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Building on previous studies that demonstrated the applicability of a fluid-dynamic description of charm
quarks in the quark-gluon plasma [Phys. Rev. D 106, 034021 (2022); Phys. Rev. D 108, 116011 (2023).],
the present work extends the framework by computing the out-of-equilibrium contributions to the
distribution function of charm hadrons. The analysis includes corrections arising from the initial out-of-
equilibrium distribution of charm quarks after a free-streaming phase, as well as from the freeze-out surface
within fluid dynamics. These results enable the exact computation of integrated yields and transverse-
momentum distributions of charm hadrons for different values of the spatial diffusion coefficient, thereby
providing the basis for a systematic determination of the charm transport coefficients. A preliminary
comparison of our model with the available experimental data shows compatibility within uncertainties. In
addition, the limits of applicability of the approach are identified by determining the transverse-momentum
region in which charm hadrons are described by a well-defined, positive distribution function.
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I. INTRODUCTION

Charm quarks represent unique probes to study the
properties of the hot and dense QCD medium produced
in high-energy heavy-ion collisions, the quark-gluon
plasma (QGP). Since their mass is significantly larger than
the typical temperature of the QGP reached in nuclear
collision experiments, charm quarks are produced almost
exclusively in the initial stage via hard partonic scatterings,
and their thermal production in the fireball is exponentially
suppressed [1]. Moreover, due to their scarce abundance in
the medium, the charm-quark annihilation rate can be
considered negligible within the QGP lifetime [1,2].
Thus, the initial production effectively fixes the number
of cc̄ pairs. Charm quarks undergo all the evolution stages
of a heavy-ion collision, and their propagation in the QGP
is often modeled as Brownian motion, since, due to their

large mass, they typically participate in collisions with
small momentum transfer. Over the past years, numerous
transport models have been developed based on this
approach, addressing various aspects of heavy-quark in-
medium dynamics (for recent reviews, see [3,4]). Recent
experimental evidence on the positive anisotropic flow of
open- and hidden-charm hadrons [5–9], together with
theoretical and phenomenological studies [10–14], sug-
gested that charm quarks could approach thermal equilib-
rium within the QCD medium. This supported the
applicability of fluid-dynamic descriptions, and a fluid-
dynamic framework for charm-quark dynamics in the QGP
was developed in our previous works [15,16].
Assuming proximity to local thermal equilibrium, we

applied in Ref. [15] a simplified version of the method of
moments [17] to compute out-of-equilibrium corrections
to the charm-quark distribution function during the QGP
evolution. This approach, however, does not provide a
straightforward parametrization of the corresponding
corrections to charm-hadron distribution functions on
the freeze-out hypersurface, which we have neglected
until now.
Out-of-equilibrium corrections at freeze-out are crucial

for accurately describing charm-hadron yields and momen-
tum spectra. Neglecting them led to an unphysical depend-
ence of charm multiplicities on the heavy-quark spatial
diffusion coefficient Ds. The Ds coefficient characterizes
the low-momentum interaction strength of heavy quarks in
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the medium, and it encodes the spatial broadening of the
heavy quarks. As a result, our previous work [16] did not
allow for a systematic study of charm-hadron spectra or for
the constraint of the value of theDs coefficient. In addition,
the initial charm-quark distribution function was assumed
to be in local thermal equilibrium, neglecting the influence
of the out-of-equilibrium corrections at the initial moment
of the collision. Motivated by these considerations, in the
present work, we compute the charm out-of-equilibrium
corrections both at the initial stage and at the freeze-out,
consistently accounting for them throughout the heavy-ion
collision evolution. This advancement will enable future
constraints on the charm diffusion coefficient through, for
example, a Bayesian analysis of experimental data.
The present work is organized as follows. Section II A

focuses on the computation of out-of-equilibrium correc-
tions at the initial stage of the collision and on the
initialization of the charm diffusion current. In Sec. II B
an analytic expression of the out-of-equilibrium corrections
at the freeze-out is given, employing a multispecies
approach. After presenting the evolution of the charm fields
in Sec. III, we discuss in Sec. IV the results on the charm-
hadron yields and transverse-momentum (pT) spectra.
Finally, Sec. VI focuses on the limit of the applicability
of our model, exploring the upper bound of the transverse
momentum up to which our approach is reliable.

II. CHARM OUT-OF-EQUILIBRIUM
CORRECTIONS

In kinetic theory, the state of a system is described by the
single-particle distribution function fp, which encodes the
phase-space density of a particle with momentum p. Under
dissipative conditions, the distribution function is usually

decomposed into a local-equilibrium contribution fð0Þp and
an out-of-equilibrium correction δfp,

fp ¼ fð0Þp þ δfp: ð1Þ

This decomposition implicitly assumes that δfp is a
perturbative correction to the local-equilibrium distribution,

such that jδfpj ≪ fð0Þp and higher-order corrections beyond
linear order can be neglected. At the microscopic level, the
fluid-dynamic quantities can be expressed as moments of
the distribution function. Taking as an example the
density of a particle species and its associated diffusion
current, in the Landau frame they can be expressed
respectively as

nq ¼
1

ð2πÞ3
Z

d3pfp ¼ 1

ð2πÞ3
Z

d3pfð0Þp ; ð2Þ

νμq ¼ 1

ð2πÞ3
Z

d3p
phμi

p0
fp ¼ 1

ð2πÞ3
Z

d3p
phμi

p0
δfp; ð3Þ

where the second equalities in both equations hold due to
Landau matching conditions. Notice that in the rest frame
of the fluid p0 coincides with the particle energy, obeying
the on-shell condition p0 ≡ Ep ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

p
, for a particle

of mass M. Moreover, here the notation phμi ¼ Δμνpν is
employed to represent the projection of the vector pμ onto
the subspace orthogonal to the fluid four-velocity uμ, and
the projection operator is defined as Δμν ¼ gμν þ uμuν.
In fluid dynamics, the deviation from local thermal

equilibrium is macroscopically quantified by considering
the ratio between the dissipative quantities and the equi-
librium ones, defined as the inverse of “Reynolds number.”
In the case of diffusion processes, the inverse of the
Reynolds number reads

R−1
ν ≡ jνμqj

nq
: ð4Þ

Since the nonequilibrium moments are defined as integrals
over δfp, while the equilibrium ones are obtained from the
equilibrium distribution, Eq. (4) provides a quantitative
measure of the deviations from local equilibrium.
While the equilibrium distribution can be parametrized

using a Maxwell-Jüttner distribution, in the following the
calculation of the out-of-equilibrium corrections to the
charm distribution function, both at the initial stage of the
collision and at freeze-out, is discussed.

