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We formulate a one-parameter extension of Weyl transformations in first-order gravity and show that it
defines a conformally coupled scalar sector with dynamical torsion. The construction reduces to the
standard torsionless conformal coupling in the limit λ → 1. In the corresponding Einstein-Cartan-Maxwell
theory, we derive exact static solutions in asymptotically flat and asymptotically locally anti–de Sitter
spacetimes. These solutions describe scalar-dressed black holes, regular black holes, and traversable
wormholes, depending on the values of the integration constants and of the deformation parameter.
We show that torsion can regularize the scalar field and, for suitable branches, also improve the geometric
singularity structure. In the anti–de Sitter sector, the existence of topological black holes requires a
nonvanishing electric charge. These results provide new exact examples of regular and torsional
configurations in four-dimensional gravity.
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I. INTRODUCTION

Black holes remain among the most compelling objects
in theoretical physics, serving as natural laboratories to test
the foundations of gravitation. Within Einstein’s general
relativity, stationary black hole solutions coupled to min-
imally interacting matter are subject to strong uniqueness
results: in the Einstein-Maxwell theory, they are fully
characterized by their mass, charge, and angular momen-
tum, in accordance with the celebrated no-hair theorems
[1–6]. This rigidity, however, relies on the assumption of
minimal coupling and on the purely Riemannian nature of
the underlying geometry. Once these assumptions are
relaxed, novel families of black hole solutions with non-
trivial “hair” can emerge, thereby broadening the scope of
gravitational phenomena.
A paradigmatic example arises in the context of confor-

mally coupled scalar fields. Unlike minimally coupled
scalars—which in asymptotically flat spacetimes typically

lead to naked singularities—conformal couplings admit exact
solutions in which the scalar field contributes nontrivially to
the geometry. The pioneering works of Bekenstein [7] and,
independently, Bocharova, Bronnikov, and Melnikov [8]
established the existence of such configurations, although
the scalar field diverges at the event horizon. Initially regarded
as pathological, subsequent analyses showed that this diver-
gence does not necessarily invalidate the black hole character
of the solution [9]. These developments stimulated further
research, including black hole solutions in the presence of a
negative cosmological constant, where the scalar singularity
can be hidden behind the horizon, rendering the field
effectively regular for external observers [10,11]. More
generally, extensions have been explored in asymptotically
anti–de Sitter (AdS) spacetimes [12–14], including configu-
rations coupled to different matter sectors [15,16], higher
dimensions [17–21], andwithinmodified gravity frameworks
such as Horndeski theories and conformal higher-curvature
models [22–27]. A common feature of these scenarios is that
nonminimal scalar couplings provide natural mechanisms to
circumvent the limitations imposed by classical no-hair
results.
A complementary and conceptually rich direction arises

within the first-order formulation of gravity, in which
the metric and connection are treated as independent
dynamical variables, thereby allowing for nonvanishing
torsion. In this framework, nonminimally coupled scalar
fields can act as natural sources of torsion [28], an effect
that appears in low-energy effective string models, in
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cosmological scenarios involving accelerated
expansion [29], and in axionlike couplings associated with
the Nieh-Yan density (see, for instance, [30–32]). From the
perspective of black hole physics, it has recently been
shown in [33] that spacetime torsion can significantly
modify the structure of the solutions, as it can render
nonminimally coupled scalar fields regular everywhere, an
outcome that is generally not possible in purely
Riemannian geometries.
On the other hand, several studies have explored the role

of torsion in the construction of wormhole solutions within
the Einstein-Cartan framework and related metric-affine
theories [34–39]. In particular, torsion can contribute
effectively to the gravitational dynamics in a manner that
relaxes the need for exotic matter sources or modifies the
effective stress-energy tensor supporting the wormhole
geometry [40–43]. Wormhole configurations supported
by scalar fields, spin fluids, or generalized matter couplings
have been reported in the literature [44–49], suggesting that
torsion can play a central role in ensuring the regularity of
the geometry and in facilitating the formation of a worm-
hole throat. These findings indicate that spacetimes
endowed with nontrivial torsion provide a natural frame-
work for investigating traversable wormholes and their
physical properties.
Motivated by these developments, in this work we

further investigate this possibility by considering a gravi-
tational theory formulated in the first-order formalism, in
which torsion arises dynamically through a conformally
coupled scalar field. Within this framework, we construct
exact static solutions describing wormhole geometries
supported by a regular scalar field, thereby extending
previous results in Einstein-Cartan gravity.
More specifically, we consider four-dimensional

Einstein-Cartan gravity coupled simultaneously to a
Maxwell field and to a conformally invariant scalar field.
We show that this theory admits charged black hole
geometries in which the scalar field remains regular
throughout the spacetime. Furthermore, we find that the
existence of asymptotically AdS black hole solutions is
intrinsically linked to the presence of electric charge,
whereas in the asymptotically flat regime and in the
absence of charge the theory admits regular black hole
and wormhole configurations. These solutions provide new
counterexamples to the traditional no-hair paradigm,
thereby extending the class of scalar-dressed black holes
in four dimensions and underscoring the role of torsion as a
fundamental geometrical mechanism responsible for pre-
serving scalar field regularity. Altogether, our results show
that a one-parameter generalization of conformal symmetry
in Riemann-Cartan geometry provides a unified mecha-
nism for generating exact four-dimensional solutions with
nontrivial torsion, including regular black holes and tra-
versable wormholes, while continuously recovering the
corresponding purely metric configurations in the limit

λ → 1. We emphasize that the regularity of the scalar
field does not automatically imply the regularity of the
spacetime geometry. In what follows, we distinguish
between branches with a regular scalar field and those that
also possess finite curvature and torsional invariants,
reserving the term regular black hole for the latter case.
The manuscript is organized as follows. In Sec. II, we

review Einstein-Cartan gravity and introduce the confor-
mally coupled scalar field within the first-order formalism,
together with the inclusion of the Maxwell field in the
theory. In Sec. III, we investigate exact static solutions
describing black hole and wormhole configurations with
nontrivial torsion, considering different asymptotic regimes
of the spacetime. Finally, in Sec. IV, we conclude with a
discussion of our main results and outline possible direc-
tions for future research.

