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Gravity decoupling and axionic shift symmetries
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We analyse the role of approximate axionic shift symmetries in gravity-decoupling limits arising in type
IT Calabi-Yau compactifications. Associated with each shift symmetry there is an axionic string whose
tension constrains the gradient of the Kihler potential, as expected in regimes where gravity becomes
weakly coupled. The gradients of these tensions define vector fields on moduli space, analogous to those
associated with Bogomol'nyi-Prasad-Sommerfield particle masses. Together, they characterize the
evolution of different effective field theory sectors along asymptotic limits, encoding both their coupling
to gravity and their kinetic mixing. By deriving upper bounds on the inner products of these vector fields,
we show that they split into mutually orthogonal subsets, one of which decouples from gravity. Finally, we
relate the Laplacian of certain axionic string tensions to a divergent moduli space curvature.
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I. INTRODUCTION

In quantum gravity, infinite-distance limits in field space
are expected to be accompanied by an infinite tower of
asymptotically light states, as proposed by the distance
conjecture [1]. As the tower descends, the maximal cutoft of
the infrared effective field theory (EFT) is lowered para-
metrically below the Planck scale, implying that gravity
effectively decouples from part of the low-energy dynamics.
From this perspective, gravity-decoupling limits are a
natural consequence of exploring asymptotic regions in
field space. Understanding how the various EFT sectors
reorganize in these regimes, and how they remain coupled or
decouple from one another, is therefore an important
problem both from the viewpoint of effective field theory
and the Swampland program [2].

In Calabi-Yau string compactifications to four dimen-
sions, these asymptotic regimes are typically accompanied
by approximate axionic shift symmetries, degenerations of
the moduli-space geometry, and the appearance of light
objects saturating the Bogomol’nyi-Prasad-Sommerfield
(BPS) bound [3.4]. As stressed in [5-7], a key probe of
these regimes is provided by BPS strings associated with
the axionic shift symmetries. Their tensions encode geo-
metric information about the compactification and are
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given by the first derivatives of the 4D EFT Kihler
potential. In this sense, they fix the Kihler frame along
the whole asymptotic region, as expected in regimes where
gravity becomes weakly coupled [8,9].

At the same time, BPS particle masses define distin-
guished gradient vector fields on moduli space, dubbed
charge vectors, which characterize the evolution of charged
sectors along asymptotic trajectories, see, e.g., [10-14].
Motivated by this parallel, in this work we study the vector
fields defined as gradients of axionic string tensions (see
also [15,16]) and analyse their interplay with those asso-
ciated with BPS particles. This provides a unified geo-
metric framework to describe how different effective field
theory sectors evolve near asymptotic limits, including both
their coupling to gravity and their kinetic mixing.

Our analysis focuses on gravity-decoupling vector
multiplet limits of 4D A = 2 EFTs that arise from type
II strings compactified on Calabi-Yau manifolds, following
previous work [17-20]. By deriving upper bounds on the
inner products of gradient vector fields in moduli space
associated with BPS strings and particles, we show that
the asymptotic dynamics splits into mutually orthogonal
vector-multiplet subsectors, as illustrated in Fig. 1.
Orthogonality implies a parametric suppression of both
scalar and gauge kinetic mixing between these sectors. One
of them, dubbed the core RFT, is the sector that decouples
from the gravitational dynamics at the level of kinetic
terms, while also accounting for divergences in the moduli-
space curvature. Thus, the moduli-space geometry deter-
mines which sector decouples from gravity along the limit,
geometrising how interactions between sectors are asymp-
totically suppressed.

We finally study the geometry of gravity decoupling
through the Laplacians of string tensions. Using their
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FIG. 1. The three different EFT subsectors that appear along

rigid limits. Each subset of vectors becomes asymptotically
orthogonal to the other two.

relation to the Ricci operator on moduli space, we show that
a divergent scalar curvature in asymptotic limits is bounded
from above by the (squared) charge-to-tension ratio of a
rigid axionic BPS string, paralleling analogous bounds for
BPS particle charge-to-mass ratios [19]. Altogether, our
results suggest that the physics of the rigid sectors
emerging from gravity-decoupling limits is largely gov-
erned by the asymptotic geometry of field space.

The rest of this letter is organized as follows. In the next
section, we review 4D A/ = 2 EFTs that arise from type II
Calabi—Yau compactifications, as well as their BPS particle
charge vectors. We next discuss how axionic shift sym-
metries describe charge vector fields for strings in moduli
space, and their properties. We then relate the vector
product to (gauge) kinetic mixing between vector multiplet
sectors, and then derive a set of upper bounds that allow us
to show the orthogonality relations depicted in Fig. 1, both
in the case of homogeneous Kihler potentials and in that of
metric essential instantons. Finally, through the Laplacian
of axionic string tensions, we relate the moduli scalar
curvature to certain charge-to-tension ratios, and we draw
our conclusions.

