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We compute the leading order modification to the quark—antiquark—W-boson vertex in the presence of a
constant and uniform magnetic field, specifically for the case where the quark and antiquark are the u and d,
respectively. We find the selection rules for transitions where the u, d, and W boson occupy arbitrary
Landau levels. We show that, for the particular case where the initial particles each occupy the lowest
Landau level, the W is also produced in the lowest Landau level with a single polarization aligned with the
magnetic field. We also illustrate the general findings by computing the case of transitions between low-
lying Landau levels and show the correspondence between the polarization vectors for the W boson and the

polarization states for the quark and the antiquark.
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I. INTRODUCTION

In recent years, a great deal of attention has been devoted
to understanding how magnetic fields modify particle
properties. In particular, it has been shown that particle
masses and interaction strengths become field dependent,
evolving with the magnetic field intensity [1-27]. The
presence of an external magnetic field profoundly modifies
the symmetry properties of a relativistic quantum field
theory. By selecting a preferred spatial direction, the
magnetic field explicitly breaks the isotropy of space
and reduces the original Lorentz symmetry to the subgroup
that preserves the field orientation. The external magnetic
field also explicitly breaks those discrete symmetries that
reverse the direction of the magnetic field, such as charge
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conjugation and time reversal individually, while preserv-
ing their appropriate combinations (e.g., CP) and naturally
separates the four-dimensional space-time into longitudinal
and transverse subspaces with respect to the magnetic field.
Consequently, any Lorentz-covariant object, including
propagators, self-energies, polarization tensors, vertex
functions, and other scalar, vector, or tensor operators,
must be decomposed into independent structures associated
with these two sectors. Such a decomposition reflects the
anisotropic dynamics induced by the background field and
has important consequences for the properties of elemen-
tary excitations. In particular, this separation appears
already at the classical level in the fermion-photon
(quark-gluon) interaction, whose vertex acquires indepen-
dent longitudinal and transverse components in the pres-
ence of the external field [28]. In the context of relativistic
heavy-ion collisions, this anisotropy can lead to specific
patterns for the decay of heavy resonances produced in the
early stages of the reaction, providing a possible exper-
imental handle to infer the strength of the magnetic
field [29].

The already rich structure of the coupling between
fermions and a neutral gauge-boson in the presence of a
background magnetic field can be expected to become even
richer when the neutral gauge-boson is replaced by a
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charged one such as the standard model W*. For instance,
it has been shown that the W* boson leptonic decay rate in
a strong magnetic field is modified with respect to its
vacuum value [30]. The external field wave functions
correspond to solutions of the equations of motion for
the charged particles in the background field. In this
calculation, these wave functions retain their polarization
labels, but the calculation does not resolve the decay
probability into separate channels defined by polarization
relative to the external field.

Recall that the description of charged particles in
external magnetic fields requires a proper treatment
of Schwinger phases and magnetic translations. In
Refs. [31,32] a consistent formalism in which charged
mesons are expanded in Landau (Ritus) eigenfunctions
allows the meson polarization operator to be diagonalized
in Landau-level space, leading to a gauge-invariant deter-
mination of the charged meson spectrum. In addition, the
propagator properties of charged-vector bosons in the
presence of external electromagnetic fields have also
received considerable attention over the years.
Reference [33] summarizes the findings for the proper-
time description of the charged W-boson propagator in a
constant magnetic field, providing gauge-covariant expres-
sions that have served as the basis for numerous studies of
electroweak processes in magnetized media, including
neutrino propagation and weak interactions in astrophysical
environments. More recently, Ref. [34] generalized this
formalism by deriving the propagator in arbitrary covariant
gauges and clarifying its momentum-space and Landau-
level representations. Building upon these developments,
Ref. [35] reformulated the charged-vector propagator
within the Ritus eigenfunction method, constructing the
complete set of spin-1 eigenfunctions in a magnetic field
and establishing a Lehmann Symanzik Zimmermann
reduction formalism for external charged-vector bosons.
These works have laid the theoretical foundations for a
consistent description of charged W bosons in external
magnetic fields; however, the magnetic field dependence of
the elementary W¢q' interaction vertex itself has not yet
been investigated. In this work, we undertake this calcu-
lation, finding the selection rules for the lowest-order
magnetic field modifications of the vertex coupling W=
bosons with gq' quarks. The remainder of this paper is
organized as follows. In Sec. II, we introduce the process
under consideration, review the structure of the interacting
fields in the presence of a magnetic field, and establish the
formalism required to construct the interaction vertex. In
Sec. III, we focus on the process (ud - W) with both the
quark and antiquark occupying the lowest Landau level
(LLL) and their spins aligned with the magnetic field. This
simplest configuration allows us to derive the first selection
rules and elucidate their physical origin. In Sec. IV, we
extend the analysis to arbitrary fermion Landau levels. We
first examine the tensor structure of the interaction, from

which the spin and polarization selection rules naturally
emerge, and then analyze the spatial contribution to
determine the allowed Landau levels of the produced W
boson as a function of the Landau levels of the initial
fermion and antifermion. In Sec. V, we derive explicit
expressions for the coefficients arising from the spatial
overlap integral of three Hermite polynomials, with par-
ticular emphasis on the next-to-lowest Landau levels. These
results are subsequently used to determine the correspond-
ing selection rules and discuss their physical implications.
Finally, Appendix A summarizes the description of the
W-boson polarization states in a magnetic field based
on the formalism developed in Refs. [32,34,35]. As an
independent validation of our theoretical framework,
Appendix B presents an alternative derivation of the spatial
contribution governing the Landau-level selection rules and
applies this approach to the next-to-lowest Landau-level
examples discussed in the main text.

An interesting potential application of the present results
concerns the use of charged weak bosons as probes of the
intense magnetic fields produced during the early stages of
relativistic heavy-ion collisions. Because of their large
mass, W* bosons are predominantly produced in hard
processes occurring at the earliest stages of the collision,
when the magnetic field is expected to be strongest, making
them particularly suitable probes of the preequilibrium
magnetic environment. In this respect, W* bosons may
provide information complementary to, and potentially
richer than that obtained from neutral electroweak probes
such as the Z°, since not only their production vertex but
also the charged W= states themselves are directly affected
by the external magnetic field. The Landau-level and
polarization selection rules derived here can therefore be
expected to leave an imprint on the kinematic and polari-
zation properties of the produced W*, which may sub-
sequently be transmitted to their leptonic decay products.
Experimentally, the W* — u*v channel is more challeng-
ing than dilepton channels associated with neutral bosons
because it involves a single observed charged lepton
accompanied by missing transverse momentum carried
by the neutrino. Nevertheless, this experimental limitation
may be partly offset by the fact that the magnetic field is
expected to generate characteristic distortions of the
charged-lepton spectrum rather than merely an overall
modification of the event yield. In particular, distortions
of the transverse-momentum and angular distributions of
the emitted muons could retain information on the magni-
tude and orientation of the magnetic field present during the
preequilibrium stage of the collision. A quantitative deter-
mination of these distributions requires combining the
vertex structure obtained here with the subsequent propa-
gation and decay of the W* in the magnetized environment
and constitutes a natural phenomenological application of
the present framework. This is a work in progress and will
soon be reported elsewhere.
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II. QUARK, ANTIQUARK, AND W-BOSON WAVE
FUNCTIONS IN THE RITUS REPRESENTATION

We start our discussion by introducing the transition
amplitude (hereby referred to as the interaction vertex 1))
that constitutes the central focus of this analysis. The
objective is to derive the selection rules for the transition
where a quark (hereby labeled as f) and an antiquark
(hereby labeled as f) annihilate to produce a W boson in the
final state. This is given by

V=V, [ w5 v

3 W#(x)|f1,f2>,

(1)

where, to obtain the complete vertex structure, we insert the
V¢, 5, factor, corresponding to the Cabibbo-Kobayashi-
Maskawa matrix element.

