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We investigate the in-medium properties of the ¢ meson with finite momentum, going beyond the
commonly studied case at rest. In a nuclear medium, Lorentz invariance is broken, leading to distinct
longitudinal and transverse polarization modes that evolve differently with density and momentum. Within
an effective Lagrangian approach, we calculate the polarization-dependent mass shifts and width
modifications of the ¢ meson arising from KK loops and mean-field interactions. The divergent loop
integrals are regulated using two different schemes: a covariant form factor and dimensional regularization.
Our results show that the mass shift of the transverse polarization is independent of the ¢-meson
momentum, whereas that of the longitudinal polarization decreases quadratically with momentum. This
difference originates from the coupling of the longitudinal mode to the vector mean field and derivative-
type interactions in the self-energy. These effects have direct implications for experimental observables,
especially for upcoming measurements at J-PARC, and provide a new prediction for experiments studying

hadron dynamics in dense matter.
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I. INTRODUCTION

Understanding hadron property changes in dense nuclear
environments is a central challenge in nonperturbative
quantum chromodynamics (QCD), as medium-induced
modifications reflect changes in quark and gluon dynamics
and the reduction of the quark condensate, signaling partial
restoration of chiral symmetry (in light quark sector) [1-3].
Light vector mesons are especially important, since their
masses and spectral functions directly probe such effects.
Early studies, notably Brown-Rho scaling [4] and QCD sum
rules (QCDSR) [5], predicted downward mass shifts with
increasing density, triggering extensive theoretical and
experimental efforts. Among them, the ¢ meson is particu-
larly notable: its dominant s5 structure and narrow vacuum
width make it a relatively clean probe of in-medium
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dynamics, less affected by conventional hadronic many-
body effects than the p and @ mesons.

The in-medium properties of the ¢ meson are particu-
larly sensitive to the strange sigma term of the nucleon [6],
o,y = mg(N|5s|N), which controls the density depend-
ence of the strange quark condensate [7,8]. Lattice QCD
has also placed constraints on o,y [9-14], although there
is a tension with the extracted value from experiments.
Studies of the ¢N interaction [15—18] also reveal coupled-
channel dynamics, hidden strangeness, and near-threshold
effects, motivating searches for ¢—nucleus bound states
[19,20]. Furthermore, transport simulations [21] have been
performed to connect theoretical predictions with observ-
ables in proton- and photon-induced nuclear reactions
[22-25], while in-medium ¢ mesons also impact heavy-
ion collisions [26-33].

Experimentally, measurements at various facilities have
provided evidence for density-dependent modifications of
the ¢ meson spectral function [34-40]. While dilepton
decays provide a clean and direct probe of in-medium
effects, their small branching ratio limits the available
statistics; in contrast, the KK decay channel provides
higher yields but suffers from strong final-state interactions.
In particular, the KEK-E325 experiment observed a down-
ward mass shift and substantial broadening via dilepton
measurements [25,35]. However, the existing experimental
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results remain partially inconsistent [25], preventing a
definitive conclusion. Ongoing and future experiments at
J-PARC, in particular, the E16 and E88/Sagre programs,
aim to significantly improve precision [41-45]. Additional
experimental programs on the ¢ meson are also planned at
Gesellschaft fiir Schwerionenforschung [46].

On the theoretical side, most studies have focused on the
¢ meson at rest using various approaches, e.g., [47-56],
generally predicting a downward mass shift accompanied
by a significant broadening of the decay width in nuclear
matter. However, in realistic experiments [25,35], ¢ mesons
carry finite momentum in a Lorentz symmetry broken
environment, generating distinct longitudinal and transverse
polarization modes with different in-medium evolution.
Such polarization-dependent effects represent a qualita-
tively new aspect of vector meson dynamics and have been
explored mainly within QCDSR analyses [57-59], whereas
systematic studies within effective hadronic models remain
relatively limited.

In this work, we study the in-medium ¢ meson pro-
perties at finite momentum, with particular emphasis on the
¢-polarization effects. To this end, we investigate the in-
medium ¢ meson self-energy arising from KK loops within
an effective Lagrangian approach [47,53,55], combined with
in-medium kaon properties obtained from the quark-meson
coupling (QMC) model [60]. While the previous study [53]
employed three-momentum form factors to evaluate the KK
loops, here we adopt two Lorentz invariant regularization
schemes, covariant form factors and dimensional regulari-
zation, to consistently extend the analysis to finite momen-
tum without introducing artificial Lorentz breaking effects.

Our results reveal a quadratic mass decrease with
increasing momentum in the longitudinal mode, driven
by vector mean fields and derivative interactions, whereas
the transverse mass remains essentially unchanged. The
behavior of the longitudinal mass is consistent with QCDSR
predictions [59], whereas the transverse mass exhibits a
qualitatively different trend. These differences can be
resolved in future experiments and provide clear experi-
mental signatures, potentially accessible through angular
correlations in the ¢ — KK decay channel [61]. The
planned J-PARC E88/Sagre experiment offers a promising
opportunity to directly observe polarization-dependent mass
splitting [45].

This paper is organized as follows. In Sec. II, we
introduce the formalism for the self-energy of the ¢ meson,
including its vacuum contribution, and describe the in-
medium modifications of the kaon mass and energy in the
QMC model, which provide essential inputs for the self-
energy calculation. Section III presents the evaluation of the
¢ meson self-energy using two different regularization
schemes. The model parameters employed in the present
study are discussed in Sec. IV. The numerical results and
their detailed analysis are given in Sec. V. Finally, our
conclusions and outlook are summarized in Sec. VL

Technical details of the form-factor and dimensional
regularization methods are provided in Appendixes A
and B, respectively, where analytic expressions are derived
to ensure the correctness of the numerical calculations.

II. SELF-ENERGY OF ® MESON

In this work, we study in-medium modifications of the
¢-meson mass and width in the laboratory frame, as
relevant for J-PARC and other experiments [41-45].
Thus, we focus on medium effects on the ¢-meson self-
energy at finite momentum p* = (p°,0,0, |p|), where the
kaon and antikaon inside the loop are modified. In a nuclear
medium, Lorentz symmetry is broken due to the existence
of a preferred frame defined by the medium four-velocity:
uw = (1,0,0,0), leading to a separation between transverse
and longitudinal polarization modes. The self-energy tensor
I1* can then be given as [62]

v (p?) = Py (p?) + PITIE (p?). ()

where the splitting vanishes in the ¢-meson rest frame, in
which both modes become degenerate. Here, P4 and P;”
are the transverse and longitudinal projectors which satisfy

