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We demonstrate that at finite density and sufficiently high temperatures, phase-quenched (PQ) lattice
simulations combined with perturbation theory provide a new precision approach to determining the
thermodynamics of QCD across a wide arc of the phase diagram where the strong coupling constant αs
remains small. In this regime, nonperturbative pairing effects in the PQ theory are parametrically
suppressed, so that the difference between the PQ and full QCD pressures becomes a small perturbative

correction. We compute this correction up to and includingOðα7=2s Þ using electrostatic QCD together with a
novel numerical method to compute four-loop sum-integrals. This enables the determination of the
perturbative QCD pressure with precision beyond the current state of the art while including non-
perturbative pure-gluonic contributions from the lattice.
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I. INTRODUCTION

The bulk thermodynamics of QCD across its phase
diagram still lack a detailed quantitative understanding, de-
spite decades of theoretical and experimental effort [1–3].
This is due to a lack of both first-principles calculations and
experimental data throughout a large portion of the temper-
ature T and baryon chemical potential μB plane. At high T
and low μB, lattice Monte Carlo simulations [4] have
established a crossover from hadronic matter to a quark-
gluon plasma, also probed in heavy-ion collisions [5]. How-
ever, these methods break down for μB=T ≳ 3.5 [6–8] due to
the sign problem [9,10], while experimental data does not
currently probe larger μB [11–14]. Hence, in this regime,
alternative techniques such as functional methods [15–17],

holography [18–22], or approaches combining multiple
inputs [23–27] must be employed.
As a result, first-principles information about QCD

thermodynamics, encoded in the equation of state (EOS),
is limited to disconnected regions of the phase diagram,
leaving the intermediate-density, finite-temperature regime
essentially unconstrained. This region is, however, phenom-
enologically highly relevant for forthcoming heavy-ion
experiments at intermediate beam energies, including low-
energy scan programs at the Facility for Antiproton and Ion
Research, and for binary neutron-star mergers, both of which
crucially depend on the EOS at finite T and μB for Nf ¼ 3
quark flavors.
At very large values of T or μB, the strong coupling

constant αs becomes small, and perturbative calculations
directly within QCD itself become feasible. These calcu-
lations have reached theOðα5=2s Þ level throughout the phase
diagram [28], including the effects of a nonzero strange-
quark mass [29], by exploiting effective field theories of
long-wavelength screened gluonic fluctuations [30–32]
appearing in loop corrections. Though these are first-
principles calculations, they are not without challenges.
For example, it has long been known that perturbative QCD
suffers from poor convergences in the high-T, low-μB
region [33]. Additionally, the uncertainty quantification
of errors from missing higher-order terms in the truncated
perturbative series is currently rather limited [34–36], with
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most works simply varying the renormalization scale in
results by a factor of two to approximate this uncertainty.
Furthermore, at high μB and small T, gluonic attraction
between quarks is expected to lead to the formation of a
color superconductor, altering the ground state at high
densities [37–46] and contributing a subdominant, non-
perturbative pairing term to the pressure ppairing ∝ μ2BΔ2,
with Δ the pairing gap. There is ongoing discussion in the
literature as to the size of these pairing corrections, with
some recent works suggesting loop corrections to ppairing

may be unexpectedly large [47], while others suggest the
leading-order (LO) coefficient may be smaller than pre-
viously computed [48,49].
Another approach to study the QCD phase diagram that

has recently received renewed attention [50–52] is to instead
study the phase-quenched (PQ) theory, by dropping the
complex fermion phases in the QCD path integral Z. This
removes the sign problem and allows for direct Monte Carlo
lattice simulations. In particular, the two-flavor PQ theory
corresponds to QCD at nonzero isospin chemical potential
μI ¼ μu ¼ −μd with u and d denoting the up and down
quarks [53]. Since dropping the fermionic phase amounts to
taking an absolute value of the fermionic determinant in Z,
the pressure in the PQ theory must be greater than the true
pressurep and the two theories satisfypPQðfμigÞ ≥ pðfμigÞ
for any number of fermions with a fixed set of chemical
potentials fμig. In Ref. [50], it was shown that Δp ≔
pPQ − p is parametrically small of Oðα3sÞ at exactly zero
temperature and asymptotically large values of μB—up to
nonperturbative pairing corrections in the two theories—and
that the LO contribution to the difference arises from a single
finite Feynman diagram (up to fermionic orientations).
The part of this “Bugblatter” diagram [54] contributing to
this difference was subsequently computed numerically
in Ref. [55].
However, it has been demonstrated that nonperturbative

pairing effects in the Nf ¼ 2 PQ theory are strongly
enhanced compared to QCD [52,56], making it more
difficult to extract useful information about QCD from
PQ lattice simulations. Additionally, extrapolating simu-
lations performed at large μB and finite T to vanishing
temperatures proves to be technically very challenging (for
a discussion, see Ref. [50]).
In this work, we show that these difficulties can be

circumvented by considering higher temperatures and
number of quark flavors, with Nf ¼ 3 being the most
interesting scenario for phenomenological applications.
Although phase quenching does not lead to a sensible
physical theory in this case, it nevertheless has a well-
defined pressure, and Δp remains a rigorously finite and
positive quantity that can be used to place rigorous
constraints on the pressure of the physical theory through
the relation p ¼ pPQ − Δp.
Concentrating on the Δp quantity, the arguments of

Ref. [50] demonstrating that the leading-order contribution

arises from a single Feynman diagram extend to nonzero
temperatures with only minor modifications. In particular,
temperature-dependent infrared divergences can be sys-
tematically treated using well-known effective field theory
techniques, while unknown nonperturbative quark-pairing
effects are suppressed at sufficiently high temperatures,
making lattice simulations more accessible by avoiding
uncontrolled T → 0 extrapolations occurring at large μB.
Therefore, combining PQ lattice simulations with a per-
turbative evaluation of Δp enables an accurate determi-
nation of the thermodynamics of three-flavor QCD
throughout a large arc in the phase diagram (see Fig. 1).
This information can then be used as a crucial boundary
condition to constrain the EOS in the phenomenologically
relevant region in a largely model-independent way (see,
e.g., Ref. [57]).
In the following, we make this argument more precise

and quantitative by estimating the critical temperature TPQ
c

in the PQ theory, necessary to remove the unknown pairing
corrections from Δp. Additionally, we compute the per-
turbative contributions to Δp at Oðα3s ln αsÞ, Oðα3sÞ, and
Oðα7=2s Þ for nonzero temperature and density. This provides
a prescription for determining the QCD pressure across a
large region of the phase diagram with an error of Oðα4sÞ,
while including nonperturbative pure-gluonic contributions
from the lattice. This result surpasses the accuracy of state-
of-the-art perturbative results [28].