II. TYPE II CALABI-YAU COMPACTIFICATIONS
AND CHARGE VECTORS

Let us consider type II string theory compactified on a
Calabi-Yau threefold (CY). The Lagrangian that describes
the vector multiplet sector of the resulting 4D N' = 2 EFT
reads [21-23]

1 . -
VM _ _ -0 s
i — Z—Kﬁ i Rx1— 2gl]dZ A\ *de
1
+§/';1>3:Z-1JF1/\*FJ+RIJFI/\FJ, (1)

where we follow similar conventions to [24]. Here, 7' are
the complex fields that parametrize the vector multiplet
moduli space, and g;; defines a special Kéhler metric. For
type IIB string theory compactified on a Calabi-Yau Y, this
moduli space is given by its complex structure deforma-
tions and so i = 1, ..., h"?(Y) = ny. The Kihler potential
describing the moduli space metric is globally defined in
terms of its holomorphic three-form Q as [25]

K = —log (iLQ(z) A Q(Z)) = —log (ill*n,s118) (2)

where in the second equality we have chosen a basis of
integer three-cycle classes X4 € H;(Y, Z), whose Poincaré
dual three-forms we denote by 64, A = 1, ..., 2ny + 2, and
we have defined
Q =Ty, Nap = —/ 0p N Op. 3)
Y
Geometrically I is the integral of Q over the homology
class —yB% g, where 742 is the inverse of 17,5, which is the
topological intersection between X, and Xj.

The 4D particles that source the field strengths F! and
their magnetic duals G, =6L/6F!, 1 =0, ...,ny, arise
from wrapping D3-branes on three-cycles of Y. If the
three-cycle homology class is Xq = q*%,, with g €z,
then the squared physical charge of this particle is

1 1
Q3 Eillaq A %oy EEquB/YJA A *og, (4)

where x stands for the Hodge star operator on Y. If the
three-cycle is a special Lagrangian, then the particle is BPS
and its mass is given by

mq = |Zq|Mpy, Zq= ekK/2(q, 1) = eX/2g n, 115,

(5)

with Mp, = v/87/k,, and where we have introduced the
vector notation M = (IT', ...T1?"*+2)T similarly for q.
The physical charge matrix 93, = % Jy o4 A *op con-
tains the same information as the gauge matrices Z;; and
R;;. To find QZ, one needs to specify the Hodge star action
on the basis elements o4, which requires knowledge of the
period vector M and its derivatives. To see this, one may
invoke the following identity [26,27]
2 M2 N
= 20T ©

i

Here y4 stands for the charge-to-mass ratio of a BPS
particle, and the charge vector Zq has entries

L= —g" 0, log(mq/Mp). (7)
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whose real index a = 1, ...,2ny is lowered with the real
metric g,,. These charge vectors have been used in the
literature to classify asymptotic limits of infinite distance,
see, e.g., [10-14]. When applied to the present context,
these works have focused on those charges g that host
extremal BPS particles, since they realize the infinite tower
of light states predicted by the distance conjecture [1]. Due
to their extremality, these particles have a charge-to-mass
ratio yq of order one, and it turns out that this also extends

to products of the form E b E > With p, g hosting extremal
BPS particles [14].

This is, however, not so for BPS particles that do not
saturate an extremality bound. Indeed, as stressed in [19],
certain BPS particles have a charge-to-mass ratio that blows
up to infinity along such asymptotic limits. This has a clear
meaning if one interprets the identity (6) as the no-force
condition between two particles with the same charge g, in
which the attractive exchange of scalars and gravitons
balances the repulsive force mediated by spin-1 fields [27].
When y, > 1 the force of gravity is negligible with respect to
the other two, and so the mutual interactions mediated by
the U(1), sourced by q — with field strength (q,F),
F = (F!, G,), reproduce those of a rigid field theory [20)].
Together with some additional decoupling conditions, this
implies that this U(1) decouples from the graviphoton and the
U(1)s sourced by extremal BPS particles [17-20]. We then
have a rigid field theory (RFT) that decouples from gravity.

In the following, we argue that the necessary conditions
for RFT gravity decoupling are not only reflected in the
norms of the charge vectors, but also in the angles between
them. A key ingredient to attain this picture will be the
presence of axionic shift symmetries that become exact at
the limit end point. As a consequence, there are a number of
BPS axionic strings in the spectrum, each with its own
charge vector. The properties of these vectors imply that the
different field theory sectors that appear in gravity decou-
pling limits become orthogonal to each other when mapped
to the tangent field space, providing a geometric EFT
picture of gravity decoupling.

II1. STRINGS AND AXIONIC SHIFT SYMMETRIES

A well-known framework to describe the physics of
gravity-decoupling limits is special geometry, see, e.g.,
[22]. In particular, with a choice of special coordinates, all
the couplings in (1) are specified in terms of a prepotential.
Alternatively, one may exploit the nilpotent orbit theorem
of Schmid [28] to locally describe the period vector 1
around certain moduli space singularities as

M=elP (ao + Zarl...mez’”"”r), (8)
r"l

where T' = a' + it' describe the coordinates transverse to
the singularity, located at # — co and surrounded as
a' - a' + 1. Such periodicity implements a monodromy
transformation M — e”iM on the period vector, where e’

are commuting integer unipotent matrices. Finally, r; € N
and ag, a, _, €C> 2. This and related results apply to a
large class of asymptotic limits in Calabi-Yau moduli
spaces, and have been used in [29-31] (and more recently
in [32,33]) to understand and classify the physics of the
distance conjecture along 4D A =2 vector multiplet
infinite distance limits, in type II Calabi-Yau settings. In
particular, the type of singularity is defined via the index
d =0, 1, 2, 3 such that P?a, # 0 but P*'a, = 0, where
P = ¢'P;, for some choice of ¢! €R .

