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Effective field theories (EFTs) with higher derivatives often yield equations of motion that define ill-
posed problems. We present an action-based approach that supplements a recent well-posed formulation of
Figueras et al. with selective dissipation: the EFT field is coupled to an auxiliary field living in one extra
dimension, into which the energy of short-wavelength modes can dissipate. The construction is tested
numerically on a scalar EFTwith a known UV completion. We observe a reduction in spurious oscillations,
and, for large couplings, in error. We also compare with the fixing-the-equations approach, and outline the
extension to gravity.

DOI: 10.1103/wk9q-srg4

I. INTRODUCTION

Effective field theory (EFT) is a powerful approach to study
the low-frequency (macroscopic) dynamics of systems admit-
ting separation of scales (see Refs. [1,2] for a textbook
treatment). It is a particularly useful formalism when the
complete microscopic description of the system is either
unknown, or known, but too complicated. In the context of
field theory, one typically uses EFT techniques to construct
actions for the low-energy degrees of freedom order by order
in the derivatives of fields. At each order, the particular choice
of terms is dictated by the symmetries, analyticity, and other
assumed general properties of the system under study. The
terms with fewest derivatives produce the leading contribution
to the low-energy observables, whereas the higher-derivative
terms provide corrections induced by the—known, or
unknown—high-energy degrees of freedom.
The higher-derivative EFT corrections typically come

suppressed by some high-energy scale and therefore, by
assumption, are small. In particular, in the context of
gravitational physics, the leading term is typically given by
the Einstein-Hilbert action for general relativity (GR), and

corrections are provided by higher-curvature terms, built out
of the Riemann tensor, such as RμνσρRμνρσ, RμνρσRμνλξRρσ

λξ ,
and so on [3,4]. With some UV completion of GR in mind,
one typically expects corrections to be suppressed by the
Planck mass, rendering them essentially unobservable.
Importantly, this need not always be the case. One familiar
example is Hořava-Lifshitz gravity [5,6]. Here, the suppres-
sion is provided by the much lower (but still very large)
Lorentz-violating scale (see the review in Ref. [7]).1

Generally, whatever the complete UV theory might be, as
long as it predicts testable corrections, one can probe the
induced classical strong-gravity effects as deviations from
predictions within general relativity. Of particular relevance
are gravitational waves which access the strong field/highly
dynamical regime. This regime is potentially the one with the
highest chance of inducing deviations (see, e.g., Refs. [8,9],
and the recent gravitational-wave transient catalog-4.0 tests
[10]), assuming, crucially, the scale of new physics is within
reach of observations. The prediction of signatures in specific
theories, or frameworks to capture deviations from general
relativity, has been the focus of significant attention in
recent years (for some representative examples, see, e.g.,
Refs. [11–20]).
Immediately, however, one encounters a formal problem.

While corrections to GR are assumed to be small, they yield
equations of motion that often spoil the hyperbolicity found in
GR. This, in particular, can lead to instabilities and acausal
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1Note that this theory is not, strictly speaking, the UV
completion of GR: Lorentz violation affects the leading-order
dynamics.
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behavior (e.g., Refs. [12,21,22]). In a linear regime, a formal
cutoff can be implemented to ensure effects beyond a certain
scale are not at play, but this is more difficult in the nonlinear
regime. Such a regime typically requires simulations, and
these formal problems become pressing. The discretization of
the equations introduces high-frequency numerical features
lying outside the regime of validity of EFT. These features
generically induce instabilities or, even worse, lead to the very
demise of the initial value problem, e.g. Refs. [12,22,23].
Three strategies have been proposed for dealing with

these issues. The first, most straightforward, approach is to
work order by order in derivatives solving the equations of
motion iteratively. This procedure yields spurious behavior
of solutions due to secular effects [24–27]. While these
might not be significant in scattering processes, they can
easily spoil predictions when long interactions occur. An
example is the gravitational inspiral and coalescence in a
binary problem. The second approach is to introduce some
new fields that (partially) bring back heavier modes which
had been integrated out, but in a way that they “dissipate
away” the energy contained in, or cascading toward, the
UV beyond the EFT regime. In the context of hydro-
dynamics, a classical example of this approach is the
Müller-Israel-Stewart theory [28–34].2 In gravitational
physics, the analog is the fixing-equations approach of
Ref. [21]. This approach is implemented at the level of the
equations of motion, and the new fields break the covari-
ance of the theory once dissipation is introduced. Finally, a
third approach is to conveniently redefine the existing fields
so that the equations of motion in terms of the redefined
fields have a particular character that enables one to
establish well posedness at the analytical level. In the
context of dissipative relativistic hydrodynamics, such a
method—BDNK hydrodynamics—was implemented at the
level of the constitutive relations [36–40]. Its relative in
gravity [41,42] does indeed address the most delicate
pathologies: while the resulting equations of motion are
only weakly hyperbolic, they have a structure that ensures
well posedness can be achieved. The lack of strong
hyperbolicity of the system, though, comes at a cost at
the practical level. The rigorous applied mathematics
theory that guarantees a consistent and stable implementa-
tion preserving key properties of the continuum problem
does not apply [43,44], and the consistent treatment of
boundaries, especially in general constrained systems, is
not fully understood. Thus, one launches the numerical
enterprise from less firm ground.
One appealing feature of the method [41] is its imple-