A. Charm out-of-equilibrium corrections: Initial stage

In the present section, we introduce an approach for
modeling charm-quark out-of-equilibrium corrections at
the initial stage of the collision, with particular emphasis on
the initialization of the diffusion current.
In our previous work [18], the density at midrapidity of

charm-anticharm pairs produced in hard scattering proc-
esses was expressed as

nq;hardðτ0; x; y; ηs ¼ 0Þ

¼ 1

τ0σ
in ncollðx; yÞ

Z
dpx dpy

d3σQQ̄

dpxdpydηp

����
ηp¼0

; ð5Þ

where τ0 represents the fluid-dynamic initialization time,
σin is the inelastic proton-proton cross section and
dσQQ̄=dpxdpydηpjηp¼0

is the charm-anticharm production

cross section per unit of transverse momentum and rapidity
at midrapidity computed with perturbative-QCD (pQCD)
calculations from fixed-order plus next-to-leading log
(FONLL) [19]. In the present work, we restrict our analysis
to charm quarks produced in the midrapidity region jηpj <
0.5 and assume the fluid-dynamic description to be
invariant under rapidity boost. While Eq. (5) is valid for
any system in relativistic heavy-ion collisions, this work
focuses on Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV within
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the 0%–10% centrality class. Thus, we consider σin ¼
70 mb [20] and adopt the pQCD prediction using CTEQ6.6
parton distribution function (PDF) [21], which yields a
central value of dσQQ̄=dηpjηp¼0

¼ 0.46 mb. It was shown

in Refs. [22,23] that the charm production cross section
measured in pp collisions at the LHC systematically lies on
the upper edge of the FONLL calculations across several
center-of-mass energies. Similar deviations are expected in
Pb-Pb collisions, implying that the use of the FONLL cross
section in the present calculation may lead to an under-
estimation of the number of produced cc̄ pairs. The choice
of PDF and the possible nuclear modifications further affect
the charm production cross section and, consequently, the
initial charm yield. In the absence of a direct measurement
of the charm cross section in Pb-Pb collisions, however, the
FONLL calculation is adopted. We underline that the
purpose of this section is to validate our parametrization
of the out-of-equilibrium corrections at the initial stage and
at the freeze-out. For this reason, nuclear effects on the
charm production cross section do not need to be included
at this stage. A more detailed discussion on the cross
section, and a careful consideration of these effects, is

reported in Sec. V, together with the comparison with
experimental data.
The density of binary collisions ncollðrÞ in the transverse

plane is computed with the TRENTo model [24] and
depends on the impact parameter of the collision. The initial
time τ0 accounts for the pure longitudinal expansion at early
times, commonly referred to as “Bjorken flow” [25].1

In this work, we extend Eq. (5), introducing a free-
streaming phase between the charm production time and the
hydrodynamic initialization time.2 In this approach, no free-
streaming stage is applied to the bulk medium, whose initial
temperature profile and fluid velocity will be specified in the
next section. In the free-streaming scenario, where particles
travel in straight-line trajectories, kinetic equations can be
solved exactly by using the method of characteristics [29]
and the expression for the distribution function in terms of
the free-streamed coordinates is known analytically.
Applying free-streaming to the expression in Eq. (5) leaves
the physical quantities depending on themomentum, such as
the production cross section, unaffected, while it influences
those that depend on the spatial coordinates, as the density of
binary collisions. Thus, the density of charm quarks pro-
duced in hard collisions modifies as

nq;hardðτ0; x; y; ηs ¼ 0Þ ¼ 1

τ0σ
in

Z
dpxdpyncoll

�
x −

τ0pxpτ

p2
T þM2

; y −
τ0pypτ

p2
T þM2

�
d3σQQ̄

dpxdpydηp

����
ηp¼0

; ð6Þ

where pτ is the time component of the four momentum in Milne coordinates. By employing Landau matching conditions
and imposing that the density of charm quarks produced in the hard scattering processes is fixed to be equal to the thermal
equilibrium density reported in Eq. (2), one can fix the integral over pz of the total charm distribution function in terms of
the differential cross section,

Z
dpzfp ¼ ð2πÞ3

τ0σ
in ncoll

�
x −

τ0pxpτ

p2
T þM2

; y −
τ0pypτ

p2
T þM2

�
d3σQQ̄

dpxdpydηp

����
ηp¼0

: ð7Þ

Thus, after the free-streaming phase, at time τ0, the charm-quark diffusion current can be expressed as the first moment of
the charm distribution function, fixed in Eq. (7),

νμqðτ0; x; y; ηs ¼ 0Þ ¼ 1

τ0σ
in

Z
dpxdpy

phμi

p0
ncoll

�
x −

τ0pxpτ

p2
T þM2

; y −
τ0pypτ

p2
T þM2

�
d3σQQ̄

dpxdpydηp

����
ηp¼0

: ð8Þ

We highlight that for symmetry reasons the diffusion current is zero at the formation time of heavy quarks. However, the
dependence of ncoll on px and py, due to the free-streaming, yields a nonzero diffusion current at time τ0 after the free-
streaming phase.

1Notice that since we are considering an initial Bjorken flow, the space-time rapidity η coincides with the momentum rapidity ηp.
Therefore, the production cross section will be expressed in the following per unit of momentum rapidity. For notational convenience,
we will drop in what follows the explicit indication of midrapidity. Notice, however, that the production cross sections are all calculated
at ηp ¼ 0.

2In heavy-ion collisions, the earliest stage is described within the color glass condensate framework [26]. Although free-streaming
provides a simplified treatment of this stage, recent studies indicate that glasma effects on charm-quark transport are moderate, leading
to only limited modifications of charm observables [27,28], supporting the use of free-streaming as a reasonable approximation for
early-time charm dynamics.
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We initialize our fields on a hypersurface of radius 30 fm
and at constant proper time τ0 ¼ const ¼ 0.4 fm=c.
Figure 1 shows the radial component of the diffusion
current (left panel) and of the charm density (right panel)
after free-streaming at τ0, considering the 0%–10% central
Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV. The initial produc-
tion time of charm quarks is set according to the timescale
for producing a charm-anticharm pair, as estimated from
the uncertainty principle. After free-streaming, the charm
quarks develop a nonzero diffusion current, whose ampli-
tude is one order of magnitude bigger than the one
produced at late times τ ∼ 10 fm=c, as reported in our
previous work [16]. The influence of the initial diffusion on
the evolution of νμq is investigated in detail in Sec. III. The
density of charm quarks peaks at the center of the fireball
and decreases smoothly with distance, until at r ≥ 8 fm the
number of produced charm quarks becomes negligible.
Notice that after the free-streaming phase, the density
profile decreases due to the Bjorken expansion along the
longitudinal axis. Nevertheless, the number of charm
quarks remains conserved in time due to the buildup of
the diffusion current.