For the following discussion, the most relevant fact about
(8) is that the approximate period and the corresponding
Kihler potential

|_lpol = eTiPiaOv Kpol = 10g (il:[?olﬂABHB )7 (9)

pol
display a very specific structure. Due to the nilpotency of
the P; one has that M, is a polynomial in the T' of degree
d, and due to the fact that ¢’ > @'+ 1 is a discrete
symmetry, we have that PT +nP; = 0. As a result Kool
displays the following axionic shift symmetries

a —a + A, I ER, (10)
in those regimes where #' 3> ¢=2* V i, j.In the following,
we will restrict to those regions, since they justify the
expansion in (8). More precisely, we will have in mind the
so-called growth sector limits

=1 +elp+eipm + ebp® + .. (11)

where p - o0 and e,,, m =0, 1,2, ... are vectors with ny,
non-negative integer e', entries, such that >, ¢!, - ¢!, = 0,
Vm#nand 1 >a;>...>a, >a,,.1 > ...

These approximate shift symmetries imply the presence
of a set of axionic BPS strings in the 4D EFT spectrum,
whose tension can be approximated as [5-7]

. I .
T,=eT,= _EelatiKM%'l’ (12)

where the vector e with ny integer-valued entries represents
the string charge. If all the entries of this vector are non-
negative, the exponential corrections to M, will decrease
as we approach the string core along its 4D solution. More
precisely, in terms of the transverse 4D coordinate z4p =
exp(2z(—p + io)) one finds the following BPS solution
around a string located at z4p =0

=1 +ep, al = oél, (13)

lSingularities have complex codimension N < ny, parame-
trized by the transverse fields 77, i = 1, ..., N, while a,, a,
are holomorphic functions of the parallel fields. Our discussion
assumes no significant kinetic mixing between both sets of fields.
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which is a particular case of the saxionic trajectory (11).
Axionic BPS strings satisfying this property were dubbed
EFT strings in [5-7], and shown to be extremal objects
whose physics is captured by K. Charges e with some
negative entry describe non-EFT strings, for which the
solution (13) is not reliable near their core. This happens,
for instance, in asymptotic regions where K, yields a
degenerate metric along some field direction 7% o e,
dubbed limits with metric essential instantons [34,35]. In
that case, and depending on the exponential terms, one may
or may not have an approximate axionic shift symmetry for
the K -degenerate directions. Whenever one does, one
may compute the BPS axionic string tension as in (12), and
then consider the charge vector

T
&= —g?9, log—<. (14)
M,

In the following, we will work in Planck units. Due to the
no-force condition for BPS strings, one has ||&,|| = 7, [5].
namely the string charge-to-tension ratio. Then, just like for
particles, along a given limit one will have BPS extremal
and nonextremal strings. The former have y, ~ O(1) and
include EFT strings, for which their products also satisfy
&, -& ~O(1) [15]. The latter have y, > O(1) which is
equivalent to require

6. VK| <2|¢

|, with &= (e,0). (15)
This is nothing but the RFT condition defined in [19,20],
along the saxionic field direction €. In contrast to that
reference, where it is related to the ratio of a BPS magnetic
state, here we relate it to a string ratio. Both conditions
coincide into the same one in decompactification limits to
5D [36].

The period vector (8) not only implies a simple description
for axionic BPS string tensions, but also for the mass of the
leading tower of extremal states. Indeed, in this framework,
the states of such a tower satisfy P;q =0, V i[32,33], and
as a result for its lightest state q, we have

n, = eK/za*Mpl = E* = _§§K7 (16)

where a, = |(q,, ay)| is a positive real constant. One can also
check that the norm of this charge vector is finite

IE.]| = /d/2 (17)

where d > 0 is defined above (9) and coincides with the
degree of exp(—K). This O(1) norm reflects the fact that
the BPS tower is also extremal, as previously noted.

Notice that the above expressions imply a specific choice

of Kihler frame, since they connect VK to physical
quantities like BPS string tensions. One can trace back
this lack of invariance under general Kéhler trans-
formations K — K+ F+ F with F holomorphic
to the particular form of the period vector (8), which is
not invariant under Q — e FQ unless F is a con-
stant. That this choice of Kihler potential can be made
for the whole asymptotic region may be surprising at first,
but it precisely matches the general requirement that the
Kihler form of field space must be exact in order to couple
supergravity to a rigid theory [8,9]. In the present setting,
this exactness can be linked to the presence of explicit
axionic shift symmetries in the Kéhler potential.

