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Results are presented from numerical simulations of the flat-space nonlinear Maxwell-Klein-Gordon-
Dirac equations. The introduction of a boson-fermion interaction allows a scalar vortex to act as a harmonic
trap that can confine massive Dirac bound states. A parametric analysis is performed to understand the
range of boson-fermion coupling strengths, Ginzburg-Landau parameters, and fermion effective masses
that support the existence of bound state solutions; results are shown to be comparable to quasiparticle
bound states in gapped Dirac materials. Solutions are time evolved and are observed to be stable until the
fermion field ψ becomes large enough to collapse the spontaneously broken vacuum of the condensate.
Head-on scattering simulations are performed, and traditional vortex right-angle scattering is shown to
break down with increased fermion field strength. For sufficiently large ψ and low velocity, the collision of
two m ¼ 1 vortices results in a pseudostable m ¼ 2 bound state that eventually becomes unstable and
decays back into two m ¼ 1 vortices. For large ψ and collision velocity, vortex scattering is observed to
produce nontopological (zero winding number) scalar bound states that are ejected from the collision. The
scalar bubbles contain coherent fermion bound states in their interiors and interpolate between the
spontaneously broken vacuum of the bulk and the modified vacuum induced by the boson-fermion
interaction.

DOI: 10.1103/wfm6-2kfv

I. INTRODUCTION

Vortices are localized configurations with topologically
conserved charge that have been widely studied across
many domains of physics including classical fluid dynam-
ics, condensed matter physics, and particle theory. In the
context of particle theory, Nielsen and Olesen explored
vortices in the Abelian-Higgs model in an attempt to better
understand the possible string nature of fundamental
particles [1]. Many authors have since studied the exist-
ence, stability, scattering, and other aspects of Abelian-
Higgs vortices in the context of early Universe cosmology,
where they commonly appear as cosmic strings in theories
that undergo spontaneous symmetry breaking [2–11].
While still unobserved experimentally, cosmic strings are
believed by many to have been present in the early
Universe, where they may have influenced the observed
large-scale structure of the Universe [12–14]. Authors have
also considered cosmic strings (vortices) that support the
existence of bound fermion states. The pioneering work of
Nohl explored massive fermion bound states on Abelian

vortex lines [15]. Jackiw and Rossi [16] explored similar
solutions with an interaction that was dimensionally similar
to a Yukawa potential but combined charge-conjugate
states and inspired volumes of work on Majorana zero
modes in both particle theory and condensed matter physics
[5,17]. In the standard model, where string configurations
are not inherently topologically stable and must be stabi-
lized dynamically, Weigel et al. realized that the addition of
an interaction term between heavy fermions and the boson
field actually helps stabilize the string configuration [18].
While physically different models, when reduced to

dimensionless variables, the model describing Abelian-
Higgs vortices of particle theory is the same as the
Ginzburg-Landau-Maxwell model of condensed matter
physics, where vortices manifest themselves as magnetic
flux tubes within superconductors. These vortices were
predicted by Abrikosov in 1957 [19,20] and experimentally
verified by Cribier et al. by means of neutron diffraction in
1964 [21]. This groundbreaking work spawned decades of
research and continues to inspire work across many
theoretical and experimental subfields of condensed matter
physics. Of particular relevance to this work are the
advances in Bose-Fermi mixtures and Dirac materials.
There is a large body of research dedicated to studying
Bose-Fermi mixtures where one uses a Bose-Fermi-
Hubbard lattice model that can explain nanoscale
interactions between the condensed boson field and inter-
acting fermion fields [22–26]. Frequently, a mean field or
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semiclassical field theory approach is employed when one
is interested in effects that are large compared to the
underlying lattice [27–29]. Bose-Fermi mixtures describe
a wide range of phenomena including charge and spin
density waves and quasiparticles like polarons, excitons,
and polaritons [30], and they are experimentally explored
by many in cold-atomic physics using optical traps
[24,25,31–34]. While there is much in the literature that
describes Majorana zero modes and other massless Dirac
states, there is also a rapidly growing interest in massive
Dirac fermions as well, particularly in the context of
tunable Dirac materials [35–39].
The model being investigated in this work builds upon

the Ginzburg-Landau-Maxwell and Abelian-Higgs models
by including a massive Dirac field that repulsively interacts
with the scalar field. Stable massive Dirac bound state
solutions are shown to exist, and a brief look at their
scattering properties is provided. The remainder of this
paper is organized as follows. In Sec. II, the formalism is
defined and the fully general covariant equations of motion
are presented. In Sec. III, time-independent stationary
cylindrically symmetric solutions are obtained, approxi-
mations are used to obtain closed-form solutions, the full
solutions are obtained numerically, and time-dependent
equations are used to determine the stability of the sta-
tionary solutions. In Sec. IV, (2þ 1) equations are used to
perform scattering simulations by boosting the stationary
charged vortex solutions at each other. New bubble-type
solutions are observed and briefly discussed. In an attempt
to balance clarity with detail, the equations of motion are
included in the main body, while descriptions of numerical
methods appear in Appendix A. Insight into the self-
repulsion and dispersive properties of the one-dimensional
(1D) free and interacting Dirac fields is provided in
Appendix B to aid in understanding results from the model
being explored in this work.

II. GENERAL FORMALISM, DEFINITIONS, AND
CONVENTIONS

The model being studied is constructed by minimally
coupling the Maxwell, spontaneously broken Ginzburg-
Landau, massive Dirac, and boson-fermion interaction
Lagrangians:

L ¼ ffiffiffiffiffiffi
−g

p ðLM þ LGL þ LD þ LGLDÞ; ð1Þ

where

LM ¼ −
ϵ0c2

4
FμνFμν; ð2Þ

LGL ¼ −
ℏ2

2mB
gμνDμϕðDνϕÞ� þ αBϕ

2 −
βB
2
ϕ4; ð3Þ

LD ¼ icℏ
2

½ψ̄γμDμψ − ðD�
μψ̄Þγμψ � −mFc2ψ̄ψ ; and ð4Þ

LGLD ¼ −
1

2
μiðϕ�ϕÞðψ̄ψÞ; ð5Þ

the electromagnetic field strength tensor, scalar gauge
covariant derivative, and fermion gauge covariant deriva-
tive are defined to be

Fμν ¼ ∂μAν − ∂νAμ; ð6Þ

Dμϕ ¼ ∂μϕ −
iq2
ℏ

Aμϕ; and ð7Þ

Dμψ ¼ ∂μψ −
iq1
ℏ

Aμψ þ Γμψ ; ð8Þ

and the spinor affine connection, spin connection,
gamma matrices in a coordinate basis, and spinor adjoint
are given by

Γμ ¼ −
1

8
ωμAB½γ̃A; γ̃B�; ð9Þ

ωμAB ¼ gναeαAð∂μeνB þ Γν
μλeλBÞ; ð10Þ

γα ¼ ðeαAÞγ̃A; and ð11Þ

ψ̄ ¼ ψ†γ0: ð12Þ

For full generality, the following dimensionless variables
are defined:

x̂μ ¼
�
1

ξ

�
xμ; ð13Þ

Âμ ¼
�
q2Λ
ℏ

�
Aμ; ð14Þ

ϕ̂ ¼
�
βB
αB

�
1=2

ϕ; and ð15Þ

ψ̂ ¼
�
cξ
ℏ

��
mBmFβB

αB

�
1=2

ψ ; ð16Þ

and physical parameters of condensate number density,
London penetration depth, and coherence length, are
defined to be

ϕ2
0 ¼

αB
βB

; ð17Þ

Λ ¼
�
mBϵ0c2

q22ϕ
2
0

�
1=2

; and ð18Þ
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ξ ¼
�

ℏ2

2mBαB

�
1=2

; ð19Þ

which gives rise to the dimensionless model parameters

κ ¼ Λ
ξ
; ð20Þ

κd ¼
�

ℏ
mFcξ

�
¼ 1

2π

�
λC
ξ

�
¼ ƛC

ξ
; and ð21Þ

κm ¼ μiϕ
2
0

mFc2
; ð22Þ

where κ is the traditional Ginzburg-Landau (GL) parameter,
κd is the scaled Compton length of the fermion quasipar-
ticle, and κm measures the boson-fermion coupling
strength. In practice, it is also helpful to use κ−1d , which
functions as an effective dimensionless fermion mass. From
these expressions, one can obtain the dimensionless actions

L̂M ¼ −
1

4
F̂μνF̂μν; ð23Þ

L̂GL ¼ −
1

2
gμνD̂μϕ̂ðD̂νϕ̂Þ� þ

1

2
ϕ̂2 −

1

4
ϕ̂4; ð24Þ

L̂D ¼ i
2
κd½ ˆ̄ψγμD̂μψ̂ − ðD̂�

μ ˆ̄ψÞγμψ̂ � − ˆ̄ψ ψ̂ ; and ð25Þ

L̂GLD ¼ −
1

2
κmðϕ̂�ϕ̂Þð ˆ̄ψ ψ̂Þ; ð26Þ

where to preserve localUð1Þ gauge invariance it is assumed
that q2 ¼ 2q1. While many normalizations of the Dirac
field may be appropriate, the approach assumed in this
work is

