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In the scattering of two electric charges, the particles acquire a shift in their net boostlike angular
momentum, balanced by an opposite field contribution. This electromagnetic scoot effect appears at first
order in post-Minkowskian expansion when conservation laws are evaluated on constant-time slices but
disappears at this order on hyperboloidal slices. Here, we extend this analysis to scattering involving both
electric and magnetic charges and compare the results with the purely electric case in the context of

multiparticle state representations.
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I. INTRODUCTION

In the construction of an S-matrix, in and out states are
described by multiparticle states, and the representations of
these multiparticle states are generally taken as tensor
products of one-particle states. Although this assumption
seems consistent for the states at asymptotic times, in 1972
Zwanziger showed that, in the scattering of electric and
magnetic charges, an extra quantum number is necessary to
fully describe the process [1]. Zwanziger observed that, in
addition to the orbital and spin angular momenta carried by
the individual particles, the asymptotic in and out states
contain a residual angular momentum stored in the electro-
magnetic field. This residual field angular momentum modi-
fies the Lorentz transformation properties of the asymptotic
two-particle states, so that they are not described, in general,
by a simple tensor product of one-particle representations. As
formulated systematically in [2], this modification is encoded
in an additional pairwise sector, characterized by a U(1)
pairwise little-group quantum number.

In 2021, the result of Zwanziger on the multiparticle
representations of the Poincaré group was extended in a
more systematic way [2]. In this work, the authors extend the
definition of asymptotic multiparticle states of the S-matrix,
beyond the tensor products of one-particle states. This
extension is made by generalizing the Wigner construction
to the pairs of particles by introducing the so-called pairwise
little groups. These pairwise little groups are defined as the
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subgroups of Lorentz transformations which leave a pair of
momenta invariant. For a pair of particles, one can go to the
center of momentum frame and the corresponding pairwise
little group becomes U(1). The authors call the charge
related to this U(1) transformation pairwise helicity. One can
also see the topological origin of pairwise helicity in [3].

Both [1,2] attributed this extra angular momentum and
the corresponding quantum number to the scattering of
dyons. In a recent work [4], another contribution to the
relativistic angular momentum was identified in the scat-
tering of two electric charges. The authors of [4] considered
the scattering of two electric charges and calculated the
balance of the relativistic angular momentum to the leading
order in perturbation. As a result, they showed that there is a
shift of the net boostlike angular momentum or mass
moment of the particles which is balanced by an opposite
change of the boostlike angular momentum carried by the
field, and they called this effect electromagnetic scoot. The
electromagnetic scoot has been also calculated in a covar-
iant fashion in [5] and extended to gravitational scattering
in [6]. This scoot effect implies that there should be an extra
quantum number for multiparticle states related to boost
transformation, and this boostlike quantum number has
been calculated in [7]. Related developments include the
extension of Zwanziger’s pairwise little group to the
celestial-sphere framework and to boost transformations
[8]. Pairwise little-group methods have also been applied to
electric-magnetic scattering amplitudes [9], the monopole
unitarity puzzle [10], partially celestial states [11] and the
relation between dressed and pairwise states [12].

The same analysis on electromagnetic scoot was made
with a different approach in [13], where, instead of using
constant-¢ slices, the conservation laws were formulated
with hyperboloidal slices. It was found that, when the
electromagnetic mass moment is evaluated on a hyper-
boloidal slice 7 = const, the early-late time integrals
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vanish. Thus, the electromagnetic scoot effect at first order
in post-Minkowskian expansion (1PM) is absent on this
hyperboloidal boundary for the scattering of two electric
charges. This raises a natural question: whether the same
conclusion holds when magnetic charges are included,
where residual field angular momentum already plays an
essential role in the structure of asymptotic multiparticle
states.

