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In order to meet the high-precision measurement of the current baryon spectroscopy, for the first time,
we rigorously analyze the spin-dependent interactions and the fine structure of the negative-parity singly
heavy baryons in the relativized quark model, which was previously unfeasible in the three-quark system.
This gains access to the exploration of the strong interactions dominated by the nonperturbative QCD, and
reveals how the various forms of strong interactions in a baryon compete with each other, affect the
evolution of the energy levels, cause the energy level splitting, and contribute to the mixing effect
responsible for the formation of the fine structures. It is shown that the rigorous calculation can nicely
reproduce the data; the averaged deviation between the calculated and experimental energy levels is less
than 5 MeV for the negative-parity singly heavy baryons. This confirms the reliability of the calculation and
also helps make reasonable assignments for the observed negative-parity baryons. The large amount of data
obtained by the rigorous calculations contains a wealth of interaction information and is helpful for both of
the theoretical and experimental studies. The key to the rigorous calculation in this work is the proposal of a
new method, namely the two-step Gaussian expansion method. This new method not only overcomes the
long-standing unresolved problem in the relativized quark model, but also provides an effective approach
for the high-precision calculation of other few-body systems such as the compact tetraquarks and
pentaquarks, especially for the treatment of spin-orbit interactions and tensor interactions which actually

appear ubiquitously in all of quantum many-body systems.

DOI: 10.1103/wg7b-mlfp

I. INTRODUCTION

Heavy baryon spectroscopy has played an important role
in the development of quantum chromodynamics (QCD) [1],
especially in understanding the properties of strong inter-
actions dominated by nonperturbative QCD. In recent years,
with the advances of high energy facilities and detectors,
some excited singly heavy baryons were discovered in
groups [2-10], such as {Q.(3000)°, €Q.(3050)°,
Q.(3065)%,  ©.(3090)°, Q.(3120)°}, {9Q,(6316)",
Q,(6330)7, ©Q,(6340), Q,(6350)"}, and {E.(2923)"0,
E.(2930)"%}. The mass values of these baryons in each
group are very close, and the mass gap is even less than
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10 MeV, suggesting the existence of the fine structures in
their excitation spectra. Calculations showed that these
baryons might belong to the 1P-wave states [11-29].
Exactly, they should be of negative parity. However, their
spin values cannot be reliably assigned, and the close mass
values in each group cannot be reproduced precisely as well.
How to explain these fine structures poses a great challenge
for the theoretical analysis.

On the other hand, it is well known that the fine structure
of the energy levels is generally caused by spin-dependent
interactions, e.g., the fine structure in the atomic spectrum
[30] and the shell structure in nuclei [31]. Naturally, the fine
structure in the heavy baryon spectra might also contain
abundant information about the spin-dependent inter-
actions. So, investigating the fine structure provides an
opportunity to explore the details of these interactions
within a heavy baryon.

For properly understanding the spin-dependent inter-
actions and the fine structure in these heavy baryons, a
reliable theoretical analysis is necessary, and it should be
accurate enough. To this end, such an analysis must meet
two requirements: (a) the model (or theory) should be
precise enough, i.e., it should be QCD inspired and contain
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all possible and detailed spin-dependent interactions, and
(b) the model should be calculable with high-precision (or
rigorously). However, these two requirements present
substantial challenges to current theoretical approaches,
including lattice QCD [1,25,32], QCD sum rules [33-35],
chiral perturbation theory [36,37], Regge trajectories
[38,39], and the quark potential models [40-52].

As a representative quark potential model, the relativized
quark model (RQM) might be recognized as a precise one
since its Hamiltonian takes into account more physical
factors concerning QCD and the relativistic correction than
those in other quark models, which benefits the spin-
dependent interactions there [53,54]. Namely, the RQM
meets requirement (a). Meeting requirement (b), however,
the difficulties encountered are far more serious than
expected, for the Hamiltonian in this model contains
some rather complicated interaction terms. For example,
there are some spin-orbit terms in the RQM like
(a %%ﬁf”’)w) Here, |a) and |$) denote any two
orbital excited states, which are defined based on the Jacobi
coordinates (p, ) as shown in Fig. 1, while p, is defined in
the Cartesian coordinates and r;; =r; —r; represents the
relative position vector between the i-th and j-th quarks
(i, j} ={1,2}, {2,3}, or {3, 1}), which is different from
the Jacobi coordinates (see Fig. 1). This difference makes the
calculation extremely complicated, especially in cases of
{i,j} ={2,3} and {3,1}. By applying the coordinate
transformation to r;; and p; further, the matrix element

becomes
’)

(d*

5; - (r;; x p;) 0G " (r;))
2m ri or

ij ij
~s0(v)
0 (1)) TAA,, BB,
:<“|{ r~(3r~~J [2;13 besit=, ,2p Lisi
rl 1 Brl A i
S x ) s+ P ) ] 1)

(1)

with [, =p xp, and I; = A x p,. Here, AruApv B,i;B i,
A,ijB,;, and B,;;A,; are the coefficients arising from the
coordinate transformation. The form of Eq. (1) can conven-
iently describe the orbital excitation modes of baryons,
which are dominant in the low-energy regime. In Eq. (1), the
latter two terms are proportional to p X p; and 4 X p,,
respectively. They are the so-called three-body spin-orbit

potentials (H ‘?}"33 ) [55]. Then, the former two terms are
named as the two-body interactions (H?;"zB ). These three-
body terms were studied in the 1970s, but have not yet been
fully and rigorously calculated so far [54-56]. Actually, in
addition to the spin-orbit terms, the tensor terms are also very
difficult to calculate rigorously in the RQM, especially when
the mixing effect is taken into account [57,58]. The rigorous
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A
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FIG. 1. The strong interaction within a baryon described by the
relativized quark model is of the two-body interactions as
illustrated on the left panel, while the matrix element calculations
of the interactions are performed in the specific Jacobi coor-
dinates (p, 4) shown on the right panel. Here, g;(,) and Q3 denote
the light quark and the heavy quark, respectlvely The difference
between the used variables on the two panels causes a great
difficulty in the real calculations.

calculation is a serious problem that the RQM encounters in
the baryon system.

This problem has remained unsolved for nearly 50 years,
leading to the RQM being unable to accurately analyze the
baryon spectra and some fundamental physical issues
having not been clarified either, such as the “spin-orbit
puzzle” [59]. For avoiding this problem, various approx-
imations were put forward, such as the diquark approxi-
mation [60]. But these approximations resulted in the
unknown systematical errors and unreliable conclusions
as discussed in Ref. [61]. So, the approximate methods
ultimately failed to meet the requirements of the high-
precision analysis. Therefore, realizing the rigorous calcu-
lation of the RQM becomes the inevitable path for the
current theoretical study.

In this work, we develop the Gaussian expansion method
(GEM) [62] to a two-step GEM for the first time. This two-
step GEM enables us to work out these complicated matrix
elements in calculation rigorously. Not only can it over-
come the long-standing major obstacle in the rigorous
calculation of the baryon spectroscopy, but also lay the
foundation for our accurate analysis of the spin-dependent
interactions and the fine structure of the negative-parity
heavy baryons in this work.

The remainder of this paper is organized as follows. In
Sec. II, the calculation scheme used in this work is
introduced, including the wave functions, Jacobi coordi-
nates, Hamiltonian of the RQM, GEM, and calculation of
the mixing effect. The results and discussion are presented
in Sec. III. And Sec. IV is reserved for the conclusions. The
Appendix in Sec. V presents the additional details on the
calculation scheme and the complete calculation results. In
particular, the two-step GEM is described there in detail.

II. CALCULATION SCHEME

Commonly, the two light quarks in a singly heavy
baryon are assumed to satisfy the flavor SU(3) symmetry.
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As the requirement of the flavor SU(3) subgroups, the
singly heavy baryons belong to either a sextet (67) of the
flavor symmetric states (Z., Zi., Q., X, E, and €,), or an
antitriplet (37) of the flavor antisymmetric states (A, 2.,
A, and E,). Calculations show that these fine structures
concerned in this paper only exist in the 6 sector [63]. We
select the specific Jacobi coordinates (p, A) as shown in
Fig. 1, which is consistent with the flavor symmetry
naturally. Then, the spin and orbit wave function is
assumed to have the coupling scheme

(U7);. L) = KL L) L (s182)s, )83} 0)- (2)

with the parity P = (—1)™. 1, (}), L, and sy, are the
quantum numbers of the relative orbital angular momentum
1, (1)), total orbital angular momentum L, and total spin of
the light-quark pair s,, respectively. j denotes the quantum
number of the coupled angular momentum of L and s,.
Here, (—1)%*%2 = —1 should be guaranteed for the 6
sector due to the total antisymmetry of the wave function of
the two light quarks. Simply, the orbital excited state is
labeled with (1, 1;)L(J”);. The (I,,1;)L denotes the orbital
excitation mode. It is commonly known as the 4 mode if
l, =0, or the p mode if /; = 0 in the literature [1].
In the RQM, the Hamiltonian is defined as [53,54]

I:] — I:] 4 [:Iconf 4 Iflhyp 4 ﬁso

= Z VPEmE Y (Y + AP+ ). (3)

i<j

The confinement term I:Iff“f includes a modified one-
gluon-exchange potential and a smeared linear confinement

potential. The hyperfine interaction Fl?jyp consists of the

tensor term H'S™ and the contact term H{?™. And the spin-

orbit interaction A ;7 can be divided into the color-magnetic
term H f})(v)
H;;j()nt’ Hj;’(
interactions. As will be clear later, A™% = A, 4+ A
determine the energy levels of the orbital excitation mode
(1,.1,)L, while these spin-dependent terms contribute to the
energy level splittings and the formation of the fine
structures.