UV
PY 4P = gt )

and can be used to separate tensor structures in in-medium
self-energies and propagators according to their polariza-
tion modes. Both projectors satisfy the transversality
conditions P’;p, =0 and the following condition
P}, =3P}, = —1. The projectors have also the property
P’Z’;TPZ/ r— _Pl:, L7 and PrPL = 0 The‘ transverse pro-
jector can be expressed as P = PY = P = 0 and

. B pipj
Pj =67 ——-, (3)
while the longitudinal polarization projector can then be
computed as

p'p*
P = —g 4 p

-y )

The longitudinal and transverse self-energy of the ¢ meson
can therefore be computed as

1
I (p?) = EPLH"”(IJZL

I (p?) = PpIT*(p?). (5)
A. Effective Lagrangian approach

The ¢-meson self-energy in nuclear matter is evaluated
in an effective Lagrangian approach [47,53]. The dominant
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interaction is provided by the KK coupling,
'Cqbe( = ig¢¢ﬂ[l_(<ayK) - (aﬂk)K]’ (6)

together with the corresponding four-point ¢p¢pKK inter-
action,

‘C¢¢Kf( = 93/)45”4’,41_([(, (7)

where the kaon and antikaon fields are written as

K:(?) k=(k &) (3

The interaction terms in Egs. (6) and (7) arise naturally from
a gauged kaon kinetic Lagrangian, in which the ¢ meson is
introduced as a vector gauge field [47,53]. Starting from the
free kaon Lagrangian (d,K)"0*K and promoting the ordi-
nary derivative to a covariant one, 9, = D, = 0, + igs,,
the expansion of the gauged kinetic term generates simul-
taneously the three-point ¢KK vertex and the four-point
¢@PKK interaction. As a consequence, these couplings are
not independent but are constrained by local gauge
invariance.

At the level of the ¢-meson self-energy, the three-point
interaction gives rise to the KK loop contribution, while
the four-point coupling term generates a contact (to be
noted by “con” hereafter) diagram as shown in Fig. 1.
Their combined contribution

Mo (P?) = Mooy (P?) + Mean (p?) ©9)
ensures the transversality of the vector-meson self-energy,

Pulliga (P?) = 0. (10)

The I1* computed from a KK loop and a contact term in
Fig. 1 can be expressed as [47,53]

5 5 d4q S/]l(;lop
W (2 o G
foop (P°) 194’/(2”)4DK(Q)D1‘<(P—‘1) "
d4q SIW
T (p2) — 2i 2/_&, 12
(P*) 9 (27)* Dg(q) 12

where ¢ is the kaon four-momentum and the factor two is
coming from the charged and neutral KK loops [53]. Here,
we assume that the kaon is a stable particle and has no
width. The numerators are given by

S{l(fop = (2q - p)ﬂ(Zq - P)D’ S/é(l)/n = —29””, (13)

while the kaon and antikaon propagators are expressed by

FIG. 1. Self-energy of the ¢ meson through: (top) a KK loop
term and (bottom) a contact four-point coupling term.

Di(q) = q* — m + ie. (14)

Di(p—q) = (p—q)* —mg + ie, (15)

where my(= mg) is the kaon scalar mass. Projecting
onto the transverse and longitudinal polarization modes

(4=T, L), we obtain
O
con , 16
DDy | DK> (16

. d4q Oiloop
Hﬁotal(pz) = 21-955 / (271.)4 <

where the operator O, is defined by

1
O, = PﬁyS’“’, Or = EPZDSW' (17)

B. In-medium modifications

In nuclear matter, the self-energy of propagating ¢
meson can be written as [53]

I (m2, p? —2ng/ < -x 4 °> 18

Since Lorentz symmetry is broken in nuclear matter, the self-
energy depends on two independent variables, m(’;) and p.1

The momentum-dependent pole mass m(p) is determined

self-consistently from the mass equation in Eq. (27). The
kaon and antikaon propagators are given by

Dy = (¢™)* —q* —my? + ie. (19)

Dy =(p" —q")* = (p—q)* —m¢ +ie. (20)

"More precisely, the self-energy depends on the pole energy E,
and the three-momentum p. However, using the mass-shell relation

m;,z = Ej‘/)z — p?, it can equivalently be expressed in terms of my
and p.
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Here, the scalar mean field affects the kaon mass,
mKEmK—Vf, (21)

while the vector mean field modifies the kaon energy,
modifying the dispersion relation

" =q4"+Vi, (p-9"=((-9)°-Vi (22)
Note that we denote all in-medium quantities with an

asterisk.
To evaluate the integral, we can do a variable shift,

q° - ¢° - vk, (23)

and can obtain the same formal expression as in Eq. (18),
with operators in the numerator shifted as

N O/I*

Ok loop(p’ qO - Vg) (24)

loop

Note that, the operator Oﬁj‘op

and this dependence is modified by the vector mean field

V,- As a consequence, the transverse and longitudinal

polarization modes become separated. However, 0%, does

not depend on ¢° and therefore is not affected by VX. After

the shift in Eq. (23), the in-medium propagators can be
defined without VX dependence as

can depend explicitly on ¢°,

Dy = (¢°)* — ¢* — mig + ie, (25)

Dy = (p°=q") = (p—q)* —my +ie.  (26)
and this notation will be used throughout this work.

C. In-medium ¢ mass and spectral functions

Once the ¢ self-energy I1(p) is obtained, the respective
in-medium mass and decay width can be determined. When
the kinematic condition my, > 2mj is satisfied, the self-
energy develops an imaginary part, corresponding to the
opening of the ¢p — KK decay channel in the medium.

The in-medium mass of the ¢ meson is then determined
from the real part of the self-energy through

my> = (m})* + Rell(mj,p?), (27)

which determines the momentum-dependent pole mass
my(p) self-consistently for a given value of p’. Here,
mg is the bare ¢-meson mass parameter determined in
vacuum. The corresponding intrinsic in-medium decay

width for the ¢ — KK process is obtained from the
imaginary part of the self-energy,

1
I = ——Im [(m}’, p). (28)
my

This quantity characterizes the medium-induced broad-
ening of the ¢ meson associated with its self-energy. For a
propagating ¢ meson, the decay width observed in the
laboratory frame is reduced due to Lorentz time dilation.
Introducing y = Ej,/my, the corresponding laboratory-
frame width is given by I, =T7/y. In Sec. III, the
self-energy is evaluated using two different regularization
schemes in order to assess the robustness and model
dependence of the results.

To make connection with observables in the invariant-
mass distribution, it is useful to introduce the in-medium
¢-meson spectral function using a Breit-Wigner paramet-
rization [59].

G Vst (p)
Aé(s’pz) - T (S—I’HZZ ))2_’_5,1—*;22 )’ (29)

where the intrinsic decay width Iy is used. The normali-
zation constant C, is determined by the condition

/0 " s (s.p) = 1. (30)

Since most dilepton measurements have so far not been
able to resolve individual polarization states, it is natural
to introduce a polarization-averaged spectral function,
defined as

SAS(s.p7) + 247507 (B1)

2y

AYe(s,p?) =
This polarization averaging provides a practical connection
between theoretical predictions and dilepton measurements.

