interpretation of the measured branching ratios.

The optimal values of the free parameters obtained with
the PDG data for Scenario S1, together with their corre-
sponding correlation coefficients, are shown in Table VI.
The best-fit values of the WA parameters p, and ¢, are
illustrated in Fig. 2. Scenario S1 exhibits two distinctive
features. The first is that the WA contributions can provide
a sizable strong phase, which plays an essential role in
accommodating the observed CP violation. The second is
that a large value of p, > 2 is required, echoing the
previous results reported in Refs. [35,111-114]. Such a
large p, poses a substantial challenge to the QCDF
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approach, as it places considerable strain on the validity of
the power counting scheme.

The resulting branching ratios and CP asymmetries,
calculated using the S1 optimal parameters, are presented in
Table VII. The columns labeled “a;”, “a},”, “a’” corre-
spond to the results obtained in the NF scheme with the
coefficient a; in Eq. (25), and in the QCDF approach with
the coefficients “a’,” and “al” in Eq. (27), respectively,
excluding and including the HSS contributions. The
columns labeled “a; + b;” and “a; + b;” denote the results
obtained with the WA amplitudes M, included. The PDG
data are also provided for comparison. It is clearly seen that
the WA contributions have a great impact on the branching
ratio for the B — 7°2° decay.

The y; distributions [see Eq. (36)], which illustrate the
discrepancies between the theoretical expectations and the
experimental measurements, are displayed in Fig. 3, with
the uncertainties propagated from the fitted parameters. As
can be seen from Fig. 3, the primary discrepancies between
the theoretical expectations and the PDG data originate
from the branching ratios, in addition to the direct CP
asymmetry Ccp(7°2°). This tension cannot be easily
reconciled without going beyond the conventional
QCDF framework and introducing additional contribu-
tions, for instance, the soft COME contributions that will
be elaborated on in the following discussion.

B. Scenario S2

The constraints on the free parameters in Scenario S2 are
derived primarily from branching ratios rather than from
CP asymmetries, as shown in Fig. 4. As is evident from

150 scenario S1 =-=
100 1o _
50 x?<t00 169
45 ) 164
T o0 X%<150
< 163
S 50 o
- 162
-100 161
-150 160
220 225 230 235 240
0.0 0.5 1.0 1.5 2.0 25 3.0 35
PA

FIG. 2. Optimal parameters for Scenario S1 obtained from the
PDG data. In the inset, the oval represents the 1o region of the
fitted parameters, and the dot denotes the best-fit result.

scenario S1
: I )
|- Cop(r' )

| 0.0

Cep(rtrm)

| Do Acp(n™n°)

TABLE VI. Best-fit parameters and their correlations for : : . .
Scenario S1. - Bl
: : : : 0,0
Value Correlation matrix . : : : : Berm)
e L B(m )
22/ nor 52.2/4 F§* Pa N = = 5 ; Xi
FB= 0.251 + 0.004 1.00 0.01 —0.18
P 230 + 0.07 1.00 0.19 FIG. 3. y,; distributions with the optimal S1 parameters. The
° vertical bars and horizontal bands correspond to the central values
ba (162.3+1.4) 1.00 S . .
and uncertainties of the respective observables, respectively.
TABLE VII. Branching ratios and CP asymmetries for the B — 7z decays with the S1 optimal parameters. The theoretical
uncertainties are derived from the errors of the fitted parameters. See the text for the definitions of the columns.
a; al, a? a; + b; al + b; PDG
10° x B(z~x°) 5.15 4.15 4.32 5.15 4.32+0.17 5.314+0.26
10% x B(z* ™) 7.11 7.87 7.69 5.61 6.127032 543 4+0.26
10° x B(z"7%) 0.20 0.18 0.17 0.70 0.54 £0.06 1.46 £0.19
Acp(ma0) —0.004 —0.002 —0.002 = 0.000 —0.01 £ 0.04
Cep(ntn™) 0.043 0.048 —0.375 _0,3()0j8;85551 —0.314 £ 0.030
Scp(atn™) -0.420 —0.495 —0.496 —-0.592 —0.6787 008 —0.67 £ 0.03
Cep(n°7°) —0.440 0.021 0.442 0.2507 055 —-0.23 £0.18
Scp(n°70) 0.994 0.116 0.473 0.884 0.8807 093!
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FIG. 4. Constraints on the S2 parameters. Other legends are the same as those of Fig. 1.