mentation at the level of the action. Although the action is
practically indispensable for computing quantum observ-
ables, in classical physics, one in principle only needs the

equations of motion. Still, it serves as an interface with
quantum physics and as a “repository” for the symmetries
of the problem. At a practical level, an action also makes
perturbative approaches systematic and efficient [45,46]. In
addition to that, having an action enables symplectic/
variational integrators in numerical applications [47,48]
(see Refs. [49,50] for the approach to solving noncon-
servative mechanical dynamics using an action of the
Schwinger-Keldysh type). Importantly, action encodes
field-redefinition freedom, which is precisely what was
exploited by the authors of Ref. [41] to modify the theory in
a consistent way so as to control its behavior in the UVand
ensure well posedness.
Building on Ref. [41], we bring to the level of the action

the ideas of the fixing method [21]. We represent the EFT
fields as boundary values of fields defined in one extra
dimension [51]. The full boundary-plus-bulk system is
conservative and, with bulk operators chosen appropriately,
allows one to consistently describe the dissipative dynam-
ics on the boundary. The general formalism allows one to
model the “fixing” dissipation that carries away the energy
from the high-frequency modes into the extra dimension in
the form of a flux. At the same time, the framework is
flexible enough to describe real, physical dissipation and—
when put on the Schwinger-Keldysh contour—the corre-
sponding noise. Our goal in this work is to demonstrate
how in practice this setup can bring more control over the
resulting dynamics outside the EFT regime. We construct
an appropriate bulk action, integrate out the bulk degrees of
freedom analytically, and then solve the problem for the
original fields. We focus on the simple case of a scalar field
theory and illustrate the corresponding gravity construc-
tion. A thorough analysis for gravity, as well as the
implementation through variational integrators, is left for
future work. To summarize, we enhance the approach
presented in Ref. [41] by including an optional dissipative
mechanism, and, at the same time, we adapt the ideas
introduced in Ref. [21] to implement the mechanism
through a more flexible, action-based methodology.
The structure of this work is as follows: we present the

method in Sec. II through the example of an EFT for a self-
interacting scalar field in 3þ 1 dimensions. Following
Ref. [41], we use the field-redefinition freedom and
consider the scalar field as living on the boundary of a
space extended by one auxiliary dimension. We then write a
theory in the boundary-plus-bulk introducing an auxiliary
field, playing the role of the dissipative degrees of freedom
in the MIS-like approaches. We show that with an appro-
priate boundary condition, this action reproduces the
original classical dynamics for the scalar augmented with
the damping terms. Finally, we discuss the generalization to
gravity. In Sec. III we illustrate the resulting behavior,
compare with results of the UV-complete theory (see also
Refs. [24,42]), and show that the damping terms give
further control over the solution in the UV [21,24].

2Originally formulated at the level of the constitutive relations,
it has recently been recast into the Schwinger-Keldysh EFT with
the addition of noise [35].
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We conclude in Sec. IV with a discussion of the results and
the outlook. In the Appendix, we present an in-in formu-
lation that encodes the noise.

II. FIXING THE ACTION

A. Bulk model

Our ultimate goal is to turn the ill-posed conservative
dynamics with higher-derivative terms into well-posed
dynamics with selective dissipation combining the logic
of Refs. [21,41]. We start by introducing the dissipation at
the level of the action for a theory that gives an equation of
motion naturally leading to a well-posed problem (con-
taining no higher-derivative terms). The necessary modi-
fication for the higher-derivative case is straightforward.
Consider for concreteness the action for a free massless
scalar in 3þ 1 dimensions. The construction will not
depend on the dimension of the problem, and in Sec. III
we in fact consider the simpler 1þ 1 case for the numerical
implementation. We will display elementary derivations to
set up the notation. Assuming the signature ημν ¼
diagð−1; 1; 1; 1Þ and coordinates xμ ¼ ðt;xÞ, we write

S0 ¼ −
Z

d4x
1

2
ð∂μϕÞ2: ð2:1Þ

Trivially, we can find the equations of motion by varying
the action,

δS0 ¼
Z

d4xδϕ□ϕ; □≡ ∂μ∂
μ ¼ −∂2t þ ∂

2
x; ð2:2Þ

and using the variational principle, from which it follows
that

□ϕ ¼ 0: ð2:3Þ

We now show that we can promote the classical
conservative dynamics to the dissipative one,

□ϕ ¼ 0 → □ϕ − τ∂tϕ ¼ 0; ð2:4Þ

with τ > 0 to ensure that the field loses energy by coupling
it to a reservoir (see, e.g., Ref. [52]). Namely, we attach to
the field ϕ a “string” at every spatial point x. More
specifically, the reservoir can be understood as a bath of
noninteracting oscillators parametrized by the coordinate z
[53] and coupled to the field ϕðt;xÞ at each point x. The
basic idea is in fact very old and first appeared in Ref. [54]
(in the context of dissipative mechanics).
Explicitly, we add into the theory a free dynamical field χ

that depends on an auxiliary dimension z > 0 as well as on
xμ, as follows:

