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At its lowest frequencies, LIGO is limited by noise in its many degrees of freedom of suspended optics,
which, in turn, introduce noise in the interferometer through their feedback control systems. Nonlinear
interactions are a dominant source of low-frequency noise, mixing noise from multiple degrees of freedom.
The lowest-order form is bilinear noise, in which the noise from two feedback-controlled subsystems
multiplies to mask gravitational waves. Bilinear couplings require control trade-offs that simultaneously
balance high- and low-frequency noise. Currently, there is no known lower limit to bilinear control noise.
Here, we develop benchmark cost functions for bilinear noise and associated figures of merit. Linear-
quadratic-Gaussian (LQG) control then establishes aggressive feedback that saturates the lower bounds on
the cost functions. We then develop a mixed LQG andH∞ approach to directly compute stable, robust, and
optimal feedback, using the LIGO’s alignment control system as an example. Direct computations are fast
while ensuring a global optimum. By calculating optimal robust control, it is possible to construct the lower
bound on control noise along the Pareto front of practical controllers for LIGO. This method can be used to
drastically improve control noise in existing observatories as well as to set subsystem control noise
requirements for next-generation detectors with parametrized design.
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I. INTRODUCTION

The Laser Interferometer Gravitational-Wave Observatory
(LIGO) is a ground-based gravitational-wave interferometer
that first detected gravitational waves in 2015 [1]. Since its
first detection, the LIGO Scientific Collaboration has been
working to reduce noise in the instrument to increase its
sensitivity and, therefore, detect even fainter gravitational-
wave signals [2,3]. These significant improvements in
LIGO’s sensitivity, as well as the inclusion of additional
detectors, have led to an increased detection rate that
expands astrophysical study [2–7].
There is considerable interest in reducing low-frequency

noise in LIGO (< 30 Hz). There are many low-frequency
waveforms, like high-mass binary black hole inspirals,
whose detection would benefit from an increased sensi-
tivity in the low-frequency band [8]. Other waveforms that
extend to higher frequencies will benefit from higher
signal-to-noise detections, improved parameter estimation,
and potentially early warning of ongoing events during the

low-frequency portion of long-lived waveforms. Currently,
at these low frequencies, both LIGO detectors are limited by
noise introduced by the feedback control loops that stabilize
auxiliary degrees of freedom needed to maintain interfer-
ometer operation. Due to the use of resonant cavities, even
small variations in the auxiliary degrees can result in highly
nonlinear responses that can produce noise. The lowest
meaningful order of nonlinearity results in two channels,
one a control signal and one a drifting parameter, which
multiply to produce bilinear noise that is indistinguishable
from an astrophysical strain signal. Improving the control-
lers used in LIGO’s feedback loops and generally improving
the processes for creating these controllers could signifi-
cantly reduce the low-frequency noise in the detectors, as
well as allowing for resources to be spent on other areas of
improvement.

A. Motivation

The LIGO instrumentation community widely uses
classical control design methods. While an entire system
has many degrees of freedom, they are almost all designed
and engineered as individual single-input and single-output
(SISO) signal paths using transfer functions, Bode plots, and
frequency-resolved budgets of noise contributions. These
subsystems and control loops are designed depending on
how they interconnect to affect the principal measurement
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channels. The software interfaces of LIGO are optimized
for this approach, and it is largely successful; however, it has
several weaknesses. First, the loops are all hand designed,
which can get the system operating fast, but compounds
negatively for global optimization. In particular, without a
lower bound on performance, a halting criterion for opti-
mizing is established either by experience or by exhaustion.
Furthermore, the design of coupled multiple-input and
multiple-output (MIMO) systems must often be iterative,
as loop shapes and noise consequences are interdependent.
More modern state-space control approaches are an attrac-
tive research topic, promising guaranteed existence, stability,
and optimality properties even for complicated, intercoupled
MIMO systems.
So far, modern control approaches have not been widely

adopted due to the unique requirements of gravitational-
wave detectors. First, these approaches require very specific
cost functions to form well-posed optimization problems.
Second, these approaches usually assumewhite noise inputs;
thus, system models must be augmented with noise-shaping
filters. The fitting of such filters is nontrivial but now reliable
with modern algorithms. The third issue is that interferom-
eters rarely have actuator cost functions (unlike, e.g., aero-
space); thus, typical examples of regulator cost do not
immediately apply. The fourth issue is that interferometer
loops are limited by transmission delays, which create non-
minimum-phase zeros that must be incorporated into the
control loop design. The final and highly significant hurdle is
dynamic range. The range of shaped noise in gravitational-
wave detectors spans 8–12 orders of magnitude, from low-
frequency seismic motion to interferometric sensors. The
combination of these factors causes optimal solutions to sit
on the edge of stability regions, where even the best-known
numerical algorithms struggle.

B. Approach

This manuscript adopts an intermediate and transitional
approach in an effort to supplant hand tuning while
managing these challenges. It uses modern methods to
pose and solve a SISO control problem. Future work can
extend its examples to more intrinsically MIMO problems.
A major focus of this work is the problem definition, to pose
the modern control problem using figure of merit (FOM)
that are relevant to optimizing gravitational-wave detectors.
Furthermore, the mixed-sensitivity approach we develop is
necessary to find robust solvers that have acceptable gain
and phase margins. This approach is mathematically com-
plex to describe, but has largely been solved in previous
control literature. By finding solutions with acceptable
phase margins, much like our hand-designed controllers,
the numerical solutions are generally better behaved and do
not live “near the edge” of admissible solution regions,
where small perturbations, numerically or in the instrument
plants, push them outside. Our mixed-sensitivity solver
rapidly arrives at controllers qualitatively similar to hand

designs but guaranteed optimal for our defined figures of
merit that are tied to the astrophysics objectives.
The organization of this paper is to be a bridge between

classical and modern control approaches. The first half
provides the problem setup and results using the language
of transfer functions and noise projections. Our results are
included in these sections, showing how to form a modern
control optimization problem to minimize bilinear control
noise and the resulting sets of controllers. The optimal
controllers set bounds on the best possible noise perfor-
mance, useful for determining a halting point for hand
designs. We then transform the problem description to use a
mixed-sensitivity approach, yielding controllers with accept-
able and adjustable stability margins. The second half of the
paper translates the problem and solutions into state-space
form and summarizes the literature and approach required to
build our custom mixed-sensitivity numerical solver. This
combination of approaches establishes a framework to utilize
modern control systems to solve open control challenges in
gravitational-wave detectors.

II. BACKGROUND

LIGO’s sensitivity is limited by the sum of a number of
individual noise sources in the interferometer. The extent to
which these noise sources obscure astrophysical signals is
expressed using the signal-to-noise ratio (SNR). The SNR
of a signal can be calculated from the Fourier transform of
the event waveform hgwðfÞ and the power spectral density
(PSD) of the interferometer’s noise ShðfÞ, using

SNR2 ¼ 4

Z
∞

0

jhgwðfÞj2
ShðfÞ

df: ð1Þ

The detection range,

drange ¼
dgw
2.26

SNR
ρ0

; ð2Þ

is the average effective distance towhich events louder than a
threshold SNR called ρ0 can be detected. The range can be
calculated using the SNR formula and the distance to the
fiducial source. For an hgwðfÞ waveform modeled from a
source at distance dgw, the detection range averaged over the
sky is included above. The threshold SNR is usually taken to
be ρ0 ¼ 8, and the factor of 2.26 accounts for the average of
the interferometer antenna pattern over the sky [9].
The astronomical detection range is critical to the

interferometer’s sensitivity because it determines the detec-
tion rate Rdet. The astronomical detection range, detection
rate, and SNR are related through

Rdet ∝ d3range ∝ SNR3: ð3Þ

Even minor decreases in the interferometer’s noise can have
a significant impact on the detection rate. One of LIGO’s
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long-standing goals is increasing the detection rate for binary
neutron star (BNS) inspirals. Binary neutron star waveforms
are taken to be the standard fiducial for computing SNR as a
FOM for the interferometer performance in this work.

A. Noise from control systems

At the low-frequency end of its detection band, LIGO’s
sensitivity is limited by noise injected by control systems.
At frequencies below LIGO’s detection band, the control
systems stabilize the operating points of otherwise highly
nonlinear optical cavity resonators and interferometers.
Noise coming from the control actuation of cavity align-
ment and auxiliary length are two of the largest of all
known noise sources in the detector below 10 Hz [2,3].
Interferometric control noise is any noise that arises from
the addition of a stabilizing or noise-suppressing controller
to a degree of freedom of the interferometer system. When
a controller is added in a feedback loop to a degree of
freedom, some of the noise inherent to that degree of
freedom, along with new measurement noise, passes
through the controller and is (re)injected into the system
at the actuator. While a controller can reduce the overall
noise of a degree of freedom, it also introduces a new noise
source from the controller’s sensor. This occurs when the
loop bandwidth is higher than the frequency where (input-
referred) plant noise becomes lower than the sensing noise.
For complex systems with many degree of freedom and
many control systems, the control noise can become a
significant noise source. From optics controllers to seismic
isolation, each LIGO detector has more than 300 con-
trollers that all maintain its operating point but add noise to
the principal readout: the differential-arm length (DARM).
This is the measurement of arm-length differences caused
by gravitational waves and thus the output of interest for
astrophysics.
Here, a model is constructed for how a control system for

a single degree of freedom affects the signal and introduces
noise. We will later express bilinear noise in terms of this
model. The plant noise of some degree of freedom under
feedback control Nc affects the signal seen at the output of
the interferometer through

hsignalðfÞ ¼ hgwðfÞ þ NdetðfÞ þ CðfÞNcðfÞ; ð4Þ

where hgwðfÞ is a potential signal, Ndet is all the detector
noise from sources other than the degree of freedom being
modeled, and CðfÞ is a frequency-dependent coupling of
the degree of freedom into DARM. This coupling is often
indirect and sourced from bilinear effects. For simple
estimates, it is often possible to assume CðfÞ is constant
across all frequencies, but in the general case, measurement
data necessitate that it be frequency dependent. An example
measurement of CðfÞ and physical motivation are
described in Sec. III B. The PSD of the total noise in
the detector is thus

ShðfÞ ¼ SdetðfÞ þ jCðfÞj2ScðfÞ; ð5Þ

where SdetðfÞ is the PSD of all the detector noise from
sources other than the degree of freedom being modeled
and ScðfÞ is the PSD of the noise of interest, in this case a
definition of control noise. By linearizing Eq. (1), and
including Eq. (5)’s expression of ShðfÞ, the control-noise-
dependent SNR becomes

SNR2 ¼ SNR2
det − SNR2

lost; ð6Þ

where

SNR2
det ¼ 4

Z
∞

0

jhgwðfÞj2
SdetðfÞ

df ð7Þ

and

SNR2
lost ¼ 4

Z
∞

0

jCj2jhgwðfÞj2
SdetðfÞ2

ScðfÞdf: ð8Þ

Adapting Eq. (2) gives the control-noise-dependent expres-
sion for the detection range lost as

dlost ¼
dgw

2.26ρ0

SNR2
lost

2SNRdet
: ð9Þ

The lost detection range can also be computed using the
linearization. The point of linearizing the equation is to split
it into terms that show the specific impact of a particular
noise, Sc, on the SNR and BNS range. In this equation,
Sc can be any noise of interest, assuming it is small enough
to keep the linearization accurate. The Sc term is inside an
integral that includes a frequency-dependent weighting.
That weighting term will later be useful to define a shaping
filter for the control optimization problem in terms of the
lost SNR or range cost.
The root mean square (rms) of a noise from channel Nc is

indicated by R̃c. In order to keep the interferometer locked,
there is a maximum allowable rms. If the noise in the
interferometer exceeds that limit, the interferometer is unable
to maintain operation, e.g., sufficient alignment,