Based on some helpful studies [21-24] and our explora-
tion in recent years in which the RQM was employed [63—
68], we summarize the following calculation scheme for the
orbital excitation spectra: (1) the calculation showed that
for higher negative-parity states (L > 1) such as the F-
wave states, their excitation energies are rather high, while
the RQM might not accommodate such excited states with
high energy since the RQM does not take into account high
order excitations and explicit gluonic excitation in the Fock

and the Thomas-precession term I:ISO( %) A,

, and qu ) belong to the spin-dependent

space and the RQM is in principle valid in low energy
regime. Then, the negative-parity heavy baryon states are
considered to originate only from the P-wave states. (2) In
theory, there are so many orbital excitation modes (/,, [;)L
for the negative-parity P-wave states, such as (1,0)P,
(0,1)P, (1,2)P, (2,1)P and so on. The truly effective
modes should be those with relatively lower excitation
energies, which has been coined as the mechanism of the
heavy-quark dominance (HQD) [63,66]. Based on this
mechanism, the selected P-wave states consist of five A-
mode states {(0,1)P(37),, (0,1)P(}7),, (0.1)P(37),,
(0,1)P(37),, (0,1)P(37),} and two p-mode states
{(1,0)P(}7);, (1,0)P(37),} for the charmed baryons.
For the bottom baryons, however, there are only five A-
mode states which are the same as those of the charmed
baryons [63,67]. (3) The above calculated orbital excited
states do not correspond to the really physical observed
states, because L is not strictly a good quantum number.
After taking into account the mixing effect, the physical
observed states (or the baryon states) can be compared with
these theoretical orbital excited states [54,55].

The calculation process is as follows.
calculate the Hamiltonian expectation value (H) =
(a|H|a)/{ala) in each orbital excited state
la) = [(1,.,)L(J");). The calculations are performed in
the generalized Gaussian base functions |(n, )¢) with n =
1 —ng. [67]. In the nonorthogonal representation of
|(n,a)¢), the Hamiltonian H is represented as a matrix
with H,,, = ((n,a)%|H|(n’, a)%). The solution belongs to
a generalized matrix eigenvalue problem,

First, we

Mmax

Z(Hnn’

n'=1

—EN,,)C,y =0. (4)

Here, N,,, comes from the nonorthogonality of the base
functions. Then, the eigenvalue E,, and the eigenvector
{Cp}e (W =1=ny,) are obtained for the |(n,a)) =
|(1,,1;)nL(J");) state. Now, n denotes the radial quantum
number. As n=1 and L =1, the E;, and {C,},,
correspond the Hamiltonian expectation value (H) and
the wave function of the orbital excited state
(1,.1[;)1P(J");, respectively. These calculations have been
finished rigorously in our previous work [67]. Some
important issues of the calculation have also been exten-
sively demonstrated, such as the improvement of the
Hamiltonian parameters [64], the modification of the
Gaussian size parameters [65], the convergence [65], and
the reliability of the calculation [67].

Next, we consider the mixing effect so as to obtain the
physical observed states. The above orbital excited states
with the same JP values form a subspace. Taking the
charmed baryons as an example, there are three states with
JP =17, being noted as [(0.1)IP(3)y) =[1.17),
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(0. )1P(37)y) =[2.57), and |(1,0)1P(37),) = [3.57). In
this subspace, the diagonal elements of the Hamiltonian
matrix, i.e., the expectation values E;,, can be obtained
with the above method. For these off diagonal matrix
elements (1,%‘|I:I 2,57), (1,%‘|I§7|3,%‘> and (2,%‘|f1|3,%‘),
they can be calculated in theory by using the {C,, },, values
obtained above. However, the real calculation is extremely
difficult and encounters a historic challenge just as was
discussed earlier.

In this work, we extend the GEM to the two-step GEM
which enables us to rigorously work out these complicated
matrix elements, especially the matrix elements of the
tensor terms and the three-body spin-orbit terms.

The procedure for calculating some very complicated
matrix elements like H;‘-}?_3B in Eq. (1) can be divided into
two steps. In the first step, the derivation of (A x p,) - s,|)
or (p xp;)-s;|f) is performed in the framework of the
GEM. But, the result of this part contains nonstandard
Gaussian base functions. To work out the matrix elements,
in the second step, we carry out the GEM specially for the
nonstandard Gaussian base functions and complete the
calculation. That is the so-called two-step GEM.

Based on this key method, we obtained the complete
Hamiltonian matrix through rigorous calculations. At last,
the baryon states and their energy levels are obtained by
diagonalizing the Hamiltonian matrix within the J” sub-
space. More details on the calculation scheme can be found
in Sec. V.

III. RESULTS AND DISCUSSION

By performing the calculation scheme, we get the
abundant calculation data (see Tables III-XIX in
Appendix G). Then, we have the chance to analyze the
details of the strong interactions within the baryon system
and the formation of the fine structures and give a
reasonable interpretation of the experimental data.

(1) The contributions of the Hamiltonian terms to the
energy levels. Taking the €. as an example (see Fig. 2), by
successively adding the [mode - pytens - preont H*®)  and
H*°) terms, the evolution of the energy levels is presented
for these 1P-wave states. And the contributions of these
spin-dependent terms to the energy levels are clearly
displayed. The H™*% term only determines the energy
levels of the excitation modes, while the spin-dependent
terms cause the energy level splitting. It is shown that the
effect of the tensor term H™ on the energy level splitting is
very small, being only about 1 MeV. But, the contact term
He" significantly shifts these energy levels, and for the
(0,1)1P mode, energy level splitting occurs. With the
addition of the color-magnetic term H*°(*), the energy level
splitting becomes very large for the (0,1)1P and (1,0)1P
modes, while the Thomas-precession term H**) counter-
acts the effect of the H*(") term significantly for the
(0, 1)1 P mode and has a slight effect on the (1,0)1P mode.

L ixing eff
3140 (MeV) Orbital excited states M Baryon states
L o
3120 1.01PG2), Q3120) ¢ )
1,0)1P T (3112)3/2
3100 ’ . e (3095) 5/2°
3 O.DIP(512), Q(3090)" ®
3080 by
I 7 : 3065)" .
L3060 : | _aowamy, 899 s  3060) 112
| v, R 3053) 3/2°
> 01PeRY, U ap e 00332
3040 (0,1)1P \ 01PED), (3041)3/2
-3020 0.D1P(1/2), ———(3020) 1/2°
-3000 [ /(/0,1)11’(1/2')u ——(3001) 1/2°
L K Q,(3000)
2980 ) »
I H" S S + Hw(\) N Hm(.:) Q
12960 Energy level evolution c

FIG. 2. The energy level evolution of the negative-parity Q.
baryons. The contributions of the Hamiltonian terms to the
energy levels are presented. H™%¢ = H, 4+ H" determines
the energy levels of the orbital excitation modes. The spin-
dependent interactions cause the energy level splitting to different
extents, respectively. This leads to the emergency of the rudi-
mentary fine structure. By taking into account the mixing effect,
the baryon states and the true fine structure are present.

The combined contribution of these spin-dependent terms
makes the energy levels interleaved and shifted. This leads
to the formation of the rudimentary fine structure, in which
the spin-orbit terms play a more important role than the
hyperfine terms.

(2) The contributions of the Hamiltonian terms to the
mixing effect. In fact, the rudimentary fine structure is not
a true fine structure unless the mixing effect is taken into
account. Calculations show that the spin-dependent terms
lead to configuration mixing. Taking the Q. baryons as an
example, the contribution of each term to the off diagonal
matrix elements is presented in Table I, where the spin-
orbit terms break up into the two-body interactions H ?}"23

and the three-body ones H?}"w as mentioned in Eq. (1). It

is shown that the H*™ and H" (or H*°(*) and H*°1))
always partially cancel each other out. As a whole, the
three-body spin-orbit terms contribute more to the off
diagonal matrix elements than the other terms.
Nevertheless, all of the spin-dependent interaction terms
compete with and inhibit each other in a complex manner.
All of them contribute to the mixing effect; none of them
can be disregarded.