II. THEORETICAL FRAMEWORK

A. Einstein-Cartan gravity

The Einstein-Cartan framework extends Riemannian
geometry by treating the metric and the affine connection
as independent variables, thereby allowing for a non-
vanishing spacetime torsion tensor.
Let M4 be a four-dimensional manifold. The orthonor-

mal coframe (vielbein) one-form ea ¼ eaμdxμ encodes the
metric through

gμν ¼ ηabeaμebν; ð2:1Þ

where ηab ¼ diagð−1; 1; 1; 1Þ is the Minkowski metric. The
affine structure is described by the spin connection one-
form ωab ¼ ωab

μdxμ, which acts as the gauge field of local
Lorentz transformations. With these variables, the torsion
and curvature two-forms are defined as

Rab ¼ dωab þ ωa
c ∧ ωcb; ð2:2Þ

Ta ¼ dea þ ωa
b ∧ eb: ð2:3Þ

These satisfy the Bianchi identities DRab ¼ 0 and
DTa ¼ Ra

b ∧ eb. A key observation is that the spin
connection can be decomposed into a torsion-free and
torsionful part, namely the Levi-Civita connection ω̊ab and
the contortion one-form κab such that

Rab ¼ R̊ab þ D̊κab þ κac ∧ κcb; ð2:4Þ

where R̊ab and D̊ are the Riemann curvature and the
covariant derivative built from the Levi-Civita connection,
respectively.1

1We use circles on top of quantities which are torsion-free.
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The dynamical content of Einstein-Cartan gravity is
obtained through the functional variation of the four-
dimensional action

I½e;ω;Ψ� ¼ 1

4κ

Z
M4

ϵabcd

�
Rab −

Λ
6
ea ∧ eb

�
∧ ec ∧ ed

þ Im½e;ω;Ψ�; ð2:5Þ
where κ ¼ 8πG, Λ is the cosmological constant, and Ψ
denotes generic matter fields. The equations of motion are
obtained by independent variations of the vielbein and the
spin connection

1

2
ϵabcdRab ∧ ec −

Λ
6
ϵabcdea ∧ eb ∧ ec ¼ κ � τd; ð2:6Þ

ϵabcdTc ∧ ed ¼ κ � σab; ð2:7Þ
where � stands for the Hodge dual operator which maps p
into (d − p)-forms. The functional variation of Im½e;ω;Ψ�
defines the stress-energy one-form τd and the spin-energy
density one-form σab as

δeLm ¼ − � τd ∧ δed; ð2:8Þ

δωLm ¼ −
1

2
δωab ∧ �σab: ð2:9Þ

B. Conformal Riemann-Cartan structure

Conformal symmetry plays a central role in the coupling
of scalar fields to gravity. In the context of Riemann-Cartan
geometry, where the vielbein and spin connection are
independent variables, the notion of a conformal trans-
formation must be generalized beyond the metric sector.
Let us first recall that a standard Weyl rescaling for the

metric is defined by

gμν ↦ expð2αÞgμν ð2:10Þ
for a local scalar parameter α ¼ αðxÞ. In terms of the
vielbein one-forms, this transformation is realized as

ea ↦ expðαÞea: ð2:11Þ

In a torsion-free Riemannian setting, the spin connection
transforms accordingly so as to preserve metric compati-
bility. However, once torsion is introduced, the vielbein and
contorsion are independent degrees of freedom, and there is
no unique prescription for how to perform Weyl rescaling
in the affine sector of geometry. To address this, one may
parametrize a family of conformal transformations as

ea ↦ ēa ¼ expðαÞea; ð2:12aÞ

ωab ↦ ω̄ab ¼ ωab þ λθab; ð2:12bÞ

κab ↦ κ̄ab ¼ κab þ ðλ − 1Þθab; ð2:12cÞ

where λ is a dimensionless deformation parameter inter-
polating between nonequivalent conformal prescriptions
and θab is a one-form constructed from the rescaling
function αðxÞ:

θab ¼ eaξb − ξaeb; ð2:13Þ

with

ξa ¼ Iadα: ð2:14Þ

Here, Ia denotes an interior product defined with respect to
the background vielbein which is constructed in terms of
the Hodge dual operator. Two particular cases are note-
worthy. For λ ¼ 1, the transformation reduces to the
canonical Weyl scaling: the full spin connection transforms
as in the torsionless case, while the contorsion remains
invariant. For λ ¼ 0, the spin connection remains fixed, and
the entire effect of the rescaling is absorbed by the
contorsion [50]. Intermediate values of λ interpolate
between these two definitions [51,52]. This construction
ensures that the torsionless condition is preserved only in
the canonical case λ ¼ 1. More generally, under these
generalized conformal transformations, the torsion and
curvature two-forms transform as

Ta ↦ expðαÞTa þ ðλ − 1Þea ∧ dðexpðαÞÞ; ð2:15Þ

Rab ↦ Rab þ λDθab þ λ2θac ∧ θcb: ð2:16Þ

This generalized conformal structure provides the geo-
metric foundation for coupling scalar fields in a Weyl-
invariant manner to Einstein-Cartan gravity. Crucially, it
illustrates that in a Riemann-Cartan geometry the choice of
transformation law for the contorsion is not unique and that
the resulting dynamics may retain conformal invariance
while modifying the role of torsion in the coupled system.

