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We present an update of HPQCD'’s lattice quantum chromodynamics (QCD) determination of the B, —
J/w vector and axial-vector form factors, and provide new results for the tensor form factors. We use the
highly improved staggered quark (HISQ) action for all valence quarks, together with the second generation
MILC ny;=2+1+1 HISQ gluon field configurations. This calculation includes two additional
ensembles, one with physically light up and down quarks and a = 0.06 fm and one with a ~ 0.03 fm
on which we are able to reach the physical bottom quark mass. Our calculation uses nonperturbatively
renormalized current operators and covers the full kinematical range of the decay. We use our recent results
for the heavy-charm susceptibilities, as a function of u = m./m,, in order to employ the full dispersive
parametrization for B, — J/y in our physical-continuum extrapolation. We give updated Standard Model
(SM) predictions R(J /yr) = 0.2597(27), A, = 0.5093(42), i/"’ = 0.4421(55), and Apg = —0.0567(61),
reducing uncertainties by 29%, 45%, 40%, and 50% respectively. Since our lattice form factors cover the
full kinematic range we can use them to test extrapolations using data in a truncated range, at low-recoil. We
investigate different physical continuum parametrization schemes, with lattice results in the first 1/3 of the
kinematic range near g2, We find that unexpectedly large systematic uncertainties near g> = 0 can
emerge when extrapolating synthetic data in the high-¢> region if higher order kinematical terms are
omitted from the physical continuum extrapolation. This suggests a potentially underestimated systematic
uncertainty entering extrapolations of synthetic lattice QCD data for the related B — D*£v decay from the

high-¢? region into the low-¢> region.

DOI: 10.1103/wll6-z4cb

I. INTRODUCTION

In recent years, lattice quantum chromodynamics (QCD)
studies of semileptonic B-meson decays have progressed
significantly, with many new results away from zero recoil
for decays to both vector and pseudoscalar final states
[1-11]. For B — D*¢v decay, mediated by the Standard
Model (SM) charged-current interaction b — ¢W~, the
new lattice QCD calculations from Fermilab-MILC [5],
HPQCD [10], and JLQCD [11] have confirmed the long-
standing tension between inclusive and exclusive determi-
nations of V., [12]. While the form factors from these
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calculations can be fit with reasonable agreement, some
tension is seen at the level of 1 — 20 between predictions
for observables such as R(D*) =I'(B — D*t1,)/T'(B —
D*up,) made using each calculation [13,14].

The Fermilab-MILC and JLQCD lattice QCD calcula-
tions [5,11] generated data only in the first #1/3 and =1/4
of the physical range of w = vp- - v respectively. The
HPQCD lattice QCD calculation [10] generated data across
the full w-range only on the finest ensemble, and with
limited statistical precision, resulting in greater uncertain-
ties close to wp,. To overcome limited information
in the low-¢”> region, a Boyd-Grinstein-Lebed (BGL)
parametrization [15] is typically used to fit and extrapolate
synthetic data points for the form factors across the full
kinematical region, so that predictions for integrated
observables can be made. A relatively small under-estima-
tion of uncertainties in the low-recoil region, particularly in
the slope of the form factors, therefore has the potential to
lead to a more significant underestimation of uncertainties
in the high-recoil region, and thus in integrated observables
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such as R(D*). Moreover, since synthetic form factor data
at different values of w typically exhibit large correlations,
systematic uncertainties related to higher-order kinematical
dependence may be mistakenly deemed insignificant if
compared to the total uncertainty.

The choice of kinematical parametrization and trunca-
tion order used to perform the chiral continuum extrapo-
lation is one potential origin for such underestimated
uncertainties. For B — D*/v, expansions in powers of
(w —1) were used [5,7,10]. Fermilab MILC and JLQCD
fit the coefficients of (w — 1)" in this expansion directly,
including terms up to (w — 1), while HPQCD used terms
up to (w — 1)'°, with coefficients expressed as functions of
the continuum BGL expansion parameters, including terms
up to z*. HPQCD [10] also included a correlated fit of the
B, — DY form factors, related to B — D* by chiral
parameters including polynomial terms in M2 /A2, as well
as the SU(3) rooted-staggered chiral logarithms computed
using perturbation theory. This update found differences of
order 1 — 26 for hy, and hy, relative to the previous B, —
D7 calculation [4], mostly due to the use of a BGL-like z-
expansion (omitting the outer functions) to perform the
chiral-continuum extrapolation in the earlier work.

B, — J/w?v provides an ideal testing ground to inves-
tigate the effects of the choice of parametrization scheme
on form factors and observables. The replacement of the
light spectator quark with a heavier charm quark relative to
the B — D* case leads to improved statistical precision,
enabling good resolution of the noisier 44, and h,, form
factors (equivalently A;, in the QCD basis), as well as
reduced chiral effects from light quark masses. In this work,
we provide an update of the HPQCD B, — J/y form
factors [3]. In addition to methodological improvements,
this also work includes the addition of an ensemble with
physical light quarks and a ~0.06 fm and an ensemble
with heavier-than-physical light quarks and a ~ 0.03 fm on
which we are able to simulate the physical b quark with
amy, ~ 0.625. This calculation includes two ensembles
covering the full kinematical range with high statistical
precision.

As well as providing an environment to test the methods
used to extrapolate to the physical continuum limit, B, —
J/wfv decays also have the potential to provide important
tests of SM lepton flavor universality in the near future,
offering insights into the ~3¢ discrepancies seen between

SM theory and experiment for B, — Dg)) ¢v decays. For

example, the lepton flavor universality ratio R(J/y) =
(B, = J/y10,)/T(B. — J/wub,) has been measured by
LHCbD [16] using 3 fb~! of run 1 data at 7 TeV and 8 TeV
center of mass energies, and a complementary analysis of
R(J/y) is currently underway at CMS [17].

We also calculate the tensor form factors here for the first
time. These are defined below in the HQET basis in Eq. (4).
Unlike the SM form factors, Ay, Ay, A5, and V, the tensor

form factors only contribute to the differential decay rate
when the corresponding new physics couplings in the b —
c?v effective Hamiltonian take nonzero values [18]. In [19]
it was demonstrated that shifts consistent with experimental
observations away from the SM values of the vector and
axial-vector couplings could lead to sizeable shifts in
predictions for angular observables and ratios sensitive
to lepton flavor universality violation, such as R(J/y).
With the complete set of SM and tensor form factors,
increasingly precise measurements of observables for B, —
J/w¢v will allow for improved constraints on new physics
couplings complementary to those obtained from B —
D*¢v decay [10,20]. The tensor form factors that we
compute directly on the lattice here may also be used to
test relations between the tensor and SM form factors
derived from nonrelativistic QCD [21].

As in our previous calculation [3] we use a heavy quark,
h, with mass m,,, in place of the bottom quark, and generate
lattice data for mj ranging from roughly 1.4 times the
charm mass up to the physical bottom quark mass. We
denote the ic mesons H,. We then fit these results using a
physical continuum fit function which describes the m;,
dependence, kinematic dependence, and discretization
effects of our data (see Sec. III) in order to determine
the continuum form factors at m,,.

The remainder of this paper is organized as follows:

(1) In Sec. II we describe the lattice parameters and
MILC HISQ 2 4 1 4 1 ensembles used in this work.
We give details of our correlator fitting approach and
current renormalization, and give the posterior
values of the ground-state meson masses.

(i) Section III contains the details of our physical
continuum fit function and extrapolation, based on
the dispersive parametrization for form factors with
subthreshold branch cuts given in [22].