Z
V
d3xðψ†ψÞ ¼ 1; ð27Þ

where ψ is the dimensionful field (½ψ � ¼ L−3=2) represent-
ing a single fermionic quasiparticle. Using (16) and (17),
one gets

Z
V
d3x̂ðψ̂†ψ̂Þ ¼ ðmFÞ

�
mB

ϕ2
0ξ

��
c2

ℏ2

�
; ð28Þ

which will be conserved over time by the equations of
motion. Throughout this work, the amplitude of ψ̂ will be
parametrically varied, but it should be noted that changing
the norm of the dimensionless field does not affect (27);
changing the norm of ψ̂ simply represents a change of the
underlying model parameters. For example, one might set
the properties of the bulk (mB, ξ, and ϕ2

0) to match a
material of interest and use different values of ψ̂ as a means

to explore what effective masses (mF) support fermion
bound state solutions.
Moving forward with dimensionless variables, the ^will

be omitted for clarity. The covariant equations of motion for
the complex scalar field are given by

□ϕ ¼ 2iκ−1Aρ
∂ρϕþ iκ−1ϕ∇ρAρ þ κ−2ϕAμAμ

− ð1 − κmψ̂
2Þϕþ ðϕ�ϕÞϕ and ð29Þ

□ϕ� ¼ −2iκ−1Aμ
∂μϕ

� − iκ−1ϕ�∇ρAρ þ κ−2ϕ�AμAμ

− ð1 − κmψ̂
2Þϕ� þ ðϕ�ϕÞϕ�; ð30Þ

where

□ϕi ¼
1ffiffiffiffiffiffi−gp ∂μð

ffiffiffiffiffiffi
−g

p
gμν∂νϕÞ: ð31Þ

The covariant Maxwell equations are given by

∇αFβα ¼ −
i
2κ

gβμðϕ�
∂μϕ − ϕ∂μϕ

�Þ − κ−2Aβϕ�ϕ

þ 1

2
κdκ

−1ðψ̄γβψÞ and ð32Þ

∂½αFμν� ¼ 0; ð33Þ

and the generally covariant Dirac equation is given by

iγμ
�
∂μ −

i
2κ

Aμ þ Γμ

�
ψ − κ−1d

�
1þ κmϕ̂

2

2

�
ψ ¼ 0: ð34Þ

All spinors and gamma matrices are presented in the Dirac
representation. The gamma matrices in an orthonormal
basis are given by

γ̃0 ¼
�
12 02
02 −12

�
; γ̃k ¼

�
02 σk

−σk 02

�
; ð35Þ

where

σ1¼
�
0 1

1 0

�
; σ2¼

�
0 −i
i 0

�
; and σ3¼

�
1 0

0 −1

�
; ð36Þ

and are converted to coordinate frames as needed using
tetrads (11). Section III will use Cartesian-aligned tetrads
with cylindrical coordinates, which allow the spin con-
nection (ωμAB) and spinor affine connection (Γμ) to be zero,
but it should be noted that γμ ≠ γ̃μ. Section IV will use
Cartesian-aligned tetrads with Cartesian coordinates, which
gives ωμAB ¼ Γμ ¼ 0 and γμ ¼ γ̃μ.
The spacetime metric is assumed to be flat with negative

signature ð−;þ;þ;þÞ, which gives
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fγμ; γνg ¼ −2gμν14 ð37Þ

for the Dirac algebra. Finally, only GL parameter values
κ ≥ 1 will be considered, which will focus the analysis on
type-II superconductor types of behaviors, and all Maxwell
equations are solved using the Lorentz gauge.

III. STATIONARY AXISYMMETRIC SOLUTIONS

This section explores the existence and stability of
stationary massive Dirac bound states in vortices. Time-
independent equations are derived, and closed-form
approximate solutions and full numerical solutions are
presented. A parametric analysis is performed to under-
stand where bound states exist as a function of boson-
fermion coupling strength, GL parameter, and effective
fermion mass. Time dependent equations are derived and
used to demonstrate stability of solutions and where they
become unstable.

A. Stationary equations of motion

A general ansatz for a stationary fermion bound state
confined to a scalar vortex can be given by

ϕðR; θÞ ¼ ϕðRÞeimθ; and ð38Þ

ψðt; R; θÞ ¼

0
BBBB@

Ψ1ðRÞeim1θe−iω1t

Ψ2ðRÞeim2θe−iω2t

�iΨ3ðRÞeim3θe−iω3t

�iΨ4ðRÞeim4θe−iω4t

1
CCCCA: ð39Þ

The desire to have stable scalar vortices leads to selecting a
vortex winding number ofm ¼ 1. The ωi are all set to ω so
that the time-dependent equations become separable in
time. The conditions

m4 ¼ m1 þ 1 and ð40Þ

m2 ¼ m3 þ 1 ð41Þ

allow for angular separation of the partial differential
equations and also lead to the fermion solutions being
eigenstates of total angular momentum in the z direction,
Ĵz. The addition of �i to ψ3 and ψ4 is simply an overall
phase that simplifies the field equations that follow. One
can then assume Az ¼ 0, which decouples ðψ1;ψ4Þ and
ðψ2;ψ3Þ, which allows one to set ψ2 ¼ ψ3 ¼ 0. Finally,
setting m1 ¼ 0 leads to the fermion solutions being
jz ¼ þ 1

2
eigenstates. These assumptions lead to the sta-

tionary equations of motion

∂Rχ ¼ −2κ−1
Ãθ

R
ϕþ κ−2ϕð−A2

t þ Ã2
θÞ

− ð1 − κmψ̄ψÞϕþ ϕ3; ð42Þ

∂

∂R2
ðRϕÞ ¼ 1

2
χ; ð43Þ

∂RBz ¼ −
ϕ2

κR
þ κ−2Ãθϕ

2 −
κd
κ
ðΨ1Ψ4Þ; ð44Þ

1

R
∂RðRÃθÞ ¼ Bz; ð45Þ

1

R
∂RðRERÞ ¼ κ−2Atϕ

2 þ κd
2κ

ðΨ2
1 þ Ψ2

4Þ; ð46Þ

∂RAt ¼ ER; ð47Þ

∂RΨ1 ¼ −
�
ωþ 1

2κ
At þ κ−1d

�
1þ κmϕ̂

2

2

��
Ψ4

−
1

2κ
ÃθΨ1; and ð48Þ

1

R
∂RðRΨ4Þ ¼

�
ωþ 1

2κ
At − κ−1d

�
1þ κmϕ̂

2

2

��
Ψ1

þ 1

2κ
ÃθΨ4; ð49Þ

where

ψ̄ψ ¼ Ψ2
1 − Ψ2

4 and ð50Þ

Ãθ ¼ Aθ=R ¼ AθR: ð51Þ

The field χ was introduced to help with regularity at the
origin when solving these equations numerically. While it
is helpful to be able to refer to the fermion bound states (ψ1

and ψ4) and the scalar vortex solutions (ϕ) as distinct
entities, when being discussed as a single entity their
combination will hereafter be referred to as a “charged
vortex.”

B. Approximate closed-form solutions

To get an approximate understanding of when bound
states exist, an effective potential is obtained by taking an
additional spatial derivative of (48) and substituting repeat-
edly to put the resulting equation in the form

∂
2Ψ1

∂R2
≈ f1Ψ1; ð52Þ

where
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f1 ¼ κ−2d

�
1þ 1

2
κmϕ̂

2

�
2

−
�
ωþ 1

2κ
At

�
2

þ Ã2
θ

4κ2
−

1

2κ

�
Bz −

Ãθ

R

�
ð53Þ

and terms that multiply ψ4 are neglected since for most
solutions, especially for large effective fermion mass, the
Ψ4 terms are small relative to Ψ1. Based on the linear
properties of the scalar field at the origin of the vortex, the
following form for the scalar field is a reasonable approxi-
mation:

ϕ ≈
R
a
; ð54Þ

which to leading order in R creates a spatially harmonic
potential for a positive (repulsive) boson-fermion interac-
tion. In the large κ limit, the gauge field contributions are
small, which leads to

f1 ≈ κ−2d

�
1þ κm

�
R
a

�
2
�
− ω2: ð55Þ

Equations (52) and (55) are known to have Gaussian
solutions

Ψ1ðRÞ ¼ Ψ1;0 exp

�
−

R2

2σ2

�
ð56Þ

for real constant Ψ1;0 and when subjected to the constraints

ω2 ¼ σ−2 þ κ−2d and ð57Þ

σ−4 ¼ κmκ
−2
d

a2
: ð58Þ

Equation (57) is the dispersion relation and corresponds to
the energy-momentum relation one might use in condensed
matter systems, EðpÞ, where ω ∝ E, σ−2 ∝ p2,
ðκ−1d Þ2 ∝ m2