C. Maxwell sector in Riemann-Cartan geometry

An interesting observation is that electromagnetic fields
couple to the metric structure of spacetime but do not
interact directly with torsion. In the language of differential
forms, the Maxwell field is described by a one-form
potential A ¼ Aμdxμ, with the associated field strength
two-form F ¼ dA. Since F is defined as the exterior
derivative of the gauge potential, it is manifestly invariant
under the Abelian gauge transformation A ↦ Aþ dχ with
χðxÞ an arbitrary function of spacetime coordinates. This
definition does not involve the spin connection and,
consequently, the presence of torsion does not alter the
basic structure of Maxwell’s theory.
The corresponding action in a four-dimensional

Riemann–Cartan spacetime takes the standard form
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IA½A; e� ¼ −
1

8π

Z
M4

F ∧ �F; ð2:17Þ

where again � is the Hodge dual constructed in terms of the
metric encoded in the vielbein. Variation of the action with
respect to A yields the field equations d � F ¼ 0 while the
Bianchi identity dF ¼ 0 is automatically satisfied. These
are precisely the Maxwell equations in curved spacetime,
with the distinction that the metric structure arises from the
independent vielbein in the Riemann-Cartan setting.
Thus, the Maxwell sector is insensitive to the torsional

degrees of freedom of the connection, and its dynamics
remain formally identical to the Riemannian case.
Nevertheless, torsion may influence the electromagnetic
field indirectly through its effect on the geometry and the
definition of conserved charges in spacetimes with non-
trivial asymptotics.

D. Total action

The full dynamical system we consider consists of three
sectors: the Einstein-Cartan gravitational action, the con-
formally invariant scalar field, and the Maxwell field. Each
is formulated in the first-order formalism, where the
vielbein ea and spin connection ωab are treated as inde-
pendent variables.
The gravitational sector is governed by the Einstein-

Cartan action IEC½e;ω�, Eq. (2.5). The matter sector
Im½e;ω;ϕ� is composed of a conformally coupled field ϕ
to the geometry. Moreover, the electromagnetic sector is
described by a gauge-invariant Maxwell action IA½A; e�,
Eq. (2.17). Putting these contributions together, the total
action we consider I½e;ω;ϕ; A� ¼ IEC½e;ω� þ IA½A; e� þ
Im½e;ω;ϕ� which is given by

I½e;ω;ϕ; A� ¼
Z
M4

�
1

4κ
ϵabcd

�
Rab −

Λ
6
ea ∧ eb

�
∧ ec ∧ ed −

1

8π
F ∧ �F

−
1

24
ϵabcd

�
ϕ2Rab þ

�
λ

�
1 −

λ

2

�
Z2 þ VðϕÞ

�
ea ∧ eb þ 4λϕZaTb

�
∧ ec ∧ ed

�
; ð2:18Þ

where Za ¼ Iadϕ ¼ eaμ∇μϕ. The matter sector is invariant
under the conformal transformations (2.12), provided that
the scalar field transforms as ϕ̄ ¼ expð−αÞϕ and that the
scalar potential either vanishes or takes the conformal form
VðϕÞ ¼ ϕ4. It is worth emphasizing that, within this theory,
there is no need to introduce Lagrange multipliers to
enforce the vanishing-torsion condition without trivializing
the scalar field. Instead, this condition can be consistently
implemented by setting λ ¼ 1.
As in standard conformally coupled scalar theories,

certain field configurations may lead to changes in the
effective kinetic structure, potentially signaling ghostlike
behavior. In the present first-order formulation, a definitive
assessment of this issue requires a perturbative analysis of
the coupled vielbein, spin-connection, and scalar sectors.
The configurations constructed below provide a natural
framework for carrying out such an analysis, which we
intend to pursue in future work.
The field equations are obtained by performing arbitrary

variations of the total action Eq. (2.18), with respect to the
vierbein, Lorentz connection, the scalar field, and Maxwell
field giving

0 ¼ 1

2
ϵabcdRab ∧ ec −

Λ
3!
ϵabcdea ∧ eb ∧ ec

− κð�τðϕÞd þ �τðemÞ
d Þ; ð2:19aÞ

0 ¼ ϵabcdTc ∧ ed − κ � σab; ð2:19bÞ

0 ¼ ϵabcd

�
λð2− λÞDZa ∧ eb −

1

2
ϕRab − λð3λ− 5ÞZa ∧ Tb

þ λdϕ ∧ IaðTbÞ
�
∧ ec ∧ ed

þ ϵabcd

�
λϕDðIaTbÞ ∧ ec − 2λϕIaðTbÞ ∧ Tc

−
1

4

dVðϕÞ
dϕ

ea ∧ eb ∧ ec
�
∧ ed; ð2:19cÞ

0 ¼ d � F; ð2:19dÞ
respectively. Additionally, we have defined the stress-
energy and spin density three-forms as τa and σab,
respectively; they are

