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In the scattering of two electric charges, the particles acquire a shift in their net boostlike angular
momentum, balanced by an opposite field contribution. This electromagnetic scoot effect appears at first
order in post-Minkowskian expansion when conservation laws are evaluated on constant-time slices but
disappears at this order on hyperboloidal slices. Here, we extend this analysis to scattering involving both
electric and magnetic charges and compare the results with the purely electric case in the context of
multiparticle state representations.
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I. INTRODUCTION

In the construction of an S-matrix, in and out states are
described by multiparticle states, and the representations of
these multiparticle states are generally taken as tensor
products of one-particle states. Although this assumption
seems consistent for the states at asymptotic times, in 1972
Zwanziger showed that, in the scattering of electric and
magnetic charges, an extra quantum number is necessary to
fully describe the process [1]. Zwanziger observed that, in
addition to the orbital and spin angular momenta carried by
the individual particles, the asymptotic in and out states
contain a residual angular momentum stored in the electro-
magnetic field. This residual field angular momentum modi-
fies the Lorentz transformation properties of the asymptotic
two-particle states, so that they are not described, in general,
by a simple tensor product of one-particle representations. As
formulated systematically in [2], this modification is encoded
in an additional pairwise sector, characterized by a Uð1Þ
pairwise little-group quantum number.
In 2021, the result of Zwanziger on the multiparticle

representations of the Poincaré group was extended in a
more systematic way [2]. In this work, the authors extend the
definition of asymptotic multiparticle states of the S-matrix,
beyond the tensor products of one-particle states. This
extension is made by generalizing the Wigner construction
to the pairs of particles by introducing the so-called pairwise
little groups. These pairwise little groups are defined as the

subgroups of Lorentz transformations which leave a pair of
momenta invariant. For a pair of particles, one can go to the
center of momentum frame and the corresponding pairwise
little group becomes Uð1Þ. The authors call the charge
related to thisUð1Þ transformation pairwise helicity. One can
also see the topological origin of pairwise helicity in [3].
Both [1,2] attributed this extra angular momentum and

the corresponding quantum number to the scattering of
dyons. In a recent work [4], another contribution to the
relativistic angular momentum was identified in the scat-
tering of two electric charges. The authors of [4] considered
the scattering of two electric charges and calculated the
balance of the relativistic angular momentum to the leading
order in perturbation. As a result, they showed that there is a
shift of the net boostlike angular momentum or mass
moment of the particles which is balanced by an opposite
change of the boostlike angular momentum carried by the
field, and they called this effect electromagnetic scoot. The
electromagnetic scoot has been also calculated in a covar-
iant fashion in [5] and extended to gravitational scattering
in [6]. This scoot effect implies that there should be an extra
quantum number for multiparticle states related to boost
transformation, and this boostlike quantum number has
been calculated in [7]. Related developments include the
extension of Zwanziger’s pairwise little group to the
celestial-sphere framework and to boost transformations
[8]. Pairwise little-group methods have also been applied to
electric-magnetic scattering amplitudes [9], the monopole
unitarity puzzle [10], partially celestial states [11] and the
relation between dressed and pairwise states [12].
The same analysis on electromagnetic scoot was made

with a different approach in [13], where, instead of using
constant-t slices, the conservation laws were formulated
with hyperboloidal slices. It was found that, when the
electromagnetic mass moment is evaluated on a hyper-
boloidal slice τ ¼ const, the early-late time integrals
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vanish. Thus, the electromagnetic scoot effect at first order
in post-Minkowskian expansion (1PM) is absent on this
hyperboloidal boundary for the scattering of two electric
charges. This raises a natural question: whether the same
conclusion holds when magnetic charges are included,
where residual field angular momentum already plays an
essential role in the structure of asymptotic multiparticle
states.
Motivated by this question, this work has two main parts.

In the first part, we extend the analysis of [4] on the
scattering of two electric charges to the scattering of two
dyons. Zwanziger has already considered dyon-dyon scat-
tering [1] and showed that there is a residual angular
momentum in the electromagnetic field of the in or out
scattering states. Here, we obtain the same result following
the analysis of [4] and also calculate the change in the total
mechanical angular momentum of the two particles to show
the scoot effect. In Sec. II, we consider a scattering encounter
between two dyons in the approximation of small deflection
and calculate their trajectories by using the Lorentz force
law. In Sec. III, we calculate conserved quantities at
asymptotic times using these trajectories. As a result, we
find the same extra contribution with [1] to the angular
momentum of electromagnetic field of in and out states and
show that this extra angular momentum carried by fields is
balanced by an equal but opposite change in the total angular
momentum of two dyons. Moreover, we calculate the extra
boostlike angular momentum or mass moment carried by the
fields at asymptotic times and the corresponding change in
the total mass moment of the particles.
The second part focuses on the same analysis on the

hyperboloidal slice boundary. Following [13], we formu-
late the conservation laws with hyperboloidal slices for the
scattering of an electric charge and a magnetic charge. In
Sec. IVA, we discuss the field contribution to the mass
moment and angular momentum. The mechanical contri-
bution to the angular momentum is calculated in Sec. IV B.
Our analysis shows that the scoot effect for the angular
momentum is there for electric charge-magnetic charge
scattering, even if one formulates the conservation laws on
the hyperboloidal slice boundary.
Conventions. Throughout this paper, we work in a 3þ 1-

dimensional Minkowski space embedded with the metric
η ¼ diagðþ1;−1;−1;−1Þ. Our convention for the sign of
the Levi-Civita symbol is ϵ0123 ¼ þ1.