F, and κ−1d > 0 describes a gapped material.
Knowing that bound states can exist when f1 is negative

within the trap and positive outside the trap, using f1ð0Þ <
0 and f1ðRmaxÞ > 0 allows one to obtain a condition on ω
that should support fermion bound states:

ω2 > κ−2d and ð59Þ

ω2 < κ−2d

�
1þ 1

2
κm

�
2

; ð60Þ

or, more simply,

κ−1d < ω < κ−1d

�
1þ 1

2
κm

�
: ð61Þ

Solving (60) for the roots of κm, one gets

κþm ≥ 2δω and ð62Þ

κ−m ≤ −4 − 2δω; ð63Þ

where one can define

δω ¼ ω

κ−1d
− 1: ð64Þ

The focus is on the positive (repulsive) root for fermion
states so they can be bound within the vortex, and it can be
seen that there are no bound states when κm ¼ 0.
Equation (61) describes the energy band of allowable
bound states and is bounded from below by the effective
mass (κ−1d ∝ mF) and bounded from above by the effective
mass increased by a term proportional to the boson-fermion
interaction strength (κm). The size of the energy band goes
to zero in the limit that the interaction strength goes to zero
(κm → 0), implying a lack of bound states when there is no
boson-fermion interaction.
Another aspect of these solutions that can be understood

in closed form is the impact of the fermion field on the
spontaneously broken scalar vacuum. The shape of the
scalar field vortex and the location of its vacuum expect-
ation value are determined by the potential

VðϕÞ ¼ −
1

2
ð1 − κmψ̄ψÞϕ2 þ 1

4
ϕ4; ð65Þ

where for small κmψ̄ψ the expectation value approaches the
uncharged vortex solution with expectation value ϕ0 ¼ 1.
For larger fermion field strength, the shape of the potential
will change, eventually reaching a point where the sponta-
neously broken vacuum collapses back to ϕ0 ¼ 0 as
κmψ̄ψ → 1. This effectively destroys superconductivity
in a larger region than just the center of the vortex,
flattening out the harmonic trap for the fermion field,
and suggests a loss of containment of the fermion field by
the trap. Using (58), the condition on the fermion field for
when this occurs becomes

ψ2
1;0 ¼

σ4χ20
4

ðκ−1d Þ2; ð66Þ

where χ0 is the value of χ at the origin and σ4χ20=4 is close
to unity when the width of the fermion bound state is close
to the width of the vortex. Returning briefly to dimension-
ful variables, (21), (28), and (66) imply that the range of
effective masses that support the existence of bound states
has an upper limit determined by the parameters of the
bulk:
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0 ≤ mF ≲
�

mB

ϕ2
0ξ

3

�
: ð67Þ

For typical bulk parameters ϕ2
0 ≈ 1030 m−3, ξ ≈ 10−9 m,

and mB ¼ 2me, this condition becomes

0 ≤ mF ≲ 2 × 10−3me; ð68Þ

which is comparable to the effective masses of quasipar-
ticles in many gapped Dirac materials [40,41]. In summary,
for the approximate bound states discussed here, the
effective mass κ−1d ∝ mF sets the mass gap, while the
interaction strength κm determines the energy band of
allowed bound states.

C. Stationary numerical solutions

This section presents the numerical solutions to the full
stationary equations of motion, demonstrating the existence
of bound state solutions across a wide range of GL
parameters (κ), effective fermion masses (κ−1d ), and
boson-fermion interaction strengths (κm). Starting with a
single point in this large parameter space, Fig. 1 displays
the basic attributes of typical fermion bound states confined
to the core of a scalar vortex. The scalar field, fermion field
components, and electric and magnetic fields are shown for
a range of GL parameters, κ ¼ 1; 10; 100, and effective
fermion mass κ−1d ¼ 1. The confinement strength κm is
tuned to obtain a unit radius at half max for the ψ1

component of the fermion field for κ ¼ 1. The scaling of
the spatial coordinates by the coherence length (13) ensures
that the vortex core will remain roughly on the order of
unity. However, as one increases the GL parameter, the
London penetration depth increases, which increases
the penetration of the field into the bulk while keeping
the topologically conserved magnetic flux constant. This
reduces the field strength within the vortex core so that, in
the large-κ limit, the shape of the at-rest bound state
fermion becomes independent of the electromagnetic
fields. Hereafter, the radius of jψ1ðRÞj at half max is
denoted Rψ .
The volume of parameter space where bound states exist

is first explored by varying the boson-fermion interaction
strength (κm). Figure 2 displays plots of the fermion bound
state radius Rψ as a function of κm across a range of
effective fermion masses κ−1d . The results show that
increasing the interaction strength decreases the radius of
a given bound state; each curve (distinct κ−1d ) is observed to
approach a small Rψ , limiting behavior of Rψ ∝ bðκmÞ−1=4
with best-fit parameters captured in Table I. This is
precisely the behavior predicted by the condition (58) on
the closed-form approximate solution (56) that assumes the
vortex acts as a spatially harmonic trap. However, as the
interaction strength is decreased, the radius of the bound
state increases, eventually extending beyond the size of the

trap. As κm is decreased even further, the trap can no longer
contain the fermion field, and bound states cease to exist.
Although κm can become arbitrarily small for arbitrarily
large κ−1d , for any specific value of κ−1d there is a nonzero
finite κm below which bound states do not exist. The
roughly log-periodic spacing of the plots with different κ−1d
and the best-fit values of b captured in Table I suggest that,
for a given Rψ , the amount of interaction strength needed to
confine the fermion bound state scales as κm ∝ κ2d. To more
definitively determine this relationship, Fig. 3 presents κm
as a function of κ−1d for a range of GL parameters (κ) and
selected fermion bound state radii (Rψ ). For each κ and Rψ ,
a curve is generated by fixing κ−1d and varying the

FIG. 1. Plots of scalar field ϕ (top, red lines), fermion field
components ψ1 (top, green lines), ψ4 (top, blue lines), electric
field ER (bottom, red lines), and magnetic field Bz (bottom, blue
lines) for a bound state solution with effective mass κ−1d ¼ 1 and
GL parameter values κ ¼ 1; 10; 100 in dashed, dotted, and solid
lines, respectively. The confinement strength κm is chosen to give
a fermion radius of unity for κ ¼ 1.
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interaction strength κm until the radius of the resulting
bound state is the desired Rψ . The curves are shown to very
closely demonstrate the expected κm ∝ κ2d relationship.
Collectively, these results clearly demonstrate the exist-

ence of fermion bound states within the core of a vortex
across a wide range of the ðκ; κ−1d ; κmÞ parameter space. It
has been shown that, when the bound state is sufficiently
confined to the core of the vortex, the solutions closely
resemble the closed-form Gaussian solutions confined by a
spatially harmonic trap. It should be noted, however, that up
to this point all solutions were generated with sufficiently

low fermion field strength as not to significantly adjust the
spontaneously broken vacuum of the condensate. Guided
again by the closed-form results in Sec. III B and the scalar
potential (65), one expects a shift in the scalar vacuum and
a loss of containment as κmψ̄ψ → 1, which occurs when the
fermion field approaches ψ2

1;0 ≈ κ−2d .
Figure 4 plots the fermion bound state radius (Rψ ) and

the measured vortex radius (Rϕ) as a function of fermion
field strength for a range of effective fermion masses (κ−1d )
and interaction strengths (κm). Baseline values of κm are
determined for each that result in Rψ ¼ 1 in the limit of
weak fermion field; in this limit, the measured vortex radius
is close to unity and approaches the traditional (uncharged)
vortex solution. As ψ1;0 approaches κ−1d , the force between
the fermion bound state and the confining scalar vortex
becomes significant and the wall of the scalar vortex begins
to expand so that the outward self-repulsion of the fermion
field can balance with the inward force of the vortex wall.
The vortex is able to accommodate some pressure, but, as
the fermion bound state expands beyond the vortex,
sufficient confinement force is no longer present, and
solutions to the stationary equations can no longer be
obtained.
While not explored parametrically in detail here, it is

worth briefly discussing how the addition of a fermion

FIG. 2. Plots of fermion bound state radius Rψ as a function
of boson-fermion interaction strength κm for κ−1d ¼
1; 10; 102; 103; 104 in red, orange, yellow, green, and blue x’s,
respectively. The solid lines represent best-fit approximations to
the small-R solutions that are in good agreement with the
approximate closed-form solutions (see Table I).

TABLE I. Table of best-fit parameters for relationship Rψ ≈
bðκmÞp for a range fermion effective masses κ−1d . When compar-
ing the numerically calculated fermion radius Rψ to the width of
the closed-form solutions, σ, the numerically obtained solutions
are in close agreement with the closed-form approximate sol-
utions (58) that predict a Rψ ∝ ðκmÞ−1=4 relationship, especially
for larger effective fermion mass.