To facilitate the analytical developments and highlight
their physical implications, we review in the following
subsections the formalism describing charged particles in
the presence of a background magnetic field.

A. Fermion field in the Ritus representation

To perform the vertex calculations, we adopt the formal-
ism and notation established in Ref. [32]. Consequently, we
provide a brief overview of the relevant theoretical results to
be used. First, the fermion fields can be described as an
expansion in the Ritus basis as

{;i: a=1, 22Ef{ $a)Us(2.4)
+ 0.0V, (5.0, ) @

where the form of the sum integral is determined by the
gauge choice. Here, we take B = (0,0, B) and work in the
Landau gauge 2 (LG2) for which the electromagnetic field
is given by A*(x) = (0,0, Bx',0). Therefore, the explicit
form of the sum integral is given by

3:2

We also introduce the notation

dq® dg* dg’ 0
27 2 220 B G)

a7 = 272)*6d(q° — 4°)8(q* — 4*)8(¢* — 4).  (4)

Furthermore, within this framework, we define the
momenta as g = (¢°. k. g%, ¢°) and g = (kg% ¢°).
Hereafter, k, k' (and eventually ky,) refer to the Landau
level occupied by the corresponding charged particle. In

addition, we introduce the effective magnetic parameter
By = |QB| and the sign function s = sgn(Q/B), where
Oy represents the charge of the respective particle (or
antiparticle) under consideration. The momentum-space
spinors, U, and V, introduced in Eq. (2), are given by

Uf(x, g,a) = E<r (x, Zl)qu (k,q*,a),
Vi(ng.0) = B (oo, g a).  (5)

where E€(x, g) and E-9(x, g) denote the Ritus functions.
Their explicit representations take the form

[EQ(X’ ‘_1) = ZFMTQ(X’ 6_1/1)’
A==+
E%(r.q) = ) T'F_o(x.q.,)", (6)
A==+

In this framework, the spin projection operators are
introduced as I = (1 +15%)/2, where S$° = iy!y? acts
as the third component of the spin operator W1th1n the spin-
1/2 representation. Moreover, the modified momentum
variable is denoted by ; = (¢°, ns(k, s, 1), ¢*. ¢*) with the
Landau-level-dependent indices shifted according to the
relation ng(k,s,A) = k— (1 —A4s)/2, where the index A
always takes the values +. Hereafter ny, n} (and eventually
ny) refer to the “oscillator index.” For particles with spin,
ny depends on the Landau-level index k, the sign of the
electric charge, and the spin or polarization projection.
Therefore, n should not, in general, be identified with the
physical Landau-level index.

Continuing with the properties of the Ritus functions, the
spatial function F for the adopted gauge choice is
expressed as

Fo(x.q) = Ny @=0=0)p, (p,), (7)
where the scaled coordinate is p; = \/2By(x' — s¢*/By)

(471' B 0 ) 1/ 4 /
V/k!. The parabolic cylinder functions D, (x) present in the
above expressions are defined in terms of the Hermite
polynomials

and the normalization constant reads as N; =

Dy(x) = 27K2e=2"/4H, (x/V/2), (8)
following the standard convention where H_;(x) = 0.

B. W-boson field in the Ritus representation

To describe the charged spin-1 boson, we once again
adopt the notation established in Ref. [32]. Although the
aforementioned work develops the formalism specifically
for the p-meson, an identical framework can be directly
applied to the W boson, which is the object of interest here.
The boson field is given by the following expansion:
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1 y _
Wk (x) = Zm [aVQV(q,C)W”Q(x,q, c)
} c

{dey

T ay2G, ) W o (x4 ﬁ (9)

The definitions of the momenta g and g follow those
introduced for the fermion case, along with the effective
magnetic parameter By = |QwB| and the sign function
s = sgn(QwB). It is crucial to emphasize that, for a boson-
vector field interacting with a magnetic background, the
sum over the integer index k (associated with the Landau
levels) starts at k = —1.

The wave functions W”Q (x, g, ¢) in the above expansion
are factored as follows:

Wo(x.q.c) = R¥"(x,g)eg,(k.q*.c).  (10)
where we have separated the spatial and momentum
dependence, contained within the tensor R2# from the
polarization vector €g,(k, ¢*, c), with ¢ being the index
denoting the polarization state. Due to the orthogonality
relation of these vectors, it is noteworthy that for the lowest
Landau level (k = —1), there is only one possible polari-
zation. Hence, the index c exclusively takes the value
¢ = 1; see Appendix A.

The spatial and tensorial part R2#* is expressed through
the sum

ROM(x,q) = Y Folx.q)Y;,

A=-1,0,1

(11)

where the modified momentum for the boson is defined as
g, = (¢° ny. ¢* ¢°), where ny, = k — sA. Notice that this
definition differs from the one used for the fermions.
Finally, the tensors Y%, which project the field components
with respect to the background magnetic field, are explic-
itly given by

(¢F F55),  (12)

N =

Wy v
T = g,

wo_
T, =
with

S5 = i85 = 5,5). (13)

For the remaining definitions and mathematical struc-
tures required to complete the theoretical formulation of
each field in this notation, as well as for a comprehensive
discussion regarding its relation and modifications com-

pared to other formalisms in the literature, we refer the
reader to Ref. [32].

C. Formulation of the quark-antiquark-W vertex

Using the structures defined in the preceding sections and
starting from Eq. (1), we proceed to write the vertex
describing the annihilation of the two initial fermions
leading to the subsequent creation of a W boson in the
final state. For this purpose, we employ standard quantum
field theory techniques that include the boson and fermion
commutation relations. Notice that since the creation and
annihilation operators describe physical asymptotic states on
the mass shell, the spatial and momentum conserving &
functions in these relations correspond exactly to the three-
dimensional on-shell projection of the full orthogonality
relation previously defined in Eq. (4). For practical purposes,
it is useful to define this three-dimensional projection as

gy = (21)38108(4* — 4*)8(q° — 47,

such that 8,5 = 278(¢° — ¢"°)5;,. The commutation and
anticommutation relations are then given, respectively, by

(14)

(@i (d. ¢). ay? (@ )] = [ai(q.0). a3 2 (d. )]

= [a§(7.0). a3 (7. )" = 0,
[ai (3. ¢).a(§' . ¢')'] = [ay?(q. ). a7 )]

