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We compute the leading order modification to the quark–antiquark–W-boson vertex in the presence of a
constant and uniform magnetic field, specifically for the case where the quark and antiquark are the u and d̄,
respectively. We find the selection rules for transitions where the u, d̄, and W boson occupy arbitrary
Landau levels. We show that, for the particular case where the initial particles each occupy the lowest
Landau level, theWþ is also produced in the lowest Landau level with a single polarization aligned with the
magnetic field. We also illustrate the general findings by computing the case of transitions between low-
lying Landau levels and show the correspondence between the polarization vectors for theW boson and the
polarization states for the quark and the antiquark.
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I. INTRODUCTION

In recent years, a great deal of attention has been devoted
to understanding how magnetic fields modify particle
properties. In particular, it has been shown that particle
masses and interaction strengths become field dependent,
evolving with the magnetic field intensity [1–27]. The
presence of an external magnetic field profoundly modifies
the symmetry properties of a relativistic quantum field
theory. By selecting a preferred spatial direction, the
magnetic field explicitly breaks the isotropy of space
and reduces the original Lorentz symmetry to the subgroup
that preserves the field orientation. The external magnetic
field also explicitly breaks those discrete symmetries that
reverse the direction of the magnetic field, such as charge

conjugation and time reversal individually, while preserv-
ing their appropriate combinations (e.g., CP) and naturally
separates the four-dimensional space-time into longitudinal
and transverse subspaces with respect to the magnetic field.
Consequently, any Lorentz-covariant object, including
propagators, self-energies, polarization tensors, vertex
functions, and other scalar, vector, or tensor operators,
must be decomposed into independent structures associated
with these two sectors. Such a decomposition reflects the
anisotropic dynamics induced by the background field and
has important consequences for the properties of elemen-
tary excitations. In particular, this separation appears
already at the classical level in the fermion-photon
(quark-gluon) interaction, whose vertex acquires indepen-
dent longitudinal and transverse components in the pres-
ence of the external field [28]. In the context of relativistic
heavy-ion collisions, this anisotropy can lead to specific
patterns for the decay of heavy resonances produced in the
early stages of the reaction, providing a possible exper-
imental handle to infer the strength of the magnetic
field [29].
The already rich structure of the coupling between

fermions and a neutral gauge-boson in the presence of a
background magnetic field can be expected to become even
richer when the neutral gauge-boson is replaced by a
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charged one such as the standard model W�. For instance,
it has been shown that the W� boson leptonic decay rate in
a strong magnetic field is modified with respect to its
vacuum value [30]. The external field wave functions
correspond to solutions of the equations of motion for
the charged particles in the background field. In this
calculation, these wave functions retain their polarization
labels, but the calculation does not resolve the decay
probability into separate channels defined by polarization
relative to the external field.
Recall that the description of charged particles in

external magnetic fields requires a proper treatment
of Schwinger phases and magnetic translations. In
Refs. [31,32] a consistent formalism in which charged
mesons are expanded in Landau (Ritus) eigenfunctions
allows the meson polarization operator to be diagonalized
in Landau-level space, leading to a gauge-invariant deter-
mination of the charged meson spectrum. In addition, the
propagator properties of charged-vector bosons in the
presence of external electromagnetic fields have also
received considerable attention over the years.
Reference [33] summarizes the findings for the proper-
time description of the charged W-boson propagator in a
constant magnetic field, providing gauge-covariant expres-
sions that have served as the basis for numerous studies of
electroweak processes in magnetized media, including
neutrino propagation and weak interactions in astrophysical
environments. More recently, Ref. [34] generalized this
formalism by deriving the propagator in arbitrary covariant
gauges and clarifying its momentum-space and Landau-
level representations. Building upon these developments,
Ref. [35] reformulated the charged-vector propagator
within the Ritus eigenfunction method, constructing the
complete set of spin-1 eigenfunctions in a magnetic field
and establishing a Lehmann Symanzik Zimmermann
reduction formalism for external charged-vector bosons.
These works have laid the theoretical foundations for a
consistent description of charged W bosons in external
magnetic fields; however, the magnetic field dependence of
the elementary Wqq̄0 interaction vertex itself has not yet
been investigated. In this work, we undertake this calcu-
lation, finding the selection rules for the lowest-order
magnetic field modifications of the vertex coupling W�
bosons with q̄q0 quarks. The remainder of this paper is
organized as follows. In Sec. II, we introduce the process
under consideration, review the structure of the interacting
fields in the presence of a magnetic field, and establish the
formalism required to construct the interaction vertex. In
Sec. III, we focus on the process (ud̄ → Wþ) with both the
quark and antiquark occupying the lowest Landau level
(LLL) and their spins aligned with the magnetic field. This
simplest configuration allows us to derive the first selection
rules and elucidate their physical origin. In Sec. IV, we
extend the analysis to arbitrary fermion Landau levels. We
first examine the tensor structure of the interaction, from

which the spin and polarization selection rules naturally
emerge, and then analyze the spatial contribution to
determine the allowed Landau levels of the produced W
boson as a function of the Landau levels of the initial
fermion and antifermion. In Sec. V, we derive explicit
expressions for the coefficients arising from the spatial
overlap integral of three Hermite polynomials, with par-
ticular emphasis on the next-to-lowest Landau levels. These
results are subsequently used to determine the correspond-
ing selection rules and discuss their physical implications.
Finally, Appendix A summarizes the description of the
W-boson polarization states in a magnetic field based
on the formalism developed in Refs. [32,34,35]. As an
independent validation of our theoretical framework,
Appendix B presents an alternative derivation of the spatial
contribution governing the Landau-level selection rules and
applies this approach to the next-to-lowest Landau-level
examples discussed in the main text.
An interesting potential application of the present results

concerns the use of charged weak bosons as probes of the
intense magnetic fields produced during the early stages of
relativistic heavy-ion collisions. Because of their large
mass, W� bosons are predominantly produced in hard
processes occurring at the earliest stages of the collision,
when the magnetic field is expected to be strongest, making
them particularly suitable probes of the preequilibrium
magnetic environment. In this respect, W� bosons may
provide information complementary to, and potentially
richer than that obtained from neutral electroweak probes
such as the Z0, since not only their production vertex but
also the chargedW� states themselves are directly affected
by the external magnetic field. The Landau-level and
polarization selection rules derived here can therefore be
expected to leave an imprint on the kinematic and polari-
zation properties of the produced W�, which may sub-
sequently be transmitted to their leptonic decay products.
Experimentally, the W� → μ�ν channel is more challeng-
ing than dilepton channels associated with neutral bosons
because it involves a single observed charged lepton
accompanied by missing transverse momentum carried
by the neutrino. Nevertheless, this experimental limitation
may be partly offset by the fact that the magnetic field is
expected to generate characteristic distortions of the
charged-lepton spectrum rather than merely an overall
modification of the event yield. In particular, distortions
of the transverse-momentum and angular distributions of
the emitted muons could retain information on the magni-
tude and orientation of the magnetic field present during the
preequilibrium stage of the collision. A quantitative deter-
mination of these distributions requires combining the
vertex structure obtained here with the subsequent propa-
gation and decay of theW� in the magnetized environment
and constitutes a natural phenomenological application of
the present framework. This is a work in progress and will
soon be reported elsewhere.
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II. QUARK, ANTIQUARK, AND W-BOSON WAVE
FUNCTIONS IN THE RITUS REPRESENTATION

We start our discussion by introducing the transition
amplitude (hereby referred to as the interaction vertex V)
that constitutes the central focus of this analysis. The
objective is to derive the selection rules for the transition
where a quark (hereby labeled as f) and an antiquark
(hereby labeled as f̄) annihilate to produce aW boson in the
final state. This is given by

V ¼ Vf1;f2

Z
d4xhWjΨ̄ðxÞγμ ð1 − γ5Þ

2
ΨðxÞWμðxÞjf1; f̄2i;

ð1Þ

where, to obtain the complete vertex structure, we insert the
Vf1;f2 factor, corresponding to the Cabibbo-Kobayashi-
Maskawa matrix element.
To facilitate the analytical developments and highlight

their physical implications, we review in the following
subsections the formalism describing charged particles in
the presence of a background magnetic field.