D. In-medium kaon mass

The modification of the kaon mass and energy in
nuclear matter is an important input in our study. The
kaon mass and energy in medium are evaluated in the
QMC model [60], which was proposed by Guichon [63]
and has been successfully applied to describe both infinite
nuclear matter and finite nuclei (see Refs. [64,65] for
reviews). Here we summarize only the elements relevant
to the present work.

In the QMC model, nuclear matter is treated in its rest
frame within the mean-field (Hartree) approximation,
where the scalar and vector meson fields are spatially
constant. The light quarks ¢ = (u, d) inside a hadron bag
couple directly to these mean fields, while the strange
quark remains unaffected. Here we assume SU(2) sym-
metry for the light quarks (m, = m, = m,). The corre-
sponding Dirac equations for the quark fields in symmetric
nuclear matter,
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q

ig-m 7 v () =0 g-my( V) <o

Vs
(32)

lead to an effective light-quark mass
my =m, — Vé. (33)

Since we restrict our study to symmetric nuclear matter, the
contribution from the p meson mean field can be neglected.
The mean-field potentials are then written as

Ve =gso, Vi = gow, (34)
where g¢ and g¢f, are the corresponding quark—meson
coupling constants.

The normalized static solution for a ground-state quark
or antiquark of flavor f in a kaon K can be expressed as

wy(x) = Npe /Ry o(r), (35)

where N, is the normalization factor and y /(r) denotes
the spatial and spinor wave function. The in-medium bag
radius, R}, is determined by imposing the stability con-
dition on the hadron mass with respect to variations of the
radius.

The corresponding eigenenergies (in units of 1/R}) take
the form

€y ” . €q * *
<€ ) = Qq + RKV,?,, <€_ ) = Qq + RKVZ,, (36)
7 d

and €, = €; = Q,. Then, the excitation energy of K and K
mesons with zero momenta are given by

Ey: E
< K ):m;iv{g, ( KO):m’,‘(ng. (37)
Ex-

Exo
In a constant vector field, the Lorentz invariance of the
dispersion relation for the K and K mesons moving with
momentum ¢ are given by [60,66]

() e
:
()

which is useful for the calculation of the in-medium KK
loop. Here, the background nuclear matter is treated as
static, uniform, and at rest. In such a medium the vector
field is generated by nucleons that are, on average, at rest,
so that the expectation value of the vector mean field
remains purely timelike.

The in-medium kaon mass is then calculated as

. n&Y — ik Amo,
mi = leei*—f—?ngB, (40)
J=4.5 K

where zg accounts for the center-of-mass and gluon fluc-
tuation corrections, and B is the bag constant. The in-
medium mass is obtained by imposing the stability condition

d *
"k _ . (41)
dR;,

Here, the quark eigenenergies are

Q, =Q; = 1/xfl + (R}‘(mf])z, (42)

Q; = Q5 = \/x} + (Rgm})?, (43)

where x, ; are the lowest bag eigenfrequencies, and n,(n;)
denote the numbers of quarks (antiquarks) of flavors ¢ and s.
After a self-consistent calculation, the in-medium kaon mass
can be parametrized as

We note that this kaon mass remains unchanged in the
moving kaon frame due to its scalar nature.

ITII. REGULARIZATION SCHEMES

In this work, we consider two different regularization
schemes to evaluate the ¢-meson self-energy. We do not
consider the three-momentum form factor employed for the
zero-momentum case in the previous work of Ref. [53],
because this procedure explicitly breaks Lorentz covari-
ance, and is hence not suitable for the finite-momentum
case, which is the focus of the present study. To overcome
this limitation, we employ a covariant form factor as well as
dimensional regularization [47]. Using two different
schemes allows us to check the scheme dependence and
assess the robustness of our results.

A. Form factor regularization

We first consider a covariant form factor with a multipole
ansatz to regulate the self-energy of the ¢ meson shown in
Fig. 1. The total self-energy is given by

Hﬁotal(m;;?’pz)

) d4q Oft* O/I*
—2193,/(2 < (D*‘B‘; + D°f“>F(q,A)
) kP K

= 2ig(A? — mZ)?

5 / dq < O,
(2m)* \DADy D%

A%
Ocon ) , (45)

DiDi
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with D, = g> — A? + ie. The regulator is chosen as
(A2 = mi2)?

Flg,A)=——>—"—,
(. A) (g* — A? +ie)?

(40)

where the cutoff parameter A is assumed to be independent

of the nuclear density. As mentioned before, the total

contribution can be decomposed into loop and contact
A A

terms, Hlotal Hloop + Mon-

The operators appearing in the numerator, defined in

Eq. (17), are evaluated as

|
Pl 2q-p)(2q—p) =2¢7. (47)

Oloop 2w

Ok = PL(2g— p)*(2q — p)*

4
=l =VEbl =B, (48)
oL QP,{U( 2¢") = PL(-2¢") =2, (49)

where a variable shift of ¢°, given in Eq. (23), has been
performed. The operators for the transverse and longi-
tudinal modes differ in structure. For the transverse mode,
the operator does not depend on the ¢-meson three-
momentum |p|, whereas for the longitudinal mode it
exhibits an explicit momentum dependence, together with
the vector mean field VK. The absence of momentum
dependence in the transverse operator follows fromp | = 0,
such that only the longitudinal momentum component is
nonvanishing. By contrast, the operator for the contact term
is identical for both longitudinal and transverse projectors.

Physically, this difference originates from the tensor
structure of the derivative ¢KK interaction in Eq. (6),
which gives rise to the momentum-dependent vertex factor
(2g — p)*. When projected onto the transverse and longi-
tudinal polarization states, this vertex factor generates the
different operator structures shown in Egs. (47) and (48).
The transverse projector selects components perpendicular
to the ¢-meson momentum and therefore removes any
explicit dependence on |p| from the loop operator. By
contrast, the longitudinal projector couples the loop energy
and longitudinal momentum, allowing both the vector
mean field VX and the ¢-meson momentum to enter the
self-energy. Consequently, only the longitudinal self-
energy acquires a momentum-dependent medium modifi-
cation, while the transverse self-energy remains momentum
independent within the present calculation.