κ−1d b p

1 1.8 −0.32
10 5.2 × 10−1 −0.27
102 1.5 × 10−1 −0.25
103 4.9 × 10−2 −0.25
104 1.5 × 10−2 −0.25

FIG. 3. Plots of boson-fermion interaction strength κm required
to keep a fermion bound state of mass κ−1d confined to a particular
radius Rψ . From top to bottom, plots for Rψ ¼ 0.75 and κ ¼
100; 10; 1 are in red, magenta, and orange, respectively; plots for
Rψ ¼ 1 and κ ¼ 100; 10; 1 are in yellow, olive, and green,
respectively; and plots for Rψ ¼ 1.25 and κ ¼ 100; 10; 1 are in
blue, purple, and black, respectively. Plots are bounded above and
below by curves demonstrating κm ∝ ðκ−1d Þ−2 (dotted gray).
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bound state impacts the overall mass and energy of the
charged vortex solution. In Fig. 5, one can see that for ψ1;0
significantly less than unity the energy from the fermion
field does not significantly contribute to the overall energy.
However, when the fermion field strength at the origin
grows larger than unity, the contribution by the fermion
bound state to the overall energy can become quite large.
For solutions with κ−1d ¼ 100, the ratio of the fermion
energy to an uncharged (ψ ¼ 0) vortex energy was
observed to exceed 104.

D. Time evolution and stability

Previous observations about the existence of stationary
solutions were based on the ability to find a solution to the

time-independent stationary equations of motion; however,
these solutions may not be long-term stable. This section
presents the time evolution of stationary charged vortices in
Sec. III C with the intent of better understanding their
stability properties. The time-evolution equations for the
scalar field are given by

∂tΠ1 ¼ ∂Rχ1 þ
2

κ

�
−AtΠ2 þ AR

�
χ2 −

ϕ2

R

�
þ 1

R
Ãθϕ1

�

− κ−2ϕ1ð−A2
t þ A2

R þ Ã2
θÞ

þ ϕ1ð1 − κmða21 þ a22 − b21 − b22ÞÞ
− ϕ1ðϕ2

1 þ ϕ2
2Þ; ð69Þ

∂tΠ2 ¼ ∂Rχ2 −
2

κ

�
−AtΠ1 þ AR

�
χ1 −

ϕ1

R

�
−
1

R
Ãθϕ2

�

− κ−2ϕ2ð−A2
t þ A2

R þ Ã2
θÞ

þ ϕ2ð1 − κmða21 þ a22 − b21 − b22ÞÞ
− ϕ2ðϕ2

1 þ ϕ2
2Þ; ð70Þ

∂tχ1 ¼ 2
∂

∂R2
ðRΠ1Þ; ð71Þ

∂tχ2 ¼ 2
∂

∂R2
ðRΠ2Þ; ð72Þ

FIG. 4. Plots of fermion bound state radius Rψ and vortex core
radius Rϕ as a function of fermion field strength for κ−1d ¼
1; 10; 100 (top, middle, and bottom, respectively). Each plot
contains a curve (black) with the boson-fermion interaction
strength κm that confines the fermion bound state to Rψ ¼ 1

for field strength ψ1;0 ¼ 1 × 10−3. Additional solutions are
provided by increasing κm by a factor of 2, 4, 8, and 16 (dotted
red, orange, green, and blue curve, respectively) and decreasing
κm by a factor of 2, 4, 8, and 16 (dashed red, orange, green, and
blue curve, respectively). A ψ1;0 ¼ κ−1d vertical dotted line is
drawn on each graph, and all plots have GL parameter κ ¼ 100.

FIG. 5. Plots of fermion energy (solid lines) and total energy
(points) as a function of fermion field strength ψ1;0 for κ ¼ 100

and κ−1d ¼ 1; 10; 100 in red, green, and blue, respectively. The
fermion energy is observed to exceed the uncharged vortex
energy when ψ1;0 ≳ 1, and for κ−1d ¼ 100, total energies exceed-
ing 104 times the uncharged energy were observed.
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∂tϕ1 ¼ Π1; and ð73Þ

∂tϕ2 ¼ Π2: ð74Þ

The evolution equations for the electromagnetic fields are

∂tER ¼ 1

κ
ðϕ2χ1 − ϕ1χ2Þ þ κ−2ARðϕ2

1 þ ϕ2
2Þ

−
κd
κ
ða1b1 þ a2b2Þ; ð75Þ

∂tẼθ ¼ −∂RBz þ
�
Ãθ

κ2
−

1

κR

�
ðϕ2

1 þ ϕ2
2Þ

−
κd
κ
ða1b2 − a2b1Þ; ð76Þ

∂tBz ¼ −
1

R
∂RðRẼθÞ; ð77Þ

∂tAt ¼
1

R
∂RðRARÞ; ð78Þ

∂tAR ¼ ∂RAt − ER; and ð79Þ

∂tÃϕ ¼ −Ẽθ: ð80Þ

And, finally, for the fermion field,

∂ta1 ¼ −
1

R
∂RðRb1Þ þ

1

2κ
½−Ata2 − ARb2 þ Ãθb1�

þ 1

κd

�
1þ 1

2
κmϕ̂

2

�
a2; ð81Þ

∂ta2 ¼ −
1

R
∂RðRb2Þ þ

1

2κ
½Ata1 þ ARb1 þ Ãθb2�

−
1

κd

�
1þ 1

2
κmϕ̂

2

�
a1; ð82Þ

∂tb1 ¼ −∂Ra1 þ
1

2κ
½−Atb2 − ARa2 − Ãθa1�

−
1

κd

�
1þ 1

2
κmϕ̂

2

�
b2; and ð83Þ

∂tb2 ¼ −∂Ra2 þ
1

2κ
½Atb1 þ ARa1 − Ãθa2�

þ 1

κd

�
1þ 1

2
κmϕ̂

2

�
b1: ð84Þ

Figure 6 displays four stability parameters obtained by time
evolving solutions to the stationary equations of motion for
a wide range of GL parameters (κ) and effective fermion
mass (κ−1d ); each parameter measures the variation in a
quantity that should remain constant over time for a stable
bound state. The first stability parameter considered is the

standard deviation of radius of the bound state (Rψ ) over the
duration of the simulation. Also considered is the standard
deviation of the instantaneous angular frequency of the ψ1

component of the fermion field

ω ¼ ða2∂ta1 − a1∂ta2Þ=ða21 þ a22Þ ð85Þ

at the core of the vortex. The last two stability parameters
are obtained by calculating the difference between the
maximum and minimum of jψ1ðt; RÞj and jψ4ðt; RÞj over
time at each point and then taking the L2 norm over a
spatial domain containing the vortex and bound state. The
results show that bound state solutions are stable when ψ̄ψ
does not significantly change the vacuum of the scalar field.
For small ψ̄ψ , the trap remains harmonic, but when
ψ̄ψ → κ−1m , the harmonic trap deforms and flattens out.
For κ ≳ κ−1d , the fermion bound states are observed to be
stable up to ψ1;0 ≈ κ−1d as suggested by the closed-form
analysis. For κ ≪ κ−1d , time-independent stationary bound
states were not even obtainable up to the ψ1;0 ≈ κ−1d
threshold, but the stationary states that do exist are
observed to be stable up to that threshold, with a small
region of instability on the boundary. When ψ̄ψ is large,
two distinct effects lead to instability. First, the boson-

FIG. 6. Plots of stability parameters as a function of fermion
field strength ψ1;0 for a range of κ−1d and κ. The L2 norms of the
difference in max/min envelopes for jψ1j and jψ4j normalized by
ψ1;0 are plotted in green and blue, respectively. The standard
deviation in the fermion radius Rψ is plotted in red, and the
standard deviation in the frequency of the fermion field at R ¼ 0

is plotted in orange. Evolutions with κ−1d ¼ 100 were evolved to
t ¼ 200, and all other evolutions to t ¼ 40, and a ψ1;0 ¼ κ−1d
vertical dotted line is drawn on each graph.
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fermion interaction becomes strong enough to change the
shape of the trap (65), flattening the trap and lowering the
confinement force on the bound state. Second, for κ ≪ κ−1d ,
the gauge potential influences the effective potential (53)
by reducing the potential barrier that would confine the
bound state, thereby lowering the fermion energy that can
be supported by the trap.