�τðϕÞd ¼ 1

3
ϵabcd

�
ϕ2

4
Rab þ λϕZaTb

�
∧ ec

þ 1

6
ϵabcd

�
λðλ − 2Þ

2
Z2 þ VðϕÞ

�
ea ∧ eb ∧ ec

−
λ

6
ϵabcd½ϕDZa þ ð3λ − 5ÞZadϕ

þ ϕZnInTa� ∧ eb ∧ ec; ð2:20Þ

�τðemÞ
d ¼ 1

8π
ðF ∧ �ðed ∧ FÞ − IdF ∧ �FÞ; ð2:21Þ

� σab ¼
ð1 − λÞ
6 − κϕ2

ϵabcdϕdϕ ∧ ec ∧ ed: ð2:22Þ
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The field equation for the spin connection can be solved
algebraically, so that torsion is expressed directly in terms
of the scalar field and its derivative as

Ta ¼ κð1 − λÞ
ð6 − κϕ2Þϕdϕ ∧ ea: ð2:23Þ

Equation (2.23) shows that the scalar field sources a highly
constrained torsional sector. In fact, the torsion is entirely
determined by the gradient of ϕ and is purely of vector-
trace type, while its axial and traceless tensor irreducible
components vanish identically. Therefore, the nonminimal
conformal coupling does not excite the most general
Riemann-Cartan torsional structure but rather selects a
restricted sector in which torsion is encoded in a single scalar
degree of freedom. This feature considerably simplifies the
geometric content of the solutions and makes transparent the
role of the scalar field as the sole dynamical source of torsion
in the model. Thus, we conclude that the nonminimal
coupling of the scalar field acts as a source of nontrivial
torsion in this theory and activates the vector trace sector of
the torsion througha single dynamical degree of freedom.The
role of nonminimal couplings as sources of torsion has also
been reported in Refs. [31,53–55]. Moreover, in the limit
λ → 1, torsion vanishes independently of the value of the
scalar field. In contrast, for λ ≠ 1, torsion remains nontrivial
provided that the scalar field is not constant. In what follows,
we solve the remaining field equations by adopting a static
ansatz and show that the system admits black hole solutions
endowed with nontrivial torsion.

III. EXACT SOLUTIONS WITH NONTRIVIAL
TORSION AND SCALAR FIELD

We assume a static metric whose codimension-2 hyper-
surfaces of constant t − r represent locally a constant
curvature space. In particular, we consider

ds2 ¼ hðrÞ
�
−fðrÞdt2 þ dr2

fðrÞ þ r2dΩ2

�
; where

dΩ2 ¼ dθ2 þ 1

k
sin2ð

ffiffiffi
k

p
θÞdφ2 ð3:1Þ

with Gaussian curvature k ¼ �1. For k ¼ 1, the line
element of the base manifold corresponds to that of a
two-sphere, whereas for k ¼ −1, the base manifold corre-
sponds to a hyperbolic surface. In the associated ortho-
normal frame, one has

e0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrÞfðrÞ

p
dt; e1 ¼

ffiffiffiffiffiffiffiffiffi
hðrÞ
fðrÞ

s
dr;

e2 ¼ r
ffiffiffiffiffiffiffiffiffi
hðrÞ

p
dθ; e3 ¼ r

ffiffiffiffiffiffiffiffiffi
hðrÞ
k

r
sinð

ffiffiffi
k

p
θÞdφ; ð3:2Þ

Additionally, the scalar field and electromagnetic field
compatibles with the isometries of this metric depends on

the radial coordinate only, namely, ϕ ¼ ϕðrÞ and
A ¼ AðrÞdt.
As we mentioned above, the field equation for the

connection can be solved for the torsion in terms of the
scalar field and derivatives thereof, whose solution is given
in Eq. (2.23). This, in turn, implies that the functions ωIðrÞ,
with I ¼ 1;…; 8, can be solved algebraically in terms of
the scalar field and the metric functions. The nontrivial
pieces of the connection are found to be

ω01 ¼ ω1ðrÞe0; ω12 ¼ ω2ðrÞe2;
ω13 ¼ ω2ðrÞe3; ω32 ¼ ω3ðrÞe3; ð3:3Þ

where

ω1ðrÞ ¼
1

hðrÞ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrÞfðrÞ

p
�0 þ ð1 − λÞ ffiffiffiffiffiffiffiffiffi

fðrÞp
ϕðrÞϕ0ðrÞ

JðϕÞ ffiffiffiffiffiffiffiffiffi
hðrÞp ;

ð3:4aÞ

ω2ðrÞ ¼ −
ffiffiffiffiffiffiffiffiffi
fðrÞp

2r2h3=2ðrÞ ½hðrÞr
2�0 − ð1 − λÞ ffiffiffiffiffiffiffiffiffi

fðrÞp
ϕðrÞϕ0ðrÞ

JðϕÞ ffiffiffiffiffiffiffiffiffi
hðrÞp ;

ð3:4bÞ

ω3ðrÞ ¼
1

r

ffiffiffiffiffiffiffiffiffi
k

hðrÞ

s
cotð

ffiffiffi
k

p
θÞ ð3:4cÞ

with JðϕÞ ¼ ϕ2 − 3
4πG, prime denotes differentiation with

respect to the radial coordinate, i.e. 0 ¼ d=dr, and the other
components of the connection vanish on shell.