After introducing the Feynman parametrization, Wick
rotation, and Euclidean integration, the total self-energies
for the transverse and longitudinal modes are given by

lx (1-x-y) x
M (M. p?) = N/ & A dy?_f]’
(50)
N 1-x
total ’p)_N/ dxA dy(l_x_y)
1 2ppl (VK2 1
% __LZQJ)_Q ~X (51)
C my C E

where N = g5(A* —
factors given by

with the denominator

mi@)?/4n,

C=x(1=x)mp? = (x +y)mg — (1 =x—y)A*, (52)

E=—xA*-(1-x)mg. (53)
Note that the contact term corresponds to the contribution
proportional to E, while the loop term involves C. To
compute the real part, the integrals are evaluated using the
principal-value calculation, where the numerical imple-
mentation avoids singularities by smearing, for example
through a Breit-Wigner form,

CZ _1—*2
M(EES Ok

1 C 1
C C2 r’ c? (54)
where I' is a small regulator parameter. An explicit analytical
calculation is also possible. The details of calculation and
analytical expressions for these integrals are provided in
Appendix A.

While the real part depends on the regulator A, the
imaginary part is given by

2
* g *
Im Hz;)tdl(m¢27p2) = 2f m¢2 ’ (55)
2 K\2|4|2
g¢ *2 23 12(‘/ ) Ip|
Im Htolal<m(/) P ) _2477,' my (1 + F "’171(7)4 >

(56)

with f =

solely from the loop diagram, whereas the contact term
contributes only to the real part. Putting into Eq. (28), the
intrinsic decay width can be explicitly expressed by

\/1—4miZ/mi>. The imaginary part arises

9¢

Oy 2. p?) = S mif, (57)

I 12 (VE2|p|?

3
¢/)7 <1 +5 2 *4
" 24 P m
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B. Dimensional regularization

We now turn to dimensional regularization, which was
used for instance in Ref. [47]. The ¢-meson self-energy can
be written as

d46] Ofl* O/l*
H/l *2’ PAR 2i 2 00p con 39
tolal(m¢ p ) lg(p (2”)4 <D}<{D* + D}k{ ( )

without introducing an explicit form factor.
For the contact term, the self-energy is identical for
transverse and longitudinal polarizations and is given by

on(my?, p?) = 4igy, / Lﬂ%’ (60)
(27)* Dy

where we have used 0%, =2, as in Eq. (49). After
applying the Feynman parametrization and momentum
shift to complete the square, the self-energy for the loop
contribution can be expressed as

d4 Oloo
M mit?) = 205 [ ax [ S8 (o)

where D} = ¢* — A" +ie and A" = miZ — x(1 — x)m}’.
The explicit forms of the operators for the transverse and
longitudinal modes are the same as in Eqgs. (47) and (48),
respectively.

Including both the loop and contact contributions, the
transverse self-energy can be written as

d?q I |

T K2 2\ 42 HY

Htolal<m¢ P ) - 4lg¢/ (2”)(; </O dx Dzz +D_;( ’
(62)

where in d dimensions, we have used the identity

¢ =P ,,q”q . The momentum integrals are evaluated
using dimensional regularization in d = 4 — e dimensions.
Keeping only finite terms, the renormalized transverse self-
energy reads

I (my . p?)
2 * *2 2
g¢ ! * A *2 mK m¢
=i, dx(A lnﬁ—mK In e —a(,u)? ,

(63)

where the first two terms arise from the loop and contact
contributions, respectively. Here x4 denotes the renormal-
ization scale, and a(u) is a dimensionless subtraction
constant that absorbs the ultraviolet divergence. The
medium-independent factor mé/6 originates from the

combined loop and contact contributions.

For the longitudinal mode, the loop contribution is
given by

1., (m3,p?)
slpl — ¢°E;)

2
Slg"' / / ~Volbl—aty (64)
Dy '

By adding the contact contribution and following proce-
dures similar to those used for the transverse mode, we
obtain

Htlém (m22 7P2)

2 1 A* *2
__ 9‘7’2/ dx{A* In=; — m2n K
4 JZ H

_ov >2l”|2(1nﬂ—;+1> (ﬂ)’%s’]. (65)

My

The details of calculations and analytic expressions are
provided in Appendix B.

While the real part depends on the renormalization scale
u and the subtraction constant a(u), the imaginary parts of
the transverse and longitudinal self-energies are again
independent of the regularization scheme and are given by

* g 4 *
Im Ht];)tal(mqﬁz’pz) 4 2ﬂ3 (66)
2 2
9o . 12 (V&)*lp|
Im Htolal<m¢ P ) 247[ m¢2ﬂ3 (1 ﬂz m;;4 .
(67)

These expressions agree with those obtained using the
covariant form-factor regularization.

IV. MODEL PARAMETERS

In this section, we discuss how the parameters of our
model are determined. Important inputs are the in-medium
kaon properties, which are obtained from the QMC model
[60]. The parameters in the self-energy terms of the
effective Lagrangian are fixed using the relevant decay
widths [67]. Moreover, each regularization scheme intro-
duces additional parameters that must also be determined.

A. Self-energy parameters
First, we fix the model parameters entering the ¢-meson
self-energy. The vacuum masses of the ¢» meson and kaon are
taken as m," = 1019.461 MeV and my™ = 493.7 MeV,
respectively. The ¢ KK coupling constant is then deter-
mined as g, = 4.517 by reproducing the decay width of the
¢ meson in vacuum at rest, F‘;Xpt = 4.249 MeV.
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FIG. 2. In-medium mass and energy of a kaon at rest in nuclear

matter calculated using the QMC model [60]. The kaon mass
shown with green dashed line is reduced by the scalar mean field
VX, while the KK energy splitting arises from the vector mean
field. The kaon energy exhibits a slight repulsion, consistent with
experimental observations.

Next, we briefly review the parameters used in the QMC
model for the in-medium kaon properties [60]. We use the
current quark masses (m,, m,) = (5,250) MeV, with vac-
uum bag radii Ry = 0.8 fm and Rx = 0.574 fm for the
nucleon and kaon, respectively. The zero-point parameters
Zyx = 3.295 (the same values within the digits) and the
bag constant B'/4 = 170 MeV are taken to be identical for
both hadrons, chosen to reproduce their vacuum properties.
In symmetric nuclear matter, the quark-meson coupling
constants are fixed to reproduce the saturation point, with a
binding energy of 15.7 MeV at py = 0.15 fm~3, yield-
ing (g2, gd) = (5.69,2.72).

The resulting in-medium kaon energy and effective mass
at rest are displayed in Fig. 2. The Lorentz-scalar kaon mass
decreases with increasing density due to the attractive scalar
mean field VX, as indicated by the green dashed line. In
contrast, the vector mean field, VX = g?(wa), generates a
splitting between kaon and antikaon energies. To account
for the slight repulsion observed in the K* N interaction, of
order 20 MeV [68], the quark-vector-meson coupling is
phenomenologically enhanced to g%, = 1.4°gf. We note
that alternative mechanisms [69] could also produce a
similar repulsive effect without modifying the coupling
strength g¢,. At normal nuclear matter density, the kaon
effective mass is reduced by approximately 13% [60],
slightly larger than reported in Ref. [47].