R̃c ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

∞

0

ScðfÞdf
s

< R̃c; unlock. ð10Þ

A fundamental requirement of control systems is to ensure
that no BNS signal exceeds its lock-loss threshold. Thus,
there is a trade-off between operational requirements and
noise injection.
There are two primary sources of control noise: envi-

ronmental noise and measurement noise. Environmental
noise is any noise that acts on the states of the suspended
interferometer plant. For example, seismic noise is an
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environmental noise that is of great concern for ground-
based interferometers. Measurement noise is the difference
between the measured states of a system and their true
value, generally due to an imperfect intermediate sensor
used to probe the states. Both the measurement and
environmental noise pass through a control filter and then
feed back into the system, but measurement noise would
not otherwise affect plant states except through the control
system actuating it into real plant noise.
Considering only two noise sources is a useful simpli-

fication. In reality, there are many noise sources that all
contribute differently to every degree of freedom in the
interferometer. However, these noise sources can only enter
the system in two places: either before the plant (environ-
mental noise) or before the controller (measurement noise).
This distinction also aligns with the assumptions and model
of a typical optimization using classical control theory to
shape the open-loop gain.
Without physically decreasing environmental or meas-

urement noise, which much of the engineering resources of
LIGO are dedicated to, the best way to decrease control
noise is to find an optimal controller K, such that the
minimum amount of noise is fed through into DARMwhile
achieving a total rms goal.
Here we distinguish two channels Np and Na. The

former, which must meet a noise threshold, is the sum
of environmental noise and controller actuation, filtered by
the plant’s transfer function. This noise, Np, is the noise
directly seen by the interferometer. The latter, Na, is the

signal sent by an actuator via its control system and shaped
by the plant’s transfer function, excluding any direct
contributions from environmental noise. These two noises
are soon presented visually in Fig. 1. The optimal controller
must ensure that the plant’s noise R̃p will meet requirements
by shaping its spectrum Sp through the environmental and
measurement noise contributions,

SpðfÞ ¼
���� PðfÞ
1−GðfÞ

����2SenvðfÞ þ
���� GðfÞ
1−GðfÞ

����2SmeasðfÞ; ð11Þ

where

GðfÞ ¼ KðfÞPðfÞ ð12Þ
is the open-loop gain of the full system, PðfÞ is the transfer
function of the plant component, either the input or output
of PðfÞ represents the degree of freedom to be controlled,
KðfÞ is the transfer function of the controller, SenvðfÞ is the
PSD of the environmental noise, and SmeasðfÞ is the PSD of
the measurement noise. Here, it is explicitly indicated that
each of these expressions is a function of frequency; this
dependence is continued but will not be explicitly stated in
the following formulas.
The total plant noise Np, which is presented in Eq. (11),

is the typical minimization metric for modern control. It is
the measure of all the noise coming out of a system,
including all coherent cancellations and interactions. In a
system with no cross-coupling to any other degree of
freedom, minimizing Sp would minimize the sum of both

FIG. 1. The layout of the modeled system with a controller attached. Here, the input white noise un1 is being shaped to appear as
environmental noise seen by the plant. The system has two figures of merit, which are simply transfer functions that weigh the output
noise: a broadband FOM outputs the unshaped noise, i.e., every frequency has the same weight, and a BNS inspiral FOM, which
represents the band of detection for BNS signals. In this model, the two plant blocks are identical and serve as a way to represent Sa for
actuation-point control noise minimization. These figures of merit are discussed further in Sec. III B. The input associated with u∞,
which has a dotted line, is used for the H∞ minimization discussed in Sec. VA.
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measurement noise and environment noise injected into the
system.
The definition ofNp is often presented as control noise in

modern control. However, this differs from most previous
work in gravitational-wave interferometer sensing and
control, where control noise is defined as any noise that
passes through the controller and becomes a new contri-
bution through actuation on the degree of freedom The
definition of actuation-point control noise Sa is

Sa ¼
���� PG
1 −G

����2Senv þ
���� G
1 −G

����2Smeas; ð13Þ

and

Na ¼
PG
1 − G

Nenv þ
G

1 −G
Nmeas: ð14Þ

The actuation point that control noise definition is useful
because optimizing to reduce it is more directly a means of
penalizing actuation, as K is in the numerator of both
environmental and measurement noise contributions to
Eqs. (13) and (14). In large multi-degree of freedom
coupled systems like LIGO, it is often true that actuation
on one degree of freedom can inject noise into another. The
PSD Sc, from Eq. (6), could be set equal to any noise of
interest like Sp; however, in this paper Sc ¼ Sa as is
appropriate for the alignment control degree of freedom
we investigate and as is typical for gravitational-wave
(GW) control. The noise from this metric Na is then used
as the noiseNa in Eq. (4). An approach more widely used in
modern control that only uses Sp as an optimization metric
is discussed in Appendix B.
In this work, both Sa and Sp will be used: the former for

the control effect on SNR and BNS range, and the latter for
the minimization of the total rms R̃p from Eq. (10), needed
to maintain the operating point. Finding a “best” controller
is difficult because of the trade-off between suppressing
environmental noise in Sp with a large K and suppressing
measurement noise in Sa with a small K. Finding the
optimal controller requires a multiobjective optimization:
the rms control noise R̃p and the BNS detection range.

B. Application to alignment sensing control system

Control noise associated with the alignment sensing
control (ASC) system is one of the largest sources of control
noise at low frequencies [2,3]. The ASC system is respon-
sible for keeping the LIGO test masses aligned in their
angular degrees of freedom. Each LIGO interferometer has
eight principal control filters dedicated to maintaining
angular stability in the arm cavities. These eight control
filters are the product of three distinguishing degrees. Each
system is either in pitch or yaw (P/Y) rigid-body rotation,
differential or common motion between the two Michelson

arms (C/D), and HARD and SOFT terms in the labels
indicate the type of spring reaction to beam motion.
HARD modes are when the two test masses that make up

LIGO’s Fabry-Pérot arm cavities rotate in opposite direc-
tions, e.g., one rotates very slightly up, and the other rotates
very slightly down. Since LIGO’s Fabry-Pérot cavities have
a high g-factor, the differential rotation causes a rotation of
the optical axis, and radiation pressure pushes the arms back
toward their nominal angle. Thus, HARD modes increase
suspension stiffness and occur at higher frequencies. SOFT
modes are the opposite, where the mirrors move at a common
angle, which translates the cavity axis. The translation moves
the beam off center and produces a negative spring constant
(antispring).
The name of each mode is the composition of these

distinguishing degrees; i.e., common-soft-yaw is the com-
mon soft mode in the yaw angular tilt. In this study, only the
differential hard (DHARD) yaw controller is calculated. The
choice of actuation-point noise optimization for the DHARD
yaw degree of freedom presented in this paper was motivated
by the strong coupling between angular actuation and length
in LIGO Hanford’s arms.

III. PROBLEM FORMULATION

The heart of the control noise problem is straightforward
to outline: too much measurement noise gets passed
through the controller and is actuated spuriously into the
DARM degree of freedom, injecting noise. As with all
LIGO systems, the goal is to minimize the noise that is fed
into the readouts of the interferometer that contain informa-
tion of astrophysical importance, mainly the DARM readout.
The solution to this control problem is more difficult, as it
must account for many different factors, including the plant’s
response, the measurement noise passed through the control
system, and the system’s stability and robustness.
The modern control optimization method that is well

suited to this problem is linear-quadratic-Gaussian (LQG)
control. An LQG controller is the optimal linear controller
for a system that is disturbed by Gaussian white noise and
has a quadratic (rms-like) cost function. Described in
Secs. VI B and VI C, LQG controllers minimize a system’s
H2 norm, which is a measure of the rms at system outputs
from all of its noise inputs. The “H” stands for solutions
within a Hardy space, indicating that the system must be
closed-loop stable. This is necessary to have well-posed
noise in the time domain and appropriate for implementable
feedback controllers. The typical quadratic cost function
for LQG is based on the total noise rms Sp of a degree of
freedom LIGO’s performance relies on multiple criteria, so
wewill use a weighted rms that includes both the total noise
and the lost detection range as figures of merit.
So far, the noise model of Sec. II A has not included the

nonlinear/bilinear aspects. It has simply been a model of
direct, linear noise coupling, which should naively only be
optimized for the BNS range while ignoring the degree of
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freedom rms. The following sections investigate how to
incorporate a weighted rms to balance noise suppression
against control noise injection.

A. System overview

When creating a SISO controller for a single degree of
freedom, a MIMO system is constructed that takes into
account the multiple inputs that can affect the degree of
freedom, as well as multiple outputs to measure its
performance. This system, whose block diagram is pre-
sented in Fig. 1, includes all of the information that is used
to find the optimal controller, mainly of three types: the
noise in the system, the plant of the system, and the FOM of
the system. The first two of these pieces are rather
straightforward and regularly measured at the LIGO sites,
while the motivation for the FOM is given in Sec. III B.
The full systemmodel, outlined by the dashed gray box in

Fig. 1, includes four inputs, a control input uc, a measure-
ment noise input un1, a state noise input (environmental
noise) un2, and an H∞ disturbance input. Both noise inputs
are white noise inputs that pass through shaping filters to
model the measurement and environmental noise. The
control input uc is connected to the output of the controller
and is not a white noise input. The H∞ disturbance input
u∞ serves as a port for the solver to inject unshaped signals
into the system and is a necessity for optimal control, as
analyzed later. The system has two types of outputs: the
figure of merit outputs and the measured output ymeas. ymeas
gives the state of the plant with added measurement noise.
Measurement noise is only observed by the controller and
represents an imperfect estimate of the plant’s true state.
The system layout includes multiple blocks, each repre-

senting a transfer function. The plantP represents the physical
system being simulated; in this case, it is the mechanism by
which the actuator converts force/torque inputs into displace-
ments/tilts. Themeasurement noiseM is the shaping filter that
turns the input Gaussian white noise into the appropriately
shaped sensing noise, while the environmental noise E serves
the same purpose for the state noise on the plant, both shown
in Fig. 2. The transfer functions relate to Eqs. (11), (13), and
(14) through

Senv ¼ jEj2Sun1 ð15Þ
and

Smeas ¼ jMj2Sun2; ð16Þ
where

Sun1; Sun2 ≡ 1=
ffiffiffiffiffiffi
Hz

p
ð17Þ

and are uncorrelated. This indicates that these inputs are
driven by Gaussian white noise that is then shaped by the
relevant noise-shaping filters. The two figures of merit filters,
FBNS andFflat, represent the transfer function that weights the
frequency domain signal properly for two different measures
of the controller’s performance described in Sec. III B.

The two figures of merit outputs are free of any direct
measurement noise, and they are each connected to a point
representing the Np and Na plant and actuator noise terms of
Eqs. (13), (14), and (11). The frequency response of the plant
must have two copies in our model to produce the different
contributions of K (to be designed) in the expressions of Na
and Np.
The FOM block includes a shaping filter for each path

that weights the relative contribution of Sa or Sp in the
optimization problem. The construction and weighting of the
FOM filters is described in Sec. III B and is fundamental to
finding the Pareto front of optimal controllers for a given
system. The absence of measurement noise indicates that
the FOM outputs report the true value (up to weighting) of
the degree of freedom from which it is constructed and not
what would be observed through an imperfect physical
measurement.
For this alignment control application, the state of the

plant at Np represents the total angular motion of the mirror
or cavity in its degree of freedom (differential, HARD, yaw).
A flat filter representing the first FOM then has yFOM1, which
integrates into the total variance of the mirror motion. This is
the typical objective that is minimized in LQG=H2 optimal
control. The Na connection to yFOM2 represents how the
control actuation pushes on the mirror in pitch or yaw. If the
beam is miscentered, the alignment actuation is converted
into length noise. The BNS FOM then contains a weighing
filter for how important this length noise conversion is for the
SNR or range figure of merit.