A. Solutions with Λ= 0 and VðϕÞ= 0
Let us consider a spacetime with vanishing cosmological

constant and a scalar field with a vanishing potential. We
also assume a base manifold with positive curvature, k ¼ 1.
In this case, the field equations for the vielbein and the
scalar field admit solutions that can be written as

fðrÞ ¼
�
1 −

MG
r

�
2

; ð3:5aÞ

hðrÞ¼ ½ðr−GMð1−QÞÞaþðr−GMð1þQÞÞa�2
4ðr−GMÞ2½ðr−GMð1−QÞÞðr−GMð1þQÞÞ�a−1 ;

ð3:5bÞ

ϕðrÞ ¼
ffiffiffiffiffiffiffiffiffi
3

4πG

r �ðr−GMð1−QÞÞa − ðr−GMð1þQÞÞa
ðr−GMð1−QÞÞaþðr−GMð1þQÞÞa

�
;

ð3:5cÞ

AtðrÞ ¼ −
q
r
; ð3:5dÞ
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where we have defined a≡ ð2λ − λ2Þ−1=2 and whereM and
q are integration constants, related through

Q2 ¼ 1 −
q2

GM2
: ð3:6Þ

The causal structure of these solutions depends on the
values of the integration constants and on the parameter a.
From Eq. (3.5a), we observe that, for M > 0, the metric
admits an event horizon at r ¼ GM; therefore, the con-
figuration describes a black hole. For M ¼ 0, the configu-
ration does not admit a real scalar field. However, if the
additional condition q ¼ 0 is imposed, the scalar field
vanishes identically and the geometry reduces to flat
spacetime. Finally, for M < 0, the spacetime corresponds
to a wormhole geometry.
It is worth emphasizing that these statements depend on

the values of the parameter a and the constant q, as will be
demonstrated throughout this work.
On the other hand, we note that the solution in (3.5) is

continuously connected to the configurations presented
in [7,9] for the case a ¼ 1, provided that M > 0. In this
regime, the spacetime corresponds to a purely metric black
hole, where the scalar field develops a singularity at the
event horizon.
In the next section, the physical properties of the matter

fields and the resulting causal structure associated with the
different spacetime configurations obtained will be ana-
lyzed in detail.

1. Global properties of the matter fields and the spacetime

To analyze the global properties of the solutions, we
begin by examining the behavior of the scalar field. In
particular, we require the scalar field to be nontrivial and to
take real values for all positive values of the radial
coordinate. This condition restricts the integration con-
stants to satisfy q2 < GM2, which in turn implies that

0 < Q ≤ 1. Moreover, the parameter a > 1 must take
integer values.
For M > 0, if a is an even integer, the scalar field

remains bounded within the interval −
ffiffiffiffiffiffi
3

4πG

q
≤ ϕ ≤

ffiffiffiffiffiffi
3

4πG

q
and is regular everywhere. By contrast, if a is an odd
integer, the scalar field develops a singularity at the
point r ¼ GM.
On the other hand, forM < 0 and for any value of a, the

scalar field remains bounded within the interval −
ffiffiffiffiffiffi
3

4πG

q
≤

ϕ < 0 and is regular throughout the spacetime.
We proceed to analyze the main properties of the

spacetime. In the asymptotic region r → ∞, the metric
components take the form

gtt ¼ −hðrÞfðrÞ ≈ −1þ 2GM
r

þOðr−2Þ; ð3:7Þ

grr ¼ fðrÞ
hðrÞ ≈ 1 −

2GM
r

þOðr−2Þ: ð3:8Þ

For the angular components of the metric, the leading-order
behavior is Oðr2Þ; consequently, the metric approaches the
flat spacetime form in the asymptotic region. On the other
hand, a direct computation of the Kretschmann invariant
shows that it is proportional to

K ∝
ðr −GMÞ6½ðr −GMð1 −QÞÞðr −GMð1þQÞÞ�2a−6

r8
:

ð3:9Þ

Therefore, we observe that the spacetime may exhibit
singularities whose existence depends on the value of
the parameter a. On the other hand, the solutions possess
nontrivial torsion; consequently, torsional invariants must
also be analyzed. In particular, we consider T ¼ TμνρTμνρ,
which is given by

T ¼ 24ða2 − 1ÞðGMQÞ2ðr −MGÞ4½ðr − GMð1þQÞÞa − ðr −GMð1 −QÞÞa�2
r2½ðr −GMð1 −QÞÞðr −GMð1þQÞÞ�3−a½ðr −GMð1þQÞÞa þ ðr −GMð1 −QÞÞa�4 :

Using these geometric quantities, together with the
properties of the scalar field, we analyze the global
properties of the solutions according to the different
possible values of the integration constants and the param-
eter a, as summarized in Table I.
For M < 0 and 0 < Q ≤ 1:
(i) For any a > 1, the scalar field is regular throughout

the spacetime. Moreover, it attains its minimum
value at r ¼ 0 and its maximum value in the limit
r → ∞. If a < 5, the spacetime possesses a naked
singularity at r ¼ 0. However, if Q ¼ 1 and a ≥ 5,

the curvature and torsional singularities are re-
moved. By introducing the areal radius RðrÞ ¼
r

ffiffiffiffiffiffiffiffiffi
hðrÞp

, one observes that spacetime exhibits two
asymptotic regions, since Rðr → ∞Þ → ∞ and
Rðr → 0Þ → ∞. In addition, this function admits
a minimum between both regions and therefore
defines a throat. One can also verify that no horizons
are present at this throat, since fðrÞ > 0 for all r,
which implies that gtt does not vanish for r > 0.
Consequently, the spacetime can be geometrically
interpreted as a traversable wormhole with torsion.
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We emphasize that the traversability of the worm-
hole solutions discussed here is established at the
level of the metric geometry. More precisely, our
characterization is based on the existence of a throat
connecting two asymptotic regions and on the
absence of event horizons, as inferred from the
behavior of the areal radius and the causal structure
determined by the metric. In this sense, the term
traversable refers to the possibility of causal com-
munication through the throat in the metric space-
time. A more detailed analysis of particle motion
based on autoparallel curves of the full torsionful
connection, and its comparison with the correspond-
ing metric geodesics, lies beyond the scope of the
present work and will be addressed elsewhere.