Motivated by this question, this work has two main parts.
In the first part, we extend the analysis of [4] on the
scattering of two electric charges to the scattering of two
dyons. Zwanziger has already considered dyon-dyon scat-
tering [1] and showed that there is a residual angular
momentum in the electromagnetic field of the in or out
scattering states. Here, we obtain the same result following
the analysis of [4] and also calculate the change in the total
mechanical angular momentum of the two particles to show
the scoot effect. In Sec. II, we consider a scattering encounter
between two dyons in the approximation of small deflection
and calculate their trajectories by using the Lorentz force
law. In Sec. III, we calculate conserved quantities at
asymptotic times using these trajectories. As a result, we
find the same extra contribution with [1] to the angular
momentum of electromagnetic field of in and out states and
show that this extra angular momentum carried by fields is
balanced by an equal but opposite change in the total angular
momentum of two dyons. Moreover, we calculate the extra
boostlike angular momentum or mass moment carried by the
fields at asymptotic times and the corresponding change in
the total mass moment of the particles.

The second part focuses on the same analysis on the
hyperboloidal slice boundary. Following [13], we formu-
late the conservation laws with hyperboloidal slices for the
scattering of an electric charge and a magnetic charge. In
Sec. IVA, we discuss the field contribution to the mass
moment and angular momentum. The mechanical contri-
bution to the angular momentum is calculated in Sec. IV B.
Our analysis shows that the scoot effect for the angular
momentum is there for electric charge-magnetic charge
scattering, even if one formulates the conservation laws on
the hyperboloidal slice boundary.

Conventions. Throughout this paper, we work ina 3 + 1-
dimensional Minkowski space embedded with the metric
n = diag(+1,—1,-1,—1). Our convention for the sign of
the Levi-Civita symbol is €123 = +1.

II. SMALL-ANGLE SCATTERING OF
RELATIVISTIC DYONS

Following [4], we consider the scattering of two dyons in
the small deflection limit. We choose a frame in which one
of the particles is initially at rest and denote this frame by a
prime. The other dyon moves along the 7z’ direction and
initial transverse separation is along the x" direction. Then,
the leading-order trajectories are given by

ry = (b,0,01) and r, =(0,0,0), (1)
where b is the impact parameter and » is the relative
velocity, which is chosen to be positive without loss of
generality. Now, we present the Lorentz force acting on the
particles due to the electric and magnetic fields created by
one another. The most general form of the relativistic
equation of motion for the [Ith particle, due to fields
generated by the Jth particle, is given by

d

di (rimpvi) = e;[E; + v x B+ g;[B; —v; xEj].  (2)
where e; denotes the electric charge, g; denotes the
magnetic charge and y; = (1 —v; - v;)~"/? is the Lorentz
factor. For a two-particle system, the corresponding equa-
tions written in a generic frame read

d

E(Yllel) =e;[Ey + v X By| + g, [By — v X Ey,

d

E(hszz) =& [E; + vy xBi] +g[B; —va X Ej]. (3)
Using the leading-order trajectories in the primed frame (1),

the equations take the form

myy[¥) + y*vi/ (v - F))] = e, (E) + vZ' x B))
+ 91(B) — v2' X E),
moity = e Ef + g, BY. (4)

The electric and magnetic fields generated by the second
particle at an arbitrary position are given by

xlﬁ/ _’_ylj\,/ + Z/i/
[xl2 + y/2 4 212]3/2 ’
x/ﬁ/ +y/y/ +Z/i/

B, =9 % 1 y2 4 2P (5)

E/2:€2

and for the first particle they are given by

7/2

E/l =y7(E;-v; xB)) _}/—I- 1 (vi - Ey)vy,
},2
Bll = (B1 +V1 XEl) —}/+ 1 (Vl 'B1)V17 (6)

where E; and B, are electric and magnetic fields, respec-
tively, of particle 1 in its rest frame and are given by

XX +yy +z2
1[x2 +2 +22}3/2’
XX +yy + 22
B, =g [X2 +y2 +Z2]3/2' (7)

Elze
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Inserting (7) into (6) and using the Poincaré transforma-
tions for the coordinates,

t=y(f —v7),

(8)

z=y(d —0r),

the electric-magnetic fields E| and B in the primed frame
become

vle\x + vgy'|X +yle)y —vg Xy + e vk
2+ 2 + 2K

Ylgix —ve y'|X +ylg1y + ve  X|§' + gk’ 9)
% +2 +y2k2]3/2 ’