IV. VECTOR PRODUCTS AND MIXING

An interesting observation is that, in the presence of
axionic shift symmetries, charge vectors provide a geo-
metric description of the kinetic mixing between different
sectors. Indeed, the charge vector of a BPS axionic string
with tension 7, reads

- e
VI, =& &=—. (18)
e
This not only yields ||&,|| = [|2]|/7. = 7.. but also
05 = f{ L (19)
e el

That is, the vector products between different string charge
vectors determine the kinetic mixing between field direc-
tions, and more precisely, their relative angles. Again, this
is not only true for EFT strings, but for any pair of BPS
axionic strings.

In the case of BPS particles, their products determine the
gauge kinetic mixing. Indeed, one may show that

. - 1
1 ZpZg| +2V|Zp| - V|Zg| = c0s ppqQpq + 5sin Ppq(P. Q).
(20)

where Q3 = Q%,p"¢® represents the gauge kinetic mix-
ing between U(1), and U(1),, and exp(ippq) = arg Z,Zq.
As a result, one finds the following relation

1422, & B

_ Re[e™(Qpq + 5 (P.a)]
(1+2018pl7)3(1 +21Eg]2)2

g

(21)

Finally, one may consider products between string and
particle charge vectors. If e corresponds to an EFT string,
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these compute the exponential BPS mass variation along
(13), namely

deq=¢-La/lléll = & - La/lIEl, (22)
which upon normalization of Zq gives
Ee : Zq
(ON) ¢(e.q) = —=. (23)
[[€ell11Eq]l

Similarly, the product Ee . Ef can be interpreted in terms of
the exponential variation of 7, along (13).

To sum up, one finds that the kinetic mixing, gauge
kinetic mixing and mass variations along string flows can
all be captured in terms of charge vector products. Because
the norms of these vectors are related to the charge-to-
tension ratio of BPS strings and particles, this already
suggests suppressed mixing terms between extremal and
certain rigid sectors. To see this more clearly, it proves
useful to establish certain bounds on the scalar products of
charge vectors, as we discuss next.

V. BOUNDS ON VECTOR PRODUCTS

Given the above definitions, it is easy to see that

Ee : Z* - 17 (24)

for any axionic string charge e. Interestingly, for infinite
distance limits with leading direction e, one can identify the
species scale Ay, with \/’ZTe [37]. From there, one precisely
recovers the pattern observed in [38,39] relating the leading
tower to the species scale, for this particular setting. More
generally, the fact that in this context the relation extends to
all axionic BPS strings, both extremal and nonextremal,
reveals a simple geometric distinction between the two
kinds. Indeed, it follows from (24) and (17) that the angle

between ¢ and VK reads

21

COS Pe.s) = Q7. (25)
e

As a result for extremal strings cos ¢, ,) =~ O(1), while for
rigid ones cos ¢, ,) — 0 as we proceed along (11). In other
words, the rigid field directions represented by € become
orthogonal to VK , in the specific Kéhler frame that we are
working in. Excursions along these rigid field directions
represent variations of K that are negligible compared to
those generated by EFT string flows. This fits well with the

standard picture in which, whenever we have a rigid limit
we can express the Kihler potential as

K = —log (Ko — Kyigia). (26)

where Iy is independent of the rigid fields and
Ko > Kiigia- This hierarchy justifies the expansion
ICri i
K =—logky+—2d 4 (27)

Ko

from where we can identify Kj4iq with the second term. It
follows that the excursions of those fields contained in /C,
may translate into a variation of the Kéahler potential of
Planckian size, while for rigid fields the variation is of order

m, ~ Mp/ IC(I)/ . In the presence of shift symmetries, this
can be translated to relative angles between charge vectors.
Notice in particular that the suppression increases for larger
values of y,.

More generally, one can draw a geometric picture
describing extremal and rigid sectors by looking at the
relative angles between charge vectors. Let us first focus on
those that correspond to axionic strings. Assuming the
presence of axionic shift symmetries along the saxionic

directions € = (e,0) and f= (f,0), one finds that their
product reads

- -

é- f = 2TeTf + (E . f)rig’ (28)

where the right-hand side (rhs) product is computed with
the rigid metric

rigi 1 —
g = —EeKa,ia,,e K, (29)

As a result, the product of two string charge vectors is

z 72 _ (E'f‘>rig
S &= (2+T7f>' (30)

When both vectors represent EFT strings, the rigid
contribution is either comparable or subleading with
respect to the first one. Because in this case one can
approximate K =~ K, to compute the string charge vectors
and their products, it is found that [15]

& -&<0(1). (31)

For rigid strings, orthogonality with respect to VK implies
that the rigid contribution is dominant:

-

(E'f)rig

||E||rig||f||rig

- -

é:e'gf:—’_

(g'f)ﬁg L~

1,7, % (32)

From here one can deduce the following bound
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& & smin(7.1.77). (33)

This implies that, in the rigid sector, the products EB . Ef
can diverge asymptotically, as for instance happens with
their charge-to-tension ratios y, = ||Ee|| More precisely,
for rigid strings whose tension can be computed as
T, = —%E . ﬁKpol, as happens in large complex structure

(LCS) limits, the norm ||<§e|| diverges polynomially in the
saxions #'. For those that arise from a metric instanton
sector, ||Ee || will instead grow exponentially with the #, see
the next sections for more details.