FIG. 2. Thenoise spectrumof theDHARDyawdegree of freedom
at the LIGO Hanford Observatory decomposed into fits of meas-
urement and environmental contributions. The spectra are fit to filters
M and E, see relations of Eqs. (15)–(17). The measured open-loop
(OL) amplitude spectral density (ASD) of ymeas is the measured
spectrum of the cavity axis (see Fig. 1) and is equal to jEPþMj.
This spectrum assumes no control,K ¼ 0 (open loop).After fitting a
ZPK to jEPj, the contribution fromEwas isolated by dividing by the
model for the plant (P). The filters are using the Python package
WIELD.IIRRATIONAL to refine fits with gradient descent after making
initial guesses using the AAA algorithm [10,11].
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B. Figures of merit

As discussed in the previous sections, figures of merit are
measures of the performance of a closed-loop system. In
the example presented in this paper, an essential new
complexity is added: multiple figures of merit.
In the model of the system, shown in Fig. 1, two figures of

merit are shown, which have been indicated by Eqs. (6)
and (10). Shown inside the red dashed outline in Fig. 1 and
represented by transfer functions, these two figures of merit,
FBNS and Fflat, allow for different frequency weightings of
the output signal. Figure 3 shows the magnitude of the two
figures of merit used in the augmented ASC system. The
first broadband FOM, Fflat, is required to minimize R̃p

which is necessary to preserve the inequality in Eq. (10).
The broadband FOM represents the unshaped total noise in
the degree of freedom seen after the plant, which affects the
operational locking of the interferometer. This FOM is also
necessary in order for the problem to be well posed for
optimal control, ensuring assumption 4 in Sec. VI C.
The second FOM, passing through FBNS, is a measure of

how much the alignment actuation influences the SNR or
range of the LIGO detector to an inspiral of two 1.4M⊙
neutron stars at a distance of 40 Mpc, using Eqs. (6)–(8).
The inspiral determines the function hgwðfÞ. The factor
CðfÞ is a coupling factor for actuation-point control noise
into DARM, computed using noise budget data from [3].
Sdet is the detector’s noise PSD. We fit the weighting filter
so that

jFBNSðfÞj ¼ 2
jCðfÞjjhgwðfÞj

SdetðfÞ
·

dgw
16 · 2.26 · SNRdet

; ð18Þ

where the first term creates a weight filter to compute the
SNRlost, and the second term converts to lost range.
By connecting to the Na actuation-point noise, the total

variance of yFOM2 then produces the lost SNR or lost range.
Practically, this filter (seen in Fig. 3) has a dynamic range
going from low to high frequencies that spans more than
the 16 orders of magnitude of a double-precision float,
creating issues that we detail in the following sections.
The frequency-dependent coupling function CðfÞ is

measured through an excitation injected into the control
loop [3]. When excited, Sa from Eq. (13) becomes

Sa;exc ¼ Sa þ
���� G
1 −G

����2Sexc; ð19Þ

where Sexc is the PSD of the excited signal summed in
before the controller. When this excitement is added,
Sh from Eq. (5) becomes

Sh;exc ¼ Sdet þ jCj2
�
Sa þ

���� G
1 −G

����2Sexc
�
: ð20Þ

From Eqs. (19) and (20), jCj2 can be calculated and fit from

jCj2 ¼ Sh; exc − Sh
Sa; exc − Sa

: ð21Þ

1. Pareto front of multiple FOM for bilinear noise

To fully motivate the use of these two figures of merit in
the bilinear noise case, Eq. (6) can be rewritten to directly
depend on both figures of merit. Consider the noise
coupling factor C from Eq. (8). For the multiplication
effect that occurs for bilinear noise on a single degree of
freedom, a model is assumed where C ∝ R̃p represents an
intermodulation effect. The effect of an intermodulation
can be seen by rewriting Eq. (4) in the time domain, with
the control noise term becoming bilinear

hsignalðtÞ ¼ hgwðtÞ þ NdetðtÞ þ χNaðtÞNpðtÞ; ð22Þ

where χ is a scale factor for the cross-coupling. For our
alignment example,Np is the residual angular motion of the
mirror, while Na is the actuated tilt. If the residual angular
motion is nonzero, then the applied tilt causes a coupling to
arm length.
When the Np noise is dominated by low-frequency

components, this term becomes χR̃pNaðtÞ by linearizing.
See Appendix A for a formal derivation. This substitution
can then be used in Eq. (8) via CðfÞ ¼ χðfÞ · R̃p. In the
alignment control example problem, this relation for con-
structing CðfÞ yields the coupling factor called “A2L” for
alignment to length. This factor is measured [3] and trans-
lates angular motion in the alignment system into length
motion in the DARM gravitational-wave channel. This form

FIG. 3. The magnitude of two figures of merit filters used in the
augmented system, as shown in Fig. 1. Both of these figures of
merit shape either Np or Na to create metrics for the controller to
minimize. The broadband FOM results in an unshaped signal that
must be below a specified threshold to keep the interferometer
locked. The BNS FOM shapes Sa allowing for the direct
optimization of LIGO’s BNS detection range.
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for C and similar models of rms-dependent coupling factors
indicates that one aspect of the range depends on the rms as
computed from the flat FOM, while the other depends on the
rms as computed from the shaped BNS FOM.
Assuming this form of the C coupling function, the SNR

loss of Eq. (8) becomes

SNR2
lost ¼ 4 · R̃2

p ·
Z

∞

0

jχj2jhgwðfÞj2
S2detðfÞ

ScðfÞdf ð23Þ

¼
Z

∞

0

jFflatj2Spdf|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
R̃2
flat

·
Z

∞

0

jFBNSj2Scdf|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
R̃2
BNS=R̄

2
flat

; ð24Þ

where R̃2
BNS denotes the rms of the noise that comes out of

the BNS FOM, which is output yFOM2 in Fig. 1, R̃2
flat is the

rms of the total plant motion during control, and R̄2
flat is a

constant for rms at the time of the measurement of the A2L
coupling factor CðfÞ.
As a minimization problem, a necessary condition for

optimality can be established by taking the derivative with
respect to the controller parameters K, in bold to represent
parameters in a state-space matrix form. Setting these
derivatives to zero finds an extremal point of the noise as

0 ¼ 1

4jχj2
d
dK

SNR2
lost ð25Þ

¼ R̃2
flat

d
dK

R̃2
BNS þ R̃2

BNS
d
dK

R̃2
flat: ð26Þ

This relation can be satisfied through the equivalence

0 ¼ d
dK

R̃2
syn; ð27Þ

when

ζ ≡ R̃BNS

R̃flat
: ð28Þ

The LQG and mixed-sensitivity approaches below find
control systems that meet this necessary condition. By
scanning over the weight parameter ζ, the Pareto front of
optimal controllers is produced. The above derivation
indicates that the bilinear-optimal controller exists along
this Pareto front.
There are multiple reasons why the parameter ζ should be

abstracted as an independent term for Eq. (29). The main
reason is that, prior to optimization, the ratio of the rms values
of the two figures of merit cannot be known. Thus, there is no
presumptive ζ to target. Since LQG can only optimize over a
single parameter, all of a system’s FOM must be combined.
With ζ, we can define a synthetic weighted rms of the two
figures of merit, which meaningfully relates to the above
condition on the derivative of the SNR as

R̃2
syn ¼ ζ2R̃2

FBNS
þ R̃2

Fflat
: ð29Þ

Theweighted sumof the two figures ofmerit outputs creates a
single synthetic output with its own rms, R̃syn. The problem
now boils down to a problem to minimize R̃syn over many
givenweightingsofζ. It is advantageous to onlyweight oneof
the figures of merit to achieve the desired relative weighting
because leaving the weighting of the flat FOM untouched
allows for consistentH∞ norms across different weightings,
which will be important in Sec. VA.
For values of ζ that are zero, or very large, the opti-

mization of R̃syn will find the minimum rms in one of the
respective figures of merit. Because the rms values satisfy a
minimization constraint, the optimized values of both R̃BNS

and R̃flat are expected to be monotonic but not necessarily
smooth or convex in ζ.
Together, this suggests that scanning ζ will allow one to

find the global minimum of the lost SNR, but does not
establish that the control-optimal SNR loss function is a
convex optimization problem in ζ. For any more complex
dependence of C on χ or R̃c, the derivative argument above
is expected to still apply, but the relationship of Eq. (27) will
become more complex. Finally, the above derivation and
example based on the C coupling parameter assume only a
single degree of freedom More elaborate models of the
C parameter are likely dependent on the rms of multiple
degree of freedom Thus, the decision point of where to
balance flat rms vs the BNS-weighted rms is, in general,
more complex. These are major reasons that ζ should be
treated abstractly to produce a Pareto front. The following
plots show that the ζ parametrization clearly shows the
boundary of the optimal space for the two major rms
contributions. Thus, scanning ζ to find a boundary that
shows the specific trade-off between the flat-weighted rms
and the BNS-weighted rms is the most generally useful
expression and is achieved through the ζ parameter. We
believe the above argument can apply to MIMO systems
using a vector of ζ scales, but leave this for future work.

IV. LQG OPTIMIZATION

The LQG problem is to find an optimal controller that
yields the lowest R̃syn for a given ζ. This is equivalent to
finding a controller that minimizes theH2 norm of a “transfer
function matrix” T2ðfÞ from the un1; un2 vector of inputs to
the yFOM1; yFOM2 vector of outputs, with a ζ scaling first
applied to the yFOM2 output. Here T is a set of transfer
functions that define the system from Fig. 1. A mathematical
description of this system using state-space systems and a
more rigorous definition of T can be found in Sec. VI A.
By contrast, LQG is often taught and presented starting

from the separation principle, combining a Kalman filter as a
noise-optimal state linear-quadratic estimator with a linear-
quadratic regulator that minimizes an actuator cost function.
The actuator cost is often described as fuel consumption, but
when using the FOM weighting filters, it can also be
interpreted as part of a noise-minimization procedure.
This interpretation of LQG as an H2 noise-minimization
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procedure can be established intrinsically through minimi-
zation [12], as well as through the case analysis of the
separation principle [13].
TheH2 optimization can prove difficult by hand or even

with a gradient-descent numerical optimizer because of
design trade-offs. Finding the perfect balance between
suppressing environmental noise and introducing minimal
measurement noise, all while weighting the output by two
figures of merit, is a job that optimal control can perform in
a single algebraic solution step. Here, LQG is used to find
the optimal controller to give the lowest possible R̃syn. The
control transfer function K is determined by the state-space
description of the control KLQG, using the method
described in Sec. VI C. The method of the numerical solver
is not essential to understanding the results of this paper,
but an important point is that LQG optimization is non-
iterative. This is essential for speed, as our method requires
a scan over the ζ parameter that indicates the trade-off
between two figures of merit. Because of dynamic range
and numerical challenges, an understanding of the numeri-
cal solver has been essential to implement this work with a
reliable software implementation, but ideally, it should not
be required for end users.

A. LQG optimal controllers

Using the plant system, whose layout is presented in
Fig. 1, a set of optimal LQG controller filters was calculated

using the method described in Sec. VI C. These controllers,
corresponding to the filter K in Fig. 1, were calculated for
different weights of the two figures of merit corresponding
to the BNS range and total rms for a range of ζ values. The
change in the weighting ζ causes the BNS FOM to increase
its contribution to the R̃syn. By calculating a number of the
ζ values, it is possible to show the performance of those
controllers in relation to the LIGO’s early observing run O4
differential-hard-yaw open-loop gain with respect to any
trade-off between total noise and lost performance (observ-
ing range). Since the solver is always finding the lowest
noise across different weightings, the results form a Pareto
front, showing the boundary of all optimal linear controllers
for this cavity-alignment degree of freedom.
Figure 4 shows a comparison between several LQG

optimal controllers for several ζ values. To calculate the
controllers, a system scaled by ζ is used. During the solve,
if ζ is too large, the solver will either fail or create
suboptimal controllers due to numerical error in eigenvalue
computation and loss of the ability to order deflating
subspaces. Once the controller is calculated, it is connected
to an unscaled system, where ζ ¼ 1. The unscaled system
models the controllers’ performance, as a Lyapunov equa-
tion can compute the lost BNS range by computing the rms
of the BNS FOM output. The two performance metrics are
then plotted. Lower is better, representing either suppressed
noise in the alignment plant or less loss of detection range.
The LQG open-loop gain of the controllers is shown in

FIG. 4. The rms noise at the two figures of merit outputs given the white noise disturbances for the closed-loop system, including the
system shown in Fig. 1 and optimal LQG controllers calculated for specified ζ values. Each point represents the performance of a single
controller that is the LQG optimal solution for the plant with a different FOM weighting. The rms value is shown on the axis of the
correspondingFOM.TheBNSFOM’s rms is calibrated to represent BNS range lost by the noise from a given controller, while the flat FOM
represents the rms noise in radians for ASCDHARD yaw. The number next to each point represents the ζ value used to acquire the desired
weighting. The color of each point corresponds to the phase margin of the controller. The triangle represents the current LIGO hand-tuned
controller’s performance and phase margin. All of the LQG optimal controllers whose performance beats the hand-tuned controller in both
figures ofmerit have poor phasemargins, and they get worse as the BNS range FOM is emphasized using a higher ζ factor. Themargins can
be improved by the LQG optimal solutions with an H∞ performance bound discussed in Sec. V and presented in Fig. 7.
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comparison to a hand-tuned LIGO loop design for DHARD
yaw used during LIGO’s fourth observing run.
The open-loop gain of the plant and controller system for

the same LQG controllers is shown in Fig. 5. There are
several features and similarities demonstrated in both the
optimal LQG controllers and the LIGO hand-tuned
controller.
The closed-loop gain of G=ð1 − GÞ, shown in Fig. 6, is

the filter through which the noise Smeas is seen in Sa and
Sh as described by Eq. (11). When the peak ofG=ð1 −GÞ is

high, the stability margins are poor, which is visible in
Fig. 6. This suggests that if one can constrain the height,
then one can enforce more acceptable margins.
The stability margins are computed for the open-loop

gain G of the LQG controllers. The phase margin, which is
related to the peak of G=ð1 − GÞ, is presented as the color
of the points in Fig. 4. All of the gain and phase stability
margins for the LQG controllers are unacceptably low,
below 10°, where 30° is usually taken to be a lower limit.
LIGO’s control systems must be robust and remain stable

FIG. 5. The open-loop gain G of the unscaled plant and controller system shown for different values of ζ. As ζ gets lower, the
optimizer gives less weight to the R̃BNS. A hand-designed LIGO DHARD yaw controller is included for comparison. Each of these
LQG controllers was optimized using an LQG solver with no enforced stability margins. The hand-tuned controller meets the stability
requirements necessary for implementation in the interferometer.