- ZEW(‘)'CC/(‘)';];]/, (15)
and
{bs(g.a).b4(q.d")} = {dp(§.a).dp(q.d")} = 0,
{by(g.a).df(q'.d")} = {bp(q.a).dy(q".d')"} =0,
{br(q.a).b;(q'.a')'} = {d;(q.a).d;(q'.d")"}

- 2Ef'5aa/5éé’ (16)

Using these relations and substituting the field expansions
provided in Egs. (2) and (9), the vertex of interest can be
explicitly expressed as

5
(1 2?) (17)

_ 4 X7 *
V="Vsr / d"xVyr Up, W

Ow.p*
Thus, employing the definitions detailed in Secs. IT A and
IIB, we can establish the general form of the vertex by
separating it into a tensor part and a spatial part associated
with the d*x integration. The vertex is thus given by

1— 5
SN0 DD Sl L v
M=% Ay=-1,0,1
X TEW#DGIJQ*W |:/ d4x‘7:—Q2fQ1 *QW:| ‘ (]8)

This element dictates the strength of the flavor-changing
transition between the quarks, mediated by the charged weak
interaction of the W boson.
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III. QUARK-ANTIQUARK-W-BOSON VERTEX IN spatial part relates the chosen Landau levels of the initial
THE LOWEST LANDAU LEVEL fermions to the constraints imposed on the W boson.

To extract physical information from the vertex, we
investigate a particular case of interest: the ud — W+ A. Tensor structure for the quark—antiquark-W vertex

process, imposing that both the initial quark and antiquark To verify our framework, we derive the selection rules
occupy the LLL and consequently have their spins aligned  emerging from the tensor structure, which encapsulates the
with the background magnetic field. Thus, employing  eptire dependence on the quark spin projections and the
Eq. (18), the vertex for this particular case is expressed as  pogon polarization. We show that the selection rules

LS governing the spin projections and polarization are con-
V=V, Z Z [T}_leﬂa—,},ﬂ ( 5 r) T uQ”] tained within the first term of Eq. (19), which we denote as

dgAg== dy=—1.0.1

dadw — |5 g ((H /1“(1_7’5) x o
XTS5 es { / d*xF o, Fo, *QW]. 19 = [”—er”’(ﬁﬁ“)r 2 “QJ XXy w0
(20)
As previously stated in Sec. II, we can divide our
analysis into two distinct parts. First, the tensor structure The first step is to expand the spin projectors. This
dictates how the initial spin configurations determine the  produces the initial Kronecker §’s of this structure. This
polarization state of the generated boson. Second, the  procedure is carried out as follows:
|

, [ (1-7°) .
Tt = U_er’ld (}/’ﬁ + V’i)F’lu 5 up, le,/weUQw

[ . e (L=7) I,
= |0, (i ) S |15, e,

_ (1-7) I,
= |U_g, (7171—%“5%,/13+y’iri“5ﬂw—/1;,) 5 Up, Tﬁw»lll/ewa‘ (21)

By introducing the tensor Tjw.,/w into the parentheses, we perform a contraction over the index u, which is restricted to
specific components due to the presence of the y and y; matrices. Consequently, we must employ the definition of the
tensors given in Eqgs. (12) and (13). For each term, we have the following relations:

oy = 7 GB0.4y = 7)0604, (22)

and
P =V (1=804,) = 71, 07 (1 = 80,,), (23)
where we used the property y| Ss. w =7 1,53, Furthermore, it is justifiable to use the term I'~*¥, as it is accompanied by a &

that restricts the selection Ay = £=1. Consequently, in this term, we will never encounter the Ay, = 0 case, which would
invalidate the definition of the projector I,
Returning to the results in Eq. (21), we obtain

, _ _ (1 - }/5) %
thetidy = |:”—Q,, (7 H,yr /{"50,/1“;5/1“,/1;, +r., 0 iVVW"(I - 50,/1W)5A“,—/1;1) 3 Ug, GI’QW

_ (1-7) .
= |:U—Qd (6/1W,06ﬂu.ﬂ;,y|\,u+5—/1W,/1“52,,,—/13},J_.1/>1—%” 7 Yo, €0y (24)
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B. Space-time structure with the quark-antiquark
in the LLL

To derive the selection rules corresponding to the
allowed Landau levels for the production of the W boson
in the particular case of interest, we shall focus our analysis
on the spatial part of Eq. (19), which is given by the integral

I = /d4x-7:—Qd(x, P2-i)F 0, (X, P24, )F 5, (% @5,)-
(25)

Before applying the definitions introduced in Eq. (7),
into the above equation, it is useful to note that under a
gauge transformation A(x) the functions F,(x, g) trans-
form as

Folx.q) = Folx.q) = e M0 Fy(x,q). (26)

Consequently, since electric charge conservation dictates
that Q, — Q, = Oyw., the gauge phase factors exactly
cancel. Thus, the spatial part of the vertex under
consideration is manifestly gauge invariant. The frame-
work developed thus far could therefore have been
formulated without fixing a gauge from the outset. In
that case, any of the representations introduced in
Ref. [32] could be used to perform our analysis.
Nevertheless, to remain consistent with the conventions
established in Sec. II, we continue working in the LG2.
Substituting the corresponding expressions for these
functions into the integral for the specific case con-
sidered here, we obtain

2
(0, 0_ 2.2 13,3 P35 (00— 2,233
I = /d4x |:Nn[-1€ l(de PX —pX )Dnd< /2821()61 _SaB!_])>:| |:Nnue (02 Pu pax’)

2
x D, <~ /2B, (xl _s, Z“))] [anei(q(v)vx

u

At this stage, we can initially evaluate the free part
described by the exponentials and factor out the constants
N,,, yielding

I=N,N,N,, / dx0dx*dx’ [ﬂpﬂﬂ%_qﬁﬂe"(ﬂiﬂ’%—qiﬂ
i 3 ff_ 3
< )] [ 41D, (9, )0 (03 D, ()
= Ny, Ny Ny, (27)*6(p§ + pS = a3)8(pi + P3 = ai)
X 5(1’3 + p?{ - CI%}V) / dxl |:Dnu (psl‘)Dng(psg)

XDy, (ps,)|- (28)

To simplify the notation, we define the following variables:

2 ) )
— SuPu . o Sdpa X . Swqy
Xe, = Bu > XC;, - BZj ’ oy T W, (29)
together with
N(nu’ na, nw) = 2(_%)2(_%})2<—HTW) (30)

Thus, focusing solely on the remaining integral and
employing the definitions of D, (p;, ), the integration over
the variable x! yields

‘ 2
0—‘1%4/)“2—‘1'?4/)‘3)an( 2By <x1 — Sy ZW> >} (27)
w
|
Ip = N(n,, ng, ny)
></abc1 exp {—l Z B;(x! —xci)z}
2i=u,3,W
x H, (pu/V2)H,,(pz/V2)H,, (pw/V2).  (31)

However, since we are investigating a specific case where
the initial particles are confined to the LLL, we can impose
the conditions n, = 0 and n; = 0 on the functions. Using
Hy(x) = 1, the integral in Eq. (31) becomes

> Bix' - xc’_)z}

i=u,d,W

1
Ip = 2"7w/2/dx1 exp {—5

anW<M<x' —xcw>>-

Now, manipulating the argument of the exponential and
using the conservation of momentum along the x* direc-
tion, we note that