II. REVIEW OF PQ AND THE PAIRING GAP

The PQ theory can be constructed from the path integral
of QCD with Nf quark flavors,

FIG. 1. The QCD phase diagram with its phases (italic text) and
the regions accessible using various computational techniques
(shaded regions and colored text). The PQ critical temperature of
the paired phase restricts the applicability of PQ simulations to
determine the QCD pressure, indicated by the blue-to-orange
fade in the bottom right.
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ZðT; fμigÞ ¼
Z

DAνe−S½Aν�
YNf

i¼1

detðDðμiÞÞ; ð1Þ

by replacing the fermion determinant by jdetDðμiÞj ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detDðμiÞ detDð−μiÞ

p
, a property following from γ5-

hermiticity. Here Aν are the gluonic fields, S½Aν� is the
usual gluonic action, fμig is a set of Nf quark chemical
potentials, and DðμiÞ ≔ =Dþmi þ μiγ

0 is the Dirac oper-
ator. By further using

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detDð�μiÞ

p
¼ exp

�
1

2
· tr logDð�μiÞ

�
; ð2Þ

one finds that the Feynman rules for the PQ theory are the
same as in QCD with 2Nf “half-fermions”, with each
fermion loop receiving an additional symmetry factor of
1=2. We denote the basis for these half-fermions ðqþ; q−ÞT ,
where qþ and q− are each made up of Nf Dirac-spinors and
the sign� refers to the sign of the chemical potential of the
quark. For the rest of this work, we will specialize to the
case of massless quarks with identical chemical poten-
tials μq ¼ μB=3.
To see how quantities differ from the case of isospin with

Nf ¼ 2, we now estimate the pairing gap in the PQ theory
with Nf ¼ 3 quark flavors. For a more detailed discussion
about this computation, see Appendix A. The dominant
contribution will be between quarks and antiquarks of the
same color and opposing chemical potential, due to the
exponential gap increase for color-neutral qþ–q̄− pairing
[52,56]. Moreover, instanton effects favor negative parity
[56]. We hence assume that the Dirac and color spaces of the
half-fermion propagator decomposes into a tensor product,
leaving one undeterminedNf × Nf matrixΦ parameterizing
the flavor angles of the pairing. Without loss of generality,
we can assume Φ ¼ ΔPQ1f for the flavor angles.
Following the weak-coupling computations performed in

Refs. [43,52] with an effective half-fermion action based on
Ref. [58], we find the following estimate for the pairing gap
at zero temperature:

ΔPQ ¼ μq
16π3=2

α5=2s

�
2

Nf

�
5=2

exp

�
−
3π3=2

4
ffiffiffiffiffi
αs

p −
1

4
−
π2

16

�
: ð3Þ

In the two-flavor case, this gap matches the isospin case of
Ref. [52], and we see that for larger Nf the gap is reduced in
size. The Nf dependence in this expression originates from

the scaling ∝ N1=2
f in the gluon screening mass, which

modifies the gluonic propagation at low momentum and
decreases the interaction strength between the quarks in the
medium. The expression for the gap in Eq. (3) can also be
related to the critical temperature [43]. For the pairing pattern
discussed above, we find that the critical temperature TPQ

c is

related to the gap as TPQ
c ¼ eγEΔPQ=π ≈ 0.57ΔPQ,

reproducing the standard Bardeen-Cooper-Schrieffer pairing
relation [59].
Using these relations, we can estimate the critical temper-

ature for the Nf ¼ 3 PQ theory assuming massless quark
matter in equilibrium under flavor-changing weak processes
(beta equilibrium) within full QCD. Taking a reference
value of αsð2 GeVÞ ¼ 0.2994 in the Nf ¼ 3 case [60], we
then use three-loop running of the coupling to a lower

scale Λ̄ ¼ X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2μqÞ2 þ ð0.723 × 4πTÞ2

q
, with X∈ ½1=2; 2�

[28,29,61–63]. Using this procedure, we estimate the critical
temperature for the Nf ¼ 3 PQ theory to be about TPQ

c ≃
40–110 MeV for baryon chemical potentials μB≃2.5–
3.0GeV. For comparison, in the same range of baryon
chemical potential, the critical temperature of theNf ¼ 2 PQ

theory is enhanced, resulting in TPQ
c ≃ 110–340 MeV

assuming the value αsð2 GeVÞ ¼ 0.2710 [64,65]. While
these estimates are based on weak-coupling expansions
potentially valid only at much higher chemical potentials,
the fact that TPQ

c in the Nf ¼ 3 case is decreased compared
to theNf ¼ 2 case suggests that using three-flavor PQ lattice
simulations to solve for the QCD pressure in the unpaired
phase is possible throughout a large swath of the phase
diagram.