The bound (33) also applies when e corresponds to an
EFT string charge and f to a rigid one. Then, because in
practice the rigid charge is the lightest, we can replace the
rhs by 7. The angle between both charge vectors is then
bounded as

c0s 0,7 < (Ters)". (34)

If f corresponds to a metric instanton sector, then y will grow
exponentially faster than 7,~', and so cos G(a A 0. If, on

the other hand, y; grows polynomially along the limit, the
charge vectors will become orthogonal only for selected
extremal-rigid pairs (EeEf) In particular, the bound [36]
favours orthogonality for the rigid subsector whose charge-
to-tension ratio y; is most divergent, which corresponds to the
RFT subsector that can decouple from gravity, also known as
RFT [19,36]. As we will see below, it is precisely for this
sector that one can have cos e(a A 0 for any extremal
charge e.

Crucially, for selected EFT string directions (31) still
applies. Indeed, as noted above, one may interpret (31) as
that, along the EFT string flow (13), all EFT string tensions
evolve as some power of 7, ~ 1/p. If a rigid string tension
T s is computed from K, then it also depends polynomially
on 7 ,, and so along the EFT string flow generated by e we

have &, - & < O(1). The same bound applies to those EFT
strings with charges e, such that 7, ~ (1) along this
same flow. In both cases cos 6, ) <1 /rs — 0 for any rigid
string charge f. In other words, all rigid string charge
vectors become asymptotically orthogonal to the field
directions {e, €,}, which we denote as the SDC sector.”

Let us now consider mixed vector products Ee . Eq
between string and particle charge vectors. Just like for
strings, one may consider two kinds of particle charge
vectors. The first corresponds to a central charge of the
form Zq ~ eX/2(q, Mpol)» and the second to exponentially
suppressed periods that arise from a metric essential

>The reason for this name is that, as can be deduced from
Appendix B of [17] and the results of [18], the saxions (7, #*) that
correspond to (e, e,) control the scaling of the SDC towers.

instanton sector [20]. In the first case let us assume that
mp :eK/2|TZ|MP1, (35)
where T, = d;T'. Then one finds
- - Sty
$e Co1+ndie' ———. (36)
e

The rhs is O(1) when e corresponds to the leading direction
of the limit. For other EFT string charges we instead have
the bound

Ee'EpSTe_lv (37)

which also holds for exponentially-suppressed masses. So
we find a similar pattern to that obtained for string charge
vectors. All rigid U(1),’s become orthogonal to £, when e
corresponds to the leading direction of the limit or
T < O(1). For other EFT string charges, the orthogonality
depends on the degree of divergence of yp.

To sum up, we find that charge vectors Ef and z’ g that
respectively represent rigid field directions and rigid U(1)s,
become asymptotically orthogonal to the SDC sector.
Orthogonality with respect to other EFT string charge

vectors depends on the degree of divergence of ||Ef|| and

||Eq|], and points towards those rigid sectors that decouple
from gravity. As stressed in [19,20], a necessary condition
to decouple a vector multiplet from gravity is that both its
electrically and magnetically charged states have diverging
charge-to-mass ratios.. To see how this translates into the
geometry of charge vectors, let us consider a magnetic state
g and its electric dual state p in the sense of (p,q) # 0, and
such that exp(igpq) = i. Applying this to (20) while
assuming that yp, 74 > 1, one arrives at

ZQPQQ = <p7q> e Zp”Zq (38)

That is, to recover the usual field theory relation between
dual electromagnetic couplings g.g,, € Z one needs parallel
charge vectors. In fact, in order to decouple a vector multiplet
associated with a rigid field direction T « f' one should

require a structure of the form %}HE o ||Z_,7q - This is stronger

than requiring each of these vectors to be orthogonal to Z’ , Oor
the SDC sector, and it is closer to the condition of
orthogonality with respect to all charge vectors for EFT
strings and extremal particles. To show how this more
detailed structure arises, it proves useful to consider sepa-
rately the two main setups that arise in asymptotic limits.

VI. THE HOMOGENEOUS CASE

Let us consider the piece of the Kihler potential that
arises at the polynomial level
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Kpol = —log(g), (39)
where G = g(ti) is a polynomial function in the saxions
{t'}. In the LCS regime, one can approximate it by
a homogeneous polynomial of degree d = 3. Then
one has

-

1>
C* = _EVKpol = (t’ O)T’ (40)

where the components of ¢ are the saxion coordinates 7.
This in turn implies that

£.-Vlog fo~+1d,log fo ~+0. (41)
where f, is a degree Q function on the t'. This holds
for all the tensions and masses of BPS strings and
particles in the LCS regime. More generally, this result
extends to limits with metric essential instantons, if one
restricts the analysis to those field theory directions
where the metric derived from K, is nondegenerate, to
the corresponding vector multiplets and to the BPS
strings and particles charged under them, as we do in
the following.