B. Charm out-of-equilibrium corrections: Freeze-out

In the current section, the derivation of the out-of-
equilibrium corrections for charm hadrons at freeze-out,
and the computation of transport coefficients for each
charm-hadron species, are presented. For this purpose, a
multispecies approach, as introduced in Ref. [30], is
employed, and a fluid composed of all the charm hadrons
in the hadron resonance gas of charm (HRGc), interacting
with the light components of the QGP, is considered. This is
a valid description of the QCD medium when the system is
close to the pseudocritical temperature, and the partonic
degrees of freedom convert into the hadronic ones.
However, in the absence of a charm equation of state
(EOS) that smoothly interpolates between the two regimes,

the charm-hadronic description is employed for the whole
temperature range of the system evolution.
The thermodynamic quantities of the mixture, as the

charm-quark number density and the charm diffusion
current, are expressed as a summation over the species i
in the HRGc, weighted by their net charm charge qi,

nq ¼
X

i∈HRGc

qini; νμq ¼
X

i∈HRGc

qiν
μ
i : ð9Þ

In the following, all the quantities characterized by the
index i refer to the hadron species i, while the fields
denoted as nq and νμq are associated with the total charm
dynamics.

1. The Fokker-Planck equation

Assuming small momentum exchange between charm
hadrons and the light partons of the medium, and consid-
ering an isotropic medium, the dynamics of charm hadrons
reduces to the well-known Fokker-Planck equation,

pμ
∂μfi;p ¼ p0

∂

∂pl

�
Aiplfi;p þ δmlDi

∂

∂pm fi;p

�
; ð10Þ

where l,m ¼ 1, 2, 3 represent the three spatial components.
The coefficients Ai and Di, called respectively “drag” and
“momentum-diffusion” coefficients, encode the interaction
of the ith charm hadron with the light components and are
related by the Einstein fluctuation-dissipation relation [31],

Ai ¼
Di

TEp
: ð11Þ

In Eq. (10), Ai and Di are assumed for simplicity to be
independent of the charm-hadron momentum, similar
to Ref. [15].

FIG. 1. Radial diffusion current (left) and charm-quark density profile (right) as a function of radius at the QGP initial time τ0 for
Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV for the 0%–10% centrality class.
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The spatial diffusion coefficient Ds is identified as the
asymptotic mean squared displacement of an ensemble of
particles initially placed at the origin of the coordinate
system. In the case of charm-quark dynamics in the QGP,
Ds characterizes the long-wavelength properties of the
transport of the charm-quark number through QCD matter,
and, as long as the dynamics is nonrelativistic, it can be
expressed as

Ds ¼
T

Aðp ¼ 0ÞM ; ð12Þ

whereM represents the mass of the charm quark, while A is
its respective friction coefficient. Being able to capture the
charm-quark coupling with the medium at low transverse
momenta, the spatial diffusion coefficient is of particular
interest in phenomenological studies. In the current study,
the diffusion coefficient is considered to be the same for
charm quarks and each charm-hadron species, and Eq. (12)
to hold in both cases. This choice reflects the idea that
hadronic transport properties inherit the underlying charm-
medium coupling.

2. Charm-hadron transport coefficients

Having expressed the Fokker-Planck equation for each
hadron species, we now consider successive moments of
Eq. (10). The 0th moment encodes the continuity equation
for the hadron i. Taking the first moment, an equation of
motion for the diffusion current of each charm hadron νμi
naturally arises,

Ds

T
Ii;31
Pi

ν̇μi þ νμi ¼ qiniDs∇μαq; ð13Þ

where Ii;31 ¼ 1
3

R
dKk0k2fð0Þi;p represents a thermodynamic

integral as defined in Ref. [17]. Equation (13) is a
relaxation-type equation whose relaxation time and trans-
port coefficient are expressed, respectively, by

τi ¼
Ds

T
Ii;31
Pi

; ð14Þ

κi ¼ qiniDs: ð15Þ

In the multispecies setup, where the diffusion of each
charm hadron is tuned by κi and τi, the total charm
diffusion current νμq obeys the following relaxation-type
equation (the full calculation is reported in Appendix A),

Ds

T

X
i∈HRGc

q2i niP
jq

2
jnj

Ii;31
Pi

ν̇μq þ νμq ¼ Ds

X
i∈HRGc

q2i ni ·∇μαq;

ð16Þ
where we identify the total charm relaxation time and the
total diffusion coefficient as

τq ¼
Ds

T

X
i∈HRGc

q2i niP
jq

2
jnj

Ii;31
Pi

; ð17Þ

κq ¼ Ds

X
i∈HRGc

q2i ni: ð18Þ

Setting i ¼ j ¼ 1, the expression of τq matches the one
obtained considering the total charm diffusion as reported
in Ref. [15]. However, this does not apply to the expression
of κq, which in the present case includes an additional
charge factor, set to one in Ref. [15].

3. Charm hadrons out-of-equilibrium corrections

To study the out-of-equilibrium corrections of charm
hadrons at freeze-out, and following Ref. [30], the irre-
ducible moment of tensor rank l for each hadron species is
defined as a moment of the out-of-equilibrium distribution
function,

ρμ1…μl
i ≡ Δμ1…μl

ν1…νl

Z
dPpν1…pνlδfi;p: ð19Þ

It can be shown that the out-of-equilibrium corrections can
be expanded as a series of irreducible moments with

coefficients aðlÞi ,

δfi;p ¼ fð0Þi;p

�X∞
l¼0

aðlÞi ρμ1…μl
i phμ1…pμli

�
; ð20Þ

where the notation phμ1…pμli ≡ Δμ1…μl
ν1…νl p

ν1…pνl indicates
the orthogonal component of the momentum with respect
to the fluid velocity. Typically, the expansion in Eq. (20) is
truncated at rank l ¼ 2, in order to account for the lowest-
order irreducible moments explicitly appearing in the
energy-momentum tensor Tμν and the conserved current
Nμ

q. However, bulk pressure and shear-stress contributions
from the charm hadrons are assumed to be negligible with
respect to those associated with the light components. For
this reason, as a first approximation, we consider only the
term associated with the diffusion current, corresponding to
l ¼ 1. Notice that by the definition of diffusion current in
Eq. (3), the irreducible moment of rank 1 corresponds to the
diffusion current of the charm hadron of species i, i.e.,
ρμi ≡ νμi . Starting from the Boltzmann equation and
employing the Navier-Stokes approximation, a linear
relation of first order in Knudsen number is established
between the first irreducible moment ρμi and the total charm
diffusion current νμq [30],

ρμi ¼ κ̄iν
μ
q þOð2Þ; ð21Þ

where the normalized diffusion coefficient is defined as
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κ̄i ¼
κiP

j∈HRGcqjκj
: ð22Þ

Notice that the only relevant order in the relation between
νμq and ρμi is of first order in Knudsen number, since the
terms of order Oð2Þ would give rise to higher-order
contributions when considering the equation of motion
of the diffusion current. As a matter of fact, all terms that
are quadratic in the inverse Reynolds number are neglected,
assuming R−1