IV. HEAD-ON SCATTERING

Previous sections have established the conditions for the
existence and stability of fermion bound states within a
vortex core when a repulsive boson-fermion interaction is
present. This section offers a brief look at the scattering of
two such charged vortices. For each simulation, initial data
are created using the time-independent stationary equations
of motion to generate at-rest vortex solutions. The at-rest
solutions are individually boosted head on at one another
(zero impact parameter) and superimposed to create the
initial data. The time-dependent (2þ 1) equations of
motion are then evolved to simulate the scattering event.
The boost equations are described in Appendix A, while

the time-evolution equations for the complex scalar field
are given by

∂tΠ1 ¼ ∂xΦ1x þ ∂yΦ1y − κ−2ϕ1ð−A2
t þ A2

x þ A2
yÞ

þ 2κ−1ð−AtΠ2 þ AxΦ2x þ AyΦ2yÞ
þ ϕ1ð1 − κmða21 þ a22 − b21 − b22ÞÞ
− ϕ1ðϕ2

1 þ ϕ2
2Þ; ð86Þ

∂tΠ2 ¼ ∂xΦ2x þ ∂yΦ2y − κ−2ϕ2ð−A2
t þ A2

x þ A2
yÞ

− 2κ−1ð−AtΠ1 þ AxΦ1x þ AyΦ1yÞ
þ ϕ2ð1 − κmða21 þ a22 − b21 − b22ÞÞ
− ϕ2ðϕ2

1 þ ϕ2
2Þ; ð87Þ

∂tΦ1x ¼ ∂xΠ1; ð88Þ

∂tΦ1y ¼ ∂yΠ1; ð89Þ

∂tΦ2x ¼ ∂xΠ2; ð90Þ

∂tΦ2y ¼ ∂yΠ2; ð91Þ

∂tϕ1 ¼ Π1; and ð92Þ

∂tϕ2 ¼ Π2: ð93Þ

The equations for the electromagnetic fields and vector
potential are given by

∂tEx ¼ ∂yBz þ
1

κ
ðϕ2Φ1x − ϕ1Φ2xÞ þ κ−2Axðϕ2

1 þ ϕ2
2Þ

− κdκ
−1ða1b1 þ a2b2Þ; ð94Þ

∂tEy ¼ −∂xBz þ
1

κ
ðϕ2Φ1y − ϕ1Φ2yÞ þ κ−2Ayðϕ2

1 þ ϕ2
2Þ

− κdκ
−1ða1b2 − a2b1Þ; ð95Þ

∂tEz ¼ ∂xBy − ∂yBx; ð96Þ

∂tBx ¼ −∂yEz; ð97Þ

∂tBy ¼ ∂xEz; ð98Þ

∂tBz ¼ −ð∂xEy − ∂yExÞ; ð99Þ

∂tAx ¼ ∂xAt − Ex; ð100Þ

∂tAy ¼ ∂yAt − Ey; and ð101Þ

∂tAt ¼ ∂xAx þ ∂yAy: ð102Þ

And, finally, the evolution equations for the fermion field
components are given by

∂ta1 ¼ −∂xb1 − ∂yb2 þ
1

2
κ−1ð−Ata2 − Axb2 þ Ayb1Þ

þ κ−1d

�
1þ 1

2
κmðϕ2

1 þ ϕ2
2Þ
�
a2; ð103Þ

∂ta2 ¼ −∂xb2 þ ∂yb1 þ
1

2
κ−1ðAta1 þ Axb1 þ Ayb2Þ

− κ−1d

�
1þ 1

2
κmðϕ2

1 þ ϕ2
2Þ
�
a1; ð104Þ

∂tb1 ¼ −∂xa1 þ ∂ya2 þ
1

2
κ−1ð−Atb2 − Axa2 − Aya1Þ

− κ−1d

�
1þ 1

2
κmðϕ2

1 þ ϕ2
2Þ
�
b2; and ð105Þ

∂tb2 ¼ −∂xa2 − ∂ya1 þ
1

2
κ−1ðAtb1 þ Axa1 − Aya2Þ

þ κ−1d

�
1þ 1

2
κmðϕ2

1 þ ϕ2
2Þ
�
b1: ð106Þ

The fact that vortices scatter at right angles when colliding
head on and above a critical velocity is well known
and discussed throughout the literature [7,8,10,42,43].
This work focuses on new phenomenology that arises with
the addition of a fermion bound state. As an in-depth
scattering analysis will be saved for future work, this initial
look at scattering is limited to effective fermion mass
κ−1d ¼ 1 to keep the frequency of oscillation of the fermion

ETHAN P. HONDA PHYS. REV. D 113, 016008 (2026)

016008-10



field on the order of unity and κ ¼ 2 to allow a transition
(from back- to right-angle scattering) boost velocity on the
order of vb ≈ 0.5; such a velocity allows the dynamics to
unfold quickly while also not significantly Lorentz con-
tracting the solutions and requiring very fine numerical
grids [43].
Figure 7 displays results of scattering angle as a function

of boost velocity for a range of fermion field strengths. In the
limit of weak fermion field strength, one sees nearly right-
angle scattering, consistent with previous results. However,
even in the weak-field limit, electromagnetic forces result in
a slight deviation in the vortex trajectory, resulting in a small
effective impact parameter that precludes perfect right-angle
scattering. As the field strength increases, both sharpness of
the transition (with respect to boost velocity) and the value at
which the transition occurs decreases. For low-velocity
collisions, thevortices are observed to elastically backscatter
similar to traditional vortices. For high-velocity collisions,
the vortices undergo deep inelastic scattering and new
phenomenology is observed.
Figure 8 demonstrates high-velocity (vb ¼ 0.75) scatter-

ing in the strong (fermion) field regime (ψ1;0 ¼ 0.4). The
vortices can be seen to scatter at near right angles like
uncharged vortices, but one also sees the production of new
localized bound states. These bound states are not vortices,
as they do not have a topological charge; the winding
number of the complex scalar field is zero. The solutions

are “bubblelike” states where the scalar field interpolates
between the spontaneously broken vacuum of the bulk, ϕ0,
and the dynamically induced vacuum created by the boson-
fermion interaction (65) that becomes significant when
ψ̄ψ → κ−1m . Figure 9 displays similar vortex dynamics for a
slightly higher fermion field strength (ψ1;0 ¼ 0.5). The
vortices still undergo nearly right-angle scattering, but
significantly more interaction can be observed; four bub-
bles are produced and ejected from the collision, while one
large bubble remains in the system center of mass. As one
continues to increase the fermion field strength of the
scattering vortices, one reaches a point at which right-angle
scattering breaks down. Figure 10 displays vortex dynam-
ics for ψ1;0 ¼ 1.5. The vortices are observed to coalesce for
a period of time, creating a pseudostable m ¼ 2 vortex that
eventually decays into two stable m ¼ 1 vortices while
producing bubbles in the process. Two stable bubbles can
be seen ejected orthogonal to the original collision axis,
while one bubble is again seen remaining in the system
center of mass. Unstable bubbles can also be seen to appear
(most clearly around n ¼ 1720) but eventually disperse,
seemingly when the surface tension of the scalar bubble
outweighs the outward repulsive force from the fermion
bound state.

FIG. 7. Plots of scattering angle as a function of boost velocity
for head-on collisions of identical vortices. Curves are presented
for fermion field strengths of ψ1;0 ¼ 10−3; 10−2; 10−1; 2 ×
10−1; 3 × 10−1; 4 × 10−1 in red, orange, yellow, green, cyan,
and blue, respectively. Vortices are boosted at each other with
zero initial impact parameter. All solutions are for κ−1d ¼ 1 and
κ ¼ 2 and use a κm that gives Rψ ¼ 1 for ψ1;0 ¼ 10−3.

FIG. 8. Time slices of the energy density for the head-on
collision of two charged vortices with vxð0Þ ¼ �0.75 and
ψ1;0 ¼ 0.4. The plots represent times for n ¼ 0, 175, 270,
315, 365, 420, 500, 600, 750, 900, 1000, 1400, 1650, 2100,
2400, and 2944, where t ¼ nΔt and Δt ¼ 0.025, displayed from
top left to bottom right, respectively. The displayed simulations
were conducted on an 801 × 801 grid with domain spanning
fx∶ − 20 < x < 20g and fy∶ − 20 < y < 20g. The sequence
shows approximate right-angle scattering of the charged vortices
and the generation of two stable bubbles.
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The final example of collisions to be discussed here
can be seen in Fig. 11, which shows time-elapsed pictures
of a collision with velocity slightly above where the
vortices are observed to backscatter. The vortices are
observed to touch, coalesce, interact, and eventually dis-
perse. When the scalar vortices remain in close proximity,
they create an effective trap for the fermion bound states
that is significantly larger than the individual harmonic
traps that originally confined each of the stationary vorti-
ces. The fermion bound states are observed to stably
interact in the larger trap for a time T ≈ 100, and then
the dynamics become unstable and the fermion bound
states (and the scalar vortices that form the trap they are
contained within) eventually disperse. To better understand
the transition from stable rotation to instability, it is helpful
to consider the relative contributions of ψ2

1 and ψ
2
4 over time

and the implications to linear momentum, orbital angular
momentum, and spin (Fig. 12). In the Dirac representation,
the four-component spinor representing spin-up particles
at rest is given by ψ ∝ ð1; 0; 0; 0Þ. In a frame that is
boosted in the x–y plane, the new spinor is given by

ψ ∝ ð1; 0; 0; ðpx þ ipyÞ=ðEþmÞÞ. As such, for a given
fermion field strength (ψ†ψ ¼ ψ2

1 þ ψ2
4) the relative

increase in ψ2
4 can be interpreted as an increase in the

average momentum jpj2 ¼ p2
x þ p2

y. For T ≳ 100, the
momentum in the fermion field continues to increase until
the vortices begin to radiate energy and eventually disperse.