E| =

’

B, —

where ¥ = (¥ — b) and k = (' — of'). Evaluating (9) at
r, = (0,0,0) one gets

—eybX' + g vyby — eyyvi’'7
(b2 +72 2 /2)%/2 ’

—g1ybx’ — e vyby — giyot'?
(b2 +]/2 2 /2)3/2

E| =

B) = (10)

Similarly, the electric and magnetic fields E/, and B/, in the
primed frame, evaluated at rj = (b,0, v7'), take the form

bx' + vi'7
92 (b2 + 2P
(11)

bx' + vi'7

[
E;=e (b2 + 212)2

and B) =

Inserting (10) and (11) into (4), one obtains the acceler-
ations

a. — (9192)b d. = (€192 — e291)vb

x1 m,y(b2 _l_vzt/z)a/z’ v mly(b2+v2t’2)3/2’
g = @)t

zl m1y3(b2 4 vzt/2)3/2’

; —(q192)yb ;o (‘3192 — €24 )}’Ub
o = my (b2 + 7202722 dyy = my (B + 72222

t

a/ (QIQZ)J/D (12)

2= my (b +120° /2)3/2’

where we defined ¢q,q, := eje, + g19,. Integrating both
sides of the equations in (12), we obtain the trajectories for
the first particle as

Xp=b+ (%;172)2 (V b? + %12 + ot),
myy
v, = (192~ g12) —bg1€2) (V b* + 012 4+ ot'),
mybv

vt
7 =t - 192 arctanh(

myy*v? V2i? +b2> (13)

and for the second particle as

xl2 — l (/Ut + v t/ + b }‘ ),
(6192 .9162) /[ 2.2 2 2
y,Z E v (U[/ ~ v t, + b }/ ),

t/
Z/Z (61132)221 ctanh U— .
myy~v /,U2t/2 + b2},—2

When integrating (12) to obtain (13) and (14), we used the
initial conditions

(14)

! —-—-c0: xy—>b, y-0 x>0 y,-0.

(15)
Following [4], we transition to the center of momentum

(COM) frame, before we begin to evaluate the conserved
quantities. Introducing

Ej:= \/m% + m3 + 2ymym,,

the corresponding transformations to the COM frame are
given by

_mtym p_rmv
Ey Ey
_m2+7mlz,_7m1”t,
Ey Ey
my(ymy +m
Y=+ —b 1 (7 ;2 1)’
0
y=y. (16)

Using these transformations, the trajectories (13) for the
first particle become

x; =b, + b(ilc;]/zv)z (v, + /B> + 0*13),

1
(6192

_9162) 2 2.2
H + b= + vt s
7o (7} 1 v 1)

E, t
2 =0, (t (619) arctanh o ) (17)

mymyp* v’ N

and the trajectories (14) for the second particle become

Y1 =
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Xy = b2 —L%)Z(Utz + \/ b2 -+ 112[%),
bmyyv
(3192 —91€2> 2.2
- —_—— = = =7 [ [ b2 -2
2 by (vty + 1/ v°15 + b7y 77),

E t
2 =1y (t - Marctanh e

_— ], 18
mymyy* v’ b+ v%%) (18)

where the parameters are given as

E E
l‘]zyiol, 2‘2:}/40[,
my +yms my +ym
my(m m my(m m
b, = o 2‘;7 l)b, by = — i 1‘2H/ Z)b,
o £y
m m
v :Lv, vy = __m (19)
my +yms my +ym,

In this section, we have extended the results of electron-
electron scoot studied in [4] to a generic dyon-dyon case.
The trajectories of the particles in the COM frame were
calculated and presented in (17) and (18). In the next section,
we compute the conserved quantities due to particle and field
contributions related to the aforementioned scoot.