(iii) In Sec. IV we provide updated values for R(J/y)
and other observables sensitive to lepton flavor
universality violation. We provide a comprehensive
breakdown of form factor uncertainties. We include
in this section a comparison to our previous results,
as well as the results that would have been obtained
from our previous dataset using our updated dis-
persive parametrization. A comparison of our tensor
form factor results to those derived using NRQCD
[21] is then shown. We conclude this section by
examining our data just in the high-g> region, and
show that omitting higher order kinematical terms
from the physical continuum fit in this region results
in unexpectedly large discrepancies when extrapo-
lating to the low-g> region.

(iv) Finally, in Sec. V we summarize our findings.

(v) In Appendix A we describe in this section how to
load our form factor results, including our fully
correlated lattice data, which we provide in machine-
readable format. In Appendices B and C we show
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TABLE L. Details of the MILC ny =2 + 1 + 1 HISQ gluon field configurations used in our calculation [23,24]. The Wilson flow
parameter [25], wy, used to fix the lattice spacing is given in column 3. We use the physical value of wy = 0.1715(9) fm determined
in [26]. The values of wy/a, which are used together with w,, to compute a were taken from [27-29]. ng, is the number of configurations
that we use here and 7, is the number of time sources used on each configuration. amyy, amy,, and am,, are the masses of the sea

up/down, strange and charm quarks in lattice units, while am !

and am;,

val are the valence charm and heavy-quark masses respectively.

We also include the approximate mass of the Goldstone pion, computed in [30].

Set a (fm) wy/a L. xL, amy amyg am. am™ amzle M, MeV)  ng X ny
1 0.0902 1.9006(20) 32x96  0.0074  0.037 0.440 0.449 0.65, 0.725, 0.8 316 1000 x 16
2 0.0592  2.896(6) 48 x 144 0.0048  0.024 0.286 0.274  0.427, 0.525, 0.65, 0.8 329 500 x 4
3 0.0441 3.892(12) 64 x 192 0.00316 0.0158  0.188 0.194 0.5, 0.65, 0.8 315 375 x4
4 0.0327 5.243(16) 96 x288 0.00223 0.01115 0.1316  0.137 0.4, 0.625 309 100 x 4
5 0.0879 1.9518(7) 64x96 0.0012  0.0363  0.432 0.433 0.65, 0.725, 0.8 129 600 x 8
6 0.0568 3.0170(23) 96 x 192 0.0008  0.0219  0.2585 0.2585 0.427, 0.525, 0.65, 0.8 135 100 x 4

tests of the stability of our correlator fitting and
continuum extrapolation procedures.

II. LATTICE CALCULATION

We generate two- and three-point correlation functions
combining heavy (%) and charm (c) propagators with a
variety of hc, ¢h, and ¢c operators on the second generation
MILC ny =2+ 1+ 1 HISQ gluon field configurations
listed in Table I. The choices of staggered spin-taste
operators, valence charm, and heavy quark masses, and
J/w momentum, p’ = (ak, ak, 0), are identical to those used
in [10]. We repeat the spin-taste operators in Table II for
reference later on. For the additional gluon field ensemble
with a~0.03 fm (set 4), we use am}’lal =04, 0.625,

(Oler*e(r)(ere(0))']0)

B Z((A;’l)%—tEL — (=1)"(A})2e "),
(0](y e (1)) hy*c(0) 0)

=D (B2 — (1) (By)?e™™) (1)

and

(Oley*e(T)eTh(1)hy c(0)|0)

Z AIBJ anan

—(T—1)E},—tM),

am?™ = 0.1316, and ak = 0.0, 0.0500, 0.1501, 0.2501. + (=D)THALBLTY | e TOEM
We fit our lattice correlator data using the standard 4 (=1)A Bl Jii o~ (T=1)E\—1M}
spectral decomposition for staggered correlation functions, n= 0% no(v)
implemented in the CORRFITTER PYTHON package [31] + (=1)TAl B J;JO(H . e—(T—t)Ef,—tM(’;)' (2)

TABLE II. Spin-taste operators used in our three-point corre-
lation functions to isolate the form factors. The second column is
the operator used for the H ., the third for the J/y and the fourth
column is the operator used at the current. The final column gives
the label, referred to in Appendix A, used to denote the resulting
matrix element.

Here, and for the remainder of this section, we write
the meson interpolating operators in terms of the naive
quark fields rather than the equivalent staggered fields
and spin-taste operators for simplicity. We have also left
implicit the sums over spatial dimensions for each fermion
bilinear.

The ground state parameters of these fits are related
straightforwardly to the energies and matrix elements we

Ou, Oy o Label  require for computing form factors, giving
J® vors®rors  11®rir2 13073 MV
~nn(l 7%) (v , B
I 75 ®7s nel s ®7s MAO Jo Z (P A){J/w(p'.A)|eTh|H, (p)) )
A nn(vl)
Jﬁﬂ(lysys) 75 ®7s 13®rs  rars®rars MAI \/2E//1I/2MH (1+ LZ/MJ/W)
an(1179) 7s ®7s n®r nrs®rirs  MA2
Tz s ®7s r3®rars vt ®rovi MTL - here B is the v component of the J/y spatial momentum,
J 22(3ﬁ]2) rors®rors  v3®rs  ri72®riva  MT2  with v corresponding to the Lorentz index of the J/y vector
70 1oy 075 ® 0T 71 ® 7 7273 ® 7oy3  MT23  interpolating operator. The matrix elements are related to
nn(1,0

the form factors, Ky, in the HQET basis by
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(J/wley’ hH,)

— _(e* . ’l})h[u
J/wler*h|H,
NN iy

V MH(;MJ/UI
(J/wley*y’h|H.)

My My,

— [y, (0 + D

— hy, (€ - v)v* = hy (€ - v)v],
(J/w|co" h|H.,)

vV MHL.MJ/y/

= _gﬂz/aﬁ[hrlej;(v + U/)ﬁ

+ hyeq(v - 1/)/}
+ hr,(€" - v)vqvp). (4)

A. Current renormalization

The lattice operators we use must be related to their
continuum counterparts by renormalization. Since we
determine the pseudoscalar form factor via the partially
conserved axial current relation, no renormalization factor
is required. For the vector current, we use the renormaliza-
tion factors, Zy, computed in the RI-SMOM scheme
in [29,32]. We also use these for the axial-vector current,
using the chiral symmetry of the HISQ action [33] together
with the absence of condensate contamination in Zy [32].
The tensor renormalization factors, Z;, were computed
in [34] using an intermediate RI-SMOM scheme, matched
to MS at a scale 4 = 2 GeV. We run these to u = 7, (i)
using the 3-loop anomalous dimension [35] before multi-
plying our tensor matrix elements. For my,(im,,), we first
compute 7, (3 GeV) = m.(3 GeV)/(am,/am,,) from our
charm and heavy quark masses together with the value of
m.(3 GeV) = 0.9858(51) GeV from [29], which we then
run to my(my,) using ayg(5 GeV,np = 4) = 0.2128(25)
from [28] together with the 4-loop running [36].
Following [37] we extrapolate the values of Z; from [29]
as a function of @ to set 4' using the simple function

i=4 Jj=3 au 2j '

ZT<a,/l = 2 GeV) = (Ci + Z blj (7) )C{s(ﬂ/a>l
i=0

(5)

with Gaussian priors of 0 =+ 2 for the coefficients ¢; and b;;.
Varying p or z/a by £50% or increasing the maximum
order that we sum to in i or j has does not change the
extrapolated value of Z; significantly. We neglect corre-
lations between the renormalization factors, which have
only very small statistical uncertainties, and our lattice data.

J=1

'Note that the conservative ~0.5% uncertainty of Z; on set 4
resulting from this extrapolation is substantially smaller than the
statistical uncertainties of the tensor matrix elements on set 4.