Z Bi(-xl - xc,-)z = ZBW(X1 - xcw)2 + C) (32)
i=u.d.W
where
0= Bu(xcy)z + le(xc;l)z - BW(XCW)Z' (33)

Substituting this back into the integral, we observe that the
dependence on the variable x! is simplified, yielding

073005-6
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Ip= Z_nTWe_%/dxle_BW()‘l_xf'w)2 xH,, ( VBw(x!'—x,, )

(34)
Applying the change of variables y = /By (x' — x., ), the
integral (34) becomes
1= [ e 35
D= W ye nW(Y)- (35)

The resulting integral in Eq. (35) can be evaluated simply
by recalling that H, = 1. Consequently, we can employ the
orthogonality relation of the Hermite polynomials, which
ensures that the product of two polynomials of different
degrees yields

/alem(x)H,,(x)e_"2 = /r2"n!8 (36)

Therefore, the result obtained for the integral under the
established conditions is

(¢]

2_HTW€_7 2 T _nw _e
Ip= dye™ Hy(y)H =,/=—272¢e725, .
b= [ e HHL, ) = [ e,

(7)

By applying the resulting ¢ function to the constants
previously factored outside the integral, we can conclude
that the spatial integral is

I = (47B,)"/*(4nB;)"/*(4xBy,)"/*

O T
X 8023 (Pu + Pa — QW)e_%\/Eénw,& (38)

where

Sos(p+p' —q) = 2x)*8(p° + p* - ¢°)
x8(p*+ p* = q»)s(p* + p” - ¢°).
(39)

Therefore, by imposing the initial condition whereby the
quark and the antiquark both occupy the LLL, the spatial
integral in the vertex calculation dictates that the generated
W boson must be in a state with ny = 0. As we show in
Sec. III C, this requirement also implies that the W boson
must occupy the LLL.

|

B - 0 1 1—~° .
LA o <5>\W70M i F 0-rw,+1 Oar="1) ’YJ_,V>F+( 2l )uQu €O

2

=0—Aw ,+1 [@Qd Vi TF (

C. Selection rules

By imposing that the initial quarks in the ud — W+
process occupy the LLL, we obtained a selection rule
dictating that the generated W+ boson must be in a state
with ny = 0. Here we show that such selection implies that
the W boson must also occupy the LLL (i.e., ky = —1).
According to Refs. [32,34,35], in that state, the only
permissible polarization for a vector boson is given by
¢ =1 (see Appendix A). To verify whether the formalism
developed here reflects the theoretical foundations and
physical expectations, we first analyze the projection indices
A for the initial particles. In this section, we impose that the u
and d quarks have their spins aligned with the background
magnetic field. This assumption is physically consistent
since both particles have positive charges and, in the LLL,
the only permitted spin state is the one aligned with the
field. Therefore, assuming B > 0 and that both particles are
in the k = 0 (LLL) state, we can use that for fermions

ny(k,s,2) = k- <1 _ZM>, (40)

and the corresponding expression for antifermions

ny(k, s,—4) = k - (1 J;M>, (41)

to determine their respective projections that ensure align-
ment with the field.

First, for the u quark, we have s, = sgn(Q,B) = +1.
Imposing k, = 0, we obtain

1-2,

nu(0,+1,/1u):—< >:0:>/1u:+1. (42)

On the other hand, for the d antiquark, the sign function
yields s; = sgn(Q;B) = +1, and using k; = 0, we find that

1+ 1;
n3(0,+1,/1;1) = —< 5 d

>:O=>/13:—1. (43)

Thus, to project both spins along the direction of the
magnetic field and determine which boson polarization state
is selected under these conditions, we shall adopt 1, = 1
and A3 = —1.

Substituting these results into the tensor structure devel-
oped in Eq. (24), we obtain

U‘Qu:| 66*“/.
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The nonvanishing component selected due to the opposite
signs of A corresponds to the perpendicular part, which in
turn selects the index Ay, = —1 for the boson. This result,
together with Eq. (38), shows that the W' boson must be
produced in the LLL. The physical expectation dictated by
the dispersion relation

nW:kW_SAWZO

> (-1)=Ap=0= Ay =-1 (45)
is strictly confirmed by the constructed tensor formalism.
Consequently, obtaining Ay = —1 corroborates that the
boson occupies the LLL assuming the single allowed
polarization state, as detailed in Appendix A.

In summary, in this section, we have analyzed the
particular case of the ud — W™ vertex. For this scenario,
we imposed the initial conditions whereby the u and d
quarks occupy the LLL with their spins aligned with the
magnetic field. As a result of our theoretical framework, we
demonstrated that the generated W' boson must neces-
sarily occupy the LLL and possess a spin projection aligned
with the background field [see Eq. (A7)]. This conclusion
perfectly corroborates the physical expectations, given that
¢ = 1 is the only permitted polarization state for the boson
in its lowest Landau level.

IV. GENERAL STRUCTURE OF THE LOWEST-
ORDER QUARK-ANTIQUARK-W-BOSON
VERTEX IN THE PRESENCE OF
A MAGNETIC FIELD

In this section, we develop a general framework appli-
cable to a process of the form f,f, — W* for arbitrary
Landau levels. To this end, we proceed directly from the
general vertex equation (18) and, analogous to the previous
procedure, separate our analysis into two components: the
tensor structure and the spatial integration. As a result, we
determine not only the allowed polarization states for the
boson but also the allowed oscillator indices accessible to
the generated W*, given the constraints imposed by the
initial conditions of the fermion and antifermion indices, 7,
and n,, respectively.

A. Tensor structure

Regarding the tensor structure, which establishes the
selection rules arising from the chosen spin projections of
fermion 1 and antifermion 2, the solution is strictly
identical to the one developed in Sec. III A. This equiv-
alence is due to the fact that, in the derivation of this
component, no approximations or simplifications restricted
to the LLL were required.

Therefore, we simply rewrite the result obtained in
Eq. (24) by performing the substitutions u# — f; and
d = f,. Thus, the generalized expression for the tensor

part is given by

Tty — V_g, (60,/1“,52[,127/.1/ =+ 5—1“,.115/1,,—,127;11)

1-= 5
x Th %quer*w. (46)

B. Space-time structure

Having established the tensor structure, we now proceed
to derive the general expression for the spatial part of the
transition amplitude. This allows us to determine the
selection rules governing the production of a charged W
boson from fermions occupying arbitrary Landau levels. As
demonstrated below, these rules imply that the Landau level
of the W boson cannot be arbitrary but is restricted to a
finite interval determined by the combined Landau levels of
the initial fermions. We emphasize that, as in the particular
case discussed in Sec. III, the integral is gauge invariant
owing to the transformation properties of the spatial
functions given in Eq. (26). Adopting LG2 once again,
the analysis of the spatial contribution in its most general
form begins with the integral

I = ananNnW5023(pl +p2 _qW) X /dxanananwv
(47)

where Jp3; has been defined in Eq. (39). We focus
our attention on the only remaining integral, which we
denote as

Ip= / dx'D,, (01)Dy, (02) Do (90)

=N (ny,ny,ny) x /dx' exp {—% B;(x! —xci)z]

i=12,W

xH, (pl/\@) H, (ﬂz/ﬁ) H,, pw/f2>’ (48)

where the explicit form of p; was introduced in Sec. IIT A.
Additionally, Eq. (48) introduces the definition
N(ny,ny, ny) = 2‘”712‘"722‘”TW, while the orbit center coor-
dinates x., remain identical to those defined in the previous
section.