A. Fermion field in the Ritus representation

To perform the vertex calculations, we adopt the formal-
ism and notation established in Ref. [32]. Consequently, we
provide a brief overview of the relevant theoretical results to
be used. First, the fermion fields can be described as an
expansion in the Ritus basis as

ψfðxÞ ¼
XZ
fq̄Ef g

X
a¼1;2

1

2Ef

�
bfðq̆; aÞUfðx; q̄; aÞ

þ dfðq̆; aÞ†Vfðx; q̄; aÞ
�
; ð2Þ

where the form of the sum integral is determined by the
gauge choice. Here, we take B ¼ ð0; 0; BÞ and work in the
Landau gauge 2 (LG2) for which the electromagnetic field
is given by AμðxÞ ¼ ð0; 0; Bx1; 0Þ. Therefore, the explicit
form of the sum integral is given by

XZ
fq̄Ef g

≡X∞
k¼0

Z
dq0

2π

dq2

2π

dq3

2π
δðq0 − EfÞ: ð3Þ

We also introduce the notation

δq̄q̄0 ≡ ð2πÞ4δkk0δðq0 − q00Þδðq2 − q02Þδðq3 − q03Þ: ð4Þ

Furthermore, within this framework, we define the
momenta as q̄ ¼ ðq0; k; q2; q3Þ and q̆ ¼ ðk; q2; q3Þ.
Hereafter, k, k0 (and eventually kW) refer to the Landau
level occupied by the corresponding charged particle. In

addition, we introduce the effective magnetic parameter
Bf ¼ jQfBj and the sign function s ¼ sgnðQfBÞ, where
Qf represents the charge of the respective particle (or
antiparticle) under consideration. The momentum-space
spinors, Uf and Vf, introduced in Eq. (2), are given by

Ufðx; q̄; aÞ ¼ EQfðx; q̄ÞuQf
ðk; q3; aÞ;

Vfðx; q̄; aÞ ¼ Ẽ−Qfðx; q̄Þv−Qf
ðk; q3; aÞ; ð5Þ

where EQðx; q̄Þ and Ẽ−Qðx; q̄Þ denote the Ritus functions.
Their explicit representations take the form

EQðx; q̄Þ ¼
X
λ¼�

ΓλFQðx; q̄λÞ;

Ẽ−Qðx; q̄Þ ¼
X
λ¼�

ΓλF−Qðx; q̄−λÞ�; ð6Þ

In this framework, the spin projection operators are
introduced as Γλ ¼ ð1þ λS3Þ=2, where S3 ¼ iγ1γ2 acts
as the third component of the spin operator within the spin-
1=2 representation. Moreover, the modified momentum
variable is denoted by q̄λ ¼ ðq0; nfðk; s; λÞ; q2; q3Þ with the
Landau-level-dependent indices shifted according to the
relation nfðk; s; λÞ ¼ k − ð1 − λsÞ=2, where the index λ
always takes the values �. Hereafter nf, n0f (and eventually
nW) refer to the “oscillator index.” For particles with spin,
nf depends on the Landau-level index k, the sign of the
electric charge, and the spin or polarization projection.
Therefore, nf should not, in general, be identified with the
physical Landau-level index.
Continuing with the properties of the Ritus functions, the

spatial function F for the adopted gauge choice is
expressed as

FQðx; q̄Þ ¼ Nke−iðq
0x0−q2x2−q3x3ÞDkðρsÞ; ð7Þ

where the scaled coordinate is ρs ¼
ffiffiffiffiffiffiffiffiffi
2BQ

p ðx1 − sq2=BQÞ
and the normalization constant reads as Nk ¼ ð4πBQÞ1=4=ffiffiffiffi
k!

p
. The parabolic cylinder functions DkðxÞ present in the

above expressions are defined in terms of the Hermite
polynomials

DkðxÞ ¼ 2−k=2e−x
2=4Hkðx=

ffiffiffi
2

p
Þ; ð8Þ

following the standard convention where H−1ðxÞ ¼ 0.

B. W-boson field in the Ritus representation

To describe the charged spin-1 boson, we once again
adopt the notation established in Ref. [32]. Although the
aforementioned work develops the formalism specifically
for the ρ-meson, an identical framework can be directly
applied to theW boson, which is the object of interest here.
The boson field is given by the following expansion:
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WQ;μðxÞ ¼
XZ
fq̆EW g

X
c

1

2EW

�
aQWðq̆; cÞWμ

Qðx; q̄; cÞ

þ a−QW ðq̆; cÞ†Wμ
−Qðx; q̄; cÞ�

�
: ð9Þ

The definitions of the momenta q̄ and q̆ follow those
introduced for the fermion case, along with the effective
magnetic parameter BW ¼ jQWBj and the sign function
s ¼ sgnðQWBÞ. It is crucial to emphasize that, for a boson-
vector field interacting with a magnetic background, the
sum over the integer index k (associated with the Landau
levels) starts at k ¼ −1.
The wave functions Wμ

Qðx; q̄; cÞ in the above expansion
are factored as follows:

Wμ
Qðx; q̄; cÞ ¼ RQ;μνðx; q̄ÞϵQ;νðk; q3; cÞ; ð10Þ

where we have separated the spatial and momentum
dependence, contained within the tensor RQ;μν, from the
polarization vector ϵQ;νðk; q3; cÞ, with c being the index
denoting the polarization state. Due to the orthogonality
relation of these vectors, it is noteworthy that for the lowest
Landau level (k ¼ −1), there is only one possible polari-
zation. Hence, the index c exclusively takes the value
c ¼ 1; see Appendix A.
The spatial and tensorial part RQ;μν is expressed through

the sum

RQ;μνðx; q̄Þ ¼
X

λ¼−1;0;1
FQðx; q̄λÞϒμν

λ ; ð11Þ

where the modified momentum for the boson is defined as
q̄λ ¼ ðq0; nW; q2; q3Þ, where nW ≡ k − sλ. Notice that this
definition differs from the one used for the fermions.
Finally, the tensorsϒμν

λ , which project the field components
with respect to the background magnetic field, are explic-
itly given by

ϒμν
0 ¼ gμνk ; ϒμν

�1 ¼
1

2
ðgμν⊥ ∓ Sμν3 Þ; ð12Þ

with

Sμν3 ¼ iðδμ1δν2 − δμ2δ
ν
1Þ: ð13Þ

For the remaining definitions and mathematical struc-
tures required to complete the theoretical formulation of
each field in this notation, as well as for a comprehensive
discussion regarding its relation and modifications com-
pared to other formalisms in the literature, we refer the
reader to Ref. [32].

C. Formulation of the quark-antiquark-W vertex

Using the structures defined in the preceding sections and
starting from Eq. (1), we proceed to write the vertex
describing the annihilation of the two initial fermions
leading to the subsequent creation of a W boson in the
final state. For this purpose, we employ standard quantum
field theory techniques that include the boson and fermion
commutation relations. Notice that since the creation and
annihilation operators describe physical asymptotic states on
the mass shell, the spatial and momentum conserving δ
functions in these relations correspond exactly to the three-
dimensional on-shell projection of the full orthogonality
relation previously defined in Eq. (4). For practical purposes,
it is useful to define this three-dimensional projection as

δq̆q̆0 ≡ ð2πÞ3δkk0δðq2 − q02Þδðq3 − q03Þ; ð14Þ
such that δq̄q̄0 ¼ 2πδðq0 − q00Þδq̆q̆0 . The commutation and
anticommutation relations are then given, respectively, by

½aQWðq̆; cÞ; a�Q
W ðq̆0; c0Þ� ¼ ½aQWðq̆; cÞ†; a�Q

W ðq̆0; c0Þ†�
¼ ½aQWðq̆; cÞ; a−QW ðq̆0; c0Þ†� ¼ 0;

½aQWðq̆; cÞ; aQWðq̆0; c0Þ†� ¼ ½a−QW ðq̆; cÞ; a−QW ðq̆0; c0Þ†�
¼ 2EWδcc0δq̆q̆0 ; ð15Þ

and

fbfðq̆; aÞ; bfðq̆0; a0Þg ¼ fdfðq̆; aÞ; dfðq̆0; a0Þg ¼ 0;

fbfðq̆; aÞ; dfðq̆0; a0Þg ¼ fbfðq̆; aÞ; dfðq̆0; a0Þ†g ¼ 0;

fbfðq̆; aÞ; bfðq̆0; a0Þ†g ¼ fdfðq̆; aÞ; dfðq̆0; a0Þ†g
¼ 2Efδaa0δq̆q̆0 : ð16Þ

Using these relations and substituting the field expansions
provided in Eqs. (2) and (9), the vertex of interest can be
explicitly expressed as

V ¼ Vf1;f2

Z
d4xV̄f̄2γ

μ ð1 − γ5Þ
2

Uf1W
�
QW;μ

: ð17Þ

Thus, employing the definitions detailed in Secs. II A and
II B, we can establish the general form of the vertex by
separating it into a tensor part and a spatial part associated
with the d4x integration. The vertex is thus given by

V ¼ Vf1;f2

X
λ1;λ2¼�

X
λW¼−1;0;1

�
v̄−Q2

Γλ2γμ
ð1 − γ5Þ

2
Γλ1uQ1

�

×ϒ�
λW;μνϵ

ν�
QW

�Z
d4xF−Q2

FQ1
F �

QW

�
: ð18Þ

This element dictates the strength of the flavor-changing
transition between the quarks, mediated by the charged weak
interaction of the W boson.
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III. QUARK–ANTIQUARK–W-BOSON VERTEX IN
THE LOWEST LANDAU LEVEL

To extract physical information from the vertex, we
investigate a particular case of interest: the ud̄ → Wþ
process, imposing that both the initial quark and antiquark
occupy the LLL and consequently have their spins aligned
with the background magnetic field. Thus, employing
Eq. (18), the vertex for this particular case is expressed as

V ¼ Vu;d

X
λd̄;λu¼�

X
λW¼−1;0;1

�
v̄−Qd

Γλd̄γμ
ð1 − γ5Þ

2
ΓλuuQu

�

×ϒ�
λW;μνϵ

ν�
QW

�Z
d4xF−Qd

FQu
F �

QW

�
: ð19Þ

As previously stated in Sec. II, we can divide our
analysis into two distinct parts. First, the tensor structure
dictates how the initial spin configurations determine the
polarization state of the generated boson. Second, the

spatial part relates the chosen Landau levels of the initial
fermions to the constraints imposed on the Wþ boson.