III. DIFFERENCE BETWEEN PQ AND QCD AT
FINITE T IN THE UNPAIRED PHASE

The corresponding Feynman rules for the PQ theory
amount to averaging over the sign of the chemical
potentials, thereby extracting the real part of the quark
loop [55]. Hence, when computing Δp perturbatively, the
first contribution occurs with the four-loop Bugblatter
diagrams, constructed from two quark loops attached by
three gluon lines [50,55],

ð4Þ

This remains true regardless of whether one has T ¼ 0 or
T > 0. As further pointed out in Ref. [50], only the part of
the quark loop that is symmetric in the color (latin) indices
of the three incoming gluonic momenta—being propor-
tional to the QCD color factor dabc ≔ 2trðTafTb; TcgÞ—
contributes to the difference Δp.
To evaluate Δp at such high perturbative order, knowl-

edge of the divergent properties of the diagrams in Eq. (4) is
crucial. Being a leading-order effect, on renormalization
grounds one expects at least UV finiteness. Indeed, it was
shown in Ref. [55] that, at T ¼ 0, this is achieved locally by
summing up the two diagrams at the integrand level. For
T > 0, the vanishing of thermal effects in the UV limit
guarantees that the same conclusion holds. That such
internal cancellations occur in the most general case of
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nonzero temperatures (and even nonzero quark masses) is a
feature that enables a numerical treatment of the full
diagrams in Eq. (4) without the need to construct any
UV counterterms.
However, in medium, IR sensitivities can arise from the

dynamical screening of low-energy or low-momentum
gluonic fluctuations, which are sensitive to the soft screen-
ing mass scale,

m2
E ¼ g2

3

��
Nc þ

Nf

2

�
T2 þ 3

2π2
Nfμ

2
q

�
; ð5Þ

with Nc ¼ 3 the number of gluon colors and g ¼ ð4παsÞ1=2
the gauge coupling. As explained in Ref. [28], two types of
screening of “soft” low-momentum (jp⃗j≲mE) gluons
occur at this scale. The first type refers to the screening
of nonstatic modes of gluonic fields Aν, which can be
described within the framework of hard-thermal/dense-
loop (HTL) resummation [30,31,66]. The second type,
in contrast, refers to the screening of static temporal gluonic
modes Aν¼0, which is minimally described by the dimen-
sionally reduced effective theory known as electrostatic
QCD (EQCD) [32,67–69]. While the first type of screening
persists even at zero temperature, the latter arises exclu-
sively at nonzero temperature. Their relative importance in
observables such as the thermodynamic pressure can be
estimated by the ratio T=mE [28].
Since the combination of diagrams in Eq. (4) has been

argued to be IR finite in the T ¼ 0 limit based on the
properties of the HTL three-gluon interaction [50] (and
shown explicitly in Ref. [55]), the nonstatic gluonic
contributions are free of divergences at Oðα3sÞ even at
nonzero temperatures. However, the lower dimensionality
of the static sector at T > 0—as described by the EQCD
effective theory—leads to an enhanced IR sensitivity that
translates into genuine divergences.
Following previous work in thermal field theory [28,70],

a simple handling of soft modes for Δp can be established
through the expression

Δp ¼ ðΔpnaive − Δpnaive
EQCDÞ þ Δpres

EQCD: ð6Þ

Here, the Δpnaive contribution to Oðα3sÞ corresponds to the
Bugblatter diagrams displayed in Eq. (4), while the Δpres

EQCD

term captures the physics of the soft scale in a fully
resummed, infrared-finite fashion in EQCD. Finally, the
Δpnaive

EQCD quantity is obtained by expanding resummed
contributions in Δpres

EQCD in powers of αs, resulting in
integrals that act as local counterterms that eliminate any
IR-sensitive contributions arising in the loop expansion
Δpnaive. A more detailed explanation for each of these terms
is provided in Appendix B.
Due to the multiscale nature of the problem involving μq

and the ratio mE=μq ∝ α1=2s , the weak-coupling expansion

of Δp exhibits nonanalytic dependence in αs—particularly
logarithms and fractional powers. In this work, we achieve
the evaluation of Δp in Eq. (6) to Oðα7=2s Þ accuracy in the
renormalized coupling, adopting the form

Δp ¼
�
αs
π

�
3
�
c1 þ c2 ln

αs
π
þ c3

�
αs
π

�
1=2

�
; ð7Þ

where the coefficients ci ¼ ciðT; μqÞ are finite functions.
The coefficients c2 and c3 arise from the EQCD terms in
Eq. (6) and are computable analytically as simple functions
of T and μq. However, c1 must exhibit a nontrivial func-
tional dependence as it arises from the integral expression
Δpnaive in full QCD. Note that Δp → 0 as μq → 0, since it
arises explicitly as a difference between QCD and the PQ
theory with a μq ↦ −μq symmetry.
The precise definitions for the ci coefficients and their

evaluation can be found in greater detail in Appendix B;
here we content ourselves to list the results and describe
what the computation entails. In EQCD, the presence of a
nonzero quark chemical potential breaks the charge con-
jugation symmetry, acting as Ā0 ↦ −Ā0 in the low-energy
temporal gauge fields Ā0. This gives rise to a renormaliz-
able effective operator iγ̄trðĀ0Þ3 in EQCD [71], where the
coefficient γ̄ is derived from the matching relation in
Eq. (B2). Crucially, this operator is absent in the PQ
version of EQCD, as such a theory exhibits charge
conjugation symmetry by construction [72]. Hence, soft
contributions to Δp up to Oðα7=2s Þ are graphs with two
insertions of cubic Ā0 vertices, corresponding to two- and
three-loop vacuum diagrams in EQCD.
The leading-order contribution to Δp in EQCD is the

fully massive two-loop sunset diagram in Eq. (B7), which
features a logarithmic divergence that is responsible for the
ln αs structure and hence the c2 coefficient in Eq. (7). On
the other hand, the coefficient c3 arises from the evaluation
of the four three-loop graphs in EQCD listed in Eq. (B14),
of which only two are nontrivial. The resulting analytical
expressions for c2 and c3 for general Nc and Nf can be
found in Eqs. (B13) and (B19), respectively. Here we set
Nc ¼ Nf ¼ 3, which yields

c2 ¼ −5T2μ2q; c3 ¼ 48.8753
T2μ2qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðμqπTÞ2

q : ð8Þ

Finally, the coefficient c1 includes contributions from
EQCD and full QCD. The former arises from the counter-
term Δpnaive