ν ≪ 1. This approximation is valid only in the
limit of small contributions of νμq to the total charm
conserved current of Nμ

q. The validity of this approximation
will be discussed further in the next sections.
Adapting the calculation of Ref. [15] to our multispecies

approach, it is possible to express the expansion coefficient
as að1Þi ¼ 1=Pi, where Pi represents the pressure contribu-
tion of each charm hadron. Thus, the out-of-equilibrium
correction of the charm hadron of species i reads

δfi;p ¼ fð0Þi;p
1

Pi
κ̄iν

μ
qphμi: ð23Þ

Equation (23) constitutes a key result of the present work
and represents the first attempt to parametrize the out-of-
equilibrium corrections of charm hadrons within our fluid-
dynamic approach. The expression of δfi;p reduces to the
one found in Ref. [15] if we consider a fluid composed of a
single-particle species, marking the consistency between
the two approaches. Notice that the out-of-equilibrium
correction to each charm hadron depends on the total
diffusion current of the charm quark νμq. This result
represents a practical advantage, as in our framework, only
the total diffusion current needs to be evolved, instead of
one for each hadron species.
The corrections expressed by Eq. (23) are valid only in

the limit R−1
ν ≪ 1. Since the pressure of each hadron can be

expressed in terms of its density, Pi ¼ niT, the out-of-
equilibrium corrections are proportional to the ratio of the
diffusion current to the density. When R−1

ν ∼ 1, the out-of-
equilibrium corrections become comparable in magnitude
to the equilibrium distribution, and the underlying
assumption is no longer valid. Since the radial component
of the diffusion current in our framework exhibits a
negative profile (see Sec. III), the corrections can assume

negative values; therefore, when jδfi;pj ∼ fð0Þi;p , the total
charm-hadron distribution function may become negative,
losing its interpretation as a physical probability distribu-
tion. This clearly sets a limit to the applicability of our
approach, which will be discussed in Sec. VI.

III. EVOLUTION OF CHARM FLUID FIELDS

Considering the statistical azimuthal symmetry and
longitudinal boost invariance of high-energy heavy-ion
collisions, a 1þ 1D description is adopted, where the fluid

fields depend only on the proper time τ and the radial
coordinate r. Under this approximation, the fluid dynamics
is governed by five independent fields: the temperature, the
radial component of the fluid four-velocity, two compo-
nents of the shear-stress tensor, and the bulk viscous
pressure. The initial entropy density is computed using
TRENTo framework [24], where the input parameters of
the collision are taken from Ref. [32]. The normalization of
the entropy deposition is fixed from the pion multiplicity
measured by the ALICE Collaboration in Pb-Pb collisions
at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV for the 0%–10% centrality class [33].
The initial temperature profile is obtained from the initial
entropy density by inverting the EOS taken from Ref. [34].
In the initial state, the radial fluid four-velocity, the shear-
stress components, and the bulk viscous pressure are set to
zero, respecting relativistic causality [35]. For the fluid-
dynamics evolution, we employ the FluiduM framework
[34] with the extension to charm fields as in Ref. [16]. The
source code employed in the current work can be found in
the following GitHub repository Fluidum.jl. Here, the
product of the diffusion coefficient with the medium
temperature DsT is assumed to be constant throughout
the full evolution of the fireball.
Figure 2 shows the radial component of the diffusion

current and the charm-quark density multiplied by the
proper time τ as functions of the radius for different
expansion times, comparing the cases of zero initial
diffusion current and free-streaming initialization. The
value of the spatial diffusion coefficient is fixed here to
DsT ¼ 0.24, which represents the upper limit at T ¼ 1.1Tc
reported in Ref. [13]. In the case of free-streaming
initialization, the magnitude of νμq at later times remains
systematically smaller than in the case of zero initialization,
indicating that the system is closer to equilibrium.
Nevertheless, the initialization does not significantly affect
the evolution of the diffusion current, and it was verified
that the difference between the two cases does not
significantly influence the invariant yields and momentum
spectra of charm hadrons. As shown in the right panel of
Fig. 2, the charm-quark density is also not strongly
influenced by the free-streaming initialization, and it
decreases at later times due to the decreasing temperature
of the fireball.
Following the definition of the inverse of the Reynolds

number, it is possible to compare the magnitude of the
equilibrium contribution, represented by the charm-quark
density, to the out-of-equilibrium contribution, described
by jνμqj. As reported in Appendix B, the condition R−1

ν ≪ 1
is not satisfied at all times and at each radius, if one
considers high values of the spatial diffusion coefficient.
This result therefore indicates that the working
assumption of small out-of-equilibrium corrections at
the freeze-out may break down beyond a certain
value of DsT. This aspect will be investigated further
in Sec. VI.
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IV. CHARM-HADRON YIELDS AND
TRANSVERSE-MOMENTUM SPECTRA

The invariant spectrumof eachhadron species at the freeze-
out can be computed via the Cooper-Frye procedure [36],

Ep
dNi

d3p
¼ gi

ð2πÞ3
Z
Σ
fi;ppμdΣμ; ð24Þ

where gi represents the degeneracy factor of particle i, while
Σμ is the freeze-out hypersurface. From Eq. (24), it is evident
that the correct parametrization of the hadron distribution
functionfi;p at the freeze-out is of fundamental importance to
correctly compute the invariant spectrum. In order to account
for resonance decays, we employ the FastReso package [37],
while the list of resonances is taken from the PDG [38]. The

freeze-out temperature is chosen to be Tfo ¼ 156 MeV [10].
The yield per unit of rapidity dNi

dηp
of each charm hadron is

obtained by integrating Eq. (24) in a pT range from 0 to
10 GeV=c. The conserved number of charmquarks produced
in the QGP redistributes among the various charm-hadron
species at freeze-out according to their thermal weights.
Consequently, the integrated yield of charm hadrons is
expected to be independent of the value of DsT.
To validate the expression for the charm-hadron out-of-

equilibrium correction in Eq. (23), a toy model is first
considered, consisting of a gas composed of a single charm
hadron, the D0 meson. Within this simplified scenario, the
number of charm quarks in the QGP is expected to match
the multiplicity of D0 mesons produced at freeze-out. The
left panel of Fig. 3 shows the invariant yield of D0 mesons

FIG. 3. Left: integrated yield of D0 meson for different values of DsT, considering a gas composed of D0 only. The nondiffusive case
(blue markers) is compared to the equilibrium and the out-of-equilibrium contributions (green and red markers, respectively), as well as
considering the total distribution function (orange markers). The D0 yield is also compared to the total number of charm quarks (black
dashed line). Right: integrated yields of various charm hadrons in the nondiffusive and in the diffusive scenarios, with and without out-
of-equilibrium corrections.