II. SMALL-ANGLE SCATTERING OF
RELATIVISTIC DYONS

Following [4], we consider the scattering of two dyons in
the small deflection limit. We choose a frame in which one
of the particles is initially at rest and denote this frame by a
prime. The other dyon moves along the z0 direction and
initial transverse separation is along the x0 direction. Then,
the leading-order trajectories are given by

r01 ¼ ðb; 0; vt0Þ and r02 ¼ ð0; 0; 0Þ; ð1Þ

where b is the impact parameter and v is the relative
velocity, which is chosen to be positive without loss of
generality. Now, we present the Lorentz force acting on the
particles due to the electric and magnetic fields created by
one another. The most general form of the relativistic
equation of motion for the Ith particle, due to fields
generated by the Jth particle, is given by

d
dt

ðγImIvIÞ ¼ eI½EJ þ vI ×BJ� þ gI½BJ − vI ×EJ�; ð2Þ

where eI denotes the electric charge, gI denotes the
magnetic charge and γI ¼ ð1 − vI · vIÞ−1=2 is the Lorentz
factor. For a two-particle system, the corresponding equa-
tions written in a generic frame read

d
dt

ðγ1m1v1Þ ¼ e1½E2 þ v1 × B2� þ g1½B2 − v1 × E2�;
d
dt

ðγ2m2v2Þ ¼ e2½E1 þ v2 × B1� þ g2½B1 − v2 × E1�: ð3Þ

Using the leading-order trajectories in the primed frame (1),
the equations take the form

m1γ½̈r01 þ γ2vẑ0ðvẑ0 · ̈r01Þ� ¼ e1ðE0
2 þ vẑ0 × B0

2Þ
þ g1ðB0

2 − vẑ0 ×E0
2Þ;

m2 ̈r02 ¼ e2E0
1 þ g2B0

1: ð4Þ

The electric and magnetic fields generated by the second
particle at an arbitrary position are given by

E0
2 ¼ e2

x0x̂0 þ y0ŷ0 þ z0ẑ0

½x02 þ y02 þ z02�3=2 ;

B0
2 ¼ g2

x0x̂0 þ y0ŷ0 þ z0ẑ0

½x02 þ y02 þ z02�3=2 ; ð5Þ

and for the first particle they are given by

E0
1 ¼ γðE1 − v1 ×B1Þ −

γ2

γ þ 1
ðv1 ·E1Þv1;

B0
1 ¼ γðB1 þ v1 ×E1Þ −

γ2

γ þ 1
ðv1 ·B1Þv1; ð6Þ

where E1 and B1 are electric and magnetic fields, respec-
tively, of particle 1 in its rest frame and are given by

E1 ¼ e1
xx̂þ yŷ þ zẑ

½x2 þ y2 þ z2�3=2 ;

B1 ¼ g1
xx̂þ yŷ þ zẑ

½x2 þ y2 þ z2�3=2 : ð7Þ
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Inserting (7) into (6) and using the Poincaré transforma-
tions for the coordinates,

x ¼ x0 − b; y ¼ y0; z ¼ γðz0 − vt0Þ; t ¼ γðt0 − vz0Þ;
ð8Þ

the electric-magnetic fields E0
1 and B0

1 in the primed frame
become

E0
1 ¼

γ½e1x̄þ vg1y0�x̂0 þ γ½e1y0 − vg1x̄�ŷ0 þ e1γkẑ0

½x̄2 þ y02 þ γ2k2�3=2 ;

B0
1 ¼

γ½g1x̄ − ve1y0�x̂0 þ γ½g1y0 þ ve1x̄�ŷ0 þ g1γkẑ0

½x̄2 þ y02 þ γ2k2�3=2 ; ð9Þ

where x̄ ¼ ðx0 − bÞ and k ¼ ðz0 − vt0Þ. Evaluating (9) at
r02 ¼ ð0; 0; 0Þ one gets

E0
1 ¼

−e1γbx̂0 þ g1vγbŷ0 − e1γvt0ẑ0

ðb2 þ γ2v2t02Þ3=2 ;

B0
1 ¼

−g1γbx̂0 − e1vγbŷ0 − g1γvt0ẑ0

ðb2 þ γ2v2t02Þ3=2 : ð10Þ

Similarly, the electric and magnetic fields E0
2 and B

0
2 in the

primed frame, evaluated at r01 ¼ ðb; 0; vt0Þ, take the form

E0
2 ¼ e2

bx̂0 þ vt0ẑ0

ðb2 þ v2t02Þ3=2 and B0
2 ¼ g2

bx̂0 þ vt0ẑ0

ðb2 þ v2t02Þ3=2 :