B. Regularization parameters

Lastly, we will describe how the parameters are fixed in
both regularization schemes.

Form factor regularization. In the covariant form factor
scheme, two parameters must be fixed: the cutoff A and the

bare mass mg in Eq. (27). To illustrate the model uncer-
tainty, we consider A = 0.8, 0.9, and 1.0 GeV, with the
corresponding bare masses mg = 1.015, 1.005, and
0.990 GeV chosen to reproduce the physical ¢ mass in
vacuum. These cutoffs are smaller than in the three-
momentum form factor scheme [53] because the covariant
form factor regulates both ¢ and ¢°, providing stronger
suppression at large momenta. We note that, when only the
loop diagram is considered, the bare masses become
mf/)) = 1.055, 1.073, and 1.093 GeV, respectively.

Dimensional regularization. In this scheme, two param-
eters must be fixed: the renormalization scale x and the

subtraction constant a(u). The bare mass mg is set to the

physical ¢ mass in vacuum, and the parameters are deter-
mined by requiring ReIl = 0 at vacuum. Unlike the form

factor scheme, variations in mg can effectively be absorbed

into a(u). Instead of fixing u to the kaon mass [47], we
explore several values of y = 0.5, 0.6, and 0.7 GeV, with
corresponding a(u) = —0.1920, 0.1727, and 0.4810, dif-
ferent from the previous work [47] because a constant term
is retained rather than fully absorbed into a(u) (See
Appendix B for details). We note that, when only the loop
diagram is considered, the subtraction constants become
a(u) = 0.4606, 0.7610, and 1.0150 GeV, respectively.
We emphasize that, for a fixed choice of the regulari-
zation scale u (or cutoff A), the same bare ¢-meson mass
and the same renormalization condition are used for both
longitudinal and transverse polarization modes.

V. RESULTS AND DISCUSSION

In this section, we present the numerical results on the
in-medium behavior of the ¢ meson. We first examine
medium-induced modifications to its mass and width at rest
using two different regularization schemes. We then extend
the analysis to the case of a ¢» meson propagating with finite
momentum, which constitutes the main focus of the present
work. Finally, we discuss the resulting unpolarized spectral
functions and their implications for experiments [41-45].

A. In-medium properties at rest

We first examine the in-medium ¢-meson mass and
width at rest for densities up to normal nuclear density py,
relevant to experiments such as those at J-PARC. At zero
momentum, the longitudinal and transverse modes are
degenerate. Figure 3 displays the density dependence of
the in-medium mass my and width I'; obtained with both
the form-factor and dimensional-regularization schemes.
The results are presented by including the loop contribution
with or without the contact term.

In Fig. 3, we find that the loop contribution alone gives
similar results in both regularization schemes. The inclu-
sion of the contact term leads to a significantly weaker mass
reduction in the form-factor regularization, whereas in
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In-medium mass and width of the ¢ meson at rest as functions of nuclear density, computed using two different regularization

schemes. The solid (dotted) lines correspond to calculations with (without) the contact term.

dimensional regularization the mass decreases only slightly
further. However, for sufficiently large values of the renorm-
alization scale p, dimensional regularization can instead
predict a weaker mass reduction. Quantitatively, at p, the
loop-only contribution yields a mass reduction of approx-
imately 10-20 MeV. After including the contact term, the
mass reduction is about 20 MeV in dimensional regulari-
zation, whereas it is reduced to only a few MeV in the form-
factor regularization. In addition, the decay width is broad-
ened by approximately 35-40 MeV. Overall, the predicted
mass shift and substantial broadening are consistent with the
recent reanalysis [25] of KEK-E325 dilepton data [35].
Although the two regularization schemes exhibit quan-
titatively different behavior after the contact term is
included, the quantitative results remain broadly consistent
with previous studies in each scheme. For instance, in the
three-dimensional form-factor regularization, Ref. [53]
showed that including the contact term weakens the mass
shift, requiring a larger cutoff to reproduce the mass shift
obtained from the loop-only calculation. For this reason,
calculations employing form-factor regularization often
consider only the loop contribution and omit the contact
term. In contrast, our results obtained with dimensional
regularization are consistent with those of Ko et al. [47].
Despite quantitative differences, both regularization
schemes predict qualitatively similar medium modifica-
tions of the ¢ meson, namely a downward mass shift and a
substantial broadening in nuclear matter. Since the form-
factor and dimensional-regularization approaches corre-
spond to different treatments of the ultraviolet dynamics,
an exact correspondence between A and y is not expected.
We therefore regard the spread of predictions obtained from
the two schemes as an estimate of the theoretical uncer-
tainty related to the regularization procedure.
Furthermore, the error bands in Fig. 3 represent the
dependence on the cutoff parameter A = 0.8-1.0 GeV in
the form-factor scheme and the renormalization scale

1 = 0.5-0.7 GeV in dimensional regularization. We find
that the loop contribution alone exhibits a strong depend-
ence on the cutoff or renormalization scale in both
regularization schemes. However, the inclusion of the
contact term significantly reduces this dependence by
partially compensating for the regulator-dependent part
of the loop contribution, leading to a self-energy that is
less sensitive to the cutoff/scale parameter. Consequently,
the remaining parameter dependence within each scheme,
together with the difference between the two regularization
schemes, provides an estimate of the theoretical uncertainty
associated with the regularization procedure.

B. In-medium mass at finite momentum

We now investigate the in-medium masses of the two
polarization modes for a propagating ¢ meson in nuclear
matter. Figure 4 shows the density dependence of the
longitudinal-mode mass at fixed momenta p = 0, 1, 2, and
3 GeV by considering the loop and contact terms. Results
obtained with two different regularization schemes display
qualitatively similar behavior, although the cutoff depend-
ence becomes more pronounced at finite momentum, as
shown by the band, indicating enhanced sensitivity to
ultraviolet contributions.

Figure 5 shows how the in-medium mass shift evolves
with momentum at normal nuclear density. A clear differ-
ence between the two modes is observed: while the
longitudinal mass decreases quadratically with increasing
momentum p, the transverse mass remains constant, show-
ing no noticeable momentum dependence relative to its
value at rest. In the present approach, the transverse mode
does not couple to the vector mean field at leading order
[see Eq. (47)]. The longitudinal mode, however, couples
through derivative-type interactions [Eq. (48)], which
naturally generate a momentum-dependent contribution
to the self-energy. As the ¢» meson momentum increases,
this coupling strengthens the medium effect, leading to an
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FIG. 4. In-medium longitudinal mass of the ¢ meson as a

function of nuclear density at momenta p = 0, 1, 2, and 3 GeV,
computed using two different regularization scheme. The trans-
verse mass remains identical to that of the ¢» meson at rest.

enhanced separation between longitudinal and transverse
modes. In vacuum, where the vector mean field vanishes,
both polarizations remain degenerate for all momenta. We
also find that the contact term leads to a slightly modified
momentum dependence in the longitudinal mass ratio,
while preserving the quadratic behavior.