A. Tensor structure for the quark–antiquark–W vertex

To verify our framework, we derive the selection rules
emerging from the tensor structure, which encapsulates the
entire dependence on the quark spin projections and the
boson polarization. We show that the selection rules
governing the spin projections and polarization are con-
tained within the first term of Eq. (19), which we denote as

τλuλd̄;λW ¼
�
v̄−Qd̄

Γλd̄

�
γμk þγμ⊥

�
Γλu

ð1−γ5Þ
2

uQu

�
×ϒ�

λW;μνϵ
ν�
QW

:

ð20Þ

The first step is to expand the spin projectors. This
produces the initial Kronecker δ’s of this structure. This
procedure is carried out as follows:

τλuλd̄;λW ¼
�
v̄−Qd

Γλd̄

�
γμk þ γμ⊥

�
Γλu

ð1 − γ5Þ
2

uQu

�
ϒ�

λW;μν
ϵν�QW

¼
�
v̄−Qd

�
γμkΓ

λd̄Γλu þ γμ⊥Γ−λd̄Γλu
� ð1 − γ5Þ

2
uQu

�
ϒ�

λW;μν
ϵν�QW

¼
�
v̄−Qd

�
γμkΓ

λuδλu;λd̄ þ γμ⊥Γλuδλu;−λd̄

� ð1 − γ5Þ
2

uQu

�
ϒ�

λW;μνϵ
ν�
QW

: ð21Þ

By introducing the tensor ϒ�
λW;μν into the parentheses, we perform a contraction over the index μ, which is restricted to

specific components due to the presence of the γk and γ⊥ matrices. Consequently, we must employ the definition of the
tensors given in Eqs. (12) and (13). For each term, we have the following relations:

γμkϒ
�
λW;μν ¼ γμkgμνδ0;λW ¼ γk;νδ0;λW ð22Þ

and

γμ⊥ϒ�
λW;μν

¼ γμ⊥ϒ−λW;μνð1 − δ0;λW Þ ¼ γ⊥;νΓ−λW ð1 − δ0;λW Þ; ð23Þ

where we used the property γμ⊥S3;μν ¼ −γ⊥;νS3. Furthermore, it is justifiable to use the term Γ−λW , as it is accompanied by a δ
that restricts the selection λW ¼ �1. Consequently, in this term, we will never encounter the λW ¼ 0 case, which would
invalidate the definition of the projector Γλ.
Returning to the results in Eq. (21), we obtain

τλu;λd̄;λW ¼
�
v̄−Qd

�
γk;νΓλuδ0;λWδλu;λd̄ þ γ⊥;νΓ−λWΓλuð1 − δ0;λW Þδλu;−λd̄

� ð1 − γ5Þ
2

uQu

�
ϵν�QW

¼
�
v̄−Qd

�
δλW;0δλu;λd̄γk;ν þ δ−λW;λuδλu;−λd̄γ⊥;ν

�
Γλu

ð1 − γ5Þ
2

uQu

�
ϵν�QW

: ð24Þ
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B. Space-time structure with the quark-antiquark
in the LLL

To derive the selection rules corresponding to the
allowed Landau levels for the production of the W boson
in the particular case of interest, we shall focus our analysis
on the spatial part of Eq. (19), which is given by the integral

I ¼
Z

d4xF−Qd
ðx; p̄2;−λd̄ÞFQu

ðx; p̄2;λuÞF �
QW

ðx; q̄λW Þ:

ð25Þ

Before applying the definitions introduced in Eq. (7),
into the above equation, it is useful to note that under a
gauge transformation ΛðxÞ the functions FQðx; q̄Þ trans-
form as

FQðx; q̄Þ → F̃Qðx; q̄Þ ¼ e−iQΛðxÞFQðx; q̄Þ: ð26Þ

Consequently, since electric charge conservation dictates
that Qu −Qd ¼ QW , the gauge phase factors exactly
cancel. Thus, the spatial part of the vertex under
consideration is manifestly gauge invariant. The frame-
work developed thus far could therefore have been
formulated without fixing a gauge from the outset. In
that case, any of the representations introduced in
Ref. [32] could be used to perform our analysis.
Nevertheless, to remain consistent with the conventions
established in Sec. II, we continue working in the LG2.
Substituting the corresponding expressions for these
functions into the integral for the specific case con-
sidered here, we obtain

I ¼
Z

d4x

�
Nnd̄e

−iðp0
d̄
x0−p2

d̄
x2−p3

d̄
x3ÞDnd̄

	 ffiffiffiffiffiffiffiffi
2Bd̄

p 	
x1 − sd̄

p2
d̄

Bd̄



��
Nnue

−iðp0
ux0−p2

ux2−p3
ux3Þ

×Dnu

	 ffiffiffiffiffiffiffiffi
2Bu

p 	
x1 − su

p2
u

Bu



��
NnWe

iðq0Wx0−q2Wx
2−q3Wx3ÞDnW

	 ffiffiffiffiffiffiffiffiffi
2BW

p 	
x1 − sW

q2W
BW



�
: ð27Þ

At this stage, we can initially evaluate the free part
described by the exponentials and factor out the constants
Nni , yielding

I ¼ NnuNnd̄NnW

Z
dx0dx2dx3

h
e−iðp

0
uþp0

d̄
−q0WÞeiðp

2
uþp2

d̄
−q2WÞ

× eiðp
3
uþp3

d̄
−q3WÞ

i Z
dx1½DnuðρsuÞDnd̄ðρsd̄ÞDnW ðρsW Þ�

¼ NnuNnd̄NnW ð2πÞ3δðp0
u þ p0

d̄
− q0WÞδðp2

u þ p2
d̄
− q2WÞ

× δðp3
u þ p3

d̄
− q3WÞ

Z
dx1

h
DnuðρsuÞDnd̄ðρsd̄Þ

×DnW ðρsW Þ
i
: ð28Þ

To simplify the notation, we define the following variables:

xcu ¼
sup2

u

Bu
; xcd̄ ¼

sd̄p
2
d̄

Bd̄
; xcW ¼ sWq2W

BW
; ð29Þ

together with

N ðnu; nd̄; nWÞ ¼ 2ð−
nu
2
Þ2ð−

nd̄
2
Þ2ð−

nW
2
Þ: ð30Þ

Thus, focusing solely on the remaining integral and
employing the definitions of DnðρsnÞ, the integration over
the variable x1 yields

ID ¼ N ðnu; nd̄; nWÞ

×
Z

dx1 exp

�
−
1

2

X
i¼u;d̄;W

Biðx1 − xciÞ2
�

×Hnuðρu=
ffiffiffi
2

p
ÞHnd̄ðρd̄=

ffiffiffi
2

p
ÞHnW ðρW=

ffiffiffi
2

p
Þ: ð31Þ

However, since we are investigating a specific case where
the initial particles are confined to the LLL, we can impose
the conditions nu ¼ 0 and nd̄ ¼ 0 on the functions. Using
H0ðxÞ ¼ 1, the integral in Eq. (31) becomes

ID ¼ 2−nW=2
Z

dx1 exp

�
−
1

2

X
i¼u;d̄;W

Biðx1 − xciÞ2
�

×HnW

	 ffiffiffiffiffiffiffi
BW

p
ðx1 − xcW Þ



:

Now, manipulating the argument of the exponential and
using the conservation of momentum along the x2 direc-
tion, we note thatX

i¼u;d̄;W

Biðx1 − xciÞ2 ¼ 2BWðx1 − xcW Þ2 þ Θ ð32Þ

where

Θ ¼ BuðxcuÞ2 þ Bd̄ðxcd̄Þ2 − BWðxcW Þ2: ð33Þ

Substituting this back into the integral, we observe that the
dependence on the variable x1 is simplified, yielding
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ID ¼ 2−
nW
2 e−

Θ
2

Z
dx1e−BWðx1−xcW Þ2 ×HnW

� ffiffiffiffiffiffiffi
BW

p
ðx1− xcW Þ

�
:

ð34Þ

Applying the change of variables y ¼ ffiffiffiffiffiffiffi
BW

p ðx1 − xcW Þ, the
integral (34) becomes

ID ¼ 2−
nW
2 e−

Θ
2ffiffiffiffiffiffiffi

BW
p

Z
dye−y

2

HnW ðyÞ: ð35Þ

The resulting integral in Eq. (35) can be evaluated simply
by recalling thatH0 ¼ 1. Consequently, we can employ the
orthogonality relation of the Hermite polynomials, which
ensures that the product of two polynomials of different
degrees yieldsZ

dxHmðxÞHnðxÞe−x2 ¼
ffiffiffi
π

p
2nn!δnm: ð36Þ

Therefore, the result obtained for the integral under the
established conditions is

ID¼2−
nW
2 e−

Θ
2ffiffiffiffiffiffiffi

BW
p

Z
dye−y

2

H0ðyÞHnW ðyÞ¼
ffiffiffiffiffiffiffi
π

BW

r
2−

nW
2 e−

Θ
2δnW;0:

ð37Þ
By applying the resulting δ function to the constants
previously factored outside the integral, we can conclude
that the spatial integral is

I ¼ ð4πBuÞ1=4ð4πBd̄Þ1=4ð4πBWÞ1=4

× δ023ðpu þ pd̄ − qWÞe−Θ
2

ffiffiffiffiffiffiffi
π

BW

r
δnW;0; ð38Þ

where

δ023ðpþ p0 − qÞ ¼ ð2πÞ3δðp0 þ p00 − q0Þ
× δðp2 þ p02 − q2Þδðp3 þ p03 − q3Þ:

ð39Þ
Therefore, by imposing the initial condition whereby the
quark and the antiquark both occupy the LLL, the spatial
integral in the vertex calculation dictates that the generated
W boson must be in a state with nW ¼ 0. As we show in
Sec. III C, this requirement also implies that the W boson
must occupy the LLL.

C. Selection rules

By imposing that the initial quarks in the ud̄ → Wþ
process occupy the LLL, we obtained a selection rule
dictating that the generated Wþ boson must be in a state
with nW ¼ 0. Here we show that such selection implies that
the W boson must also occupy the LLL (i.e., kW ¼ −1).
According to Refs. [32,34,35], in that state, the only
permissible polarization for a vector boson is given by
c ¼ 1 (see Appendix A). To verify whether the formalism
developed here reflects the theoretical foundations and
physical expectations, we first analyze the projection indices
λ for the initial particles. In this section, we impose that the u
and d̄ quarks have their spins aligned with the background
magnetic field. This assumption is physically consistent
since both particles have positive charges and, in the LLL,
the only permitted spin state is the one aligned with the
field. Therefore, assuming B > 0 and that both particles are
in the k ¼ 0 (LLL) state, we can use that for fermions

nfðk; s; λÞ ¼ k −
	
1 − sλ
2



; ð40Þ

and the corresponding expression for antifermions

nf̄ðk; s;−λÞ ¼ k −
	
1þ sλ

2



; ð41Þ

to determine their respective projections that ensure align-
ment with the field.
First, for the u quark, we have su ¼ sgnðQuBÞ ¼ þ1.

Imposing ku ¼ 0, we obtain

nuð0;þ1; λuÞ ¼ −
	
1 − λu
2



¼ 0 ⇒ λu ¼ þ1: ð42Þ

On the other hand, for the d̄ antiquark, the sign function
yields sd̄ ¼ sgnðQd̄BÞ ¼ þ1, and using kd̄ ¼ 0, we find that

nd̄ð0;þ1; λd̄Þ ¼ −
	
1þ λd̄

2



¼ 0 ⇒ λd̄ ¼ −1: ð43Þ

Thus, to project both spins along the direction of the
magnetic field and determine which boson polarization state
is selected under these conditions, we shall adopt λu ¼ 1
and λd̄ ¼ −1.
Substituting these results into the tensor structure devel-

oped in Eq. (24), we obtain

ð44Þ
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The nonvanishing component selected due to the opposite
signs of λ corresponds to the perpendicular part, which in
turn selects the index λW ¼ −1 for the boson. This result,
together with Eq. (38), shows that the Wþ boson must be
produced in the LLL. The physical expectation dictated by
the dispersion relation

nW ¼ kW − sλW ¼ 0

→ ð−1Þ − λW ¼ 0 ⇒ λW ¼ −1 ð45Þ

is strictly confirmed by the constructed tensor formalism.
Consequently, obtaining λW ¼ −1 corroborates that the
boson occupies the LLL assuming the single allowed
polarization state, as detailed in Appendix A.
In summary, in this section, we have analyzed the

particular case of the ud̄ → Wþ vertex. For this scenario,
we imposed the initial conditions whereby the u and d̄
quarks occupy the LLL with their spins aligned with the
magnetic field. As a result of our theoretical framework, we
demonstrated that the generated Wþ boson must neces-
sarily occupy the LLL and possess a spin projection aligned
with the background field [see Eq. (A7)]. This conclusion
perfectly corroborates the physical expectations, given that
c ¼ 1 is the only permitted polarization state for the boson
in its lowest Landau level.

IV. GENERAL STRUCTURE OF THE LOWEST-
ORDER QUARK–ANTIQUARK–W-BOSON

VERTEX IN THE PRESENCE OF
A MAGNETIC FIELD

In this section, we develop a general framework appli-
cable to a process of the form f1f̄2 → W� for arbitrary
Landau levels. To this end, we proceed directly from the
general vertex equation (18) and, analogous to the previous
procedure, separate our analysis into two components: the
tensor structure and the spatial integration. As a result, we
determine not only the allowed polarization states for the
boson but also the allowed oscillator indices accessible to
the generated W�, given the constraints imposed by the
initial conditions of the fermion and antifermion indices, n1
and n2, respectively.

A. Tensor structure

Regarding the tensor structure, which establishes the
selection rules arising from the chosen spin projections of
fermion 1 and antifermion 2, the solution is strictly
identical to the one developed in Sec. III A. This equiv-
alence is due to the fact that, in the derivation of this
component, no approximations or simplifications restricted
to the LLL were required.
Therefore, we simply rewrite the result obtained in

Eq. (24) by performing the substitutions u → f1 and
d̄ → f̄2. Thus, the generalized expression for the tensor

part is given by

τλ1;λ2;λW ¼ v̄−Q2

	
δ0;λWδλ1;λ2γk;ν þ δ−λW;λ1δλ1;−λ2γ⊥;ν




× Γλ1
ð1 − γ5Þ

2
uQ1

ϵν�QW
: ð46Þ

B. Space-time structure

Having established the tensor structure, we now proceed
to derive the general expression for the spatial part of the
transition amplitude. This allows us to determine the
selection rules governing the production of a charged W
boson from fermions occupying arbitrary Landau levels. As
demonstrated below, these rules imply that the Landau level
of the W boson cannot be arbitrary but is restricted to a
finite interval determined by the combined Landau levels of
the initial fermions. We emphasize that, as in the particular
case discussed in Sec. III, the integral is gauge invariant
owing to the transformation properties of the spatial
functions given in Eq. (26). Adopting LG2 once again,
the analysis of the spatial contribution in its most general
form begins with the integral

I ¼ Nn1Nn2NnWδ023ðp1 þ p2 − qWÞ ×
Z

dx1Dn1Dn2DnW ;

ð47Þ

where δ023 has been defined in Eq. (39). We focus
our attention on the only remaining integral, which we
denote as

ID ¼
Z

dx1Dn1ðρ1ÞDn2ðρ2ÞDnW ðρWÞ

¼N ðn1;n2;nWÞ×
Z

dx1 exp

�
−
1

2

X
i¼1;2;W

Biðx1− xciÞ2
�

×Hn1

�
ρ1=

ffiffiffi
2

p �
Hn2

�
ρ2=

ffiffiffi
2

p �
HnW

�
ρW=

ffiffiffi
2

p �
; ð48Þ

where the explicit form of ρi was introduced in Sec. III A.
Additionally, Eq. (48) introduces the definition
N ðn1; n2; nWÞ ¼ 2−

n1
2 2−

n2
2 2−

nW
2 , while the orbit center coor-

dinates xci remain identical to those defined in the previous
section.
We now analyze the sum in the argument of the

exponential, given that we are dealing with si ¼ �.
After a bit of straightforward algebra, it can be shown thatX

i¼1;2;W

Biðx1 − xciÞ2 ¼ 2BW ½x1 − Xc�2 þ Δ; ð49Þ

where the term Δ represents a contribution independent of
the integration variable similar to the one appearing
in Eq. (33).
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The term Xc, in turn, emerges from the argument of the
quadratic term involving the x1 variable. This factor acts as
a spatial coordinate shift, analogous to the orbit center
displacements observed within the arguments of the
Hermite polynomials. We define it as