ð11Þ

Inserting (10) and (11) into (4), one obtains the acceler-
ations

a0x1 ¼
ðq1q2Þb

m1γðb2 þ v2t02Þ3=2 ; a0y1 ¼
ðe1g2 − e2g1Þvb

m1γðb2 þ v2t02Þ3=2 ;

a0z1 ¼
ðq1q2Þvt0

m1γ
3ðb2 þ v2t02Þ3=2 ;

a0x2 ¼
−ðq1q2Þγb

m2ðb2 þ γ2v2t02Þ3=2 ; a0y2 ¼
−ðe1g2 − e2g1Þγvb
m2ðb2 þ γ2v2t02Þ3=2 ;

a0z2 ¼
−ðq1q2Þγvt0

m2ðb2 þ γ2v2t02Þ3=2 ; ð12Þ

where we defined q1q2 ≔ e1e2 þ g1g2. Integrating both
sides of the equations in (12), we obtain the trajectories for
the first particle as

x01 ¼ bþ ðq1q2Þ
m1γbv2

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ v2t02

p
þ vt0Þ;

y01 ¼
ðe1g2 − g1e2Þ

m1γbv
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ v2t02

p
þ vt0Þ;

z01 ¼ vt0 −
q1q2

m1γ
3v2

arctanh

�
vt0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2t02 þ b2
p

�
ð13Þ

and for the second particle as

x02 ¼ −
ðq1q2Þ
bm2v2

ðvt0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2t02 þ b2γ−2

q
Þ;

y02 ¼ −
ðe1g2 − g1e2Þ

bm2v
ðvt0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2t02 þ b2γ−2

q
Þ;

z02 ¼
ðq1q2Þ
m2γ

2v2
arctanh

�
vt0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2t02 þ b2γ−2
p

�
: ð14Þ

When integrating (12) to obtain (13) and (14), we used the
initial conditions

t0 → −∞∶ x01 → b; y01 → 0; x02 → 0; y02 → 0:

ð15Þ

Following [4], we transition to the center of momentum
(COM) frame, before we begin to evaluate the conserved
quantities. Introducing

E0 ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þm2
2 þ 2γm1m2

q
;

the corresponding transformations to the COM frame are
given by

t ¼ m2 þ γm1

E0

t0 −
γm1v
E0

z0;

z ¼ m2 þ γm1

E0

z0 −
γm1v
E0

t0;

x ¼ x0 − b
m1ðγm2 þm1Þ

E2
0

;

y ¼ y0: ð16Þ

Using these transformations, the trajectories (13) for the
first particle become

x1 ¼ b1 þ
ðq1q2Þ
bm1γv2

ðvt1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ v2t21

q
Þ;

y1 ¼
ðe1g2 − g1e2Þ

bm1γv
ðvt1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ v2t21

q
Þ;

z1 ¼ v1

�
t −

ðq1q2ÞE0

m1m2γ
3v3

arctanh
vt1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ v2t21
p

�
; ð17Þ

and the trajectories (14) for the second particle become
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x2 ¼ b2 −
ðq1q2Þ
bm2γv2

ðvt2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ v2t22

q
Þ;

y2 ¼ −
ðe1g2 − g1e2Þ

bm2v
ðvt2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2t22 þ b2γ−2

q
Þ;

z2 ¼ v2

�
t −

ðq1q2ÞE0

m1m2γ
3v3

arctanh
vt2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ v2t22
p

�
; ð18Þ

where the parameters are given as

t1 ¼
γE0

m1 þ γm2

t; t2 ¼
γE0

m2 þ γm1

t;

b1 ¼
m2ðm2 þ γm1Þ

E2
0

b; b2 ¼ −
m1ðm1 þ γm2Þ

E2
0

b;

v1 ¼
γm2

m1 þ γm2

v; v2 ¼ −
γm1

m2 þ γm1

v: ð19Þ

In this section, we have extended the results of electron-
electron scoot studied in [4] to a generic dyon-dyon case.
The trajectories of the particles in the COM frame were
calculated and presented in (17) and (18). In the next section,
we compute the conserved quantities due to particle and field
contributions related to the aforementioned scoot.

III. CONSERVED QUANTITIES

A. Particle contribution

In this section we calculate the conserved energy,
momentum, angular momentum, and mass moment at
asymptotic times. These quantities for the particles are given
as

EI ¼ γImI;

pI ¼ γImI ṙI;

LI ¼ rI × pI;