FIG. 2. Radial diffusion current (left) and charm-quark density profile (right) as a function of the radius for different times, fixing
DsT ¼ 0.24. The comparison of a vanishing initial diffusion current case (solid lines) to that of a free-streaming initialization (dashed
lines) is shown.
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as a function of the spatial diffusion coefficientDsT, varied
within the range predicted in Ref. [13]. Comparisons are
made between the nondiffusive case (blue markers) and the
diffusive case, considering separately the equilibrium and
the out-of-equilibrium contributions (green and red mark-
ers, respectively), as well as the total distribution function
(orange markers). The D0 yield is also compared to the total
number of charm quarks (black dashed line) produced at
the beginning of the collision. The spatial diffusion
coefficient governs the evolution of νμq, such that higher
values of DsT produce larger out-of-equilibrium correc-
tions (see Sec. II B 2). Neglecting δfi;p results in an
unphysical dependence of the hadron multiplicity on
DsT. By including the out-of-equilibrium corrections,
the invariant yield is comparable with both the nondiffusive
case and the total number of charm quarks in the QGP
across the entire range ofDsT. This agreement confirms the
validity of the parametrization of the out-of-equilibrium
corrections. Notice that the corrections contribute nega-
tively to the total yield, counterbalancing the unphysical

enhancement observed for fð0Þi;p only, and are thus reported
here in absolute value. The out-of-equilibrium fraction of
the invariant yield does not exceed the equilibrium one
throughout the whole range of DsT probed, even if their
ratio increases due to the proportionality of δfi;p on the
spatial diffusion coefficient. Notice that the δfi;p linearly
depends on the transverse momentum. However, given that
the largest fraction of the invariant yield arises from the
low-pT region, we observe that the contribution to the yield
from the equilibrium part of the distribution function
exceeds the out-of-equilibrium one for any investigated
value of DsT. For the largest value of DsT tested, i.e.,
DsT ¼ 0.24, the ratio between the contributions reaches a
value of around 40%.
A gas composed of all hadrons in the HRGc is further

considered, and the right panel of Fig. 3 shows the

multiplicity of the most abundant charm-hadron species
forDsT ¼ 0.24, including contributions from all resonance
decays. Comparisons are made between the nondiffusive
case (blue solid line) and the diffusive case, both with
(orange dashed line) and without (green dotted line) out-of-
equilibrium corrections. The inclusion of out-of-equilib-
rium corrections makes the multiplicity compatible with the
one obtained in the nondiffusive case for all the charm
hadrons considered.
The parametrization of the out-of-equilibrium correc-

tions enables the study of charm-hadron pT spectra for
different values of DsT. Figure 4 presents the charm-
hadron invariant spectrum for the nondiffusive case (blue
solid line) and for DsT ¼ 0.1 (left panel) and DsT ¼ 0.24
(right panel), both with (orange dashed line) and without
(green dotted line) out-of-equilibrium corrections. The
value of the spatial diffusion coefficient clearly influences
the shape of the invariant spectrum while keeping the
charm-hadron multiplicity constant. We notice here
that the out-of-equilibrium corrections are positive for
pT ≲ 2 GeV=c for both values of DsT considered. For
DsT ¼ 0.24, the momentum spectrum becomes negative at
around pT ∼ 2 GeV=c. This behavior occurs because, in
this pT region, the out-of-equilibrium corrections exceed
the equilibrium contribution in magnitude. Consequently,
the current model provides a physically meaningful
description only within a limited range of spatial diffusion
coefficient values. As a first approximation, the value of
DsT in the current model is considered to be constant
throughout the whole QGP evolution. Assuming a linear
dependence of DsT on the temperature, consistent with the
behavior found in lattice-QCD (lQCD) calculations [13],
leads to a reduction of the momentum range of applicability
by about 5% at high pT. Other approaches that maintain a
positive distribution function across the entire considered
regime, such as the maximum entropy approach [39], will
be explored in future works.

FIG. 4. Momentum distribution of D0 mesons for DsT ¼ 0.1 (left) and DsT ¼ 0.24 (right), comparing the nondiffusive case (blue
line) with the diffusive scenario, shown for the equilibrium (green line) and total (orange line) distribution functions.
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V. COMPARISON OF THE MODEL WITH THE
AVAILABLE EXPERIMENTAL DATA

The charm-hadron yield is directly proportional to the
charm production cross section. However, experimental
measurements of the total charm cross section in Pb-Pb
collisions at LHC energies are currently not available.
Therefore, in our computation we employ pQCD calcu-
lations from FONLL [40] and experimental measurements
from pp collisions. Considering the CTEQ6.6 as PDF
model [21], the FONLL calculation predicts in the case
of pp collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV a differential
charm-quark production cross section at midrapidity of
dσQQ̄=dηpjηp¼0

¼ 0.46þ0.60
−0.32 mb. The error values reported

here include both the uncertainty on the PDF calculations
as well as on renormalization and charm-mass scales.
In pp collisions, the charm cross section at mid-

rapidity is measured by the ALICE Collaboration [22],
dσQQ̄=dηpjηp¼0

¼ 1.17þ0.14
−0.11 mb. This value lies at the

upper edge of the pQCD calculations [23,41,42]. To
account for nuclear modification effects in Pb-Pb, in the
present section, both the FONLL and the ALICE cross
sections are multiplied by a folding factor that incorporates
shadowing, energy loss, and saturation. The estimate of this
reduction factor is taken from Ref. [10] and at midrapidity
is equal to 0.65� 0.12.
In the left panel of Fig. 5, we present a study of the

integrated yields of various charm-hadron species, includ-
ing out-of-equilibrium corrections and assuming a diffu-
sion coefficient DsT ¼ 0.1. The different color codes
distinguish the charm production cross sections used as
input in Eq. (6) to initialize the charm-quark fields. The
blue marker corresponds to the FONLL-based calculation,
whereas the red marker is obtained using the ALICE
measured charm cross section. The shaded bands indicate
the uncertainties associated with each choice of the charm

cross section. For the FONLL calculation, the uncertainty
estimate includes both PDF uncertainties as well as
renormalization and mass scale uncertainties, similar to
Ref. [41]. For the ALICE experimental cross section, the
uncertainty is obtained by adding in quadrature the stat-
istical and systematic uncertainties reported in Ref. [22]. In
order to account for nuclear modification effects, both
model calculations were further combined with the uncer-
tainty associated with shadowing, as reported in Ref. [10].
The reported hadron yields are compared with experimental
data from the ALICE Collaboration [43–46]. Our model
calculations are consistent within uncertainties for all
meson species, both when using the FONLL prediction
and the charm production cross section measured by
ALICE. However, the large theoretical uncertainties asso-
ciated with the FONLL cross section limit the predictive
power of the current approach for the integrated yields. A
deviation between our model and the measured yield is
observed in the case of the Λþ