Xc ¼
ðB1xc1 þ B2xc2 þ BWxcW Þ

ðB1 þ B2 þ BWÞ
: ð50Þ

The entire procedure is carried out in a manner analogous
to the previous section. However, here we make the formal-
ism explicit for an arbitrary choice of signs. By applying this
expansion to the integral, Eq. (48) takes the form

ID ¼ N e−
Δ
2

Z
dx1e−BWðx1−XcÞ2Hn1

� ffiffiffiffiffiffi
B1

p
ðx1 − xc1Þ

�
×Hn2

� ffiffiffiffiffiffi
B2

p
ðx1 − xc2Þ

�
HnW

� ffiffiffiffiffiffiffi
BW

p
ðx1 − xcW Þ

�
:

ð51Þ

The crucial aspect at this stage is that generating a W�
boson strictly requires s1 ¼ s2 ¼ sW ¼ �1. Given this
condition imposed on the charges, the signs will be
identical for all particles, allowing this factor to be absorbed
into the notation used to define the shift of the orbit center.
This means in particular that Θ ¼ Δ. A direct consequence
of this argument is that momentum conservation along the
x2 direction will always be satisfied. Therefore, we can
express the shift Xc simply as

Xc ¼
B1xc1 þ B2xc2 þ BWxcW

2BW
¼ p2

1 þ p2
2 þ BWxcW
2BW

¼ p2
W þ BWxcW

2BW
¼ BWxcW þ BWxcW

2BW
¼ xcW : ð52Þ

Thus, the argument of the exponential becomes identical to
that of the boson’s Hermite polynomial, which significantly
facilitates the visualization of the previous case solution in
a more general form. Following the same procedure, we
apply the following change of variables:

y ¼
ffiffiffiffiffiffiffi
BW

p
ðx1 − xcW Þ ⇒ dy ¼

ffiffiffiffiffiffiffi
BW

p
dx1;

x1 ¼ yffiffiffiffiffiffiffi
BW

p þ xcW ; ð53Þ

which transforms the integral into

ID ¼ N ðn1; n2; nWÞe−Θ
2

Z
dyffiffiffiffiffiffiffi
BW

p e−y
2

×Hn1

	 ffiffiffiffiffiffi
B1

p 	
yffiffiffiffiffiffiffi
BW

p þ ðxcW − xc1Þ




×Hn2

	 ffiffiffiffiffiffi
B2

p 	
yffiffiffiffiffiffiffi
BW

p þ ðxcW − xc2Þ




HnW ðyÞ: ð54Þ

Since the terms accompanying the new variable in the
argument of the Hermite polynomials are constant, we can
simplify the notation by defining these terms as

ai ¼
ffiffiffiffiffiffiffi
Bi

BW

s
and bi ¼

ffiffiffiffiffi
Bi

p
ðxcW − xciÞ: ð55Þ

This allows the integral to assume a visually simplified form

I1 ¼
1ffiffiffiffiffiffiffi
BW

p
Z

dy e−y
2

Hn1ða1yþ b1ÞHn2ða2yþ b2ÞHnW ðyÞ:

ð56Þ
To proceed toward the final solution of this integral, we

must recall that the product of two polynomials yields a
polynomial with a degree equal to the sum of their
individual highest degrees. Thus, the product of two
Hermite polynomials of degrees n1 and n2 will result in
a polynomial of degree n1 þ n2,

Pðn1þn2ÞðyÞ ¼ Hn1ða1yþ b1ÞHn2ða2yþ b2Þ: ð57Þ
By expanding this polynomial in the complete basis of
Hermite polynomials with argument y, the representation
for this product is given by

Pðn1þn2Þ ¼
Xn1þn2

m¼0

CmHmðyÞ ð58Þ

where the coefficient Cm must be a composition of the
constants a1, a2, b1, and b2.
By substituting this expansion into the integral, we

obtain a structure closely resembling that of Eq. (36), with
the sole distinction that one of the Hermite polynomials is
no longer restricted to a specific oscillation index value.
Hence, we have

I1 ¼
1ffiffiffiffiffiffiffi
BW

p
Z

dy e−y
2
Xn1þn2

m¼0

CmHmðyÞHnW ðyÞ

¼ 1ffiffiffiffiffiffiffi
BW

p
Xn1þn2

m¼0

Cm

Z
dy e−y

2

HmðyÞHnW ðyÞ

¼
ffiffiffiffiffiffiffi
π

BW

r Xn1þn2

m¼0

�
Cm2

nWnW!δm;nW

�
: ð59Þ

The physical interpretation of this result establishes that,
given the initial conditions for n1 and n2, the generated
chargedW boson can occupy an oscillator index within the
range nW ∈ f0; 1;…; n1 þ n2g. This is in perfect agreement
with the particular case addressed in Sec. III, where the
restriction to the lowest oscillator index (n1 ¼ n2 ¼ 0),
coming from choosing the LLLs, resulted in a vanishing
sum, thereby restricting the Wþ boson solely to the
nW ¼ 0 state. Furthermore, the coefficients Cm ¼
Cmða1; a2; b1; b2Þ, which inherently depend on the charges
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and momenta of the initial particles, act as weight factors.
They determine the magnitude of each contribution to the
generated vertex and, consequently, dictate which of these
possible transitions is the most probable to occur.
The final step in this construction consists simply of

assembling all the derived objects, combining both the
tensor and spatial parts, and writing out all defined terms
explicitly. The resulting general expression for the inter-
action vertex of two fermions generating a W boson,
whether positively or negatively charged, is given by

V ¼ Vf1;f2

X
λ1;λ2;λW

τλ1;λ2;λW
ð4πB1Þ1=4ffiffiffiffiffiffiffi

n1!
p ð4πB2Þ1=4ffiffiffiffiffiffiffi

n2!
p

× ð4πBWÞ1=4δ023ðp1 þ p2 − qWÞ2−
n1
2 2−

n2
2

× e−
Θ
2

ffiffiffiffiffiffiffi
π

BW

r Xn1þn2

m¼0

	
Cm2

nW
2

ffiffiffiffiffiffiffiffi
nW!

p
δm;nW



: ð60Þ

It should be noted that, although V depends on the orbit
centers xci and xcW (and therefore on the quantum number
q2 of the corresponding particles) appearing in Θ and Cm,
such dependence should disappear when this matrix element
is used to evaluate a physical process. An example of this
can be found in Refs. [36,37] where the matrix elements
describing the weak decay of charged pions are evaluated
and used to determine the corresponding decay width.

V. SPECIFIC RESULTS FOR SOME OF THE NEXT-
TO-LOWEST LANDAU-LEVEL TRANSITIONS

Having established the procedure to generalize the
selection rules for any process involving two fermions
generating a W� boson, we can now test the obtained
results through specific examples. Our primary interest lies
in demonstrating the possible selection rules for the
interaction vertex involving the next-to-lowest Landau
levels. To this end, we first describe how the coefficients
Cm must be expressed for these states. We employ the
particular case addressed in Sec. III to gather these terms.
Subsequently, once the Cm coefficients are obtained, we
analyze the tensor structure on a case-by-case basis for
these Landau levels. The objective is to explicitly reveal the
allowed configurations dictated by the selection rules
established in Sec. IV for the more general process
involving the quark u and the antiquark d̄.

A. The Cm coefficients for the next-to-lowest Landau
levels of the u d̄ → W + process

First, we exemplify transitions involving the next Landau
levels for the initial particles generating the boson. To
maintain the logical framework established in Sec. III, we
focus our example on the specific ud̄ → Wþ process, once
again assuming that the initial fermions have their spins
aligned with the background magnetic field.

This implies that the tensor structure remains exactly the
same as previously obtained, regardless of the Landau level
occupied by the initial particles. In other words, the generated
Wþ boson has a definite spin projection along the magnetic
field. This does not imply that its polarization vector is parallel
to the field; rather, the corresponding circular polarization
vector lies in the transverse plane and carries a definite spin
projection along the field direction. Consequently, for the
following examples, we consider su ¼ sd̄ ¼ sW ¼ þ1, along
with λu ¼ þ1, λd̄ ¼ −1, and λW ¼ −1. Thus, we only
specify the Landau level of each initial particle to explicitly
determine the form of the coefficients Cm, since the permis-
sible states for the boson are already dictated by the oscillator
index selection rule, Eq. (58).
(1) Choosing ku ¼ 1 and kd̄ ¼ 0: The choices ku ¼ 1

and kd̄ ¼ 0 yield the oscillator indices nu ¼ 1 and
nd̄ ¼ 0, which restrict the generated boson to the
range 0 ≤ nW ≤ 1, in accordance with the selection
rules derived in Eq. (59). Thus, employing Eq. (57),
we obtain

H1ða1yþ b1ÞH0ða2yþ b2Þ ¼ C0H0ðyÞ þ C1H1ðyÞ
ð61Þ

which, using the explicit form of the Hermite
polynomials, implies

2a1yþ 2b1 ¼ C0 þ 2C1y: ð62Þ

Comparing the order of each polynomial term, we
find that for this first excited oscillator index
configuration, the coefficients Cm present in the
sum of Eq. (60) are explicitly given by