The bound on the product (41) means that all BPS strings
and particles with diverging ratio y will become orthogonal

to VK, along an asymptotic limit with rigid sectors, just

as they become orthogonal to the leading direction Ee x e
of the limit (11), as previously discussed.

To see how they behave with respect to other extremal
directions, let us consider the rigid metric

1

gzg =G| >

0,0,G. (42)

Following [17,18,36] we define the core RFT sector as
those field directions f that are exactly orthogonal to the
leading direction e, with respect to (42) while the whole
set of rigid directions is dubbed extended RFT. As
mentioned, the core RFT directions display those BPS
strings with the largest tension-to-mass ratio. For in-
stance, in the particular case of EFT string limits (13)
one has that y}zQ:T;ﬂw where w=1,2,3 is the
scaling weight defined in [8]. For extended RFT vectors
outside of the core RFT, we instead have that
yj% ~GT,, =T, for w=2,3.

Let us now use (34) to see the interplay between
these two RFT sectors and the sector of EFT strings,
which contains the SDC subsector defined above. For
simplicity, let us focus on EFT string LCS limits,
whose spectrum of EFT strings was analysed in
Appendix B of [17] in terms of the scaling weight
w. For w =3 the SDC sector reduces to the direction

of the limit ey, and there are ny — 1 independent EFT
string charges e; such that 7, ~7,. For a generic
extended RFT vector we have cos 9(& e O(1), while

if f belongs to the core RFT we have cos 6(5_ H 0

instead. For w =1 limits the only string tension that
tends to zero is 7, . Hence the SDC and EFT string
sectors coincide, just like the core and extended RFT
sectors do, and so cos Q(Ei.f) — 0 for any rigid direction

f. Finally, w = 2 limits occur in elliptically fibred CYs.
Their SDC sector comprises the direction of the limit e
and the field direction ep that controls the generic
elliptic fibre. The core RFT becomes orthogonal to both
of them but not to other EFT string charges e; with
7T, ~7T,, which correspond to vertical divisors. Still,
one can split the charge vector lattice into a sum of
orthogonal subsectors: the SDC sector, the core RFT
and a sublattice of the extended RFT.

This last result relies on the orthogonality structure
that also occurs within the extended RFT. Indeed, one
can see that for EFT string limits (- f),, ~ (G7T,,)”"
for two generic vectors in the extended RFT, while it
goes like G ! if at least one of the two directions
belongs to the core RFT. Plugging this behavior into
(32), one can see that core RFT directions become
asymptotically orthogonal to the remaining extended
RFT directions, suppressing the kinetic mixing between
both sectors. This lesson extends to the more general set
of limits (11), where the asymptotic dependence of these
vector products is more involved. Ultimately, one can
trace back the orthogonality between core and extended
RFT directions to the fact that one is generating a
hierarchy of eigenvalues along these limits, of the form

core RFT ext RFT
9ij < 9jj ,

(43)
while the contracted vectors ¢, f‘ have integer entries.

Turning to particle charge vectors, one may follow [19]
and consider certain magnetic states with a choice of charge
qr such that mq, > 7;/m,, where we have used that those
field directions 7% whose metric is dominated by Ko can
be identified with special coordinates. Translated into
charge vectors one then finds

ZQf|sax = Ef - E*’ (44)

where we have neglected subleading axion-dependent

terms and on the lhs we have projected {q, into its saxionic

entries. Since those are the only ones that contribute to
products with string charge vectors, we have

(g : J—;)rig

ge.gqul—z T, (45)
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and so the discussion below (30) extends to this case. If e
belongs to the SDC sector or represents a generic extended
RFT direction and ¢y a core RFT one, then Ee and E o will
become orthogonal asymptotically. More generally, at the
polynomlal level one has that the axionic components of

Z; q, are negligible compared to C o |sax> While due to (41) one
has that ||, || < Hc_qu”m for rigid BPS particles. As a

result, the two vectors qu and Ef will asymptotically align

for rigid sectors.
Hence, together with the condition (38), one arrives

at the structure Ef”Epf”qu. This typically holds asymp-

totically for core RFT sectors, generalizing the align-
ment of charge vectors observed in [40] to 4D N =2
EFTs with axionic shift symmetries. Also, the addi-
tional layer of orthogonality between core and extended
RFT directiones turns out to be crucial for the
purposes of gravity decoupling, since as pointed out
in [20], only the core RFT sector can decouple from
the extremal sector at the level of monodromies and
Pauli interactions.