FIG. 6. The closed-loop gain G=ð1 −GÞ of the plant and controller system shown for different values of the relative FOM weighting
parameter ζ. These are the same LQG controllers presented in Figs. 7 and 5. The current hand-tuned LIGO DHARD yaw controller is
included for comparison. The large peaks seen around 10 Hz are gain peaking, which causes low stability margins by inflating the
H∞ norm of the closed-loop system. This is further discussed in Sec. V.
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when dealing with drifting operating conditions of the
interferometer. If the gain of the optical or mechanical
components of the interferometer plant is increased or
decreased by a small margin, then the gain ofG will also be
affected. If the margins are smaller than the change in the
gain or phase of the plant, then the system will become
unstable.

B. Properties and limitations apparent
in LQG controllers

All of the calculated controllers aim to reduce the noise
of the current hand-tuned LIGO DHARD yaw controller.
Figures 4–6 show the rms and open- and closed-loop
transfer functions for the LQG controllers and for the hand-
tuned LIGO controller. The properties exhibited by the
LQG controllers should be related to the hand-tuned
controller, but might also inform future design.
The pieces of information that motivate the hand tuning of

the controllers are generally the rms of Sp and the open- and
closed-loop transfer function to see the stability margins, as
well as the noise spectrum presented in Fig. 2. The hand-
tuned controller has an integrator under 1 Hz to suppress the
most significant contribution to the total rms: tilt noise. The
unity-gain frequency of the open-loop gain is below 10 Hz,
and the hand-tuned controller rolls off rapidly above 10 Hz
to decrease the impact on the observing range. The roll-off
enforces a hand-tuned version of the FBNS weighting ζ, but
costs a lot of phase at the unity-gain frequency. The hand-
tuned controllers sometimes are designed with multiple
unity-gain frequency crossings to target noise peaks where
needed, but these are challenging to keep stable, so hand
design often just suppresses the lowest-frequency noise.
The LQG controllers have a much more aggressive open-

loop gain. There is a strong roll-off after 10 Hz to minimize
the impact on the BNS range, meaning the rate of the roll-off
is highly dependent on ζ. When ζ is very low and thus the
FBNS does not contribute much to the total rms of R̃syn, the
roll-off is almost nonexistent. The limit on when the roll-off
becomes non-negligible is when ζR̃BNS becomes larger than
the residual environmental noise R̃p. One of the most
noticeable characteristics of the LQG controllers is that they
are aggressive. The closed-loop gain, shown in Fig. 6, shows
that the unchecked gain peaking can get to about 70 times its
dc gain, which corresponds to an unacceptable phase margin
of around a few degrees.

V. SOLUTION WITH CUSTOM STABILITY
MARGINS

While the goal of many of LIGO’s control loops is to
minimize the H2 norm of the closed-loop system, opti-
mally, for bilinear noise, the controllers must also be robust
and stable. When hand-designing control loops, the mea-
sures of this robustness are the gain and phase margins. The
gain margin is the smallest gain shift that makes the system

unstable, and the phase margin is the smallest amount of
phase lag that causes the system to become unstable.
The pure LQG solutions for the system, presented in

Sec. IVA, show unacceptable stability margins and gain
peaking. The best controller for many of LIGO’s applica-
tions would be an LQG controller if there were a way to
guarantee its stability margins. Unfortunately, to quote the
entire abstract of Doyle’s paper on guaranteed margins for
LQG controllers, “There are none” [14].
We must instead employ a more complicated strategy.

The phase margin for the system is directly linked to the
peak of the closed-loop gain. This peak can be measured
using anH∞ norm and can be bounded. The following work
mixes such a bound within the LQG solution and presents
robust and noise-optimal controllers for our example align-
ment (ASC) system and can be used for many other LIGO
control systems.

A. H∞ optimization problems

Before describing the mixed-sensitivity approach, it is
worth first describing the pure H∞ optimization approach
and contrasting it to theH2 minimization performed by LQG.
In changing an LQG problem to utilize an H∞-optimal
solver, the same transfer function T2ðfÞ of noise inputs to
FOM outputs can be used. The optimization objective is then
to find the controller that minimizes the maximum value of
kT2ðfÞk2 over all frequencies f (cf. Sec. VI F). H∞ opti-
mization is typically claimed to find controllers more robust
to model changes or adversarial (optimally bad) inputs;
however, it requires its own precise and uniquely defined
FOM to be applicable or relatable to astrophysics metrics of
gravitational-wave detectors. In particular, H∞ makes no
guarantees about minimizing rms noise levels and is thus
fundamentally unrelated to SNR and detection range metrics.
In effect, when using noise-shaping filters and FOM

weights, a simple reinterpretation of an H2 model into H∞
neither improves robustness nor helps with the true noise
optimization problem. One must instead use a different set of
weights and shapes to define a T∞ transfer function matrix
that is dedicated to the H∞ optimization. The following
sections show the mixed-sensitivity approach that retains the
T2ðfÞ of the H2 optimization while including a dedicated
weighting to apply an H∞ bound. In the following, T∞ is
implemented by utilizing the additional input: u∞ of Fig. 1.
What, then, is the difference between an H∞ optimiza-

tion and a bound? Both applications of H∞ use an addi-
tional single parameter, γ, to apply the bounded real lemma
[15] and produce algebraic Riccati equations that only have
an admissible solution when kT∞ðfÞk2 < γ for all f. The
H∞ optimization problem is to find the smallest γ, and
associated controller, such that these equations hold. In
finding the minimal admissible γ, there is no remaining
freedom in the controller to also optimize an LQG H2

problem and minimize noise rms due to the uniqueness of
the optimal H∞ controller. When a γ above the minimum
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value is chosen, there is a large class of H∞-suboptimal
controllers [16], all related through a γ bounded linear
fraction transformation [15], that can be considered as the
admissible set for anH2 noise optimization problem. In this
way, it is possible to find a solution with a minimalH2 norm
within the set of H∞-suboptimal controllers.

B. LQG optimal solutions given an
H∞ performance bound

As discussed in Sec. VA, placing a limit on a suitably
definedH∞ norm can enforce stability margins of a system.
However, H∞ solvers do not return controllers with accept-
able noise. The ideal controller for most of LIGO’s control
loops would be the optimal LQG filter that has anH∞ norm
enforcing robustness. Here, a bound on the phase margin is
derived, and results from the alignment control model are
shown. Section VII describes the numerical method for
calculating the optimal solution [17,18].
The phase margin ϕm of the system is expressed as the

phase when the magnitude crosses the unity-gain frequency
or expressed as an equation,

ϕm ¼ ∠GðfuÞ; ð30Þ
where fu is the unity-gain frequency. As the unity-gain
frequency is approached

lim
f→fu

jGðfÞj ¼ 1; ð31Þ

meaning, at fu, the closed-loop gain is at or near its
maximum. If a bound is added to the closed-loop gain and

the phase margin is considered in radians, then���� GðfÞ
1 −GðfÞ

���� ≤ γ ð32Þ

and

lim
f→fu

���� GðfÞ
1 −GðfÞ

���� ≈ 1

jϕmj
; ð33Þ

yielding

jϕmj ≥
1

γ
: ð34Þ

By limiting how large γ can be through the controller, the
phase margin is also limited. For example, γ ≈ 1.27 limit
enforces a π=4 ¼ 45° phase margin.
To implement this, the additional u∞ input of Fig. 1 is

employed. By using the transfer function matrix from the
input u∞ to the yFOM1 output to define T∞ðfÞ, the idealH∞
bound can be established in the definitions above.
The results, presented in Figs. 7–9, show a number of

controllers of varying ζ and γ values. Shifting these two
parameters allows a group of controllers to be calculated. A
single preferred controller can then be postselected from
the group to meet the desired outcome. These plots look
similar to those in Sec. IV, but include a varying γ bound as
a parameter.
Interestingly, our configuration of T∞ðfÞ to measure the

closed-loop gain allows even γ ¼ 0 to be admissible, which

FIG. 7. The rms plot that shows the rmsmotion of the optic in radians and the range lost from added noise, which are the outputs from the
two figures ofmerit. The plot shows the phasemargin of all the controllers as a color-coded representation. The phasemargin is related to the
gain margin monotonically, and their relation as well as their relation to γ is presented in Fig. 10. Each branch of the plot, shown by
the light dotted line, has the same ζ valuewith different γ values. The number at the top of each branch is the ζ value for that branch. The dark
dashed line shows theH2 Pareto front, which is the limit to the controller’s noise performance, as it represents the performance of the LQG
controllers from Fig. 4, which are rms optimal.
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occurs when G ¼ 0, everywhere. In practice, no interesting
control loops that influence or optimize the rms can be
created as γ → 1. Numerically, our solver becomes increas-
ingly fragile in this limit. Our procedure is to first choose a
moderately large γ value, and then solve for a controller. If
this solution is successful, then it chooses a smaller value
and tries again. γ is successively reduced toward γ ¼ 1 until
it cannot reliably converge to a solution. For this ASC
example, phase margins of around 45° are achieved.
The controllers’ rms performance, presented in Fig. 7,

shows that the current LIGO controller for DHARD yaw

can be improved in both the BNS range as well as the
overall rms in the loop while keeping the same phase
margin. In the lost range due to the added noise, an order-
of-magnitude improvement can be made. The total rms can
only be improved by about four times for controllers that
would be implemented while maintaining the controller’s
stability.
Each group of controllers in Fig. 7 that is connected by a

light dotted line represents controllers with the same ζ,
displayed at the top of each branch, for a varying γ. The
phase margin is shown by the color of each point. It is clear

FIG. 8. The open-loop gain G of controllers from Fig. 7 with a constant ζ value but with varying γ values. As γ decreases, the
robustness of the controller, as measured by the stability margins, increases. These calculated controllers are compared to the current
LIGO controller for DHARD yaw.