C1 ¼ a1;

C0 ¼ 2b1: ð63Þ
(2) Choosing ku ¼ 0 and kd̄ ¼ 1: The procedure and

logic of this second scenario are identical to those of
the previous case, and the allowed Landau levels for
the production of the Wþ boson remain unchanged.
The only difference is that the first excited state now
corresponds to the d̄ antiquark, which exclusively
affects the functional form of the coefficients. To
make the algebraic development explicit, the poly-
nomial equality reads

2a2yþ 2b2 ¼ C0 þ C1ð2yÞ: ð64Þ

Consequently, the coefficients corresponding to the
nu ¼ 0 and nd̄ ¼ 1 case are given by

C1 ¼ a2;

C0 ¼ 2b2: ð65Þ
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(3) Choosing ku ¼ 1 and kd̄ ¼ 1: In this final case, the
selection rules governing the allowed Landau levels
for the generated boson are modified. Since both the u
quark and the d̄ antiquark now occupy the first excited
oscillator index value (nu ¼ nd̄ ¼ 1), the selection
rule establishes that theWþ boson can be generated in
the states nW ∈ f0; 1; 2g. Consequently, the sum in
Eq. (60) now runs from 0 to 2, resulting in three
independentCm coefficients. Employing Eq. (57) once
again, we obtain the following polynomial equality:

H1ða1yþ b1ÞH1ða2yþ b2Þ ¼ C0H0ðyÞ þ C1H1ðyÞ
þ C2H2ðyÞ: ð66Þ

Applying the same procedure as before we determine
that the coefficients for this excited state configuration
are given by

C2 ¼ a1a2;

C1 ¼ 2ða2b1 þ a1b2Þ;
C0 ¼ 4b1b2 þ 2a1a2: ð67Þ

B. Tensor structure for the next-to-lowest Landau levels

Now that we have derived the explicit forms of the Cm
coefficients for the next-to-lowest Landau levels in the
previous subsection, our objective is to present all
possible interaction vertices permitted by the selection
rules established in this paper. For these examples, we
will specify only the initial Landau levels and system-
atically investigate all allowed configurations for the
vertex described by process ud̄ → Wþ. Since we do
not impose fixed initial spin projections, the tensor
structure yields four possibilities.
First, let us analyze the configurations that yield a

longitudinal polarization, that is, those leading to the
selection rule λW ¼ 0. In this scenario, there are two
possible choices: λu ¼ λd̄ ¼ þ1 and λu ¼ λd̄ ¼ −1.
Note that the choice λu ¼ λd̄ ¼ þ1 yields the following

tensor structure:

τþ1;þ1;λW ¼ δ0;λW

�
v̄−Q2

γk;νΓþ ð1 − γ5Þ
2

uQ1

�
ϵν�QW

: ð68Þ

By performing the summation over the λW indices in
Eq. (60), we find that, for λ1 ¼ λ2 ¼ þ1, the Kronecker
δ in Eq. (68) selects λW ¼ 0. Here λW labels the Ritus tensor
sector: λW ¼ 0 corresponds to the longitudinal (0, 3)
subspace defined relative to the magnetic field direction,
whereas λW ¼ �1 correspond to the transverse (1, 2) sector.
We emphasize that λW ¼ 0;�1 labels the tensor compo-
nents entering the Ritus representation, whereas c ¼ 1, 2, 3
labels the polarization vectors. The correspondence

between them follows from projecting the polarization
vectors onto the longitudinal and transverse tensor sectors.
Conversely, for the choice λu ¼ λd̄ ¼ −1, the tensor

structure takes the form

τ−1;−1;λW ¼ δ0;λW

�
v̄−Q2

γk;νΓ− ð1 − γ5Þ
2

uQ1

�
ϵν�QW

: ð69Þ

This final case is analogous to the first one, as it also results
in the longitudinal polarization for the generated W boson,
thereby following all the discussions and constraints
previously established in the first scenario.
The remaining two cases correspond to the transverse

polarizations, namely, the second term in the parentheses of
Eq. (24) which dictates the selection rule δλW ¼ �1. In this
scenario, there are two possible combinations of λu and λd̄
that prevent the term from vanishing: ðþ;−Þ or ð−;þÞ.
By choosing the configuration λu ¼ þ1 and λd̄ ¼ −1,

the tensor structure reduces to

τþ1;−1;λW ¼ δ−λW;þ1

�
v̄−Q2

γ⊥;νΓþ ð1 − γ5Þ
2

uQ1

�
ϵν�QW

: ð70Þ

Once again, performing the summation over the λW indices
in Eq. (60), we find that, for the case where λ1 ¼ þ1 and
λ2 ¼ −1, we obtain a transverse projection for the gen-
erated W boson.
Conversely, for the opposite configuration (λu ¼ −1 and

λd̄ ¼ þ1), the tensor structure takes the form

τ−1;þ1;λW ¼ δ−λW;−1

�
v̄−Q2

γ⊥;νΓ− ð1 − γ5Þ
2

uQ1

�
ϵν�QW

: ð71Þ

In this scenario, the surviving term from the summation
over the λW indices will also correspond to a transverse
projection for the generated Wþ boson. However, in this
case, we obtain λW ¼ þ1, which, in the special case
(ud̄ → Wþ), represents the other transverse polarization.
With this, we have covered all possible combinations

arising from the initial spin projection choices for the
annihilating quark u and antiquark d̄. However, it is crucial
to emphasize a particular detail regarding our notation: the
particle and antiparticle follow distinct projection rules, a
direct consequence of the definitions established in Eq. (5).
As previously illustrated in the LLL analysis for the ud̄
quark-antiquark pair, to obtain the expected projection in the
lowest oscillator index value (both aligned with the back-
ground field, since they share the same charge sign,
Qu;Qd̄ > 0), we had to select λu ¼ þ1 and λd̄ ¼ −1.
This implies that, for an antiparticle to project its spin in
the same direction as a particle, we must adopt the opposite
sign for the antiparticle’s λ index. This equivalence also holds
true if we seek a spin state antialigned with the magnetic field.
While antialigning the particle spin requires choosing
λu ¼ −1, achieving this exact same physical configuration
for the antiparticle will result in selecting λd̄ ¼ þ1.
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C. Vertex results for some of the next-to-lowest
Landau levels

Having established the tensor structure and the explicit
form of the Cm coefficients for the next-to-lowest Landau
levels, we now construct the allowed interaction vertices for
each of the examples previously listed in this section. It is
worth recalling that we are generalizing the analysis of
Sec. III to scenarios in which we do not fix the initial spin
projections of the quark-antiquark pair generating the Wþ
boson. Here, we solely specify the Landau levels occupied
by these initial particles. For convenience, we introduce the
following shorthand notation:

β ¼ Vu;dð4πB1Þ1=4ð4πB2Þ1=4ð4πBWÞ1=4
ffiffiffiffiffiffiffi
π

BW

r
e−

Θ
2 ð72Þ

where Θ has been defined in Eq. (33).
(1) Choosing ku ¼ 1 and kd̄ ¼ 0: As demonstrated for

this scenario, the possible oscillator indices for the
generated Wþ boson are nW ¼ 0 and nW ¼ 1, which
correspond to the Landau levels kW ¼ −1 and
kW ¼ 0, respectively. Consequently, the only allowed
vertex combinations will be those whose tensor
structures yield physically accessible polarization
states for the Wþ boson at these specific levels.
If we consider the boson generated in the LLL

(and consequently nW ¼ 0), the only permitted
polarization state corresponds to c ¼ 1. Thus, the

single possible interaction vertex is expressed by

V ¼
ffiffiffi
2

p
βb1 δ023ðp1 þ p2 − qWÞ

×

�
v̄−Qd

γ⊥;νΓþ ð1 − γ5Þ
2

uQu

�
× ϵν�QW

ð−1; q3; c ¼ 1Þ: ð73Þ

On the other hand, for the oscillator index nW ¼ 1,
the polarization c ¼ 1 remains accessible, and c ¼ 2
also becomes permitted, as can be seen in Eq. (A5).
The latter allows for two distinct configurations,
given that both Eqs. (68) and (69) yield a longitudinal
projection λW ¼ 0.
An interesting point to highlight at this stage is that,

by observing Eq. (A5), one can notice that for
kW ¼ 0, the polarization vector c ¼ 1 does not
exhibit vanishing parallel components. That is, when
analyzing the λW ¼ 0 case, the polarization vector
c ¼ 1 should also be a possible choice, alongside the
vector c ¼ 2. Meanwhile, for λW ¼ −1, the only
choice will be c ¼ 1, since the other permitted
polarization vector (c ¼ 2) belongs purely to what
we refer to in this text as the longitudinal sector.
Consequently, all possible interaction vertices for

this oscillator index are given by

½λu ¼ þ; λd̄ ¼ − and λW ¼ −� → V ¼ βa1 δ023ðp1 þ p2 − qWÞ
�
v̄−Qd

γ⊥;νΓþ ð1 − γ5Þ
2

uQu

�
ϵν�QW

ð0; q3; c ¼ 1Þ ð74Þ

½λu ¼ �; λd̄ ¼ � and λW ¼ 0�

→ V ¼ βa1 δ023ðp1 þ p2 − qWÞ
�
v̄−Qd

γk;νΓ� ð1 − γ5Þ
2

uQu

�
ϵν�QW

ð1; q3; cÞ; with c ¼ 1; 2: ð75Þ

(2) Choosing ku ¼ 0 and kd̄ ¼ 1: For this second scenario, the underlying reasoning remains unchanged. Given that the
sum of the oscillator indices is nu þ nd̄ ¼ 1, the accessible Landau levels and the respective permitted polarizations
for theWþ boson are strictly the same as in the previous case. The only distinction between the scenarios lies in the
functional form of the Cm coefficients, established in the preceding subsection. Therefore, the four allowed
interaction vertices are given by the following:
For nW ¼ 0,