We now analyze the sum in the argument of the
exponential, given that we are dealing with s; = +.
After a bit of straightforward algebra, it can be shown that

Z B;(x' —x.)? =2By[x' =X ]* + A,
i=12.W

(49)

where the term A represents a contribution independent of
the integration variable similar to the one appearing
in Eq. (33).
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The term X, in turn, emerges from the argument of the
quadratic term involving the x! variable. This factor acts as
a spatial coordinate shift, analogous to the orbit center
displacements observed within the arguments of the
Hermite polynomials. We define it as

(lecl + B2xcz + BW'XCW)

X =
¢ (B, + B, + By)

(50)

The entire procedure is carried out in a manner analogous
to the previous section. However, here we make the formal-
ism explicit for an arbitrary choice of signs. By applying this
expansion to the integral, Eq. (48) takes the form

Ip = Ne‘é/dxle‘BW("l_X“)an. (\/B—l(xl —Xc,))
x H,, (VB = x0) ) H, (VBW(X' = xo,)).

(51)

The crucial aspect at this stage is that generating a W+
boson strictly requires s; = s, = sy = £1. Given this
condition imposed on the charges, the signs will be
identical for all particles, allowing this factor to be absorbed
into the notation used to define the shift of the orbit center.
This means in particular that ® = A. A direct consequence
of this argument is that momentum conservation along the
x? direction will always be satisfied. Therefore, we can
express the shift X. simply as

B B])CC] —+ Bzxc2 + BWxCW
< 2By,
_ BWxCW —|— BWxCW .
2By ew:

_ Pit+pi+Bux,,
2By

2By

‘w

(52)

Thus, the argument of the exponential becomes identical to
that of the boson’s Hermite polynomial, which significantly
facilitates the visualization of the previous case solution in
a more general form. Following the same procedure, we
apply the following change of variables:

y = /By(x! ) = dy = \/Bydx';

Y
X = \/T__W. + .XCW, (53)
which transforms the integral into
dy 2
Ip = N(ny,nyny)e™? e
VBw

Since the terms accompanying the new variable in the
argument of the Hermite polynomials are constant, we can
simplify the notation by defining these terms as

B
L and b

3, i = V/Bilxe, = %) (53)

This allows the integral to assume a visually simplified form

a; =

h= / dy e H, (ayy + b))H,,(a2y + by)H, ().
(56)

To proceed toward the final solution of this integral, we
must recall that the product of two polynomials yields a
polynomial with a degree equal to the sum of their
individual highest degrees. Thus, the product of two
Hermite polynomials of degrees n; and n, will result in
a polynomial of degree n; + n,,

Plutn)(y)y = H, (ayy + by)H,, (ayy + by).  (57)

By expanding this polynomial in the complete basis of
Hermite polynomials with argument y, the representation
for this product is given by

ny+ny

z CmHm (58)

nl +nz

where the coefficient C,, must be a composition of the
constants a;, a,, by, and b,.

By substituting this expansion into the integral, we
obtain a structure closely resembling that of Eq. (36), with
the sole distinction that one of the Hermite polynomials is
no longer restricted to a specific oscillation index value.
Hence, we have

Il dye 2 CmHm(y)HnW(y)

w0y
1 ny+ny

= o= Z C,, /dy e H,(y)H,, ()

n1+n2
Z sz W”W'ﬁm N ) (59)
\/ BW v

The physical interpretation of this result establishes that,
given the initial conditions for n; and n,, the generated
charged W boson can occupy an oscillator index within the
range ny € {0, 1, ..., n; + n,}. This is in perfect agreement
with the particular case addressed in Sec. III, where the
restriction to the lowest oscillator index (n; = n, = 0),
coming from choosing the LLLs, resulted in a vanishing
sum, thereby restricting the W™ boson solely to the
ny =0 state. Furthermore, the coefficients C,, =
C,.(ay,ay, by, b,), which inherently depend on the charges
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and momenta of the initial particles, act as weight factors.
They determine the magnitude of each contribution to the
generated vertex and, consequently, dictate which of these
possible transitions is the most probable to occur.

The final step in this construction consists simply of
assembling all the derived objects, combining both the
tensor and spatial parts, and writing out all defined terms
explicitly. The resulting general expression for the inter-
action vertex of two fermions generating a W boson,
whether positively or negatively charged, is given by

V= Vf f Z T}L].ﬂz.ﬂ.w (477:B1)l/4 (47Z'B2)]/4
ll’lﬁhirﬁw \/ETT \/EET

X (4nByw)" 45003 (p1 + P2 — QW)2_712_72

_e T f o ny
X e3, /% > (cmzz N

m=0

(60)

It should be noted that, although V' depends on the orbit
centers x., and x., (and therefore on the quantum number
g* of the corresponding particles) appearing in ® and C,,
such dependence should disappear when this matrix element
is used to evaluate a physical process. An example of this
can be found in Refs. [36,37] where the matrix elements
describing the weak decay of charged pions are evaluated
and used to determine the corresponding decay width.

V. SPECIFIC RESULTS FOR SOME OF THE NEXT-
TO-LOWEST LANDAU-LEVEL TRANSITIONS

Having established the procedure to generalize the
selection rules for any process involving two fermions
generating a W* boson, we can now test the obtained
results through specific examples. Our primary interest lies
in demonstrating the possible selection rules for the
interaction vertex involving the next-to-lowest Landau
levels. To this end, we first describe how the coefficients
C,, must be expressed for these states. We employ the
particular case addressed in Sec. III to gather these terms.
Subsequently, once the C,, coefficients are obtained, we
analyze the tensor structure on a case-by-case basis for
these Landau levels. The objective is to explicitly reveal the
allowed configurations dictated by the selection rules
established in Sec. IV for the more general process
involving the quark u and the antiquark d.

A. The C,, coefficients for the next-to-lowest Landau
levels of the u d — W* process

First, we exemplify transitions involving the next Landau
levels for the initial particles generating the boson. To
maintain the logical framework established in Sec. III, we
focus our example on the specific ud — W™ process, once
again assuming that the initial fermions have their spins
aligned with the background magnetic field.

This implies that the tensor structure remains exactly the
same as previously obtained, regardless of the Landau level
occupied by the initial particles. In other words, the generated
W boson has a definite spin projection along the magnetic
field. This does not imply that its polarization vector is parallel
to the field; rather, the corresponding circular polarization
vector lies in the transverse plane and carries a definite spin
projection along the field direction. Consequently, for the
following examples, we consider s, = s; = sy = +1, along
with 4, = +1, A3 = -1, and Ay = —1. Thus, we only
specify the Landau level of each initial particle to explicitly
determine the form of the coefficients C,,, since the permis-
sible states for the boson are already dictated by the oscillator
index selection rule, Eq. (58).