S0 → S ¼ S0 þ
Z
z>0

d4xdz
τ

2
ðð∂tχÞ2 − ð∂zχÞ2Þ; ð2:5Þ

with the two fields ϕ and χ related by the boundary
condition

χðz ¼ 0; t;xÞ ¼ ϕðt;xÞ: ð2:6Þ

Importantly, in Eq. (2.5), we do not add a mass term for the
field χ. Neither do we add any derivatives with respect to
the spatial coordinates x: from the perspective of the
dynamics in the ðt; zÞ-plane, these also appear as the mass
terms.3 A nonzero “ðt; zÞ-mass” means reservoir modes are
gapped, and correspondingly the boundary modes with
frequency below the gap would be totally reflected instead
of absorbed. Given that, this soon-to-be dissipative theory
is not effective, as we do not write all the possible terms.
Varying the action S, we have

δS ¼ δS0 þ τ

Z
z>0

d4x dz δχð∂2z − ∂
2
t Þχ

þ τ

Z
z>0

d4x dz ∂tðδχ∂tχÞ − τ

Z
z>0

d4x dz∂zðδχ∂zχÞ:

ð2:7Þ

Here, the first term δS0 is given by Eq. (2.2). The second
term is obtained by varying the action for χ and integrating
by parts. It gives the (wave) equation of motion for χ.
Importantly, we keep the boundary terms in the second line.
With no mass terms or gradient terms in x, the equation

of motion for χ admits wave solutions χðz; t;xÞ ¼
χðt� z;xÞ. To obtain the dissipative dynamics, we take
the field χ to be purely outgoing, as follows:

χðz; t;xÞ≡ χ̄ðt − z;xÞ; χ̄ðt;xÞ ¼ ϕðt;xÞ; ð2:8Þ

as well as vanishing at infinity, as follows:

χ̄ð�∞;xÞ ¼ 0: ð2:9Þ

This agrees with the physical intuition that the field χ takes
the energy away from the system described by ϕ.
Having imposed the conditions above, we are left only

with the first and the last terms in δS. Using, in order, the
conditions (2.9), (2.8), and the boundary condition (2.6),
we write for the last term in Eq. (2.7):

3That is, after the Fourier transformation in x, they would
look like a mass term with mass proportional to the Fourier
momentum.
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− τ

Z
z>0

d4x dz ∂zðδχ∂zχÞ ¼ þτ

Z
d4x δχ∂zχ̄

����
z¼0

¼ −τ
Z

d4xδχ∂tχ̄

����
z¼0

¼ −τ
Z

d4xδϕ∂tϕ: ð2:10Þ

Assembling everything, we arrive at the sought-after
equation of motion for ϕ with dissipation

□ϕ − τ∂tϕ ¼ 0: ð2:11Þ

The resulting equation of motion now describes a field that
is dissipated on a timescale given by τ−1.

B. The scalar EFT and selective dissipation

1. The UV model

The dissipative mechanism in Eq. (2.5), however, does
not target the short-wavelength modes. We next make the
dissipation selective, using, as a setting, a theory whose
equation of motion does not define a well-posed problem:
the model of Ref. [55] (see also Ref. [24]), a complex scalar
field with a Mexican-hat potential,

SUV ¼ −
Z

d4x

�
∂μφ

�
∂
μφþ M2

2v2

�
φ�φ −

v2

2

�
2
�
: ð2:12Þ

If one is interested in the dynamics at long time scales, a
simpler, effective theory can be derived by integrating out
the massive fluctuations around the vacuum. After expand-
ing around the symmetry-breaking vacuum via

φ ¼ vffiffiffi
2

p ð1þ ρÞeiϕ; ð2:13Þ

the action for the radial mode ρ and the Goldstone mode ϕ
becomes4

SUV → −
Z

d4x
�
1

2
ð∂μρÞ2 þ

1

2
ð1þ ρÞ2ð∂μϕÞ2 þ VðρÞ

�
;

ð2:14Þ

with

VðρÞ ¼ M2

2

�
ρ2 þ ρ3 þ ρ4

4

�
: ð2:15Þ

The field ρ is a massive field of mass M, while ϕ is a
massless Goldstone boson.
In the low-energy regime E ≪ M, the heavy field ρ can

be integrated out, yielding an effective field theory for ϕ. To
leading nontrivial order, the effective Lagrangian is

Seff ¼−
Z

d4x

�
1

2
ð∂μϕÞ2−

γ

4
ð∂μϕÞ4þOðM−4Þ

�
; ð2:16Þ

with γ ≡ 2=M2. This higher-derivative interaction encodes
the effects of the heavy mode and introduces nonlinear
derivative self-interactions in the effective dynamics.
This model has been the subject of several works

discussing the dangers (and ways to avoid them) of
employing EFTs beyond their regime of validity; see,
e.g., Refs. [24,42,55]. Particularly appealing is the fact
that the complete model is well behaved in the UV, and its
solutions can be used to assess the quality of the EFT-
derived solutions.
Since at leading order the effective action (2.16) yields

equation of motion □ϕ ¼ 0, we are at liberty to consider a
field redefinition, following [41], as follows:

ϕ → ϕ −
α

2
□ϕ: ð2:17Þ

Parameter α can be chosen at will, and in particular it can
always be taken positive. After dropping the higher-order
terms, we get a modification of the action,

S0 ¼ −
Z

d4x
�
1

2
ð∂μϕÞ2 −

γ

4
ð∂μϕÞ4 −

α

2
∂μϕ∂

μ□ϕ

�
;