For comparison, the behavior of the longitudinal polari-
zation with increasing momentum is consistent with the
QCDSR prediction [59]. However, the unchanged transverse
mass differs from the QCDSR prediction of an approxi-
mately quadratic increase, although it carries larger uncer-
tainties than the longitudinal mode. This mode separation is
attributed to Lorentz-noninvariant condensates in nuclear
matter entering the operator product expansion. Specifically,
as shown in Fig. 3 of Ref. [59], the longitudinal mode is
dominated by a decreasing contribution, whereas the trans-
verse mode receives competing contributions from quark
and gluon condensates.

A direct correspondence between the two approaches is,
however, not straightforward due to their different degrees

Form factor regularization
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S
o
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FIG. 5. Momentum dependence p of the in-medium ¢ meson

mass ratio R = Amy(p)/my(0) (in percentage), where
Amy(p) = mj(p) —my(0), at normal nuclear density for the
longitudinal and transverse modes. The solid (dotted) lines

correspond to calculations with (without) the contact term.

of freedom and underlying approximations. While the
QCDSR analysis is based on quark and gluon condensates,
the present KK-loop calculation provides an effective
hadronic description of the dominant low-energy dynamics.
Further studies, including additional interaction effects such
as ¢N resonance interactions [70] and coupled-channel
contributions, are of great importance for understanding the
origin of the differences between the two approaches and
may in principle modify the results.

C. In-medium width at finite momentum

We next discuss the behavior of the in-medium intrinsic
decay width, which is relevant for experimental observables.
Figure 6 shows the density dependence of the longitudinal
intrinsic decay width for several nonzero values of the
¢ meson momentum. The results are presented with both
the loop and contact terms included. Both schemes yield
qualitatively consistent results, indicating that the predicted
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FIG. 6. Density dependence of the intrinsic in-medium decay
width Iy of the longitudinal ¢ meson calculated using two
different regularization schemes. The intrinsic width reflects the
medium-induced broadening from the ¢-meson self-energy and
is relevant for experimental observables. The intrinsic transverse
width remains identical to that at rest.

in-medium broadening remains unchanged against the
choice of ultraviolet regularization, although quantitatively
the results depend on the details of the cutoff and scale
parameters.

For |p| =0, the width for both polarization modes
increases significantly with increasing density. For finite
momenta, the longitudinal width still increases with density,
but its growth becomes progressively weaker as the ¢p-meson
momentum increases. This behavior is primarily driven by
the momentum-dependent modification of the longitudinal
mass, which reduces the available decay phase space at
higher momenta. In contrast, the explicit p>-dependent
corrections in Eq. (58) contribute only minor effects in this
case. The transverse width, on the other hand, remains
essentially identical to its value at rest, consistent with the
negligible momentum dependence of the transverse mass.

Figure 7 presents the corresponding results in the
laboratory frame, including the Lorentz y factor, which

Form factor regularization
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FIG. 7. Density dependence of the in-medium decay width
I", 1 Of the longitudinal ¢ meson calculated using two different
regularization schemes. The solid and dashed lines represent the
longitudinal and transverse modes, respectively. This width
includes Lorentz time dilation and corresponds to the decay rate
in the laboratory frame.

governs the decay probability and survival of a moving
¢ meson in the nuclear medium. In vacuum, both the
transverse and longitudinal decay widths decrease with
increasing momentum due to Lorentz time dilation.
Consequently, even in the absence of medium effects,
the decay widths at finite momentum are reduced compared
to their rest-frame values. In the nuclear medium, the
competition between intrinsic in-medium broadening and
Lorentz time dilation leads to a nontrivial momentum
dependence of the decay widths. As a result, at finite
momenta, the in-medium transverse decay width also
differs from its rest-frame value, despite the absence of
intrinsic momentum dependence in the transverse self-
energy. The separation between longitudinal and transverse
widths becomes increasingly pronounced at higher densities
and momenta, reflecting the polarization-dependent nature
of the medium modifications.
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FIG. 8. Unpolarized spectral functions of the ¢» meson at normal nuclear density for momenta p = 0, 1, 2, and 3 GeV, calculated using

dimensional regularization. The gray dotted lines represent the vacuum results, while the blue line corresponds to the in-medium spectral
function. The individual longitudinal and transverse contributions, A(Lp /3 and 2A£ /3, are also displayed.

D. Unpolarized spectral functions

Finally, we examine the unpolarized spectral functions of
the ¢ meson at normal nuclear density p,, shown in Fig. 8.
The gray dotted lines represent the vacuum spectral
functions, while the blue lines show the in-medium results.
For demonstration, we present the results obtained using
dimensional regularization (¢ = 0.6).

At |p| =0, the longitudinal and transverse spectral
functions are identical. The nuclear medium induces
substantial broadening and a moderate downward mass
shift, resulting in a significant redistribution of spectral
strength toward lower energies. For propagating ¢ mesons,
Ip| = 2 and 3 GeV, the longitudinal and transverse spectral
functions begin to separate due to polarization-dependent
medium effects. However, because the two modes still
strongly overlap, the resulting unpolarized spectral function
exhibits a single broad peak. At |p| =2 GeV, the mode
separation appears only as a weak shoulder, while a distinct
two-peak structure becomes visible at |p| = 3 GeV.

Compared to the QCDSR analysis [59], an important
difference emerges. In Ref. [59], the transverse mass
increases approximately quadratically with momentum,
leading to a visible separation of the longitudinal and
transverse peaks already at |p| ~ 1.5-2.0 GeV. In contrast,
the transverse mass remains nearly unchanged in the present
calculation, and a distinct double-peak structure develops
only at larger momenta, around |p| ~2-3 GeV. This con-
clusion is consistent with the KEK-E325 results [25,35],
where the strongest medium effects were observed for slow
¢ mesons with py = |p|/m, < 1.25. In this momentum
region, the longitudinal and transverse peaks remain strongly
overlapping in the present calculation, implying that the
polarization splitting is unlikely to be resolved through
the unpolarized invariant-mass spectrum. Experimentally,
the negative mass shift appears as an excess on the low-mass
side of the dominant vacuum ¢ peak.