(3) The mixing effect. In Fig. 2, it is shown that the
mixing effect causes a slight shift in the energy levels and
leads to a nice match between the predicted fine structure
and the experimental data. So, the mixing effect is crucial
for the formation of the fine structure.

(4) Fine structure and assignments of the observed
baryons. The fine structures of the negative-parity singly
heavy baryons are presented in Fig. 3. The masses of the
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TABLE 1. The off diagonal matrix element (in MeV) of each
Hamiltonian term for the negative-parity Q. baryons. In the %‘
subspace, the three states are abbreviated as (0, 1)1LP(37)o) = |1),
[(0,1)1P(37),) =12), and [(1,0)1P(37);) =3), respectively.

And for the %‘ subspace, the three states are labeled as

[0.D)IPGT))=(1").  [(0.)1P(5),)=[2), and [(1.0)x
1P(37),)=3), respectively.
Q.(;7) Q.(5)

o (11012) (110]3) (2|013) (V|0[2) (V'|O[3") (2'|013")

A o 0 0 0 0 0

Ht233"(531) 644 6.19 372 497 2.97 —6.94

A o 0 0 0 0 0

H%‘g‘(‘él) -553 =337 —-474 3.80 -2.16 4.75

Ae@-2 0 0 0 0 0 0
12

o2 —11.48 0 5.40 8.25 =5.18 0
23(31)

Fysols)—2B 0 0 0 0 0 0
12

fols)-28 289 0 -1.29 =221 1.29 0
23(31)

AP0 0 764 0 =719 0

fow=38 399 0 —-1593 -2.84 15.03 0
23(31)

I:Ii;(S)JB 0 0 11.22 0 —10.99 0

Frols)—38 —0.29 0 9.20 0.22 -9.31 0
23(31)

Total -795 563 1150 450 —-12.94 -4.38

observed baryons are also plotted in the figure. For the €,
and Q, baryons, their predicted fine structures match with
the data nicely. The calculated masses of the other baryons
are also close to the corresponding experimental energy
levels. This indicates that the RQM can reproduce the fine
structure nicely with the rigorous calculation. Another
interesting feature is that the energy level gaps in the fine
structure for the different families are approximately the
same. In other words, these gaps hardly evolve along with
the quark masses or the flavors. Based on the nice match
between the calculation and the data, we make the
corresponding assignments for the 20 observed baryons
which are plotted in Fig. 3 (also in Table XIX of
Appendix G). Additionally, the {Z,(6227)} [2] were
once assigned to the 2S(1*) state of the 3, sector in
Ref. [67]. Now, their measured masses are also close to that
of the (6229)3 state. So, if they belong to the negative-
parity baryons, they are the ideal candidates of the (6229)3~
state of the 6, sector.

(5) Uncertainty and reliability. For these negative-parity
baryons, we evaluate the deviations of the calculated
masses from their measured ones. The obtained arithmetic
average deviation (3N | |Myy — My, |;/N) is less than
5 MeV (see Table XIX), while the energy level gaps in the

Etne structure of © i 6353) 5/
singly heavy baryons (3112) 32 . E
. ; . +—(3095) 5/2 o (6335)3/2°
with negative-parity gg%gg ?g
—e X s
e — e 13
——(3041)3/2° Q
(3008) 3/2° (3020 1/2° b
JU— ——(3001) 1/2 (6256) 5/
@2990) ) QE ———(6239)3/2°
(2962) 1/2 (6229) 3/2°
T 4 (2950)32 —(6222) 12
(2934)3/2° 6211y 112
(2919) 1/2° -
(2887)3/2° —(+ 2896) 12 o
(2863) 5/2° =
c
——1(2837) 1/2° ———(6133)5/2
t*ﬁgg‘l’g; zg —(6114) 32
6104) 3/2.
(2783) 1/2° :&)O%) 12
—2759) 12 T 608172
> )y
. b
FIG. 3. Calculated baryon states of the negative-parity singly

heavy baryons and their fine structures. The masses are measured
in MeV. The solid black circles denote the observed baryon masses
with experimental error bars. They in each family are
{Z.(2800)*H+0 ¥(2846)°}, {E.(2882)°, E.(2923)*0,
E.(2930)7°}, {Q.(3000)°, Q.(3050)°, Q.(3065)°, ©.(3090)°,
Q.(3120)%}, {%,(6097)*}, and {€Q,(6316)7, €,(6330)",
Q,,(6340)~, ©,(6350)~}, respectively [2,10].

fine structure are generally about 10 MeV as mentioned in
Sec. I. So, the calculation can distinguish the current
experimental data, as shown in Fig. 3. The overall sys-
tematic consistency between the prediction and the data
confirms the reliability of the calculation scheme. By
comparing the fine structures plotted in Fig. 3 with those
in our previous work [63,66,67], one can conclude that the
improvement of the calculation scheme and the rigorous
calculation have effectively improved the prediction accu-
racy of the RQM. It also hints that the RQM captures the
important features of the strong interactions in the baryon
system.

However, the uncertainty is a very hard issue to analyze.
Actually, there are many potential sources of uncertainty
that need to be clarified, such as the uncertainties coming
from the model deficiency, model parameters, number of
Gaussian basis functions considered, number of orbital
basis states considered, and channel-coupling effect. They
all result in the sizable deviation of the calculated results
from the experimental data. Note that the model uncertainty
caused by the model deficiency, especially the restriction of
the Fock space and the rather schematic relativistic cor-
rection was analyzed [53]. It was believed by the authors
that the model uncertainty for heavy quark systems should
be around 10 MeV. It is expected that for low-lying states of
heavy quark systems that the model uncertainty could be
even smaller. In this work, the improved calculation scheme
and the achievement of the rigorous calculation have laid a
reliable foundation for analyzing these potential factors in
the future.
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IV. CONCLUSIONS

The details of the strong interactions within baryons are
not yet well understood in theory. An important reason lies
in the lack of high-precision calculations with a precise
model, which is actually a common difficulty that exists in
the three-quark problem. In this work, to meet the high-
precision measurement of the current baryon spectroscopy,
the high-precision and rigorous calculation with the RQM
in a three-quark system has been achieved for the first time,
which enables one to access the detailed analysis of the
spin-dependent interactions and the fine structures in heavy
baryons. The analysis of each Hamiltonian term reveals
how the various forms of the strong interactions affect the
evolution of the energy levels, the energy level splitting, the
mixing effect, and the formation of the fine structure. The
high-precision calculations nicely reproduce the accurate
experimental data; the averaged deviation between the
calculated and experimental energy levels is less than
5 MeV for the negative-parity singly heavy baryons.
Meanwhile, the spin quantum numbers of the observed
baryons can be determined reliably. The nice match
between the calculated and experimental data demonstrates
the reliability of the RQM and the calculation scheme in
this work, and illuminates the power and beauty of the
QCD inspired RQM and the QCD at low energy.

In addition, there may be many potential sources of
uncertainty that need to be clarified as discussed above. It is
actually the ultimate question that any quark models need
to answer, including the RQM. In this work, the improved
calculation scheme of the RQM has been confirmed to be
rational. Its reliability will be confirmed in more baryon
families. This has laid a solid foundation for the discussion
of the uncertainty in the future.

At last, for achieving the rigorous calculations, the two-
step GEM has been developed for the first time in this
work. As an innovation of the traditional methods, the two-
step GEM not only overcomes the long-standing unre-
solved problem in the RQM, but also provides an effective
approach for the study of other few-body systems such as
the compact tetraquarks and pentaquarks, especially for the
treatment of spin-orbit interactions and tensor interactions
which actually appear ubiquitously in all quantum many-
body systems.
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This Appendix is for the additional details on the
Hamiltonian of the RQM, wave functions, Jacobi coordi-
nates, HQD mechanism, GEM, off diagonal matrix elements,
and two-step GEM. The complete calculation results are
presented, and Refs. [53-56,62-67,69] are also included.