EQCD, whose explicit form is shown in Eq. (B9).
This counterterm cancels an IR sensitivity from the dia-
grams in Eq. (4) on the integrand level. Together with the
built-in local cancellation of UV divergences in the sum of
diagrams in Eq. (4), this leads to a four-loop integration that
is locally finite in all kinematic regions.
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Although the full diagrammatic expression is locally fully
finite after including the proper IR counterterm from EQCD,
its complexity is apparent. Evaluating the corresponding
scalarized sum-integrals that emerge by expanding the Dirac
traces requires knowledge of several nonfactorizable four-
loop vacuum integral topologies at T; μB > 0 in QCD [55],
computations that have thus far remained intractable. To
bypass this technical obstacle altogether, we employ at the
full-diagram level an algorithmic approach originally devel-
oped in collider physics based on the loop-tree duality
(LTD), whose main goal is to render loop integrals numeri-
cally tractable through direct Monte Carlo (MC) integration
in momentum space (see, e.g., Refs. [73–86]).
The LTD approach was recently generalized to a thermal

setting—first at nonzero density [55] and later at finite
temperature [70]—and has proven effective already at the
four-loop level [87]. While c1 in Eq. (7) was computed with
this method already in Ref. [55] at T ¼ 0, herewe achieve its
evaluation using a full extension to nonzero T, dubbed
thermalLTD [88]. The general algorithm consists roughly
of three steps [89,90]: (i) A subtraction of IR and UV
divergences at the integrand level; (ii) An analytic evaluation
of Matsubara sums, yielding a closed-form locally finite
three-dimensional representation; (iii) A Monte Carlo inte-
gration of the resulting phase-space integral using
Symbolica [91]. In Table I, some representative numerical
values for c1 along an arc in the phase diagram are shown,
together with the total number of MC samples and the
evaluation time per sample per core using thermalLTD.
The total CPU time for each point is obtained by multiplying
these two quantities.

IV. RESULTS AND DISCUSSION

Collecting our results for the ci coefficients appearing in
Eq. (7), in Fig. 2 we show the Nf ¼ 3 Δp along the arc
ð4.338πTÞ2 þ ð3μqÞ2 ¼ ð3 GeVÞ2 in the phase diagram for
the temperature range T ∈ ½0; 220� MeV, with and without
the c3 term. Given our choice of renormalization scale, this
arc is such that αs remains constant and relatively small
(αs ≲ 0.48), while covering points inside the region of
validity of current lattice simulations in full QCD [6–8] (see
Fig. 1). We stress that Δp, while well-defined for T ≲ TPQ

c

(hatched interval in Fig. 2), may receive sizable pairing
contributions from the phase-quenched sector.
In Fig. 2, we see that already for T ≳ 140 MeV,

corresponding to μq ≲ 770 MeV, the three-loop EQCD
contribution is significant, ultimately preventing Δp from
crossing into a region where the nonperturbative inequality
Δp ≥ 0 is violated [92]. In this regime, the typical
momenta of nonstatic (hard) and static (soft) thermal
gluons are of similar magnitude (2πT ≈mE), giving rise
to large soft corrections. This showcases the importance of
including soft contributions in the form of fractional powers
in αs in high-temperature observables [33,93].
Upon inspecting the scale uncertainties in Fig. 2 for the

complete Oðα7=2s Þ result, we find that the band decreases as
one moves away from the T ¼ 0 axis and effectively
vanishes near T ≃ 220 MeV. This reflects the disappear-
ance of Δp in the limit μq → 0. The small-μq region
therefore provides controlled benchmark points for direct
comparison between PQ lattice simulations and full QCD
results valid for μB ≲ 3.5T [8]. Given the role of the c3 term
at higher temperatures, a quantitative assessment of uncer-
tainties across the phase diagram ultimately requires the
determination of Oðα4sÞ corrections to Δp.
Having motivated the need to extend the perturbative

calculation to the next order, we emphasize that this task is
conceptually straightforward. Importantly, extending our
calculation to Oðα4sÞ is significantly simpler than computing
the full QCD pressure to the same order: working with Δp
reduces the number of required five-loop diagrams by
roughly an order of magnitude, which can then be evaluated

TABLE I. Representative values for c1ðT; μqÞ along the arc
defined by ð4.338πTÞ2 þ ð3μqÞ2 ¼ ð3 GeVÞ2. Here, N indicates
the number of MC samples needed for each ðT; μqÞ point with
[ms] the time spent on one sample on a single CPU core.

c1ðT; μqÞ [GeV4] T [MeV] N½108� [ms]

0.2401(8) 25 4.62 7.2
0.1853(7) 50 2.9 7.4
−0.09523ð31Þ 125 2.9 7.6
−0.19729ð20Þ 175 2.9 9.5

FIG. 2. Pressure difference Δp for Nf ¼ 3 from Eq. (7)
throughout the phase-diagram arc ð4.338πTÞ2 þ ð3μqÞ2 ¼
ð3 GeVÞ2 for T ∈ ½0; 220� MeV. The renormalization scale is

chosen as Λ̄ ¼ X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2μqÞ2 þ ð0.723 × 4πTÞ2

q
, where X is varied

in the range ½1=2; 2� for the full Δp and fixed to X ¼ 1 for the
partial result with c3 ¼ 0. The numerical errors from the MC
integration for c1 are very small and hence not shown here. The
hatching on the T axis for T ≲ TPQ

c refers to the range where
potentially large pairing effects might occur.
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with thermalLTD given enough computational resources.
Furthermore, the soft contributions at Oðα4s þ α4s ln αsÞ and
Oðα9=2s Þ can be computed within the effective theories with
significantly less effort. Notably, the onset of nonperturbative
effects in Δp is postponed to Oðα5sÞ, as purely gluonic
diagrams sensitive to the magnetic scale αsT [94,95] cancel.
A more detailed discussion is given in Appendix C.
As a further generalization of our computation of Δp, a

nonzero strange-quark mass can be readily incorporated
into thermalLTD and the EQCD theory. We note,
however, that such effects on the pressure have previously
been found to be of Oð1%Þ in the hot and dense limits of
QCD [29,63,96]. Whether this conclusion also applies to
Δp in the unpaired phase remains an interesting question
for future work.
Finally, we stress that the values of ðT; μqÞ shown in Fig. 2

were chosen for illustration. Indeed, one can trivially compute
the value of Δp at another point in the phase diagram from
these values, provided αs remains small, by noting that the
coefficients ci scale homogeneously as ciðsT; sμqÞ ¼
s4ciðT; μqÞ. Because pairing effects are suppressed for