FIG. 9. The closed-loop gain G=ð1 − GÞ of controllers from Fig. 7 with a constant ζ value but with varying γ values. As γ decreases,
the robustness of the controllers increases. The phase margin of the controller is directly linked to the height of the maximum peak of the
closed-loop gain. As γ decreases, this peak is suppressed, as shown here, and thus, the stability margins increase. This relation is shown
in Fig. 10. These calculated controllers are compared to the closed-loop gain of the current LIGO controller for DHARD yaw.
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that, as the phase margin increases, so does the rms noise. In
effect, every choice of phase margin produces a Pareto front.
The open-loop gain of a single branch of these constant ζ

controllers is presented in Fig. 8 and compared to the current
LIGO DHARD yaw controller. By plotting only one ζ value,
it is possible to show the effect that γ has on the controllers.
As γ is decreased, the controller becomes more robust, and
the overall amplitude decreases, especially at low frequen-
cies, making the controllers less aggressive. This is also true
for the other controllers at other ζ values. However, at around
7 Hz, the response stays almost constant for the varying
γ values. The fact that the controller is trying to stay at or
above unity gain shows that it is not merely pushing down
the gain everywhere but actually trying to maintain the noise
performance while improving stability. In comparison to the
non-H∞ norm limited controllers in Fig. 5, these are much
less aggressive at low frequencies. Between 0.1 and 1 Hz, the
gain of the optimal controllers is still sometimes significantly
larger than the current LIGO controller. In Fig. 2, the
environmental noise shaped by the plant is shown to peak
around 0.15 Hz. The controller’s aggressiveness is trying to
suppress the environmental noise as seen at the plant output.
The closed-loop transfer function of G=ð1 −GÞ for the

system is shown in Fig. 9. The H∞ norm for each closed-
loop system is the maximum of the closed-loop magnitude.
Since the H∞ norm must always be less than γ, as γ is
decreased, the peak of the magnitude of the closed-loop
transfer function is forced down. As shown in Eq. (34), this
sets a limit on the phase margin.
While the phase margin is directly related to γ, the gain

margin is an important element of the controller’s stability.
Figure 10 shows that the gain margin and phase margin are
monotonic. By putting a bound on γ, it is possible to also
create a controller with both acceptable gain and phase
margins.

C. Properties and limitations of H∞ norm limited
LQG controllers

The first and most important change from the pure
LQG controllers to the controllers presented in Fig. 7 is the
improved phase margin. At the lowest γ values, the phase
margin can beat the margins of the current hand-tuned
controller.
As seen in the closed-loop transfer function, the H∞

norm is being suppressed as the γ value decreases,
enforcing an upper limit. The limiting of the H∞ norm
is not seen in the plot of the closed-loop gain of the pure
LQG controllers in Fig. 6, since there is no H∞ boundary
enforced. The enforcement of the limit directly leads to
more robust controllers as measured by the gain margin and
phase margin.
While the LQG results in Sec. IVA show controllers that

do not show all of the same features of the current hand-
tuned LIGO controller, the H∞ bounded controllers show
many of the same features. In the open-loop transfer function
(Fig. 8), the roll-off of the hand-tuned and H∞ bounded
controllers is very similar in frequency and magnitude. This
similarity appears even thoughH∞ bounded controllers’ rms
is calculated fromNa rather thanuc, as is often used in LIGO’s
controller optimization. This similarity may suggest that this
distinction is not as important. At very low frequencies, the
H∞ bounded controllers are actually slightly less aggressive
than the hand-tuned controller. As γ decreases, the H∞
bounded controllers get less aggressive.
A notable difference between the current hand-tuned

LIGO controller and the calculated H∞ bounded control-
lers is their behavior around unity gain (G ¼ 1). The hand-
tuned controller causes many unity-gain crossings in the
open-loop gain as the gain peaks over the line to target
noise peaks. Only the H∞ bounded controllers with the
lowest γ values exhibit this behavior.

FIG. 10. The gain margin, phase margin, and γ for the LQG controllers with H∞ performance bounds displayed in Fig. 7. The phase
margin, gain margin, and γ are monotonic. The stability margins are also shown for the current LIGO controller for DHARD yaw, which
has no γ value since it was hand-tuned and not created by an H∞ minimization algorithm.
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It is important to note that the solver employed does not
exactly implement the gain-peaking constraints that enforce
phase margin. Our implementation is slightly more restric-
tive. Current numerical solution methods for the mixed-
sensitivity problem cannot fully independently define T2

and T∞. Therefore, our method also has to include the
yFOM2 output, which instead implements the constraint���� GðfÞ

1 −GðfÞ
����2 ≤ γ2

jFflatðfÞj2 þ ζ2jFBNSðfÞj2
: ð35Þ

This could be corrected using a compensating weighting
filter on the u∞ input, but this increases the number of
system states, requires more computation, and requires a
more advanced set of numerical equations. The existing
results are satisfactory, though slightly more constrained
than necessary to enforce a stability requirement.

VI. RICCATI EQUATION APPROACH TO MIXED-
SENSITIVITY CONTROL

This paper, so far, presents results and explores the LQG,
H∞, and mixed LQG=H∞ control problem from the view of
classical control. To numerically solve these problems, the
tools and methods of modern control must be employed.
This section explains how the above results were obtained in
a way that is useful to a reader trying to replicate or further
develop the techniques. This section is not essential to
understand the results given above. Notably, additional
transformations on the system in Fig. 1 are required to
meet the structure and conditions of an LQG problem.
We start with the definitions and rules for establishing a

well-posed LQG problem, relating them to the physical
requirements and necessary arrangements on the state
diagrams. Additional considerations are required to enforce
and solve the H∞ bounds. The system is then extended to
the mixed-sensitivity problem.

A. State-space system description

To define an LQG problem, the “system model” com-
ponent of Fig. 1 must be assembled into a monolithic state
space. All of the component subsystems are individually
modeled or fit from data and converted to state-space form.
They are then connected according to the diagram using
composition rules, and the entire system, excluding the
controller, is put into the form

˙x⃗ ¼ Ax⃗þ B1u⃗i þB2u⃗c ð36Þ

y⃗FOM ¼ C1x⃗þ D12u⃗c ð37Þ

y⃗meas ¼ C2x⃗þ D21u⃗i þ D22u⃗c ð38Þ

where A is the n × n state matrix, Bj is the n ×mj input
matrix, Ci is the pi × n sensing matrix, Dij is the pi ×mj

feedthrough matrix, x⃗ is the state vector, u⃗c is the control
input, u⃗i is the vector of inputs for simulating noise in your
system, y⃗FOM is the vector of FOM outputs, and y⃗meas is the
measured output. Using s ¼ 2πjf, the system transfer
function matrix T is given by

TðfÞ ¼

2
664

A B1 B2

C1 0 D12

C2 D21 D22

3
775 ð39Þ

≡
�
C1

C2

�
ðs −AÞ−1

h
B1 B2

i
þ
�

0 D12

D21 D22

�
: ð40Þ

It is important to note that while the system described by
T is often called the “plant” in control literature, in this
work it will continue to be called the system model so as to
differentiate it from the plant in Fig. 1. Given a T in the
proper form, it is possible to calculate a controller K that
minimizes the H2 norm of the combined system shown in
Fig. 11 [13,19].
In the following, the inputs and outputs of the T2 and T∞

components of this system will need to be distinguished.
Those can be distinguished by segmenting the noise inputs
into the white noise and infinity contributions, using

B1 ¼
h
B1n B1∞

i
; ð41Þ

D21 ¼
h
D21w D21∞

i
; ð42Þ

and

u⃗i ¼
�
u⃗n
u∞

�
: ð43Þ

FIG. 11. A block diagram depicting the connection of the
controller to the plant and abstracting away the internal structure
of other block diagrams, such as Fig. 1. The transfer function
from u⃗n to y⃗FOM is T2, discussed in Sec. VI A. The transfer
function from u⃗∞ to y⃗FOM is referred as T∞. We depict this
abstraction to clarify that transformations which preserve the
T2 or T∞ response do not affect the optimal closed-loop response,
but may influence the optimal K, requiring it to be mapped
through inverse transformations.
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B. Calculating the H2 norm

With the state-space representation of the system, we can
use it to calculate the total rms noise given any controller.
Along with evaluating the transfer function equations of
Eq. (40) to construct the frequency-resolved noise budget,
we can use matrix mathematics from numerical Lyapunov
solvers to efficiently calculate the total rms noise without
numerically evaluating integrals [20]. This technique is
used to construct the plots of Figs. 4 and 7.
The H2 norm of the system is a measure of the rms at

y⃗FOM output from the white noise input u⃗n. For a continu-
ous system with a transfer function T2ðsÞ, the H2 norm is
given by

kH2k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2π

Z
∞

−∞
trace½T2ðjωÞ†T2ðjωÞ�dω

s
: ð44Þ

The H2 norm is calculated by solving the Lyapunov
equation given by

ATLo þ LoAþ CTC ¼ ALc þ LcAT þBBT ¼ 0; ð45Þ

where Lo is the observability Gramian of (C, A), and Lc is
the controllability Gramian of (A, B). Both are determined
by numerically solving the Lyapunov equations. In this
expression, the matrices A, B, C are the matrices of the
T2 system whoseH2 norm is being measured (usually with
a controller solved and attached). TheH2 norm can then be
calculated by

kH2k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trace½BTLoB�

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trace½CLcCT �

q
: ð46Þ

Note that these Lyapunov equation methods apply only when
A is stable, but that condition is guaranteed for the closed-
loop systems returned by LQG-based solvers. AllowingA to
be unstable changes the interpretation to an L2 norm
calculation and can be solved using the SLICOT function
AB13BD [21]. We have noticed that standard Lyapunov
equation solvers sometimes fail to produce accurate noise
estimates due to the dynamical range of the transfer functions
involved. More advanced Lyapunov solvers that compute
the “square root” of the noise covariance matrices using
Hammarling’s method and return Cholesky decompositions
are more numerically reliable [22,23].
The use of Lyapunov equations to compute theH2 norm

is foundational to LQG theory and can be used to derive the
following Riccati equations for optimal control [12]. While
this is widely known in the control community and text-
books, we include this here for a physics audience.

C. Optimal LQG controllers

Here, we outline some of the major points of the LQG
numerical solution process, as it will inform the mixed-
sensitivity method to follow.

The optimal LQG controller, KLQG, is found by solving
two continuous algebraic Riccati equations,

ATX̄ þ X̄A − ðX̄B2 þCT
1D12ÞðDT

12D12Þ−1
ðBT

2 X̄ þ DT
12C1Þ þ CT

1C1 ¼ 0; ð47Þ

and

AȲ þ ȲAT − ðȲCT
2 þB1DT

21ÞðD21DT
21Þ−1

ðC2Ȳ þ D21BT
1 Þ þB1BT

1 ¼ 0: ð48Þ

Each of these Riccati equations corresponds to the
Lyapunov equations of the prior section. The Ȳ is the observ-
ability Gramian for the optimally controlled full-state feed-
back system, where the estimator/controller is unknown but
assumed to be a Kalman filter. It is also a positive definite
symmetric matrix. As the sensing noise becomes smaller, the
Kalman gain increases and Ȳ becomes increasingly positive
semidefinite, eventually unable to be resolved numerically.
Analogously, X̄ is a positive (semi)definite matrix and the
controllability Gramian of the closed-loop system.
The stabilizing solutions, defined below, X̄ ≥ 0 and

Ȳ ≥ 0, are then used to calculate the Kalman gain Ks
and the regulator feedback Fs, using

Fs ≡ −ðDT
12D12Þ−1ðBT

2 X̄ þDT
12C1Þ ð49Þ

and

Ks ≡ −ðD21DT
21Þ−1ðC2Ȳ þ D21BT

1 Þ: ð50Þ

The strictly proper controller that solves the H2-control
problem is given by

K̄ ¼
"
AþB2Fs þ KT

sC2 KT
s

−Fs 0

#
: ð51Þ

Note that the above equations do not useD22, and assume it
to be zero. One can remove or add the D22 using a
feedforward term on L, which can be reinterpreted (and
numerically implemented) as a feedback term on K̄. This
amounts to a linear canonical transformation to find the
final optimal LQG controller KLQG of the as-given system,

KLQG ¼ K̄ðIp2
þD22K̄Þ−1; ð52Þ

where I is the identity matrix of dimension p2.
The existence and numerical solvability of these equations

depend on many results in control theory and mathematical
analysis. We emphasize two that are relevant to discussing
our mixed-sensitivity approach.
The first is the separability of the solutions. The con-

troller K̄ is computed from two independent subproblems.
The two independent problems are the linear-quadratic
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observer (a Kalman filter) and the linear-quadratic regula-
tor. Each problem has stability guarantees for the limiting
case of state feedback or state estimation, yet these combine
to form a single control system that is itself stable and that
stabilizes the system under feedback. This separability is a
major reason that the solution is noniterative and can be
proven to be globally optimal.
The second key result we emphasize is the development of

deflating subspace methods to solve algebraic Riccati
equations [24,25]. In short, these methods transform either
of the above equations into a single matrix representing a
particular system of equations. The matrix is transformed
into a Schur form, upper triangular with its eigenvalues along
the diagonal. During the conversion to Schur form, a
modified QR or QZ algorithm reorders the stable eigenval-
ues first along the diagonal. Once in this form, the system of
equations can be solved using a column of the orthogonal
transformation matrix, the deflating subspace. In the original
formulation of Laub, the matrix is “Hamiltonian,” a form that
ensures that half of the eigenvalues are stable. That form can
be generalized [26] to solve directly for the feedback control
as well. The choice of eigenvalues represents the poles of the
closed-loop system, ensuring stability under optimal control.
Under the conditions of the following section, the Gramians
X̄ and Ȳ are ensured to exist and to be positive definite,
which in turn ensures that the controller, as an independent
system, is itself stable.
We mention these two as they are essential for the

solution of the mixed-sensitivity problem and for further
improving numerical robustness for high dynamic range
gravitational-wave systemmodels. For example, the ordqz
algorithm that is essential to the SciPy implementation of
the deflating subspace method, from which we base our
implementations, greatly benefits from matrix rescaling
[27,28]. This has led us toward some custom (re)imple-
mentations of these solvers and a desire to test against quad-
precision linear algebra implementations, where the physical
dynamic range is a substantially smaller fraction of the
floating-point epsilon. We leave this for future work and note
that several libraries exist in the Julia language, which may
make such a future effort possible. In our testing, we have
not found that iterative refinement improves upon the
reliability of a deflating subspace solver [29].