TABLE III. Zy(u =2 GeV) at zero valence quark mass
from [29,32] in the RI-SMOM scheme and Z;(u = 4.8 GeV)
from [34] for the tensor operators. Zy on sets 5 and 6 are equal to
those on sets 1 and 2 respectively. On set 4, we use a value of
Z; obtained by extrapolating the other values in a? as described
in the text.

Set Zy(u =2 GeV) Zr(u = 4.8 GeV)
1 0.98445(11) 1.0029(43)
2 0.99090(36) 1.0342(43)
3 0.99203(108) 1.0476(42)
4 0.99296(21) 1.0570(50)
5 0.98445(11) 1.0029(43)
6 0.99090(36) 1.0342(43)

The values of Zy and Z; that we use are given in Table III.
For simplicity, we will leave the renormalization factors
implicit in the remaining discussion.

B. Correlator fitting

We fit all correlation functions, defined in Egs. (1) and
(2), on each ensemble simultaneously. For ground-state

priors we take, in lattice units, Eé/ V=\/M T 2k? x

1(0.3) GeV for the J/y energies and M} = (ME™ +
my —0.8 +m,) x 1(0.3) GeV for the H, masses, with
ME™ the approximate value of My from [10] for the
largest value of am; = 0.8, corresponding to 2.86 GeV,
3.9 GeV, and 5.0 GeV on sets 1 and 5, 2 and 6, and 3,
respectively. For set 4, where the maximum value of am,, is
0.625 we use MY = (MY™ +mj;, —0.625+ m,). Our
priors for the lowest oscillating state energies, as well as
amplitudes, are given in Table IV. For the matrix elements,
J;’(U)n@), we take priors O(1) for all except those propor-
tional to ak. For these, following [10], we divide by ak
before fitting. We increase the uncertainty on the corre-
sponding priors for the oscillating state matrix elements

i{o ’0’0 and J ﬁ,’o by a factor of 4 relative to J ’,{n to account
for this rescaling, and take priors of 0(4).

TABLE IV. Correlator fit priors. We take AEE") = Agep X
1.0(0.75) where AEEO) = El(i)] —EEO),i >0 and here for our
correlator fits we take Agep = 0.75 GeV. In the table we have
defined Qy = My~ +m, —0.8+m, [except on set 4,
where we use Qy = (MY + my, — 0.625 4+ m,)] and Q) =

\/M3,, + 2k, following the relativistic dispersion relation.

Prior J/y(k) H,
EY/GeV Q;, x 1.0(0.3) Qu x1(0.3)
EY/GeV Q;, x 1.2(0.5) Qp. x1.2(0.5)
A(B)" 0.1(5.0) 0.1(5.0)
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We truncate our correlator fits at 3 exponentials. In order
to suppress excited state contamination, we also exclude
correlator data points close to the minimum and maximum
values of ¢ in our correlation functions. Our correlator fits
require the use of an SVD cut (see Appendix D of [38]) due
to the large number of correlator data points relative to the
number of configurations making up each ensemble. In
order to estimate the quality of our fits, we compute
x%/d.o.f. with SVD and prior noise. Unlike [10], we bin
all time sources on each configuration for sets 1, 2, 3, and 5.
It is only on sets 4 and 6, with 100 configurations, that we
do not bin over time sources. The number of data points
excluded from the ends of our correlators, which we denote
AT, as well as the SVD cut used, are given in Table V.
In Table V we also give the parameters used in our fit
variations that we use in Appendix B to illustrate that our
results are insensitive to increasing AT or increasing the
size of the SVD cut.

The ground state energies for the J/y and H,. that we
extract from our fits are given in Tables VI and VII. Note
that these agree well with the values given in [3], though
have somewhat larger uncertainties owing to the larger
SVD cut required by the inclusion of additional tensor data
here. We use the masses from the local y; ® y; J/w

TABLE V. Details of correlator fit parameters. AT indicates the
number of data points excluded from the extremities of corre-
lation functions, ney, is the number of nonoscillating and time-
oscillating exponentials included in our correlator fits to Eqgs. (1)
and (2). Following [10] we estimate y%/d.o.f. by introducing
SVD and prior noise, implemented in [31]. The resulting value of
x*/d.o.f. is given in column 7. We use the fit parameters in bold
for our subsequent analysis. § labels variations on our base fit
used to investigate the stability of our analysis.

Set ne, ATy, ATy ATy SVDcut p>/dof. &
1 3 4 8 8 0.005 1.07

3 5 10 10 0.005 .02 1

3 3 7 7 0.02 .00 2
2 3 4 9 9 0.005 1.03

3 6 12 12 0.005 105 1

3 4 9 9  0.0075 .03 2
3 3 6 12 12 0.005 1.04

3 7 14 14 0.005 .04 1

3 6 12 12 0.01 101 2
4 3 11 22 22 0.01 0.90

3 14 28 28 0.01 097 1

3 11 22 22 0.05 093 2
5 3 3 7 7 0.005 1.06

3 5 10 10 0.005 .05 1

3 3 7 7 0.01 106 2
6 3 3 7 7 0.02 1.01

3 5 10 10 0.02 .05 1

3 3 7 7 0.0075 103 2

TABLE VI. Fit results for the J/y masses for the local spin-
taste operator y; ® y; and 1-link operators y; @ 1 and y; ® 7,72
used in our calculation.

Set 71 @71 71 ®1 71 ®7v1r2

1 1.41397(62) 1.41445(79) 1.41418(66)
2 0.92974(44) 0.92978(59) 0.92988(57)
3 0.69221(30) 0.69225(40) 0.69227(39)
4 0.51386(73) 0.5139(11) 0.51378(92)
5 1.37849(28) 1.37869(55) 1.37842(44)
6 0.89224(25) 0.89231(37) 0.89227(33)

operators and the y5 ® ys H,. operators when converting
between matrix elements and form factors and in our
physical continuum extrapolation discussed below. Since
the taste splittings are very small (Iess than 0.1% for any of
the meson masses considered here) and amount to discre-
tization effects which vanish in the continuum limit, this
choice is not significant. We use J/y energies computed
from the relativistic dispersion relation, akE;), =

aM3,,, + (ap')?, since the momentum is known exactly.

We plot the speed of light computed on each ensemble for
the range of momenta used in this calculation in Fig. 1,
where we see that all of the energies we extract agree
with the dispersion relation within 0.25% and within
uncertainties.

TABLE VII. Fit results for the H, masses for the local spin-
taste operators ys @ ys and ygys ® yoys that we use in our
calculation.

Set amy, Ys ®7s Yors ® 7o¥s
1 0.65 1.57248(24) 1.57384(48)
0.725 1.64718(26) 1.64864(49)

0.8 1.72014(36) 1.72190(50)

2 0.427 1.06721(20) 1.06748(25)
0.525 1.17254(20) 1.17283(25)
0.65 1.30310(20) 1.30341(25)
0.8 1.45416(20) 1.45448(25)
3 0.5 1.01190(13) 1.01201(15)
0.65 1.16998(13) 1.17011(15)
0.8 1.32186(13) 1.32199(15)
4 0.4 0.80134(24) 0.80153(25)
0.625 1.04277(26) 1.04297(29)
5 0.65 1.55435(13) 1.55594(20)
0.725 1.62927(14) 1.63092(20)

0.8 1.70263(14) 1.70434(21)

6 0.427 1.04807(15) 1.04832(17)
0.525 1.15366(15) 1.15392(17)
0.65 1.28448(15) 1.28476(17)
0.8 1.43577(15) 1.43607(17)
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{ a=0.09023 I a=0.03271
{ a=0.05922 I a=0.08787
LOWOy 1 — 0.04406 I a=0.05684
~ 1.005
=
-
o BELT L
0.995
0.990
0 1 P) 3 1 5
i ]Z/w/GOVZ
FIG. 1. Ratios of lattice energies, Ej,, extracted from corre-

lator fits to the energy computed from the relativistic dispersion

relation, akE,,, = aMg/W + (ap')?. We see that our data is in

good agreement with this relation across the full range of
momenta considered and to high precision.