½λu ¼ þ; λd̄ ¼ − and λW ¼ −� → V ¼
ffiffiffi
2

p
βb2 δ023ðp1 þ p2 − qWÞ

�
v̄−Qd

γ⊥;νΓþ ð1 − γ5Þ
2

uQu

�
ϵν�QW

ð−1; q3; c ¼ 1Þ:

ð76Þ
For nW ¼ 1,

½λu ¼ þ; λd̄ ¼ − and λW ¼ −� → V ¼ βa2 δ023ðp1 þ p2 − qWÞ
�
v̄−Qd

γ⊥;νΓþ ð1 − γ5Þ
2

uQu

�
ϵν�QW

ð0; q3; c ¼ 1Þ; ð77Þ

½λu ¼�;λd̄ ¼� and λW ¼ 0�→ V ¼ βa2 δ023ðp1 þp2 − qWÞ
�
v̄−Qd

γk;νΓ� ð1− γ5Þ
2

uQu

�
ϵν�QW

ð0; q3; cÞ;with c¼ 1;2:

ð78Þ
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(3) Choosing ku ¼ 1 and kd̄ ¼ 1: In this final case, the
selection rule dictates that theWþ boson is restricted
to the Landau levels kW ¼ −1, 0, 1, which corre-
spond to the oscillator indices nW ¼ 0, 1, 2. To avoid
a proliferation of equations, since all possible
combinations would yield eight distinct interaction
vertices, we note that the structures for the oscillator
indices nW ¼ 0 and nW ¼ 1 remain identical to
those obtained in the previous scenarios. The only
modification lies in the form of the Cm coefficients
present in each term. The required substitution is

C0 ¼ 2b1 or 2b2 → 4b1b2 þ 2a1a2;

C1 ¼ a1 or a2 → 2ða2b1 þ a1b2Þ: ð79Þ
Thus, for this scenario, the first four vertices assume
identical forms to those in Eqs. (76)–(78), requiring

only the substitution introduced in Eq. (79) and the
inclusion of an overall factor of 2−1 for the vertex
with nW ¼ 0 and a factor of 2−1=2 when nW ¼ 1.
It remains for us, therefore, to write down the

final four interaction vertices associated with the
highest allowed oscillator index for this scenario,
nW ¼ 2. This state is particularly interesting be-
cause it corresponds to the Landau level kW ¼ 1
for the Wþ boson. Consequently, all polarization
vectors become accessible, thereby exposing all
permitted tensor structures for the vertex. For
higher Landau levels, the structure governing the
underlying physics of the interaction will remain
strictly the same, experiencing only modifications
to the Cm coefficients. Therefore, we conclude that
the remaining possible vertices for this configura-
tion take the form

½λu ¼ �; λd̄ ¼ � and λW ¼ 0� → V ¼ βa1a2δ023ðp1 þ p2 − qWÞ
�
v̄−Qd

γk;νΓ� ð1 − γ5Þ
2

uQu

�
ϵν�QW

ð1; q3; cÞ;

with c ¼ 1; 2; 3: ð80Þ

½λu ¼ �; λd̄ ¼ ∓ and λW ¼ ∓� → V ¼ βa1a2δ023ðp1 þ p2 − qWÞ
�
v̄−Qd

γ⊥;νΓ� ð1 − γ5Þ
2

uQu

�
ϵν�QW

ð1; q3; cÞ;

with c ¼ 1; 3: ð81Þ

D. A brief analysis of the dū → W − process

For the production of a W− boson from the annihilation
of the dū quark-antiquark, the procedure follows exactly
the same line of reasoning employed throughout this
section. To determine the selection rules, we employ
Eq. (60) and maintain the exact same structure for the
Cm coefficients, requiring only the substitution of the
appropriate definitions when using Eq. (55).
The most crucial aspect of this procedure is verifying

the λd and λū indices in the LLL. Since we now have
Qd;Qū < 0, theory dictates that, in the ground Landau
state, the spins will be antialigned with the background
magnetic field. This implies that we will have λd ¼ −1
and λū ¼ þ1, as discussed at the end of Sec. V B. It is
known that, in the LLL, the only permitted polarization
vector for the boson must be the one mentioned in
Eq. (A6), and for the W− case, this polarization must
correspond to antialignment with the magnetic field.
Observing the λW value generated in this configuration
by the selection rules established in this work, we obtain
λW¼þ1. Therefore, unlike the Wþ case, where λW ¼ −1
was allowed from the lowest level kW ≥ −1, this
projection will now have an associated polarization
vector only from kW ≥ 1. Thus, if one is interested in

deriving the possible vertices for the dū → W− process,
a careful analysis will be required to establish the correct
interpretation of the polarizations in this particular
scenario.
Overall, these explicit evaluations provide a quantitative

characterization of how the magnetic field affects the
quark-antiquark-W vertex. Rather than producing a global
rescaling of the weak coupling, the field modifies the vertex
through Landau-level overlap factors and the coefficients
Cm, which determine the relative weights of the various
allowed transitions. This effect becomes particularly evi-
dent in the strong-field regime, where the lowest Landau
levels dominate. For n1 ¼ n2 ¼ 0, the selection rules
restrict the produced W� to the nW ¼ 0 state and a single
polarization state, thereby suppressing all other Landau-
level and polarization channels. As higher initial Landau
levels become populated, additional W-boson states
become accessible, with 0 ≤ nW ≤ n1 þ n2, and their
relative contributions strictly governed by the correspond-
ing Cm coefficients. Therefore, the main physical effect of
the magnetic field on the vertex is not merely an alteration
of its overall magnitude, but rather a reorganization of the
Landau-level and polarization content of the produced W�
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states, which may ultimately be reflected in the kinematic
distributions of their decay products.

VI. SUMMARY AND CONCLUSIONS

In this work, we have derived the selection rules and
the explicit structure of the lowest-order interaction vertex
between a quark, an antiquark, and charged W� bosons
in the presence of an external magnetic field. By
employing the Ritus eigenfunction method, we expanded
the fermion and vector boson fields into Landau levels,
which intrinsically account for the anisotropic dynamics
induced by the background field. Our analysis of the
space-time and tensor structures revealed strict physical
constraints on the allowed states of the generated
W boson.
For the simplest configuration, where the initial quark

and antiquark occupy the LLL with their spins aligned
with the magnetic field, the selection rules dictate that
the produced W boson must also occupy its respective
LLL (and consequently nW ¼ 0) and strictly adopt a
transverse polarization aligned with the external field.
We subsequently generalized this formalism to arbitrary
initial oscillator indices, n1 and n2. From the spatial
overlap of the corresponding Hermite polynomials, we
demonstrated that the allowed oscillator indices for the
W boson are restricted to a finite range given
by 0 ≤ nW ≤ n1 þ n2.
To validate our framework, we explicitly computed the

Cm weight coefficients for the next-to-lowest Landau-level
transitions and detailed the resulting polarization states.
Finally, a brief analysis of the dū → W− process high-
lighted that, due to the negative charges of the initial
particles, the spin antialignment with the magnetic field in
the LLL reverses the respective longitudinal and transverse
polarization projections compared to the Wþ case. These
findings provide a solid theoretical foundation for future
rigorous calculations of electroweak processes in strongly
magnetized environments.
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APPENDIX A: POLARIZATION
SELECTION RULES

To fully describe the W boson, one must choose a
complete polarization vector set ϵQ;νðk; q3; cÞ, with c
being the index denoting the polarization state, as
mentioned in Sec. II. For k ≥ 1 there are three linearly
independent vectors that satisfy the transversality con-
dition [32]

Πμðk; qkÞ�
����
q0¼EW

ϵQ;μðk; q3; cÞ ¼ 0; ðA1Þ

where

Πμðk; qkÞ≡
�
q0; i

ffiffiffiffiffiffiffiffiffiffiffiffi
BW=2

p � ffiffiffiffiffiffiffiffiffiffiffi
kþ 1

p
−

ffiffiffi
k

p �
;