FIG. 9. Time slices of the energy density for the head-on
collision of two charged vortices with vxð0Þ ¼ �0.75 and
ψ1;0 ¼ 0.5. The plots represent times for n ¼ 0, 150, 300,
425, 500, 557, 600, 700, 800, 900, 1000, 1150, 1300, 1800,
and 2300, where t ¼ nΔt and Δt ¼ 0.025, displayed from top
left to bottom right, respectively. The displayed simulations
were conducted on an 801 × 801 grid with domain spanning
fx∶ − 20 < x < 20g and fy∶ − 20 < y < 20g. The sequence
shows approximate right-angle scattering of the charged vortices,
the generation of an at-rest bubble at the system center of mass,
and the generation of four bubbles being ejected outward from the
collision. The color map for the plot at n ¼ 2500 was rescaled to
more clearly see the outgoing bubbles.

FIG. 10. Time slices of the energy density for the head-on
collision of two charged vortices with vxð0Þ ¼ �0.75 and
ψ1;0 ¼ 1.5. The plots represent times for n ¼ 0, 120, 200,
290, 400, 500, 600, 640, 680, 750, 800, 825, 875, 950, 1000,
1100, 1150, 1200, 1300, 1400, 1526, 1720, 1800, 2000, 2500,
3200, 3600, and 4000, where t ¼ nΔt and Δt ¼ 0.025, displayed
from top left to bottom right, respectively. The displayed
simulations were conducted on an 801 × 801 grid with domain
spanning fx∶ − 20 < x < 20g and fy∶ − 20 < y < 20g. The
sequence shows rich inelastic interactions that eject the vortices
at off angles (not back or right-angle scattering), the creation and
ejection of two bubbles, and the creation of a stationary bubble at
the system center of mass.
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It is also helpful to remember that in isolation, prior to the
interaction of the collision, each fermion bound state is an
eigenstate of total angular momentum:

Ĵz ¼ L̂z þ Ŝz ð107Þ

¼ −i∂θ þ Σ̂z; ð108Þ

where Σz ¼ 1
2
diagð1;−1; 1;−1Þ is the spin projection

matrix and all ψ are eigenstates with eigenvalue
jz ¼ þ 1

2
. While interacting, however, since total angular

momentum is conserved while the intrinsic spin ψ2
1 − ψ2

4

decreases, Fig. 12 also implies an increase in orbital
angular momentum during the mixing of the fermion
states. This increase in both linear momentum and orbital
angular momentum appears to contribute to the eventual
instability and dispersal of the vortices.

Lastly, it is noteworthy to acknowledge the numerical
challenges posed by this low-energy, deeply inelastic
scattering class of solutions. The momentum gained by
the fermion field increases the wave vector and creates
gradients in the field that increase the solution error. A
helpful diagnostic to monitor is the relative error in the total
conserved energy:

EerrorðtÞ ¼
EðtÞ þ Erad − E0

E0

; ð109Þ

where EðtÞ is current energy in the grid at time t, Erad is the
radiated energy calculated by integrating the power through
the outer boundary surface from t ¼ 0 to t, and E0 is the
energy in the grid at t ¼ 0. For most evolutions discussed in
this section, EerrorðtÞ remained less than or on the order
of 10−4. However, for the evolution described in
Fig. 11, where the fermion field underwent a significant

FIG. 11. Time slices of the energy density for the head-on
collision of two charged vortices with vxð0Þ ¼ �0.25 and
ψ1;0 ¼ 1.0. The plots represent times for n ¼ 0, 350, 550,
682, 725, 797, 972, 1132, 1222, 5467, 5930, 6173, 6337,
6754, 7981, 8262, 8579, 8665, 8693, and 8810, where t ¼
nΔt and Δt ¼ 0.025, displayed from top left to bottom right,
respectively. The displayed simulations were conducted on an
801 × 801 grid with domain spanning fx∶ − 20 < x < 20g and
fy∶ − 20 < y < 20g. The sequence shows coalescence around
n ≈ 600, stable interaction through n ≈ 4000, and unstable
dynamics through n ≈ 8600, followed by eventual dispersal.

FIG. 12. Plots of the spatially integrated (linear) momentum
squared as a function of time (top), for l ¼ 1; 2; 3 in red, green,
and blue, respectively. The bottom plot shows the instantaneous
and time-averaged relative values of of ψ2

1=ðψ2
1 þ ψ2

4Þ for levels
l ¼ 1; 2; 3 in red, blue, and magenta, respectively, and of
ψ2
4=ðψ2

1 þ ψ2
4Þ for levels l ¼ 1; 2; 3 in green, cyan, and orange,

respectively. The simulations were conducted on N × N grids
where N ¼ 200 × 2l þ 1.
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acceleration and spatial contraction, the error became
significantly higher at late stages of the evolution; the
error was roughly 10−4 at t ¼ 150, but as the momentum
(wave vector) of the field increased, the solution error
increased to almost 10−2 by the end of the evolution when
dissipative effects required for stability began to have a
significant effect (Appendix A).
Throughout this work, EerrorðtÞ and the conservation of

ψ†ψ were monitored and grid resolutions were used that
kept the error within acceptable tolerances. The methods
employed maintain code stability, are convergent, and have
errors that disappear in the limit that the lattice spacing goes
to zero. However, if in future work one desires to study
solutions that dynamically increase in wave vector for
longer periods of time, one may want to employ adaptive
mesh refinement or other techniques to more efficiently
handle fine-resolution features. For additional insight and
comparison, Appendix B discusses a toy model of a self-
interacting fermion pulse that demonstrates similar under-
lying phenomenology in a simpler example.

V. CONCLUSIONS

Results have been presented from numerical simulations
of the flat-space nonlinear Maxwell-Klein-Gordon-Dirac
equations with a spontaneously broken symmetry and
repulsive boson-fermion interaction. The findings build
upon historical vortex research [1–14] and complement
other work that has explored fermionic bound states within
vortices [5,15–17] by including massive Dirac fermions
similar to those explored widely in the context of
condensed matter physics [23–25,27,30–39].
Massive fermion bound state solutions have been shown

to exist in the cores of scalar vortices when a repulsive
boson-fermion interaction is present. Closed-form solu-
tions were obtained that determined the dispersion relation
and relationship between the interaction strength κm,
effective fermion mass κ−1d , and width of bound state σ,
for approximate solutions when sufficiently contained
within the scalar vortex and when the fermion field strength
did not significantly perturb the spontaneously broken
vacuum of the condensate. The effective mass κ−1d ∝ mF

determines the mass gap, while the interaction strength κm
determines the energy band of allowed states. When
considered in the context of typical bulk parameters, the
predicted mass gap and energies of bound states were
shown to be comparable to those observed in gapped Dirac
materials [40,41]. Numerical solutions to the stationary
equations of motion were then obtained that confirmed the
existence of bound states and demonstrated where the
closed-form approximations ceased to be valid. The sta-
tionary bound state solutions were then time evolved and
demonstrated stability until the fermion field was strong
enough to significantly change the vacuum expectation
value of the condensate, ψ̄ψ → κ−1m .