NI ¼ γImIrI − pIt; ð20Þ

where I ¼ 1, 2 is the particle index. The position vectors of
the particles at asymptotic times can be found by evaluating
(17) and (18) in the limit t → �∞ [14]:

xI ¼ bI þ ΘðtÞ 2ðq1q2Þ
μbγv2

vItþOðt−1Þ; ð21Þ

yI ¼ −ΘðtÞ 2ðe1g2 − e2g1Þ
μbγv

vItþOðt−1Þ; ð22Þ

zI ¼ vI

�
t − sgnðtÞ q1q2

μγ3v3
log

2vjtIj
b

�
þOðt−2Þ: ð23Þ

Plugging (21)–(23)into (20) yields

E1 ¼
m1 þ γm2

E0

�
m1 −

m2

E0

q1q2
γvjtj

�
þOðt−2Þ; ð24Þ

p1 ¼ þΘðtÞ 2ðq1q2Þ
bv

x̂ − ΘðtÞ 2ðe1g2 − e2g1Þ
b

ŷ

þ
�
μγv −

q1q2
γ2v2

ðm1 þ γm2Þ2
E2
0jtj

�
ẑþOðt−2Þ; ð25Þ

L1 ¼ −μbγv
m2ðm2 þ γm1Þ

E2
0

ŷ − ΘðtÞ2ðe1g2 − e2g1Þ

×
m2ðm2 þ γm1Þ

E2
0

ẑþOðt−1Þ; ð26Þ

N1 ¼ γ1m1b1x̂ − sgnðtÞ q1q2
γ2v2

�
log

2γvE0jtj
ðm1 þ γm2Þb

− 1

�
ẑ

þOðt−1Þ; ð27Þ

and

E2 ¼
m2 þ γm1

E0

�
m2 −

m1

E0

q1q2
γvjtj

�
þOðt−2Þ; ð28Þ

p2 ¼ −ΘðtÞ 2ðq1q2Þ
bv

x̂þ ΘðtÞ 2ðe1g2 − e2g1Þ
b

ŷ

−
�
μγv −

q1q2
γ2v2

ðm2 þ γm1Þ2
E2
0jtj

�
ẑþOðt−2Þ; ð29Þ

L2 ¼ −μbγv
m1ðm1 þ γm2Þ

E2
0

ŷ − ΘðtÞ2ðe1g2 − e2g1Þ

×
m1ðm1 þ γm2Þ

E2
0

ẑþOðt−1Þ; ð30Þ

N2 ¼ γ2m2b2x̂ − sgnðtÞ q1q2
γ2v2

�
log

2γvE0jtj
ðm2 þ γm1Þb

− 1

�
ẑ

þOðt−1Þ: ð31Þ

Summing them, the total contributions from the two particles
become

E1 þ E2 ¼ E0 −
ðq1q2Þ
vjtj

m2
1 þm2

2 þ 2m1m2=γ
E2
0

þOðt−2Þ;

ð32Þ

p1 þ p2 ¼ −
ðq1q2Þ
jtj

m2
2 −m2

1

E2
0

ẑþOðt−2Þ; ð33Þ

L1 þL2 ¼ −μbγvŷ þ 2ðe1g2 − e2g1ÞΘðtÞẑþOðt−1Þ;
ð34Þ
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N1þN2 ¼−sgnðtÞ ðq1q2Þ
γ2v2

log
m2þ γm1

m1þ γm2

ẑþOðt−1Þ: ð35Þ

Considering these quantities at initial and final times, the
total changes in particle contributions read

ΔEmech ¼ 0; Δpmech ¼ 0;

and

ΔNmech ¼ −
2ðq1q2Þ
γ2v2

log
m2 þ γm1

m1 þ γm2

ẑ;

ΔLmech ¼ 2ðe1g2 − e2g1Þẑ: ð36Þ

The first difference from the findings of [4] is in ΔLmech,
which vanishes in the case of electron-electron scattering
(g1 ¼ g2 ¼ 0). Also note that in our case ΔNmech takes
contribution from both electric and magnetic charges,
remembering our definition q1q2 ≔ e1e2 þ g1g2.

B. Field contribution

As discussed in [4], the leading electromagnetic field is
determined by the leading straight-line motion of the
charges

EI ¼
γI
R3
I
ðeIðx − bIÞ þ vIgIy; eIy − gIvIðx − bIÞ; eIkIÞ;

BI ¼
γI
R3
I
ðgIðx − bIÞ − eIvIy; gIyþ eIvIðx − bIÞ; gIkIÞ;

ð37Þ

where γI ¼ ð1 − v2I Þ−1=2 and

RI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx − bIÞ2 þ y2 þ γ2I ðz − vItÞ2

q
: ð38Þ

The field contributions to the conserved quantities are given
by

EF ¼ 1

8π

Z
d3xðE2 þB2Þ;

pF ¼ 1

4π

Z
d3xðE ×BÞ;

LF ¼ 1

4π

Z
d3xðx × ðE ×BÞÞ;

NF ¼ 1

8π

Z
d3xðE2 þB2Þx − pFt: ð39Þ

Equation (39) contains both self-field contributions and
cross-term contributions to the conserved quantities.
Following [4], we only take the cross-term contributions,
and hence (39) becomes

EF× ¼ 1

2

Z
d3xE×;

pF× ¼
Z

d3xS×;

LF× ¼
Z

d3xðx × S×Þ;

NF× ¼ −pF×tþ
1

2

Z
d3xðE×xÞ; ð40Þ

where we defined

E× ¼ 1

4π
ðE1 ·E2 þB1 ·B2Þ;