The effect of nonequilibrated topological charge on the
finest lattices was discussed in [30,39], where the leading
order corrections for heavy-light masses and decay con-
stants were estimated using chiral perturbation theory and
found to be very small. These effects were shown to
decrease with light quark mass, with the heavy-strange
decay constant corrections a factor of (m;/m)* =1/25
smaller than the up/down case. These effects are expected
to be even smaller for the charm quark case, where the
charm quark also decouples from the chiral theory. As such,
we neglect the effects of the poorly sampled distribution of
topological charge on sets 3 and 4, which are expected to be
much smaller than our statistical uncertainties.”

The ground state matrix elements, defined in Eq. (3), are
provided in the Supplemental Material [40] in machine-
readable format. The values given include the renormali-
zation factors in Table III, and instructions for their use are
given in Appendix A.

III. PHYSICAL CONTINUUM EXTRAPOLATION

The dispersive parametrization is formulated in the QCD
basis [22], which is related to the HQET basis given in

Note that the calculation and interpretation of a correlation
function that would vanish were the topological charge sampled
correctly, such as (bysc(r)eb(0)), is complicated by the opposite-
parity doubled states typical of the staggered quarks used here
and is beyond the scope of this work.

Eq. (4) by [41]

1
V:hvzi\/;r,
Ao:ﬁ;mu+w>+hA2<rw—1>+hA3<r—w>>,
A = 1\{ hy, (I+w),
Ay = lzj;—r(hAz”+hAJ (6)

for the SM form factors and by

1
T, = —ﬁ((l —r)hy, = (1 + r)hz,),
1 (2r(w+ 1)hy,  2r(w—1)hy,
= 2\/r ( 1+r B 1—r )
- %ﬁ«l Py, = (14 Dy, + (L= Php) (7)

for the tensor form factors. It is conventional to define the
related definite-helicity form factors

(My, +MJ/<//)2(M%-I —M2 _qz)Al — A,

A12 = s
16My M / (My, +MJ/1,1/)
Ton — (MZ H. M%/q/)( +3MJ/1// -q ) 2 _AT3
23 — ’
8]WHC j/l,/(MH MJ/!//)

which diagonalize the bounds. Here

M 3/1// Q) —4M 2/'l/q

Our fit function is chosen to give the dispersive
parametrization described in [22] in the continuum
limit, a — 0. Rather than powers of z(g’.t,,t)) =
ViR
NN
factors with subthreshold branch cuts is constructed from
orthonormal polynomials on the unit circle,

h= (M3 -

the dispersive parametrization for form

alty) . X
/ 40, (¢) pon(e) = p. 9)

aty)

where a(ty) = argz(ty, 1, ty), with 1, = (My + Mp:)?
the two particle production threshold for the ¢I'4 current
and tyx = (My_+ M, )* the start of the physical region
for H.J/w production. Each polynomial, p,(z), includes
only terms z'S”="  and they reduce to p,(z) = z"/V2x
when ty = ¢, and hence a(ry) = z. We have checked the
orthonormal polynomials which we implement up to O(z3)
against the values given in the EOS software [42] version
1.0.13 [43].
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The continuum parametrization is then given by

1

FY(z) =
) PY(z.15.10)9" (2. 14, 10

)Zaﬁmwn. (10)

Here, P¥(z(¢%, 14, 10)) = [ 1 2(¢% 1+, M}, ;) are Blaschke
factors which depend on the masses, M. ;, of single
particle hc states created by the current below the pair
production threshold 7. ¢(z,t,,1,) are outer functions,
defined in [22], which are analytic on the open unit disk in z
and also depend on the susceptibilities, y. The susceptibil-
ities for bc currents may be computed using either
perturbation theory [44-46] or lattice QCD [47]. Here,
we use our recent lattice QCD calculation [37] of the
(pseudo)scalar, (axial-)vector and (axial-)tensor suscep-
tibilities as a function of u = m./m;,. Agreement of the
nonperturbative lattice QCD susceptibilities with expect-
ations from perturbation theory was found to be good,
except for the (axial-)tensor case [37]. The coefficients, a?,
satisfy the bounds ), |a}|* < 1, where there is a bound for
each current, and the sum over Y runs over form factors
which contribute in each case. In our continuum fit
function, Eq. (10), we include polynomials up to and
including O(z*). We also include the quark mass mistuning
term,

Yy Y sval Y ssea Ygsea 4 pY
Nn =1 +An5mC + BnémL, + CnémS Dﬂé)( (11)
where

val __ val tuned tuned

G = (amy® — amy™c) fam;
sea __ sea tuned tuned

Ot = (am — am™*?) /am;

6sea _ (amsea amgpned)/(loamtuned)

2 physy\ 2
5, = <%> - (M” ) . (12)
Ay Ay
In the last equation we use the pion masses given in [30].
We take Gaussian priors of 0(1), 0(0.1), 0(0.2), and 0(0.2)
for AY, BY, CY, and D! respectively, motivated by the 1-
loop nature of sea quark mass mistuning effects together
with the findings in [28] for the size of sea charm quark

mass mistuning effects. The tuned values of the charm and
strange quark masses are given by

phys, 1.5
: A%
am¥ = gmYd! <—J ) , (13)
MJ/V/
and
phys\ 2
am'"red = gm¥ <M—"‘ ) . (14)
M,

Here we take MD™ = 0.6885(22) GeV determined from
the masses of the pion and kaon in [26]. For sets 1, 2, 3, and
5 we use the values of M, and am® given in [48]. On sets
4 and 6 we use aM, =0.11430(50) and aM, =
0.198239(76) determined from fits to two-point correlation
functions with valence strange masses of am}® = 0.0117
and am?™ = 0.0219 respectively. The power of 1.5 appear-
ing in Eq. (13) for the tuned charm quark mass was chosen
based on the results in Table III of [29], and we take the
physical J/y mass to be Mp hys = 3.0969 GeV [49] where

we do not include the neghglbly small uncertainty.

We use the simple heuristic forms M .; = Mgoly;l +

M — MY and My = M5™ + M — MY™ to approxi-
mate the heavy quark mass dependence of the meson
masses we do not compute directly on the lattice. These
forms ensure the correct values are reached in the physical

continuum by setting M" = Mphys. These forms also

ensure that
Mpole,i <ty =My+Mp (15)

for all values of My . This is only true up to factors
behaving as inverse powers of the heavy quark mass.
However, since the Blaschke factors approach unity as
Mg ; — 1., the effect of neglecting any poles potentially
crossing the pair production threshold is expected to be

very small. The values of Mggly:l, Mphyg and Mp DS that we

use are given in Table VIII. We include physwal depend-
ence on my, in the coefficients

Y= x <1+ZbY’A > (16)

770
where Aglj =0~ 1 and

TABLE VIII. Physical masses of mesons, X, used in our
physical continuum fit function, as well as pole masses,

h
Mgoly;l, for each form factor, Y.

X MY /GeV

Jw 3.0969

B, 6.2745

D* 2.010

B 5.280

z 0.13957

Y Migie,/GeV

Ao 6.2749, 6.872, 7.25
Aj 12, Tons 6.745, 6.75, 7.145, 7.15

V, T, 6.335, 6.926, 7.02, 7.28
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Azj;eo): Aqep)/ [ Aqep j, (17)
2My ZM%hys

where we use My as a proxy for my. Throughout
our physical-continuum extrapolation we take Agcp =

0.5 GeV. We use Gaussian priors of 0(1) for by’ and
uniform priors for each a!, corresponding to the weak
unitarity bound |al| <1 at the physical point mj, = m,,.
When evaluating the factor of my(/m,) appearing in the
susceptibilities we neglect the very small uncertainties of
either m.(3 GeV) or ay, although we do include this
uncertainty when running the tensor renormalization fac-
tors to scale my(m;,). The physical point m;, = m, is
= M%™ in Eq. (10).