(1) Choosing k, =1 and k; = 0: The choices k, = 1
and k; = 0 yield the oscillator indices n, = 1 and
ny = 0, which restrict the generated boson to the
range 0 < ny < 1, in accordance with the selection
rules derived in Eq. (59). Thus, employing Eq. (57),
we obtain

H(a\y + by)Hy(ary + by) = CoHy(y) + C1H,(y)
(61)

which, using the explicit form of the Hermite
polynomials, implies

2a1y—|—2b1 = C0+2C1y (62)

Comparing the order of each polynomial term, we
find that for this first excited oscillator index
configuration, the coefficients C,, present in the
sum of Eq. (60) are explicitly given by

Cl =dap,

(2) Choosing k, =0 and k; = 1: The procedure and
logic of this second scenario are identical to those of
the previous case, and the allowed Landau levels for
the production of the W+ boson remain unchanged.
The only difference is that the first excited state now
corresponds to the d antiquark, which exclusively
affects the functional form of the coefficients. To
make the algebraic development explicit, the poly-
nomial equality reads

Consequently, the coefficients corresponding to the
n, =0 and ny; = 1 case are given by

Cl = ay,
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(3) Choosing k, =1 and k; = 1: In this final case, the
selection rules governing the allowed Landau levels
for the generated boson are modified. Since both the u
quark and the d antiquark now occupy the first excited
oscillator index value (n, = n; = 1), the selection
rule establishes that the W+ boson can be generated in
the states ny € {0, 1,2}. Consequently, the sum in
Eq. (60) now runs from O to 2, resulting in three
independent C,, coefficients. Employing Eq. (57) once
again, we obtain the following polynomial equality:

Hy(a\y +by)H(axy + by) = CoHy(y) + C H,(y)
+ CoH,(y). (66)

Applying the same procedure as before we determine
that the coefficients for this excited state configuration

are given by
G, = ajay,
Cy =2(axb, + arby),
CO = 4b1b2 + 2a1a2. (67)

B. Tensor structure for the next-to-lowest Landau levels

Now that we have derived the explicit forms of the C,,
coefficients for the next-to-lowest Landau levels in the
previous subsection, our objective is to present all
possible interaction vertices permitted by the selection
rules established in this paper. For these examples, we
will specify only the initial Landau levels and system-
atically investigate all allowed configurations for the
vertex described by process ud — W*. Since we do
not impose fixed initial spin projections, the tensor
structure yields four possibilities.

First, let us analyze the configurations that yield a
longitudinal polarization, that is, those leading to the
selection rule Ay = 0. In this scenario, there are two
possible choices: 4, =4; = +1 and 4, = 1; = —1.

Note that the choice 1, = A7 = +1 yields the following
tensor structure:

_ 1 - 75) U
T+1,+1,ﬂw — 5O.ﬂw U—QZ},”,L/FJr( > uQI €QW‘ (68)

By performing the summation over the Ay indices in
Eq. (60), we find that, for 1; = 1, = +1, the Kronecker
0 1in Eq. (68) selects 1y, = 0. Here Ayy labels the Ritus tensor
sector: Ay = 0 corresponds to the longitudinal (0, 3)
subspace defined relative to the magnetic field direction,
whereas Ay = +1 correspond to the transverse (1, 2) sector.
We emphasize that Ay, = 0,+£1 labels the tensor compo-
nents entering the Ritus representation, whereas ¢ = 1, 2, 3
labels the polarization vectors. The correspondence

between them follows from projecting the polarization
vectors onto the longitudinal and transverse tensor sectors.

Conversely, for the choice 4, =13 = —1, the tensor
structure takes the form

1= 5
T = gy, @—QZY\\,DF_T},)”QI Gy (69)
This final case is analogous to the first one, as it also results
in the longitudinal polarization for the generated W boson,
thereby following all the discussions and constraints
previously established in the first scenario.

The remaining two cases correspond to the transverse
polarizations, namely, the second term in the parentheses of
Eq. (24) which dictates the selection rule 5, , = +1. In this
scenario, there are two possible combinations of 4, and 4;
that prevent the term from vanishing: (+,—) or (—, +).

By choosing the configuration 4, = +1 and 4; = -1,
the tensor structure reduces to

(1-7)

=14y _ = +
T V=041 | V-0, 71 >

qu elgw. (70)

Once again, performing the summation over the Ay, indices
in Eq. (60), we find that, for the case where 4; = 41 and

A, = —1, we obtain a transverse projection for the gen-
erated W boson.

Conversely, for the opposite configuration (4, = —1 and
A7 = +1), the tensor structure takes the form

(1-7°) e

LAy — 5—ﬂw~—1 T)_QZVJ_‘,,F_ ) Ug, |€g,- (71)

In this scenario, the surviving term from the summation
over the Ay indices will also correspond to a transverse
projection for the generated W boson. However, in this
case, we obtain Ay = +1, which, in the special case
(ud — W), represents the other transverse polarization.

With this, we have covered all possible combinations
arising from the initial spin projection choices for the
annihilating quark « and antiquark d. However, it is crucial
to emphasize a particular detail regarding our notation: the
particle and antiparticle follow distinct projection rules, a
direct consequence of the definitions established in Eq. (5).
As previously illustrated in the LLL analysis for the ud
quark-antiquark pair, to obtain the expected projection in the
lowest oscillator index value (both aligned with the back-
ground field, since they share the same charge sign,
0,,0; >0), we had to select 4, =41 and i; = —1.
This implies that, for an antiparticle to project its spin in
the same direction as a particle, we must adopt the opposite
sign for the antiparticle’s A index. This equivalence also holds
true if we seek a spin state antialigned with the magnetic field.
While antialigning the particle spin requires choosing
A, = —1, achieving this exact same physical configuration
for the antiparticle will result in selecting A7 = +1.
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C. Vertex results for some of the next-to-lowest
Landau levels

Having established the tensor structure and the explicit
form of the C,, coefficients for the next-to-lowest Landau
levels, we now construct the allowed interaction vertices for
each of the examples previously listed in this section. It is
worth recalling that we are generalizing the analysis of
Sec. III to scenarios in which we do not fix the initial spin
projections of the quark-antiquark pair generating the W+
boson. Here, we solely specify the Landau levels occupied
by these initial particles. For convenience, we introduce the
following shorthand notation:

= VeV ) n) [t (2)
w
where © has been defined in Eq. (33).

(1) Choosing k, =1 and k; = 0: As demonstrated for
this scenario, the possible oscillator indices for the
generated W boson are ny, = 0 and ny, = 1, which
correspond to the Landau levels ky = —1 and
kw = 0, respectively. Consequently, the only allowed
vertex combinations will be those whose tensor
structures yield physically accessible polarization
states for the W boson at these specific levels.