c baryon: this behavior might
be caused by the absence of higher resonance states in the
PDG, as already underlined in Refs. [10,47,48].
In the right panel of Fig. 5, the pT spectra of the D0

meson and of the Λþ
c baryon are shown in comparison with

the ALICE data [43]. In the case of the D0, our fluid-
dynamic model captures the spectrum shape in the case of
FONLL calculations up to pT ≈ 2–3 GeV=c. The different
values of the charm cross section result in a different overall
normalization of the spectrum, and, when employing the
value from pp collisions measured by ALICE, our pre-
diction tends to overestimate the experimental data. On the
other hand, consistent with what was observed for the
integrated yield, both cross sections underestimate the
experimental pT spectrum for the Λþ

c baryon.
Given the tension between our model and the measured

yield of the Λþ
c baryon, we apply the following method to

account for the possible missing resonances feeding down

FIG. 5. Integrated yield for various charm-hadronic species (left) and the D0 and Λþ
c pT spectra (right), considering both the FONLL

charm production cross section [40] and the cross section measured by ALICE [22] multiplied by a correction factor accounting for
shadowing, compared with the available experimental data.
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to charm baryons. Inspired by the work carried out in
Ref. [10], we increase the thermal weight of all the excited
charm baryons in the PDG by a factor of 3. Notice that
since the charm cross section measured in pp should
comprise all the possible resonant states, its value should
be kept constant when applying this procedure.
In the left panel of Fig. 6, we report the charm-hadron

yields computed by employing the ALICE charm cross
section, with and without including the charm-baryon
enhancement. As expected, the increase in the number
of charm baryons due to the tripled statistical weights
subsequently implies a decrease in the yield of charm
mesons. Considering the charm-baryon enhancement, our
predictions for all the charm-hadron species are compatible
with the experimental data within uncertainties. In the right
panel of Fig. 6, the pT spectrum of D0 and Λþ

c including the
charm-baryon enhancement is shown in comparison with
experimental measurements from ALICE. The experimen-
tal measurements are reproduced up to 3 GeV=c in pT for
both hadron species.
We emphasize that the results shown in Figs. 5 and 6 are

obtained for a diffusion coefficient DsT ¼ 0.1. This value
corresponds to the largest diffusion coefficient for which
the present model yields positive particle spectra over the
full pT range considered. The same considerations con-
cerning the onset of negative particle spectra remain valid.
The predictions presented in this section constitute a first
comparison of our model with the available experimental
data. A systematic analysis based on a Bayesian fit to the
experimental measurements will be carried out in future
work. Moreover, this procedure represents a simplified
attempt to account for the missing baryon resonant states,
and it should not be interpreted as a precise description, but
rather as a preliminary estimate. In future studies, a
resonance list that includes an augmented set of charm-
baryon states, given by predictions of the relativistic quark
model [49], will be used.

VI. ON THE ONSET OF CHARM NUMBER
FLUID DYNAMICS

Negative hadron momentum spectra above a certain pT
can be expected in fluid-dynamic models. As a matter of
fact, fluid-dynamic fields correspond to moments of the
distribution function, and the reconstruction of fp from the
former is reliable only within the radius of convergence of
the associated Taylor series. In the current section, an
estimate is provided for the transverse momentum up to
which the charm-hadron momentum spectrum remains
positive, ensuring the validity of the current approximation.
Employing thermodynamic relations and the definition

of the normalized diffusion coefficient, the total charm-
hadron distribution function can be expressed as

fi;p ¼ fð0Þi;p

�
1þ

�
1

T

�
qiP
jq

2
jnj

νμqpμ

	
: ð25Þ

As observed in the left panel of Fig. 2, the diffusion current
exhibits negative values in the spatial domain explored by
the fireball. Therefore, there can be regions on the freeze-
out surface where the out-of-equilibrium corrections are
negative, possibly exceeding in magnitude the equilibrium
component. There can therefore be three different
scenarios:

(i) The total distribution function is positive on the
entire freeze-out surface, and therefore its definition
of physical probability distribution holds for any
value of pT. This automatically yields positively
defined momentum distributions of charm hadrons.

(ii) The total distribution function is negative on a
portion of the freeze-out surface, but the positive
contribution exceeds in magnitude the negative one.
Therefore, after computing the freeze-out integra-
tion, one obtains a positive value for the pT
distribution.

FIG. 6. Left: integrated yield for various charm-hadronic species, considering as charm production cross section the one measured by
ALICE [22], with and without charm-baryon enhancement (see text for details). Right: the pT spectrum of D0 and Λþ

c including charm-
baryon enhancement, in comparison with experimental measurements from ALICE.
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(iii) The total distribution function is negative on a
portion of the freeze-out surface, and the positive
contribution is smaller in magnitude than the neg-
ative one. Therefore, after computing the freeze-out
integration, one obtains a negative value for the pT
distribution.

Given that the distribution function on the freeze-out
surface lives on a six-dimensional space (it depends on
the freeze-out coordinates and on the momentum coordi-
nates), it is not trivial to analytically determine the region in
which it is positive. However, it is possible to study the
integrand in Eq. (24) and determine its positivity after
integrating out the space rapidity and azimuthal angle
dependence (see Appendix C). In the present discussion,
we restrict ourselves to studying numerically in which pT
region the momentum distributions are positive, i.e., after
the freeze-out integration.
Starting from Eq. (24), the equilibrium and out-of-equi-

librium contributions to the transverse-momentum spectrum
of D0 meson at midrapidity are respectively defined as

dNð0Þ

dpTdηp
¼ gi

ð2πÞ3
Z
Σ
fð0Þi;pp

μdΣμ;

dNðδÞ

dpTdηp
¼ gi

ð2πÞ3
Z
Σ
δfi;ppμdΣμ: ð26Þ

In the left panel of Fig. 7, the ratio between dNðδÞ=ðdpTdηpÞ
and dNð0Þ=ðdpTdηpÞ is reported as a function of pT at
midrapidity for different values of DsT. We observe that for
pT values approximately lower than the D0 mass
(MD0 ≈ 1.8 GeV=c2), the total spectrum is positive, since
the out-of-equilibrium contribution assumes positive values.
For larger values of pT, the correction becomes negative,
yielding negative spectra values once the out-of-equilibrium
component exceeds the equilibrium one in magnitude. In the