At higher momenta, corresponding to fy = 1.75 in
the KEK-E325 kinematics, the separation between the

longitudinal and transverse modes becomes more pro-
nounced. However, the medium-induced modification
becomes less visible, as reflected by the absence of a
significant excess on the low-mass side of the ¢ spec-
trum [25,35], because a larger fraction of ¢ mesons decay
outside the nucleus. In the upcoming J-PARC experi-
ment [43], momentum bins extending to fy = 2.5 are
planned, where the two-peak structure may become more
apparent. Nevertheless, since the probability of in-medium
decay is further reduced at such momenta, the correspond-
ing excess may remain small. Although the present results
do not suggest a clear momentum window for observing a
two-peak structure in the unpolarized spectrum, a more
quantitative assessment can be achieved through dedicated
transport calculations [23] incorporating the momentum-
dependent mass splitting.

VI. CONCLUSION AND OUTLOOK

In this work, we studied the in-medium properties of the
¢ meson in the QMC model [60], incorporating self-
consistent kaon mass modifications and KK-loop contri-
butions [53]. We explored the density and momentum
dependence of the ¢ meson mass, width, and spectral
functions, emphasizing polarization effects and assessing
model dependence using covariant form factor and dimen-
sional regularization schemes.

At normal nuclear density, the kaon effective mass
decreases by about 13% [60], inducing a moderate down-
ward mass shift of the ¢» meson by a few percent and a
broadening of its decay width by an order of magnitude. The
qualitative results remain unchanged under variations in the
regularization scheme, although quantitative differences are
observed, particularly when the contact term is included.
Nevertheless, after including the contact term, the predictions
obtained using the form factor and dimensional regulariza-
tion are consistent with those reported in Ref. [53] and
Ref. [47], respectively. At finite momentum, a pronounced
polarization dependence emerges. While the transverse mode
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remains essentially unchanged with momentum, the longi-
tudinal mode exhibits a quadratic decrease of the in-medium
mass. The decay width also shows a nontrivial momentum
and polarization dependence in nuclear matter.

This polarization dependence of the mass shift can be
understood from the tensor structure of the ¢K K interaction
[Eq. (6)] together with the polarization projectors P,f,;T. The
transverse projector selects components perpendicular to the
¢-meson momentum, removing any explicit |p| dependence
of the derivative vertex (2g — p)*, whereas the longitudinal
projector mixes temporal and longitudinal components,
allowing momentum-dependent contributions to survive.
Consequently, only the longitudinal mode acquires medium
effects, while the transverse mode remains momentum
independent. We further note that these results are obtained
within the present hadronic K K-loop model, and additional
mechanisms such as ¢ N resonance interactions and coupled-
channel dynamics may modify the momentum dependence.

The predicted polarization dependence leads to a non-
trivial momentum-dependent structure in the unpolarized
spectral function. Although the polarization splitting is
unlikely to be resolved directly through the unpolarized
invariant-mass spectrum, polarization-sensitive observ-
ables, such as angular correlations in the ¢y — KK decay,
may provide a direct probe of the longitudinal and
transverse modes. Future measurements at J-PARC, par-
ticularly E88/Sagre [45], will be important for testing
these predictions and discriminating between different
theoretical descriptions of the in-medium ¢ meson.
Similar polarization splitting has also been predicted for
the Ki* meson [71,72], suggesting a broader manifestation
of medium-induced Lorentz-symmetry breaking in had-
ronic systems.
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APPENDIX A: FORM FACTOR
REGULARIZATION

In this appendix, we provide the calculational details
of the self-energy with the form factor regularization.
Especially, the separate contributions of the loop and contact
terms for both longitudinal and transverse polarizations. In
addition, we also provide the explicit analytical expressions.

For the loop contribution Hfoop given in Eq. (45), the

propagators in the self-energy can be rewritten as

YRV

D2D*D* N
" (I-x-y)
[Dp + x(D} — Dy) + y(Dj =Dy
g [y (mx=)
_6/0 ¢ A dy[(q—xp)2+C+i€}4’
(A1)

where
C=x(1=x)mp? = (x +y)mg = (1 = x = y)A>, (A2)

To complete the square and ensure that the integration
depends only on the KK loop momentum, we perform the
shift g¢* — ¢" 4+ xp*. Using these ingredients, the ¢-meson

self-energy becomes
G

Oloo
X“"“”/<2n>4<q vyl

We note that the denominator contains no explicit |p|
dependence; any momentum dependence arises solely from
the numerator Oloop

Hfoop(m;i)z,p ) = 12194)

(A3)

For the transverse mode, Eq. (A3) reduces to
e o] e
q

*(1=x=) U 2n) M]
(A4)

Moy (M. p%) = 24igg (A

After performing the Wick rotation and carrying out the
four-momentum integration in Euclidean space, the self-
energy becomes
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with N = g;(A* — m}¢)?/4x*. For the longitudinal mode,
the self-energy reads

Hﬁmp(mjf,pz)
4819¢ (A2 -

m¢ /dx/lx (I=x—1y)

d'q 1= VE)lpl - ¢°E;
[ La @ VIR P "
(27) (¢°+C)
Following the same procedure, we obtain
I, (my7. p?) N/dx/_x (1-x-1y)
1 2P (vEY? 1
L)

Here, a quadratic dependence on the ¢-meson momentum
appears, originating from the derivative coupling in the
¢KK interaction. We emphasize that the second term
vanishes both in the vacuum (V& =0) and in the rest
frame (p = 0). In these limits, the longitudinal and trans-
verse self-energies coincide, ensuring the correct limiting
behavior.

Next, we consider the contribution from the contact
diagram, TT/,,, which is given by

dtq 1
(2n)* DiDk

MW (m32. %) = 4ig} (A2 — mi2)? / (A8)

This contribution is identical for both transverse and
longitudinal polarizations. The propagators can be rewrit-
ten as

1 /1 X
— =2 dx A9
00, 2 Yo ra-wpr MY

2/1d ol
= X7,
0 (¢* +E)?

(1 -x)mg.

(A10)

with E = —xA% —
given by

The self-energy is then

Héoﬂ(m;)z’pz)

. d'q X
= 8igy (N> — my) / / B

After Feynman parametrization and Wick rotation, the
contact contribution becomes

(Al1)

2 (A2 e2)2
. 9¢(A - mg’) X
Won(my?,p*) = B de (A12)

1. Analytical expressions

Here, we provide the analytic expressions for the form
factor regularization.