ð2:18Þ

and the corresponding equation of motion,

□ϕ ¼ γ□ϕð∂μϕÞ2 þ 2γ∂μ∂νϕ∂
μϕ∂νϕþ α□□ϕ: ð2:19Þ

In the spirit of the EFT approach, the last term in Eq. (2.18)
—and hence in Eq. (2.19)—is redundant: we put it in by
hand using a field redefinition (2.17). It only alters the
dynamics precisely where the EFT no longer applies, yet it
is kept by the authors of Ref. [41] for a reason. Without it,
solutions can lose hyperbolicity at high frequencies, ren-
dering the initial-value problem ill posed, but generic
numerical implementations would feed modes with such
frequencies, regardless of the physical situation in mind.
With it, the principal part of the equation is the fixed
operator α□2. The equation is then only weakly hyperbolic
(□2 has degenerate eigenvectors), but the lower-order
structure—the□ operator in Eq. (2.19)—still allows (local)
well posedness to be established. The modified system can
thus be regarded as an “effective UV completion” that
reproduces the original problem within the EFT regime. Of
course, the question remains as to the consequences of not
working with a strongly hyperbolic system and not playing
“by the rules of EFT” by bringing in the redundant operator
(and, related, whether this addition can affect the physics
one is interested to study). Importantly, from a physics
standpoint, to examine the behavior of the system, the
transformation inverse to that of Eq. (2.17) needs to be4After rescaling with v.
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performed to recover the behavior of the original theory
(corresponding to α ¼ 0). For weak couplings, the effect of
this redefinition can be negligible, becoming relevant
outside the EFT regime to control short-wavelength modes.
In practice, for general problems, such inversion need not
be straightforward or efficient to perform. In that view, the
dissipative term introduced next provides a “control knob”
with which potential negative effects can be removed or at
least ameliorated.

2. Selective dissipation

As emphasized, the dissipative term of the form (2.11) is
not suitable here: it damps all modes equally, including the
long-wavelength ones that should follow the leading-order
dynamics □ϕ ¼ 0. To “fix” the high-frequency modes
only, we extend the conservative action S0, choosing τ > 0,
by the following dissipative term5:

S0 → S ¼ −
Z

d4x

�
1

2
ð∂μϕÞ2 −

γ

4
ð∂μϕÞ4 −

α

2
∂μϕ∂

μ
□ϕ

�

þ
Z
z>0

d4xdz
τ

2
ðð∂t∂μχÞð∂t∂μχÞ − ∂z∂μχ∂z∂

μχÞ:

ð2:20Þ

We impose the boundary condition χjz¼0 ¼ ϕ as before and
keep the purely outgoing solution, χðz; t;xÞ ¼ ϕðt − z;xÞ.6
Going through the same boundary variation as for Eq. (2.5)
then gives

□ϕ¼ γ□ϕð∂μϕÞ2þ2γð∂μ∂νϕÞ∂μϕ∂νϕþα□□ϕ− τ∂t□ϕ:

ð2:21Þ

The choice (2.20) is not unique and should be determined
on a case-by-case basis from the requirement of yielding
correct dissipation. We do not attempt to consider the most
general case here.7

In the Appendix, we examine the question of whether
one can arrive at these dynamics from an interaction
between the system described by ϕ and some bath. We
take the case of a weakly coupled hot thermal bath and
show that one can indeed obtain Eq. (2.21) by placing the
theory on a Schwinger-Keldysh time contour [56–59] and
integrating out the bath in the path integral formalism. The
resulting action with doubled fields ϕ�, corresponding to
two branches of the contour, has the dissipative equa-
tion (2.21) for the “average” field ϕþþϕ−

2
as its saddle point.

A seemingly unavoidable issue with this procedure is the
need for a bath with a spectral density that is not positive
definite for all the bath modes. This is expected, since the
“oscillators” χ have a fourth-order action in Eq. (2.20).
The impact of the term proportional to α and the

dissipative term in Eq. (2.21) can be analyzed by consid-
ering (for simplicity) the perturbations of the constant
solution,

ϕ ¼ constþ δϕ; ð2:24Þ

and using Fourier analysis to determine the dispersion
relations of the perturbation modes. At linear order in δϕ,
we have

ð1 − α□þ τ∂tÞ□δϕ ¼ 0: ð2:25Þ

It is straightforward to see that this equation propagates
plane waves corresponding to the leading-order equation
and the modes decaying in time, ensuring that the long-
wavelength solutions are those determined by the leading-
order dynamics, consistently with the EFT assumptions.
The local well posedness argument of Ref. [41] applies
directly for τ > 0.
Importantly, the dissipative action (2.20) is not unique.

For solutions that remain within the EFT regime, the
particular choice should not matter (see the discussion
in, e.g., Ref. [60]); if it did, that would mean data chosen
within the EFT regime can evolve out of it, cascading
toward the UV, and describing such dynamics would
require the UV-complete theory or an extension of the
EFT by resummation or related methods, e.g., Ref. [27].
We chose the form (2.20) because it attaches the damping
to the propagating modes; a sensitive dependence on this
choice would therefore signal the breakdown of the EFT-
derived description.

C. Extension to gravity

Here, we provide a formal illustration of how one can
introduce such a dissipative mechanism in gravity. We do
not analyze the gauge fixing, constraint propagation, or
nonlinear well posedness. As an example, take a first
putative higher-derivative correction to GR (use the Gauss-
Bonnet theorem plus field redefinitions to put it in this
form),

5The parameter τ in Eq. (2.20) of course carries different
dimensions than the one in the model (2.5), but we choose to keep
the same notation.