plot, this is shown by the pT value at which the colored lines
intercept the dashed black line, which is set to −1. We will
refer to these points aspT crossings.Moreover,wenotice that,
at DsT ∼ 0.25, the out-of-equilibrium component of the
particle spectrum becomes of the same order of magnitude
as the equilibrium contribution, even in the low-pT region.
Therefore, for this value of the spatial diffusion coefficient,

theassumption that jδfpj ≪ fð0Þp is not valid anymore, and the
Taylor expansion of the total distribution function developed
in Sec. II is not applicable in the whole pT range probed.
In the right panel of Fig. 7, the pT crossings are

displayed as a function of DsT, for several charm-hadronic
species. It can be observed that, as DsT increases, the pT-
crossing value decreases, indicating that the range of
applicability of our approach is sensitive to the spatial
diffusion coefficient. As expected, small values of DsT
imply that charm hadrons are closer to equilibrium,
extending the pT regime in which the fluid-dynamic
description is applicable. In the case of open-charm states,
at high DsT the pT crossing approaches the value of the
mass of the respective hadron, reported as colored dashed
lines. The only exception is J=Ψ, which has double charm
charge. In this case, one observes that the regime of
applicability is limited to below its mass already at
relatively low values of the spatial diffusion coefficient
(DsT ≲ 0.25). However, of course, the approach described
in this work assumes that the dynamics of charm is purely
governed by soft scatterings with the light partons of the
medium, and it neglects the radiative processes that are
dominant at high pT. Therefore, although the fluid-
dynamic approach might be mathematically applicable, it
would not provide a reliable description of the physics at
larger transverse momenta. Additionally, it is possible to
investigate the pT region of applicability of our model,
considering the ranges of DsT extracted from lQCD
calculations [13] (here taken at T ¼ 1.1Tc) and from fits

FIG. 7. Left: ratio between the out-of-equilibrium and the equilibrium contribution of D0 meson momentum spectrum for different
values of DsT. To guide the eye, a black dashed line has been drawn at −1. Right: study of the zero crossing of pT spectra as a function
of DsT. At high values of DsT, the value of pT crossing approaches the mass of the corresponding charm hadron (reported as dashed
lines), with the exception of J=Ψ meson.
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to experimental measurements of charm hadrons’ spectra
end elliptic flow from the ALICE Collaboration [43]. We
report these ranges in Fig. 7 as yellow and blue bands,
respectively. In the case of the upper limit predicted by
lQCD calculation, our model is applicable for pT ≲
2.5 GeV=c in the case of open-charm hadrons, while it
extends to values of pT ≲ 3 GeV=c for the J=Ψ meson.
Considering the upper bound predicted by ALICE fits,
where DsT ∼ 0.7, the range of applicability is restricted to
the pT ≲ 2 GeV=c for open-charm hadrons and to pT ≲
2.8 GeV=c for the J=Ψ meson.

VII. SUMMARY AND OUTLOOK

This work presents an approach to compute the out-of-
equilibrium corrections to the charm-quark distribution
function, both during the initial stage of heavy-ion colli-
sions and at the freeze-out.
At the initial stage, charm quarks are assumed to undergo

a free-streaming phase between their production and the
beginning of the fluid-dynamics description. Employing
Landau matching conditions and decomposing the charm
production cross section into equilibrium and out-of-equi-
librium components, an expression for the charm out-of-
equilibrium distribution function can be determined. The
free-streaming stage generates a nonvanishing diffusion
current at the beginning of the hydrodynamic evolution;
however, this initial contribution is found to have little
impact on the subsequent evolution of the charm-quark
fields, which at late times remain comparable to those
obtained for νrðτ0; rÞ ¼ 0.
The out-of-equilibrium corrections at freeze-out are

parametrized within a multispecies approach, decomposing
the charm-quark fields into the individual contributions of
each charm-hadron species in the HRGc. This procedure
allows the derivation of the out-of-equilibrium corrections
of each charm hadron. Incorporating these corrections at
freeze-out enables a consistent computation of the invariant
yields. In particular, it was observed that neglecting δfi;p
produces an unphysical dependence of the charm-hadron
multiplicity on DsT, while including the corrections
restores compatibility with the nondiffusive case across
the entire DsT range explored, thereby confirming the self-
consistency validity of our framework.
In Sec. V, a comparison between our fluid-dynamic

approach and the experimental data is presented. Using
either the FONLL prediction or the charm production cross
section measured by the ALICE Collaboration, the invari-
ant yields of charm mesons are found to be compatible with
the data. However, a tension in the baryon sector, presum-
ably due to missing high resonance states, is observed. The
missing resonances can be accounted for by considering
tripled statistical weights for all the excited charm baryons,
similar to what is done in Ref. [10]. By employing this
procedure and considering the cross section measured by
ALICE Collaboration, our model is able to reproduce the

experimental invariant yields of various hadron species, as
well as their pT spectra.
We underline that the present approach to compute out-

of-equilibrium corrections relies on the assumption that

jδfpj ≪ fð0Þp . For DsT ≲ 0.1, this is valid in the entirety of
the explored pT range. For 0.1≲DsT ≲ 0.2, the contribu-
tion to the integrated yield from the out-of-equilibrium
component is smaller than the equilibrium component;
however, the applicability of the model is restricted to
pT ≲ 2.5–3 GeV=c, where the spectrum assumes positive

values. For DsT ≳ 0.2, jδfpj ≈ fð0Þp both at low and large
transverse momenta, meaning that our model is not
applicable anymore and restricting its validity to lower
values of the heavy-quark spatial diffusion coefficient. This
behavior is also signaled by the inverse Reynolds number,
as observed in Fig. 8 of Appendix B. The latter, in fact,
grows larger than 1 for high values of DsT, yielding large
out-of-equilibrium corrections on the freeze-out surface. In
summary, the charm-hadron momentum spectra are
observed to become negative beyond a certain value of
pT and/orDsT, which sets a limit on the applicability of the
framework. Future developments may explore alternative
methods that guarantee positivity of the distribution func-
tion across the full pT range, such as the maximum entropy
approach proposed in Ref. [39]. This advancement will
enable future constraints on the charm diffusion coefficient
and the charm production cross section, if not yet exper-
imentally measured, through, for example, a Bayesian
analysis of experimental data.
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APPENDIX A: EQUATION OF MOTION FOR
THE TOTAL CHARM DIFFUSION CURRENT

In this appendix, we find an expression for the equation
of motion obeyed by the total charm diffusion current νμq.
As reported in Eq. (21), under Navier-Stokes approxima-
tion, there exists a linear relation between the rank-1
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irreducible moment ρμi and the charm-quark diffusion
current,