the distribution in the (p., ¢.) plane, the simultaneous
crossing region of the CP asymmetry bands, located
near the point (1.36, —17°), is far away from the best-fit
region. This situation is physically unacceptable and

TABLE VIII. Best-fit parameters and their correlations for
Scenario S2.
Value Correlation matrix
%z/ndof 154'1/4' Fg” Pec ¢c
Fg” 0.220 + 0.005 1.00 -0.59 0.23
De 0.31 £0.02 1.00 -0.49
b, (—66.6 +4.8)° 1.00
150 scenario S2 60
_6‘2
100 o
50 . -66 .
) 7 -68
g/ 0 -70
< S
50 Wy, 029 030 031 032 0.33]
=
-100
10 X2<200 x2<250
-150 ]
0.0 02 04 06 08 10
Pc
FIG. 5. Optimal parameters for Scenario S2 obtained from the

PDG data. The inset shares the same legend as Fig. 2.

indicates that the resulting fits cannot provide a consistent
and physically reasonable interpretation of the CP asym-
metry measurements.

The optimal values of the free parameters obtained with
the PDG data for Scenario S2 are shown in Table VIII. The
best-fit values of the soft COME parameters p. and ¢, are
illustrated in Fig. 5. Scenario S2 exhibits two distinctive
features. First, the form factor F§” in Scenario S2 is slightly
smaller than its counterpart in Scenario S1. This reduction
can be largely attributed to the inclusion of soft COME
contributions in Scenario S2. Second, the parameter p, is
found to be around 0.3, suggesting that the soft COME
contributions do not play a dominant role. Furthermore, the
value of p. is comparable to that' obtained in the PQCD
approach, where the contributions from the HSS and WA
amplitudes are taken into account along with a larger form
factor F57 = 0.27 [41].

The resulting branching ratios and CP asymmetries,
calculated using the S2 optimal values of parameters, are
presented in Table IX. The columns labeled “a;”, “al,”
correspond to the results obtained in the NF scheme with
the coefficient a; in Eq. (25) and in the QCDF approach
with the coefficient “af ;7 in Eq. (27) excluding the HSS
contributions, respectively. The columns labeled “a; + ¢;”
and “a;; + ¢;” denote the results obtained with the soft

COME amplitudes M5, included. It is clearly seen that soft

'p. corresponds to the parameter d, of Eq. (71) in Ref. [41]. It
should be noted that the two parameters p. and d; are defined
within different factorization frameworks and should not be
directly identified.
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TABLE IX. Branching ratios and CP asymmetries for the B — zz decays with the S2 optimal parameters. Other legends are the same

as those of Table VII.

a; ay, a; + ¢ al, +¢; PDG

10° x B(z~x°) 3.97 3.20 6.04 529103 5314026
10 x B(z*7™) 5.48 6.06 4.80 533+£0.44 5.43+£0.26
109 x B(z°z°) 0.16 0.14 1.76 1.67-9% 1.46 £0.19
Acp(nn°) -0.004 0.003 -0.002 -0.01 +£0.04
Cep(ntn™) 0.043 -0.012 0.016 £ 0.003 —0.314 £ 0.030
Scp(ntn) -0.420 —0.495 -0.422 —0.509 £ 0.003 -0.67 £0.03
Cep(n°7°) —0.440 -0.353 —0.512 + 0.040 -0.23+0.18
Scp(n’n0) 0.994 0.116 0.066 —0.003100%¢

COME contributions are remarkably significant for the
branching ratio of the B — 7°2° decay, whereas their
impact on the B — z*z~ decay is marginal.

The y; distributions are displayed in Fig. 6. It is evident
that the primary discrepancies originate from the CP
asymmetries Cep(ntz7) and Scp(xtz™), owing to the
absence of the potential strong phases associated with the
WA contributions.