If we consider the boson generated in the LLL

(and consequently ny = 0), the only permitted
polarization state corresponds to ¢ = 1. Thus, the

|

Ay = 4,43 = —and by = =] = V = fa; p3(p1 + p2 — qw) [E—QJVJ_.DF+

[hy = %, 13 = =+ and Ay = 0]

_ (
=V = fa, 83 (p1 + P2 — qw) | g, 7 T*

single possible interaction vertex is expressed by

V = V2pb, Soo3(P1 + P2 — qw)

(1—75)M

X Ij-Qﬂ/lJJF+ 2 Qu

xey (=1,¢°c=1). (73)

On the other hand, for the oscillator index ny, = 1,
the polarization ¢ = 1 remains accessible, and ¢ = 2
also becomes permitted, as can be seen in Eq. (AS5).
The latter allows for two distinct configurations,
given that both Egs. (68) and (69) yield a longitudinal
projection Ay, = 0.

An interesting point to highlight at this stage is that,
by observing Eq. (AS5), one can notice that for
kw =0, the polarization vector ¢ =1 does not
exhibit vanishing parallel components. That is, when
analyzing the Ay = 0 case, the polarization vector
¢ = 1 should also be a possible choice, alongside the
vector ¢ = 2. Meanwhile, for 1y, = —1, the only
choice will be ¢ =1, since the other permitted
polarization vector (¢ = 2) belongs purely to what
we refer to in this text as the longitudinal sector.

Consequently, all possible interaction vertices for
this oscillator index are given by

(1-7°)
2

ug, |€5,(0,4%, ¢ =1) (74)

)“Q,4]€3W(1’q3,0), with ¢ =1,2. (75)

@)

Choosing k, = 0 and k; = 1: For this second scenario, the underlying reasoning remains unchanged. Given that the
sum of the oscillator indices is n, + n; = 1, the accessible Landau levels and the respective permitted polarizations
for the W+ boson are strictly the same as in the previous case. The only distinction between the scenarios lies in the
functional form of the C,, coefficients, established in the preceding subsection. Therefore, the four allowed
interaction vertices are given by the following:

For ny =0,
_ 1-p° i
A=+ Jg=—and dy =] > V= \/Eﬁbz S023(P1 + P2 — qw) {U—th,yr+ ( 2 )MQ“] €”QW(—1»6]3’ c=1).
(76)
For ny =1,
- + (1 - yS) Uk 3
[ =+, =—and Ay = =] >V = fa, 6p23(p1 + P2 — qw) U_g,r1. > Ug, €0, 0,¢°,c=1), (77)

(1-9)
2

A, =+, 43=+and by =0] > V = fa, Sp3(p1 + P2 — qw) {E_Qdy_yl“i ”‘Qu] €5, (0, ¢*.c),with ¢=1,2.

(78)
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(3) Choosing k, =1 and k; = 1: In this final case, the
selection rule dictates that the W™ boson is restricted
to the Landau levels ky = —1, 0, 1, which corre-
spond to the oscillator indices ny = 0, 1, 2. To avoid
a proliferation of equations, since all possible
combinations would yield eight distinct interaction
vertices, we note that the structures for the oscillator
indices ny =0 and ny =1 remain identical to
those obtained in the previous scenarios. The only
modification lies in the form of the C,, coefficients
present in each term. The required substitution is

CO = 2b1 or 2b2 e 4b1b2 + 2611612,

Cl = a, or a, — Z(Clzb] + Cl]bz). (79)

Thus, for this scenario, the first four vertices assume
identical forms to those in Egs. (76)—(78), requiring

A = £, = £ and Ay = 0] > V = fa,a,6003(p1 + P2 — qw) [@—Qm,yri (

with ¢=1,2,3.

[/114 =4,4;=F and Ay = :F] =V = payabp3(p1 + P2 — qw) {@—th,yri

with ¢ =1,3.

D. A brief analysis of the di — W~ process

For the production of a W~ boson from the annihilation
of the du quark-antiquark, the procedure follows exactly
the same line of reasoning employed throughout this
section. To determine the selection rules, we employ
Eq. (60) and maintain the exact same structure for the
C,, coefficients, requiring only the substitution of the
appropriate definitions when using Eq. (55).

The most crucial aspect of this procedure is verifying
the 1, and A; indices in the LLL. Since we now have
Q4,0 <0, theory dictates that, in the ground Landau
state, the spins will be antialigned with the background
magnetic field. This implies that we will have 1, = —1
and A; = +1, as discussed at the end of Sec. VB. It is
known that, in the LLL, the only permitted polarization
vector for the boson must be the one mentioned in
Eq. (A6), and for the W~ case, this polarization must
correspond to antialignment with the magnetic field.
Observing the Ay value generated in this configuration
by the selection rules established in this work, we obtain
Aw =+1. Therefore, unlike the W+ case, where 1y = —1
was allowed from the lowest level ky > —1, this
projection will now have an associated polarization
vector only from ky > 1. Thus, if one is interested in

only the substitution introduced in Eq. (79) and the
inclusion of an overall factor of 27! for the vertex
with ny, = 0 and a factor of 27!/2 when ny, = 1.

It remains for us, therefore, to write down the
final four interaction vertices associated with the
highest allowed oscillator index for this scenario,
ny = 2. This state is particularly interesting be-
cause it corresponds to the Landau level ky =1
for the W boson. Consequently, all polarization
vectors become accessible, thereby exposing all
permitted tensor structures for the vertex. For
higher Landau levels, the structure governing the
underlying physics of the interaction will remain
strictly the same, experiencing only modifications
to the C,, coefficients. Therefore, we conclude that
the remaining possible vertices for this configura-
tion take the form

1-7) e
7 ”Qu] eQW(l,q3’c),

(80)

(1-7)

vo, |6, (1..)

(81)

deriving the possible vertices for the diz — W~ process,
a careful analysis will be required to establish the correct
interpretation of the polarizations in this particular
scenario.

Overall, these explicit evaluations provide a quantitative
characterization of how the magnetic field affects the
quark-antiquark-W vertex. Rather than producing a global
rescaling of the weak coupling, the field modifies the vertex
through Landau-level overlap factors and the coefficients
C,,, which determine the relative weights of the various
allowed transitions. This effect becomes particularly evi-
dent in the strong-field regime, where the lowest Landau
levels dominate. For n; = n, =0, the selection rules
restrict the produced W+ to the ny = 0 state and a single
polarization state, thereby suppressing all other Landau-
level and polarization channels. As higher initial Landau
levels become populated, additional W-boson states
become accessible, with 0 <ny <n; +n,, and their
relative contributions strictly governed by the correspond-
ing C,, coefficients. Therefore, the main physical effect of
the magnetic field on the vertex is not merely an alteration
of its overall magnitude, but rather a reorganization of the
Landau-level and polarization content of the produced W+
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states, which may ultimately be reflected in the kinematic
distributions of their decay products.

VI. SUMMARY AND CONCLUSIONS

In this work, we have derived the selection rules and
the explicit structure of the lowest-order interaction vertex
between a quark, an antiquark, and charged W* bosons
in the presence of an external magnetic field. By
employing the Ritus eigenfunction method, we expanded
the fermion and vector boson fields into Landau levels,
which intrinsically account for the anisotropic dynamics
induced by the background field. Our analysis of the
space-time and tensor structures revealed strict physical
constraints on the allowed states of the generated
W boson.