APPENDIX A: HAMILTONIAN OF THE
RELATIVIZED QUARK MODEL

In the relativized quark model, the Hamiltonian for a
three-quark system is written as

H = HO + Hconf + I:Ihyp + I:Iso

3
~ ~h ~
= 2; VPP mE Y (AP H 4 HY). (AL
i= i<j
with
[:If/('mf = Gj;(r) + Sij(r)’
HU — H}?ﬂs + H?‘;)nt’
FI?;’ = H?}’(”) + Hﬁ;’(”, (A2)
and
Htens — STy rl-j/rlzj » 0_2_ii G
Y m;m; a”%j rijorij Y
S; S, # 1 0\~
T S <a— - 7%) G (A3)
it ij ij ij
freom — 20 Sigage (Ad)
Y 3m,m] K
o) _Si- (ri; x p;) 0G5 LS (=ri; xp)) aéj'(;(u)
Y Zm%r,-j (3r,~j 2m]2-r,-j 0”5,’
n si (=rij xp;) +; - (r;; X p;) a(;j,;?(” (A5)
mimjrij arij ’
g — _Si (rij X p;) 55??(S> s (-1 xp)) aij;(S)
Y 2m12r,j ar,-j 2m?r,j 0r,-j '
(A6)

In the formulas above, G};, G, G, G?;’(”), and 5 have
been modified with the momentum-dependent factors as

follows:
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TABLE II.  Parameters of the relativized quark model in this work. Their values are the same as those in Ref. [53], apart from b and ¢
[64].
m,/my (GeV) m, (GeV) m,. (GeV) my, (GeV) 71 (GeV) 72 (GeV) 73 (GeV) b (GeV?) ¢ (GeV)
0.22 0.419 1.628 4.977 1/2 V10/2 v/1000/2 0.14 —-0.198
€c € €50(v) €50(s) a a a3 oy (GeV) s
—0.168 0.025 —0.035 0.055 0.25 0.15 0.20 1.8 1.55
P2\~ p%\4 formulas are completely consistent with those in our
G/ =(1+ 2] G ( ) 1+ 1 . . . .
ij = EE. ij\Tij EE.)’ previous works [64,65]. Their values are listed in Table II.
i~j =j
1 1
Gro— (TN Gy ()T APPENDIX B: WAVE FUNCTION
Y EE; YV YI\ EGE; '
o 1 ! For a singly heavy baryon system, the heavy quark is
Ge — (MM e Gilrir) mn;\ 2 decoupled from the two light quarks in the heavy quark
Y EE; YUY\ EE; ’ limit. With the requirement of the flavor SU(3) subgroups
o) mom, L mom )\ e f(?r the light-quark pair, the singly heavy bz.u'yons belong to
G = (1) , either a sextet (65) of the flavor symmetric states,
EiE; EiE; 1
~30(s m:m §+€50(\) ~ m:m 2+€s0()) 2 = (uUu Q’ R ud+du Q7 dd Q’
570 = () S () L any Fe= (0 gl (@
=1 = 1 1
=/
By = —= (us +su)Q, —(ds + sd)Q,
where E; = /m? + plzj is the relativistic kinetic energy, V2 V2
Qp = (s5)0Q. (B1)

and p;; is the momentum magnitude of either of the quarks
in the center-of-mass frame of the ij-th quark subsystem.

G;j(r;;) and S’,»j(rij) are obtained by the smearing
transformations of the one-gluon exchange potential

G(l’) _ 4a§£r)

S(r) = br + ¢, respectively,

and linear confinement potential

3

~ “~ 20 [t _ o

Gij(rij) = F; - F; / e"dx, (A8)
S J ; \/l_l'rij 0

2 2

= 3 ~ —o‘er
ijlij
*(

RETYORNI I

with
1
Tkij )
o
ij
2m;m; \ 2 1 dm.m 4 1]
_ 2 [} 2| v _
7 \/SO(mi+mj> +(’°{2<(m+m)2) 2}

(A10)

Here a; and y, are constants. F; - F; stands for the inner
product of the color matrices of quarks i and j. For the
baryon, (F;-F;) = —2/3. All of the parameters in these

or an antitriplet (3;) of the flavor antisymmetric states,
1
(ud — du)Q,

V2

_ 1 1

Zp :E(us—su)Q, ﬁ(ds—sd)Q.
Here u, d, and s denote up, down, and strange quark,
respectively. Q denotes charm (c¢) quark or bottom
(b) quark.

For describing the internal orbital motion of the singly
heavy baryon, we select the specific Jacobi coordinates
(JC-3) as shown in Fig. 4, which is consistent with the
above reservation about the flavor wave function naturally.
In this work, the Jacobi coordinates are defined as

AQ:

(B2)

JC-1 IC-2 IC-3

FIG. 4. There are three channels of the Jacobi coordinates for a
three-quark system, labeled with (p;, 4;) (k =1, 2, 3). The
channel 3 (JC-3) is selected for defining the orbital excited states
of a singly heavy baryon. The quarks are numbered for ease of
use in calculations, and the third quark refers specifically to the
heavy quark. In this work, all the calculations are based on the
JC-3.
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Pi =TYj =T =TIy,

m;x; + mr
A =1 — L Tk
mj + my
m.x; +m;xr; + mr
Ri: iti jtJj kkEO, <B3)

m; +m; + nmy

where {7, j, k} = {1,2,3}, {2,3,1},0or {3, 1,2}. r; and m;
denote the position vector and the mass of the ith quark,
respectively. R; = 0 means that the kinetic energy of the
center of mass is not considered. Specially, for the JC-3 in
Fig. 4, the following convention is used in this work: p; =
p and A3 = A.

Based on the JC-3, the spin and orbit wave function is
assumed to have the coupling scheme

(U7 L) = 1) L (s182),, ]33 1)-

which is the same as Eq. (2).

(B4)

APPENDIX C: ORBITAL EXCITATION AND
HEAVY-QUARK DOMINANCE

For the L-wave excitation with L =1, +[;, there is an
infinite number of orbital excitation modes. Taking L = 1
as an example, the excitation modes (/,, ;)L are (1,0)P,
(0,1)P, (1,1)P, (2,1)P, (1,2)P, (2,2)P, and so on. The
calculation cannot cover all the states. Moreover, the RQM
does not take into account high order excitations and
explicit gluonic excitation in the Fock space, and the
RQM is in principle valid in the low energy regime. We
assume that the excitation mode with the lowest energy
levels is the most stable and has the greatest probability of
being observed experimentally, which dominates the struc-
ture of the excitation spectrum. Based on this assumption,
we investigated the orbital excitation modes of singly and
doubly heavy baryons. It turns out that the excitation mode
with lower energy levels is always associated with the
heavy quark(s), and the splitting of the energy levels is
suppressed by the heavy quark(s) as well. In other words,
the heavy quarks dominate the orbital excitation of singly
and doubly heavy baryons, and determine the structures of
their excitation spectra. For the bottom baryons, the lower
excitation modes come mainly from the 4 modes, which is
associated with the heavy quark. But there are exceptions
for the 1P-wave orbital excitation of X., E. and Q.
baryons, where the p modes intrude the energy region of
the 4 modes. In this case, the HQD mechanism is slightly
broken, sincethe ¢ quark is not heavy enough. But, the
HQD mechanism is generally effective. We coined it as the
mechanism of heavy-quark dominance [63,66].

Note that in 1978 Isgur and Karl made a discussion about
the symmetry breaking in baryons [69], where a similar
conclusion was obtained for the strange baryons. The HQD
mechanism and its breaking could be viewed as an
extension of that issue to the heavy baryons.

APPENDIX D: GEM AND HAMILTONIAN
EXPECTATION VALUES

Given a set of the orbital quantum numbers {/, m}, the
Gaussian basis function |(nlm)®) is commonly written in
position space as

nGlm(r) = nGl(r)Ylm(f)’

G(r) = Nyrler,

21+2(2y, 1+3/2
N, = ) (D1)
Va2l 4+ 1)
with
1
1% = 5,
n V%
rnzrlan_l(n: 1,2,---,nmax)' (D2)

{r1.a,npn} (or equivalently {ny,,. 7.7, }) are the
Gaussian size parameters and commonly related to the
scale in question. The optimized values of {n.,, = 10,
r1 =018 GeV™', r, =15 GeV~'} are finally selected
for the heavy baryons in this work. Details can be found in
Refs. [64,65].