C. Scenario S3

The constraints on the free parameters in Scenario S3 are
illustrated in Fig. 7. Scenario S3 incorporates more free
parameters, thereby substantially enhancing the flexibility
and effective dimensionality of the parameter space. In
Figs. 1 and 4, the parameter regions permitted by the
branching ratio constraints do not overlap with those
allowed by the CP asymmetry constraints. In Fig. 7, these
previously incompatible regions are found to intersect,
indicating that the internal tensions among the constraints
are largely alleviated and that the overall compatibility with
observational data is markedly improved.

The optimal values of the free parameters obtained from
fits to the PDG data for Scenario S3 are summarized in

scenario S2
' Scp(rr*r)
Cep(rr7)

| Cep(n®n)

| Ace(r™ %)
B(rt*rt7)

B(rrorro)

B(r~ %)

-2 2 4 6 8

10 Xi

FIG. 6. y; distributions for the optimal S2 parameters. Other
legends are the same as those of Fig. 3.

Table X. The best-fit values of the parameters are illustrated
in Fig. 8. Scenario S3 exhibits several distinctive features:
(1) The goodness-of-fit, y?/ngy, is better in Scenario S3
than in Scenarios S1 and S2; (2) Owing to the inclusion of
both the WA and soft COME contributions, the form factor
FB™ in Scenario S3 is smaller than its counterparts in
Scenarios S1 and S2, and also smaller than the typical
values adopted in earlier QCDF and PQCD analyses [30—
35,41,42]. This value is compatible, within the quoted
uncertainties, with the recent lattice QCD determination,
FE™ = 0.183(92) [116], as well as with the recent light-
cone sum rule result, F57 = 0.19(5) [117]; (3) The WA
parameter p, is found to be less than 1. This result is
consistent with the QCDF conjecture on the strength of WA
effects and simultaneously underscores the importance of
soft COME contributions; (4) The value of the soft COME
parameter p. in Scenario S3 is slightly smaller than its
counterpart in Scenario S2, further reinforcing the impor-
tance of WA amplitudes. The negative correlation between
p. and ¢, is consistent with the pattern found in Scenario
S2, suggesting that the soft COME parameter space is
already well-constrained by the branching ratio data;
(5) Owing to the increased number of free parameters in
Scenario S3, the constraining power of the fit on individual
parameters is correspondingly weakened, leading to larger
uncertainties for ¢, and ¢, compared with their counter-
parts in Scenarios S1 and S2, respectively. The increased
uncertainties for ¢, and ¢, in Scenario S3 reflect the
limited constraining power of the current experimental
data. This indicates that, while the combined scenario
provides a better overall fit, some parameter combinations
remain loosely constrained. Future measurements with
improved precision will be essential for further pinning
down these parameters and for testing the viability of
Scenario S3.

The resulting branching ratios and CP asymmetries,
calculated using the Scenario S3 optimal values of param-
eters, are presented in Table XI. The columns labeled “a;”,
“al” correspond to the results obtained in the NF scheme

1
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FIG. 7. Constraints on the S3 parameters. Other legends are the same as those of Fig. 1.
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FIG. 8. Optimal parameters for Scenario S3 obtained from the PDG data. The inset shares the same legend as Fig. 2.
TABLE X. Best-fit parameters and their correlations for Scenario S3.
Value Correlation matrix
)(2/ndof 173/2 FOBIr Pe ¢c PA ¢A
FB= 0.207 £ 0.005 1.00 -0.42 0.19 —0.07 —0.44
Pe 0.23 £0.04 1.00 —0.77 —0.33 0.13
¢ (=70.2 £ 8.4)° 1.00 0.28 0.04
N 0.90 £0.07 1.00 0.21
ba (—45.7 £ 4.4) 1.00
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TABLE XI. Branching ratios and CP asymmetries for the B — zz decays with the S3 optimal parameters. Other legends are the same
as those of Table VII.
a; a? a? + ¢ al’ +b; al +b;+c; PDG

10% x B(z~7°) 3.52 4.10 542 4.10 5427037 5.31+0.26
106 X B( z7) 4.86 4.32 3.98 5.94 5,36j8§‘g 543 4+0.26