ITII. CONSERVED QUANTITIES

A. Particle contribution

In this section we calculate the conserved energy,
momentum, angular momentum, and mass moment at
asymptotic times. These quantities for the particles are given
as

E; =yimy,

P; = yimyry,
L, =r xp,,

N; =y, —pygt, (20)

where I = 1, 2 is the particle index. The position vectors of
the particles at asymptotic times can be found by evaluating
(17) and (18) in the limit r — +oo [14]:

2
x; = b[ +®(t) (qIQZ)
ubyv

Dot +0(r), (@)
-0(1) 2(e192 — €291)

—1
'ubyy U[[ + O(t ), (22)

yr=

20|t
b

= (t— sgn(1) 413%3 log > +0(t?).  (23)
Hy v

Plugging (21)—(23)into (20) yields

my +ymp m; 419> -
Ef=——]—— - o2, (24
: E, (ml E, yv|t|) +0(). (24)
2 2 —
p, = +0() 7(%1;12) 2 -0 My
q19> (my + 7"12)2) A -
+ {Hrv— Z2+0(72), (25
( v’ E3i ( (25)

my(my +ymy)

L, = —ubyv §—0(1)2(e19, — exqn)

Ej
m2(m2—2i_yml)i+o(t_1)’ (26)
Ej
. 919 2yvE|t| R
N, = b X — t I -1
1 = Y1 01X Sgn()yzvz (Og(m1+ym2)b z
+ O, (27)
and
my + ym my 419> -
E,="2 1 0, A2 L o2), (28
2(q192) 2(e190 — ex91) .,
= —0O(1) ==~ ) de medl)
P2 o(1) by X +0(1) b
q19> (my + J’ml)2> N i
— | mro— 1+0(™), (29)
( r’vt Egle
my(my +ymy) ,
L, = —ﬂbyv%y - 0(1)2(e19, — e291)
0
mn ) oy .
0

. 7192 2yvE,|t| s
N, = byx — t 1 -1
2 = yamybyX — sgn( )ygyg (og (my + ymy)b z

+ 0. (31)

Summing them, the total contributions from the two particles
become

(q192) m3 4 m3 +2mymy [y n

El + E2 == EO - 1]|t| E2 O(t_z),
0
(32)
m3 —m?
Pl +py=— (9192) 2 L5+ 0(1‘_2), (33)

il E

L, + Ly = —ubyvy +2(e192 — €291)0(1)2 + O(17),
(34)
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N 8= 4 g

1 -1,
Ogm1+ymzz+0(t ). (35)

Considering these quantities at initial and final times, the
total changes in particle contributions read

AEme(:h =0, Apmech =0,
and

2(611612)10 my + ym P

r*v? my +ymy

AL yecn = 2(6192 - 6291)2- (36)

ANmech = -

The first difference from the findings of [4] is in AL cqp»
which vanishes in the case of electron-electron scattering
(g1 = g, = 0). Also note that in our case AN, takes
contribution from both electric and magnetic charges,
remembering our definition g;q, := eje; + g1 95-

B. Field contribution

As discussed in [4], the leading electromagnetic field is
determined by the leading straight-line motion of the
charges

/4
E, = R_Ig,(e,(x —by) + 191y, ey — gpvi(x = by), efkp),
1

Y
B, = R_IS(QI(X —by) —eqvry. gry + eyvy(x = by). grkp),
1
(37)
where y; = (1 — 27)7"/? and

Ri=\Jx=b)? 4+ -uh (39)

The field contributions to the conserved quantities are given
by

1
Er =— | d®x(E?+ B2 ,
F 871'/ x(E* + B?)

1
pr=-— [ @x(E xB),
4z

Ly — %/ Bx(x x (E x B)),

1
Ne = o / Fx(E +B)x—ppt. (39
T

Equation (39) contains both self-field contributions and
cross-term contributions to the conserved quantities.
Following [4], we only take the cross-term contributions,
and hence (39) becomes

2

pFX _/d3xs><’

Lp, = /d3x(x xS,),

1
Epo =2 / PxE,,

1
NF>< = _PFxt + 5/ d3x(5XX), (40)
where we defined

1
£, ——(E,-E,+B,-B,),
4”(1 2+ B+ By)
1
S>< = E(El X B2 —+ E2 X B1> (41)

Setting b = 0 and changing to cylindrical coordinates, the
electric and magnetic fields take the form