Simulations of head-on collisions of fermion bound
states in vortices were conducted for a range of fermion
field strengths and boost velocities. For low fermion field
strength, head-on scattering closely resembled traditional
right-angle scattering [7–9], but solutions still deviated
from perfect right-angle scattering due to Coulombic
interactions between the charged fermion field and the
magnetic field of the scalar vortex, resulting in the impact
parameter dynamically moving away from zero. As one
increases fermion field strength, there are distinctly differ-
ent behaviors for low- and high-velocity scattering.
For lower-velocity deep inelastic scattering, charged

vortices were observed to coalesce, interact, become
unstable, and disperse. The instability arises when the
fermion bound states are confined within the large trap
formed by the close proximity of the two scalar vortices.
The larger trap is flatter and no longer spatially harmonic,
and there is a dynamic mix of time-varying radial and axial
electromagnetic fields that drive the dynamics of the
fermion field. The mixing of bound states drives a decrease
in total spin, which demands an increase in orbital angular
momentum (in order to conserve total angular momentum),
leading to instability and eventual dispersal. Additional
understanding of the fermion field dynamics as instability
arises could be a productive area for future study.
For high-velocity scattering and low fermion field

strength, the vortices underwent near-right-angle scattering,
and the creation of a new type of nontopological scalar-
fermion bound state was observed. The bound states are
bubblelike in that the scalar field interpolates between the
spontaneously broken vacuum of the bulk, ϕ0, and the
vacuum of (65) that becomes dynamically shifted away
from ϕ0 for large ψ̄ψ . The solutions are reminiscent of the
oscillons created by the vortex-antivortex collisions of
Gleiser and Thorarinson [6], but the scalar bound states
observed here do not have a harmonic time dependence and
are, therefore, not oscillons; they arise from a balance
between the outward self-repulsion of the fermion field
(that does have a harmonic time dependence and nonzero
orbital angular momentum) and the inward surface tension
of the scalar bubble. The solutions also bring to mind a
time-reversed version of the solutions of Srivastava [44],
who discussed the creation of vortices by the interaction of
both critical and subcritical bubbles in the context of
cosmological phase transitions.
The realization of this work that vortex-vortex inter-

actions can lead to the production of boson-fermion
bubbles complements the findings of [44] and similarly
could have impact on the understanding of gauged Abelian-
Higgs phase transitions in models with a boson-fermion
interaction. While the consequences of the boson-fermion
interaction introduced here to the electronic structure of the
bulk material were not discussed, this work provides
insight into the existence, stability, and dynamics of bound
states that could arise in condensed matter systems that
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describe quasiparticles in Bose-Fermi models similar to the
model (1). Finally, a dedicated and more detailed analysis
of the boson-fermion bubbles discovered here, particularly
their stability, may also be an interesting area for
future study.
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APPENDIX A: NUMERICAL METHODS

This appendix describes the numerical methods for
addressing potential numerical instabilities (including fer-
mion doubler modes), the time evolution and boosting of
charged vortices, and a number of self-consistency and
monitoring techniques to ensure solution accuracy.
The time-evolution methods employed throughout this

work implement second-order finite difference approxima-
tions to continuous (not lattice) equations of motion. While
all finite difference approximations of partial differential
equations may be susceptible to numerical instabilities, the
modeling of Dirac fields using discretized approximations
can be particularly challenging. Adding a “Wilson term”
[45,46] to the Dirac equations of motion is a common
approach to directly address fermion doublers on a lattice;
the approach focuses on suppressing the k ≈ π=amode for a
lattice spacing a, which is the Nyquist limit of the numerical
discretization. The approach is physically motivated and
introduces an ultraviolet cutoff (low-pass filter) by adding a
term proportional to ∂

2
μψ to the equations of motion to

specifically address the doubler modes. Figure 13 compares
the result of using a Wilson term in the equations of motion
to the numerically motivated approach of Kreiss-Oliger
dissipation (the technique employed in this work). Kreiss-
Oliger dissipation similarly adds a higher-order derivative
term (∂4μψ) that also suppresses high-wave-vector modes.
Using von Neumann stability analysis yields the following
amplification factors for second-order Crank-Nicolson
time-centered difference schemes for the addition of a
Wilson term and Kreiss-Oliger dissipation, respectively:

jρðξÞj2W ¼ 1þ i λ
2
sinðξÞ − ϵ

2
ðcosðξÞ − 1Þ

1 − i λ
2
sinðξÞ þ ϵ

2
ðcosðξÞ − 1Þ ; ðA1Þ

jρðξÞj2KO¼
1þ i λ

2
sinðξÞ− ϵ

8
ð3−4cosðξÞþcosð2ξÞÞ

1− i λ
2
sinðξÞþ ϵ

8
ð3−4cosðξÞþcosð2ξÞÞ; ðA2Þ

where ξ ¼ ka for lattice spacing a. These amplification
factors can be seen in Fig. 13 for multiple values of the
tunable parameter ϵ. In the Wilson term, one typically uses
ϵ ¼ ra with a tunable parameter r. The Courant factor λ ¼
dt=dxwas set to λ ¼ 0.5 in all simulations used in this work
and in Fig. 13. Both approaches have tunable scaling
parameters and vanish in the a → 0 limit. While the
Wilson term may be more appealing from a physical (vice
numerical) perspective, the Kreiss-Oliger approach is a
higher-order technique with a sharper frequency response
that suppresses the doubler mode equally while having less
negative effect on low-frequency modes. Most importantly,
if doubler modes or high-wave-vector instabilities become
prevalent in a solution, the dissipative approach employed
here leads to solution errors that are quantified with (109)
and can be monitored.
The following equations describe the transformation of

the scalar, fermion, and electromagnetic fields from at-rest
solutions in cylindrical coordinates (R; θ) to boosted
solutions in Cartesian coordinates (t̃; x̃; ỹ); the boosted

FIG. 13. Plots of amplification factors of modes for a physically
motivated Wilson term (dotted lines) as it compares to a numeri-
cally motivated Kreiss-Oliger dissipation approach (solid lines).
Plots for ϵ ¼ f0; 0.1; 0.25; 0.5; 1.0g are shown in red, orange,
green, blue and indigo, respectively. For a given ϵ, the Kreiss-
Oliger approach has equal suppression at ξ ¼ π while having less
attenuation for lower wave vectors.

MASSIVE DIRAC STATES BOUND TO VORTICES BY A BOSON- … PHYS. REV. D 113, 016008 (2026)

016008-15



scalar and electromagnetic fields are given by

ϕ1ðt̃; x̃; ỹÞ ¼ ϕðRÞ cos θ; ðA3Þ

ϕ2ðt̃; x̃; ỹÞ ¼ ϕðRÞ sin θ; ðA4Þ

Π1ðt̃; x̃; ỹÞ ≈
ϕ1ðt̃þ Δt̃; x̃; ỹÞ − ϕ1ðt̃ − Δt̃; x̃; ỹÞ

2Δt̃
; ðA5Þ

Π2ðt̃; x̃; ỹÞ ≈
ϕ2ðt̃þ Δt̃; x̃; ỹÞ − ϕ2ðt̃ − Δt̃; x̃; ỹÞ

2Δt̃
; ðA6Þ

At̃ðt̃; x̃; ỹÞ ¼ γðAtðRÞ − v0ÃθðRÞ sin θÞ; ðA7Þ

Ax̃ðt̃; x̃; ỹÞ ¼ γðv0AtðRÞ − ÃθðRÞ sin θÞ; ðA8Þ

Aỹðt̃; x̃; ỹÞ ¼ ÃθðRÞ cos θ; ðA9Þ

Ex̃ðt̃; x̃; ỹÞ ¼ ERðRÞ cos θ; ðA10Þ

Eỹðt̃; x̃; ỹÞ ¼ γERðRÞ sin θ − γv0BzðRÞ; ðA11Þ

Bz̃ðt̃; x̃; ỹÞ ¼ γBzðRÞ − γv0ERðRÞ sin θ; ðA12Þ

Ez̃ðt̃; x̃; ỹÞ ¼ Bx̃ðt̃; x̃; ỹÞ ¼ Bỹðt̃; x̃; ỹÞ ¼ 0; and ðA13Þ

Az̃ðt̃; x̃; ỹÞ ¼ 0; ðA14Þ

while the boosted fermion field components are given by

a1ðt̃; x̃; ỹÞ ¼ cosh ðλ=2ÞΨ1ðRÞ cosðωγðt̃þ v0x̃ÞÞ
� sinh ðλ=2ÞΨ4ðRÞ sin ðθ − ωγðt̃þ v0x̃ÞÞ;

ðA15Þ

a2ðt̃; x̃; ỹÞ ¼ − cosh ðλ=2ÞΨ1ðRÞ sinðωγðt̃þ v0x̃ÞÞ
∓ sinh ðλ=2ÞΨ4ðRÞ cos ðθ − ωγðt̃þ v0x̃ÞÞ;

ðA16Þ

b1ðt̃; x̃; ỹÞ ¼∓ cosh ðλ=2ÞΨ4ðRÞ sin ðθ − ωγðt̃þ v0x̃ÞÞ
− sinh ðλ=2ÞΨ1ðRÞ cos ðωγðt̃þ v0x̃ÞÞ; and

ðA17Þ

b2ðt̃; x̃; ỹÞ ¼ � cosh ðλ=2ÞΨ4ðRÞ cos ðθ − ωγðt̃þ v0x̃ÞÞ
þ sinh ðλ=2ÞΨ1ðRÞ sin ðωγðt̃þ v0x̃ÞÞ; ðA18Þ

where

λ ¼ tanh−1ðv0Þ; ðA19Þ

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2ðx̃þ v0 t̃Þ2 þ ỹ2

q
; ðA20Þ

sin θ ¼ ỹ=R; ðA21Þ

cos θ ¼ γðx̃þ v0t̃Þ=R; and ðA22Þ

θ ¼ tan−1
�

ỹ
γðx̃þ v0t̃Þ

�
: ðA23Þ

Equations (A3)–(A18) were used in Sec. IV to generate
initial data for head-on (zero impact parameter) collisions
by setting t̃ ¼ 0 and superimposing solutions of the
stationary equations of motion that were translated to
ðx̃; ỹÞ ¼ ð�5; 0Þ with boost velocities ∓ v0 and then
time-evolved using (86)–(106). In this section, a similar
approach is used, but with a single vortex boosted in the
positive x direction. Those time-evolved solutions are then
compared to directly transforming a stationary charged
vortex solution of (42)–(49) with (A3)–(A18) to obtain
boosted solutions for an arbitrary t̃. Figure 14 shows plots
for each field of the boost error, which is defined to be the
L2 norm of the difference between these two approaches
and serves as a very strong method of verification of the
boost methodology. It can be seen that every field compo-
nent has boost error that converges to zero in accordance