The {¢Y,} forms a set of finite-dimensional, non-
orthogonal, and complete bases,

2\/Unlyy >l+z

U, + Uy

Nn,n’ = < nlm|¢n 1m> - (

Mmax  Mmax

1= (G, (N

n=1 n'=1

Dt (Pt (D3)

An arbitrary wave function v, (r) can be expanded in a set
of definite orbital quantum states,

Mmax Mmax

|l//lm Z |¢nlm _l)nn n lm |l//lm Z Cn |¢nlm
nn'=1
(D4)

For a baryon system, based on the Jacobi coordinates, its
spin-orbital state is defined as [{[(,1;).(s152);,,];53}sum,) =
|ar)5 (corresponding to the JC-3). Then, the corresponding
generalized Gaussian basis function has the form below:

= > {CG;} x|(n,l,m,)%) @ |(n;1;m;))
{me}

® |s1ms1> ® ‘52m52> ® |s3m33>, (DS)

where {m;} denote all of the third components of the orbital
angular momenta and spins, and {CG;} are the products of
all the C-G coefficients. 7 is obtained by combining 7, and

Ny, €8, = (1, = 1) X Ry + 1585 My = 1,0+ Ay
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The nonorthogonal and complete relations are as fol-
lows:

Nijw = {(A. 0)F|(7. a)f)

(A/W) I3 <2\/v—v> I3

Un, + U, Uy, T Uy

1= > 1A ) (N (. @) - (D6)
=1 =1
Thus, the evaluation of the expectation value

(a|H|a)s/(ala); can be performed in the generalized
Gaussian basis function |(7, @)§), and the solution belongs
to a generalized matrix eigenvalue problem:

2
Minax

Z (H

=1

ENﬁﬁ')Cﬁ/ - 0 (D7)

The matrix element of an operator H reads as

i,a)§|A|(7 . @)f)

Z {CG} x{CGy} x <(”plpmp)G\<(nAl/1mA)G|
{me}Aml}

X (symg, |(somy, | (symg, | Hsyml ) |sym, ) |s3m),)
X |(n/)l/)m )G>|(njll/1m;1>G>

= Z {CG§ X CG§/} X H(n/,n,{.n;,n;);(m. m )

g $12377751.23
{mé*mg}

(D8)

The rigorous calculation of H (gt )i has been

1)3(msy 5 5o 5 5)
finished in our previous work [67].

APPENDIX E: OFF DIAGONAL MATRIX
ELEMENTS OF THE HAMILTONIAN

There are several different orbital excited states with the
same J¥ values, which form a subspace and are denoted in
order as |1,J7), [2,J) and so on. The Hamiltonian H is
represented as a matrix in this space with the element

(i, ) (or (alA|p)/\/{ala)(B|B)). The diagonal
element with @ = f is the expected value (a|H|a);/(a|a),
as obtained above. The off diagonal elements with o #
are obtained in the basis of the Gaussian base functions as
follows:

(@A|p) D Chox((A.a)S|H|(7.P)§) x Ciy
(ala)(Blp) (ala)(p|B)
_ 2 Cia X Hayip) % Crp. (ED)
<ala><ﬁ|ﬂ>

with

a|a ZC X N (f,a) (7 ) X Cn a- (EZ)

Here, ) | is an abbreviation for ) ; .. The eigenvectors
{Cji o} and {C; 4} can be obtained from the solution of the
generalized matrix eigenvalue problem in Eq. (D7). Then,
H j; o) py can be worked out for most of the Hamiltonian
terms, apart from the tensor terms and the three-body spin-
orbit terms.

APPENDIX F: TWO-STEP GEM
FOR THREE-BODY SPIN-ORBIT TERMS

The off diagonal matrix elements of the three-body spin-
orbit terms and the tensor terms have not been worked out
through rigorous calculation for a long time. In this work,
we have developed the GEM to the two-step GEM, and
finally solved this problem.

In the spin-orbit terms, the color-magnetic term H?;’(U)
reads as ‘

~so(v ~s0(v)
s; - (r;; xp;) 0GH( ) n s;-(=r; xp;) oG

o0 _
Y 2m12r,j 5}’1-]- 2m?r,j arij
~s0(v)
n ;- (=r;; xp;)+s;-(r;xp;) 0G?}’ !
mm;r;; ori;

— gysowii | pgso(v)jj so(v)ij
=Ha;"" + 7Y+ HY. (F1)
The vectors r;; and p;(; can be expressed in terms of the

Jacobi coordinates (p, A), by using the coordinates’ trans-
formation,

rij=A;p + Bijh,

Pi = Apipp + Bpip}w (Fz)

with p3 =p and 43 =A. A,;;, B,;j, A,;, and B),; can be
obtained by Eq. (B3). Taking the first part of A ; j( ") as an

example, we have

o(v)
Frso(v)ii aG Arlept Brthpl
By = ri dr 2m? o si 2m3} Losi
B A
”/ pl(ﬂxm) LAXD,) s

2ml2
(F3)

The latter two terms proportional to 4 X p, or p X p, belong

=38 Their off

diagonal elements are considerably tougher. The difficulty
lies in that the scalar variable r;; in the formula cannot be

to the three-body spin-orbit potentials Hj;)
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linearly expressed in terms of the Jacobi coordinates (p, 4),
especially for A5 and A"

Previously, Isgur et al. attempted to solve this problem by
using the approximate conditions {l,.03}={l,.l;1}=

{l,,.1)»}. Here, 3, 1, and 2 denote the Jacobi coordinates

JC-3, -1 and -2, respectively. Thus, A ( )-3B H;‘;(”)—m

H ;01(”) were calculated in the J acobl coordinates JC-3, -1
and —2, respectively. But, this approximation leads to two
drawbacks: (1) The definition of orbital angular momenta
{l,.1,} is incorrect and confused. Actually, {I,.1)},
{l,,.1} and {l,.l;;} are different from each other.
(2) The terms proportional to A x p, were lost in their
calculations [see Eq. (5.3) in [54], Egs. (B19) and (B20) in
[55], and Eq. (43) in [56]]. So, the problem has not really
been resolved. The rigorous calculation of the three-body
spin-orbit potentials has always been a bottleneck for nearly
50 years.

In this work, we develop the GEM to the so-called
two-step GEM to overcome this calculation problem.
Taking the last term in Eq. (F3) as an example, its off

and

g
diagonal element is written as <a| oo ”’ i (Axp ) S|P

Expanding it using the Gaussian base functlons as Eq. (DS),
we get as many as 10,000 matrix elements like {((7i,a)¢

so()
a5 (A, -81]| (7 5)). When fipg, = 100.

We ﬁrst deal with the right half part of the matrix element
[(Axp,)-s;]|(7, f)°). The vector operator product can be

written in the component form,

(Axpp) *8; = (lxpp)x'six_F (}’xpp)y *Siy
+ (l X p/))z *Sizs (F4)

with

(A’ X p/))x CSiy = l)rppzsix - /lzppysix’ (FS)

and the other two components can be written in a similar
way. Then, the product breaks down into many small units
like 4,p,.s;y, which facilitates the calculation of the right
half part.

According to Eq. (D5), when 4, p,,.s;, acts on the orbital
excited states, taking i = 1 as an example, we have

(iyp/)zslx) ‘ (ﬁ/v ﬁ)G>

(Ayppzslx)Z{CGf} X | n[)lﬂm/)) > ® |(nil/1m/l)G>
{m}

® [s1my,) @ [s2my,) @ [s3my,)

=Y {CGe} x (pyel(nyl,m,))) x
{m¢}

X (s1x|slms1>) X

(/1y|(”ﬂ/1m/1)G>)

[s2my,) X |s3m, ). (F6)

The calculation of the terms (p,|(n,l,m,)¢)) and
(Ay|(n3l;m;)€)) can proceed by taking these operators as
the spherical harmonic tensors, such as

2
x = ?’I(YI,—I —Yl,l),

4
=[50 (F7)
By using the formula
2L +1)(2L, + 1) L0 LM
YimYim = Z 4 2L Y Crou,0Clm, 1ym, Y LM

(F8)

the angular part of the function like (4,|(nl;m;)%)) =

\/5/1 (Y1 —1) + Y1 1>)|¢n;11(/1)Yl/1mx> can be calculated:

2
y|(nlm)C) = (i ?ﬂ)anrlﬂe_wzzcl’m’yl’m” (F9)
U'm’

where, Cy,, is the abbreviation for all the coefficients in
Eq. (F8). The resultant functions of Eq. (F9) are generally
not the standard Gaussian base functions. Once again, we
expand them using the Gaussian base functions, for
example,

!
Mmax

= Z Cln’|¢gl’m’>’
n'=1

e Y ) (F10)

with

Clr =Y (N7 (@S [P €™ Y ).

n'

(F11)

Similarly, (p,.|(n,1,m,)¢)) can be calculated in the
momentum space. [(Axp,)-s;]|(7,)°) can be then
worked out. In this way, the calculation of matrix element

~ G BA ~
(7, @) 9| 5= (A x ) - sil| (7
computing a unit hke

,B)¢) is reduced to

aGSO( v)

e (AR LA

X |slmsl>|s2msz>‘s3mg3>’

(L)

if ignoring all of the coefficients involved, with the parity
conservation condition (—1)b*i = (=1)b*Hh. At last,
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3G (ryy) ( G (py)
rijorij PrOPk
infinitesimally shifted Gaussian (ISG) basis functions [62]
and the coordinate transformation (ps, 43) = (P, A¢)
(k=1,2,3).
The tensor terms can also be calculated in the same way,
where the used spherical harmonic tensor formula is

) can be calculated by means of the

V2 -

§-f=—— (8§47 +8_71 1) + 8,710 (F12)

In the calculations of the three-body spin-orbit terms and
the tensor terms, there are over 4,000 computing units for
each off diagonal matrix element (a|O|8)/+\/(ala){B|p).
By using an ordinary computer, all the rigorous calcula-
tions in this work can be completed within one week. The
calculations of these off diagonal matrix elements employ
the GEM twice; that is the reason why we call the new
method the two-step GEM. Especially, the second-step
GEM in Eq. (F10) is the key to working out those
complicated matrix elements.