VII. METRIC ESSENTIAL INSTANTONS

Limits with metric essential instantons have a Kéihler
potential with the following structure [35]:

K=- IOg (ICpol - Kinst)v (46)
where K, is a polynomial function of degree d in the
saxions #¥, and K, contains the exponential corrections.
The piece K, = —log K, leads to a degenerate metric,
and so at least some terms within /C;,i; must be considered
in order to lift such a degeneracy. Following [20], let us
assume that such terms are of the form

Kinst = Q22" +1Im(B,z*) + ... (47)

where z# = exp(2ziT*) depend on the field directions that
do not appear in IC,,,}, and Q,,, B, are polynomial functions
of the #*. One interesting observation is that, for infinite-
distance limits, such polynomials are always of the same
or lower degree that those in K., in such a way that
Kool > King at any point in moduli space around
it = o0 [34].

Let us for simplicity assume that X, depends on a
single saxionic field ¢! = ImT', while there is a single
relevant exponential in (47): z¢ = exp(2zi(AT"' + rAT?)),
¥ €N. That is, the Kihler potential is

*We thank D. van de Heisteeg for discussions on this point.

K =—log (1) = Q|z"> = Im(Bz*) + ...), (48)
with Q and B in general polynomial functions of (¢!, 7).
The metric in the basis dT" at leading order reads gy =~

d/(4(1")?) and

aTi afz (Im(Bz”))
grit: = _T +

O(#P).  (49)

from where one can see that the axionic shift symmetry for
ReT? is broken unless B = 0. In that case, the leading order
takes the shape

97:072(Q|2"*)

GO, (50)

gritzr = —
and the string tensions read

d
T, =—+0(z),
1 2l1+ (Z)

Ty=- 92(QI?) + O(|z*P). (51)

1
2(")

Their charge vectors take the form

> 2t > 2(t")?
51—7(170)’ 52——W(0»1)- (52)
Bl = 8()e 229 E) | oyt a2y, (53)

[0 (Ql2*)1?

Notice that at most, derivatives of Q scale like Q itself
or are subleading in the limit. In this case, one gets
that ||&|| diverges exponentially in |z#| and poly-
nomially in #'. This matches the discussion above
and in [20], where metric essential instantons are
associated with strings with diverging charge vectors,
signalling gravity decoupling. Furthermore, one can
compute the product between extremal and rigid
strings, getting to

E &<t (54)

reflecting the discussion around (34). As a conse-
quence, the rigid sector becomes orthogonal with
respect to the extremal one.

Let us now switch to the charge vectors for BPS
particles. Parametrizing their central charge as Z, =

eX/2(TV)m (T?)"(z#)"s, their norm reads
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An(r)*n3 (1)
920.(Q|"*) °

1CqP = 14]12, o = O(1).  (55)

To analyze this behaviour, we contrast the general expres-
sion above with a simplified extremal configuration in
which n, = n3 = 0. Their products with the charge vectors
of the strings are

2ﬂfgn3(tl )d

E1-CqmO(1), & lqgm——20 0 (56
51 é‘q ( ) 52 Cq at26t2(Q|Z”|2) ( )
while in the extremal case, we have

52 : Cq|nz:n3:0 = O<1) (57)

One can also compute their products with .. For generic
values of the exponents, one has

> 7 'jftl ’gtl at‘atz(Q|ZM|2)

v Cq=ny—— 2 L= <l (58
C é,q njy o +n3 o 0,25,2(Q|Z”|2) ( )
while for the exponents which identify particles in the
extremal sector:

Z.-5" & o). (59)
Altogether, the charge vectors of BPS particles also
organise themselves into orthogonal sectors.

The computation changes significantly when B # 0,
since the axionic shift symmetry is no longer preserved,
and it is broken by a term which is parametrically larger
than the would-be string tension. Consequently, the for-
mulas for the axionic string tensions cannot be evaluated
using (12). If one nevertheless did, one may check that then

Ee . E « # 1, a feature that clearly distinguishes them from a
conventional axionic string.

VIII. LAPLACIAN AND CURVATURE

As stressed in [41,42], Laplacians of charge vectors
and other physical operators contain nontrivial informa-
tion about asymptotic limits in moduli space. In the
presence of axionic shift symmetries, one may evaluate
their action on string tensions. For this, we consider the
identity

AF =
7:||V10gF||2+A10gF, (60)

for F any real function. Setting F = 7, one obtains

AT,
7,

=ys+AlogT, <72, (61)

where we have used that the log is a concave function.
To compute A7, one may use the following identity:

[A.V|F = RVF = AVK = RVK, (62)

where R! = gikRkj is the Ricci operator, and we have
used that AK = 2ny. From here we find

AT, =— % Z-RVK. (63)

Hence, if sufficient axionic symmetries are present, A7,
can be expressed as a linear combination of string
tensions. If one now estimates the scalar curvature R
as the largest eigenvalue of the Ricci operator, with
eigenvector &, = (€., 0)7, one finds that

RZ72 . (64)

Hence, a scalar curvature divergence leads to a string
charge-to-tension divergence and to a rigid limit (15), in
agreement with the curvature criterion [17]. This is also
reminiscent of the bound R Sya,max observed in [19],
where yq max 18 the BPS particle charge-to-mass ratio with
the largest asymptotic divergence. In that case, and for
limits where R — 00, yqmax Was identified with the core
RFT sector. From the current perspective, since the
normalized Pauli couplings of the core RFT are the ones
that dominate the scalar curvature [20], one expects that
e.ax specifies the core RFT sector of strings.