~ 7/ ~ A ~
E; = Tlg le1pp — grvipd + ek i),
1

Vi

ﬁ — =3
1 R;

(910D + e, UI/"IAS + g1k, 2], (42)

where k; = z — v;t and

Ry =\/p* +7ik}. (43)

Quantities in (41) expressed in cylindrical coordinates read

(e1e2 + 9192) rivalkiky + (1 + v0)p7]
47 IN'\’?R%

Sy=(...singp+ ...cosp)X + (...sing + ... cos )§

2
€1€2+9192}’172(111 :HJZ)P 2, (44)
4x RIR3

’

Ey =

_|_

13 ”

where represents coefficients independent of the
variable ¢. Substituting (44) into (40), the field contribu-
tions at infinite past and infinite future (up to linear order
contribution) are

e +91% ( , 2 nmymy
Epy =2 22 (2 4 m2 42 ,
1 ( b y

2 2
p _eaertgigpmy—my,
> I1] Ej

9’

Ly, = —sgn(t)(e g2 — €291)2,
€1€2+91921 my +ymy
55 0 7.
rv my +ym,

Np, ==+ (45)

Given that the field contribution of Ly, vanishes in [4], we
explicitly present our calculations here:

056026-5
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Ly = /d3x(x xSy)

0 © 2z — ki — k) p?
—/ dz/ pdp/ dgzb[i&(...sind)%—...cosgzﬁ)4—57(...sin¢—|-...cosr,i))—l—i(elg2 e291) rira(ki — ka)p
—0 0 0

dz,
w (S171k1 + $272k2)?

26192—62912/“’ riv2(ky — k)
2 _

where s; = sgn(k;).
To evaluate the last line of (46), it is useful to make the
substitution z — z|z| and evaluate the limit 1 — $oo:

A % (€192 —e291) (v —17)
L= F z/ dz—— — .
i w 2B F o)+ 3 F )P

(47)

Here, the upper (lower) sign corresponds to the ¢ —
+oo(—o0) limit and we have defined §; = sgn(z F v;).
The integral (47) has poles at z = +v; and z = +v, and
hence should be divided into three regions. The final result
turns out to be

Ly, = F (€192 — €291)2, (48)

which is identical to that in (45). This implies that the
change in the angular momentum of the electromagnetic
field is given by

ALg, = —2(e19, — e291)2, (49)

which balances the mechanical change in the angular
momentum given in (36). So, we have extended the results
of [4] on the electromagnetic scoot effect to the scattering
of two dyons.

IV. 1PM SCOOT ON THE HYPERBOLOIDAL
SLICE BOUNDARY

A. Field contribution

Until now, we have followed [4] and extended the results
found in that work to dyon scattering. In another interesting
work [13], the authors examine the conserved quantities in
an electromagnetic scattering process using a different
approach; namely, they transition from constant ¢ slices
and formulate conservation laws with hyperboloidal slices.
They show that one does not see the scoot effect at 1PM
order when the conserved quantities are evaluated on the
hyperboloidal slice boundary. We refer the reader to [13]
for a detailed discussion on the hyperboloidal slice boun-
dary. In this section, we extend this analysis to the dyon
scattering and show that there is still a scoot effect for the
angular momentum.

Following [13], the total mass moment on a constant-t
surface is given as

4 R?R%

(46)

|
Ni, = 72 / dpdfdgsinhp sin O(T%x' — T%1)x,.  (50)
The corresponding expression for the angular momentum is
M’({ =7 / dpdfddgsinh?p sin O(Tx/ — Txi)x,,  (51)
where

t = tcoshp, r = tsinhp, (52)
with x* = (1, x, y, z). To calculate these quantities, we need

to construct the electromagnetic energy-momentum tensor
using the definition

1
T = FAF = " FoF. (53)

The components take the form

1
TOO — T — 5(EZ + BZ)7

T =T = (E x B)/,
TV = -E'E/ — B'B/ + 3 (E2 + B?)5Y. (54)
The electric and magnetic fields of point particles moving

along some specified worldlines r;(z) with velocity v; and
acceleration a; are given by