6The equation in the bulk is □ð∂2t − ∂
2
zÞχ ¼ 0. We take

χ ¼ ϕðt − z;xÞ, which is a solution with no extra□-homogeneous
piece.

7A particular alternative choice is to work with four strings,
i.e., fields χμ, with dissipative action

Z
d4xdz

τ

2
ð∂tχμ∂tχμ − ∂zχμ∂zχ

μÞ; ð2:22Þ

and boundary condition

χμðz ¼ 0; t;xÞ ¼ ∂μϕðt; xÞ: ð2:23Þ

The resulting dynamics after “integrating out” fields χμ is given
by the same equation (2.21). For other theories, a different choice
could be more appropriate.
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S0 ¼ Sm þ 1

2κ

Z
d4x

ffiffiffiffiffiffi
−g

p ½R − αRμνGμν�;

Gμν ¼ Rμν −
1

2
gμνR; ð2:26Þ

where Sm is some matter action that we leave unspecified.
Matter is needed here: all correction and damping terms
below are built from the Ricci tensor, so for Tμν ¼ 0 every
vacuum solution of GR solves the modified equations
exactly. The idea is to simply follow the logic of the scalar
construction above and extend the metric into the bulk,
defining γμνðt; z; xÞ such that

γμνjz¼0 ¼ gμν: ð2:27Þ

We can then mimic the action (2.20) by using derivatives of
the metric, i.e., Christoffel symbols, instead of ∂μχ, as
follows:

Γμ
νσ ¼ 1

2
γμρðγνρ;σ þ γσρ;ν − γνσ;ρÞ: ð2:28Þ

A particular combination that yields correct dissipative
dynamics is achieved by the action

S ¼ S0 −
τ

2κ

Z
z>0

d4x dz
ffiffiffiffiffiffi
−γ

p ½h∂tΓ; ∂tΓi − h∂zΓ; ∂zΓi�;

ð2:29Þ

where to avoid clutter we define a shorthand “scalar
product” on objects with index structure of Christoffel
symbols,

hV; Vi ¼ Vμ
νργσνV

ρ
σμ − Vμ

νργνρVσ
μσ: ð2:30Þ

Up to a total derivative, this combination, when evaluated
on Christoffel symbols, is simply the Ricci scalar,

ffiffiffiffiffiffi
−γ

p hΓ;Γi ¼ ffiffiffiffiffiffi
−γ

p
Rþ total derivative: ð2:31Þ

On the outgoing solution γμνðt; z; xÞ ¼ gμνðt − z; xÞ, varia-
tion of g yields

Gμν−αHμνþ τ

�
∂tGμνþ

1

2
R∂tgμν−

1

2
gμνRρσ

∂tgρσ

�
¼ κTμν;

ð2:32Þ

with

Hμν ¼ □Rμν −
1

2
gμν□Rþ 2RμρνσRρσ − RRμν

−
1

2
gμνRρσRρσ þ 1

4
gμνR2; ð2:33Þ

and Tμν the energy-momentum tensor corresponding to the
matter action Sm. Linearizing around gμν ¼ ημν þ hμν, with
transverse-traceless hμν ≡ hTTμν , we get

ð1 − α□þ τ∂tÞ□hTTμν ¼ −2κTTT
μν ; ð2:34Þ

which is of the same form as Eq. (2.25) and therefore
propagates only plane waves and the decaying modes. The
action (2.26) is only an illustrative example. For any
beyond-GR theory with higher-curvature corrections, add-
ing Eq. (2.29) yields equations of motion with the same
damping terms as in Eq. (2.32) (only the expression forHμν

changes).

III. NUMERICAL IMPLEMENTATION

We now implement three different problems and com-
pare their solutions. The first one is the original problem in
terms of fϕ; ρg of the UV-complete model in Eq. (2.14)
(see also Ref. [55]). The second (C1) is the EFT-derived one
(2.21), which includes both the dissipative contribution and
the operator that could be field-redefined away. Finally, the
third (C2) corresponds to the same model (2.21), but
without the operator that can be redefined away, and
implemented following the fixing approach, as described
in Ref. [24]. Briefly, in this approach [21], the higher-
derivative source is evolved indirectly: one solves□ϕ ¼ Π
with Π an independent field obeying the equation
[Eqs. (27) and (28) of Ref. [24] ], as follows:

Π ¼ γð∂μϕÞ2Πþ 2γ∂μ∂νϕ∂
μϕ∂νϕ − τ∂tΠ: ð3:1Þ

Here, τ > 0, and on this timescale the equation relaxes Π to
the value reproducing the EFT dynamics (and damps
frequencies above τ−1).8

For simplicity, we consider the 1þ 1 setting with periodic
boundary conditions in the computational domain x∈ ½0; 10�.
We reduce the equations to first order in both time and space.
We adopt finite difference approximations with a uniform
spatial grid employing a fourth-order approximation for
spatial derivatives and a third-order Runge-Kutta scheme
in time for the time evolution.We use themethod of lineswith
Δt ¼ 1=4Δx and include the Kreiss-Oliger dissipation of
order 6, e.g., Refs. [61,62]. Production runs have
Δx ¼ L=ðN − 1Þ ¼ 10=800, though convergence tests and
the studies of data with noise (as described below) are run at
up to 10× higher resolution, verifying that the expected third-
order convergence is achieved.