IX. CONCLUSIONS

In this work we have studied the relation between
axionic shift symmetries, charge vectors, and gravity
decoupling. The main role of axionic shift symmetries
is to identify a set of BPS axionic strings, which fix a
preferred frame for the Kéhler potential via (12) along
the whole asymptotic region of gravity decoupling, in
agreement with general expectations [8,9]. Additionally,
these axionic strings define their own charge-to-tension

vector fields Ee which, together with the charge-to-mass

vectors of BPS particles Eq, map the different sub-
sectors of the EFT into subspaces of the tangent field
space. More precisely, if one splits the EFT into
subsectors with different physical properties with
respect to the gravity decoupling limit, they map into
orthogonal subspaces. The result is a general, geo-
metric EFT description of gravity decoupling, illus-
trated in Fig. 1.

086012-9



AOUFIA, CASAS, and MARCHESANO

PHYS. REV. D 114, 086012 (2026)

To arrive at this picture, we have focused on the
vector multiplet moduli space of 4D A =2 EFTs that
arise from type II Calabi-Yau compactifications, which
have been recently studied in [17-20] to revisit the
process of gravity decoupling from a Swampland per-
spective. It follows from these works that one can
distinguish between different EFT subsectors. The first
subsector corresponds to the set of extremal strings and
particles, whose charge vectors have an (O(1) norm.
These translate respectively into field theory directions
that see a genuine supergravity metric, like for instance
the leading direction e, of the limit (11), and to those
quantized U(1)s sourced by extremal BPS particles, like
the ones within the towers predicted by the distance
conjecture. These sectors are represented by charge
vectors whose relative angles 9 satisfy cosd =~ O(1),
as implied by certain lower bounds on their vector
products.

The second subsector corresponds to BPS strings and
particles that are rigid, in the sense that their ratio y is
parametrically above the extremality bound. Rigid
axionic strings indicate field theory directions that
satisfy (15) and therefore see a rigid metric, while
nonextremal BPS particles source U(l)s with rigid
mutual couplings. By deriving upper bounds on the
products of these vectors, we have shown that they
become orthogonal to the charge vectors of certain
extremal objects related to the SDC tower, that we have
dubbed the SDC sector. This geometric feature corre-
sponds to a necessary condition for gravity decoupling,
since two orthogonal string vectors describe two field
theory directions with negligible kinetic mixing, while
orthogonal particle vectors signal the absence of gauge
kinetic mixing.

Further orthogonality relations are revealed upon
inspection of the rigid sector. The extended rigid sector
consists of vector multiplets that decouple from the SDC
sector at the level of kinetic mixing, but not necessarily at
the level of Pauli couplings [20]. Within this sector, one
can identify a distinguished subsector, the core RFT,
which can be characterised in terms of the monodromy of
the limit and can fully decouple from the rest of the EFT.
By definition, the core RFT contains electromagnetic
pairs of particles [20]. We have found that, in order for
their electric and magnetic U(1) couplings to reproduce
the standard field theory inverse relations, the charge
vectors of these electromagnetic pairs need to align. The
orthogonality of the core RFT with respect to other
extended RFT charge vectors stems from the parametri-
cally larger norms, which result in the charge-to-tension
ratios y,, yq with largest divergence. These results relate
the notions of coscaling and alignment put forward in
[40] (see also [36]), although here these properties are not
necessarily linked to towers of particles, but to rigid
sectors closed under electromagnetic duality. Finally, by

considering the Laplacian of axionic string tensions, we
have seen how string ratios bound the scalar curvature,
similarly to the relation found in [19], taking us one step
closer to understanding the physics behind the curvature
criterion [17].

While we have focused our analysis on 4D N =2
settings, one can easily argue that our results extend to
gravity decoupling limits within 4D N =1 EFTs.
Indeed, the main ingredient behind our analysis is the
structure (8), that stems from the presence of asymptotic
axionic shift symmetries and their monodromies. Such a
structure has already been highlighted and exploited in
the context of type II/F-theory Calabi-Yau compactifi-
cations with fluxes, see, e.g., [35,43—47]. In this 4D
N =1 setting one should interpret the period vector
entries as BPS membrane tensions, instead of particle
masses. Due to their no-force condition, membrane
charge vectors will have similar properties to the particle
charge vectors in our discussion. In particular, the
tension of the lightest extremal membrane will corre-

spond to the charge vector Z . In (16) which, just like the
BPS axionic string tensions, fixes a preferred Kéhler
frame. Identities like (24) and other bounds on vector
products will hold,* and from there the orthogonality
structure illustrated in Fig. 1 will follow. Since now we

identify the E with membrane charge vectors, the
orthogonality relations encode how rigid field theory
potentials embed into supergravity. This yields a new
framework to understand how scalar potentials behave in
asymptotic regions of field space, on which we plan to
report in the future.
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“In this more general setup the lightest EFT string tension
cannot be identified with Agp, but only with an upper bound for
it [48].
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