EC,I _q_; 2 EI_VIA 3 )
1(1_U1) (1_R1'VI) ret
ER1:_1R1X((1A‘IA—V1)X31) ’
' RI <1 _RI'VI) ret
BI - lA{I|ret X EI’ (55)

where

R;(1) =r—r/(1), R; =R,/R;, (56)
and subscript “ret” indicates that the fields are evaluated at
the retarded time ¢, that satisfies R;(#,) = ¢ — t,. Assuming
that the particles are widely separated at late times, their
velocities, positions, and accelerations take the form

056026-6
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v =V;+0(1/1),
r; = V;t+ O(logt),
a; = 0(1/1), (57)

where V; is constant. In [13] the authors evaluate the total
mass moment (50) and angular momentum (51) on a
constant-z surface by using (55)—(57) and find that the
integrand of both quantities vanishes. Therefore, the scoot
effect at 1PM order vanishes when the conserved quantities
are evaluated on hyperboloidal slices. We now investigate
whether a similar phenomenon occurs in the case of dyon
scattering. For simplicity, let us start with one electric charge
and one magnetic charge. Particle 1 has only an electric
charge, so its electric and magnetic fields are still given by
(55). On the other hand, particle 2 has only a magnetic
charge, and its electric and magnetic fields are given by

B,y :% 2 El _VIA 3|
T(1=v7)7 (1 =Ry vp) [
BRI:ﬂRIX((RIA_VI)XaI) ’
’ RI (1 _RI'V1)3 ret
E1 = _ﬁ1|ret X BI' (58)

Now we use (55) for particle 1 and (58) for particle 2 and
construct the components of the electromagnetic energy-
momentum tensor by using (54). Following [13], we only
consider Coulomb fields, because they fall off as 772 while
radiation fields fall off as 7= and, looking at the forms of
(50) and (51), only the product of Coulomb terms can
survive the large-z limit. Replacing (56) and (57) into (55),
electric and magnetic fields of particle 1 can be written as

E1 :Al(r—vlt) and Bl = —A1<rXV1), (59)

where

€1 (I—V%)

TRII-R, )

(60)
Similarly, replacing (56) and (57) into (58), electric and
magnetic fields of particle 2 can be written as

B2 = Az(l’ - Vzl) and E2 = Az(l’ X Vz), (61)

where

A_gz

) (1 B V%) (62)

CRI(1-R, v,

Let us choose a frame where the particles are asymptotically
collinear and their velocities are along the z axis, namely,

V) = Vli, V) = —Vzi. (63)

With this choice, electric and magnetic fields for the particles
are

E, =A(x,y,2=V 1),
E; =A;(=V5y,V,x,0),

B, =A(=V,y,Vyx,0),
B, =A)(x,y,z+Vyt). (64)

Inserting (64) into (54), one can construct the electro-
magnetic energy-momentum tensor. Using this energy-
momentum tensor in (50), one can easily show that the
integrand vanishes and there is no contribution to the early
or late time mass moment for the hyperboloidal slice
boundary in monopole-electric charge scattering. This is
the same result for the case of the scattering of two electric
charges. Now, we continue with the calculation of angular
momentum components using (51).

The integrand in the calculation of angular momentum
takes the form

1V = (x'T# — X/ T#)x,,.

Taking into account the contributions of the first and
second particles, the energy-momentum tensor, and hence
1", naturally splits into three parts as

IV =14 + 13, + 1. (65)

In (65), the self-interaction terms /7, and I, contain field
contributions from only the first and second particles,
respectively, whereas the cross-term /7, contains field
contributions from both of the particles. -

With the definitions given in (54), I}, and I}, can be
shown to vanish for all 7, j € {1, 2, 3}, while the cross-term
contributions are given by

Iy = A Ay (=P + X2+ 2+ 2) (V) + V)
0 x> +y yz
x | —x? —y? 0 -xz |. (66)

—-yz Xz 0

The cross-term contribution to the late time angular
momentum in electric charge-monopole scattering can be
calculated by making use of (51):