A. Initial data

We define initial data for the field ϕ with compact
support as

8Note that this parameter τ is a different object from the
reservoir coupling τ of C1.
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ϕ ¼ Aðx − xLÞ4ðx − xRÞ4=3.58 if x∈ ½xL ¼ 2; xR ¼ 5�;
ð3:2Þ

and ϕ ¼ 0 otherwise, with amplitude A fixed to A ¼ 10
throughout. The initial value for ∂xϕ is defined in accordance
with Eq. (3.2) and we set ∂tϕ ¼ 0. When solving the full
UV-complete problem, we follow the discussion provided in
Ref. [42] to ensure that the initial data corresponds to the EFT
regime. We also use this information to adapt the initial data
for the fixing approach. Furthermore, to explore data with
both noise and “constraint” violations, we add some amount
of low-/high-frequency noise by introducing

ϕðt ¼ 0; xÞ ¼ ϕðt ¼ 0; xÞ þ A2ðsinð100πx=LÞ
þ cosð2πx=LÞÞ=3.58; ð3:3Þ

but leaving ∂xϕ intact. We confirm that in both cases C1 and
C2, a stable evolution is achieved if one chooses values
consistent with the EFT assumptions. Both approaches
reliably control the high frequencies and, in particular, C1

does so even with τ ¼ 0 (i.e., no dissipation added), as
expected from a well-posed problem (see Ref. [41]). Thus,
both approaches control the potential UV issues. In the next
section, we concern ourselves with contrasting the obtained
solutions with those provided by the UV-complete theory.
Note that the comparison is direct, without performing the
field-redefinition inversion.

B. Results

We begin by considering a small value of the coupling
γ ¼ 0.2. We then solve for values α ¼ f0.2; 0.00002g

together with both zero and nonzero values of τ (τ ¼ 0.2
for α ¼ γ and τ ¼ 0.02 for α ≪ γ) (Fig. 1). For this value of
γ, all cases can be run for the time specified (100 crossing
times, to illustrate the expected long-time controlled behav-
ior). A comparison with the solution of the UV-complete
problem reveals that while all options give rise to stable
behavior, the discrepancies with the true solution are about 2
orders of magnitude larger when α ¼ γ than for α ≪ γ. That
is, when the higher-order operator is suppressed by a heavier
scale (smaller α), its influence on the observed dynamics is
less severe, as the further modes introduced by its inclusion
stay essentially clamped. Introducing a damping mechanism
helps to reduce spurious oscillations, but overall the magni-
tude of errors is similar. The fixing approach provides an
error similar to the case with the higher-order operator
suppressed by the heavier scale (α ≪ γ). This behavior is
not surprising, as the field introduced by the fixing approach
is forced to stay faithful to the original EFT dynamics within
some reasonably short timescale.
Next, we choose γ ¼ 20 and evolve for 10 crossing

times, with α ¼ f20; 0.02g and again both zero and non-
zero values of τ (τ ¼ 1000 for α ¼ γ, τ ¼ 0.01 for α ≪ γ);
see Fig. 2. This coupling brings the corrections perilously
close to the boundary of the EFT regime.9 It is also the case
of practical interest: observable differences from the lead-
ing-order theory require large couplings—in the beyond-
GR context, a new-physics length scale of order ≈km,
within reach of gravitational-wave observations, rather than
the Planck length. As before, the discrepancies with the full
solution are largest for α ¼ γ; the damping now reduces
both the spurious oscillations and the error (more so for

FIG. 1. L2 norm of the differences between the C1;2 solutions
and the original problem at γ ¼ 0.2: ϕ0 for the UV-complete
problem, ϕα for the EFT. Parameter τ for C2 is the one from
Eq. (3.1). A stable evolution is found for all methods. The
smallest errors are obtained in the fixed method C2 and with
α ≪ γ forC1. The larger initial errors relative to the case τ ¼ 0 for
γ ¼ 0.2 are sourced by the contribution of the dissipative term.

FIG. 2. L2 norm of the differences between the C1;2 solutions
and the original problem at γ ¼ 20. The smallest errors are
obtained in the fixed method C2 and with α ≪ γ for C1. The
addition of the damping reduces the differences with respect to
the full solution, most notably for values of α ≈ γ.

9Indeed, even a slightly larger value of γ breaks hyperbolicity
in a short time in the original problem with α ¼ τ ¼ 0.
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α ∼ γ). For α ≪ γ the errors decrease by 1 to 2 orders of
magnitude (from ∼10−2 to a few ×10−4 in Fig. 2), and
further with the fixing approach. Importantly, the practical
limitations make it costly to reduce α much further, as the
equations become stiff. This, in turn, taxes the numerical
implementation employing an explicit integration scheme.
Of course, in a simple problem like the one at hand, this can
be addressed by the adoption of implicit integrators. Such a
strategy, however, might be out of reach in more complex
problems such as studies of systems governed by beyond-
GR theories.
As a final illustration, Fig. 3 shows the spatial spectrum

of ϕ at three times, for τ ¼ 0 and τ ¼ 1000, computed at
the higher resolution Δx ¼ 10=4800. Both problems are
well posed, but, as time progresses, we see two different
pictures. With dissipation, the energy in short-wavelength
modes decreases and the solution stays within the EFT
regime. Without dissipation, the opposite occurs, and the
EFT regime is eventually abandoned, though with a “rate of
departure” bounded by virtue of the problem being well
posed (see also Ref. [42]).