The numerical values of the physical masses that we use
in our parametrization are listed in Table VIII. Note that we
do not include uncertainties for these masses.

specified by setting My

A. Kinematical constraints

The form factors must satisfy kinematical constraints at
2
q =0,

My +M,
Ay(q* =0) = T//WA 1(¢* =0)
W
My — M
e TIV AL (g2 = 0)
2MJ/,/,
Ti(q> =0) =Ts(¢* = 0) (18)
and at CI[znax = (MH(. _MJ/I//)z’

Alz((]2 = qrznax)

(MH(.+MJ/1/)(M M2 Qma )
= / Iy > Al(qzzqgnax)

16My M J/l//
T23(4” = Gmax)
(MH +MJ/W)(M2 +3MJ/1// qrznax) o >
TZ(q :qmax)'
SMH(: J/l//

(19)

The kinematical constraints in Eqgs. (18) and (19) are
valid in the continuum limit for all of the unphysical values
of My _in our lattice calculation. For A, and A, we impose
the constraints by fixing the first physical coefficients in
Eq. (10) to

ay® = [PAw( )9 (Ghan)

(MH( +Ml/y/)(MH M%/q/ qrznax)

x A, (g?
I(Qmax) 16MH J/W

3 An 1

Z"” PG )] PRECS))

= [PAo( )#(0)
My +M,;), My, - J/w)

A, (0 —A,(0

(0 e )
4 s :| 1

~N " dp, (2(0)) | ——— 20
2_an'pule0)| L (20

respectively, where A;(7_), A;(0), and A,(0) are evaluated
using Eq. (10) without the mistuning terms N ,, i.e., with
N, = 1. Note that this implementation enforces the con-
straints in the continuum limit exactly for all values of m,.
We impose the constraints for 7 and T,; similarly by
fixing the coefficients

3 = [P 7 )

(MH +MJ/1//)(MH +3MJ/W q%nax)
8My M

X T2 (qgnax)

J/l//
Ty 1
‘Z"” Pl )] Po(a( )
T, _ T (0 Tl a 1
i = [P Z P Sy
(a1)

B. Discretization effects

Following [10], we fit the matrix elements that we extract
on the lattice directly, allowing for discretization effects
using an additive term capturing dependence on momen-
tum and heavy quark mass

122@ r ‘];hl;s
3 2 ) X amval 21
+ Z Z C(u,r),/klAElJ)(ak)zk< h ) . (22)
720 k+1£0 d

J;hl;/s is computed from the form factors determined using
Eq. (10) combined with Eq. (4) and Egs. (3) and (6)—(8).
Note that unlike our previous calculations, we omit powers
of (aAqgcp/m)?, which are generated by the mixed terms
such as (am}™/x)*(Agep/Mu)?* =~ (aAgep/7)*. We trun-

cate the sum over discretization effects above order a*,
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since, even for our largest masses am;, = 0.8 and largest
values of ak, (amy,/x)%, and (ak)® are both very small. We
investigate the impact of these choices in Appendix C,
where we see that varying the maximum order of a?,
Aqcp/My, or p,(z) terms included in our physical
continuum fit function has a negligible impact on the
resulting form factors. We take Gaussian priors of 0(1) for
each WD)k

C. Continuum results

Our continuum form factor results for B. — J/y are
plotted in Fig. 2, together with our lattice data, both at the
physical bottom quark mass, m; = m,, as well as for the
unphysically light values m;, = 4.12m.,2.91m,, and
1.78m,. corresponding to the largest heavy quark masses
used on sets 3, 2 and 1 respectively. Note that to determine
the (purely illustrative) values of My corresponding to
these unphysical heavy quark masses, we fit our lattice

results for the H, masses using a heuristically chosen
function of my,(1my,), including am,. and am,, discretization
effects, as well as scale dependence through a(m,,). The fit
function we use is

Mlatt — N —|—AN’ + Z (AQCD> N:’l

+ bo(am,/7)?* +
+ colamy,/x)?

by(am,/x)*

+ ¢y (amy,/7)* (23)
where each V' is defined analogously to Eq. (11), with the
addition of a scale dependent term Ey (a,(/m;,)/x). For each
A, Ex, b,, c,, seaquark and valence charm quark mistuning
coefficients, we take Gaussian priors of 0(4). Note that this
fit is used purely to illustrate the heavy quark mass
dependence of the form factors extracted from our fit to
Eq. (10), and does not enter the subsequent analysis. In

1.00

0.15 Arz
b 0.10 N
. z‘: I i%}‘ *i -
0.50 mp =My § f-t é’ &4 & A ¢ }
Y A
my = 4.12m, 0.05 %%
my, = 2.91m,
0.25 m:, = 1.78m, ¢ %
0.4 0.00
1.0
0.8
0.6
0o 002 004 0o 002 004
(q t() Qm L\) (q t() Qm L\)
T23
1.00 a\amh 0.400 0.427 0. 500 0.525 0.625 0. 600 0.725 0. 800
0.08787
0.0884 e
0.75 0.0592 —— —v— —— e
' 0.0568 —— —v— — e
0.0441 & & *
0.50 0.0327 —¢— ——
0.00 0.02 0.04
Z<q27 ty= qgmx)

FIG. 2. Lattice data for all SM and tensor form factors for B, — J/y together with the result of our continuum extrapolation described
above, for several heavy quark masses. The physical result at m;, = m,, is shown as the blue line and error band, while results for
my, = 4.12m.,2.91m,, and 1.78m, are shown in green, orange and red respectively. The blue m; = m,, band is plotted for the physical
g range, while the unphysical m;, = 4.12m,.,2.91m,, and 1.78m, bands have been plotted for ¢> ranges chosen to aid clarity, beginning
at ¢2,,,. Note that to determine M w, for these unphysical masses we fit our lattice masses with a simple function of 77, (1;,) including
am, and am,, discretization effects, as well as scale dependence through a(/m;,). The data points shown here have been corrected for
mistuned charm and sea quark masses and discretization effects using the fit posteriors, using Eq. (24).
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order to illustrate the consistency between our data and fit
function, in Fig. 2 we plot our data corrected using the
dependence on (ak)?, (am,)* and sea and valence quark
mistunings determined from our fit so that the data points
we plot are

FCOI‘I’CCted(a’ amh7 MH¢>

= FY%(q, am,, My )

_ [Fﬁ‘(az,amh,&MH) — Ffit(0, 0,0,My ). (24)

Note that this requires converting the matrix elements for
each ensemble, computed using our fit function and
posteriors, back to form factors. We see that our data
agree well with our chiral continuum fit function.

The dispersive parametrization, Eq. (10), is based on the
fact that [ [PY(z, 1., 10)¢" (2,14, 1)F"|* < 1, where the
integral is over the arc of the unit circle defined in Eq. (9),
and hence the combination PY(z,t,,t)¢Y(z, 1., 19)FY
may be expressed as a sum over orthonormal polynomials
in z [22]. In Fig. 3 we plot our data and continuum form
factors multiplied by PY(z, 1., ty)¢" (z,1,, ty), to illustrate

the simple dependence of PY(z, ¢, )¢ (z, 1., 1) FY on z.
We see that in this space, our data has very simple
dependence on z, as expected.