APPENDIX G: CALCULATION RESULTS

TABLE III. The Hamiltonian matrix H, and the eigenvalues and the eigenvectors in the %‘, %‘ and %‘ subspaces of the charmed

baryons.

Baryon (J*) (1, [;)nL(J"); H (MeV) Eigenvalue (MeV) Eigenvector

Z(47) 0, 1)1P(A7), 2773.06 —1133 331 2836.60 (0.0151428, —0.357707, 0.933711)
(0. DIP(;), ( —11.33 277802 -22.26 2783.20 (0.757047, —0.605924, —0.244409)
(1,0)1P(L), —-3.31 2226 2828.13 2759.41 (0.653185, 0.710564, 0.261626)

z.3) (0, 1)1P(3), 281040  7.09  —26.82 2886.91 (—0.333973, —0.041968, 0.941648)
(0.1)1P(37), ( 7.09 281613 0.64 2818.41 (=0.31507, —0.936575, —0.153487)
(1,01P(3), —2682  —0.64 2877.37 2798.58 (—0.888365, 0.347946, —0.299568)

z.() 0,1)1P(E), (2862.97) 2862.97 (1)

B.(1) (0, )1P(L), 2906.46 1077 3.81 2961.80 (0.0163397, —0.257791, 0.966062)
(0.1)1P(}), ( 1077~ 2911.67 —13.56 2918.64 (0.682486, 0.708982, 0.177647)
(1,0)1P(1), 381 —13.56 2958.12 2895.81 (0730716, —0.656421, —0.187523)

B.(3) (0, 1)1P(), 2940.83 682  16.27 3008.23 (0.239675, 0.0565135, 0.969207)
0, D)1PG), ( 6.82 294758 185 2950.25 (~0.395649, —0.905959, 0.150666)
(1,0)1P(3), 1627 185  3004.10 2934.03 (—0.886576, 0.419576, 0.194776)

2.(3) (0.1)1P(37), (2990.24) 2990.24 (1)

Q.(1) 0, 1)1P(17), 300938 -7.95  5.63 3061.91 (0.0700441, 0.225336, 0.97176)
(0. )1P(E), ( =795 301479 1150 3019.70 (0.648008, —0.7509, 0.127414)
(1,0)1P(L), 5.63 1150 3058.84 3001.40 (—0.758406, —0.620784, 0.198616)

Q.() (0, 1)1P(E), 304457 450  —12.94 3111.78 (—0.193897, —0.0859352, 0.977251)
(0. 1)1P(3), ( 450  3051.82 —4.38 3052.59 (=0.299627, —0.943369, —0.142405)
(LO)IPG), —12.94  —4.38 3108.83 3040.85 (—0.934145, 0.320423, —0.157168)

Q.() 0,1)1P(), (3095.17) 3095.17 (1)
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TABLE IV. The Hamiltonian matrix H, the eigenvalues and the eigenvectors in the 57, 5

1- 3-

and %‘ subspaces of the bottom baryons.

2°2
Baryon (J©) (L. L)nL(J*); H (MeV) Eigenvalue (MeV) Eigenvector
z(4) (0. )1P(E), 6087.11  —5.08 6095.53 (~0.516756,0.856133)
(0.1)1P(1), —508  6092.46 6084.04 (~0.856133, —0.516756)
%,(37) (0.1)1P(3E7), (6105.46 -3.33 ) 6114.42 (—0.348442,0.93733)
(0.1)1P("), —333  6113.18 6104.22 (~0.93733, —0.348442)
5,67) (0. 1)1P(E), (6132.94) 6132.94 )
A (0. )1P(57)o 621375  4.86 6221.51 (0.530651, 0.84759)
(0.1)1P(), 486  6218.47 6210.71 (~0.84759,0.530651)
2,3 (0. D1PG), 623038 331 6238.72 (0.36877, 0.929521)
(0.1)1P(), 331 623741 6229.07 (~0.929521,0.36877)
= () (0. 1)1P(E), (6255.74) 6255.74 )
Q,(1) (0. 1)1P(}), 6307.76  —3.75 6315.23 (~0.448552, 0.893757)
(0.1)1P(), ~375  6313.35 6305.88 (~0.893757, —0.448552)
Q,(3) 0,1)1P(3), 6325.67  2.18 6334.97 (0.2282, 0.973614)
(0.1)1P(), 218 6334.46 6325.16 (~0.973614,0.2282)
0,6 (0. 1)1P(E), (6353.37) 6353.37 )

TABLE V. Hamiltonian expectation value (H) and contribution of each Hamiltonian term to the energy levels (in MeV) for the 1P-
wave states of the . baryons with (H™) = (H, + H*") and (H,;) = (H) — ((H — H,;)). The orbital excited states of the p-mode
are marked in bold type.

(L L)nL (") (H™) {(HE) (HE) (R ) {CHS™) (RS s} (s ™) ™) () ) (s ) () ()} ()
(0.1)1P(57), 278178 {0 0 0} {4206 0 0} {0 -43.18-43.18} {0 17.15 17.15} 2773.06
(0,1)1P(F7), 2781.78 {0 0 0} {4180 -472-472} {0 -=2927-2927} {0 1053 10.53 } 2778.02
(0.1)1P(37), 278178 {0 074 074} {4113 2.14 214} {0 -1678-1678} {0 779 779 } 2810.40
(0.1)1P(37), 278178 {0 —0.44-0.44 } {40.65 —6.02-6.02} {0 9.38 9.38} {0 -6.02 -6.02 } 2816.13
(1,0)1P(57), 287452 {0 0 0} {-1381 0 0} {0 -16.64—1664} {0 0 0} 282813
(0.1)1P(37), 278178 {0 138 138} {3979 338 338} {0 2501 2501} {0 -10.68-10.68 }2862.97
(1,0)1P(37), 287452 {0 0 0} {-13.11 0 0} {0 8.07 8.07} {0 0 0} 287737
TABLE VI. Evolution of the energy levels (in MeV) for the 1P-wave states of the X, baryons with successively adding the spin-
dependent terms one by one.

(L, L)nL(J") (H™) (- + H"*™) (-+H™") (- +H*W) (- +H°Y) (H)
(0, D)1P(F) 2781.78 2781.78 2822.52 2738.65 2773.06 2773.06
(0.1)1P(37), 2781.78 2781.78 2814.34 2756.94 2778.02 2778.02
(0.1)1P(37), 2781.78 2783.30 2827.94 2794.79 2810.40 2810.40
(0. 1)1PEF), 2781.78 2780.86 2809.24 2828.12 2816.13 2816.13
(1,0)1P(3), 2874.52 2874.52 2861.19 2828.13 2828.13 2828.13
(0.)1P3), 2781.78 2784.82 2833.28 2884.30 2862.97 2862.97
(1,0)1P(), 2874.52 2874.52 2861.19 2877.37 2877.37 2877.37

074039-12



SPIN-DEPENDENT INTERACTIONS AND FINE STRUCTURE IN ...

PHYS. REV. D 114, 074039 (2026)

TABLE VIL

Hamiltonian expectation value (H) and contribution of each Hamiltonian term to the energy levels (in MeV) for the 1P-

wave states of the /. baryons with (H™%) = (H, + H*™) and (H,;) = (H) — ((H — H,;)). The orbital excited states of the p-mode
are marked in bold type.

(L L)L (7, (H™) {(HY) (RSP ()} {CHS™) CRs™) (RS} (s ) s ) (™)) (e ) () )} ()
(0, 1)1P(%‘)O 292233 {0 0 0} {3109 0 0} {0 -=34.13-41.02} {0 1320 13.94 } 2906.46
(0,1)1P(7), 292233 {0 0 0} {3094 -3.11-506} {0 -2537-2670} {0 8.58 8.90 } 2911.67
(0, 1)1P(%‘)l 292233 {0 0.89 057} {3040 140 233} {0 -12.12-1655} {0 5.69 6.10 } 2940.83
(0, l)lP(%‘)2 292233 {0 -052-0.34}{30.14 =396 -6.63} {0 420 10.60 } {0 —3.82 —4.27 } 2947.58
(1,0)1P(37), 2999.89 {0 0 0} {-1132 0 0} {0 -1382-1726} {0 0 0} 295812
(0,1)1P(37), 2922.33 {0 161 108} {2945 2.18 382} {0 2143 2318} {0 —852 —8.88 }2990.24
(1,0)1P(%‘)I 2999.89 {0 0 0} {-1068 0 0} {0 6.67 839} {0 0 0} 3004.10
TABLE VIII. Evolution of the energy levels (in MeV) for the 1P-wave states of the E.. baryons with successively adding the spin-
dependent terms one by one.