ρμi ¼ κ̄iν
μ
q þOð2Þ: ðA1Þ

Even if this relation was obtained in Navier-Stokes
approximation, when we exploit this expression in the
equation of motion of ρμi , all the Oð2Þ terms will become
Oð3Þ terms and thus can be neglected.
The equation of motion for the rank-1 irreducible

moment reported in Ref. [30] reads

τiρ̇
hμi
i þ ρμi ¼ κi∇μαq þOð2Þ: ðA2Þ

Starting from this equation, one can plug in the expression
for νμq in Eq. (A1), multiply by the charm charge qi of each
species, and perform a summation over all the charm-
hadron species in the HRGc,

X
i∈HRGc

qiτiκ̄iν̇
μ
q þ νμq ¼

X
i∈HRGc

qiκi ·∇μαq; ðA3Þ

wherewe employed the definition of the normalized diffusion
coefficient κ̄i, and thus

P
iqiκ̄i¼

P
iqi

κiP
j
qjκj

¼1.Moreover,

we exploited that νμq ¼ νhμiq , since by definition the dif-
fusion current is perpendicular to the velocity.
Equation (A3) represents the equation of motion for the
charm quark, where the relaxation time and the diffusion
coefficient are given by a summation of the contributions of
each hadron, each weighted by the charm charge qi
belonging to the charm hadron of species i. Plugging in
the expression for charm-hadron transport coefficients
reported in Eqs. (14) and (15), one finds that the total
charm diffusion current obeys the relaxation-type equation
of motion expressed by

Ds

T

X
i∈HRGc

q2i niP
jq

2
jnj

Ii;31
Pi

ν̇μq þ νμq ¼ Ds

X
i∈HRGc

q2i ni ·∇μαq:

ðA4Þ

APPENDIX B: STUDY OF THE INVERSE OF THE
REYNOLDS NUMBER

In order to assess the deviation from local thermal
equilibrium of the charm quarks in the medium, it is
possible to study the trend of the inverse of the Reynolds
number as defined in Eq. (4), both during the QGP phase,
as well as at the freeze-out. In the left panel of Fig. 8 we
report the inverse of Reynolds number at the initial time
τ0 ¼ 0.4 fm=c, as well as at different time steps of the
evolution, for spatial diffusion coefficientDsT ¼ 0.24. The
plot is shown up to a radius of 9 fm, corresponding
approximately to the region in which the QGP fireball
exists. As shown in the plot, after an initial growth, Re−1ν
decreases with time, as expected for second-order fluid-
dynamic evolution, suggesting that the charm quarks
approach equilibrium.
At early times and large radii, the Re−1ν becomes larger

than 1, indicating that in these fluid cells charm quarks are
far from equilibrium. However, a portion of this region lies
outside of the fireball and will therefore not contribute to
transverse-momentum spectra. Notice that during the fluid-
dynamic regime, we evolve only moments of the distribu-
tion function. Therefore, during this stage, one cannot
investigate whether the charm distribution function
assumes negative values due to large out-of-equilibrium
corrections.
In the right panel of Fig. 8, a study of the inverse of Re−1ν

on the freeze-out surface as a function of the freeze-out
parameter α is reported. For large values of diffusion
coefficient, DsT ∼ 0.24, the Re−1ν exceeds 1 in the inter-
mediate region of α, thus possibly causing the particle
distribution function to turn negative.

FIG. 8. Inverse of the Reynolds number during the QGP evolution at different time steps for fixedDsT ¼ 0.24 (left) and inverse of the
Reynolds number at the freeze-out at different values DsT.
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APPENDIX C: STUDY ON THE INTEGRAND OF
THE DISTRIBUTION FUNCTION

In this appendix, we study the argument of the integral of
the particle momentum spectrum to assess its sign and
determine the regime of pT where our model is applicable.

From Eq. (24), it is possible to analytically perform the
integration over the spatial rapidity η and the azimuthal
angle ϕ. Considering the equilibrium contribution and
neglecting the influence of resonance decays, the invariant
momentum spectrum can be expressed as

Ep
dN0

i

d3p
¼ gi

2π2

Z
dατðαÞrðαÞ

�
∂r
∂α

mTK1ðm̃TuτÞI0ðp̃TurÞ −
∂τ

∂α
pTK0ðm̃TurÞI1ðp̃TuτÞ

	
eαq ; ðC1Þ

where we introduced the freeze-out coordinate α≡ arctanðτfo=rfoÞ, and we defined m̃T ≡ mT
T and p̃T ≡ pT

T . The functions
IlðxÞ and KlðxÞ are modified Bessel functions of order l of the first and second kind, respectively. Similarly, the out-of-
equilibrium contribution can be expressed as

Ep
dNδ

i

d3p
¼ gi

2π2
1

T
qiP
jq

2
jnj

Z
dατðαÞrðαÞ

×

�
mT

∂r
∂α

�
pTν

rK1ðuτm̃TÞI1ðurp̃TÞ −mTν
τ 1

2
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Therefore, the integrand of the momentum spectrum
reduces to functions of the transverse momentum pT and
of α. The dependence of the fluid fields on α is a numerical
result of the fluid-dynamic evolution.
In Fig. 9, the integrand of the momentum spectrum of D0

mesons, including both the equilibrium and out-of-equi-
librium contributions, is shown as a heat map in the (pT, α)
plane. In the left panel, the case of DsT ¼ 0.24 is
considered. We observe that, in agreement with what is
reported in Fig. 4, the integrand of the distribution function
becomes predominantly negative for pT ≳ 2 GeV=c,

causing the total momentum spectrum to be negative.
However, the integrand assumes negative values at small
pT as well. Being negative within a limited region in α, this
behavior is not observed when computing the momentum
spectrum, where the integration over the freeze-out coor-
dinate α is performed. Remarkably, the integrand assumes
negative values also at pT ¼ 0, where the contribution of
the out-of-equilibrium corrections vanishes. To clarify this
behavior, we report in the right panel of Fig. 9 the integrand
of the equilibrium distribution function, corresponding to
the case of DsT ¼ 0. Here, the integrand of the momentum

FIG. 9. Integrand of the momentum spectrum of the D0 meson as a function of pT and of α, integrated over space rapidity and
azimuthal angle, for DsT ¼ 0.24 (left) and for the nondiffusive case (right). To highlight the negative contribution, the positive
contribution is reported as uniform color.
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spectrum is negative in a region at low pT and low α. This
behavior cannot be associated with the equilibrium dis-
tribution function, since it is positive definite, but rather
with the shape of the freeze-out hypersurface. As a matter
of fact, since the freeze-out occurs on a constant-temper-
ature hypersurface, the sign of ∂r=∂α is not positive
definite, and specifically at low α it assumes negative

values. We point out that a different prescription of the
hypersurface, for instance, considering the freeze-out to
happen at a fixed proper time τfo in all the fluid cells, leads
to an integrand for the equilibrium contribution that is
positive in the whole (pT, α) plane. However, a systematic
study regarding alternative parametrizations of the freeze-
out hypersurface is left for future work.
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