D. Error budget

Here we give a breakdown of the total uncertainties for
our physical continuum form factors from different sources,
across the full ¢? range. For each g2, we compute the partial
variance with respect to different priors, corresponding to
systematic uncertainties remaining from different elements
of our fit function, as well as with respect to the statistical
uncertainty of data on each ensemble. We plot the partial
variances, normalized by the total variance, in Fig. 4.
There, we see that statistical uncertainties are the largest
source of uncertainty, mostly coming from set 4. Note that
since we do not include explicit (aAqcp/7)? terms, which
are instead generated by mixed (Agcp/Mpy)? and
(amy/7)* terms, these (aAqcp/7)? uncertainties are
included in Fig. 4 in the yellow “mixed” band.

Compared to the results of [3], where (Agcp/My)?* and
(amy,/7)* contributed the dominant systematic uncertain-
ties, we see a substantial reduction in the relative size of

2.0
100 x P(2)¢(z) x Ay 0.8 4 100 x P(z)p(z) x Ay e 100 x P(z)¢(z) x A
0.10 e
f* “{i @ o y
1.5 ok F ’i &
T A A}
%; v o
&
1.0 ¢ E
0.00
100 x P(2)¢(2) x T»
1.50 0.2 . L
b4
@ j‘ **ﬁ o @ &
1.25 01 1y o2 0 s L !
v -
1.00 m‘ & o
000 002 004 000z o
0.8 Z<q27 t() = q?nax) Z<q27 t() = qlea)()
a\amh 0.400 0.427 0.500 0.525 0.625 0.650 0.725 0.800
ik * S
0 e e e
0.6 0:0592 —— —— —— ——
0.0568 o v o ——
00441 A & *
0.0327 —4— e
0.4
0.00 0.02 0.04

Z<q27 ty= qfn&\)

FIG. 3.

Lattice data for all SM and tensor form factors for B, — J/y together with the result of our physical continuum extrapolation

described above, shown as the blue line and error band. The data points and continuum results shown here have been multiplied by

PY(Zv Iy, fo)‘»bY(Zv i)
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FIG. 4. Here we show the partial variance of each form factor broken down into contributions from Agcp/My, (amy)?, (ap)?, and
quark mass mistuning effects, as well as mixed terms combining these, and the statistical uncertainty of our data. Unlike [10], we are
able to resolve the leading order Agcp /My and (amy,)* uncertainties well enough that the mixed uncertainties (which now include terms

« (aAqcp/7)?) contribute the dominant uncertainties.

these uncertainties compared to other effects. In terms of
statistical uncertainties, we also see a significant reduction
in the impact of set 3, which previously contributed the
dominant statistical uncertainty. These changes result from
the addition of set 4 in this work, which now anchors the
physical continuum fit at m; = m; and across the kin-
ematical range. With the reduction in total uncertainty of
our form factors, we also see increased relative importance
of chiral and mass mistuning effects compared to [3],
owing to the reduced overall uncertainty.

IV. DISCUSSION

A. Standard Model phenomenology

The full differential rate for By — J/w(— u u~ )0 is
given by [50]

d'T(B; = J/w(= p'p )t D)
dcos(8;,)d cos(Oy )dydq?

=B(J/y = )N Zki(GWv 01y 2)Hi(q*)  (25)

where 0y, is the angle between the lepton and W~ momenta
in the W~ rest frame, 6, is the angle between the x4~ and
J/w momenta, and y is the angle between the u*p~ and £
planes. These angles are shown in Fig. 5. k; (0., 0,,,. x) are
known kinematic factors, H;(g?) are helicity amplitudes,
and N is a normalization factor

C
R . X
* S .., GTmmmEmEmEmm==— ",
‘\ ,LL ‘5 KN g— .
\‘ 9 “ . ’
A J 'l/) N ] _ ]
N g W Lo
b \\‘ . “ n’ g
A 1 ‘\ — 1
S ' Vyp 1
“ + LA St
A /’L ‘.\

FIG. 5. Conventions for the angular variables entering the
differential decay rate. The conventions used here are the same
as in [3].
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G} 3(¢> = m2)*|p|
N=—E 2|V P sl 26
(471_)4 Inew[*[V el SM%qu (26)

where #ngw 1s a structure-independent electroweak
correction [51]. The k; and H; are given in Table 1
of [19] for the SM case. The SM differential rate with

respect to g is given by

dr 641

— =N x—|(H_>+ Hy + H.?

dqz N 9 ( + Hy" + +)
m2
+2—612(H_2+H02+H+2+3Ht2), (27)

where the helicity amplitudes are defined in terms of the
form factors in the QCD basis as [52]

Ho () = (M, + M)A () F —8 Py o).
¢ v Mg +M;,,
-2
1 M3 |P'|
Hy(q*) = (— : Ay (q?)
ZMJ/W\/qz MB(: +MJ/1//
(Mg, + My )M, — M2, — )AL 2))
¢ Jy B, J/w 1\4q 5
2My |p'|
H,(q*) = —F=—Ao(4%). (28)

Ve

From these expressions, it is straightforward to compute the
differential decay rates for the semimuonic and semitauonic
cases, shown in Fig. 6 normalized by the total semimuonic
rate. We also calculate the total decay rates, for which we
find

DB = J/we) _ 5 g98(55) x 10 GeV,

[nEwV e |*

T(B; — J)yu7

(B = /"’2” %) 1 116(27) x 10-1 GeV,
newVes|

[(B: — Jjye 0

(Be = /"’f Y 112027 x 10°1 GeV.  (29)
|’1EWVcb|

These values are in excellent agreement with the values
previously computed in [3,19], and the uncertainties are
roughly a factor of 2 smaller.

The structure-independent electroweak correction is
given by ngw = 1 + a,log(M,/u)/z [51]. Evaluating this
at the scale y = My , and estimating the uncertainty by
varying this scale by a factor of 2 gives gy = 1.0062(16).
Using this value, together with the global fit result of [49],
|Vep| = 41.82708, gives

0.200

(B — /o7, LB, — o)
0.175 = (B - J/y770,)/T(BT = J/Yu )
0.150

j—qu /GeV~—2

~e g0
0.050
0.025
0.000 5 2 1 6 8 10
*/GeV?

FIG. 6. Predicted differential decay rate, normalized by the total
decay rate for the semimuonic mode. The blue curve shows
B — J/wu D, and the green curve shows the semitauonic mode,
B; = J/ /w7t 0.

[(B; — J/yu0) =3.00(7)(12) x 100 57!
=1.98(5)(8) x 107'* GeV,  (30)

where the first uncertainty is from our lattice calculation
and the second is from |ngwV,,|*. We can combine this
value with the experimental average value for the B,
lifetime, 7= 0.510(9) x 10725 [49], to give

Br(B; — J/yu ) =0.0153(4)(6)(3).  (31)

Here the first uncertainty is from our lattice calculation, the
second from |7gwV,|> and the third from 7p,. The Particle
Data Tables [49] give the B, — J/wu~ D branching fraction
multiplied by the factor B(b — B{), corresponding to the
probability that a » quark hadronizes to a B, state,
including possible excitations. We can therefore use the
value of B(b — B}) x Br(B: — J/yu 7)) = 8.8(1.0) x
1075 from [53], given in [49], together with our value of
Br(B; — J/yu0) to determine B(h — B/). We find

B(b — B}) = 0.00575(14)(23)(10)(66)  (32)

Where the uncertainties are from our lattice calculation,
ewVes|®s 75, and B(b — BY) x Br(B; — J/yuD)
respectively.

We also determine the ratio of the semimuonic and
semielectronic modes I',/T", = 1.003995(80), which we

034503-12



IMPROVED LATTICE QCD B, — J/yw VECTOR, ...

PHYS. REV. D 112, 034503 (2025)

find to be in good agreement with our previous calculation.
Our new result for the important lepton flavor universality
ratio

_ I(B; = J/yt D)
- T(B > J/yu D)

R(J /) =02597(27) (33)

is in excellent agreement with the value computed in [19],
R?20(J /yr) = 0.2582(38), but note that it is substantially
more precise.