D. Mathematical assumptions and their
physical interpretation

In order to calculate the optimal controllers for the system
given in Eqs. (36)–(40), the following assumptions must be
met to ensure that the problem is well posed. These are
presented mathematically here, followed by the physical
requirements and manipulations of our system to generically
enforce them in the list that follows, as well as Sec. VI E.
(1) The inputs u⃗n must be unit white noise.
(2) (A,B2) is stabilizable and (C2,A) is detectable. This

assumption is necessary for an internally stable

closed-loop system. More restrictive assumptions
are given in [13].

(3) D12 and D21 both have full column rank.
(4) DT

12D12 is invertible and numerically nonsingular.
(5) D21DT

21 is invertible and numerically nonsingular.
(6) D11 ¼ 0. Note that D22 is often also assumed to be 0

for use separable solutions, but does not have to be.
If D22 ≠ 0, the optimal controller can be computed
as though it is zero and then transformed as shown
in Eq. (52).

(7) Rank
h
A−jωIn

B2

C1

D12

i
¼ nþm2; ∀ω∈R, where n is

the order of A, m2 is dimension of u⃗c, and I is the
identity matrix also of order n.

(8) Rank
h
A−jωIn

B1

C2

D21

i
¼ nþ p2; ∀ω∈R, where p2 is

the dimension of y⃗meas.
These formal assumptions restrict the types of systems

that can be solved for using this method. The reasoning
behind each assumption, as well as a translation into more
useful language, is presented as follows:

Assumption 1. This assumption requires that the noise
entering the system is Gaussian white noise. This
requirement is ensured for systems that require non-
white noise by using noise-shaping filters, E and M,
on the two noise inputs, which unwhiten the noise to
admit a physical source. Note that at least one of the
two noise shapes must have a nonsingular D matrix,
indicating that the noise becomes asymptotically
white at sufficiently high frequency. This is typically
the measurement noiseM. This is required formally to
enforce assumption 3, but is physically necessary to
make a well-posed optimization trade-off between
low-frequency system noise and measurement noise.

Assumption 2. This requirement is required for the control
and estimation subproblems of the separation principle
to be individually numerically well posed. Physically,
an observable but unstabilizable state contributes to rms
but cannot be controlled to suppress its contribution.
Thus, it is either a fundamental problem from its real
noise contribution or should simply be ignored. If
ignored, model reduction should be used. Because of
well-known issues in choosing tolerances, structural
algorithms to produce minimal realizations [30] are not
preferred. Instead, Gramian-based truncation algorithms
both reduce systems and improve other numerical
properties. We employ singular perturbation approxi-
mation-based model reduction [31] using AB09ND
from SLICOT [32].

Assumptions 3–5. These requirements are necessary to
make a well-posed minimization problem where the
control system couples white noise into its states
through D21 and then that noise is coupled to the
output throughD12. Without those requirements, there
is excessive freedom to choose how the noise is rolled
off. Along with requirements on the E and M shaping
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filters, this also requires that the “plant” component
has a nonsingular D matrix and thus cannot be strictly
proper. Additionally, at least one of the FOM filters
must have a nonsingular D matrix. Accommodating
more general strictly proper plant systems is non-
trivial, but is generically possible with the augmenta-
tion methods presented in the following section.

Assumption 6. The D11 condition is necessary to prevent
an infinite noise power from contaminating the prob-
lem. The D22 conditions are a mathematical conven-
ience in the problem statement but can be compensated
for by advanced problem restructuring [33].

Assumptions 7–8. If either of these rank conditions is
insufficiently met, then the open-loop gain may have a
zero on the imaginary line, and the existence of
solutions is not guaranteed, or at least substantially
more nuanced. It can often be solved anyway with the
numerical reliability of generalized eigenvalue and
descriptor-system techniques. See remark 14.1 of [15].

E. System augmentation

In order to accommodate the assumptions of Sec. VI D,
some augmentations and manipulations are made to make
the solver more applicable to general interferometer systems.
One example of such augmentations, which has already been
discussed, is the inclusion of noise shaping and the FOM in
Sec. III B. Further manipulations change the system laid out
in Fig. 1 into a new modified system of Fig. 12.
To make the new system equivalent to the original, its

transfer matrix TðfÞ from the u⃗n inputs to the y⃗FOM outputs
must be preserved. The control inputs and outputs can also
be modified during this process, but only in ways that can be
stably inverted. For a SISO plant and control systems, there
is a general method for meeting the assumptions necessary
for the solver, as long as the noise-shaping filters and figures
of merit meet the physical conditions outlined at the end of
Sec. VI D.

The following manipulations ensure that assumption 4 is
met. To do so, much of the plant must be included in the
environmental noise block. Most physical plants, such as
optical systems or suspensions, have some roll-off at high
frequency. This makes them strictly proper systems and
implies that the plant subsystem’s state-space representation
has D ¼ 0. By moving most of the plant to the environ-
mental noise block, it can be assured that the remainder has
a balanced number of poles and zeros, so thatD12 ≠ 0. If the
plant is stable, then the only part of the plant that is left in the
plant block is the delay or other non-minimum-phase zeros,
which can not be moved without changing the physical
interpretation. Unstable poles must also remain in the plant
section to preserve the problem formulation. The require-
ment is that the reformulated plant system P0 has
limf→∞ P0ðfÞ > 0 while containing the same non-mini-
mum-phase zeros and unstable poles as P.
Under this redefinition, P0 becomes the new plant sub-

system,K0 is the new calculated controller, andG0 ¼ K0P0 is
the new open-loop gain. Because the T2 and T∞ transfer
functions are preserved, the open-loop gain must be the same
as the original formulation, thus G ¼ G0. After computing
K0, the controller can be compensated using K ≡ K0P0=P to
find the controller of the original formulation. Note that this
representation may not be a proper transfer function and thus
may not admit a state-space representation. A simple reason
the aforementioned solvers fail is that their outputs are in
state-space form, which may not be able to represent optimal
controllers, even if the process can properly pose the
optimization problem. For SISO systems, the final controller
may be computed from K0 using a zero-pole-gain (ZPK)
form or using a descriptor state-space representation.
After transformation, Eq. (11) becomes

Sp ¼
���� 1

1 − G0

����2S0env þ
���� G0

1 −G0

����2Smeas; ð53Þ

FIG. 12. The layout of the augmented and modified plant system with a controller attached. This alteration of Fig. 1 shows the
modifications that preserve T while better ensuring the reliability conditions of Sec. VI D.
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where

S0env ¼ jP=P0j2Senv; ð54Þ

which is equivalent to the original formulation.
A useful convention for simple plant systems, such as

with our ASC example, is to make jP0j ¼ 1 (an inner factor),
so that it captures delay and stability effects, without any
additional shaping. For this convenient convention, the
computed K0 ¼ G when the system has no delay, P0 ¼ 1.
This convention always has the property jK0j ¼ jGj.
If the plant is unstable, all the unstable poles must remain

in the plant. To ensure that assumption 4 is still met, the
stable version of the unstable poles, i.e., the pole swapped
to the left-hand plane, must be added to the plant as zeros.
Then those same stabilized poles must be added to the
environmental noise system as poles. Since there will be the
same number of poles and zeros in P, D22 ≠ 0. When
executed correctly, the stable poles added to E0 will cancel
the zeros added to P0.
These modifications are essential and relatively simple to

implement for SISO models. We leave for future work the
task of refactoring MIMO systems in an analogous manner.
We reiterate that the composition ofP0 uses only the unstable
poles and non-minimum-phase zeros of P. Making P0 an
“inner coprime” factor of P will satisfy the conditions. We
implemented the factorization described above using ZPK
representations of SISO filters due to the unavailability of
inner/outer factorization functions in Python’s wrappers of
SLICOT (e.g., SB08CD), but anticipate that coprime fac-
torization will be effective to extend this formulation for
MIMO plants.
In addition to the structural modifications, we also

numerically modify the system representation. Given that
many individual control systems in LIGO deal with noise
over multiple orders of magnitude and models can contain
over a hundred states, numerical problems can quickly
become a problem for the solvers. To combat this, the
system undergoes a matrix balancing stage [34,35]. This
better conditions the problems for generalized eigenvalue
solvers. Before solving and after attaching the controller,
the system’s order was reduced using square-root singular
perturbation approximation with preliminary scaling of A,
B, and C [31,36]. We find that these conditioning steps can
be essential to solving for complex controllers of gravita-
tional-wave interferometer noise models.

F. Calculating the H∞ norm

The H∞ norm is a measure of the peak gain of a closed-
loop system over all frequencies. When used as a reinter-
pretation of the T2 transfer function, it can be considered as
a measure of a system’s robustness against an environment
(or adversary) that directs all input noise power to the worst
possible frequency. For specific T∞ designs, it can be used
to compensate specific, known perturbations to A of the

plant system. For gravitational-wave detectors, the sta-
tionary noise does not actively counter our control systems,
but has such a large magnitude that it prevents solutions
with acceptable stability margins.
Our design of the T∞ transfer function, using u∞ to the

y⃗FOM outputs, specifically targets the phase margin, just
like hand-tuned classical control designs. The H∞ norm
represents the maximum possible gain that is achievable by
the system given all possible disturbances.
For a continuous system with a transfer function T∞ðsÞ,

the H∞ norm is most formally defined as

kH∞k ¼ sup
ω

σmax½T∞ðjωÞ�; ð55Þ

where sup is the supremum over ω and σmax is the
maximum singular value of the matrix TðjωÞ.
The means to efficiently find this norm is another highly

worthwhile result from mathematical control called the
bounded real lemma. Unlike directly solving for the H2

norm, the H∞ norm can be detected by first assuming a
bound γ, where kH∞k < γ. Thus, finding the optimal H∞
controller requires a search for the minimum value of γ.
The notion to test this comes from finding the zeros of
0 ¼ T∞ðfÞT†

∞ðfÞ − γ21, which is the cross-spectrum
matrix of the system (positive semidefinite), less the
γ bound. This equation can be produced from a state space
connected to its time-reversed transpose. Finding the zeros
of this equation is equivalent to finding the poles of the
system γ−2T∞ðfÞT†

∞ðfÞ that has its output fed back to its
input. The A matrix of this feedback system is the
following Hamiltonian matrix H, expressed here using
A, B, C of T∞,

H≡
"

A γ−2BBT

−CTC −AT

#
: ð56Þ

It follows that, if there are no eigenvalues of this matrix along
the imaginary line, then kH∞k < γ for the T∞ system. Thus,
it is possible to choose a value for γ, construct the
Hamiltonian matrix, check the spectrum of the solution,
then adjust the γ value and repeat until the lowest γ value is
found within the desired precision. The above algorithm has
been highly refined, and it can be directly computed using
the SLICOT routine AB13DD [37].
We present this result to a physics audience to indicate

thatH∞ bounds can be clearly and concisely stated and can
be related to a physically meaningful feedback relation.
The mixed-sensitivity approach to follow was originally
derived by applying Eq. (56) to a noise-minimization
problem of Eq. (46) using Lagrangian constraints.
Finally, the use of singular values in the statement of the

norm, Eq. (55), may not be intuitive. For our single input
of u∞, there can be only one singular value of this matrix,
which must be the 2-norm of the vector. This leads to the
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simple γ-constraint of Eq. (35) without further concern
about the complexity of solving for singular values.