S× ¼ 1

4π
ðE1 ×B2 þE2 ×B1Þ: ð41Þ

Setting b ¼ 0 and changing to cylindrical coordinates, the
electric and magnetic fields take the form

ẼI ¼
γI
R̃3
I

½eIρρ̂ − gIvIρϕ̂þ eIkI ẑ�;

B̃I ¼
γI
R̃3
I

½gIρρ̂þ eIvIρϕ̂þ gIkIẑ�; ð42Þ

where kI ¼ z − vIt and

R̃I ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ γ2I k

2
I

q
: ð43Þ

Quantities in (41) expressed in cylindrical coordinates read

E× ¼ ðe1e2 þ g1g2Þ
4π

γ1γ2½k1k2 þ ð1þ v1v2Þρ2�
R̃3
1R̃

3
2

;

S× ¼ ð… sinϕþ… cosϕÞx̂þ ð… sinϕþ… cosϕÞŷ

þ e1e2 þ g1g2
4π

γ1γ2ðv1 þ v2Þρ2
R̃3
1R̃

3
2

ẑ; ð44Þ

where “…” represents coefficients independent of the
variable ϕ. Substituting (44) into (40), the field contribu-
tions at infinite past and infinite future (up to linear order
contribution) are

EF× ¼ e1e2 þ g1g2
E2
0jvtj

�
m2

1 þm2
2 þ 2

m1m2

γ

�
;

pF× ¼ e1e2 þ g1g2
jtj

m2
2 −m2

1

E2
0

ẑ;

LF× ¼ −sgnðtÞðe1g2 − e2g1Þẑ;
NF× ¼ � e1e2 þ g1g2

γ2v2
log

m2 þ γm1

m1 þ γm2

ẑ: ð45Þ

Given that the field contribution of LF× vanishes in [4], we
explicitly present our calculations here:
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LF× ¼
Z

d3xðx × S×Þ

¼
Z

∞

−∞
dz

Z
∞

0

ρdρ
Z

2π

0

dϕ

�
x̂ð… sinϕþ… cosϕÞ þ ŷð… sinϕþ… cosϕÞ þ ẑ

ðe1g2 − e2g1Þ
4π

γ1γ2ðk1 − k2Þρ2
R̃3
1R̃

3
2

�

¼ e1g2 − e2g1
2

ẑ
Z

∞

−∞

γ1γ2ðk1 − k2Þ
ðs1γ1k1 þ s2γ2k2Þ2

dz; ð46Þ

where sI ≡ sgnðkIÞ.
To evaluate the last line of (46), it is useful to make the

substitution z → zjtj and evaluate the limit t → �∞:

LF× ¼ ∓ ẑ
Z

∞

∞
dz

ðe1g2− e2g1Þðv1−v2Þ
2½s̃1γ1ðz∓ v1Þþ s̃2γ2ðz∓ v2Þ�2

: ð47Þ

Here, the upper (lower) sign corresponds to the t →
þ∞ð−∞Þ limit and we have defined s̃I ≡ sgnðz ∓ vIÞ.
The integral (47) has poles at z ¼ �v1 and z ¼ �v2 and
hence should be divided into three regions. The final result
turns out to be

LF× ¼ ∓ ðe1g2 − e2g1Þẑ; ð48Þ

which is identical to that in (45). This implies that the
change in the angular momentum of the electromagnetic
field is given by

ΔLF× ¼ −2ðe1g2 − e2g1Þẑ; ð49Þ

which balances the mechanical change in the angular
momentum given in (36). So, we have extended the results
of [4] on the electromagnetic scoot effect to the scattering
of two dyons.

IV. 1PM SCOOT ON THE HYPERBOLOIDAL
SLICE BOUNDARY

A. Field contribution

Until now, we have followed [4] and extended the results
found in that work to dyon scattering. In another interesting
work [13], the authors examine the conserved quantities in
an electromagnetic scattering process using a different
approach; namely, they transition from constant t slices
and formulate conservation laws with hyperboloidal slices.
They show that one does not see the scoot effect at 1PM
order when the conserved quantities are evaluated on the
hyperboloidal slice boundary. We refer the reader to [13]
for a detailed discussion on the hyperboloidal slice boun-
dary. In this section, we extend this analysis to the dyon
scattering and show that there is still a scoot effect for the
angular momentum.
Following [13], the total mass moment on a constant-τ

surface is given as

Ni
ðτÞ ¼ τ2

Z
dρdθdϕsinh2ρ sin θðT0νxi − TiνtÞxν: ð50Þ

The corresponding expression for the angular momentum is

Mij
ðτÞ ¼ τ2

Z
dρdθdϕsinh2ρ sin θðTiνxj − TjνxiÞxν; ð51Þ

where

t ¼ τ cosh ρ; r ¼ τ sinh ρ; ð52Þ

with xν ¼ ðt; x; y; zÞ. To calculate these quantities, we need
to construct the electromagnetic energy-momentum tensor
using the definition

Tμν ¼ FμαFν
α −

1

4
ημνFαβFαβ: ð53Þ

The components take the form

T00 ¼ Ttt ¼ 1

2
ðE2 þ B2Þ;