−sW
ffiffiffiffiffiffiffiffiffiffiffiffi
BW=2

p � ffiffiffiffiffiffiffiffiffiffiffi
kþ 1

p þ
ffiffiffi
k

p �
; q3

�
ðA2Þ

is a four-vector that, in some cases, plays a role
equivalent to the one played by the four-momentum
vector for B ¼ 0. A convenient choice of polarization
vectors that fulfill Eq. (A1) for k ≥ 1 is

ϵμQðk; q3; 1Þ ¼
1ffiffiffi
2

p 1

m⊥m2⊥
½ΠþðEW; 0; 0; q3Þ þm2⊥ð0; 1; isW; 0Þ�;

ϵμQðk; q3; 2Þ ¼
1

m⊥
ðq3; 0; 0; EWÞ;

ϵμQðk; q3; 3Þ ¼
1ffiffiffi
2

p 1

mWm2⊥

�
Π−

	
EW;

Π�þ
2

; isW
Π�þ
2

; q3


þm2

2⊥ð0; 1;−isW; 0Þ
�
; ðA3Þ
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where we have used the definitions

m⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

W þ ð2kþ 1ÞBW

q
;

m2⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

W þ kBW

q
;

Π� ¼ −Π1ðk; qkÞ � isWΠ2ðk; qkÞ: ðA4Þ

For k ¼ 0 only two independent nontrivial polarization
vectors can be constructed. An appropriate choice of
polarization vectors is

ϵμQð0; q3; 1Þ ¼
1ffiffiffi
2

p 1

m⊥m2⊥
ðEWΠþ; m2⊥; isWm2⊥; q3ΠþÞ

ϵμQð0; q3; 2Þ ¼
1

m⊥
ðq3; 0; 0; EWÞ; ðA5Þ

wherem⊥; m2⊥;Πþ, and EW are understood to be evaluated
at k ¼ 0.
In the case of the LLL, for k ¼ −1, one has that

RQ;μνðx; q̄Þ ∝ ϒμν
−sW . In this case, only one nontrivial

polarization vector can be defined, a convenient choice
of such polarization vector is

ϵμQð−1; q3; 1Þ ¼
1ffiffiffi
2

p ð0; 1; isW; 0Þ: ðA6Þ

As in the case of ϵμQð0; q3; 2Þ, it is easy to see that this
vector has a definite spin projection in the direction of the
magnetic field. Indeed, one has

Sμν3 ϵQ;νð−1; q3; 1Þ ¼ sWϵ
μ
Qð−1; q3; 1Þ; ðA7Þ

see Eq. (C17) of Ref. [32].

APPENDIX B: GENERAL FORM OF THE
COEFFICIENTS OF THE EXPANSION OF

HERMITE POLYNOMIALS

To obtain the coefficients mentioned in Sec. IV B, a
general solution for the integral in Eq. (56) is required.
Such integral can be rewritten as

I1 ¼
1ffiffiffiffiffiffiffi
BW

p
Xn1
m1¼0

Xn2
m2¼0

K1ðn1; m1ÞK2ðn2; m2Þ

×
Z

dy e−y
2

Hm1
ða1yÞHm2

ða2yÞHnW ðyÞ; ðB1Þ

where the known result [38]

Hnðzþ bÞ ¼
Xn
m¼0

ð2bÞn−mn!
m!ðn −mÞ!HmðzÞ ðB2Þ

has been used and the definition

Kiðni; miÞ≡ ð2biÞni−mini!
mi!ðni −miÞ!

ðB3Þ

with i ¼ f1; 2g has been implemented. Then, after using
the rescaling identity

HnðλzÞ ¼
Xbn2c
m¼0

n!
λn−2mðλ2 − 1Þm
m!ðn − 2mÞ! Hn−2mðzÞ; ðB4Þ

the integral can be rewritten as

I1 ¼
1ffiffiffiffiffiffiffi
BW

p
Xn1
m1¼0

Xn2
m2¼0

K1ðn1; m1ÞK2ðn2; m2Þ

×
Xbm1

2
c

r1¼0

Xbm2
2
c

r2¼0

R1ðm1; r1ÞR2ðm2; r2Þ

×
Z

dy e−y
2

Hm1−2r1
ðyÞHm2−2r2

ðyÞHnW ðyÞ; ðB5Þ

where the definition

Riðmi; riÞ≡mi!
ami−2ri
i ða2i − 1Þri
ri!ðmi − 2riÞ!

ðB6Þ

has been used. Finally, after using the known result [39]

Z
dx e−x

2

HlðxÞHmðxÞHnðxÞ

¼ 2ðlþmþnÞ=2l!m!n!
ffiffiffi
π

p
ðlþm−n

2
Þ!ðmþn−l

2
Þ!ðnþl−m

2
Þ! ðB7Þ

when lþmþ n is even and the sum of any two of l; m; n
is not smaller than the third, this last condition can be
implemented as a product of Heaviside step functions so
that

I1 ¼
1ffiffiffiffiffiffiffi
BW

p Cðn1; n2; nWÞ; ðB8Þ

where
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Cðn1; n2; nWÞ ¼
Y2
i¼1

Xni
mi¼0

Kiðni; miÞ
Xbmi

2
c

ri¼0

Riðmi; riÞ2ðm1−2r1þm2−2r2þnWÞ=2

×
ðm1 − 2r1Þ!ðm2 − 2r2Þ!nW!

ffiffiffi
π

p�
m1−2r1þm2−2r2−nW

2

�
!
�
m2−2r2þnW−ðm1−2r1Þ

2

�
!
�
nWþm1−2r1−ðm2−2r2Þ

2

�
!

× θðm1 − 2r1 þm2 − 2r2 − nWÞθðm2 − 2r2 þ nW − ðm1 − 2r1ÞÞθðnW þm1 − 2r1 − ðm2 − 2r2ÞÞ: ðB9Þ

Using this methodology, one can note that the relation

Cðn1; n2; nWÞ ¼
Xn1þn2

m¼0

Cm2
nW
2

ffiffiffi
π

p
nW!δm;nW ðB10Þ

holds after evaluating the coefficient. We recall that Cm has
been introduced in Eq. (58).
It is straightforward to see that evaluating the lowest

Landau level ðk1 ¼ 0 ¼ k2Þ and the next-to-lowest Landau
levels (k1 ¼ 0, k2 ¼ 1 & k1 ¼ 0, k2 ¼ 1) in Eq. (B9) gives
the same results as the ones discussed in Sec. V. This is
shown in the next subsection.

1. Expansion coefficients of Hermite polynomials for the
LLL and next to LLL

For the LLL, the choices k1 ¼ 0 ¼ k2 are made and
imply that n1 ¼ 0 for λ1 ¼ 1 and n2 ¼ 0 for λ2 ¼ −1. Then,

the coefficient is evaluated in n1 ¼ 0 ¼ n2. The selection
rules dictated by the Heaviside step functions indicate that
also nW ¼ 0 so that the corresponding coefficient for the
LLL configuration is

Cð0; 0; 0Þ ¼ ffiffiffi
π

p
: ðB11Þ

For the next to LLL, in particular, the configuration
choice of k1 ¼ 0 and k2 ¼ 1 implies that n1 ¼ 0 for λ1 ¼ 1,
and n2 ¼ f0; 1g if λ2 ¼ f1;−1g, respectively. Then, the
corresponding coefficients for such combinations are
evaluated in n1 ¼ 0, n2 ¼ 0 and n1 ¼ 0, n2 ¼ 1. The
selection rules indicated by the Heaviside step functions
for each case can be found by evaluating the following:

Cðn1 ¼ 0; n2 ¼ 0; nW ¼ kWÞ ∝ θð−kWÞθðkWÞθðkWÞ ⇒ kW ¼ 0:

Cðn1 ¼ 1; n2 ¼ 0; nW ¼ kW þ 1Þ ∝ θð−1 − kWÞθð1þ kWÞθð1þ kWÞ þ θð−kWÞθðkWÞθð2þ kWÞ
⇒ kW ¼ f−1; 0g: ðB12Þ

Then, for the longitudinal component, one obtains a
coefficient

Cð0; 0; 0Þ ¼ ffiffiffi
π

p
: ðB13Þ

For the transverse component, one obtains the coeffi-
cients

Cð0; 1; 0Þ ¼ 2
ffiffiffi
π

p
b2;

Cð0; 1; 1Þ ¼
ffiffiffiffiffiffi
2π

p
a2: ðB14Þ

Likewise, for the configuration k1 ¼ 1, k2 ¼ 0 the relevant
coefficients are

Cð0; 0; 0Þ ¼ ffiffiffi
π

p
;

Cð1; 0; 0Þ ¼ 2
ffiffiffi
π

p
b1;

Cð1; 0; 1Þ ¼
ffiffiffiffiffiffi
2π

p
a1: ðB15Þ
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