T ≳ TPQ
c , our results demonstrate that a large region of

the QCD phase diagram can be determined to high accuracy
once pPQ is known. For this reason, we strongly encourage
the lattice community to perform this computation.
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APPENDIX A: PHASE-QUENCHED PAIRING GAP

In this appendix, we provide details on the derivation of
the quark pairing gap and the critical temperature in the PQ
theory for general Nf.
Introducing the gap structure into the half-flavor inverse

propagator matrix leads to the ansatz,

�hqþq̄þi hqþq̄−i
hq−q̄þi hq−q̄−i

�−1
¼
�½Gþ�−11f þΦ†γ51c

−Φγ51c ½G−�−11f

�
; ðA1Þ

where 1f and 1c are identity matrices in flavor and color
space, respectively, andG� is the half-fermion propagator of
q� in the case of a vanishing gap. Further, we can assume the
flavor anglesΦ ¼ ΔPQ1f to be diagonal. This can always be
achieved by performing a singular-value decomposition of
the matrix Φ, which amounts to performing two unitary
flavor transformations qþ ↦ Uþqþ and q− ↦ U−q− to
diagonalize Φ. Since there is no difference between the
fermions, the singular values of Φ must be equal, and we
find Nf identical gap equations corresponding to Nf

identical pairings hqf−γ51cq̄fþi between a single qfþ of flavor
f with a single qf− of the same flavor.
To set up the gap equation, we require the free propa-

gator S0 and the gluon interaction matrix Γμ
a in our chosen

basis. These are

S−10 ≔
� ½Gþ

0 �−1 0

0 ½G−
0 �−1

�
⊗ 1f;

Γμ
a ≔

�
γμTa 0

0 γμTa

�
⊗ 1f; ðA2Þ

where

½G�
0 �−1 ¼

X
e¼�

½k0 � ðμq − ekÞ�γ0Λð�eÞ
k⃗

ðA3Þ

is the massless Dirac operator, and the projection ΛðeÞ
k⃗

¼
ð1þ eγ0γ⃗ · k̂Þ=2 provides the spinor structure. Furthermore,
the full propagator S and self-energy contributions Σ are
denoted by

S ≔
�
Gþ Fþ

F− G−

�
⊗ 1f; Σ ≔

� Σþ Φþ

Φ− Σ−

�
⊗ 1f;

ðA4Þ

where we can factor out the flavor structure due to the
diagonal form of Φ. The off-diagonal elements F� and Φ�
are related to the off-diagonal elements of Eq. (A1), and will
be fixed later.
We derive the self-consistent Schwinger-Dyson equation

following the effective action approach of Ref. [58], with
a slight modification regarding the PQ half-flavors. The
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half-flavor contribution to the two-particle-irreducible (2PI)
PQ effective action is stated as

Γ½S� ≔ 1

2
Tr½ln S−1� þ 1

2
Tr½S−10 S − 1� þ Γ2½S;D�; ðA5Þ

where Γ2½S;D� are 2PI diagrams constructed by the half-
flavor propagator S and gluon propagatorD with additional
factors of 1=2 introduced for each fermion loop. The
stationary point of the effective action with respect to
the half-flavor propagator S leads to the following equa-
tions:

1

2
S−1 ¼ 1

2
S−10 þ 1

2
Σ;

1

2
Σ ¼ δΓ2

δS
½S;D�; ðA6Þ

which serve as the self-consistency equations. At leading
order, Γ2½S;D� is simply given by the two-loop sunset
diagram, taking its variational derivative results in the self-
energy,

1

2
ΣðKÞ ¼ −

g2

2

XZ

Q

Γμ
aSðQÞΓν

bD
ab
μνðK −QÞ: ðA7Þ

The diagonal self-energy components,

Σ�ðKÞ ≈ ḡ2 logðM2=k20Þk0γ0Λ�
k⃗
; ðA8Þ

were already given in Ref. [52], with M2 ≡ Nfg2μ2q=ð8πÞ
and ḡ≡ g=ð3 ffiffiffi

2
p

πÞ. Using the Φþ component of the self-
consistency equation, it is possible to eliminate the depend-
ence on G� and F� via the other components of the same
equation, thus arriving at an expression given in terms ofΦ�
and the gluon propagator D. Here, our structure of the
pairing gapΦ�

k ¼ �Δkγ
51c, which is fixed by Eq. (A1), can

be used to solve for Δk.
Carrying out a HTL approximation for the gluon

propagator D along the lines of Ref. [43], the Matsubara
sum in the self-energy is left to be solved. We achieve this
by splitting up the propagator into longitudinal and trans-
verse components, and making use of the formulas for the
respective Matsubara sum contribution derived in Ref. [43],
which hold in the limit gμ ≫ Δk.
With all these ingredients, we arrive at the following gap

equation:

Δk ¼ 2ḡ2
Z

δ

0

dðp − μÞ
ϵ̃p

�
Z2ðϵ̃pÞ tanh

�
ϵ̃p
2T

�

×
1

2
ln

�
b̃2μ2q

jϵ̃2p − ϵ̃2kj
�
Δp

�
; ðA9Þ

where b̃ ¼ 256π4g−5ð2=NfÞ52, the wave function renorm-
alization factor is Zðp0Þ ¼ ½1þ ḡ2 lnðM2=p2