Ti0 ¼ Tit ¼ ðE ×BÞi;

Tij ¼ −EiEj − BiBj þ 1

2
ðE2 þ B2Þδij: ð54Þ

The electric and magnetic fields of point particles moving
along some specified worldlines rIðtÞ with velocity vI and
acceleration aI are given by

EC;I ¼
qI
R2
I

R̂I − vI
ð1 − v2I Þ−1ð1 − R̂I · vIÞ3

����
ret

;

ER;I ¼
qI
RI

R̂I × ððR̂I − vIÞ × aIÞ
ð1 − R̂I · vIÞ3

����
ret

;

BI ¼ R̂Ijret ×EI; ð55Þ

where

RIðtÞ ¼ r − rIðtÞ; R̂I ¼ RI=RI; ð56Þ

and subscript “ret” indicates that the fields are evaluated at
the retarded time tr that satisfies RIðtrÞ ¼ t − tr. Assuming
that the particles are widely separated at late times, their
velocities, positions, and accelerations take the form
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vI ¼ VI þOð1=tÞ;
rI ¼ VItþOðlog tÞ;
aI ¼ Oð1=t2Þ; ð57Þ

where VI is constant. In [13] the authors evaluate the total
mass moment (50) and angular momentum (51) on a
constant-τ surface by using (55)–(57) and find that the
integrand of both quantities vanishes. Therefore, the scoot
effect at 1PM order vanishes when the conserved quantities
are evaluated on hyperboloidal slices. We now investigate
whether a similar phenomenon occurs in the case of dyon
scattering. For simplicity, let us start with one electric charge
and one magnetic charge. Particle 1 has only an electric
charge, so its electric and magnetic fields are still given by
(55). On the other hand, particle 2 has only a magnetic
charge, and its electric and magnetic fields are given by

BC;I ¼
gI
R2
I

R̂I − vI
ð1 − v2I Þ−1ð1 − R̂I · vIÞ3

����
ret

;

BR;I ¼
gI
RI

R̂I × ððR̂I − vIÞ × aIÞ
ð1 − R̂I · vIÞ3

����
ret

;

EI ¼ −R̂Ijret × BI: ð58Þ

Now we use (55) for particle 1 and (58) for particle 2 and
construct the components of the electromagnetic energy-
momentum tensor by using (54). Following [13], we only
consider Coulomb fields, because they fall off as τ−2 while
radiation fields fall off as τ−3 and, looking at the forms of
(50) and (51), only the product of Coulomb terms can
survive the large-τ limit. Replacing (56) and (57) into (55),
electric and magnetic fields of particle 1 can be written as

E1 ¼ A1ðr − v1tÞ and B1 ¼ −A1ðr × v1Þ; ð59Þ

where

A1 ¼
e1
R3
1

ð1 − v21Þ
ð1 − R̂1 · v1Þ3

: ð60Þ

Similarly, replacing (56) and (57) into (58), electric and
magnetic fields of particle 2 can be written as

B2 ¼ A2ðr − v2tÞ and E2 ¼ A2ðr × v2Þ; ð61Þ

where

A2 ¼
g2
R3
2

ð1 − v22Þ
ð1 − R̂2 · v2Þ3

: ð62Þ

Let us choose a frame where the particles are asymptotically
collinear and their velocities are along the z axis, namely,

v1 ¼ V1ẑ; v2 ¼ −V2ẑ: ð63Þ

With this choice, electric and magnetic fields for the particles
are

E1 ¼ A1ðx;y;z−V1tÞ; B1 ¼ A1ð−V1y;V1x;0Þ;
E2 ¼ A2ð−V2y;V2x;0Þ; B2 ¼ A2ðx;y;zþV2tÞ: ð64Þ

Inserting (64) into (54), one can construct the electro-
magnetic energy-momentum tensor. Using this energy-
momentum tensor in (50), one can easily show that the
integrand vanishes and there is no contribution to the early
or late time mass moment for the hyperboloidal slice
boundary in monopole-electric charge scattering. This is
the same result for the case of the scattering of two electric
charges. Now, we continue with the calculation of angular
momentum components using (51).
The integrand in the calculation of angular momentum

takes the form

Iij ¼ ðxiTjμ − xjTiμÞxμ:

Taking into account the contributions of the first and
second particles, the energy-momentum tensor, and hence
Iij, naturally splits into three parts as

Iij ¼ Iij11 þ Iij22 þ Iij12: ð65Þ

In (65), the self-interaction terms Iij11 and I
ij
22 contain field

contributions from only the first and second particles,
respectively, whereas the cross-term Iij12 contains field
contributions from both of the particles.
With the definitions given in (54), Iij11 and Iij22 can be

shown to vanish for all i; j∈ f1; 2; 3g, while the cross-term
contributions are given by

Iij12 ¼ A1A2ð−t2 þ x2 þ y2 þ z2ÞðV1 þ V2Þ

×

0
B@

0 x2 þ y2 yz

−x2 − y2 0 −xz
−yz xz 0

1
CA: ð66Þ

The cross-term contribution to the late time angular
momentum in electric charge-monopole scattering can be
calculated by making use of (51):