(lp’ li)nL(JP)] <Hm0de> < 4 Htens) < 4 Hconl> < + Hs()(ry)) < + Hso(s)> <H>
(0, )1P(F ), 2922.33 2922.33 2952.48 2879.29 2906.46 2906.46
(0,1) lP(%‘)1 2922.33 2922.33 2945.33 2894.18 2911.67 2911.67
(0, l)lP(%‘)1 2922.33 2923.81 2957.39 2929.03 2940.83 2940.83
(0, 1)1P(%—)2 2922.33 2921.44 2940.79 2955.65 2947.58 2947.58
(1,0)1P(%‘)1 2999.89 2999.89 2989.00 2958.12 2958.12 2958.12
(0, 1)1 P(%*)2 2922.33 2925.29 2962.23 3007.62 2990.24 2990.24
(1,0) IP(%‘)1 2999.89 2999.89 2989.00 3004.10 3004.10 3004.10

TABLE IX. Hamiltonian expectation value (H) and contribution of each Hamiltonian term to the energy levels (in MeV) for the 1P-
wave states of the Q. baryons with (H™) = (H, + H*") and (H,;) = (H) — ((H — H;;)). The orbital excited states of the p-mode
are marked in bold type.

(Lo L)L (") (H™%) {(HS) (HSD) CHSP) Y {(HSS™) (SR (HS) } LGSy () (s )y LGy () (Y} (H)

(0, 1)1P(%‘)0 3032.90 { 0 0 0 } { 2443 0 0 } { 0 -=36.04 -36.04 } { 0 1143 1143 } 3009.38
(0, 1)1P(%—)1 3032.90 { 0 0 0 } { 24.32 —-3.85 —-3.85 } { 0 —=25.84-25.84 } { 0 776 7.76 } 3014.79
(0, 1)1P(%‘)l 3032.90 { 0 0.75 0.75 } { 23.87 1.73 1.73 } { 0 -=13.27-13.27 } { 0 475 4.75 } 3044.57
(0, 1)1P(%‘)2 3032.90 { 0 -0.44 -0.44 } { 23.73 —4.95 —4.95 } { 0 5.85 5.85 } { 0 -2.80 -2.80 } 3051.82
(1,0)1P(17), 310099 {0 0 0} {892 0 0} {0 -1697-1697} {0 0 0} 305884
(0, l)lP(%—)2 3032.90 { 0 1.38 1.38 } { 23.14 275 2.75 } { 0 21.81 21.81 } { 0 -7.62 -7.62 } 3095.17
(1,001P(37), 310099 {0 0 0} {-832 0 0} {0 814 814} {0 0 0} 3108.83

TABLE X. Evolution of the energy levels (in MeV) for the 1P-wave states of the Q. baryons with successively adding the spin-

dependent terms one by one.

(Lp L)nL(I"); (Hmoce) (- +H™) (- +H*) (- + H*W) (- +H*0) (H)

(0, )1P(17), 3032.90 3032.90 3056.60 2986.51 3009.38 3009.38
(0, )1P(1), 3032.90 3032.90 3049.95 2999.27 3014.79 3014.79
(0, 1)1P(3), 3032.90 3034.42 3061.30 3035.07 3044.57 3044.57
0, 1)1P(), 3032.90 3031.99 3045.64 3057.41 3051.82 3051.82
(1,0)1P(1), 3100.99 3100.99 3092.48 3058.84 3058.84 3058.84
0, 1)1P(), 3032.90 3035.94 3065.94 3110.40 3095.17 3095.17
(1,0)1P(), 3100.99 3100.99 3092.48 3108.83 3108.83 3108.83
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TABLE XI.

(H) -

((H = Hyj))-

Hamiltonian expectation value (H) and contribution of each Hamiltonian term to the energy levels (in MeV) for the 1P-
wave states of the ¥, baryons with (H™%) = (H, + H®") and (H,;) =

(1, L)nL(J) ; (H™%) {(H) (HSP) (HSP)} {(HSS™) () (S Y ) () ()} () () (B5)) (H)

(0,1)1P(I7), 607201 {0 0 0} {4256 0 0} {0 -30.84-30.84} {0 17.05 17.05} 6087.11
(0,)1P(-), 607201 {0 0 0} {4214-189-189} {0 ~-1778-17.78} {0 883 8.83 } 6092.46
(0,1)1P(3-), 607201 {0 027 027} {4182 091 091} {0 ~-1371-1371} {0 851 851} 6105.46
(0,1)1P(37), 607201 {0 —0.16-0.16 } { 41.01 ~2.48 —2.48 } {0 1097 1097} {0 -838 —838 } 6113.18
(0,1)1P("), 607201 {0 052 052} {4053 154 154} {0 1639 1639} {0 -9.03 —9.03 } 6132.94

TABLE XII. Evolution of the energy levels (in MeV) for the 1P-wave states of the X, baryons with successively adding the spin-
dependent terms one by one.

(l/,, l,l)nL(JP)j <Hmode> < 4 Htens> < 4 Hcont> ( 4 Hso(v)) < 4 Hso(s)> <H>
(0. D)1P(F )y 6072.01 6072.01 6113.34 6052.88 6087.11 6087.11
(0, 1)1P(%‘)1 6072.01 6072.01 6109.89 6074.77 6092.46 6092.46
0,D)1P(F), 6072.01 6072.57 6115.58 6088.40 6105.46 6105.46
(0, 1)1P(%‘)2 6072.01 6071.67 6107.82 6129.92 6113.18 6113.18
(0.D)1P(F), 6072.01 6073.13 6117.80 6150.98 6132.94 6132.94

TABLE XIII.

wave states of the Zj, baryons with (H™%) = (H, + H*") and (H,;) =

Hamiltonian expectation value (H) and contribution of each Hamiltonian term to the energy levels (in MeV) for the 1P-

(H) -

((H—Hy)).

(Lo L)L (") (H™%) {(HS) (HSD) (HSP) Y {(HSS™) CHSR™) (HS) } LGSy () () Y LGy (HS) (HY Y (H)

(0, l)lP(%—)0 6206.92 { 0 0 0 } { 3143 O 0 } { 0 =24.90-26.96 } { 0 13.18 13.97 } 6213.75
(0,1)1P(17), 620692 {0 0 0} {3116-132-199} {0 -1520-1526} {0 688 7.25} 621847
(0, l)lP(%—)l 6206.92 { 0 0.35 0.20 } { 30.91 0.63 0.96 } { 0 -10.61-12.16 } { 0 6.50 691 } 6230.38
(0, 1)1P(%—)2 620692 {0 -—021-0.12 }{3041 —-1.73 -2.69} {0 7.61  10.09 } {0 —6.28 —6.71 } 6237.41
(0, 1)1P(§‘)2 6206.92 { 0 0.66 0.38 } { 30.04 1.07 1.69 } { 0 13.89 14.19 } { 0 —-6.94 -7.32 }6255.74

TABLE XIV. Evolution of the energy levels (in MeV) for the 1 P-wave states of the =} baryons with successively adding the spin-
dependent terms one by one.

(l/,, li)nL(JP)j <Hmode> < + Htens> < + Hcont> < + Hso(v)> < 4 Hso(s)> <H>

(0, l)lP(%‘)O 6206.92 6206.92 6237.51 6186.56 6213.75 6213.75
(0, l)lP(%—)l 6206.92 6206.92 6234.46 6204.33 6218.47 6218.47
(0, 1)1P(%‘)l 6206.92 6207.48 6239.56 6216.96 6230.38 6230.38
(0, l)lP(%‘)2 6206.92 6206.58 6232.59 6250.39 6237.41 6237.41
(0, l)lP(%—)2 6206.92 6208.05 6241.60 6269.98 6255.74 6255.74

074039-14



SPIN-DEPENDENT INTERACTIONS AND FINE STRUCTURE IN ...

PHYS. REV. D 114, 074039 (2026)

TABLE XV. Hamiltonian expectation value (H) and contribution of each Hamiltonian term to the energy levels (in MeV) for the 1P-
wave states of the &, baryons with (H™%*) = (H, + H™) and (H,;) = (H) — ((H — H;})).