B(z°2°) 0.14 0.40 1.57 0.51 1.36705, 1.46 +0.19
ACP(T[ %) —0.005 —0.001 —0.005 —0.001 £ 0.001 —0.01 £0.04
Cep(ntn™) 0.043 0.017 —0.255 -0.3217004% —0.314 £ 0.030
Scp(atn™) —-0.420 -0.518 —0.528 —0.696 —0.6717504 —0.67 £ 0.03
Cep(n°7°) -0.372 —0.440 0.296 —0.417-018¢ —-0.23+£0.18
Scp(n°7°) 0.994 0.766 0.150 0.830 0.735101¢

with the coefficient @; in Eq. (25) and in the QCDF
approach with the coefficient “a”” in Eq. (27) including
the HSS contributions, respectlvely. The columns labeled
“a; +¢;” and “a; + b;” denote the results obtained with
the soft COME amplitudes M¢, and the WA amplitudes
M¢E, included, respectively. The columns labeled
“a; + b; + ¢;” denote the preferred results obtained with
amplitudes in Eq. (35). It is clearly seen that soft COME
contributions significantly enhance the branching ratio of
the color-suppressed B — 7°z° decay, and that the WA
contributions play a very important role in the branching
ratio of the color-allowed B — n"z~ decay. More impor-
tantly, for the vast majority of observables, including
branching ratios and CP asymmetries, the Scenario S3
results (the “a; + b; + ¢;” column) are found to be con-
sistent with the corresponding experimental measurements
within the quoted uncertainties. This overall agreement is
further corroborated by the y; distributions shown in Fig. 9,
which demonstrate that Scenario S3 provides a satisfactory
description of the data for virtually all B — zz decay
modes. This consistency may offer a possible resolution to
the so-called “zz puzzle”.

scenario S3
| : ¢ Scp(rtt)
| : Cep(mtm)

| § : Cep(n®n)

| Acp(rr®)
: B(rtt7)
B(rrorro)

B~ %)

-2 -1 1 2 Xi

FIG. 9. y; distributions for the optimal S3 parameters. Other
legends are the same as those of Fig. 3.

IV. SUMMARY

In this paper, we have revisited the B — zz decays
within the QCDF framework, with particular emphasis on
the role of soft COME contributions that are usually
neglected in the conventional QCDF approach. Our pri-
mary goal has been to investigate whether the inclusion of
these soft nonperturbative effects can offer a resolution to
the long-standing “zz puzzle”.

We have formulated three distinct phenomenological
scenarios for the fits. Scenario S1, which corresponds to the
conventional QCDF prescription and includes the WA
contributions, reproduces the previous finding that a large
WA parameter, p, > 2, is required to accommodate the
experimental data. Such a large value, however, places
considerable strain on the validity of the power counting
scheme. Scenario S2, which includes soft COME contribu-
tions, yields a phenomenologically consistent value of
p. ~ 0.3, in agreement with the PQCD expectation, but fails
to account for the observed CP asymmetries because the
WA-induced strong phases are absent. The combined sce-
nario, Scenario S3, which incorporates both the WA and soft
COME amplitudes, provides an excellent overall description
of almost all observables. The goodness-of-fit for the PDG
data is significantly improved compared with Scenarios S1
and S2, and the theoretical and experimental branching ratios
and CP asymmetries fall within the quoted uncertainties.
Moreover, the fitted WA parameter in Scenario S3 satisfies
pa < 1, which is consistent with the QCDF expectation that
WA contributions are power suppressed.

From the numerical analysis, we draw the following
conclusions: (1) The soft COME contributions play a
particularly significant role in the color-suppressed B —

079 decay; (2) The WA contributions are essential for
generating the necessary strong phases to describe the CP
asymmetries; (3) Only when both types of contributions are
included simultaneously can the QCDF framework accom-
modate almost all B — zz observables in a theoretically
consistent and empirically satisfactory manner.
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In summary, our results indicate that soft COME con-
tributions, overlooked in the conventional QCDF treatment,
may serve as a crucial ingredient for resolving the “zz
puzzle”. The soft COME amplitudes naturally explain the
observed hierarchy among the branching ratios without
invoking unnaturally large WA parameters. This work
therefore provides a possible way to reconcile the long-
standing discrepancies between theory and experiment
within the SM, and calls for further theoretical scrutiny
of soft COME contributions from first-principles QCD
calculations. Future high-precision measurements will be
essential for further testing the scenario proposed in this
work.
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