Mij ¼
Z

dρdθdϕsinh2ρ sin θIij12ðρ; θ;ϕÞ; ð67Þ

where Iij12ðρ; θ;ϕÞ is evaluated using the coordinates given
in (52). Due to axial symmetry, the integrals of I1312 ∼ sinϕ
and I2312 ∼ cosϕ over the ϕ coordinate vanish. The only
nonvanishing piece is the M12 ¼ −M21 component
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M12 ¼ e1g2
v1 þ v2
γ21γ

2
2

Z
∞

0

dρ
Z

π

0

dθ
Z

2π

0

dϕ
csch2ρsin3θ

½1þ ð1 − cos θ − coth ρÞv1�3½1 − ð1 − cos θ − coth ρÞv2�3
; ð68Þ

which unfortunately we were not able to compute. How-
ever, we expect a nonzero contribution to the change in the
angular momentum in the z direction:

ΔLz ≔ M12jτ→∞ −M12jτ→−∞;

as we show later in (83).

B. Particle contribution

In this section, we calculate the mechanical changes in
the conserved quantities, when they are evaluated at the
early and late proper times (corresponding to the hyper-
boloidal slice boundary). To do this, we follow the analysis
in [15] and extend this analysis for the scattering of an
electric charge and a magnetic charge.
Consider the motion of two charged particles in classical

relativistic electromagnetism in flat spacetime. The first
particle has electric charge e1 and mass m1, while the
second particle has magnetic charge g2 and mass m2. The
particles have proper-time-parametrized worldlines given
by xμ1ðτ1Þ and xμ2ðτ2Þ. The equation of motion for the
worldline of the first particle is given by Lorentz equation

m1ẍ
μ
1 ¼ e1F

μν
2 ẋμ1; ð69Þ

where Fμν
2 is the field strength due to the field of the second

particle, evaluated at the position of the first particle. The
second particle has only magnetic charge in our construc-
tion, so the equation of motion for its worldline takes the
form

m2ẍ
μ
2 ¼ g2F̃

μν
1 ẋμ2; ð70Þ

where F̃μν
1 is the dual field strength tensor due to the field of

the first particle, evaluated at the position of the second
particle.
Now we construct perturbative solutions to these equa-

tions and determine the particles’ worldlines. At zeroth
order, the worldlines can be taken as

xð0Þμ1 ¼ bμ þ uμ1τ1; xð0Þμ2 ¼ uμ2τ2; ð71Þ

where uμ1 and u
μ
2 are zeroth-order 4-velocities, u1:u2¼ γ, and

bμ is the impact parameter vector with b · u1 ¼ 0 ¼ b · u2.
To solve Eqs. (69) and (70), we need to determine Fμν

1

and Fμν
2 . For the scattering of two electric charges, these

field strength tensors are given in [15]:

Fμν
1 ¼ 2e1

r312
ð−b½μuν�1 þ τ2u

½μ
2 u

ν�
1 Þ;

Fμν
2 ¼ 2e2

r321
ðb½μuν�2 þ τ1u

½μ
1 u

ν�
2 Þ; ð72Þ

where

r21 ¼ rð0Þ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jbj2 þ ðγvÞ2τ21

q
;

r12 ¼ rð0Þ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jbj2 þ ðγvÞ2τ22

q
; ð73Þ

and v is the relative velocity between the particles. In our
construction, the second particle has no electric charge but
has nonzero magnetic charge, so its field strength tensor
changes as

Fμν
2 → −

g2
r321

ϵμνσρðb½σuρ�2 þ τ1u
½σ
1 u

ρ�
2 Þ: ð74Þ

One can also find the dual field strength tensor of the first
particle from (72):

F̃μν
1 ¼ e1

r312
ϵμνσρð−b½σuρ�1 þ τ2u

½σ
2 u

ρ�
1 Þ: ð75Þ

So, the equations of the motions for the worldlines of
particles become

m1a
μ
1 ¼ −

e1g2
r312

u1νϵμνσρðb½σuρ�2 þ τ1u
½σ
1 u

ρ�
2 Þ;

m2a
μ
2 ¼ þ e1g2

r321
u2νϵμνσρð−b½σuρ�1 þ τ2u

½σ
2 u

ρ�
1 Þ: ð76Þ

Now, consider the initial rest frame of the second particle:

bμ ¼ ð0; b;0;0Þ; uμ1 ¼ γð1;0;0; vÞ; uμ2 ¼ ð1;0;0;0Þ:
ð77Þ

The acceleration four-vectors are found as

aμ1 ¼
�
0; 0;

e1g2γvb

m1ðb2 þ γ2v2τ21Þ3=2
; 0

�
;

aμ2 ¼
�
0; 0;−

e1g2γvb

m2ðb2 þ γ2v2τ22Þ3=2
; 0

�
: ð78Þ

Integrating once, one gets
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vð1Þμ1 ¼
�
0; 0;

e1g2
m1b

�
1þ γvτ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ γ2v2τ21
p

�
; 0

�
;

vð2Þμ2 ¼
�
0; 0;−

e1g2
m2b

�
1þ γvτ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ γ2v2τ22
p

�
; 0

�
: ð79Þ

Integrating once more, the first-order corrections to the
worldlines of the particles become

xð1Þμ1 ¼
�
0; 0;

e1g2
m1b

�
τ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ γ2v2τ21

p
γv

�
; 0

�
;

xð1Þμ2 ¼
�
0; 0;−

e1g2
m2b

�
τ2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ γ2v2τ22

p
γv

�
; 0

�
: ð80Þ

Now, using these trajectories we calculate the change in the
angular momentum. Following [15], the change in angular
momentum can be found by using