(L L)nL(J"); (H™0) {(HS) CHSP™) CHE) ) {CHES™) (S (s ) (GRS ™) (s ) sty () s ™) ()} ()
(0, 1)1P(%‘)0 6309.57 {0 0 0} {2486 0 0} {0 -=2511-2511} {0 11.63 11.63 } 6307.76
(0, l)lP(%‘)1 6309.57 {0 0 0} {2466 -161-161} {0 -1501-1501} {0 6.09 6.09 } 6313.35
(0, l)lP(%‘)I 6309.57 {0 029 029} {2444 077 077} {0 -1085-1085} {O 570 570 } 6325.67
(0, l)lP(%‘)2 6309.57 {0 -0.17-0.17 } { 24.10 =2.14 -2.14 } {0 8.13 8.13} {0 =545 -5.45}6334.46
(0, 1)1P(§‘)2 6309.57 {0 054 054} {2378 133 133} {0 1371 1371} {0 —6.10 —6.10 } 6353.37
TABLE XVI. Evolution of the energy levels (in MeV) for the 1P-wave states of the Q,, baryons with successively adding the spin-
dependent terms one by one.

(lﬁ, l,l)nL(JP)j <Hmode> < + Htens> < 4 Hcont> < + HSO(?I)> < + Hso(s)> <H>
(0, l)lP(%‘)O 6309.57 6309.57 6333.78 6284.49 6307.76 6307.76
(0, l)lP(%—)l 6309.57 6309.57 6330.84 6301.16 6313.35 6313.35
(0, 1)1P(%‘)l 6309.57 6310.15 6335.80 6314.27 6325.67 6325.67
(0, l)lP(%‘)2 6309.57 6309.22 6329.00 6345.35 6334.46 6334.46
(0, 1)1P(%‘)2 6309.57 6310.74 6337.81 6365.55 6353.37 6353.37

TABLE XVIL

The off diagonal matrix elements (in MeV) of each Hamiltonian term for the negative-parity X. and =, baryon states. In
the 1~ subspace, the three states are abbreviated as [(0,1)1P(37)o) = [1), (0, 1)1P(§7),) = |2) and |(1,0)1P(37),) = |3), respectively.
And in the 3~ subspace, the three states are labeled as [(0,1)1P(37),) = [1'), [(0.1)1P(37),) = |2/) and [(1,0)1P(37),) = |3'),

respectively.
Z:(57) Z(7) E(37) E.(3)

0 (1102) (110[3) (2[0[3) (V[02) (V|0|3) (2[03) (1]02) (1|03) (2|0[3) (V|02) (V[|0]3) (2'|0]3)
P[‘lez"* 0 0 0 0 0 0 0 0 0 0 0 0

P[‘Z%"* 6.15 -5.62 -3.61 —4.63 2.76 -5.93 —-5.87 4.01 -3.84 —-2.46 —-2.44 3.63
P[‘fl'“ 6.15 -5.62 -3.61 —4.63 2.76 -5.93 —-6.34 6.48 -3.10 —6.76 —-2.84 7.72
F[Tgm 0 0 0 0 0 0 0 0 0 0 0 0

F[gg"‘ —-6.80 3.96 5.55 4.65 -2.57 5.61 4.48 -2.96 4.14 3.05 1.89 —4.15
Plg‘])“‘ —-6.80 3.96 5.55 4.65 -2.57 5.61 7.28 -3.72 5.22 5.09 2.44 -5.36
Hﬁ‘;“*“‘ 0 0 0 0 0 0 0 0 0 0 0 0

ﬁ;(;(lf)—ﬂ? —-11.33 0 -7.06 8.15 —6.87 0 12.28 0 -3.00 8.80 2.87 0

H;{;(,)—zB —-11.33 0 -7.06 8.15 —6.87 0 9.06 0 -9.63 6.59 9.41 0

PI?Z(V)—?B 0 0 0 0 0 0 0 0 0 0 0 0

I:I;‘;<S)_2B 2.73 0 1.82 -2.08 1.84 0 -2.79 0 0.68 -2.13 —0.68 0

I:[;‘;(S)—w 2.73 0 1.82 -2.08 1.84 0 -2.73 0 2.72 —-2.08 —=2.77 0

gsl‘;(w—ﬂ? 0 0 —-11.33 0 -10.82 0 0 0 -9.45 0 9.00 0

ﬁ;ﬁ;(b)—*B 3.86 0 20.34 -2.76 19.48 0 =2.77 0 12.58 —1.96 —-11.92 0

ﬁff:(v)—w 3.86 0 20.34 -2.76 19.48 0 —-2.40 0 30.48 —-1.72 -29.15 0

ﬁslg<5)—33 0 0 -19.19 0 —19.00 0 0 0 —13.96 0 13.76 0

ﬁ;g(ﬂ—w -0.28 0 -12.91 0.20 -13.15 0 0.17 0 —8.11 0.12 8.21 0

[:1?;6)—38 -0.28 0 -12.91 0.20 -13.15 0 0.38 0 —-18.30 0.28 18.48 0

Total —-11.33 =331 -=-22.26 7.09 -26.82 —-0.64 10.77 3.81 —-13.56 6.82 16.27 1.85
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TABLE XVIII. The off diagonal matrix elements (in MeV) of each Hamiltonian term for the negative-parity bottom baryon states. In
the 1~ subspace, the two states are abbreviated as [(0,1)1P(37),) = [1) and |(0,1)1P(37),) = |2), respectively. In the 3~ subspace, the
two states are abbreviated as [(0,1)1P(37),) = [1') and |(0,1)1P(37),) = [2'), respectively.

Zy(37) %3 5G) 5G) Q(3) Q(3)
0 (1102) (r|op) (1102) (o) (1102) (o)
A 0 0 0 0 0 0
[-}‘2%“g 227 1.80 —2.34 —1.08 2.52 -2.09
[-}f{l“g 227 1.80 -2.26 -2.49 2.52 -2.09
A5 0 0 0 0 0 0
Ao -2.73 ~1.94 1.91 1.35 -2.32 1.66
A -2.73 -1.94 2.87 2.08 —2.32 1.66
Hig(v)—ZB 0 0 0 0 0 0
1:1;2(%)—23 -3.69 =272 4.23 3.11 =3.79 2.80
,;,;i(r)—w -3.69 -2.72 2.77 2.07 -3.79 2.80
I:Isl(;(s)—ZB 0 0 0 0 0 0
ﬁ;ﬁ;(S)—ZB 0.35 0.27 —0.38 -0.29 0.38 -0.29
13125:(5)—23 0.35 0.27 —0.34 -0.26 0.38 -0.29
Hi;(b)—’o‘B 0 0 0 0 0 0
ﬁ;g(l)—m 1.30 0.96 —1.01 -0.74 1.37 —1.01
H;(;(l)—m 1.30 0.96 —-0.66 -0.49 1.37 —1.01
p]ig(s)—-?B 0 0 0 0 0 0
I:I;g(s)—w —0.04 —0.03 0.02 0.02 —0.04 0.03
Ifliol(s)—w —0.04 —0.03 0.05 0.04 —0.04 0.03
Total -5.08 -3.33 4.86 3.31 —3.75 2.18

TABLE XIX. The deviations of the calculated masses of the 22 baryons from the measured ones [2,10]. Most of the deviations are less

than 8 MeV. The arithmetic average deviation (3 7 | |My,
measured mass. All the masses are measured in MeV.

— My, |;)/n is about 4.58 MeV. M, denotes the central value of the

Baryon (J©) M,  Predicted state Mgy Mqy-Me,  Baryon (J¥) M,  Predicted state Moy — My -Mey,
(2800)++('>’) 2801 $.(2799)3- 279858 242 Q.(3000)°(?) 300046 Q.(3001)}~ 3001.40 0.94
T.(2800)7(?) 2792 £.(2799)3-  2798.58 6.58 Q.(3050)°(?") 3050.17  Q.(3053)3~  3052.59 2.42

2.(2800)°(?%) 2806 X.(2799)3 2798.58 =742 Q.(3065)°(?") 3065.58 ©.(3062)i~ 306191  -3.67

T.(2846)0(27) 2846 £.(2837)1 2836.60  -9.40  ©.(3090)°(?") 3090.15 ©.(3095)3" 3095.17 5.02

2.(2882)°(?%) 2882 E.(2896)1 289581 1381 Q. (3120)°(?") 311898 ©.(3112)3~ 311178 =791

E.(2923)7(?")  2922.8  E.(2919)1- 2918.64 416 = Q,(6316)7(?*) 63156 Q,(6315)- 631523  —0.37

E.(2923)°(7") 29232 E/(2919)1- 2918.64  —4.56  ©,(6330)7(?*) 63303  Q,(6325)3" 6325.16  —5.14

E.(2930)7(?") 2942 E/(2934)3 293403  -797  Q,(6340)7(?") 63397  Q,(6335) 633497  -473

E.(2930)°(?") 293855 E.(2934)3 293403  —4.52  Q,(6350)7(?") 63498  Q,(6353)3 6353.37 3.57

%,(6097)7 (") 60958  %,(6096)i~ 609553  —027  E,(6227)°(?") 62268  E,(6229)3"  6229.07 227

%,(6097)7(?)  6098.0  %,(6096)- 609553 247  E,(6227)7(?") 6227.9 E,(6229)3 6229.07 1.17
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