For M > 0 and 0 < Q ≤ 1:
(i) If a ¼ 2n − 1 with2 n∈N, the scalar field is regular

everywhere except at the point r ¼ GM. Moreover,
it attains its maximum and minimum values at
r� ¼ GMð1�QÞ, respectively. In the case n ¼ 1,
torsion vanishes and the spacetime reduces to the
Bekenstein solution. For n ≥ 2, the spacetime pos-
sesses a singularity at r ¼ 0 covered by an event
horizon located at r ¼ GM≡ rh, since this hyper-
surface is null and corresponds to a Killing horizon,
that is, grrðrhÞ ¼ gttðrhÞ ¼ 0. Therefore, this con-
figuration represents a torsional extension of the
Bekenstein solution describing a black hole with a
regular event horizon and nontrivial torsion. Finally,
if Q ¼ 1 (q ¼ 0) and n > 2, the curvature and
torsional singularities at r ¼ 0 can be removed,
and the resulting configuration corresponds to a
regular black hole [56] endowed with nontrivial
torsion.

(ii) If a ¼ 2n with3 n∈N, the scalar field is regular
throughout the spacetime; moreover, it vanishes at
r ¼ GM and in the limit r → ∞. It also attains its
maximum and minimum values at r�¼GMð1�QÞ,
respectively. In the case n ¼ 1, the spacetime pos-
sesses three naked curvature and torsional singular-
ities located at r ¼ 0 and r ¼ r�. If n ≥ 2, the

singularities at r ¼ r� disappear and, consequently,
only the central singularity remains. On the other
hand, if Q ¼ 1 and n > 2, this singularity can also
be removed. However, the spacetime undergoes a
change of signature in the region r < rþ. Therefore,
this solution corresponds to the exterior region of an
extremal Reissner-Nordström geometry with non-
vanishing torsion and a nontrivial scalar field, for
r ≥ rþ, with n ≥ 2 and 0 < Q < 1.

Finally, we note that the first-order formulation, by
treating the metric and the connection as independent
fields, allows for a one-parameter extension of conformal
symmetry. This generalization gives rise to new spacetime
configurations with nontrivial torsion, which are continu-
ously connected to purely metric solutions in the limit
where the standard conformal symmetry is recovered. In
what follows, we shall study exact solutions that are
asymptotically locally AdS in the presence of a nontrivial
scalar potential.

B. Solutions with Λ= − 3
l2 and VðϕÞ ≠ 0

In this section, we investigate the space of solutions of
the theory by solving the field equations (2.19) in the
presence of a negative cosmological constant. To this end,
we consider a one-parameter potential given by

VðϕÞ ¼ ΛπGJ2ðϕÞ
72

��
3þ ffiffiffiffiffiffiffiffiffiffiffi

12πG
p

ϕ

3 −
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
ϕ

�− 1
2a

þ
�
3þ ffiffiffiffiffiffiffiffiffiffiffi

12πG
p

ϕ

3 −
ffiffiffiffiffiffiffiffiffiffiffi
12πG

p
ϕ

� 1
2a
�
4

−
Λ

8πG
; ð3:10Þ

where JðϕÞ ¼ ϕ2 − 3
4πG. This scalar potential is the image,

in the Riemann-Cartan frame, of a simple scalar self-
interaction in the Einstein frame. In particular, its depend-
ence on the deformation parameter a arises from the
nonlinear scalar field redefinition associated with the
transformation between the two frames. This construction
also provides a direct connection between the torsional
configurations and their torsion-free counterparts. In fact,
the potential vanishes in the torsion-free limit, a → 1
(λ → 1). It is also worth noting that Eq. (3.10) has extrema

at ϕ0 ¼ 0 and ϕ0 ¼ �
ffiffiffiffiffiffi
3

4πG

q
. As shown below, these values

TABLE I. Asymptotically flat branches [Λ ¼ 0; VðϕÞ ¼ 0].

Branch a ϕ Horizon Geometry

M < 0 1 < a < 5 Regular None Naked singularities
M < 0, q ¼ 0 a ≥ 5 Regular None Torsional traversable wormhole
M > 0 a odd, a ≥ 3 Singular at r ¼ GM rh ¼ GM Torsional Bekenstein BH
M > 0, q ¼ 0 a odd, a ≥ 5 Singular at r ¼ GM rh ¼ GM Torsional regular BH
M > 0 a even, a ≥ 4 Regular None Exterior region of extremal R-N
M ¼ 0, q ¼ 0 � � � ϕ ¼ 0 None Minkowski

2Imposing the condition λ∈ ½0; 1� leads to λ¼1− 2
2n−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn−1Þp

.
3Imposing the condition λ∈ ½0; 1� leads to λ¼1− 1

2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n2−1

p
.
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are approached as limiting configurations of the scalar
field. The stability of these extrema depends on the sign of
the second derivative of the potential, which in turn is
controlled by the value of the cosmological constant.
The potential satisfies V 00ð0Þ ¼ − 2Λ