We also compute the lepton polarization asymmetry,
A,,. the longitudinal polarization fraction, F’ i/ ¥, and the
forward-backward asymmetry, Apg. These are defined
as [18]

dr/lf:—l/2/dq2 _ dlwlf:Jrl/Z/qu

2 p—
Aﬁg(q ) dF/dq2 5
=0/ 7.2
Fﬁ/v/(q2) _ dr /;lq ’
dl’'/dq
1 2/« 4T
N 2T B s(00)d0.
A (47) dT/dd n A dg2d cos(0y) cos (0w )dO

(34)
Using the SM form factors computed in this work, we find

A, = 0.5093(42),
FJIV = 0.4421(55),
Apg = —0.0567(61). (35)

Both Agg and F i/ ¥ are in excellent agreement with those
computed in [19], however A, is roughly 1o lower.

B. Comparison of form factors
to previous calculation

We compare the results of this work for the SM form
factors V, Ay, Ay, and A, to those of [3]. In that work,
the physical continuum extrapolation used a simple
expansion in z, combined with the Blaschke factors
[1; 2(¢* 1., M}, ;), but without the inclusion of outer
functions and with heuristically chosen priors of 0 + 1 for
the coefficients of the expansion. In Fig. 7 we show the
results of this work together with the results of [3], as well
as the results obtained applying the fit function of Eq. (10)
to the lattice data from [3]. We see that the fit function used
in this work results in a shift of ~1¢ in A, close to zero
recoil, but very consistent results are found for the
remaining form factors. We also see that the results of
this work are compatible with the previous work for all

This work
dispersive fit to 2020 data

N HPQCD 2007.06957
0.8 TSN

1.0

Ay

0.6 .

0.14

0.12

Al?

0.10

0.00 0.01 0.02 0.03 0.04 0.05
2 2
Z(q ylo= qmux)

FIG. 7. Comparison of the results of this work (blue line and
error band) to the result of fitting the data used in [3] using the fit
function of this work (red line and error band). The black dashed
lines correspond to the 16 confidence interval of our previous
result [3].

form factors across the kinematic range, with the exception
of a 1o shift in A, close to zero recoil.

C. Comparison to NRQCD tensor-SM
form factor relations

Here we use our SM and tensor form factors to test the
O(1/m) nonrelativistic QCD results of [21], which gives
expressions for the tensor form factors in terms of the SM
form factors. These relations, which are expressed in terms
of the form factors in the HQET basis defined in Eq. (4), are
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IYRD (1) = 2 (14 )y, () = (= )y ().
O 0) = s (= 3, ).

+2mo(ha, (W) + hy, (W),
= (my —mc)hy(w))
W QP (W) = ha, (W) = hy (w). (36)

We use the ratio of charm and bottom quark pole masses
uPole — pPole m‘b’ole = 0.33 to evaluate these expressions,
together with our lattice QCD results for the SM form
factors. The resulting tensor form factors are compared to
our pure lattice QCD results for the tensor form factors in
Fig. 8. We see that the NRQCD relations of Eq. (36) are
significantly violated. This indicates that the higher order
O(1/m?) terms in the NRQCD expansion are relevant at
this level of precision. This mirrors the situation for the
related decay B — D*, where O(1/m?2) terms in the heavy
quark expansion are required to satisfactorily describe
lattice results [41].

D. Fits using only high-¢*> data

In this section, we investigate the results of fitting just
our high-¢* data, while varying the truncation order, 7, in
our fit function, Eq. (10). As is typical for calculations with
lattice data only in a limited ¢° range, we produce synthetic
data points in the high-g> region which we fit with the
dispersive parametrization to extrapolate the form factors to
the low-g? region [5,11]. We first restrict the input data to
z < 0.015, corresponding to roughly the first 1/3 of the full
kinematical range closest to zero recoil, which is typical of
recent lattice QCD calculations of the B — D* form
factors [5,11] that do not use the HISQ action for valence
quarks. We then perform physical continuum extrapola-
tions using our full fit function, Eq. (10), including up to z*
terms, as well as fits including only up to z> and z? terms.
For each of these fits we generate synthetic data points in
the z < 0.015 region which we then fit using our full
physical continuum dispersive parametrization, in order to
compare the extrapolated behavior in the low-g> region.

We plot the results for each truncation order in Fig. 9.
There, we see that the O(z*) fit to data in just the high-¢*
region agrees well with our full results when extrapolated
using the dispersive parametrization. We also see that for
Ay, Ayp, V, and T3 the form factors are consistent across
the full range. However, for A, T, and T, the synthetic
data points, which are fully consistent, result in significant
differences when extrapolated to the low-g* region. Note

0.9
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FIG. 8. Here we show the tensor form factors resulting from our
lattice QCD calculation (blue) together with the results derived
using the O(1/m) nonrelativistic QCD results of [21], given in
Eq. (36), together with the SM form factors of this work (red). We
see substantial violations of the relations.
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FIG. 9. Here we show the synthetic data points generated from fits to our lattice data from just the z < 0.015 region for fits to Eq. (10)
at orders z2, 73, and z* in red, green, and blue, respectively. We also show the results of fitting these synthetic data points using Eq. (10)
to extrapolate the form factors into the low-¢> region. We show the 16 uncertainty interval of our main results using our full dataset as the

black dashed lines.

that all the fits to the reduced range of data considered in
this subsection have y?/d.o.f. < 1.

For phenomenology, this effect is particularly relevant
for the form factor A; (see Sec. IV A). We give the values of
the synthetic data points for A; for fits with different
truncation orders in Table IX, together with the extrapo-
lated values at g> = 0. We see there that when going from
O(z%) to O(z?) there is only a very slight change in the
synthetic data points, but the extrapolated value at g> = 0
changes by almost 1o, resulting in tension with the value
obtained from the full fit. This observation highlights the
importance of including all systematic uncertainties

TABLE IX. Synthetic data points for the A; form factor
resulting from fits to data in the high-¢> region, z < 0.015, with
different maximum powers of z included in Eq. (10).

A(¢?/GeV?)  A(10) A1(9) Ar(8) A(0)

0(z?) 0.7836(73) 0.7381(72) 0.6946(87) 0.408(33)
0(Z?) 0.7857(75) 0.7375(74) 0.6931(89) 0.436(33)
O(z%) 0.7855(75) 0.7366(75) 0.6916(90) 0.435(32)

associated with kinematics when performing extrapolations
from high-¢* to low-¢>.

In recent lattice QCD form factor calculations for
B — D*, the chiral continuum extrapolation is typically
repeated including additional kinematic and discretization
terms, in order to verify that continuum results do not
change significantly and that all relevant systematic uncer-
tainties have been included [5,10,11]. Our findings here
suggest that lattice form factor calculations working in a
limited kinematical range should also verify that the low-g>
form factors (determined by fitting synthetic data with a
dispersively bounded parametrization) are insensitive to the
inclusion of higher order terms in z in the chiral continuum
fit function.

V. CONCLUSIONS AND OUTLOOK

We have computed the full set of Standard Model and
tensor form factors for B, — J/w semileptonic decay,
using the heavy-HISQ approach in which data are gen-
erated using a variety of heavy quark masses and extrapo-
lated to the physical bottom quark mass. The calculation
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presented here improves significantly on our earlier
work [3], including additional lattice data for the B, —
J/w form factors on two new ensembles, one with
physically light up and down quarks and a = 0.06 fm
and one with a = 0.03 fm on which we are able to reach
the physical bottom quark mass. Our calculation achieves
excellent coverage of the kinematical range, with data on
the a = 0.03 fm and a ~ 0.045 fm ensembles spanning the
full g*-range. Utilizing our recent lattice QCD calculation
of the hc susceptibilities as a function of u = m,/my,, we
use the full dispersive parametrization including outer
functions and Blaschke factors to extrapolate our data to
the physical bottom quark mass in the chiral-continuum
limit. Our results are found to be consistent with our
previous calculation, and roughly a factor of 2 more
precise.