ΔLμ ¼ Lμ
f − Lμ

i ;

Lμ
f=i ¼ lim

τ1;τ2→�∞
− ϵμνρσ

pν
1p

σ
2

E
ðx1 − x2Þσ;

pμ
a ¼ maẋ

μ
a: ð81Þ

Inserting (39), (79) and (80) into (81), we obtain

ΔLx ¼ ΔLy ¼ 0 and ΔLz ¼ 2e1g2
E

ðγm1 þm2Þ: ð82Þ

In the initial rest frame of the second particle (78), the total
energy of the particles is E ¼ γm1 þm2, so we obtain

ΔLz ¼ 2e1g2; ð83Þ

which is the same result with (36). So we have shown that
in the electric charge-magnetic charge scattering, the
change in the total angular momentum of the particles is
still there even if we formulate the conservation laws on
hyperboloidal slice boundary.

V. DISCUSSION AND CONCLUSION

In the first part of this work, we have shown that the
electromagnetic scoot—a permanent exchange of relativistic
mass moment between particles and fields—extends natu-
rally to the scattering of dyons. In [4], the authors examine
the relativistic scattering of two electric charges and show
that there is a change in the total mass moment of the
particles, which is balanced by an opposite change in the
mass moment stored in the electromagnetic field. Their
results show that this exchange is proportional to the product
of charges e1 and e2. Our work is concentrated on the
relativistic scattering of two dyons and we also observe this
scoot effect for the mass moment. The net exchange we

calculated depends on both the electric charges and magnetic
charges; i.e., the proportionality factor we found is
e1e2 þ g2g2. Besides the net exchange in relativistic mass
moment, we also observe an exchange in angular momen-
tum in the case of dyons. This is an expected result since
Zwanziger already considered the scattering of dyons in [1]
and found a residual angular momentum in the electromag-
netic field of the in or out scattering states. While the
calculations of Zwanziger are based on field theoretical
methods, we consider a classical scattering process of two
dyons and use classical equations of motion to derive the
same result. Moreover, we extended the analysis of con-
served quantities to the particles and explicitly showed that
change in the angular momentum stored in electromagnetic
field is balanced by an equal but opposite change in the total
angular momentum of particles. Hence, we showed that the
electromagnetic scoot phenomenon extends to the scattering
process of dyons and provided an alternative route to derive
the results of [1].
The second part of this work focuses on the scattering of

an electric charge and a magnetic charge and corresponding
conservation laws formulated at hyperboloidal slice boun-
dary. The motivation of this analysis comes from the results
of [13], where the authors consider the scattering of two
electric charges and analyze the corresponding conserved
quantities on hyperboloidal slice boundary. Their analysis
shows that the electromagnetic scoot effect disappears at
1PM order for this boundary. We did the same analysis for
the scattering of one electric charge with one magnetic
charge to see if the electromagnetic scoot effect on the mass
moment and angular momentum for dyons also disappears
for such a boundary. For simplicity, we used one electric
charge and one magnetic charge in our calculations, but the
results can be easily generalized to the scattering of two
dyons. In Sec. IVA, it has been shown that the field
contribution to the early or late time mass moment vanishes
for the hyperboloidal slice boundary in monopole-electric
charge scattering. We also tried to find the field contribution
to the early and late time angular momentum but could not
find the result because of the complexity of the integral. So,
in Sec. IVB, we analyzed the particle contribution to the
early and late time angular momentum on hyperboloidal
slice boundary for the electric-magnetic charge scattering
process. The result of this section showed that there is a net
change in total angular momentum given by

ΔLz ¼ 2e1g2; ð84Þ

which should be balanced with opposite contribution from
the fields. So, this result shows that the dyonic contribution
to the electromagnetic scoot effect for the angular momen-
tum does not disappear at 1PM order, even if one formulates
the conservation laws on the hyperboloidal slice boundary.
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The result of this work suggests that the dyonic contribu-
tion to the electromagnetic scoot effect is independent of the
choice of boundary slicing. In this respect, it differs from the
Coulombic contribution, which is sensitive to whether the
conservation laws are evaluated on constant-time or hyper-
boloidal slices. Since these contributions are expected to be
associated with additional quantum numbers in asymptotic
multiparticle states, our findings may have implications for
the representation theory of such states. We leave a detailed
investigation of this connection to future work.
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