3
ðλ − 1Þ2.4 Hence,

for Λ < 0, the extremum at ϕ0 ¼ 0 corresponds to a global
minimum. Finally, for λ ¼ 1, torsion vanishes and the
results of Ref. [11] are recovered.
To solve Eqs. (2.19), we consider a metric whose

transverse section has negative curvature. Moreover, the
nontrivial components of the spin connection retain the
structure given in (3.4), now evaluated for k ¼ −1.
The field equations for the vierbein and the scalar field
are then solved by

fðrÞ ¼ r2

l2
− 1; ð3:11aÞ

hðrÞ ¼ ½ðrþ ffiffiffiffi
G

p
qÞa þ ðr − ffiffiffiffi

G
p

qÞa�2
4r2½ðrþ ffiffiffiffi

G
p

qÞðr − ffiffiffiffi
G

p
qÞ�a−1 ; ð3:11bÞ

ϕðrÞ ¼
ffiffiffiffiffiffiffiffiffi
3

4πG

r �ðrþ ffiffiffiffi
G

p
qÞa − ðr − ffiffiffiffi

G
p

qÞa
ðrþ ffiffiffiffi

G
p

qÞa þ ðr − ffiffiffiffi
G

p
qÞa

�
; ð3:11cÞ

AtðrÞ ¼ −
q
r
; ð3:11dÞ

where q is an integration constant. From this expression,
we observe that the nontrivial nature of the scalar field
arises from the presence of the electromagnetic field, since
for q ¼ 0 one obtains ϕðrÞ ¼ 0, and the spacetime corre-
sponds to a topological black hole.
In the vanishing-torsion case, a massless black hole

solution is recovered whose energy-momentum tensor
vanishes despite the presence of nontrivial matter fields;
that is, the configuration corresponds to a stealth solution
[11]. In what follows, we explore the properties of this
solution in the presence of nontrivial torsion.

1. Global properties of the matter fields and the spacetime

In order to characterize the global behavior of the
solutions, we first examine the properties of the scalar
field. We demand that the scalar field be nontrivial and real
for all positive values of the radial coordinate. This
requirement restricts the parameter a > 1 to take integer
values. Furthermore, since the solution reported in [11]
belongs to this class of configurations, we additionally
impose the condition q2 < l2=G, which guarantees a
positive entropy.
Under these assumptions, when a is an even inte-

ger, the scalar field remains finite within the range

−
ffiffiffiffiffiffi
3

4πG

q
≤ ϕ ≤

ffiffiffiffiffiffi
3

4πG

q
and is well behaved throughout the

spacetime. In contrast, for odd integer values of a, the
scalar field becomes singular at the origin, r ¼ 0.
We now turn to the analysis of the geometric properties

of the spacetime. In the asymptotic regime r → ∞, the
metric components take the form

gtt ¼ −hðrÞfðrÞ

≈
Λr2

3
þ 1þ Λða2 − 1ÞGq2

3
þOðr−2Þ; ð3:12Þ

grr¼fðrÞ
hðrÞ≈−

Λr2

3
−1þΛða2−1ÞGq2

3
þOðr−2Þ: ð3:13Þ

The metric corresponds to an asymptotically locally AdS
spacetime. We note that the presence of torsion induces an
effective curvature on the transverse section, which can be
inferred from the leading constant term in the gtt compo-
nent. On the other hand, the Kretschmann invariant can be
computed and is found to be proportional to

K ∝
½ðrþ ffiffiffiffi

G
p

qÞðr − ffiffiffiffi
G

p
qÞ�2a−6

½ðrþ ffiffiffiffi
G

p
qÞa þ ðr − ffiffiffiffi

G
p

qÞa�8 : ð3:14Þ

Therefore, the spacetime may exhibit singularities whose
existence depends on the value of the parameter a. The
torsional invariant T is given by

T ¼ 24ða2 − 1ÞGq2r2ðr2 − l2Þðr2 −Gq2Þa−3½ðr − ffiffiffiffi
G

p
qÞa − ðrþ ffiffiffiffi

G
p

qÞa�2
l2½ðr − ffiffiffiffi

G
p

qÞa þ ðrþ ffiffiffiffi
G

p
qÞa�4 :

On the basis of these geometric quantities and the proper-
ties of the scalar field, we proceed to analyze the global
properties of the solutions under the condition q2 < l2=G.
The corresponding classification according to the different

possible values of the parameter a is summarized in
Table II.

(i) If a ¼ 2n with n∈N, the scalar field is regular
everywhere. Moreover, it attains its maximum and
minimum values at r� ¼ � ffiffiffiffi

G
p

q (depending on the
sign of q), respectively. The spacetime also pos-
sesses an event horizon at r ¼ l for all values of n.
For n ¼ 1, a curvature and torsional singularity

4For λ ≠ 1, this potential contributes to the mass term of the
scalar field.
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appears at the point rþ or r−, which is covered by the
horizon. Therefore, the solution describes a charged
torsional black hole dressed by a nontrivial scalar
field that remains regular everywhere. If n > 1, these
singularities can be removed, and the point rþ or r−
becomes an asymptotic region of the spacetime.

(ii) If a ¼ 2n − 1 with n∈N, the scalar field is regular
everywhere except at r ¼ 0. Moreover, it attains its
maximum and minimum values at r� ¼ � ffiffiffiffi

G
p

q
(depending on the sign of q), respectively. The
spacetime also possesses an event horizon at r ¼
l for all values of n. For n ¼ 1, torsion becomes
trivial and the spacetime corresponds to a topologi-
cal stealth black hole. If n ≥ 2, the configuration
exhibits a curvature and torsional singularity at
r ¼ 0. Therefore, the solution describes a torsional
black hole whose geometric quantities and matter
fields diverge at r ¼ 0, behind the event horizon.

From these results, it is natural to restrict the parameter
space to q2 < l2=G, since in this case the curvature and
torsional singularities remain hidden behind an event
horizon. In contrast, when q2 > l2=G, the entropy
becomes negative for a ¼ 1, whereas for a > 1 the space-
time could develop naked singularities.