0Þ�−1, and the

dispersion relation reads ϵp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp − μqÞ2 þ Δ2

p

q
; the

modified dispersion relations are ϵ̃p ¼ ϵpZðϵpÞ, while δ
gives an arbitrary energy scale Δk ≪ δ ≪ gμq encoding the
momenta around the Fermi surface.
In Ref. [52], Eq. (A9) was already considered in the

Nf ¼ 2 case. Here, we are able to reproduce the result in
the Nf ¼ 2 case and generalize the pairing gap estimate
ΔPQ to arbitrary number of flavors Nf. Using the gap
equation and the methods used in Ref. [43], we obtain the
PQ critical temperature reported in the main text.

APPENDIX B: EQCD CONTRIBUTIONS TO Δp

The purpose of this appendix is threefold: (i) Compute the
Oðα3s ln αsÞ contribution to Δp and derive Δpnaive

EQCD thereof;
(ii) Construct the locally finite Oðα3sÞ expression to be
integrated with thermalLTD; (iii) Evaluate the Oðα7=2s Þ
contribution to Δp. This fixes the coefficients c1, c2 and c3
appearing in Eq. (7).
To this order, the effective theory we need is [71]

LEQCD ¼ 1

2
trF̄ijF̄ij þ tr½D̄i; Ā0�½D̄i; Ā0�

þm2
EtrĀ

2
0 þ iγ̄trĀ3

0; ðB1Þ

where the field-strength tensor is F̄ij ≡ ∂iĀj − ∂jĀi −
igE½Āi; Āj� and the covariant derivative in the fundamental
representation is D̄i ≡ ∂i − igEĀi. The barred low-energy
fields have mass dimension one-half, the dimensionful
coupling is g2E ¼ g2T to leading order, and the mass
parameter to leading order is that of Eq. (5).
To use Δpnaive

EQCD as an infrared counterterm in the evalu-
ation of c1 in Eq. (7), the γ̄ effective parameter is required in
unintegrated form. To this end, we match static three-point
functions for the A0 field in QCD and EQCD to one-loop
order at vanishing external momenta Pi ¼ 0, where the
Euclidean four-momenta is P ¼ ðωb=f

n ;pÞ for bosons
(ωb

n ¼ 2πTn) and fermions (ωf
n ¼ πTð2nþ 1Þ þ iμq).

This results in the following matching equation:

ðB2Þ
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where the purely bosonic loops vanish. This yields

γ̄ ¼ i
3
g3NfT1=2Γð3Þ

000ð0; 0Þ þOðg5Þ; ðB3Þ

where the one-loop sum-integral is defined as

Γð3Þ
μνσðP1; P2Þ ≔

XZ

fSg

tr½=Sγμð=S − =P1Þγνð=Sþ =P2Þγσ�
S2ðS − P1Þ2ðSþ P2Þ2

; ðB4Þ

which for vanishing external momenta reduces to

Γð3Þ
μνσð0; 0Þ ¼ 4ð1 − dÞUμUνUσ

XZ

fSg

S0
ðS2Þ2 : ðB5Þ

Here,Uμ ≡ ð1; 0Þ is the four-vector defining the rest frame of
the heat bath, and the sum-integral symbol is defined as
follows:

XZ

P=fPg

fðPÞ ≔ T
X
n∈Z

Z
p
fðωb=f

n ;pÞ;

Z
p
≔

�
eγEΛ̄
4π

�
ε Z ddp

ð2πÞd ; ðB6Þ

where we employ dimensional regularization in d ¼ 3 − 2ε
spatial dimensions in the MS renormalization scheme. The
sum-integral in Eq. (B5) is straightforward to evaluate for
general d in terms of Hurwitz Zeta functions (see, e.g.,
Ref. [97]), resulting in the effective parameter γ̄ ¼
g3NfT1=2μq=3π2 þOðεÞ [71]. Although the linear term in
ε may result in Oð1Þ contributions in individual terms by
multiplying a pole in ε, it can be seen to drop out in the
physical result Δp. To this end, we keep γ̄ in d-dimensional
form in intermediate steps.
The leading-order soft contribution toΔp is the two-loop

sunset diagram in EQCD, which reads

ðB7Þ

where the minus sign in front comes from the definition of
Δp, and the corresponding massive three-dimensional two-
loop integral is (r ¼ p − q) [98]

S3dðmÞ ≔
Z
pq

1

ðp2 þm2Þðq2 þm2Þðr2 þm2Þ

¼ 1

ð4πÞ2
�
1

4ε
þ ln

Λ̄3d

3m
þ 1

2
þOðεÞ

�
: ðB8Þ

Here, the MS scale is that of the three-dimensional theory.
Before commenting on the resulting expression, let us
derive the Δpnaive

EQCD contribution from Δpres
EQCD.

In Eq. (B7), we need to expand m2
E ¼ 0þOðg2Þ in the

propagators and write γ̄ in unintegrated form. At the order
we are working, it suffices to simply set mE ¼ 0, yielding
the expression

Δpnaive
EQCD ¼ g6T2

3 × 42
dabcdabcðΓð3Þ

000Þ2S3dð0Þ þOðg8Þ: ðB9Þ

Here, the S3dð0Þ integral is logarithmically divergent in the
infrared, counteracting the infrared sensitivity exhibited by
the Bugblatter diagrams in Δpnaive. We stress that, in order
to remove this sensitivity at the local (i.e., integrand) level,

one must rely on the full expressions for Γð3Þ
000 and S3d

without any further manipulations.
From Refs. [50,55], it is straightforward to write down

the finite-temperature generalization of the Bugblatter
diagrams defining the Δpnaive quantity. It reads