Mi = / dpd@dpsinh®p sin 01 (p,0.¢),  (67)

where [ ’1’2 (p, 0, p) is evaluated using the coordinates given
in (52). Due to axial symmetry, the integrals of 713 ~ sin ¢
and I3 ~cos¢ over the ¢ coordinate vanish. The only
nonvanishing piece is the M'?> = —M?' component

056026-7



RASIM YILMAZ and ONUR AYBERK CAKMAK

PHYS. REV. D 114, 056026 (2026)

M2 = ”“’2/ /de/ a7
7172

which unfortunately we were not able to compute. How-
ever, we expect a nonzero contribution to the change in the
angular momentum in the z direction:

AL® = M12|7—>oo - M12|T—>—00’

as we show later in (83).

B. Particle contribution

In this section, we calculate the mechanical changes in
the conserved quantities, when they are evaluated at the
early and late proper times (corresponding to the hyper-
boloidal slice boundary). To do this, we follow the analysis
in [15] and extend this analysis for the scattering of an
electric charge and a magnetic charge.

Consider the motion of two charged particles in classical
relativistic electromagnetism in flat spacetime. The first
particle has electric charge e; and mass m;, while the
second particle has magnetic charge g, and mass m,. The
particles have proper-time-parametrized worldlines given
by x{(z;) and x5(7,). The equation of motion for the
worldline of the first particle is given by Lorentz equation

ml)'é’f = engD)-C;ll, (69)

where F4" is the field strength due to the field of the second
particle, evaluated at the position of the first particle. The
second particle has only magnetic charge in our construc-
tion, so the equation of motion for its worldline takes the
form

myih = g P i, (70)

where F/” is the dual field strength tensor due to the field of
the first particle, evaluated at the position of the second
particle.

Now we construct perturbative solutions to these equa-
tions and determine the particles’ worldlines. At zeroth
order, the worldlines can be taken as

xﬁo)” = b+ 1y, xéo)” = b1y, (71)

where i} and i} are zeroth-order 4-velocities, u.u, =y, and
b* is the impact parameter vector with b - u; =0 =10 - u,.

To solve Egs. (69) and (70), we need to determine F'”
and F%". For the scattering of two electric charges, these
field strength tensors are given in [15]:

csch’psin®@ (68)
(1 =cos® —cothp)v;]*[1 = (1 — cos @ — coth p)v,*’
v 2e 14
F" = rTl( b[ﬂull + T2”gl”1])v
12
o _2€2 1 1) ]
F5 :rT(b Uy + Ui uy), (72)
21
where
=1 = \JIbP + (o)
0)
ro =" = /1Bl + (ro)sd, (73)

and v is the relative velocity between the particles. In our
construction, the second particle has no electric charge but
has nonzero magnetic charge, so its field strength tensor
changes as

F - —rg—zeﬂ”gp(b" W+ 1)) (74)

21

One can also find the dual field strength tensor of the first
particle from (72):

€

3
)

B =—e,,(—blu p] + u[;uf]) (75)

So, the equations of the motions for the worldlines of
particles become

€192

myal = —Tulyeﬂ”gp(b["ug] + Tlu[fug]),
T
myds = +61ngu2y€””,,p(—b[”u’f] + TQM[;M'[I)]) (76)

21

Now, consider the initial rest frame of the second particle:

b =(0,b,0,0), uf =7(1,0,0,v), =(1,0,0,0).

(77)

The acceleration four-vectors are found as

e1gyvb
- 0,0 70 ’
( (b2+y2 2 2)3/2 )

:<o,o,— (elg””b o). (78)

m, b2 + 7/21)2,1.%)3/2 ’

Integrating once, one gets
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Z151);4 _ <0’0’6192 [1 + YT

70 b
mb Vb + yzvzr%] >

(2)u €192
=(0,0,— 1
" < myb [ -

vt
,0 . 79
b*+7° vzr%] > (&

Integrating once more, the first-order corrections to the
worldlines of the particles become

+¢m}0>’

1b YV
02 L 2022
A0k = <0, 0,192 [72 LV 72},0). (80)
myb YU

Now, using these trajectories we calculate the change in the
angular momentum. Following [15], the change in angular
momentum can be found by using