IV. CONCLUSIONS

We have described a method that enhances the approach
presented in Ref. [41]. As shown, for sufficiently small
fγ; αg couplings the method [41,42] yields solutions that
are consistent with the expected behavior. However, as their
strengths are increased in tandem, the obtained solutions
can be significantly different from the true one. This
arguably undesirable behavior can be improved by choos-
ing the coupling strength α of the added redundant operator
several orders of magnitude smaller than γ, i.e., suppressing
the redundant operator by a heavier scale. However, this

carries the risk of inducing stiffness in the equation of
motion and a consequent increase in the cost of numerical
implementations. Interestingly, the addition of dissipation
helps to obtain a more consistent solution while reducing
the risk of such an issue. Further, it provides another control
knob to lessen the potential influence of short-wavelength
modes that are aliased to long-wavelength ones at the
numerical level in nonlinear scenarios.
The advantage of our approach is its action-based

formulation. Variational integrators discretize the action
rather than the equations of motion, with the benefit of
preserving the underlying symplectic structure over long
evolutions [47,50]. The boundary-plus-bulk action is a
natural starting point for such schemes, where one evolves
the bulk field directly, instead of imposing the outgoing
solution analytically. Furthermore, whereas in this work,
the dissipation was introduced as a tool for fixing the
classical conservative dynamics, one can envision using the
bulk model for local, action-level implementations of real
dissipation in settings where it is presently encoded differ-
ently—for instance through the imaginary part of the in-out
effective action in the world-line description of black hole
absorption [63].
In this work, we focused on a simple scalar theory and

briefly discussed the generalization to gravity, illustrating
that the underlying formal approach can similarly be
exploited to introduce a high-frequency damping mecha-
nism. We leave a thorough study of the generalization to
gravity for future work. A particular motivation for such a
construction would be to explore the approach [41] in the
context of a scenario that breaks the EFT regime and the
consequences of the resulting UV control. As illustrated in
Ref. [23], for the formation of scalarized black holes in a
specific beyond-GR theory (scalar Gauss-Bonnet), initial
data definedwithin theEFTregime can dynamically lead to a
solution that abandons it as collapse takes place. However,
the stationary black hole with the same total mass is within
the EFT regime. It would be interesting to assess whether the
approach in Ref. [41] with and without the extension
described here can also bridge these two regimes.
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APPENDIX: IN-IN FORMULATION

In this Appendix, following closely Ref. [64], we illustrate
how one can arrive at the dissipative dynamics (2.21) by
formally coupling the system (2.18) to an unphysical thermal
bath and then integrating it out in the Schwinger-Keldysh
formalism. We take the bath to be made of fields ξ at high
temperature T ¼ β−1 and we assume a weak coupling, with
coupling constant g, of the form

V½ϕ; ξ� ¼
Z

dt
Z

dxgϕξ: ðA1Þ

In general, the nonequilibrium dynamics for ϕ can be obtained from the generating functional with doubled
fields [65],

Z½Jþ; J−� ¼
Z

DϕþDϕ−DξþDξ−eiS½ϕþ�þiSξ½ξþ�þiV½ϕþ;ξþ�þiϕþJþ−ðþ→−Þ: ðA2Þ

Assuming that initially the ϕ and ξ are not correlated, one can integrate out the fields ξ as follows:

Z½Jþ; J−� ¼
Z

DϕþDϕ−eiSeff ½ϕþ;ϕ−�: ðA3Þ

At weak coupling (A1), the influence functional I ½ϕþ;ϕ−�, defined by

Seff ½ϕþ;ϕ−�≡ S½ϕþ� − S½ϕ−� þ I ½ϕþ;ϕ−�; ðA4Þ

is given by the linear response approximation [51],

I ¼ ig2

2

Z
dx1dx2fϕþðx1Þϕþðx2ÞGðx1 − x2Þ þ ϕ−ðx1Þϕ−ðx2ÞG̃ðx1 − x2Þ

− ϕ−ðx1Þϕþðx2ÞKðx1 − x2Þ − ϕþðx1Þϕ−ðx2ÞK̃ðx1 − x2Þg: ðA5Þ

Here, G and G̃ are the time-ordered and antitime-ordered Green’s functions,

Gðx1 − x2Þ ¼ hT ðξðx1Þξðx2ÞÞiβ;
G̃ðx1 − x2Þ ¼ hT̃ ðξðx1Þξðx2ÞÞiβ; ðA6Þ

and K, K̃ are the unordered correlators,

Kðx1 − x2Þ ¼ hξðx1Þξðx2Þiβ; ðA7aÞ

K̃ðx1 − x2Þ ¼ hξðx2Þξðx1Þiβ; ðA7bÞ

with expectation values taken at temperature T ¼ β−1. It is convenient to perform a spatial Fourier transform. In particular,

KðxÞ≡ Kðt;xÞ ¼
Z

dke−ikxKkðtÞ: ðA8Þ

The response of a thermal bath is determined from the spectral density defined via

KkðtÞ ¼
Z

dωeiωtρkðωÞ: ðA9Þ
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More generally, for analytic ρ we have [64]