We see only minor differences between the form
factors determined in this work and in the previous
work, amounting to at most 1¢ for A in the high-¢* (zero
recoil) region, and we have verified that applying the
dispersive parametrization of this work to the lattice data
used in our previous work results in form factors that are
compatible with this work for all g> values. We have
included a comprehensive breakdown of the uncertainties
entering our form factors, where we see a reduction in
systematic uncertainties associated with the heavy quark
mass dependence and heavy quark discretization effects
relative to [3].

We have used our form factor results to determine
updated values for important Standard Model observables,
such as the differential decay rates and the total decay rates
for both the semimuonic and semitauonic modes. The
updated value of R(J/w) = 0.2597(27) that we find here is
in good agreement with the previous result, and substan-
tially more precise. We have provided updated values of

Fi/l” = 0.4421(55) and Apg = —0.0567(61) which also
show good agreement with our previous numbers. The
value of A, = 0.5093(42) that we find differs from our
previous result by ~1o, owing to the shift in the A, form
factor close to zero recoil.

We have also presented the first lattice QCD results for the
B, — J/y tensor form factors. Combined with precise
experimental data for B. — J/y£v expected in the future,
these will enable the determination of constraints on new
physics complementary to those determined from B — D)

and B; — D§*) decays. We have also used our results for the
B. — J/y tensor form factors to test the O(1/m) non-
relativistic QCD results of [21], relating the tensor form
factors to the SM form factors. We find significant violations
of these relations, particularly near zero recoil, suggesting
that O(1/m?) effects are important at this level of precision.

To test the extrapolation of high-g? lattice data into the
low-g? region, we have performed physical continuum fits
to lattice data restricted to the high-g region, including

terms up to and including O(z%), O(z%), and O(z*). As
expected, we found that the high-¢? fits were all compatible
with one another, and with our main result, in the high-¢>
region. We used these fits to produce synthetic data points
in the high-¢* region, which were then extrapolated to the
low-g? region using our continuum dispersive parametri-
zation. The O(z*) and O(z3) fits gave compatible values to
our main result, while the fit including terms up to only
O(z?) resulted in ~1c differences, despite being compat-
ible in the high-¢” region. These observations suggest that
the impact of uncertainties from higher order kinematical
terms on the extrapolation to the low-g? region should be
investigated in lattice calculations of related b — ¢ form
factors such as for B — D*.
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APPENDIX A: RECONSTRUCTING
OUR RESULTS

In the supplementary file [40] HPQCD_BcJpsi_FF.pydat
we provide 4 synthetic data points for each form factor, at
g* values spanning the full kinematical range and with
correlations. These may be loaded using the GVAR PYTHON
package, and we provide an example script for doing so.
We also provide the fit posteriors describing our conti-
nuum results in the file continuum_fit_posteriors
.pydat, as well as PYTHON scripts CC_extrapolation.py,
CC_extrapolation_utilities.py, CC_fit_parameters.py,
CC_dispersive_functions.py, and load_chi_ul2.py to load
these parameters and evaluate the fit function. These scripts
have been verified to function correctly with PYTHON3.8.10
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[54] and packages GVARI3.1 [55], NUMPY1.244 [56] and
MATPLOTLIB3.7.1 [57].

The matrix elements and masses are included in the
Supplemental Material [40] file matrix_elements_and_
masses.pydat as a Python dictionary intended to be
loaded using GVAR. The matrix elements are labeled
Label_¢_M_mj,_p_ak_ensemble, where Label corresponds
to the labels in Table II, m;, is the heavy quark mass in
lattice units, ak is the momentum in x- and y-directions and
ensemble labels the set, with labels flatt, sflatt, uflatt, eflatt,
pflatt, and psflatt corresponding to sets 1, 2, 3,4, 5, and 6 in
Table I, respectively. Note that the matrix elements given
here include the renormalization factors, with the tensor
renormalization factors evaluated at scale y = my,(im,,) as
discussed in Sec. Il A. Note that, by convention, for the
MYV matrix elements we multiply by the factor of ak to
remove the factor of 1/ak multiplied in during correla-
tor fitting, while for MT1 and MAO we leave this factor
in. Functions for converting between our matrix

elements and the form factors in the QCD basis are
provided in CC_extrapolation_utilities.py. The J/w and
H_ masses are labeled similarly as MIpsi_ensemblec, and
MH_mh_m,,_ensemblec respectively.

APPENDIX B: CORRELATOR FIT VARIATIONS

In Fig. 10, we plot the form factors resulting from the
different combinations of fit parameters in Table V. There, we
see that the variations of fit parameters result in form factors
that are very close to those from the fits chosen for our main
analysis. In Fig. 11 we plot the changes in J/y and H . lattice
masses for the different combinations of fit parameters in
Table V. We see there that the masses resulting from our
correlator fits vary by less than 0.1%, and by much less than
1o, when increasing the size of the SVD cut or increasing
AT. Note also that the values of AT used here are larger than
those used in [19].

A[] A12

Vv T

4

10

TQS

I a\amh 0.400 0.427 0.500 0.525 0.625 0.650 0.725 0.800
0.08787 * x *
0.0884 T X
0.0592 —— . —— —
0.0568 —— . — L
0.0441 A ¥ *
0.0327 —¢— —

10

FIG. 10. Differences in lattice data points, (Fy — F',)/ o, for the SM and tensor form factors in the QCD basis [defined in Egs. (6)
and (7)] for the different combinations of fit parameters in Table V, normalized by the standard deviation of the base fit. The data points
with dashed (solid) error bars correspond to those fits with § = 1(2) from Table V. We see here that the form factors resulting from our
correlator fits are essentially unchanged by either increasing the size of the SVD cut or increasing AT. Note that we offset the data points

slightly in ¢? to improve clarity.
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FIG. 11. Differences in J/y and H, lattice masses compared to our preferred fit result, aM, for the different combinations of fit
parameters in Table V, plotted against either the charm or heavy quark masses in the J /y and H . cases, respectively. The data points with
dashed (solid) error bars correspond to those fits with § = 1(2) from Table V. We see here that the masses resulting from our correlator
fits vary by less than 0.05%, and by less than 16, when increasing the size of the SVD cut or increasing AT'. The color scheme used here
for the gluon field ensembles is the same as in Fig. 10, and we also offset the data points in am, to improve clarity.

APPENDIX C: PHYSICAL CONTINUUM FIT FUNCTION VARIATIONS

Here, we investigate the impact of varying our physical continuum fit function, defined in Eq. (10), on our results for the
B, — J/y form factors. We consider including one fewer order of orthonormal polynomials, up to O(z?), as well as adding
O((amy,/7)®), O((A/My)?), and O((ak)®). We plot synthetic data at four reference g values roughly spanning the full
kinematic range resulting from these fit variations in Fig. 12. There, we see that all of the variations considered result in
form factors that are consistent with our main result well within 1o.
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FIG. 12. Variations in physical continuum synthetic form factor data points at g> = 10 GeV, 7 GeV, 4 GeV, and 1 GeV resulting from
using only the O(z*) orthonormal polynomials, as well as O((am,/x)%), O((A/My)?), and O((ak)®) terms to Eq. (10). We show the
synthetic data points divided by the values resulting from our main analysis, described in Sec. III. We see that all variations considered
produce results that are consistent well within uncertainties. Note that the plotted values have been offset slightly in ¢ to aid readability,
with O((am,,/7)®), O(A/My)?), O((ak)®), and O(z?) fits running from leftmost offset to rightmost, respectively.
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