For the simplest configuration, where the initial quark
and antiquark occupy the LLL with their spins aligned
with the magnetic field, the selection rules dictate that
the produced W boson must also occupy its respective
LLL (and consequently ny = 0) and strictly adopt a
transverse polarization aligned with the external field.
We subsequently generalized this formalism to arbitrary
initial oscillator indices, n; and n,. From the spatial
overlap of the corresponding Hermite polynomials, we
demonstrated that the allowed oscillator indices for the
W boson are restricted to a finite range given
by 0 < ny <ny+ ny.

To validate our framework, we explicitly computed the
C,, weight coefficients for the next-to-lowest Landau-level
transitions and detailed the resulting polarization states.
Finally, a brief analysis of the di — W~ process high-
lighted that, due to the negative charges of the initial
particles, the spin antialignment with the magnetic field in
the LLL reverses the respective longitudinal and transverse
polarization projections compared to the W' case. These
findings provide a solid theoretical foundation for future
rigorous calculations of electroweak processes in strongly
magnetized environments.
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APPENDIX A: POLARIZATION
SELECTION RULES

To fully describe the W boson, one must choose a
complete polarization vector set eg,(k,q>, c), with ¢
being the index denoting the polarization state, as
mentioned in Sec. II. For k > 1 there are three linearly
independent vectors that satisfy the transversality con-
dition [32]

H”(k,q)*’ , GQ’”U{, q3,C) = 0, (Al)
q

=Ey

where

¥ (k, q)) = (QOJ\/W(\/F—\/E),
—swv/Buw2(VE+T+k).¢*)  (A2)

is a four-vector that, in some cases, plays a role
equivalent to the one played by the four-momentum
vector for B =0. A convenient choice of polarization
vectors that fulfill Eq. (Al) for k> 1 is

M (Ey,0,0,q%) +m3 (0, 1,isy,0)],

*

IT
+ ’ q3> + m%L(()? 17 _iSW, 0) ’

: (43)
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where we have used the definitions

m, = \/m%V—I—(Zk—i—l)BW,

myy = \/my, + kBy,

H:t = —Hl(k, qH) + iSWHZ(k, qH) (A4)

For k = 0 only two independent nontrivial polarization
vectors can be constructed. An appropriate choice of

polarization vectors is

1 1

€0.4°.1) = V2m my, (EwILy.m3 . isym?, ¢’I1,)
1
€5(0.4°.2) = m_L(rf,O, 0, Ey), (AS)

where m, ,m,, ,I1, and Ey are understood to be evaluated
at k= 0.

In the case of the LLL, for k = —1, one has that
RO (x,g) o« Y2,. In this case, only one nontrivial
polarization vector can be defined, a convenient choice
of such polarization vector is

1 .
€;IQ<—1,q3,1) :E(O,I,ISW,O). (A6)
As in the case of e”Q(O q*,2), it is easy to see that this
vector has a definite spin projection in the direction of the

magnetic field. Indeed, one has

Seq,(—1.4%. 1) = swep(=1.4°. 1), (A7)

see Eq. (C17) of Ref. [32].

APPENDIX B: GENERAL FORM OF THE
COEFFICIENTS OF THE EXPANSION OF
HERMITE POLYNOMIALS

To obtain the coefficients mentioned in Sec. IV B, a
general solution for the integral in Eq. (56) is required.
Such integral can be rewritten as

1 ny ny
= \/T_W Z Z Ky (ny,m)Ky(ny, my)
my=0 m,=0

x / dy e H,, (a1y)H, (a29)Hyy (). (BI)

I

where the known result [38]

“~ (2b)"""n!
H b) = - —H B2
(a4 p) = > @) (B2)
has been used and the definition
2b;)iMip.
/Ci(”i» mi) = (l)—nl (B3)

m,-!(n,- - m,)'

with i = {1,2} has been implemented. Then, after using
the rescaling identity

15 —2m( 2

(2 - 1ym

i) o =1
m=0

Hn—2m(z)’ (B4)

m!(n —2m)!

the integral can be rewritten as

1 non
Iy = By Z Z Ki(ny.mp)Ky(ny, my)

my=0 m,=0
13 12
X Z Z Ri(my, r))Ra(my, r2)

r1=0r,=0

x / dye ™ H,, (DVHu,, ()H,, (), (B5)
where the definition

mi_zri 2_1 ri
Ri(m;, r;) = mi!a' (a )

ril(m; = 2r;)! (B6)

has been used. Finally, after using the known result [39]

/ dx e H () H,p (x)H (x)
AN 20\ mn\ /7

= (f+r2n—n) ! (erzn—f) | (n+g—m> 1

(B7)

when £ + m + n is even and the sum of any two of £, m, n
is not smaller than the third, this last condition can be
implemented as a product of Heaviside step functions so
that

(B8)

C(”h ny, nw),

A-
S

where
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C(ny.ny, ny) = H z Ki(n;.m;) ZRi(mi’ ri)20m=2nctma=2rtny)/2

i=1 m;=0 ri=0

(my = 2r)) ! (my = 2r)) Inyw /7

ny+m;—=2r;—(my,—2r,)

2

(m] =2r +mz—2r2—nw) ' <m2—2r2+nw—(m, -2r ))
5 !

X O(my —2r; +my —2ry — ny)0(my — 21y + ny — (my — 2r)))0(ny + my —2r; — (my — 2r,)).

Using this methodology, one can note that the relation

ny+ny

C(HI’HZ’HW) = Z sznTW\/EnW!ém,nW (BlO)
m=0

holds after evaluating the coefficient. We recall that C,, has
been introduced in Eq. (58).

It is straightforward to see that evaluating the lowest
Landau level (k; = 0 = k,) and the next-to-lowest Landau
levels (k; =0,k, =1 & k; =0, k, = 1) in Eq. (B9) gives
the same results as the ones discussed in Sec. V. This is
shown in the next subsection.

1. Expansion coefficients of Hermite polynomials for the
LLL and next to LLL

For the LLL, the choices k; = 0 = k, are made and
imply that n; = O for1; = 1 and n, = 0 for A, = —1. Then,
|

nstal))

(B9)

|
the coefficient is evaluated in n; = 0 = n,. The selection
rules dictated by the Heaviside step functions indicate that
also ny = 0 so that the corresponding coefficient for the
LLL configuration is

C(0,0,0) = /7. (B11)

For the next to LLL, in particular, the configuration
choice of k; = 0 and k, = 1 implies that n; = 0 for 4, = 1,
and n, = {0, 1} if 1, = {1, -1}, respectively. Then, the
corresponding coefficients for such combinations are
evaluated in ny =0, n, =0 and n; =0, n, = 1. The
selection rules indicated by the Heaviside step functions
for each case can be found by evaluating the following:

= ky = {-1.0}.

Then, for the longitudinal component, one obtains a
coefficient

C(0,0,0) = /7.

For the transverse component, one obtains the coeffi-
cients

(B13)

C(0,1,0) = 2\/zb,.

C(0,1,1) = V2za,. (B14)

(B12)

Likewise, for the configuration k; = 1, k, = O the relevant
coefficients are

C(0,0,0) = /7.
C(1,0,0) = 2/7b,.

C(1,0,1) = V27a,. (B15)
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