G. Optimal H∞ controllers

Here, the solution method for H∞-optimal control is
presented to relate it to our mixed-sensitivity approach and as
background for a physics audience. The primary takeaway is
in how H∞ utilizes the parameter γ as a bound on its norm,
which is also utilized in mixed-sensitivity control.
Similar to the H2 controller, the H∞ controller is also

found at the minimum of its respective norm. The H∞
norm is a measure of the worst-case scenario for the
control system as the maximum gain from an input
disturbance to the output over all frequencies. In order
to calculate an optimal controller, K∞ðsubÞ, for the system
given in Eqs. (36)–(38), it must follow the assumptions of
Sec. VI C [38].
Unlike solving for the optimal H2 controller, the

H∞ controller, like its norm, has one free parameter, γ,
where kH∞k < γ. Thus, finding the optimalH∞ controller
requires a search for the minimum value of γ.
A suboptimal H∞ controller is found by solving two

continuous algebraic Riccati equations,

ATX̄∞ þ X̄∞A − X̄∞

ðγ−2B1BT
1 −B2BT

2 ÞX̄∞ þCT
1C1 ¼ 0 ð57Þ

and

AȲ∞ þ Ȳ∞AT − Ȳ∞

ðγ−2CT
1C1 − CT

2C2ÞȲ∞ þB1BT
1 ¼ 0; ð58Þ

where X̄∞ ≥ 0 and Ȳ∞ ≥ 0 must be stabilizing solutions.
They are guaranteed to exist as γ → ∞, but will fail to exist
at some minimum γmin. The resulting admissible controller is

K∞ðsubÞ ¼
"

AK∞ Z∞Ȳ∞CT
2

−BT
2 X̄∞ 0

#
; ð59Þ

where

AK∞ ¼ Aþ ðγ−2B1BT
1 −B2BT

2 ÞX̄∞

− Z∞Ȳ∞CT
2C2 ð60Þ

and Z∞ ¼ ðIn − γ−2Ȳ∞
TX̄∞Þ−1. The optimalH∞ controller

K∞ is the unique controller where γ is at its minimum
possible value γmin for these equations to produce a closed-
loop stable system. The failure to produce a solution below
this minimum can happen in several ways [40].
One can inspect the form of Eq. (58) and notice that, as

γ → ∞, it recovers the equations and solution of the LQG
problem. More generally, for the set of suboptimal con-
trollers γopt < γ < ∞, this method ofH∞ solution calculates

the “central” controller that obeys the γ bound while
minimizing a T2 ¼ T∞ problem. Thus, for mixed-sensitivity
problems for which T2 should be the same as T∞, a simple
computation of a suboptimal controller also solves the
mixed-sensitivity problem [13].
For the phase margin constraint and construction of T∞

presented in this work, the suboptimal central controllers of
the associated H∞-optimal control problem lack all infor-
mation about the environmental and sensing noise weights.
They are thus not useful for noise minimization. The
following shows how to find noise-optimal solutions within
the set of suboptimal controllers.

VII. OPTIMAL LQG CONTROLLERS WITH
A BOUNDED H∞ NORM

The previous section introduced control concepts for
integration into a mixed-sensitivity solver and defined the
relevant state-space representation.
Mixed-sensitivity control offers the best of both LQG

and H∞ optimization, minimizing noise while ensuring
robust performance. Despite its considerable benefits, it is
less commonly known or taught, as it is advanced and
algebraically cumbersome to describe and solve.
The methodology of this paper shows that it can be incor-

porated into existing designs in a straightforward manner
through the addition of an u∞ input, such that end users will
only need to input the various components of Fig. 1, and
software can do the rest, shielding the user from the problem
description. This then requires numerical algorithms that can
reliably solve such mixed-sensitivity problems despite the
aforementioned numerical challenges, without requiring
careful user tuning. This is what we largely, but not entirely,
achieved through the following methods.
For context, mixed-sensitivity control was studied shortly

after the development of a reliable H∞- optimal solution
using the separation principle. Interestingly, the more direct
method of Lagrangian constraints was used to apply the
H∞ bound to the LQG noise-minimization problem. This
was explored in the two initial papers leading into this
subject [17,18]. These two works establish the necessary
conditions as a set of coupled Riccati equations to solve and
maintain a weaker form of the separation principle. Shortly
thereafter, sufficient conditions were determined [41] and the
two algebraic approaches were related as duals of each other
[42]. A notable aspect of these alternate approaches is that
they set up the problem using a similar arrangement of inputs
and outputs. Namely, there are three sets of inputs and
two sets of outputs, or vice versa. One of each is used for
observing and control and the remainder to define the
optimization and bound norms. For the approach of this
work to ensure phase margin, the arrangement of inputs and
outputs is why the T2 and T∞ matrices are related and lead
to the constraint of Eq. (35).
Three inputs and outputs are needed to define a fully

general problem that decouples the T2 and T∞ transfer
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matrices, but this removes all remaining algebraic sepa-
rability. Since the original algebraic formulations, ongoing
work has reframed the mixed-sensitivity problem using
linear matrix inequalities (LMIs) on a convex domain
[43–45]. Our first attempts to optimize our system used
this approach, through the Matlab function h2hinfsyn.
This function uses an LMI approach. For the systems of this
paper, it was only successful for ζ ¼ 0 problems, with no
BNS weighting. It was also unacceptably slow. As to why,
we can only speculate that the LMI formulation or the
specific numerical implementation and internal numerical
tolerances are not currently structured or balanced to handle
the large dynamic range of gravitational-wave interfero-
meter models. Alternatively, they may be particularly
unsuited when the T2-weighted optimization problem is
defined so differently than the central controllers of our
rather dissimilar T∞ problem. To produce this work, we
utilize the earlier algebraic approach of Bernstein-Haddad
(BH) [17,18].
We use the convention of uinf being on the input side, as

that is required for our system layout. This follows the
conventions of [13] and is dual to [17,18]. We otherwise
use BH equations, as they present algebraic solutions for
the most general problem. Our formulation uses the
following definitions from BH, in our notation, to express
the algebraic Riccati equations that follow:

R1 ¼ B1nBT
1n; ð61Þ

α2R̂2 ¼ R2 ¼ D21nDT
21n; ð62Þ

R12 ¼ B1nDT
21n; ð63Þ

V1 ¼ C1CT
1 ; ð64Þ

V2 ¼ D12DT
12; ð65Þ

and

V12 ¼ CT
1D12: ð66Þ

These factors are related to the noise inputs and FOM
outputs. More relations to map our formulation back to the
BH papers are given in Appendix C. The expressions below
require structural similarities between theD matrices of the
rms and H∞ problems. Namely, they have to be propor-
tional so that the β factor can be defined as the ratio,
β2 ¼ D21∞DT

21∞=R2. This is easy to ensure for SISO
models, but may be more difficult in MIMO extensions.
The factor α is nominally 1. The equations below are

all expressed in terms of R̂2 rather than R2 or R2∞ ¼
D21∞DT

21∞, leading to the included factors of α and β. By
choosing α > 1, we are effectively rescaling the noise
matrices in the problem, which is useful in finding
solutions.

The set of equations we then must solve is the following
three Riccati equations in the positive semidefinite matrices
Q, Z, Q̂. Included below are the equations along with some
convenience definitions to shorten the Riccati equations
and highlight their quadratic form. The first of the equa-
tions, solving forQ, is independent of the others, indicating
the remaining separability of the problem. The equations in
Z, Q̂ are intercoupled and both rely on the solution to Q.
Their simultaneous solution requires an iterative method.
The equations are

0 ¼ ATQþQAþ V1∞

− ðQB2 þ V12∞ÞV2∞
−1ðBT

2Q
T þ V12∞

TÞ; ð67Þ

Qa ≡QB2 þ V12∞; ð68Þ

ĀZ ≡AT −
β2

α2γ2
Q̂R1; ð69Þ

0 ¼ ĀT
ZZ

0 þ Z0ĀZ þR1

− Z0
�
CT

2 R̂2
−1C2

α2
−
β4Q̂R1Q̂
α4γ4

−
β2QaV2∞

−1Qa
T

α2γ2

�
Z0;

ð70Þ

Z≡ Z0=α2; ð71Þ

ĀQ̂ ≡AT − CT
2 R̂

−1
2 C2Z; ð72Þ

and

0 ¼ ĀQ̂Q̂þ Q̂ĀT
Q̂
þQaV2∞

−1Qa
T

þ Q̂
β2

γ2
ZCT

2 R̂
−1
2 C2ZQ̂: ð73Þ

Using the solutions (Q, Z, and Q̂) to the above
equations, the optimal controller is then computed to be

KH2=∞
¼

"
AK BK

CK 0

#
; ð74Þ

where

BK ¼ QaV−1
2∞; ð75Þ

CK ¼ −R̂−1
2 C2Z; ð76Þ

and

AK ¼ AT þ CT
2CK −BKBT

2 −BKDT
22BK: ð77Þ

The last term onAK accounts for the D22 ≠ 0, so no further
adjustment is required.
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The challenge in solving these equations is in finding the
simultaneous solutions. We note some discussion from [17].
As long as Q̂ is positive semidefinite, then the solution for Z
will be noise optimal and stable, but may not obey the given
H∞ constraint. Likewise, for any positive semidefinite Z,
a solution for Q̂ indicates that the control is stable and the
H∞ bound is met, although it may not be noise optimal.
These equations are solved iteratively using a holonomy
method, where parameters are scanned from a parameter
space where solutions are reliably found to one where they
are more challenging to find. The initial condition of the
iteration is for Q̂ ¼ 0.
Instead of performing holonomy on solutions where γ is

transitioned from ∞ to its final value, we instead transition
α from ∞ to the value 1 while alternately solving the
coupled equations. This method is physically motivated. It
is equivalent to scaling the sensing noise from being large
and dominant, where loops do not need aggressive shaping,
to the final form where sensing noise is many orders of
magnitude below the environmental noise, while maintain-
ing γ at its nominal desired value.

A. Controllers stability and implementation

While the closed-loop system is guaranteed to be
stable with either the H2 or the H∞ bounded controller,
the controllers alone are not guaranteed to be stable. We
have seen that the outputs of the mixed-sensitivity solver
produce unstable KH2=∞

.
In theory, there is nothing concerning about a controller

alone being unstable since the overall stability of the system
is determined in the closed-loop case. However, it is possible
that some may not want to use controllers that are them-
selves unstable. Especially when gaining lock in one of the
interferometer’s degree of freedom, a stable controller is
beneficial. A controller that is independently stable and
whose closed loop is stable is called a “strongly stable”
controller. The equations for strongly stable controllers have
been computed in [46,47]. However, it is beyond the goals
of this paper to implement.
We have found that, in situations where the solved

controller is unstable, simply flipping its unstable poles to
the stable side still generally results in a closed-loop stable
system. This is performed during a reduction stage to lower
the order of the controller for implementation in digital
control. We have verified that the final system model using
an order-reduced controller is still stable and that the phase
margin of the order-reduced controller is still acceptable
after the reduction step.

VIII. SUMMARY AND FUTURE APPLICATIONS

In this work, we developed three new concepts to
incorporate modern optimal methods into gravitational-wave
interferometer control.