Δpnaive ¼ g6

48
N2

fd
abcdabc

XZ

P1P2

½ImΓð3Þ
μνσðP1; P2Þ�2

P2
1P

2
2ðP1 − P2Þ2

: ðB10Þ

Importantly, despite Δpnaive being an ultraviolet-finite
quantity (as explained in Refs. [50,55]; the argument
remains valid at nonzero temperature), the infrared counter-
term Δpnaive

EQCD itself suffers from ultraviolet divergences.
Therefore, an adequate counterterm Δpnaive

EQCD;CT must be
further subtracted at the integrand level. Although straight-
forward to derive in the present case, such subtractions can
be constructed algorithmically, e.g., via the recursive
R-operation (see, e.g., Ref. [90]). This leads us to rewrite
Δp in Eq. (6) in the form

Δp ¼ ðΔpnaive − Δpnaive
EQCD þ Δpnaive

EQCD;CTÞ
þ ðΔpres

EQCD − Δpnaive
EQCD;CTÞ: ðB11Þ

With all ingredients in place, the combination in the first
parentheses of Eq. (B11) is in a form that can be integrated
with thermalLTD, providing us with the coefficient c1 in
the tabulated form displayed in Table I.
The counterterm Δpnaive

EQCD;CT in the last term of Eq. (B11)

must be evaluated in the MS scheme. Our choice of
subtraction leads to the result

Δpnaive
EQCD;CT ¼ 3

16
γ̄2Tdabcdabc

1

ð4πÞ2

×

�
1

4ε
þ ln

Λ̄3d

3mUV
þ 1

2
þOðεÞ

�
; ðB12Þ

where mUV ¼ 2πT is a convenient infrared regulator that
drops out in Δp. This expression can be combined with
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Eq. (B7) as in the last term of Eq. (B11), resulting in

Δpres
EQCD − Δpnaive

EQCD;CT ¼ μ2qT2

12

�
αs
π

�
3

N2
fd

abcdabc ln
mUV

mE
þOðα7=2s Þ: ðB13Þ

Here, we witness the cancellation of poles in ε and the Λ̄3d scale, leaving a finite lnmE=mUV ∼ ln αs term. This provides the
coefficient c2 reported in Eq. (8), in addition to a finite contribution to c1.
Finally, we discuss the evaluation of the coefficient c3. The relevant three-loop diagrams in EQCD consist of two

insertions of cubic Ā0 vertices and one spatial Āi line, leading to the following diagrammatic expansion:

ðB14Þ

where the wavy lines represent Āi fields. The third and fourth diagrams can immediately seen to vanish—the former due to a
color contraction of the type dabcfabe ¼ 0 (here, fabc ¼ −2itrð½Ta; Tb�; TcÞ is the totally antisymmetric SUðNcÞ structure
constant), and the latter due to a factorization onto a scale-free Āi tadpole that is set to zero in dimensional regularization.
Therefore, only two diagrams are nontrivial, and can be seen to be proportional to the color structure Ncdabcdabc.
We carry out the computation of Eq. (B14) in a general covariant gauge parametrized by ξ, entering the Āi propagator in

the form ∼ðδij − ξpipj=p2Þ. Given that mE is the sole scale in loop integrals, we can trivially factor it out. With the help of
the computer algebra package FORM [99] and symmetrizations along the lines of Ref. [100], the nontrivial diagrams yield
the following [101]:

ðB15Þ

Here, we use a graphical notation for scalar integrals, where the solid (dotted) lines represent massive (massless)
propagators with masses normalized to 1, and a black circle indicates that the corresponding propagator is raised to power
two; the numerators in all cases are trivial, i.e., just 1. From these expressions, we witness the cancellation of the gauge
parameter in Δpres

EQCD, serving as a valuable check of the correctness of the procedure.
The computation of the loop integrals proceeds with the implementation of integration-by-parts reduction to master

integrals [102–104]. The relevant linear relations are the following:

ðB16Þ
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With these reductions at hand, Δpres
EQCD to Oðα7=2s Þ in Eq. (B14) yields

ðB17Þ

The analytic results for the master integrals in d ¼ 3 − 2ε up to the required order in ε are known from Refs. [104,105], and
read

ðB18Þ

where Li2ðxÞ is the dilogarithm function. We cross-checked the analytic results in Eq. (B18) to high accuracy with an
independent fully numerical evaluation using FIESTA5 [106].
Adding up the different terms yields the following finite, manifestly positive result:

Δpres
EQCD

				
α7=2s

¼ 1

16

�
αs
π

�
7=2 μ2qT2NcN2

fd
abcdabcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Nc
3
þ Nf

6
ð1þ 3ðμqπTÞ2Þ

q
�
1þ 5π2

12
−
8

3
ln 2þ 4

3
ln 3 −

1

2
ln2 3 − 4Li2

�
1

3

��
; ðB19Þ

Setting Nc ¼ Nf ¼ 3, we can read off the value of the coefficient c3 reported in Eq. (8).
Note that the Δpnaive

EQCD terms derived from the diagrams in Eq. (B14) enter at Oðα4sÞ—beyond the order in which we
work here.

APPENDIX C: Δp TO HIGHER PERTURBATIVE ORDERS

Here we discuss the extension of our diagrammatic evaluation ofΔp to higher orders in the coupling expansion, focusing
on the potential IR issues and associated effective-theory contributions that may arise along the way.
Starting with the T ¼ 0 case, the finiteness of the diagrams contributing to Δp atOðα4sÞ (five-loop) level no longer holds.