FIG. 14. Plots of the boost error over time for all fields when a
single vortex is boosted with vx ¼ 0.5. The error is obtained by
calculating the L2 norm of the difference between the time-
evolved boosted initial data and the analytically boosted sta-
tionary solutions. Each field is evolved on an N × N grid, where
N ¼ 200 × 2l þ 1 for levels l ¼ 0; 1; 2; 3 in red, orange, green,
and blue, respectively, with domain spanning fx∶ − 20 < x <
20g and fy∶ − 20 < y < 20g. The error in all fields is observed
to converge quadratically to zero.
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with the second-order finite difference scheme being
employed.
Next, Fig. 15 demonstrates energy and charge conser-

vation of two charged vortices boosted at one another that
undergo near-right-angle scattering. The error in both

energy and charge conservation can also be seen to
converge to zero with second-order accuracy as desired.
Lastly, Fig. 16 displays the energy conservation for each

of the simulations discussed in Figs. 8–11. For each
simulation, the total energy, energy in the grid, and cumu-
lative radiated energy are displayed for multiple grid
resolutions. The cumulative radiated energy at time t is
calculated by integrating the power radiated through a
Gaussian surface around the computational domain from
the beginning of the simulation to time t. The cumulative
radiated energy is then added to the energy in the grid at t to
obtain the total energy at t. For the l ¼ 3 grids, the
simulations displayed by Figs. 8–10 demonstrate total
energy conservation to a few parts in 104. The simulation
displayed by Fig. 11 demonstrates similar performance until
the m ¼ 2 vortex becomes unstable and disperses. By the
end of the simulation, conservation of total energy is
demonstrated to slightly better than one part in 102.
Whether the higher error in these solutions arises from
doubler modes related to the discretization of the Dirac
equation or simply from accelerating fields that increase the
wavevector, the resultant error ismonitored and understood.

APPENDIX B: SELF-INTERACTION IN THE 1D
MAXWELL-DIRAC EQUATION

While an interesting and related in-depth analysis of the
self-interaction properties of the classical and quantum
Maxwell-Dirac equations can be found in [29], this
appendix provides a simple and intuitive example that
more simply demonstrates the effects seen by the interact-
ing fermion fields confined to vortices described in this
work, particularly the last scattering example in Sec. IV that
demonstrated unstable behavior and is visualized
in Fig. 11.
A toy model is desired that is as close as possible to (1) to

remain most relevant to this work while also removing
boson-fermion interactions and focusing solely on the
properties of the fermion field. Setting ϕ ¼ 0 everywhere,
the model essentially becomes

L ¼ ffiffiffiffiffiffi
−g

p ðLM þ LDÞ: ðB1Þ

Slightly different dimensionless variables are required,
since the ones used in the body of this work are in terms
of condensate parameters that are now being ignored.
However, one can use ξ as an arbitrary parameter to set
the relative length scale of the fermion bound state and use
κd ¼ ƛ=ξ as the dimensionless model parameter. This leads
to 1D equations of motion:

∂ta1 ¼ −∂xb1 −
1

2
Ata2 −

1

2
Axb2 þ

1

2
Ayb1 þ κ−1d a2; ðB2Þ

∂ta2 ¼ −∂xb2 þ
1

2
Ata1 þ

1

2
Axb1 þ

1

2
Ayb2 − κ−1d a1; ðB3Þ

FIG. 15. Plots demonstrating conservation of energy (left) and
charge (right) for the time evolution of the (2þ 1) equations of
motion for a head-on collision of two vortices. The relative
change in energy (charge) is shown for levels l ¼ 0; 1; 2; 3 in red,
orange, green, and blue, respectively, for an N × N grid, where
N ¼ 200 × 2l þ 1. The error in all fields is observed to converge
quadratically to zero.

FIG. 16. Plots of total energy (red), energy currently in the
computational domain (green), and cumulative radiated energy
(blue). The upper left figure corresponds to the evolution from
Fig. 8; the upper right figure corresponds to the evolution from
Fig. 9; the lower left figure corresponds to the evolution from
Fig. 10; and the lower right figure corresponds to the evolution
from Fig. 11. Simulations were performed on an N × N grid,
where N ¼ 200 × 2l þ 1 for l ¼ 1; 2; 3, with dotted, dashed, and
solid lines, respectively. Total energy is observed to be conserved
in a convergent manner.
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∂tb1 ¼ −∂xa1 −
1

2
Atb2 −

1

2
Axa2 −

1

2
Aya1 − κ−1d b2; ðB4Þ

∂tb2 ¼ −∂xa2 þ
1

2
Atb1 þ

1

2
Axa1 −

1

2
Aya2 þ κ−1d b1; ðB5Þ

∂tEx ¼ −α−1M κ−2d ða1b1 þ a2b2Þ; ðB6Þ

∂tEy ¼ −∂xBz − α−1M κ−2d ða1b2 − a2b1Þ; ðB7Þ

∂tBz ¼ −∂xEy; ðB8Þ

∂tAx ¼ −Ex þ ∂xAt; ðB9Þ

∂tAy ¼ −Ey; and ðB10Þ

∂tAt ¼ ∂xAx; ðB11Þ

where αM ¼ 16πα0 for the fine structure constant α0.
Figure 17 shows time evolution of these equations for
the self-interacting fermion field and the free fermion field
(Aμ ¼ 0). The initial data are taken to be

a1 ¼ a1;0 exp ð−x2=σ2Þ; ðB12Þ

a2 ¼ 0; ðB13Þ

b1 ¼ 0; and ðB14Þ

b2 ¼ κdxa1; ðB15Þ

and the appropriate Maxwell equations are used to solve for
the electromagnetic fields. The fields are time evolved
using Eqs. (B2)–(B11), and discrete Fourier transforms are
taken at each time to obtain aðkÞ and bðkÞ for both the free
and interacting fields. The Gaussian initial data a1ðtÞ
naturally give rise to Gaussian aðkÞ. For the free field,
the solutions are the well-known 1D solutions and disperse
in accordance with the dispersion relation ω2 ¼ σ−2 þ κ−2d ;
the field disperses in the spatial domain, and the spectral
content aðkÞ and bðkÞ does not change over time. For the

FIG. 18. Plots of ψ2
1, ψ2

4, and ψ†ψ (red, green, and blue,
respectively) for the 1D plane-symmetric self-interacting field.
The total fermion field strength ψ†ψ is conserved, while ψ2

1

decreases, and ψ2
4 (which is proportional to p2

x) increases.

FIG. 17. Plots of aðxÞ, jaðxÞj, bðxÞ, jbðxÞj, and ExðxÞ for the 1D
plane-symmetric free fermion field (left column) and self-inter-
acting fermion and Maxwell fields (right column) and aðkÞ and
bðkÞ for both fields (center column). The aðxÞ, jaðxÞj, bðxÞ,
jbðxÞj, and ExðxÞ fields are plotted in red, green, blue, cyan, and
orange, respectively. aðkÞ and bðkÞ for the free field are plotted in
red and green, respectively, while aðkÞ and bðkÞ for the self-
interacting field are in blue and cyan, respectively. The free field
is observed to disperse with constant spectral content aðkÞ and
bðkÞ, while the self-interacting field disperses with an accelerat-
ing wave front and increasing wave vector over time.
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self-interacting field, however, the simple dispersion rela-
tion does not hold and the wave front of the dispersing
fermion field accelerates based on strong Coulombic self-
repulsion. As the field accelerates, px increases, which
increases the wave vector kx in the field components
observed in Fig. 17. Similar to the analysis in Sec. IV,
the increase in momentum (p2

x) can also be observed by
considering the relative proportion of ψ1 and ψ4 in the
overall field strength. Figure 18 clearly shows a relative
increase in ψ2

4, which is expected since ψ2
4 ∝ p2

x ∝ k2x.

Despite its simplicity, this toy model helps demonstrate
how a self-interacting fermion field can evolve from a
simple smoothly varying Gaussian distribution to a dis-
tribution with high-frequency components when in the
presence of persistent strong electromagnetic fields. Again,
it is important to emphasize that even if high-wave-
vector components do emerge, such components are
manageable and evolutions can be terminated when the
conservation of energy or ψ†ψ deviates beyond an accept-
able tolerance.
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