First, we established a specific figure of merit for
optimizing control noise using existing SNR or detection
range computations, interpreted as weighted H2 norms on
the control performance, indicating that LQG control is an
appropriate framework for optimizing interferometer noise
performance.
Second, we compute a Pareto front between a total plant

motion and the SNR figures of merit by solving for an
optimal controller while adjusting a relativeweight ζ between
two noise-metric outputs of our system model.
Third, we use mixed sensitivity control to utilize LGQ

for GW control without the issue of arbitrarily-low phase
margin; in our case, by imposing a specific H∞ constraint
on the maximum magnitude closed-loop sensitivity func-
tion GðfÞ=½1 −GðfÞ�.
Implementing these methods together poses several chal-

lenges due to the dynamic range of weighting filters
involved, but we were able to reliably form solutions using
algebraic methods to solve Riccati equations and an iterative
method to jointly solve the coupled Riccati equations that
arise in mixed-sensitivity control.

A. Applications

There are several applications beyond our alignment
control example where our method could optimize gravi-
tational-wave detectors.
One of the most apparent applications for this work is to

optimize or analyze all classical SISO-designed controllers
in LIGO. This becomes an obtainable goal since the
majority of the systems that contribute significant control
noise are already modeled with their noise contributions
budgeted [3]. The primary barrier to this is unmodeled
cross-couplings between different control loops. While
achieving SNR-optimized control for the whole interfer-
ometer is an ambitious goal, it is possible that using SISO
optimizations on each individual control loop can approach
the MIMO-optimized control noise. Future work to adapt
this methodology for noise-optimal MIMO designs could
reveal whether a gap exists between the purely SISO design
approach and the intrinsically MIMO design in LIGO’s
systems.
One of the most exciting applications of this work is to

automatically update controllers in changing noise envi-
ronments. The noise sources modeled to produce these
controllers are not static. They drift over time. Having a
robust controller can help the control system adapt to
drifting conditions, but the controller is only optimal
against a specific noise model. In this case, it is advanta-
geous to have a control solver that continuously updates
its models and solutions to respond to both changing noise
and a changing plant. This work constructs automated and
optimal designs that eliminate the laborious hand tuning.
This opens the possibility of further automating controller
design. Commissioning work then moves from designing
control loops to maintaining physical and data-driven
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models of the interferometer, which are useful for more
than just control design.
Currently, it is not known how much control noise can be

eliminated from the interferometer as a whole. As shown
for our example in Sec. V, there are controllers whose noise
can be improved. If, however, it is found that the existing
controllers are approaching the minimum possible control
noise in the interferometer, it will become imperative to use
additional means to improve the overall sensitivity. If the
goal remains to reduce control noise past what our optimal
approach can deliver, then nontraditional control (artificial
intelligence or nonlinear controllers) or hardware upgrades
must then be considered. This work enables one to find the
limits of control-loop design for SISO systems and better
understand how hardware and control loops interact and
trade off. With the automated and optimal design we
present, more effective hardware and instrumentation
requirements can be established more efficiently. Thus,
this work could prove useful in parametric designs and
upgrades to gravitational-wave detectors, where noise
models require auxiliary loop designs, as we now know
how to fully saturate performance and treat control-coupled
noises as a fundamental noise source.
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APPENDIX A: THE BILINEAR NOISE METRIC
AND SPECTRAL CONVOLUTION

This appendix shows how a multiplicative, bilinear cou-
pling affects the spectrum of a signal. Its result is that the
spectrum of a convolution is the convolution of a spectrum.
Start with two independent noise channels NA and NB. Each
has a spectral density defined as

hNAðfÞNAð−f − f0Þi≡ 1

2
SAðfÞδðf0Þ ðA1Þ

and

hNBðfÞNBð−f − f0Þi≡ 1

2
SBðfÞδðf0Þ; ðA2Þ

where their independence gives the property hNAðfÞ×
NBðf0Þi ¼ 0.
Now assume that you have a channel NxðtÞ≡

NAðtÞNBðtÞ. By the convolution theorem, then

NxðfÞ ¼ NAðfÞ⊛NBðfÞ ðA3Þ

≡
Z

∞

−∞
NAðf0ÞNBðf − f0Þdf0: ðA4Þ

The spectrum of this bilinear product can now be derived
through

1

2
SXðfÞδðf0Þ≡ hNXðfÞNXð−f − f0Þi ðA5Þ

¼
	Z

∞

−∞
NAðf00ÞNBðf − f00Þdf00

Z
∞

−∞
NAðf000ÞNBð−f − f0 − f000Þdf000



ðA6Þ

¼
Z

∞

−∞

Z
∞

−∞
hNAðf00ÞNAðf000Þi|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

1
2
SAðf00Þδðf00þf000Þ

hNBðf − f00ÞNBð−f − f0 − f000Þi|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
1
2
SBðf−f00Þδðf0þf00þf000Þ

df00df000 ðA7Þ

¼ 1

4
δðf0Þ

Z
∞

−∞
SAðf00ÞSBðf − f00Þdf00: ðA8Þ

Thus, for this type of bilinear noise,

SXðfÞ ¼
1

2
SAðfÞ⊛ SBðfÞ: ðA9Þ
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This short derivation should now be applied to the
bilinear noise problem of Sec. III B. Now we apply it to
the bilinear noise term,NX ¼ χNpðtÞNaðtÞ seen in Eq. (22).
We first assume that the rms noise power of Sp is

concentrated at low frequencies, i.e.,

SpðfÞ ≈ R̃pδðf þ ϵÞ ðA10Þ

for some small ϵ.
Applying the convolution from this derivation then gives

SXðfÞ ¼ χ
R̃p

2
ðSaðfþ ϵÞ þ Saðf − ϵÞÞ ¼ χR̃pSaðfÞ: ðA11Þ

This final result indicates that jCj ¼ χR̃p as used in
Sec. III B.

APPENDIX B: ALTERNATE NOISE
ARRANGEMENT

Along with the model presented in the main text, there
are two major alternate approaches to where to place the
FOM to model bilinear-type noise couplings, and we also
suggest a third approach. Each has its own reasons for
implementation.
Another alteration present in this system is the apparent

bypass of the plant by the environmental noise. In this
configuration, the environmental noise-shaping filter now
also includes the shape of the plant. This means the new
shape of the alternate E0 filter can be written as jEPj.

Letting this input noise-shaping filter represent the envi-
ronmental noise passed through the plant allows it to be
connected after the plant, since it already has picked up the
shape from the plant. This alteration allows the very useful
option of fitting the filter to an open-loop spectrum at ymeas
as is shown in Fig. 2.

1. Actuator-centered form

For the ASC bilinear noise model often assumed by
LIGO control commissioners, the control noise arises
solely from the uc feedback contribution to the noise.
This type of bilinear noise injection can be modeled by the
following coupling:

hsignalðtÞ ¼ hgwðtÞ þ NdetðtÞ þ χNpðtÞucðtÞ: ðB1Þ

This coupling results when the coupling function is
computed from

jCj2 ¼ Sh;exc − Sh
SK;exc − SK

; ðB2Þ

where the excited channel in the denominator is the output
of the control filter (for alignment, it is related to units of
torque on the mirror).
Figure 13 shows how to set up the augmented plant

system to implement this alternate form. Note that the
injection of the environmental noise is now after the plant,
which puts it into the same units as the measurement noise.
This makes the injection into DARM appear as

FIG. 13. Two alternate system layouts to Fig. 1, the noise-augmented plant system with a feedback controller attached. In this
configuration, the environmental noise block is the equivalent of jEPj rather than just E as in all previous system layouts. This change
does not alter the system but allows the user to fit an open-loop spectrum at point ymeas as is shown in Fig. 2. Here, the figures of merit are
arranged showing two alternate bilinear noise optimizations. The first, the actuator-centered (AC) form often used by LIGO, is where the
BNS FOM is connected to the control signal uc and treated as a noise NK with the purple connection. The second is the total-noise (TN)
form that can be used for noncoupled degree of freedom and connects the BNS FOM to the plant’s state noise Np with a green
connection. Only one of these two alternate connection forms can be used at once.
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SK ¼
���� GðfÞ
1 −GðfÞ

����2ðSenv þ SmeasÞ; ðB3Þ

for this arrangement of noises in the model.
This arrangement is primarily a conceptual change from

the model used in the main text. In it, the coupling function
takes on different units since it is modeled before entering
the plant, and so it is in units of DARM length/torque for
our alignment control example.

2. Total-noise optimization form

The form and connection point of the FOM that is
perhaps the most appropriate for quadratically nonlinear
(rather than bilinear) systems requires using the total noise
Sp as discussed in Sec. III B. This setup is detailed in
Fig. 13 with the connection from Np to the BNS FOM. The
connection of both figures of merit to Np ensures that both
the actuation-point control noise as well as environmental
noise are minimized together. This is a more typical arrange-
ment of inputs/outputs and weight filters for LQG problems
and does not require two copies of the plant. It corresponds
to quadratically nonlinear noise couplings of the form

hsignalðtÞ ¼ hgwðtÞ þ NdetðtÞ þ χN2
pðtÞ: ðB4Þ

In terms of numerical implementation, there are several
reasons that the LIGO preferred forms in Appendix B 1 and
the main text are less preferable to the total-noise form. One
of the major reasons is that, in LIGO’s form, most of the
low-frequency environmental noise shows up in Sc when
jGj is large. The dynamic range of the BNS FOM covers
nearly all of the range of a double float. Thus, in computing
the noise contribution in this model, there are numerical
difficulties multiplying the environmental noise filter with
the BNS-weighting filter inside a state space. The second
reason is that bilinear noise is well motivated to be driven
by Np, or at least some mixture of Np and uc. In some
instances, LIGO has found that further accelerating the roll-
off of G does not reduce the noise in DARM. The primary
noise coupling chosen for this work provides a reason for
that result: the bilinear noise can also be driven by residual
environmental noise in the plant that is reflected in Np

rather than in Na or uc ¼ NK.

3. Measurement-only optimization form

A final alternate approach would be to use a BNS FOM
channel with the noise coupling Sc0 ¼ jG=ð1 −GÞj2Smeas
only, without the environmental noise contribution. This
then requires the two figures of merit to be sourced with
different balances of the shaped noise filters (one with
environmental noise and one entirely without). The authors
do not know of a means to implement this through the
block diagram without two copies of the unknown

controller K; however, they believe it should be possible
to develop a new set of Riccati equations to solve. This
might be done by determining the equivalent noise model
using a sum of Lyapunov equations and then solving for the
constrained noise-minimization problems using the tech-
niques of [12,17,18,48]. Doing so is likely to further reduce
the separability structure expected of LQG and may result
in three coupled Riccati equations, rather than the two
coupled equations of mixed-sensitivity control. This alter-
nate approach could be primarily useful for numerical
implementation reasons and perhaps would be useful to
investigate using a convex optimization approach that can
more easily represent and solve constrained optimization
problems.

APPENDIX C: TRANSLATION OF
THE BH EQUATIONS

The notation table of [17], as well as the notation table
and Fig. 1 mapping in [18] can be used to translate the
notation of this work into the algebraic equations, through
the following mappings:

A → AT; B → CT
2 ; C → BT

2 ; ðC1Þ

D → DT
22; E1 → BT

1n; E1∞ → BT
1∞; ðC2Þ

E∞ → DT
11∞; E2 → DT

21n; E2∞ → DT
21∞; ðC3Þ

D1 → CT
1 ; and D2 → DT

12: ðC4Þ

Because E∞ is structurally zero in the problem setup, the
following BH parameters are simplified as

M ¼ 1; N ¼ 1; ðC5Þ

V1∞ ¼ V1; V2∞ ¼ V2; V12∞ ¼ V12; ðC6Þ

R01∞ ¼ 0; R02∞ ¼ 0: ðC7Þ

This simplification leads to the reduced expressions

R1∞ ¼ B1∞BT
1∞; ðC8Þ

R2∞ ¼ D21∞DT
21∞; ðC9Þ

R12∞ ¼ B1∞DT
21∞; ðC10Þ

and

R̂2 ≡R2=α2 ¼ R2∞=β2; ðC11Þ

where
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α≡ 1: ðC12Þ

We also assume that there is no additional shaping filter
on the u∞ input, causingE1∞ term from BH to be zero. This
leads to the additional simplifications

R1∞ ¼ 0 and R12∞ ¼ 0: ðC13Þ

Note that all of these are then applied to the full-form
equations of [18] and then simplified into the Z-form
description following Sec. V of [17].
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