Indeed, at this order, correcting a gluon line with a quark loop in the Bugblatter diagrams gives rise to a logarithmic IR
divergence (in addition to UV divergences):

ðC1Þ

The IR resummation of this diagram necessitates knowledge of the HTL limit of one specific contribution to the three-loop
gluon polarization tensor at Oðα3sÞ, i.e., two quark loops connected by two gluon lines,
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ðC2Þ

This computation would allow one to derive the leading
nonanalytic term in the perturbative expansion at vanishing
temperature, entering at Oðα4s ln αsÞ.
Keeping the temperature nonzero, the sensitivity to the

IR begins already at the Oðα3sÞ (four-loop) level, as was
observed in the computation described in this paper. This
resulted in additionalOðα3s ln αsÞ andOðα7=2s Þ contributions
to Δp, which were computed consistently within the
EQCD effective theory by counting the C-odd cubic
effective interactions. Going to Oðα4sÞ in the naive loop
expansion, the IR issues are not only present in a higher
number of diagrams, but they also become more severe.
Guided by the structure of EQCD, we may further expect
diagrams to exhibit power-IR-divergent behavior, resulting
in more involved IR subtractions that may compromise the
numerical accuracy in this specific kinematic regime.
Examples include the following five-loop graphs:

ðC3Þ

Notably, from the effective-theory perspective, the contri-
butions to Oðα4s ln αsÞ and Oðα9=2s Þ—available through a
massive four- and five-loop vacuum calculation, respec-
tively—are computable with existing tools. This is made
possible by the extensive literature on vacuum QFT
computations, allowing the determination of the soft
contributions to Δp to remarkably high order in the
coupling expansion.
Finally, at nonzero temperature, we anticipate genuine

nonperturbative contributions to Δp, arising from over-
occupied magnetostatic gluon modes of momentum αsT
[94]. As we argue below, such contributions enter Δp at
Oðα5sÞ, at which point lattice simulations of the magneto-
static theory are required to make sense of the weak-
coupling expansion.
It is well known that nonperturbative effects originating

at the ultrasoft scale αsT enter the high-temperature
pressure of QCD at Oðα3sÞ, or four loops, as pointed out
by Linde [94]. At leading order, the Linde problem is only
present in purely bosonic four-loop QCD diagrams, in
particular in the magnetic (i.e., spatial) zero-mode gluonic
sector. However, beyond the four-loop level, the Linde
problem is also present in diagrams that involve subgraphs
with loops propagating heavy modes at the scale ∼πT,
mixing up hard and ultrasoft scales within the same graph.
Concentrating on the resummed Δp quantity defined in

Eq. (6), here we aim to identify the leading contribution that
satisfies the following two conditions:

(1) Is sensitive to the dabc structure, and therefore
survives in the difference Δp; and

(2) At least one of its corresponding subgraphs is
sensitive to the ultrasoft αsT scale.

Going beyond four-loop level, the number of diagrams
in Δpnaive increases rapidly. Therefore, instead of power
counting different QCD topologies in Δpnaive one by one
(effectively verifying points 1. and 2. separately), our
strategy is to analyze magnetostatic QCD (MQCD)—the
high-temperature effective theory of QCD that captures
nonperturbative effects at the ultrasoft scale. Vacuum graphs
within this theory automatically satisfy point 2., and thus we
just have to work out at what order in the QCD coupling g
the dabc structure contributes to the pressure of this theory.
The MQCD theory is defined by the pure-gauge

Lagrangian,

LMQCD ¼ 1

2
trF̄ijF̄ij þ δLMQCD; ðC4Þ

where δLMQCD are higher-dimensional operators constructed
from low-energy spatial gauge fields Āi and their derivatives,
not relevant for the present argument. The only dimensionful
quantity at this order is the magnetic coupling gM entering
the field-strength tensor F̄ij, which encodes the physics at
the soft scale gT upon integrating out the massive Ā0 field in
EQCD perturbatively. This means that themagnetic coupling
gM is obtained perturbatively as a function of the EQCD
effective parameters in Eq. (B1), gM ¼ gMðgE; mE; γ̄;…Þ. At
high enough order in g, where nonperturbative effects enter
Δp, we may write, similarly to Eq. (6), the relation

Δp ¼ ðΔpnaive − Δpnaive
EQCD − Δpnaive

MQCDÞ
þ Δpres

EQCD þ Δpres
MQCD: ðC5Þ

In the low-energy theory, the charge conjugation symmetry
is broken by effective operators containing an odd number of
Ā0 fields, implying there is no difference between the PQ and
QCD magnetostatic theories at the operator level. Therefore,
a nonzero contribution toΔpres

MQCD can only arise through the
dependence of the magnetic coupling on the EQCD match-
ing coefficient γ̄.
To compute gM, one performs a matching procedure

between EQCD and MQCD. In practice, this is most
conveniently done in the background-field gauge, where
one uses the relation

g2M ¼
�
1þ d

dp2
ΠTð0Þ

�
−1
g2E ðC6Þ

¼ g2E − g2E
d
dp2

ΠTð0Þ þ…; ðC7Þ

where ΠTðp2Þ is the transverse component of the two-point
function for the background field. With the help of the
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EQCD Feynman rules and dimensional analysis, the first
diagram in the matching involving trĀ3

0 insertions is para-
metrically

ðC8Þ

As a result, the difference between the magnetic couplings
of the PQ and QCD theories is of order Oðg6Þ,

g2M

				
PQ-QCD

∼
g4E
m4

E
γ̄2T ∼ g6

μ2qT3

ðμ2q þ T2Þ2 þOðg8Þ; ðC9Þ

where we suppress numerical prefactors to highlight the
parametric dependence on the parameters T, μq and g.
By dimensional analysis, the pressure of the MQCD

theory is Oðg6MTÞ ∼Oðg6T4Þ. Therefore, the leading
MQCD contribution to the PQ-QCD difference is

Δpres
MQCD ∼ Tg4M × g2M

				
PQ-QCD

∼ g10
μ2qT6

ðμ2q þ T2Þ2 ; ðC10Þ

i.e., it is Oðα5sÞ. Remarkably, once the two-loop matching
computation for gM is performed, the coefficient of
Eq. (C10) can be known immediately, as the nonperturba-
tive evaluation of the vacuum energy density of MQCD to
Oðg6MTÞ is already known from Ref. [95].
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