IV. DISCUSSION

In this work, we introduced a one-parameter generali-
zation of conformal transformations within a gravitational
theory formulated in the first-order formalism, in which the
metric and connection are treated as independent dynamical
fields. This extension makes it possible to implement the
conformal coupling of the scalar field directly in the first-
order framework while retaining its standard conformal
weight. The resulting model naturally accommodates non-
trivial torsion and includes, as a particular limit, the
conventional conformal coupling of the scalar field, recov-
ered for a specific value of the parameter. In this limit,
torsion vanishes without requiring the scalar field itself to
become trivial. Building upon this framework, we coupled
the theory to Einstein-Cartan gravity and to an electro-
magnetic field and investigated exact static solutions in
asymptotically flat and asymptotically AdS settings as well
as in scenarios where conformal symmetry is explicitly
broken through the introduction of a scalar potential.
In order to construct exact solutions, we adopted a static

ansatz whose transverse section may be given by either a

sphere or a hyperboloid. For the matter fields, and in
accordance with the spacetime isometries, we assumed
purely radial dependence. Depending on the values of the
integration constants and of the parameter that generalizes
the conformal transformation, we obtained several space-
time configurations with nontrivial torsion. In the asymp-
totically flat regime, we found a novel wormhole solution
in Einstein-Cartan gravity with a scalar field that remains
regular throughout the spacetime as well as a torsional
extension of the Bekenstein black hole, which in the
absence of electric charge reduces to a regular black hole.
On the other hand, in the asymptotically AdS case and in
the presence of a scalar potential, we identified topological
black hole solutions with torsion for different values of the
parameter a, in which the scalar field remains regular
everywhere. The very existence of these black holes is
intrinsically linked to the presence of electric charge.
Finally, in the vanishing-torsion limit, the previously
known black hole solutions reported in the literature for
purely metric theories are recovered.
The results obtained here open several avenues for the

study of phenomenological aspects associated with space-
times endowed with nontrivial torsion. Among these, it is
particularly relevant to analyze the energy conditions within
the framework of Einstein-Cartan gravity for these new
solutions [42,57] as well as to contrast their behavior with
that of analogous configurations formulated in general
relativity. Likewise, it would be of interest to study autopar-
allel trajectories and to examine singularity theorems in the
presence of torsion for these configurations [58–62].
Furthermore, the analysis of the thermodynamic properties
of the black hole solutions could contribute to a deeper
understanding of the modifications induced by torsion
[63–67]. Another natural direction would be to investigate
whether the torsional hair present in these geometries leaves
any imprint on perturbative observables, such as wave
propagation, in analogy with studies of gravitational-wave
propagation in Einstein-Cartan backgrounds sourced by spin
densities [68]. Finally, it would also beworthwhile to explore
cosmological scenarios in which spacetime torsion plays a
significant role [69–71]. These questions remain open and
constitute natural directions for future research.
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APPENDIX: ACTION AND FIELD EQUATIONS
IN TENSOR COMPONENTS

For the sake of comparison, here we provide the action
and field equations in tensor components to perform the
analysis on a coordinate basis. In this case, the action
principle in Eq. (2.18) can be rewritten as

I ¼
Z
M4

d4x
ffiffiffiffiffi
jgj

p �
1

2κ
ðR − 2ΛÞ − 1

16π
FμνFμν −

1

12
ϕ2R

− λ

�
1 −

λ

2

�
ð∇ϕÞ2 − λ

3
ϕTλ∇λϕ − VðϕÞ

�
; ðA1Þ

where Tλ ≔ Tσ
λσ is the trace of the torsion tensor. The field

equation for the vierbein can be written as

Gμν þ gμνΛ ¼ κðτðϕÞμν þ τðemÞ
μν Þ; ðA2Þ

where Gμν denotes the Einstein tensor constructed out of
the torsionful connection and

τðϕÞμν ¼ 1

6
ϕ2Gμν − gμνVðϕÞ −

1

2
λðλ − 2Þgμνð∇ϕÞ2

þ 1

3
λϕ∇μϕTν þ

1

3
λð3λ − 5Þ½gμνð∇ϕÞ2 −∇μϕ∇νϕ�

þ 1

3
λϕðgμν□ϕ −∇ν∇μϕÞ; ðA3Þ

τðemÞ
μν ¼ −

1

4π

�
FμαFα

ν þ
1

4
gμνFαβFαβ

�
ðA4Þ

are the stress-energy tensors for the conformally coupled
scalar and electromagnetic field, respectively. Here, □ ¼
∇μ∇μ is constructed out of the torsionful covariant deriva-
tive. It is worth noting that the field equation (A2) is not
symmetric in general since ½∇μ;∇ν�ϕ ¼ Tλ

μν∇λϕ. The
skew-symmetric piece arises from the fact that the vielbein
is not necessarily symmetric in its two indices; the anti-
symmetric components are related to the presence of
torsion.
The field equation for the scalar field is given by

2λ

�
1−

λ

2

�
□ϕ−

1

6
ϕR−

∂V
∂ϕ

− λðλ− 2ÞTμ∇μϕþ 1

3
λϕ∇μTμ

þ 1

3
λϕTμTμ ¼ 0: ðA5Þ

Finally, the field equation for the spin connection is
given by

Tμ
αβ þ 2δμ½αTβ� ¼ −

2κðλ − 1Þ
ð6 − κϕ2Þ δ

μ
½α∇β�ϕ2; ðA6Þ

whose solution is

Tρ
μν ¼ κðλ − 1Þ

ð6 − κϕ2Þ δ
ρ
½μ∇ν�ϕ2: ðA7Þ
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