ALF = L — ¥,
_ & pip3 -
L=, dim = P )"
Pla = m,¥a. (81)

Inserting (39), (79) and (80) into (81), we obtain

2
AL* = ALY =0 and AL? =289

(ymy +my).  (82)

In the initial rest frame of the second particle (78), the total
energy of the particles is E = ym + m,, so we obtain

AL* = 261927 (83)

which is the same result with (36). So we have shown that
in the electric charge-magnetic charge scattering, the
change in the total angular momentum of the particles is
still there even if we formulate the conservation laws on
hyperboloidal slice boundary.

V. DISCUSSION AND CONCLUSION

In the first part of this work, we have shown that the
electromagnetic scoot—a permanent exchange of relativistic
mass moment between particles and fields—extends natu-
rally to the scattering of dyons. In [4], the authors examine
the relativistic scattering of two electric charges and show
that there is a change in the total mass moment of the
particles, which is balanced by an opposite change in the
mass moment stored in the electromagnetic field. Their
results show that this exchange is proportional to the product
of charges e¢; and e,. Our work is concentrated on the
relativistic scattering of two dyons and we also observe this
scoot effect for the mass moment. The net exchange we

calculated depends on both the electric charges and magnetic
charges; i.e., the proportionality factor we found is
e1e, + g»9,. Besides the net exchange in relativistic mass
moment, we also observe an exchange in angular momen-
tum in the case of dyons. This is an expected result since
Zwanziger already considered the scattering of dyons in [1]
and found a residual angular momentum in the electromag-
netic field of the in or out scattering states. While the
calculations of Zwanziger are based on field theoretical
methods, we consider a classical scattering process of two
dyons and use classical equations of motion to derive the
same result. Moreover, we extended the analysis of con-
served quantities to the particles and explicitly showed that
change in the angular momentum stored in electromagnetic
field is balanced by an equal but opposite change in the total
angular momentum of particles. Hence, we showed that the
electromagnetic scoot phenomenon extends to the scattering
process of dyons and provided an alternative route to derive
the results of [1].

The second part of this work focuses on the scattering of
an electric charge and a magnetic charge and corresponding
conservation laws formulated at hyperboloidal slice boun-
dary. The motivation of this analysis comes from the results
of [13], where the authors consider the scattering of two
electric charges and analyze the corresponding conserved
quantities on hyperboloidal slice boundary. Their analysis
shows that the electromagnetic scoot effect disappears at
1PM order for this boundary. We did the same analysis for
the scattering of one electric charge with one magnetic
charge to see if the electromagnetic scoot effect on the mass
moment and angular momentum for dyons also disappears
for such a boundary. For simplicity, we used one electric
charge and one magnetic charge in our calculations, but the
results can be easily generalized to the scattering of two
dyons. In Sec. IVA, it has been shown that the field
contribution to the early or late time mass moment vanishes
for the hyperboloidal slice boundary in monopole-electric
charge scattering. We also tried to find the field contribution
to the early and late time angular momentum but could not
find the result because of the complexity of the integral. So,
in Sec. IV B, we analyzed the particle contribution to the
early and late time angular momentum on hyperboloidal
slice boundary for the electric-magnetic charge scattering
process. The result of this section showed that there is a net
change in total angular momentum given by

AL = 261929 (84)

which should be balanced with opposite contribution from
the fields. So, this result shows that the dyonic contribution
to the electromagnetic scoot effect for the angular momen-
tum does not disappear at 1PM order, even if one formulates
the conservation laws on the hyperboloidal slice boundary.
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The result of this work suggests that the dyonic contribu-
tion to the electromagnetic scoot effect is independent of the
choice of boundary slicing. In this respect, it differs from the
Coulombic contribution, which is sensitive to whether the
conservation laws are evaluated on constant-time or hyper-
boloidal slices. Since these contributions are expected to be
associated with additional quantum numbers in asymptotic
multiparticle states, our findings may have implications for
the representation theory of such states. We leave a detailed
investigation of this connection to future work.
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