Contact term. The contact term in Egs. (50) and (51) is
computed as

[y (2. p? ——N/dx a . (AI3
con(m¢ p ) —XA2 _ (1 —x)m}g ( )
where the analytic result is given by

Héon(m;;?’pz)
A2 —m *2 A2
_ 9 S 2P K (=5 )]. (A14)
4 N —my my

p-independent loop term. The self-energy of the loop
term common to the longitudinal and transverse modes in
Egs. (50) and (51) for the p-independent part is given by

HT/L

* ! 1=x (l_x_y)

In the region of 2mj < m), < A + m}, we obtain the
real part of the self-energy analytically as

(A15)

T/L
Renloi)p(mr/) y4 )

N 148
= 1O +2p (L
12m3§52{ 12 n(l—ﬂ)

+70, {tan*((S ) —|—tan‘1<(S )} + 03 ln5—}
Y 4 3

(Al16)
where we define
K—mK/m §=205k— 6, (A17)
o = Az/m¢ , 0p =1=59, (A18)
and
p = /1 4oy (A19)
7= /=1 + 20k +8,) - (6 6,2 (A20)

To simplify further, we also define
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0, = 25(1 - 25), (A21)
0, = 2(28* + 56¢ — 5, — 1), (A22)
®; = 25° + 36% — 654 + 1. (A23)

In the same region of 2mjy < my, < A + my, the imaginary
part is obtained as

In’lHL/T( *2 2)_ g¢ *2 3_

loop

(A24)

p-dependent loop term. Now, we compute the second
integral in Eq. (51), that is related to the p-dependent part
for the longitudinal mode, defined as IT-2 . The self-energy

is given by

loop*

\ ! N e )
12, ") = -Nalpl? [ [y EE5EY
(A25)
with Ny = 2N(VE)?/m2.
In the region of 2my < my < A+ mj, the real part is

analytically given by

ReTl(; (mi?.p?)

_ MNP +p J3
= (i) 2

(5] o ()]}

with ®4 = 1-36 —
part is obtained as

(A26)

Or. In the same region, the imaginary

gf/’ ﬂ( m) |p|2

L2 (2 p2) —
ImHloop( ¢,P >_ o0 m

(A27)

APPENDIX B: DIMENSIONAL
REGULARIZATION

In this approach, the ¢-meson self-energy can be written as

d'q [ Oty = Ok
(m; ,p>—zzg2/ (*‘1+ ) (B1)
tOtdl ¢ ¢ (271.)4 DKD]? DK

without the need of a form factor. For the loop contribution,
we introduce Feynman parameters,

1 1 1
* * = / d)C 27 (B2)
DDy 0 [xD% + (1 - x)D}i(]

and shift the loop momentum ¢* — ¢* + (1 — x)p#, which
leads to

O;
IOOP(m¢ ) = 21%/ dx/ AZOZ— ie)*’

(B3)

where A* = mi? —x(1 — x)m

Feynman parameter is not needed.

(7)2. For the contact term, the

1. Transverse mode

Including both the loop and contact contributions, the
transverse self-energy can be written as

diq 1 PLg'q" 1
T *2 2\ A2 1724
Htolal(mqﬁ ’p ) - 4lg¢ / (27[),1 <A d‘x Dzz +D_ﬂ[<( ’

(B4)

where working in d dimensions, we have used the identity
. =P Dq"q . The momentum integrals are evaluated
using dimensional regularization in d = 4 — e dimensions.
Using the standard integral relations

dlg  q'¢ —ig" d\ 4
/ <zn>d<q2—A>2_2<4n>d/2r(1‘5)m o (BY)

ddq 1 —i d d
= | AT‘, B6
/ Qr)yig? A (4n)'2 ( 2) (B6)

the contact and loop contributions to the transverse self-
energy become

4q, d
— WFC - 5) (m2)'.  (B7)

4g5T(1-9)
(41)4/?

| [ asare -] o)

HZOD (m;z 7p2)

Hlf)op (m;bz’pz) ==

where we have used g’“’PT = —2. Expanding around
d=4-¢, we use (47)7? = (47)72(1 + £In4n),
M1-9)=-2-1+y; and A*'=A(1-£lA).
Adding the contact term, the renormalized transverse
self-energy reads

Hlep(mi,;z,pz)
2
477: dx(A IHF—mK In qu —a(,u)? s

(B9)

where the first two terms arise from the loop and contact
contributions, respectively. The real part of the transverse
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self-energy can be evaluated analytically as

Re HtTotal(m:;;z’pz)

iy my
(e
+1n";7(2—§] (u)m"’}

with g = 1—4m7<2/m Note that in Ref. [47], the

constant proportional to 5/3 was absorbed into a(u).
However, we retain it here for consistency with the
numerical integration of the first term in Eq. (B9).

When we consider only the loop diagram without the
contact term, the transverse self-energy is given by

(B10)

Renloop(mqb P )

G [ ol B (145  1=30 (m?
i (Hon(125) e ()
SIBVdL)m(/):|

+6ﬂ18_ 1) +a(”)( 2

(B11)

where we note that the subtraction constant a(u) is kept
fixed at its vacuum value.

2. Longitudinal mode
For the longitudinal mode, the loop contribution is
given by
Hﬁmp(mﬁpz)
8lg¢ [(¢° - VK>|P| - ¢Ey)?
- _ A*)Z

(B12)

Since the cross term vanishes by symmetry, the expression
reduces to

4

Oloop = 2 (6)EF + (¢°)Ip* + P*(V5)?). (BI3)
¢

After performing the Wick rotation and extending the

integration to d dimensions, we use

1

(@) =-4p. (4" =-

where ¢ denotes the Euclidean four-momentum. This
yields

1
3%257 (B14)

*2

L g%+ pP(VE)2

Oloop d

(B15)

The longitudinal loop contribution then becomes

1., (mj?, p?)

_8g, dqu” % + pP(VE)?
/ / : CIE+A*) .

(B16)

Using the standard Euclidean integrals
/ dgp 1 1 r<2 d) AF2, (B17)
() (qz +A)*  (4m)? 2

/dqu ] Ir(1-9) st
o (@ +a7 ~ @n?2 ' "2)%

and combining the loop and contact contributions, we
obtain

(B18)

HtLota.l(mj;bz?pz)

2 1 A* *2
:_g_¢2 dx[A*ln—z—m}zlnm’z(
4r H I
2 * m2
2(V,{§)2|"| (1 +1> (ﬂ)"’} (B19)
mt 6

Note that the p-dependent part also exhibits a x depend-
ence. The real part can be evaluated analytically as

Re HtLotal (m:;z ’pZ)

*2 *2

94 my | - (1+p 8my
) 1

47:2{ 6 {ﬂ n(l—ﬂ o

¢
*2 2
+lnn;§ —%} —a(u)%
-2V )2|P|2< m _1+ﬁ1 ﬂ)} (B20)
mg I p

For the imaginary part, the results are identical to those
obtained using the form-factor regularization, and we
therefore do not discuss them further here.

Lastly, when we consider only the loop diagram without
the contact term, the longitudinal self-energy reads

g5 3
Al

) () ]

_ovrpll <1 "\ { pin Lﬂ)}
m u?

12 18

U

5 (B21)
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