ρkðωÞ ¼ 1

β
ρk0 −

ω

2
ρk0 þ ω2

βΛ2

�
ρk2 þ ðβΛÞ2

12
ρk0

�
−

ω3

2Λ2
ρk2 þ…; ðA10Þ

with a scale Λ that physically determines the retardation time of the bath. This expansion translates into the ultralocal
expansions of all the necessary Green’s functions, as follows:

KkðtÞ ¼ 2π

β
ρk0 δðtÞ þ πiρk0 δ

0ðtÞ − 2π

βΛ2
ρ̌k2 δ

00ðtÞ − iπ
Λ2

ρk2 δ
000ðtÞ þ…; ðA11aÞ

K̃kðtÞ ¼ 2π

β
ρk0 δðtÞ − πiρk0 δ

0ðtÞ − 2π

βΛ2
ρ̌k2 δ

00ðtÞ þ iπ
Λ2

ρk2 δ
000ðtÞ þ…; ðA11bÞ

GkðtÞ ¼ 2π

β
ρk0 δðtÞ þ πiρk0 signðtÞδ0ðtÞ −

2π

βΛ2
ρ̌k2 δ

00ðtÞ − iπ
Λ2

ρk2 signðtÞδ000ðtÞ þ…; ðA11cÞ

G̃kðtÞ ¼ 2π

β
ρk0 δðtÞ − πiρk0 signðtÞδ0ðtÞ −

2π

βΛ2
ρ̌k2 δ

00ðtÞ þ iπ
Λ2

ρk2 signðtÞδ000ðtÞ þ…; ðA11dÞ

where we have introduced

ρ̌k2 ¼ ρk2 þ ðβΛÞ2
12

ρk0 : ðA12Þ

Straightforward calculation gives10

I ¼ πig2
Z

dt
Z
k

4

β
ρk0 ϕ̂−kϕ̂k þ 2iρk0

˙̄ϕ−kϕ̂k −
4

β

ρk2
Λ2

∂
2
t ðϕ̂−kÞϕ̂k − 2i

ρk2
Λ2

ð∂2t ˙̄ϕ−kÞϕ̂k þ…;

ðA14Þ

where we have introduced the classical and quantum fields,

ϕ� ≡ ϕ̄� ϕ̂: ðA15Þ

Now, to get the desired response, we fix the spectral density
to be of the form

ρk0 ¼ ρ0
k2

Λ2
; ρk2 ¼ −ρ0; ðA16Þ

with ρ0 > 0, and all higher expansion coefficients set to zero.
Note that this implies that the spectral density is not positive
definite for ω2 > k2, which precludes a physical interpre-
tation of this bath. Such a choice of the spectral density is
physically equivalent to the choice of the bulk action with

higher-derivative terms (2.20). Neglecting the terms sup-
pressed in the high-temperature limit, βΛ ≪ 1, we have

ρ̌k2 ≃ −ρ0: ðA17Þ

Going back to the x-space, we finally arrive at

I ¼ 2iτ
Z

dt
Z

dx

�
−
2

β
ϕ̂□ϕ̂ − iϕ̂∂t□ϕ̄

�
; ðA18Þ

with τ≡ πg2ρ0
Λ2 . Due to the sign-indefiniteness of the spectral

density, not all the configurations of ϕ̂ are suppressed in
the high-temperature limit.11 The particular structure of this
influence functional is fixed completely by the fluctuation-
dissipation relations, or Kubo-Martin-Schwinger symmetry,

10Here, we have repeatedly used signðtÞ ¼ θðtÞ − θð−tÞ, and
the identity

Z
dt θðtÞfðtÞδ0ðtÞ ¼ −

1

2
f0ð0Þ − δð0Þfð0Þ: ðA13Þ

The terms with δð0Þ simply renormalize the (doubled) action of
the system and so we drop them.

11In the path integral, we get a weight

eiI ¼ e−4τ=β½
R
ð∂xϕ̂Þ2−

R
ð∂tϕ̂Þ2�: ðA19Þ

Note that the second term displays the growing directions
explicitly.
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and so if we want to have a dissipative term of the form
ϕ̂∂t□ϕ̄, it must be accompanied by the fluctuation term
2
β ϕ̂□ϕ̂. This means that the absence of the uniform sup-

pression of ϕ̂s is inevitable.
We then expand

S½ϕþ� − S½ϕ−� ¼ 2

Z
dt

Z
dx

δS

δϕ̄
ϕ̂þ…: ðA20Þ

The ϕ̂ integral is understood as a formal Gaussian integral,
evaluated at its stationary point. After using the Hubbard-
Stratonovich transformation,

e
4τ
β ϕ̂□ϕ̂ ¼

Z
Dηe

β
4τη□

−1ηþ2iηϕ̂; ðA21Þ

the full partition function becomes

Z ¼
Z

Dηe
β
4τη□

−1η

Z
Dϕ̂Dϕ̄eiSeff ; ðA22Þ

with

Seff ¼ 2

Z
dt

Z
dx

�
δS

δϕ̄
þ τ∂t□ϕ̄þ η

�
ϕ̂: ðA23Þ

Stationarity of Seff in ϕ̂ imposes Eq. (2.21) sourced by η.
Setting the noise to zero yields precisely the sought-after
dissipative equation of motion.
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